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Abstract We study the influence of parameter α on the
optical features of Schwarzschild-MOG black holes with
different thin accretions in scalar-tensor-vector gravity. As
α increases from 0, the radii of the event horizon, photon
sphere, and observed shadow increase in comparison with
the Schwarzschild black hole. We constrain the parameter
α with the experimental data reported by the Event Hori-
zon Telescope Collaboration for M87∗ and Sagittarius A∗.
In the situation of spherical accretions, we unveil that the
parameter α has a positive effect on the shadow size but a
negative effect on the observed specific intensities. Consider-
ing that the Schwarzschild-MOG black hole is surrounded by
an optical and geometrically thin accretion disk, we find that
the total observed specific intensities are mainly contributed
by the direct emissions, while the photon rings and lensed
rings provide small contributions. It is also found that with
the increase of α, the black hole shadow expands, the photon
rings and lensed rings become larger and thicker. Besides, we
emphasize that the boundary of the observed shadow cast by
the aim black hole in the disk accretion scenario is determined
by the direct emissions rather than the photon ring emissions.
Consequently, we unveil that there is a linear relationship
involving the critical impact parameter and the starting point
of the direct emissions. This finding helps to use the exper-
imental results of the Event Horizon Telescope to infer the
critical impact parameter and to test General Relativity.
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1 Introduction

Black holes are extremely compact celestial bodies predicted
by General Relativity, and they have attracted much attention
since the first black hole solution was obtained by Karl ·
Schwarzschild in 1916 [1]. In recent years, the success-
ful detection of the gravitational-wave signals radiated from
binary black hole mergers with Laser-Interferometer Gravi-
tational Wave-Observatory (LIGO) experiments and a wide
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star-black-hole binary system discovered by radial-velocity
measurements strongly confirm the existence of black holes
in our universe [2–5]. While, more intuitive evidences of the
existence of black holes are the ultra-high angular resolution
images of M87∗ and Sagittarius A∗, which were announced
by the Event Horizon Telescope Collaboration (EHT) [6–17].
There is a faint region in the center of these images, called
the black hole shadow. It is well known that the light ray
will deflect in the vicinity of a black hole due to the lensing
effect [18–21], resulting in a deficit of the observed specific
intensity inside the sharp-edged boundary, thus a region of
brightness depression can be observed on the distant image
plane. The black hole shadow is closely related to spacetime
geometry. Consequently, it is a robust tool for estimating
black hole parameters [22–25] and testing General Relativ-
ity or its alternatives [26–32].

It is generally believed that the astrophysical black holes
in the universe are rotating black holes. This is because black
holes are the final stages of the collapse of a massive star and
obtain most of the progenitor’s angular momentum. Bardeen
first analytically solved the shadow of the Kerr black hole and
pointed out that the shape of the shadow is deformed into a
figure “D” due to the drag effect [33]. This triggered a series
of works investigating the shadows of rotating black holes
and the relationship involving shadow shapes, spin param-
eters, and observational angles [34–43]. Considering that a
rotating black hole is surrounded by superfluid dark matter
and baryonic matter, the authors of [44] studied the effects
of surrounding matter on the black hole shadow. The results
show that the shadow size increases with the increase of bary-
onic mass. One can see [45–47] for a comprehensive study.
In addition, the shadow of rotating black holes in modified
gravity also attracts public attentions. In the four-dimensional
Einstein-Gauss-Bonnet gravity, the authors of [48] investi-
gated the horizon properties and shadows of the rotating black
holes. They unveiled that the Gauss-Bonnet coupling param-
eter exerts a non-neglect influence on the shadow profiles.
The shadow cast by the rotating black hole in the asymp-
totically safe gravity (ASG) was presented in [49], and the
relationship between the shadow and the ASG parameter
was discussed in detail. In Rastall gravity, the field structure
parameter and the Rastall parameter exert significant influ-
ence on the apparent size of the shadow cast by a rotating
black hole surrounded by anisotropic fluid, which has been
studied by the authors of [50]. It is interesting to note that the
rotational energy of a spinning black hole can be extracted
from the ergosphere via the Penrose superradiance process
[51] or the Blandford and Znajek mechanism [52], resulting
in a rotating black hole degenerating into a non-rotating one.
Therefore, we cannot exclude the possibility that static black
holes exist in the universe. The shadows and optical images
of such black holes also need to be investigated in detail for
the purpose of exploring the nature of the black holes.

Taking an optical thin spherical accretion flow as the
light source, Bambi investigated apparent images of the
Schwarzschild black hole and the static wormhole. He
pointed out that it is relatively easy to distinguish the for-
mer from the latter according to shadow images [53]. The
difference in the shadows between non-rotating black holes
and wormholes in the condition of spherical accretion was
also presented in [54]. Narayan et al. studied the observed
shadow of a spherically accreting Schwarzschild black hole
and argued that the shadow profile is insensitive to spherical
accretion details [55]. Zeng et al. investigated the shadow and
photon rings of the four-dimensional Gauss-Bonnet black
hole and proposed that the variations of the profile of the spe-
cific emissivity of spherical accretion introduce no changes
in the shadow size, but can significantly affect the shadow
luminosity [56]. Gan et al. focused on the features of the
shadow cast by a hairy black hole with spherical accretion.
They found two photon rings appeared in the vicinity of this
black hole, where the smaller one serves as the boundary of
the shadow [57]. By investigating the shadow and photon
sphere of a charged black hole in Rastall gravity, Guo et al.
claimed that the luminosity of the photon sphere is affected by
spherical accretion materials and the property of spacetime
geometry [58]. The authors of [59] studied the shadow of the
black hole with the dark matter halo in Verlinde’s emergent
gravity and unveiled that the observed intensity is depending
on the surrounding mass. The influence of the perfect fluid
dark matter on the black hole shadows was well studied by the
authors of [60]. They also found that the distribution of dark
matter around the black hole plays a key role in the shadow
radius and the intensity of the electromagnetic flux radia-
tion. In [61], the shadow and photon sphere of the uncharged
static black bole in clouds of strings and quintessence with
spherical accretions were investigated. It is worth mention-
ing that the non-monochromatic light sources that follow a
normal distribution are considered in the investigation. In
short, these studies help us understand the effect of spherical
accretion flow on the characteristics of black hole shadows.

Spherical accretion is a quietly ideal description of the
accretion mechanism in the vicinity of the astrophysical black
holes. In fact, the materials in the universe, such as plasma,
gas, and dust, will be trapped by a black hole due to the
strong gravity and formed a giant disk-shaped accretion flow
surrounding the black hole. For a remote observer, the lights
emitting from this disk are the main source that illuminates
the black hole. Gralla et al. first investigated the shadow cast
by a Schwarzschild black hole with an optically and geomet-
rically thin accretion disk, claiming that the features of the
black hole shadow are not only photon rings but also lensed
rings [62]. However, these two rings are barely visible in
the condition of the particular emission profile of the accre-
tion disk because of the deficiency of the angular resolution
of the EHT. This elaborate investigation triggers a new era
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of studying the influence of the thin accretion disk on the
observed black hole shadow. By considering a non-rotating
black hole in the background of the quintessence dark energy,
the authors of [63] studied the effect of the quintessence on
the shadow of the black hole with a thin accretion disk and
pointed out that the cosmological horizon plays an important
role in the shadow images. Peng et al. investigated the optical
appearance of the Schwarzschild black hole surrounded by a
thin disk accretion with the quantum modification of Einstein
gravity and the influence of the quantum corrections on black
hole shadows [64]. The effects of a thin accretion disk with
different emission profiles on the observed features of shad-
ows cast by the power-Yang-Mills black hole were presented
in [65], and the relationship between the power parameter
and the shadow size was also studied in this literature. Guo
et al. focused on the effect of the magnetic charge on observed
shadows of the Hayward black hole with different accretion
flows and argued that the luminosities of shadows are affected
by the accretion properties and the magnetic charge [66]. In
addition, many other studies have focused on the influence
of the thin accretion disk on the black hole shadows [67–72],
and the effect of the thin accretion disk on the optical appear-
ance of wormholes [73,74] and other compact objects [75]
has also received enough interests.

The Schwarzschild-MOG black hole is a static spheri-
cally symmetric vacuum solution derived from scalar-tensor-
vector gravity (STVG) based on the Einstein-Hilbert action
combined with massive vector field and matter action [76–
78]. The investigation of such black holes is necessary and
has profound implications for our understanding of the uni-
verse, as STVG not only successfully explains some phe-
nomena in the solar system observation, the dynamics of
galactic clusters, and the rotation curves of galaxies [79–82],
but also fits the lensing and Einstein ring in Abell 3827 [83],
and the signal of GW150914 [84]. In [85], the author intro-
duced the Hamiltonian formalism for the dynamics of the
massive and massless particles in STVG, as well as the post-
Newtonian approximation of the equations of motion. The
circular motions of neutral test particles on the equatorial
plane of a Schwarzschild-MOG black hole were reported in
[86], while the dynamics of massive charged particles around
this black hole with an external magnetic field were inves-
tigated in [87]. In addition, the light deflections and lensing
effects in this gravitational field were solved in [88–90]. The
shadow, which is the fingerprint of the black holes, was first
investigated by Moffat [91], and late studied by the authors
of [92]. However, these studies only focus on the size and
silhouette of the Schwarzschild-MOG black hole shadow,
while the influences of the accretion flow on the shadow of
this object are still unclear. Since the accretion flow plays a
pivotal role in black hole shadow observations, here we con-
centrate on the brightness depression and optical images of

this black hole illuminated by different accretions, which is
the main purpose of this paper.

The remainder of this paper is organized as follows. In
Sect. 2, we study the photon deflections and shadow radii of
Schwarzschild-MOG black holes with the help of Lagrangian
formalism. The constraints of the parameter α with the EHT
data are also presented. In Sect. 3, we investigate the specific
intensities and optical appearances of Schwarzschild-MOG
black holes with static and infalling spherical accretion. The
effects of an optically and geometrically thin accretion disk
on the observed features of this black hole are investigated
in Sect. 4. Finally, the conclusions and discussions are con-
cluded in Sect. 5.

2 The photon deflections and shadow radii of the
Schwarzschild-MOG black holes

In Boyer–Lindquist coordinates xα = (t, r, θ, ϕ), the
static spherically symmetric Schwarzschild-MOG black hole
obtained from the modified gravitational field equations is
given by [77,78]

ds2 = − f (r)dt2 + 1

f (r)
dr2 + r2dΩ2, (1)

where dΩ2 = dθ2 + sin2θdϕ2 is the surface-element of the
two-spheres and f (r) denotes the metric potential,

f (r) = 1 − 2(1 + α)M

r
+ α(1 + α)M2

r2 . (2)

M stands for the black hole mass and α is a dimensionless
parameter defined by G = GN (1 + α), where G and GN

is enhanced gravitational constant and Newton’s constant,
respectively. When α = 0, the Schwarzschild-MOG black
hole reduces to the Schwarzschild black hole. When α > 0,
there are two positive real roots satisfied the condition of
f (r) = 0, and the larger root re corresponds to the event
horizon, whereas the smaller one rc is called the Cauchy
horizon,

re = (1 + α + √
1 + α)M, (3)

rc = (1 + α − √
1 + α)M. (4)

In addition, α determines the strength of the gravitational
field around the black hole. The larger the α, the stronger
the gravitational field strength. To simplify our problem, the
dimensionless operations and geometric units are adopted,
which are r → rM, t → tM and G = c = 1. As a result,
the black hole mass M becomes 1. And we only consider the
situation of 0 ≤ α ≤ 1 in this paper.

The motions of photon in the vicinity of a Schwarzschild-
MOG black hole are described by a Lagrangian formulism,

123



  885 Page 4 of 17 Eur. Phys. J. C           (2022) 82:885 

L = 1

2
gμν ẋ

μ ẋν

= 1

2

[
− f (r)ṫ2 + 1

f (r)
ṙ2 + r2

(
θ̇2 + sin2ϕ̇2

)]
, (5)

where ẋμ represents the four-velocity of photon, which is a
derivative of the general coordinate with respect to an affine
parameter λ. Apparently, there are two conserved quantities
along with the motion of photon, one is the energy E , another
is the angular momentum L ,

E = f (r)ṫ, (6)

L = r2sin2θϕ̇. (7)

With the help of static spherically symmetric of spacetime,
we confined the photon motions on the equatorial plane with-
out loss of generality. Therefore, the θ and θ̇ are fixed at π/2
and 0. The photon travels along the null geodesics, which
means Eq. (5) satisfied L = 0. Consequently, we obtained
the equations of photon motions around a Schwarzschild-
MOG black hole according to the Euler-Lagrange equations,

ṫ = E

f (r)
, (8)

ṙ =
√
E2 − L2

r2 f (r), (9)

ϕ̇ = L

r2 . (10)

The direction of photon motion is determined by the L
in Eq. (10), when L < 0, the photon travels in a clockwise
direction, or in a counterclockwise direction when L > 0.
By defining an impact parameter b = L/E , we derive the
effective potential Veff from Eq. (9) with ṙ = 0, which read
as

Veff = 1

b
= 1

r

√
f (r). (11)

Here, b is given the scale transformation b → bM . We plot
effective potential as a function of radius r with three values
of the parameter α, as shown in Fig. 1. The effective potential
starts from 0 at the event horizon and immediately increases
to a maximum value as r increases, then shows a moderate
attenuation trend with the increase of r . The parameter α

has a negative effect on the effective potential. Besides, the
rp, which corresponds to the local maximum of the effective
potential, increases as the increase of α.

In fact, rp is the radius of the photon sphere, it can be
deduced by solving the following equation,

∂Veff

∂r
= 0. (12)

It is not difficult to find an explicit expression between rp
and α according to above equation,

rp = 1

2

[
3 + 3α + √

(α + 1)(α + 9)
]
. (13)

We substitute rp into Eq. (11), then the explicit expression
involving the critical impact parameter bp for the photon
sphere is written as

bp = 3 + 3α + √
(α + 1)(α + 9)

2
√

1 + 4(α+1)
[−3−2α−√

(α+1)(α+9)
]

[
3+3α+√

(α+1)(α+9)
]2

. (14)

It is worth mentioning that the value of the impact parameterb
corresponds to the vertical distance between the null geodesic
line and the parallel line passing through the singularity of
the black hole in Boyer–Lindquist coordinates, which means
the bp is the radius of the black hole shadow observed by a
distant observer [69]. We obtain the event horizon re, photon
sphere rp, and observed shadow bp of Schwarzschild-MOG
black holes with different values of α by solving Eqs. (3),
(13) and (14), as listed in Table 1. The results show that α

has a positive influence on the radius of the event horizon, the
photon sphere, and the black hole shadow. This is because as
α increases, the strength of the gravitational field around the
black hole increases, so the black hole has a stronger ability
to capture light rays, resulting in the expansion of the photon
spheres and black hole shadows. In addition, when 0 < α ≤
1, both re, rp and bp are bigger than that of Schwarzschild
case.

Next, we focus on the photon trajectories in the vicinity
of Schwarzschild-MOG black holes with different values of
the parameter α. Combing Eqs. (9) and (10), we easily obtain
the relation between the photon coordinate r and azimuthal
angle ϕ,

dr

dϕ
= L

|L|r
2

√
1

b2 − f (r)

r2 , (15)

the direction of photon motion is determined by the sign of
L/|L|, which has discussed before. By introducing a new
parameter u = 1/r , we arrange Eq. (15) as

du

dϕ
= L

|L|
√

1

b2 − u2 f (u). (16)

It is worth mentioning that for the light rays with b > bp,
the turn point ut on their traveling paths needs to be carefully
handled, and it can be derived from

1

b2 = u2
t f (ut ). (17)

With the help of compound Simpson integral formula, we plot
photon trajectories in the vicinity of Schwarzschild-MOG
black holes with different α, as shown in Fig. 2. One can find
that every panel consists of red lines and green lines, which
correspond to the light rays of b < bp, b > bp, respec-
tively. The blue dashed line is the photon sphere (b = bp),
and the projection of the event horizon surface is repre-
sented as a black disk. These photon trajectories with dif-
ferent colors represent three kinds of photon propagation
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Fig. 1 Effective potential Veff as a function of radius r for different parameter α

Table 1 The radii of the event horizon re, photon sphere rp and the critical impact parameter bp of Schwarzschild-MOG black holes with different
values of α. The re, rp and bp all increase with the increase of α

α 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

re 2.1488 2.2954 2.4402 2.5832 2.7247 2.8649 3.0038 3.1416 3.2784 3.4142

rp 3.2319 3.4613 3.6885 3.9138 4.1375 4.3596 4.5804 4.8000 5.0185 5.2361

bp 5.6276 6.0562 6.4823 6.9064 7.3286 7.7493 8.1685 8.5865 9.0034 9.4192

in the Schwarzschild-MOG spacetime. The light rays with
b = bp will asymptotically approach the photon sphere and
will orbit the black hole along the unstable circular orbit infi-
nite times without perturbations; the light rays with b > bp
will encounter the potential barrier and then be scattered to
infinite after passing through the turn point. The light rays
with b < bp move in the inward direction and are absorbed
by the black hole eventually. This kind of light rays cannot
be received by the distant observer, so a shadow forms in the
observational sky. In addition, it is clear that as α increases,
more light rays are absorbed by the black hole, implying that
the shadow expanded accordingly.

The shadow is the fingerprint of the spacetime geome-
try, and the parameter α of the Schwarzschild-MOG black
hole can be inferred by the observed shadow. For a distant
observer, the black hole shadow is always measured by angu-
lar diameter Ω [30]

Ω = 2
bp
D

, (18)

where D is the distance between the black hole and observer.
The above equation can be rewritten as(

Ω

μas

)
=

(
6.191165 × 10−8

π

γ

D/Mpc

) (
bp
M

)
, (19)

in which γ is the mass ratio of the black hole to the Sun, and
bp is obtained from the Eq. (14).

By solving Eqs. (14) and (19), we study the dependence
of angular diameter Ω of the black hole shadow on differ-
ent values of the parameter α, as shown in Fig. 3. Here we
have γ = 4.14 × 106 and distance D = 8.127 kpc for the
red line, γ = 6.2 × 109 and distance D = 16.8 Mpc for
the black line. It is found that Ω grows linearly with α in

the range of 0 ≤ α ≤ 1. The green and blue regions are
the shadow diameters of M87∗ (42 ± 3 μas) and Sagittarius
A∗ (51.8 ± 2.3 μas) estimated with the EHT observations
[6,12]. Consequently, we constrain the parameter α of the
Schwarzschild-MOG black hole as 0.040 < α < 0.232 for
M87∗, and 0 < α < 0.044 for Sagittarius A∗. It hints that
such black holes satisfies the EHT constraints, and it is pos-
sible to detect the Schwarzschild-MOG black hole in the
future.

3 Shadows and rings of the Schwarzschild-MOG black
holes with different spherical accretions

There is an ocean of free-moving matter in the universe that
can be accreted by a black hole. The light rays radiated by
these substances are the light source that illuminates the black
hole. In this section, we investigate the shadows and pho-
ton rings of Schwarzschild-MOG black holes with static and
infalling spherical accretions.

3.1 Shadows and photon rings with static spherical
accretion

We consider an optically and geometrically thin accretion
flow which static spherically symmetric distributed outside
the event horizon of a Schwarzschild-MOG black hole. The
specific intensity I (vo) (measured in erg s−1 cm−2 str−1

Hz−1) radiated by the accretion flow can be obtained by inte-
grating the specific emissivity along the photon path [56,58],

I (vo) =
∫

ray
g3 j (ve)dlprop, (20)
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Fig. 2 Trajectories of light rays
in the vicinity of
Schwarzschild-MOG black
holes of different α in the polar
coordinates (r, ϕ). The α from
panel a–d is 0.2, 0.4, 0.6, and
0.8, respectively. In each panel,
the red lines, green lines, and
blue dashed lines represent the
light rays of b < bp , b > bp ,
and b = bp , respectively. The
event horizon is represented by
a black disk

where vo, ve are observed photon frequency and emit pho-
ton frequency, while their ratio is called the redshift factor,
which is g = vo/ve; j (ve) is emissivity per unit volume
measured in the static frame, and we choose j (ve) ∝ 1/r2

for monochromatic emission with rest-frame frequency ve;
dlprop is the infinitesimal proper length. In the Schwarzschild-
MOG spacetime, the redshift factor g and the infinitesimal
proper length dlprop are expressed as follows

g = √
f (r), (21)

dlprop =
√

1

f (r)
+ r2

(
dϕ

dr

)2

dr, (22)

where dϕ/dr is given by Eq. (15). Therefore, the specific
intensity observed by a distant observer is governed by

Iobs =
∫

ray

f (r)3/2

r2

√
1

f (r)
+ b2

r2 − b2 f (r)
dr. (23)

The observed specific intensity Iobs is not only a func-
tion of impact parameter b but also affected by the param-
eter α. Figure 4 depicts the Iobs radiated by a static spher-
ical accretion flow surrounding Schwarzschild-MOG black
holes, while Iobs corresponding to negative b is obtained by
the symmetry of spacetime. In the region of positive b, we
find that no matter α takes, the specific intensity Iobs increases

Fig. 3 The relationship between the angular diameter Ω of the
observed shadow and the parameter α. The green and blue regions
are the experimental data of M87∗ (42 ± 3 μas) and Sagittarius A∗
(51.8 ± 2.3 μas) reported by the EHT, respectively. Thus, the param-
eter α can be constrained as 0.040 < α < 0.232 for M87∗, and
0 < α < 0.044 for Sagittarius A∗

with the increase of b and reaches a peak quickly, then drops
asymptotically to a small value with increasing b. However,
the parameter α significantly harm the specific intensity,
which means that the brightness around the Schwarzschild-
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Fig. 4 Dependence of observed specific intensity Iobs on the impact
parameter b for several values of α in the case of the static spherical
accretion, where the curves for b < 0 are obtained by symmetry. It is
shown that α has a negative effect on the observed specific intensity in
comparison with the Schwarzschild case (α = 0)

MOG black hole is lower than that of the Schwarzschild case,
and this evidence allows us to distinguish the former from
the latter. Besides, the impact parameter corresponding to the
maximum specific intensity is the critical impact parameter
bp, which is the radius of the black hole shadow. Clearly,
larger α correspond to a larger shadow diameter.

Using the condition of b2 = x2 + y2, we perform the dis-
tribution of specific intensity Iobs on the observational plane
(x, y), as shown in Fig. 5. The disc region with a faint lumi-
nosity in the center of each panel is the black hole shadow,
while the brightest ring surrounding the shadow represents
the photon ring. With the increase of the parameter α, the
radius of the shadow expands with a larger photon ring. This
result is consistent with that of Table 1 and Fig. 4. More-
over, the specific intensity decreases with the increase of
α. The reason for this is that as the parameter α increases,
the strength of the gravitational field of the black hole also
increases (we have mentioned this before), resulting in more
light rays being trapped by the black hole and a lower lumi-
nosity of shadow and photon ring being observed.

3.2 Shadows and photon rings with infalling spherical
accretion

Static spherical accretion is an ideal description of the accre-
tion process around the black holes. Actually, the matter,
such as plasma, is free-moving in the universe and can be
trapped by the black hole with its initial velocity. In this
case, the infalling spherical accretion should be considered.
The specific intensity of this scenario can still be calculated
by Eq. (20), but the redshift factor g needs to be rewritten as
[53]

g = kμu
μ
o

kνuν
e

, (24)

where uμ
o , uν

e are four-velocity of the distant observer and
accretion matters. For simplicity, we assume that the dis-
tant observer is stationary with uμ

o = (1, 0, 0, 0). In the
Schwarzschild-MOG spacetime, the uν

e is given as

ute = 1

f (r)
, (25)

ure = −√
1 − f (r), (26)

uθ
e = uϕ

e = 0. (27)

The kμ of Eq. (24) is the four-momentum of the photon radi-
ated from accretion matters, which can be obtained with the
help of kμ = ∂L /∂ ẋμ. Note that both uμ

o and uν
e only con-

tain components in the t or r direction, thus it is reasonable
to only calculate the relationship between kr and kt ,which is
[53]

kr = ±kt

√
1

f (r)

(
1

f (r)
− b2

r2

)
, (28)

where the symbol + (−) corresponds to the motion that the
photon approaches (goes away from) the black hole. Based
on Eqs. (24)–(28), we have the redshift factor g as

g = 1

1
f (r) ±

√
1
f (r)

(
1
f (r) − b2

r2

)√
1 − f (r)

, (29)

and the infinitesimal proper length is

dlprop = kt
g|kr |dr. (30)

Hence, we have the observed specific intensity for the sce-
nario of the infalling spherical accretion (the emission profile
j (ve) is the same as that of static accretion),

Iobs =
∫

ray

g3kt
r2|kr |dr. (31)

Figure 6 shows the influence of the parameter α on the
specific intensity Iobs of the Schwarzschild-MOG black hole
with an infalling accretion. The trends of Iobs with differ-
ent α are similar to those in Fig. 4, where the peak of each
curve appears at b = bp. The maximum value of Iobs comes
from the contribution of the light rays that are marginally
escaped from the black hole and decreases moderately with
the increase of α. By the way, the width between the two
maximums of each curve, which increases with the increase
of α is 2bp, indicating that α has a positive effect on the
diameter of the observed shadow.

The specific intensity maps with different values of α are
demonstrated in Fig. 7. Obviously, the center of the intensity
map is the black hole shadow with very low luminosity and
encircled by the brightest photon ring. The shadow and pho-
ton ring expand with the increase of α, while their luminosity
reduce accordingly. Comparing the results of Figs. 4 and 6,
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(a) (b) (c)

Fig. 5 Shadows and photon rings of Schwarzschild-MOG black holes with a static spherical accretion flow. The parameter α from left to right is
0.3, 0.6, and 0.9, respectively. An increase of α increases the shadow radius but reduces the brightness of shadows and photon rings

Fig. 6 Similar to Fig. 4 but an infalling spherical accretion is used
instead of the static spherical accretion

we find that the specific intensity of static accretion is sig-
nificantly higher than that of infalling accretion for the same
parameter α, resulting in the shadow with infalling accretion
being darker than that of static accretion. This is due to the
Doppler effect caused by the initial velocity of the matter in
the case of infalling accretion. In addition, the shadow radius
measured by the intensity map is strictly equal to bp for dif-
ferent α, which means the observed shadow size has nothing
to do with spherical accretion flow.

4 Shadows and rings of the Schwarzschild-MOG black
holes with thin disk accretions

In this section, we consider an optically and geometrically
thin accretion disk located on the equatorial plane and study
the features of the optical appearance of Schwarzschild-
MOG black holes. We also focus on the relationship between
the critical impact parameter (observed shadow radius from
the theoretical viewpoint) and the shadow boundary observed
by the EHT with its current angular resolution. We assume

that the emission from the accretion disk is isotropic and the
distant static observer is in the north pole direction.

4.1 Thin disk emission viewed from a face-on orientation

4.1.1 Direct emissions, lensed ring emissions and photon
ring emissions

As shown in Fig. 8, the light rays emitted from a disk-shaped
accretion flow transmit their luminosities to the remote
observer in the z direction. Clearly, the light will intersect
the accretion disk several times before reaching the screen of
the observer. The deflection angle of the light for qth inter-
section is ϕ = π/2 + (q − 1)π . Hence, we have the total
number of photon orbits n

n = ϕ

2π
= q

2
− 1

4
. (32)

According to the criterion firstly proposed by the authors
of [62], the light around the black hole can be divided into
three types based on the value of the total number of photon
orbits n. More specifically, the light rays hit the accretion
disk only once when 0.25 < n < 0.75, and they correspond
to the direct emission; when 0.75 < n < 1.25, the light rays
intersect the accretion disk twice and correspond to the lensed
ring emissions; the photon ring emissions are determined by
the light rays that crossing the accretion disk at least three
times, where n > 1.25 in this situation. The light rays of
the direct emissions, lensed ring emissions, and photon ring
emissions are represented by red, green, and blue lines in
Fig. 8, respectively.

The relations between the total number of photon orbits n
and the impact parameter b for different values of parameter
α are demonstrated in Fig. 9. The Red lines, Green lines, and
Blue lines in each panel correspond to the direct emissions,
lensed ring emissions, and photon ring emissions, respec-
tively. The b corresponds to the peak of n is the critical impact
parameter bp because a photon can orbit around the black
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(a) (b) (c)

Fig. 7 Similar to Fig. 5 but an infalling spherical accretion is used instead of the static spherical accretion

Fig. 8 Different trajectories of light rays emit from the accretion disk.
The accretion disk (blue solid disk) is located on the equatorial plane
of the black hole, and the observer is in the north pole direction (z
direction). Apparently, the light will intersect the accretion disk many
times before being seen by the distant observer

hole many times in this situation. As b increases, the total
number of orbits n gets larger for b < bp, while asymptoti-
cally decrease to a certain value in the condition of b > bp.
It is found that both the width of the lensed ring emissions
and photon ring emissions are slightly expanded with the
increase of parameter α. This phenomenon can be revealed
by recording the range of b for the direct emissions, lensed
ring emissions and photon ring emissions, as listed in Table 2.
Clearly, with the increase of α, the ranges of b for lensed ring
emissions and photon ring emissions get larger, while that
for the direct emissions shrinks. We plot the photon trajecto-
ries for different α in polar coordinates, as demonstrated in
Fig. 10. The results shows that the thicknesses of the lensed
rings and photon rings are getting thicker for the increase of
α.

4.1.2 Observed intensities and transfer functions

We assume that the specific intensity and frequency of the
emitted light are Ie(r) and νe. According to the Liouville’s
theorem, the value of Ie(r)/ν3

e is an invariant along the entire
path of the photon propagation, and satisfied the equation of
Ie(r)/ν3

e = Iray(r)/ν3
o , where Iray(r) and νo are the specific

intensity and frequency of the observed light [93]. Hence, we
have the relation

Iray(r) =
√

f (r)3 Ie(r). (33)

By integrating over the whole range of the observed photon
frequencies vo, we have the total observed specific intensity

Iobs =
∫

Iray(r)dvo = f (r)2 Iemit(r), (34)

where Iemit(r) is the total emission intensity of the accretion
disk, which is defined as Iemit(r) = ∫

Ie(r)dve. Considering
the fact that the light can pick up an additional brightness for
each intersection between the light and the accretion disk,
thus, the total observed intensities of the direct emissions,
lensed ring emissions, and the photon ring emissions are the
sum of the extra intensity the light ray obtains each time
it passes through the accretion disk. Consequently, the total
observed specific intensity Iobs should be rewritten as

Iobs =
∑
q

f (r)2 Iemit(r) |r=rq (b), (35)

where rq(b) is the transfer function [62], which is the cor-
relation between the impact parameter of the photon in the
distant observational sky and the radial coordinate of the
qth intersections of the light ray and the accretion disk.
Moreover, the slope of the transfer function, dr/db = Γ ,
is defined as a (de)magnification factor, which reveals the
(de)magnification scale of the image.

We show the first three transfer functions rq(b) for dif-
ferent parameter α in Fig. 11. The red dashed line in each
panel is the first transfer function with q = 1, corresponding
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(a) (b) (c)

(d) (e) (f)

Fig. 9 Panel a–c: The total number of photon orbits n as a function of
the impact parameter b for Schwarzschild-MOG black holes with dif-
ferent values of α. The red lines, green lines, and blue lines correspond
to the direct emissions, lensed ring emissions, and photon ring emis-
sions, respectively. Panel d–f: The behavior of photon rays according

to the direct emissions (red), lensed ring emissions (green), and photon
ring emissions (blue). The yellow dashed lines and black disks denote
the photon ring and event horizon. The gray dashed line indicates the
plane of the accretion disk. As the parameter α increases, the lensed
rings and photon rings thickens

Table 2 The ranges of the impact parameter b correspond to the direct
emissions, lensed ring emissions, and photon ring emissions of the
Schwarzschild-MOG black hole with different values of α. The b ranges

correspond to the lensed ring emissions and photon ring emissions
expand as α increases

α Direct emission Lensed ring emission Photon ring emission

0.1 b < 5.42258; b > 6.64412 5.42258 < b < 5.61782; 5.65937 < b < 6.64412 5.61782 < b < 5.65937

0.3 b < 6.22913; b > 7.71518 6.22913 < b < 6.46952; 6.52322 < b < 7.71518 6.46952 < b < 6.52322

0.5 b < 7.02487; b > 8.78252 7.02487 < b < 7.31241; 7.37920 < b < 8.78252 7.31241 < b < 7.37920

0.7 b < 7.81206; b > 9.84716 7.81206 < b < 8.14865; 8.22948 < b < 9.84716 8.14865 < b < 8.22948

0.9 b < 8.59220; b > 10.90988 8.59220 < b < 8.97948; 9.07522 < b < 10.90988 8.97948 < b < 9.07522

1 b < 8.98010; b > 11.44069 8.98010 < b < 9.39328; 9.49674 < b < 11.44069 9.39328 < b < 9.49674

to the direct emission of the accretion disk. The first trans-
fer function is in direct proportion to the impact parameter b
with a slope of nearly 1 no matter α takes, so the direct image
profile is the gravitational redshifted source profile. We can
infer that the direct emissions contribute to a dominant part of
the total observed intensity. The green dashed line represents
the second transfer function with q = 2, which corresponds
to the lensed ring emissions. One can find that the slopes of
the second transfer function is sufficiently large, which are

Γ = 16.7 in panel (a), Γ = 13.6 in panel (b), and Γ = 11.4
in panel (c). This shows that the lensed images are highly
demagnified and the intensity of the lensed ring is around
1/Γ of the total observed intensity. Finally, the blue dashed
line located around b = bp is the third transfer function
(q = 3) and corresponds to the photon ring emissions. The
slope of the third transfer function is nearly infinite, which
means the photon ring image will be extremely demagnified.
Hence, the observed intensity of the photon ring is negligible.
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(a) (b) (c)

Fig. 10 The first three transfer functions of Schwarzschild-MOG black holes of different α. The red, green, and blue dashed lines are the first,
second, and third transfer functions, and correspond to the direct emissions, lensed ring emissions, and photon ring emissions, respectively

4.1.3 Observational signatures of the Schwarzschild-MOG
black holes

The light rays emitted from a thin accretion disk are the dom-
inant part of the light source that illuminate the black hole.
The total emission intensity Iemit(r) depends on the emission
position r on the accretion disk. In this subsection, we inves-
tigate the observed features of Schwarzschild-MOG black
holes for three toy models of disk emission profiles.

In Model I, the emission of the accretion disk starts from
the position of the radius of the innermost stable circular orbit
rISCO of the massive particle, and the total emission specific
intensity is a decay function of the power of second-order
related to the radial coordinate,

Iemit(r) =
⎧⎨
⎩

1

[r − (rISCO − 1)]2 r > rISCO,

0 r ≤ rISCO,

(36)

where rISCO is obtain by [66]

rISCO = 3 f (rISCO) f ′(rISCO)

2 f ′(rISCO)2 − f (rISCO) f ′′(rISCO)
, (37)

in which f ′, f ′′ represent the first and second partial deriva-
tives of metric potential to r , respectively. In Model II, we
consider that the emission starts from the position of the
radius of the photon sphere rp, and exhibits a cubic decay
trend when r > rp, which is

Iemit(r) =

⎧⎪⎨
⎪⎩

1[
r − (rp − 1)

]3 r > rp,

0 r ≤ rp.

(38)

Finally, we consider a model in which the emission intensity
decays more moderate than in the first two models, while
emission starts from the radius of event horizon re,

Iemit(r) =

⎧⎪⎨
⎪⎩

π
2 − arctan(r − rISCO + 1)

π
2 − arctan(rp)

r > re,

0 r ≤ re.

(39)

We show the variations of the total emission intensities
Iemit(r) with r in the left column in Fig. 11 for α = 0.3
and Fig. 12 for α = 0.9, where the first, second, and third
of each column represent the emission profiles of Model I,
II, and III, respectively. As we mentioned before, the starting
position of emission is different from model to model. When
the parameter α is increased, the emission starting points
rISCO, rp, re of three emission profiles are increased because
the strength of the gravitational field will be stronger when
α gets larger.

In what follows, with the help of the Eq. (35), Iemit(r) and
the transfer function rq(b), we study the features of the optical
appearance of the Schwarzschild-MOG black hole with a
thin accretion disk. Fig. 11d shows the total observed specific
intensity Iobs as a function of the impact parameter b. One can
find that there is a peak at b � 6.51 with a very low intensity
of Iobs = 0.018, which is the contribution of the photon ring
emissions. The peak contributed by the lensed ring emissions
appears in the emission region of 6.85 ≤ b ≤ 7.53. The value
of this peak is about 20 times larger than the corresponding
value of the photon ring emissions. The Iobs in the range of
b ≥ 8.52 is contributed by the direct emission and shows
a trend that decays with increasing b. These features can be
seen more clearly in Fig. 11g. The brightest ring surrounding
the black disk is the contributions of the direct emissions,
which are the dominant part of the total emission. The distinct
thin circle with the radius of about 6.85 inner of the black
disk is the so-called lensed ring. The photon ring appears
inside the lensed ring but it is almost invisible because of its
negligible intensity and extremely narrow region.

When we consider Model II as the emission profile of the
accretion disk, the total observed specific intensity Iobs as a
function of b is displayed in Fig. 11e. There are two distinct
peaks in the whole range of 0 < b ≤ 18, where the first peak
from the left is located at b � 4.8, which is defined as the
contribution of the direct emission. The lensed ring and pho-
ton ring almost overlap, and their combined contributions to
the total observed intensity form a second peak with a large
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

(i)

Fig. 11 Total emission intensities Iemit of the optical and geometri-
cally thin accretion disks as a function of radius r (left column), the
total observed specific intensities as a function of the impact parameter
b (middle column), optical appearances of Schwarzschild-MOG black

holes with a thin accretion disk (right column). The emission profile
from top to bottom in each row is Model I, II, and III, respectively. Here
we have set α = 0.3

intensity of Iobs = 0.11. This peak is limited in a narrow
interval of 6.47 < b < 6.86. Figure 11h demonstrated the
distribution of the observed intensities in celestial coordi-
nates (x, y). There is a black disk with the radius of 4.8 in
the center of the image and surrounded by a bright ring that
contributed by the direct emission. Both the photon ring and
the lensed ring lie on a circle of radius about 6.48, making
it difficult to spot one from another. Obviously, the shadow
size of this scenario is smaller than that of Model I.

When emission of the accretion disk starts from the event
horizon re of the black hole (Model III), the total observed
specific intensity is shown in Fig. 11f. The specific inten-
sity Iobs starts from b � 3.49 and grows fastly from 0, then
reaches a peak at b � 6.49. This peak is located in the emis-

sion region of the photon ring. The peak due to the lensed ring
emission emerges in the range of 6.53 < b < 6.82, which is
much wider than that of the photon ring emissions. The opti-
cal appearance of the Schwarzschild-MOG black hole in this
situation is displayed in Fig. 11i. As we can see, the radius
of the shadow is about 3.5, which is slightly bigger than that
of the event horizon. The brightness ring outside the shadow
contains the photon ring and the lensed ring because they
are very close together in panel (f). The region with mod-
erate luminosity between the photon ring and the shadow is
the contribution of the direct emission. This infers that the
shadow boundary is contributed by direct emission in this
case.
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

(i)

Fig. 12 Similar to Fig. 11 but for α = 0.9

Figure 12 is similar to Fig. 11, except that the parameter
α is changed to 0.9. It is found that the emission region of
the lensed ring and the photon ring becomes wider when
increasing α. This is consistent with our results summarized
in Table 2. In addition, by comparing the panels (g)–(i) of
Figs. 11 and 12, we find that the black disks in the center of
the intensity maps for α = 0.9 are significantly larger than
that for α = 0.3, which means a larger α leads to a bigger
black hole shadow in thin disk accretions scenario.

We have emphasized in Sect. 3 that the shadow size has
nothing to do with spherical accretion flow. However, a thin
accretion disk can dramatically influence the size of the
observed black hole shadow. We take Fig. 11g as a promi-
nent example to interpret this issue. In order to simulate the
angular resolution of the EHT, we applied a gaussian filter to
Fig. 11g and obtained Fig. 13, see [62,72] for more details

about this operation. Apparently, the lensed ring and pho-
ton ring disappear after gaussian blurring, and the black hole
shadow is measured to have a radius of 8.52, which is much
larger than the theoretically predicted value (bp = 6.48 for
α = 0.3). This difference exists not only when α is different,
but also when the emission profile of disk is different. There-
fore, it is convinced that the critical impact parameter bp
cannot be obtained through the black hole shadow directly.
This makes it difficult to use the results of the EHT to test
General Relativity [94].

In fact, the observed shadow boundary of the black hole
with the thin accretion flow is closely associated with the
direct emissions. More specifically, the value of the starting
point of direct emissions δ can serve as the radius of the
observed shadow, and this value can be obtained from the
relationship between the observed specific intensity Iobs and
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Fig. 13 Figure 11g after blurring with a gaussian filter (simulating
the nominal resolution of the Event Horizon Telescope). The photon
ring and lensed ring are washed out after gaussian blurring. Thus, the
measured radius of the black hole shadow is 8.52, which is larger than
the radius of the photon ring (bp = 6.48). Besides, the boundary of the
shadow is contributed by the direct emissions

the impact parameter b. Hence, we investigate the relation-
ship between the parameter α and the starting point of direct
emissions for different emission profiles of the accretion disk,
as shown in Fig. 14a. It is found that δ increases linearly with
respect to α in the three models, which means that the param-
eter α exerts a positive effect on the radius of the black hole
shadow in the disk accretion scenario. We further studied the
dependence of the starting point of direct emissions δ on the
critical impact parameter, as shown in panel (b) of Fig. 14.
The results show that bp and δ are linearly related, mean-
ing it is easy to obtain the critical impact parameter bp for
a given δ. It hints that there is the possibility of deriving the

critical impact parameter from the EHT observational data
and utilizing it to test General Relativity.

5 Conclusions

In this paper, we investigate the observed shadow and opti-
cal appearance of Schwarzschild-MOG black holes with
spherical accretions and thin disk-shaped accretions. For
0 < α ≤ 1, the radii of the event horizon, photon sphere, and
shadow of the aim black hole are increase with the increase
of parameter α, and all larger than the corresponding values
of the Schwarzschild case (α = 0). These results are due
to the increase of the parameter α strengthening the black
hole’s gravitation effects. We also obtain the constraints of
the parameter α according to the observed shadow diameters
estimated by the EHT, which are 0.040 < α < 0.232 for
M87∗, and 0 < α < 0.044 for Sagittarius A∗. These results
may helpful for the detection of Schwarzschild-MOG black
holes in the future.

Then, in the scenarios of two toy models of spherical
accretions, we study the observed specific intensities and
their distribution in the observational sky. The results show
that whether static spherical accretion or infalling spheri-
cal accretion is adopted, the luminosities of the shadows
and photon rings of Schwarzschild-MOG black holes are
decreased with the increase of α, and all lower than that of
the Schwarzschild black hole. This finding can serve as an
efficient feature to distinguish the former from the latter. We
emphasize that the spherical accretion profiles hardly affect
the shadow radius, while its influence on the observed inten-
sity of shadow cannot be ignored based on the fact that the
shadow observed in the infalling spherical accretion scenario
is significantly darker than that of the static spherical accre-
tion.

(a) (b)

Fig. 14 The dependence of the starting point of the direct emission δ on the parameter α (a) and the critical impact parameter (b)
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Finally, we assume that Schwarzschild-MOG black holes
are surrounded by an optically and geometrically thin accre-
tion disk with different emission profiles, hence the observa-
tional signatures of such black holes are investigated in detail.
It is shown that there are not only narrow photon rings in the
optical appearance of black holes but also lensed rings that
appear outside the photon ring, and these two rings thicken
as α increases. On the other hand, the dominant part of the
total observed specific intensity is contributed by the direct
emissions, while the contributions of the photon rings and
lensed rings are small. It is worth mentioning that in the disk
accretion scenario, the boundary of the observed black hole
shadow is neither a photon ring nor a lensed ring, but is deter-
mined by the direct emissions. The value of starting point of
the direct emissions can serve as the radius of the observed
shadow. Therefore, we further obtain a linear relationship
involving the starting point of the direct emissions and the
critical impact parameter. This correlation may help us to
utilize the EHT observations to determine the critical impact
parameter, and then to test General Relativity.
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