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Abstract

Boundary modes localized on the boundaries of a finite-size lattice experience a finite size effect
(FSE) that could result in unwanted couplings, crosstalks and formation of gaps even in topological
boundary modes. It is commonly believed that the FSE decays exponentially with the size of the
system and thus requires many lattice sites before eventually becoming negligibly small. Here we
consider a two-dimensional strip geometry that is periodic along one direction and truncated
along the other direction, in which we identify a special type of FSE of some boundary modes that
apparently vanishes at some particular wave vectors along the periodic direction. Meanwhile, the
number of wave vectors where the FSE vanishes equals the number of lattice sites across the strip.
We analytically prove this type of FSE in a simple model and prove this peculiar feature. We also
provide a physical system consisting of a plasmonic sphere array where this FSE is present. Our
work points to the possibility of almost arbitrarily tunning of the FSE, which facilitates
unprecedented manipulation of the coupling strength between modes or channels such as the
integration of multiple waveguides and photonic non-abelian braiding.

1. Introduction

A bound state can be trapped by a barrier. When the width and height of this barrier are not infinitely large,
there is some probability that the state can tunnel through this barrier. These size-dependent phenomena are
commonly called the finite size effect (FSE). FSE is ubiquitous for both quantum and classical waves. The
barrier here can be a potential barrier such as a quantum dot [1, 2] or originates from a band gap material [3,
4]. Besides the intrinsic absorption loss, the probability of tunneling determines the lifetime of these trapped
states, which is crucial for quantum information processing [5-8]. Control over the tunneling probability
also enables manipulating interaction between different trapped states to generate various entangled
quantum states [9—11]. Meanwhile, fine-tuning of the coupling coefficient is a key requirement in
programmable photonic simulators [12], non-abelian braiding of photons [13] and quantum computers
[14], especially when nanostructure are considered.

Similar to trapped states, propagating states such as the waveguide modes also exhibit FSE [15]. The tails
of waveguide modes extend outside the waveguide with a length scale characterized by the penetration depth.
If two waveguides are placed within the penetration depth of each other, there will be unavoidable
intercoupling. The crosstalk between waveguides limits the integration of multiple waveguide channels into a
compact device [16]. Boundary (hinge) modes localized on the boundaries of a strip (hinge of a bar)
geometry of a periodic lattice can also be regarded as waveguide modes. With the recent explosive growth of
research in topological physics [17-20], topological boundary modes and hinge modes associated with
nontrivial bulk topologies have attracted a lot of attention due to their robustness against disorder and
fabrication imperfections [21-26]. However, these boundary and hinge modes also suffer from the FSE when
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the width of the system is not large enough [27-30]. So, even topological edge modes can be gapped if the
width is not big enough to stop the coupling of modes localized on the opposite edges of the sample. On the
other hand, controlling the FSE of topological boundary modes or hinge modes can achieve new versatile
controllability, such as spin flipping [31], electrical switching [32], efc.

In this paper, we present a novel type of FSE of boundary modes. Without loss of generality, we consider
the boundary modes on a two-dimensional (2D) strip geometry which is periodic along one direction and
truncated along the other direction. Thus, there are two boundaries for such a 2D strip geometry. The
boundary modes localized on opposite sides (if they exist) interact with each other, giving rise to an
FSE-induced gap. Different from the prevailing understanding that the FSE vanishes only when the width of
the strip is large enough, we discovered that the FSE could vanish at specific wave vectors (nodes) along the
periodic direction in a narrow finite-width strip. Interestingly, the number of nodes equals the number of
lattice sites perpendicular to the boundary, i.e. the width of the strip. Using a model Hamiltonian, we
analytically solved this system and proved the existence of this novel feature, and then demonstrated a
filtering effect by utilizing this unique feature. Such a peculiar FSE is a pure single-particle effect without the
correlation among particles. Our system consists of only in-plane dipole orbitals and hence should represent
general physics. Moreover, we provide a physical system composed of a plasmonic sphere array where this
peculiar FSE can be observed. Our work demonstrates the possibility of completely suppress the FSE within a
few lattice sites. This unique property can facilitate the manipulation of the coupling strength between
modes or channels which are required in scenarios such as photonic non-abelian braiding [13] and
integrating multiple waveguides [16].

The remainder of this paper is organized as follows. In section 2, we compare the difference between the
typical FSEs and this special type of FSE considered in our work. We provide a tight-binding model
Hamiltonian based on coupled in-plane dipoles P, and P,. The FSE vanishes at some specific wavevectors
(denoted as nodes). We show that the number of nodes equals the number of lattice sites along the
y-direction (N,). In section 3, we present the filtering effect by using this unique FSE to filter out the
component we need. In section 4, we show that this peculiar type of FSE also exists in a plasmonic sphere
array whereat the coupling is not limited to nearest neighbors. Finally, we summarize in section 5.

2. Models of the peculiar type of FSE

Our system is shown in figure 1(a) which is periodic along the x-direction and finite along the y-direction.
Each unit cell contains one atom or meta-atom which can support multiple modes such as S, Py, P, P,, etc.
These modes interact and evolve into bands in momentum space and the physics can be captured succinctly
using the usual tight-binding description. Inside a band gap, the system may exhibit boundary modes if the
parameters are appropriately chosen, as shown schematically in figure 1(a) with the red and blue shaded
regions denoting the mode profiles. These boundary modes can either be Shockley states [33], Tamm states
[34] or originate from topological reasons [17, 18, 20, 21]. In figure 1(b), we sketch the typical consequences
of the FSE for a strip geometry of the system. Here the shaded areas represent the projection of bulk bands,
and the blue and red lines represent the dispersion of the boundary modes. We can use a two-level system to
illustrate the interaction between the two boundary modes of a strip geometry. We start with the case when
the strip is wide enough, there we can find two degenerate boundary modes (denoted as | ) and |3))
localized on both sides of the strip. When the width of the strip is finite, FSE introduces perturbations on the
system. Since there are no other modes inside the bandgap, any eigenmodes with frequency inside the gap of
a finite system can be approximated by a linear combination of | ) and |¢;). In other words, with |¢) and
1) as the basis, any eigenmode can be written as a normalized vector |1 ) = (c1, )", where ¢; and ¢, are
complex numbers. Let € represent the energy of |¢1) and |p,), and k denote the interaction of | ) and
|2) introduced by the perturbations. When the strip is wide enough, the boundary modes on opposite sides
of the strip decouple (x = 0) and thus should exhibit the same dispersion if the system possesses mirror
symmetry (m,) as in our case. For a strip geometry with a finite width, two boundary modes interact with
each other (k # 0). If one focuses on the modes inside the bandgap, then the system can be approximated by

an effective Hamiltonian:
H= ( fo ) (1)
K &

The eigenvalues and eigenvectors of a finite system are ¢ & x and % (1, j:l)T, respectively. Here the
sign =+ correspond to the even/odd eigenmodes with respect to the mirror plane. In addition, the interaction
due to the FSE on boundary modes introduces an energy splitting (a mini-gap with size 2x). In other words,
the presence of a min-gap as shown in figure 1(b) seems unavoidable. The strength of FSE herein can be easily
calibrated as a function of k, by inspecting the energy splitting between the even and odd boundary modes.
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Figure 1. A peculiar type of FSE. (a) The coupling of two boundary modes (denoted by the red and blue shaded regions) localized
on opposite sides of a strip geometry of a square lattice with P, and P, orbitals. The lower right inset shows the reciprocal space.
(b)—(c) The schematic of two different types of FSEs, where the FSE is finite for all ks in (b) and vanishes at several nodes for
certain ks in (c). The blue and red lines represent the dispersions of the two boundary modes of a strip geometry, and the gray
regions together with the black lines denote the bulk bands.

In contrast to figure 1(b), we present here a special type of FSE as pictorially shown in figure 1(c). Due to
the mirror symmetry, the boundary modes can couple to form even and odd modes, as shown respectively
by the red and blue lines. They twist with each other and form several nodal points. As will be shown later,
the FSE of the boundary modes vanishes at these nodal points (no interaction between boundary modes).
Intriguingly, we find that the number of nodes equals the number of lattice sites along the y-direction (N,,).
As long as the width of the strip is limited, the typical FSE shown in figure 1(b) always exists independent of
wave vector. Distinctively, the peculiar FSE shown in figure 1(c) exhibits a unique feature in the sense that the
FSE vanishes completely at some special wave vectors even though the width of the strip contains only a few
lattice sites. Anomalous FSEs has been noted for helical boundary modes in topological insulator where the
strength of the FSE decrease non-monotonically with the size [29, 30, 35], therein the oscillation length is
hundreds or thousands of lattice constant. Therefore, the anomalous FSE is significantly different from our
case as the FSE here oscillates at the lattice scale. Meanwhile, the two boundary modes in our case are related
by mirror symmetry and thus exhibit the same dispersion in the absence of FSE. In contrast, the helical
boundary modes in [27, 29, 30] exhibit opposite group velocities.

First, we take a 2D SSH model [36] as an example to show that typical boundary states show similar
features as sketched in figure 1(b). As shown in figure 2(a), the real-space lattice structure of 2D SSH model
is a square lattice, where each unit cell contains four sub-lattices. The physics is captured by nearest-neighbor
hopping, and the real-space Hamiltonian can be written as

H= Zi,j (t+ (5tx,‘,j) C;rJrl’jCi’j + Zi,j (t+ (51,‘}/,‘,]') C}L’jJrlC,"j + h.c. (2)

where (i, j) denotes a lattice point in the square lattice, ¢ and c are the creation and annihilation operators at
the site (i, j), and t denotes the homogeneous background hopping strengths, ¢ is the alternating
modulation term applying the background coupling strengths with x;; = (—1)" and y;j = (=1, and ‘h.c.’
stands for Hermitian conjugate. The intracell hopping (w) and intercell hopping (v), depicted as black and
red lines respectively in figure 2(a), are defined as w =t — §t and v =t + Jt. Applying Fourier transformation
in equation (2), the tight-binding Hamiltonian in momentum space can be obtained:
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Figure 2. A typical consequence of the FSE in the 2D SSH model. (a) Schematic of 2D SSH model on a square lattice with only the
nearest neighbor hopping. (b) The band structure of the periodic system with intracell hopping w = 1 and intercell hopping

v = 2.2. The inset illustrates the reciprocal space of a square lattice, highlighting the high-symmetry points: I" at the center of the
Brillouin zone, X at the midpoint of the zone’s edge, and M at the corner of the zone. (c) A sketch of a strip geometry of the 2D
SSH model. The strip has Ny, lattice sites along the y direction, and N, = 3 is shown here. (d)—(f) The band structures for different
Nys, where the gray areas represent the projection of bulk bands, and the red (blue) curves are even (odd) modes with energy
predominantly localized at the boundaries.

0 w+vexp (iky) 0 w+ vexp (iky)
g | Wt vexp (—iky) 0 . w+ vexp (iky) 0 . 3)
0 w+ vexp (—ik,) 0 w4 vexp (—iky)
w+ vexp (—iky) 0 w+ vexp (iky) 0

The topological phase transition for this system can be characterized by the bulk polarization
P= ﬁ [, dkcdk, Tr [A (kg,k,) ], where A (kg k,) = (u|iVi| u) is the Berry connection, |u) is the periodic
part of Bloch function, the trace (“Tr’) is taken over all the occupied bands, and the integration is over the
first Brillouin Zone. Such a 2D SSH model exhibits the Cy, symmetry, whose point group is generated by two
symmetry elements, a four-fold rotational axis (C4) and a vertical mirror plane (o,). The C; symmetry
signifies that the system keeps invariant under a rotation of 7 /2 around the z axis. This symmetry implies
that the physical properties along the x and y directions are the same, thereby ensuring that P, = P,.
Alternatively, the 2D Zak phase denoted with (6, 0,), can be determined by integrating the Berry
connection along a specific direction, namely the k, or k, direction. The 2D Zak phase is defined as
Oy (ky(x)) = ﬁ /. Ko dky i, Tr [A (kx, ky)} , and it remains consistent for each corresponding value of k() in
this model. This characteristic is directly linked to the bulk polarization, where the relations 6, = 27 P, and
6, = 27 P, illustrate the connection between the Zak phase and the polarization components. The bulk
polarization, as well as the Zak phase, determines the existence of topological boundary modes [37]. For
instance, the nontrivial Zak phase 6, = 7 results in the boundary modes along the x direction [36]. The
topological phase transition point is at w = v. When w = v, all four bands are degenerate at the M point, and
the middle two bands are also degenerate along the I'M direction. When w # v, the first and fourth bands are
gapped from the other bands, and the middle two bands remain degenerate along the I'M direction. When
w > v, the system is topologically trivial and characterized by a 2D Zak phase (0,0). Thus, there is no surface
state when the system is truncated. On the other hand, when w < v, the parity sign of eigenstates at the X
point changes after the band inversion at w = v [36]. The system is topologically nontrivial and associated
with a 2D Zak phase (7,7 ). Thus, surface states exist in the nontrivial phase when the system is truncated.
Figure 2(b) shows the band structure of a nontrivial system with hopping strength (w, v) = (1, 2.2) along the
high symmetric directions in the Brillouin zone. There are two complete band gaps above the first band and
below the fourth band. Hence, if the system is truncated, there are boundary modes located inside these two
topological nontrivial band gaps.

Figure 2(c) sketches a strip geometry of the 2D SSH lattice which is periodic along the x-direction and
finite along the y-direction. We denote the number of unit cells along the y-direction as N, (N, = 3 in
figure 2(c)). Since this system exhibits mirror symmetry with respect to the y direction, there are two
boundary modes localized on the upper and lower boundaries. The band structures for different N, are
shown in figures 2(d)—(f). Here, the light gray background represents the projection of the bulk periodic
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band. We focus on the k, > 0 region as the k, < 0 region is simply related by time-reversal symmetry. We
start with N,, = 2, there are eight bands in total. Two boundary modes reside in the upper gap, and another
two are located in the lower gap. Due to the FSE, the two boundary modes inside the same band gap coupled
and split into one even mode and another odd mode as denoted by the red and blue lines, respectively. As N,
increases to 3 and 4, the two adjacent boundary mode dispersions get closer gradually as the coupling of the
two boundary modes decreases. Similar to figure 1(b), there is no crossing between the boundary mode
dispersions. Or in other words, there is always coupling between the boundary modes for an arbitrary k. on
the opposite sides of the strip.

Next, we provide a tight-binding model Hamiltonian that exhibits the salient features outlined in
figure 1(c). This Hamiltonian is formulated to describe a dielectric particle array. The scattering and
absorption of light for an array of dielectric particles exhibiting dipole resonances can be captured by the
coupled-dipole approximation [38]. Thus, we derive this Hamiltonian with the coupled dipole equation
[39]. We assume each site supports two dipoles P, and P,. For simplicity, we assume that other excitations are
either far away in energy or are orthogonal to P, and P, (e.g. the P, dipole). The ambient space is a vacuum,
so no interactions are introduced other than the in-plane dipole interaction. The electric field generated by a
dipole P; is

1 ikr

e 1 ik\
BO)= {k2 (rxB) x v + [3(8-7)r - PP (rs _ ﬂ) elk'} , @
where r is the displacement vector from the source dipole P; to the observation point, and k = w/c is the
wave vector with w and ¢ being respectively, the frequency of the dipole and the speed of light in vacuum.
When the wavelength A = 27 /k is much larger than the typical length scale of the system (e.g. the lattice
constant a considered latter), we can take the quasi-static approximation and consider the dominate terms
when k — 0 [40]. Under this approximation, equation (4) is simplified to

1 3(Pjr)r—rP; 1
E(r)= s =
4eg r e

(r)-P;. (5)

with the quasi-static Green tensor
3ror—r2 1
Gm=""" (6)

o

where the T is identity matrix. The induced dipole moment of the particle located at R; is determined by the
cumulative electric field generated by dipoles at all other lattice sites, the dipole moment P; satisfy the
coupled dipole equation:

P;=a(w) ZRH&Ri Ep (R;)

1
~a(@) Y =~ (R—K) P,
Ri#R;

—aw) Y G (R—R)-P, 7)

Rj#R;

where Ep, (R;) denotes the electric field at R; generated by the dipole P; located at R;, o (w) is the
o(w)
4meg”

> R#R, G (Ri —R)) - Pj= &~ (w) P;, which is similar as a Hermitian eigenvalue equation:

polarizability of the particles, and & (w) = Thus, the coupled dipole equation can be reformulated as

HP=¢(w)P (8)

where P={...,P;,...P;,...} denotes the dipole vector for real space, € (w) = t@~" (w) denotes the energy of

the system, and the Hermitian matrix nondiagonal element H; j = t G (R; — R;) denotes the hopping from a
dipole P; located at R; to the dipole P; at R;, the Hermitian matrix diagonal element is set as H; j = 0. Here ¢

is introduced only to ensure that the unit of hopping is energy [41]. The hopping strength G (r) between two
dipoles decays cubically as a function of the inter-dipole distance r. The Hamiltonian containing all possible
long-range hopping between two arbitrary dipoles includes an infinite series and is complicated to analyze.
To obtain a simple tight-binding model, we truncate the hopping to the next nearest neighbor which are the
minimal interactions needed to explain the physics presented in figure 1(c). The real-space lattice structure
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Figure 3. Band structure of the minimal model. (a)—-(d) The band structures for different Nys, where the gray areas represent the
projection of bulk bands, and the red (blue) curves are even (odd) modes with energy predominantly localized at the boundaries.
(e) The locations of nodes on the boundary modes (red plus signs) and the zeros of AE (blue square symbols, defined in
equation (16)) for different Ns.

of our model is a square lattice with each unit cell comprising a single atom that possesses in-plane dipole P,
and Py, as shown in figure 1(a). We define the creation and annihilation operators C;[\’,-,pm CR; pro> c;ghpy and cg, py
at the site R;, and the real-space Hamiltonian for a periodic system exhibiting the symmetry of Cy, point
group can be written as

H= ZR,-,R]-eNNt (—P}i? (Ri—R) PR}.) + ZR,-,R]-eNNNt (—PL{? (Ri—R) PRj) 9)

where Pg, = (cRi’p,C7 CR; ’p),) is the dipole operator’s vector. The summation Xy and Xy are over all nearest
neighbor and next nearest neighbor hopping, respectively. Applying Fourier transformation, the momentum
space Hamiltonian can be obtained:

He —4cosk, + cosk, (2 — cosky/V/2) 3sink,sink,/v/2 (10)
o 3sinkxsinky/ﬁ 2cosk, — cosk, (4 + coskx/ﬁ) '

Due to the C4, symmetry, bands are degenerate at I and M. The bands are nondegenerate except for
those two high symmetry points (see appendix A). We note that though we derive the Hamiltonian with the
coupled dipole equation, a similar tight-binding Hamiltonian can also describe electronic systems of the
same symmetry if p-orbitals (P, and P,) are dominant in the energy range of interest.

As we are interested in a strip geometry which is periodic along the x-direction and finite along the
y-direction, we provide the projected band structure of the periodic system along the k, direction as shown
in figures 3(a)—(d) with the light gray background (the projected bulk band continuum) as a reference. Here
we can focus on the k, > 0 region as the k, < 0 region is simply related by time-reversal symmetry. Now we
have a band gap region between the two bands and the band gap closes only at k, = 0 and k, = 7 /a. The Zak
phase 0, for any value of k, is quantized as 7, and hence a semi-infinite system possesses a topological
boundary mode which is located inside the band gap with dispersion connecting the two band edges [37].
(See appendix A) The FSE introduces coupling between two such boundary modes located at the +y and —y
boundaries if the system is finite.

Then we proceed to investigate the FSE for a finite number of lattice sites (N,) along the y-direction.
First, we start with an extreme case where N, = 1. This case corresponds to an infinite chain of dipoles. In
this case, P and P, dipoles decouple and exhibit positive and negative dispersions, respectively [42]. These
two bands cross once at k, = 7 /2a. When N, = 2, i.e. two coupled infinite chains, P and P, dipoles couple
with each other and there is no pure band with only P, or P, component. Instead, one can label the band
with either mirror symmetric (even) or antisymmetric (odd). As shown in figure 3(b), there are now four
bands in total and two of them appear inside the bulk gap region, with one even state (red) and one odd state
(blue) for the P, component. Interestingly, now the red and blue bands cross with each other twice which is
also the number of the coupled chains. As we further increase N, as shown in figures 3(c) and (d), the red
and blue bands approach the dispersion of the boundary modes for a semi-infinite system. Still, the number
of nodes is always equal to N,. Meanwhile, the gray bands start filling up the projection of the bulk periodic
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bands. These gray bands are hence bulk modes inside a finite system. Recently, chiral anomaly bulk states
(CABSs) in finite systems have drawn intense interest [43—46]. These CABSs are originated from the
nontrivial topology of the systems under consideration. In contrast, the bulk modes in our system are
topologically trivial, and hence we only focus on the boundary modes in the following.

To prove that the number of nodes between the even and odd modes is equal to N, we analytically solve
the system. (Proof in appendix B). We first obtain the eigen energy and eigenstates of the boundary mode for
a semi-infinite system as

cosk, [6ﬂsin k. + 3 coskysink, + & (coszk,C + 6y/2cosk, + 16)]
£ (ﬂcoskx + 8) + 3v/2sink,

e =

) (11)

and

Pe:{phpZa"'apiy"'}(ié- >7 (12)

respectively. In equation (12), the subscript labels the number of dipole chain, and the first (second) element
inside the parenthesis represent the P, (P,) component.

£ = \/(Z\fzcoskx> / (4ﬂ+ COSkx), (13)

and

1 n n
= ———— | dy+1/4d +d2) —(d —/4d +d2> ] 14
Pr=oN 4d, + & [( : P : s (1)

with N being the normalization constant, d; = —C; /Cs, d, = —C,/C;5, and

1
4

C, =4cosk, — E,, (15)

C = i [\/Ecoskx —3y/2¢ sink, — 4] .

To solve for the FSE for the boundary modes in a finite system, we use the eigenfunction of the semi-
infinite system as basis. Considering the finite system with N, lattice sites, we truncate the wavefunction of
the boundary mode of a semi-infinite system at the N, site as {p,p», ..., pNy} (115 ). Then the eigenstates of
the finite system are constructed as superpositions of two truncated boundary modes ((see the equation (B5)
of appendix B for details)). Such a truncation inevitably induces approximation. We assume that the
perturbation introduced by this approximation is small, which also indicates that the energy splitting
between the boundary modes is small. With perturbation theory to the first order, we obtain that the
hopping strength between the two boundary modes localized on opposite boundaries is

AF— Cs (p1pn,—1 — p2PN,) . (16)

p1(p1+pn,)

Thus, to the first-order approximation, the frequencies of the even and odd boundary modes are E, + AE
and E, — AE, respectively. When AE = 0, the hopping strength is zero thus the FSE vanishes, and then there
is a nodal point on the even and odd boundary bands. It can be proved that AE is an oscillation function of
k. and exhibits N, zeros for k, € (0,7 /a). (Detail proof is also provided in appendix B). To check that the
zeros of AE indeed predict the number of nodes, we provide the locations of boundary band nodes (red +)
and the zeros of AE (blue square) in figure 3(e). The number of the red + exactly equals the number of the
blue square for every N,, and the difference comes from the first-order approximation we take. With the
increase of N, where the prediction of AE works better, red 4 and blue square approach each other.

3. Filtering effect

The peculiar FSE discussed here can also leads to potential applications. Different from traditional FSEs that
need lots of lattice sites to suppress, here the FSE is absence for just a very few lattices sites which hence
greatly reduces the size of the strip in wave guiding. In addition, the particular FSE occurs only at some
isolated wavevectors, and this feature can help to select the target wave components [47]. For instance, the
boundary modes can be utilized as waveguide channels to guide waves. In our system, the coupling strength
between two boundary modes on opposite sides vanishes at these nodes and thus each boundary mode can
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Figure 4. (a) Sketch of the system in simulation, which is long enough along the x-direction and 4 along the y-direction. Orange
and gray represent lattice sites with no absorption and finite absorption «; = —0.2i, respectively. (b) The normalized amplitude

of wave package in the momentum space as a function of the evolution time #.

be confined to one side of the waveguide as it propagates. As the coupling between boundary modes localized
on two boundaries is a function of k, and N,, we can use this unique feature to filter out the component we
need. In figure 4, we demonstrate this effect. The system consists of four chains (N, = 4) and the wave
function is assumed to be initially only on the 4th chain as sketched in figure 4(a) with the amplitude

given by

w

Y
Yma(t=0)=exp ikmma—w ( i€ (1 >7 (17)

where we assume a Gaussian package with center wave vector, width and center position given by

ky = 7 /2a, w =10 and mg = 20, respectively. Such a Gaussian package’s wave vector components cover the
wave vectors of the middle two nodes for N,=4. § is set as { = 0.71 to match the boundary modes at kg as
given by equation (13). All the lattice sites are set as lossless (orange) except the first column which is
absorptive with onsite energy v; = —0.2i. We solve the time-dependent Schrodinger equation. For simplicity,
we set i = 1 in the simulation. With the propagating of the wave package, the components whose wave
vectors are not at nodes couple to opposite sides and get absorbed eventually since the 1st chain is absorptive.
The components whose wave vectors are at nodes remain almost unchanged and localized on the original
upper boundary. Figure 4(b) gives the normalized k, component as a function of evolution time. At t = 0, it
exhibits a Gaussian shape centered at kg as given by equation (17). With the increase of ¢, the unwanted
components get absorbed and the Gaussian shape gradually evolves to two sharp peaks at k,a/27 = 0.22 and
0.28, which are exactly the k, values of nodes at which the two boundary modes decoupled.

4. Plasmonic sphere array with this FSE

Up to this point, we used a tight-binding model with next-nearest neighbor coupling to reveal the physics of
such a peculiar FSE. We then demonstrate that such a novel effect exists with full wave simulations when all
the coupling terms are considered. As our system only requires the symmetry imposed by the P, and P,
modes in a square lattice, the FSE discussed herein should be quite universal. Possible candidates are
photonic crystals, phononic crystals, cold atoms, and 2D materials with properly chosen orbitals. Below we
show that this peculiar type of FSE also exists in a plasmonic sphere array consisting of plasmonic
nanoparticles whose electronic wavefunction can couple to electromagnetic radiation with wavelengths
much larger than the particle [48]. The interaction between electromagnetic waves and plasmonic
nanoparticles in periodic plasmonic sphere arrays leads to lattice plasmon modes with hybrid
photonic—plasmonic character [49]. We consider a square lattice array of plasmonic spheres with lattice
constant a = 50 nm and the radius of the sphere r¢ = 20 nm. Similar plasmonic metal nanoparticle arrays
have been fabricated using advanced micro and nano fabrication methods [50-52]. We employ a Drude
model for the sphere: e (w) =1— w; Jw (w + i7,) with the plasmon frequency w, = 4eV and the damping
coefficient 7, = 0.01eV. The local electromagnetic field at the position of a dipole is composed of the

8



10P Publishing

New J. Phys. 26 (2024) 023035 T Liu et al

external incident field and the field emitted by all other dipoles. At the location of the local dipole, the local
field Ejocy induces a dipole moment P;, which in turn acts as a source of radiation for the other dipoles. The
response of this plasmonic sphere array to external electromagnetic waves can be obtained semi-analytically
with the coupled-dipole equation [40, 53]:

P, —a[E‘”“+Z W pn}, (18)

where p,, represents the dipole moment at location R,,;, EZ* is the corresponding local external electric field,
and a (w) = i3a; (w) /2k; is the dynamic dipole polarizability, where ky = w/c is the wave vector in vacuum
with ¢ being the speed of light, a; (w) is the electric dipolar term of the Mie coefficients [54]. W is the dyadic
Green’s function,

W) =i [Alkr) P2+ B(kor) 5 (19)
with I**3 being the 3 x 3 identity matrix and

Akor) = [(kor)—1 Filkor) 2 = (kor)ﬂ oo,

L L (20)
B(kor) = |~ (kor) ™" = 3ikor) * + 3(kor) ] e
Note here, when the wavelength is much larger than the lattice constant, .e. kor < 1, (kor) > terms
dominate in A (kor) and B (kor), and e’ & 1. Thus we get the quasi-static limit [42, 55, 56] and W reduces
to the hopping in equation (6).
The equation (18) can be written as

W =E;". 21
"D (21)
According to the Bloch’s theorem for periodic systems, the periodic boundary conditions can be applied:

Py = bR, (22)

Eext Eext lkBRm (23)

where kg is the Bloch wave vector, and the external field (equation (23)) is chosen to excite an eigenmode
associated with the Bloch vector selectively [57]. We put equations (22) and (23) into equation (21) and have
Mp = E*', where E™ is a vector whose components are the electric fields of the external incident wave, and
M is a matrix operator on vector p,

M=qa! —?, (24)

there ‘G = D RI4R, W (Ry—R') ¢s(R'=R0) i the lattice sum of the dipolar Green’s function, an infinite
series capturing dipolar interactions from all lattice sites, extending beyond the scope of the tight-binding
model. One can define the eigen polarizability as c.ejy = A~" with X being the eigenvalue of M [40, 57]. In a
periodic system, cjg is a function of w and the Bloch wave vector. The eigen polarizability o is derived
from the intrinsic polarizability of a plasmonic sphere, combined with the scattering influences from other
spheres situated at periodic lattice sites. It captures the intrinsic properties of individual particles, along with
the interparticle coupling determined by the lattice’s geometric configuration. For a passive system, Im [aeig]
is always positive and exhibits a peak in the presence of a resonance, which outlines the band dispersion in
scenarios of minimal dissipation. Moreover, Im [aeig} is proportional to the extinction of the driving field,
and the width of an extinction peak on w is proportional to the mode quality [40, 57]. Hence the summation
of all the imaginary parts of the eigen-polarizabilities, i.e. Im [>_ ctejg| can represent the resonance response
of the system. Considering the strip geometry with a finite width, the dispersion of plasmonic sphere arrays
presents similar node characteristics. In figure 5, we set N, = 3 and show Im [rsf3 > aeig} as a function of k,
and energy. The resonance peak shows the dispersion of such a plasmonic sphere array. In addition to the
dispersion, this plot automatically shows the presence of light cone (marked by the black dashed line in
figure 5) as the interaction of the plasmonic spheres with the free propagating wave is taken into
consideration. Except for that, the dispersion is quite similar to figure 3(c). Here we can also find three nodes
(marked by the red dots) between the middle two bands. Hence we have numerically demonstrated the fact
that the nodes of FSE are not limited to the tight-binding Hamiltonian in equation (10). The underlying
physics should be universal even in the presence of the light cone when we consider P, and P, orbitals in a
square lattice.
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Figure 5. Im[rg * 3" cveig] as a function of k, and the energy of the electromagnetic waves. Here the black dashed line marks the
position of the light cone, and the red dots highlight the positions of nodes on the boundary modes. In this plot, the lattice
constant is @ = 50 nm, the radius of the plasmonic sphere is rs = 20 nm, the plasmonic frequency is w, = 4eV and the damping
coefficient is 7, = 0.01eV.

5. Summary

In summary, we analytically solved a next-nearest-neighbor hopping model to investigate the FSE of
boundary modes. The boundary modes of a finite-width strip twist around each other, intersecting at nodes
and the number of nodes equals the number of lattice sites across the strip. This FSE leads to a special type of
filtering effect where only the components with wave vectors that match those of the nodes are preserved.
Meanwhile, this peculiar FSE is general and also presents in the plasmonic sphere array. Our model is based
on just in-plane dipole orbitals and needs no further assumption, and the FSE discussed here can be found in
electronic waves, classical waves and cold atoms. Our work points to the possibility of getting rid of the
formation of gaps due to FSE with properly chosen orbitals and lattice, and thus opens a feasible way for
integrating multiple waveguides into a compact device.
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Appendix A. Band structure of the periodic system and boundary modes dispersion

In this section, we provide the band structure of the periodic tight-binding system and the dispersion of the
boundary mode for a semi-infinite system. Figure 6(a) gives the band structure of the periodic system. For
the dispersion of the boundary mode, we use a finite system with a large enough N,. When N, is large
enough, the coupling between the two boundary modes on opposite sides becomes extremely small, as can
be seen in figure 6(b) with N,, = 20. The red (even mode) and blue curves (odd mode) almost overlap with
each other. The dispersion of the boundary mode for a semi-infinite system can then be obtained by taking
the average of these two curves [37].
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Figure 6. (a) The band structure of the periodic tight-binding model. (b) Band dispersion with N, = 20, where the gray
background represents the projection of the periodic bulk band. The Hamiltonian is provided in equation (10) of the main text.
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Figure 7. (a) The boundary mode dispersions obtained from equation (11) (open red circle) and the numerical simulations (blue
line). Here the gray regions represent the projection of the bulk bands. (b) Comparing of { obtained from equation (13) for a
semi-infinite system and the numerically obtained value for different N,s.

Appendix B. The proof that the number of nodes equals toN,,

In this section, we analytically prove that the number of nodes equals N,. We first obtain the dispersion and
the wave function of the boundary modes for a semi-infinite system. This boundary mode satisfies the
equation

Hsemi (kx) Pe (kx) = Ee (kx) Pe (kx) P (Bl)

where Hgemi is the Hamiltonian of a semi-infinite system and E, is the eigen energy. The boundary mode
wave function of a semi-infinite system is provided in equation (12). After some simple math, we obtain the
eigen energy (equation (11)) and the £ (equation (13)). Meanwhile, the series {p1,ps,...,pi,...} satisfies the
condition

{ Cipi—1 +Copi + Cspit1 =0, (B2)
Gop1 +Gspy, =0,

with p; being used for normalization and equation (B2) provides a recurrence relation for p,. The specific
form of p,, is presented in equation (14), and C;, C, and C; are given in equation (15). As a preliminary
check, we compare equations (11) and (13) with numerical results from finite systems as shown in
figures 7(a) and (b), respectively. Figure 7(a) shows the comparison of numerically obtained boundary mode
dispersion for a large enough system (blue line) and that from equation (11) (open red disk). They agree
with each other perfectly well. In figure 7(b), the black line is obtained from equation (13), and the blue,
magenta and red represent ‘ Piy/P1 x’ for N, = 6, 12, 30, respectively. It is clear that with the increasing of N,,,
numerical results approaching that from equation (13). Meanwhile, numerical results deviate from
equation (13) near k, = 0 and 7 /a whereat the band gaps close.

The coefficient 27" in equation (14) provides the exponentially decaying feature of p, with the increasing
of n. To obtain more detailed features of p,,, we need the information of d, and /4d; + d3 as functions of k,,
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Figure 8. (a) \/4d; + d? /i (red), d> (blue), 1 + 2d; (orange) as a function of k. (b), (c) p, as functions of k., where different
colors for different n. p, is an oscillation function of k, and has n — 1 zeros.

which are provided in figure 8(a). It can be shown that d, is a monotonically decreasing function of k,, and
\/4d; + d3 is purely imaginary and exhibits a sin k,-like shape. We can define

0 = arg (d2+\/4d1+d§> , (B3)

and show that 6 is a monotonically increasing function of k. § = 0 when k, = 0; § = © when kya = .
Taking equation (B3) into equation (14), we have

(—2dy)" " sin(nf)
="y sinf (B4)

We can see that {p;,ps,...,pi,. ..} are oscillating decaying functions of the chain index i. Noting that 6 is
a monotonically increasing function of ki, p, should thus also be an oscillation function of k,, which gives
the essential reason for the emergence of nodes. And equation (B4) proves that p, possesses n — 1 zeros for
ky € (0,7). The first few p, functions are provided in figures 8(b) and (c). We can clearly see the oscillation
feature and observe that p, exhibits n — 1 zeros.

For a finite system with N,, the wave function of the boundary mode should be

1
Ppinice = ({p1,P2,-- -, PN,—1.0N, } £ {PN,-PN,—1,-- -, P2, D1 }) ( i ) : (B5)

The wave function satisfies

G, G P1EDPN,
G G G P2 EPN,—1
T T : =0, (B6)
G G G PN,—1EP2
G G pN, 1

where C, = 4 cosk, + E, + AE with AE being half of the energy difference between the even and odd modes.
AE also equals the hopping strength between the boundary modes localized on different boundaries. If we
assume that AE is a small number and can thus treat it as a perturbation. Then to the first order of AE, the
formula was provided as equation (16).

Considering the fact that C5 /p, (p1 + pNy) exhibit no zeros, and combined with equation (14), we find
that the zeros of AE is the same as the function (the numerator without some trivial constants)

AE, = (1+2d1)d2[<d2+\/m> _ (dz—m> ]
| (a+faed) + (o ara) | (87)

= i(—4d))" " [ (14 2d,) cosOsin (nf) + sinf cos (nh)] ,
12
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Figure 9. F; defined in equation (B8a) withi € {2, 3, 4, 5} as a function of . The black dashed lines are y = 1 and y = —1 for

reference.

where n represents the dimension of the truncated wave function, i.e., N,. And equation (B3) is used in the
last step. Noting that d; < 0 (see figure 8(a)), the zeros of AE, are the solutions of the following equations,

1+2d, = F, = tanfcot(nf), (B8a)
or
sin (nf) = sind = 0. (B8b)

Equation (B8b) is satisfied when 7 is an odd number and k.a = 7 /2. For equation (B8a), we first notice
that F,, exhibits the following features as shown in figure 9:

a. F, is a monotonic decreasing function of § for § < 7 /2 and a monotonic increasing function of 4 for
0>m/2.

b. F, exhibits n — 1 singular points at = mm /n, where m € {1, 2, ..., n — 1}. Meanwhile F,, diverges when
0 approaching these singular points.

Taking the value of 1 4 2d; as given in figure 8(a) into consideration, we can conclude that there are in
total n zeros for AE,, as a function of k, for k.a € (0,7 ).
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