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The aim  o f this paper is  to d iscu ss som e ch a ra cteristic  features o f the 
in frared  d ivergen ce  phenom ena such as the soft photon contribution to the 
radiative co rre ct io n s  in the dom ain o f very  high en erg ies . The d iscussion  
w ill p roced e  as fo llow s: a typ ica l e lectrodynam ic p ro ce ss  such as the 
e le ctron -p os itron  annihilation into photons w ill be con sidered  and the results 
o f a com plete  perturbation calcu lation  o f o rd er  »3 w ill be d iscussed  b rie fly . 
Then an attempt w ill be made to gen eralize  the rather interesting suggestions 
deriving from  that calcu lation  to every  ord er  o f a.

ERIKSSON, in his lectu re  [5] , has explained what is  meant by infrared 
d ivergen ce  and how the soft photon contribution w orks in its elim ination.
L et us b r ie fly  r e ca ll and apply those considerations to the annihilation p ro ce ss .

Let us try  to calcu late  the h igher o rd er  co rre ction s  in a to the Born 
approxim ation represented  by the sim ple graph in F ig . 1.

Fig.l

A s is  w ell known, the relevant co rre ction s  are obtained by inserting 
one internal photon line into the above skeleton graph in all possib le  w ays. 
This situation is  shown in F ig . 2 in term s o f Feynm ann's d iagram s. (Ob­
v iou sly  there are as many as graphs deriving from  the exchange o f the two 
final photons k i * k2 .)
A ll these term s d iverge  when we integrate ov er  the energy o f the virtual 
photon down to the lim it ze ro  and we find som ething like this:

f d u / u .o 1
In o rd e r  to avoid this d ivergence we regu larize  the above integrals by a s ­
crib ing  a fic tiou s , n on -zero  m ass A to the photon so that we finally get the 
A-dependent (but Lorentz-invariant) result:

do,/“ 3) = dCT0Ca2) {1  + (a I ir) [F(-y) In (A /m ) + ^ ( 7 , 6 )]} (1)
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where du,/“ 3) is  the d ifferentia l c ro s s -s e c t io n  fo r  the annihilation p rocess  
co rre cte d  by virtual photons and da0 “̂ 2* is  the corresponding quantity ca lcu ­
lated in B orn  approxim ation 7  = e+/m , and 0 is the scattering angle. Note

the iso trop ic  coe ffic ien t F(-y) o f the A dependent part. This fact can be 
easily  understood by d irect inspection  o f the Feynm ann's graphs but we will 
not go into the details h ere .

Equation (1) is  not a physica lly  meaningful result owing to the A de­
pendence. In o rd e r  to rem ove it, the consideration  is made that a scattering 
p ro ce ss  (in a broad sense) can be never con sidered  as purely e lastic . In 
our case , fo r  instance, we cannot ensure experim entally that the annihi­
lation o f the pa ir leads to a final state with two photons only. In fact there 
is  always an in elastic contribution because o f the em ission  o f som e supple­
m entary rea l photons. They are not detected if their total energy is le ss  
than an upper lim it A E  which can be taken as the resolving pow er o f the 
experim ent. H ow ever, although not experim entally distinguishable from  the 
fundamental p ro ce ss , this sort o f background effect cannot be om itted. So 
we have to add the c r o s s -s e c t io n  fo r  the em ission  o f one additive photon 
(to a 3 o rder), with an energy under the threshold o f detection AE, to 
Eq. (1). It is  p oss ib le  to elim inate the in frared  divergence, taking into 
account that the em ission  probability  of soft photons d iverges in the lim it

0. U sually the proced u re  follow ed in the calcu lation  is  to consider the 
in elastic contribution from  rea l soft photons whose energy is  le s s  than a 
given quantity A «  m , in a particu lar re fe ren ce  fram e.

In this way we get the c ro s s -s e c t io n  fo r  annihilation into three photons, 
one o f which with energy g A  «  m

In ord er to calcu late  E q. (2) we have taken into account only the in fra ­
red  part o f the above c r o s s -s e c t io n  that correspon ds to the soft photon 
em ission  from  external e lectron  lines only. This causes the appearing of 
a contribution only 7  dependent.

In the C .M .S . system  we get

Fig. 2

dcrso^ 3) = da0(“ 2) (* /» )  [F(y) ln(2A/A) + q>(7 )]

= dcr0<a,> (q'/tt) [F (7 ) ln (A /yA )+ 9 (7 )]. (2)

<p (y) = 2 In2 (2 7 ) - 7t2/ 3 , 

F (7) = 2[2 1n(27)- 1] .
(3)

By com bination o f E qs. (1) and (2) we get the A independent result
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dofv +s“ 3) = d o b  '  1 + ^  < P (T ) +  F ( - y )  .In ^  +  f x ( 7 , 0 ) j  j - (4 )

W hile the introduction o f soft photons only is  su fficient to cancel out the 
in frared  d ivergen ce  it is  not en tirely  re a lis t ic . In fact at high energies the 
actual reso lv in g  pow er A E  o f the experim ental dev ice  does not fu lfill the 
condition  A  E «  m and gen era lly  has an angular dependence. So in order 
to com p are  the th eoretica l ca lcu lations with the experim ental resu lts one 
ought a lso  to take into account the photons (not detected) in the range A->AE. 
They are usually ca lled  hard photons. If we want a resu lt independent o f AE 
we can go to the lim it o f  no reso lv in g  pow er by allow ing the energy o f the 
additive photon to rea ch  the m axim um  value given by the conservation  law s. 
In so  doing the total co rre c t io n  is  the sum  o f the virtual plus the inelastic 
part and we might ca ll it a radiative co rre ct io n  in a broader sense.

Going back to our particu lar p r o c e s s  this pattern o f thought gives as a 
final resu lt the c r o s s -s e c t io n  fo r  annihilation o f a pa ir into two and three 
photons up to a3 o rd er.

The c r o s s -s e c t io n  fo r  annihilation o f a pair into three hard photons 
(with energies la rg e r  than A ) is

It is  v e r ified  that G(7 ) = FCy) so  the com bination o f E qs. (5) and (4) 
g ives

In Eq. (6 ) <p, gu f t represen t the soft photon, the virtual photon and 
the hard photon contribution to the total co rre ction  ö, respectively . (R eally 
this d ivision  is  rather arb itrary  and not unique depending on the used 
regu larization  proced u re  and not invariant owing to the not covariant d e fi­
nition o f soft photons. )

F or  com putational reason s it is  s im p ler to d iscu ss  the integrated c o r ­
rection  6(7 )■= /dS26(7 , 0 ) , • o r  the total c r o s s -s e c t io n  fo r  annihilation into 
photons up ta  a 3 o rd er .

In th is ca se  it is  p oss ib le  to w rite the final resu lt in the extrem e 
re la tiv is t ic  ca se

dCThiri3> = d<T0(Qf/ w)[G(7 > In (iry/A) + gt (7 , 9)] . (5)

dff(«s> = da-oU + ^/jrJtcp (7) + fi(7 , 0 ) + gi(7 , 6 )]) 

= dff0{ l  + 6 (7 , 0 )}. (6)

a = ct0 {1  + (a/n) [«p(-y) + f(7 ) + g(7 )]} = tr0{ 1  + 6(7 ) } . (7 )

CTo =(?rr8 / 272 ) [ 2 1 n (2 7 ) -  1], (8)

6(7) = ( a / 12ir) 81n2(27)-  21n(27) +47T2 - 13 + 11 - 5JT2
(9)21n(2y)-l J'

7 » 1  (C .M .S . energy).
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The relevant point in Eq. (9) is  the ln (2y) behaviour o f the total c o r ­
rection . If in order to understand its orig in  we p erform  the usual division 
betw een virtual soft and hard photon contribution, we find in the C. M. S . :

^v+a =ffo (1+  (a/12?r)[81n2(27 )+  221n(2y) + . . .  + F (7 )ln (A /m 7 )]}

ahacd = ct0( « / 127t) [ -  24 ln(2-y) + . . .  F(7 )ln (m 7 /A )] .

so  that we can a scr ib e  the ln 2(2y) contribution to the virtual plus soft photon 
part. Hard photons do not contribute to the dominant behaviour in the very  
high energy case , so that, from  this point o f v iew , we can forget their ex ­
isten ce . To get a further insight into the ln 2(2y) derivation , let us go back 
to-the differentiell c r o s s -s e c t io n  o f E q. (4):

d o v+s = dcr0{ l  +ßv+s (7 , 0.A )} .

Some general p rev ision s can be m ade on the high energy behaviour o f 6V+S .
A quite general theorem  by ERIKSSON and PETERMANN [2] states that 
fo r  large  values o f the mom entum  tran sfer (in the C. M. S . ), q2»  m 2, 6V+S 
behaves at m ost like (ar/7r)ln(q2/m 2) to o rd er aa. M ore p rec ise ly , the first 
correction  can be written in the form

6 v+s = (o/ir) [ c 1 ln(q2/m 2) ln (A /E ) + c2 ln(q2/m 2)+  c 3 ln (A /E )+  c n].

The validity o f the Peterm ann theorem  can also be verified  in our ca s e . This 
m eans that, being the soft photon part iso trop ic  and always ^  ln2(2 7 ), the 
contribution o f the virtual photon fo r  la rg e  momentum transfer is  such as 
to com pensate those ln2(2 7 ) te rm s. Let us look  at another boundary condition, 
the region  o f sm all m om entum tran sfer, where

Q2 = (P i " k±)2 = - m 2 + 2 m 2y 2 (1 -ß cos  0 ) ~  m 2 7 2 0 

or q2 m 2 , 0 1 / 7 .

In this situation we find that the virtual photon contribution is  sm all (no In2 
(2 7 ) te rm s) so  that there is  no m ore  com pensation and the In2 (2 7 ) from  
the soft part is  s t ill present and dominant. The subsequent integration and 
the addition o f th£ hard photons do not can cel the In2 (2 7 ).

O bviously these a re  considerations whose validity is lim ited to the ex ­
p lic it  a3 ca lcu lation . Let us try  to gen era lize  those resu lts : let us consider, 
fo r  instance, the an situation (c r o s s -s e c t io n  to o  n+2 o rd er ). The correction
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Fig. 4

is  the resu lt o f n virtual photons, n - 1  v irtua l+  one soft, . . . .  n soft photons. 
We can make the follow ing assum ption based  on the ideas o f our previous 
calcu lation : if we lim it ou rse lves  to the sm all momentum transfer region  
(in S. C. M. ) the v irtual photon contribution is sm all, i. e. not of the an ln 2n 
(2 y) type but at m ost o f a " ln 2n-i (2 7 ) type. So the relevant term  in the 
asym ptotic lim it com es p ra ctica lly  from  the graph with n soft photons. In 
this way the resu lt is obtained at one and looks like

This is only s rough evaluation but it can give an idea of the philosophy 
we shall fo llow . O bviously a m ore  rigorou s  derivation is p oss ib le .

T o this purpose we w ill use in a slightly m odified  form  the general 
resu lt by ERIKSSON [3  ]. That is

w here the sym bols are those of E riksson  except A which is defined as

It is  in frared  divergent but we can regu larize  it with the fictitious photon 
m ass A.. F u rth erm ore , the gen era l theory  o f in frared  divergences allows 
us to say that the dependence o f A  can ce l out with (m / A)c . Eq. (12) is a 
c o r r e c t  resu lt, though a not covariant one, owing to the presence of A . 
Let us con sid er the annihilation ca se  w here an explicit calculation  g ives:

dCT(m-z) ~  ( l / m ! ) [ cP(7 ) + F  (7 ) In (A /m 7 )]n (10)

corresponding  to the graph in F ig . 3. 
If we sum up, using Eq. (3):

00

d a  ~  da ( a /ir)n

dcr0 e T  fn 2(2r) (ä/my) (4a/ir) In (2y) (ID

(12)

(for a fu ll understanding o f the notations see [3],
j M 12 is the squared m atrix  elem ent co rre c te d  by a ll the virtual photons.
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A  = (2a/ir) ln2 (2y),

B = (4a /jr)ln  (2y), ( 1 3 )

C = (4 e /ff)ln  [2y).

Note again the ch a ra cteristic  isotropy  o f the soft photon part fo r  the 
annihilation p r o c e s s . Thus the angular dependence is  contained in |m|2. If 
we assum e the valid ity  o f the E riksson  and Peterm ann theorem  fo r  q2 »  m 2 
(d~ir/z), |m)2 has to behave like e " 2“ ^ 1,1 W  in order to com pensate the 
soft photon part. What happens fo r  q2~  0 ? If we put

(m / A ) c |m|2 = |m0|2 X (p i, k i) ,  

our assum ption is  that fo r  q2-^ 0 , X (pj , k j ) goes to a constant or, m ore

Fig. 5

generally , it behaves in a s im ple logarithm ic and not a (log )2 m anner. In 
this way, neglecting a ll the logarithm ic term s, the resu lt is

der ~  dff0 e (2<x/lr) ln2 <2?> ( A / m y )  ( 4 a / i r )  ln(2y)

which is  Eq. (11). So our gen era l conclusion  is that it is p oss ib le  in forw ard  
annihilation to d iscrim in ate  in a very  c lea r  out way between the virtual 
and soft photon contribution. R eally  this resu lt may seem  a rather academ ic 
one owing to the A term . So our perturbative resu lt could lead us to another 
hypothesis, i. e. that the hard photons do not contribute In2 (2 y) term s. 
Consequently we elim inate the A dependence by adding the hard photons 
while the dominant behaviour rem ains s till

der ~  dffo e(2ot/,Äln2(2T') (14)

with da forw ard  (or n early  forw ard ) c r o s s -s e c t io n  fo r  annihilation into 
photons.

It is  n ecessa ry  to find out if  our hypotheses are verified . The problem  
is not difficu lt fo r  the virtual photon contribution. We a ll know that there 
are two c la ss e s  o f diagram s which contribute to M. They can be represented 
by the redu cib le  graphs typ ified  by F ig . 4 and the irredu cib le  ones typified 
by F ig . 5. Though many photons exchange, as in F ig. 6 .
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Fig. 6

As long as we confine ou rse lves  to the logarithm ic term s, it is possib le  
to show by d irect inspection^*) o f the m atrix  elem ents to every  order o f a, 
that our firs t  hypothesis w orks v ery  w ell fo r  both c la sse s , that is

|m|2 (m /A  )c -» |Mo|2.
qz-»o

So Eq. (11) is  co r re c t .

The hard photon part is  m ore  com plicated  to hand. The prob lem  is 
under study and we hope to be able to prove  that Eq. (14) is a lso  true soon.
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