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Abstract

This work presents a comprehensive study of quantum correlations and their degradation
under environmental dephasing within the atomic hydrogen system. By analyzing the
magnetic coupling between the electron and proton spins in the 1s hyperfine state, we elu-
cidate how coherent spin interactions generate entangled states and govern their temporal
evolution. The investigation focuses on three key measures of quantum correlations—Bell
nonlocality, Einstein-Podolsky—Rosen (EPR) steering, and quantum purity—each reflecting
a different level within the hierarchy of nonclassical correlations. Analytical formulations
and numerical simulations reveal that, in the absence of decay, all quantities remain steady,
indicating the preservation of coherence. When dephasing is introduced, each measure
decays exponentially toward a stationary lower bound, with Bell nonlocality identified
as the most fragile, followed by steering and purity. A three-dimensional analysis of
Werner states under dephasing further establishes the critical purity thresholds required
for Bell inequality violations. The results highlight the interdependence between magnetic
coupling, decoherence, and initial entanglement, providing a unified framework for un-
derstanding correlation dynamics in open quantum systems. These findings have direct
implications for the development of noise-resilient quantum information protocols and
spin-based quantum technologies, where preserving nonlocal correlations is essential for
reliable quantum operations.

Keywords: hydrogen atoms; dephasing dynamics; lindblad master equation; bell nonlocality;
EPR steering; quantum purity

MSC: 81P40; 81Q93; 81P45; 81522

1. Introduction

Quantum entanglement has garnered significant attention since the seminal contri-
butions of Einstein and colleagues [1]. This phenomenon involves a unique nonlocal
correlation arising from the inseparability of quantum states, serving as a vital resource in
advancing key applications within quantum information processing and transmission [2-8].
Specifically, local measurements on separated entangled systems can yield nonlocal cor-
relations [9], which cannot be replicated by local hidden variable models, as evidenced
by violations of Bell inequalities [3]. The concept of nonlocality, central to the EPR para-
dox, challenges quantum mechanics with the notion of “spooky action at a distance” [1].
Schrodinger later described this as quantum steering (or EPR steering), where local mea-
surements can influence a distant quantum subsystem without direct interaction [10].
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Quantum steering represents an intermediate form of quantum correlation, positioned be-
tween entanglement and Bell nonlocality, and is a key tool for elucidating the EPR paradox
in contemporary quantum information theory. Steerable states form a subset of entan-
gled states [11]. Recent theoretical and experimental studies have increasingly focused on
quantum steering [12-16], with applications in channel discrimination [17], quantum key
distribution [18], and secure teleportation [19]. Furthermore, quantum steering has been
interpreted operationally as entanglement distribution involving an untrusted party [20].
Steering inequalities, derived from entropy uncertainty relations, have been developed for
both continuous and discrete systems [21-23], and promising criteria for detecting EPR
steering have been established to explore its various facets [24,25].

The hydrogen atom, with its fundamentally straightforward structure, has long been
a key model in quantum mechanics, providing deep insights into electron—nucleus in-
teractions across various physical, chemical, and biological systems [26-29]. Beyond its
central role in quantum theory, the hydrogen atom serves as a critical platform in quantum
information science, enabling the study of quantum correlations. The spins of the elec-
tron and nucleus in the hydrogen atom create an intuitive framework and a well-defined
Hilbert space for exploring bipartite quantum entanglement. This entanglement, measur-
able through two-qubit concurrence and quantum coherence metrics, is directly tied to
fundamental physical constants, including the Planck constant, Boltzmann constant, elec-
tron and proton masses, fine-structure constant, Bohr radius, and Bohr magneton. At low
temperatures, the hyperfine structure (HFS) states of the hydrogen atom display intrinsic
entanglement, which rapidly decreases with rising temperature and vanishes beyond a
critical energy threshold of approximately 7. ~ 5.35 peV. This behavior stems from the ther-
mal equilibrium dynamics of the HFS states, where entanglement depends on the interplay
between the energy gap and thermal energy [30-32]. Recent investigations into nuclear-
polarized phases of hydrogen atoms within solid H; films [30,33] have revealed significant
deviations from the Boltzmann distribution at low temperatures [30-32], prompting further
exploration of quantum effects in these systems. The electron and nuclear spin degrees of
freedom in the hydrogen atom offer a versatile platform for studying entanglement with
applications in quantum information technologies. Prior studies on electron spin dynamics
in two-electron double-quantum-dot systems [34,35] have highlighted their potential as
qubits for quantum information processing [4,36,37]. Likewise, nuclear spins, such as
those in nitrogen-vacancy centers in diamond, have emerged as promising resources for
quantum information applications [38—41]. In contrast to earlier research that focused on
electron—proton coordinate entanglement [42] or developed formalisms for HFS entan-
glement [43], this work reveals a novel finding: an external magnetic field can generate
and maintain HFS entanglement at temperatures significantly above the critical threshold
7. This magnetically induced entanglement resists the typical thermal decay observed in
such systems, opening new possibilities for engineering entanglement in low-temperature
settings, including gaseous and solid-state environments.

In open quantum systems, quantum degrees of freedom inevitably interact with sur-
rounding environments, leading to decoherence processes such as dephasing, where phase
information is lost without energy exchange, often modeled through the Lindblad master
equation [44,45]. This interaction causes the degradation of quantum correlations, includ-
ing entanglement and coherence, which are essential resources for quantum information
tasks [45]. Recent studies on atomic hydrogen have employed open-system frameworks to
explore how dephasing affects hyperfine structure dynamics, revealing state-dependent
resilience and providing pathways for mitigating noise in quantum technologies [46,47].
These investigations underscore the importance of understanding environmental couplings
in realistic settings, from atomic gases to solid-state platforms, to harness quantum effects
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for applications like sensing and computation [48]. The novelty of this manuscript lies in
its comprehensive examination of the hierarchy of quantum correlations—specifically Bell
nonlocality, EPR steering, and quantum purity—within the hyperfine structure of hydro-
gen atoms subjected to dephasing, extending beyond prior focuses on entanglement and
coherence alone [46,49,50]. This allows us to quantify their distinct decay behaviors and
identify critical thresholds for nonlocality preservation, providing novel insights into the
robustness of higher-order quantum resources in open spin systems. By deriving analytical
expressions and conducting numerical simulations, we identify Bell nonlocality as the most
fragile correlation, followed by steering and purity, and introduce a three-dimensional
analysis of Werner states to pinpoint critical purity thresholds for Bell inequality viola-
tions under noise [51]. This unified approach, incorporating magnetic coupling and initial
entanglement conditions, not only elucidates the interdependence of decoherence and
correlation dynamics but also paves the way for developing robust quantum information
protocols in noisy environments, distinguishing it from earlier works on magnetically
induced entanglement [50,52].

This manuscript is structured as follows. Section 2 describes the magnetic coupling
and quantum states in atomic hydrogen. Section 3 introduces the measures for quantifying
quantum correlations, Bell nonlocality, quantum steering, and quantum purity, and dis-
cusses their formulations and interpretations. Section 4 presents the numerical results
and discussion, analyzing the dynamics of Bell nonlocality, quantum steering, and purity.
Finally, Section 5 summarizes the key findings of this study:.

2. Magnetic Coupling and Quantum States in Atomic Hydrogen
2.1. Fine Structure of the 1s State

The magnetic interaction in atomic hydrogen stems from the coupling between the
fundamental magnetic moments of the electron and proton. For the ground electronic
configuration (1s), where orbital angular momentum is zero (¢ = 0), there exists no orbital
magnetic field at the nuclear position. Therefore, the dominant interaction is the direct
magnetic coupling between the intrinsic spins of the electron and the proton [29].

This spin—spin coupling manifests as the well-known 21 cm spectral feature (corre-
sponding to 1420 MHz), which has significant importance in both fundamental atomic
physics and astronomical observations [53]. From a theoretical perspective, this interaction
can be treated using first-order perturbation theory with a Hamiltonian proportional to the
dot product of the nuclear and electronic spin vectors:

7-[1‘1’1 X ﬁN .ﬁEI

where jiy and ji, represent the nuclear (proton) and electronic spin operators, respectively.
When external magnetic fields are present, this Hamiltonian requires extension to include
Zeeman terms [50,53,54].

For two spin—% particles (electron and proton), the effective magnetic Hamiltonian can
be written using Pauli matrices as

My =at -7y = (N + Ty(e)ry(N) + N, 1

where a« denotes the magnetic coupling constant (¢ ~ 5.88ueV/4 = 1.42 x 10~ %eV,

corresponding to the 1420 MHz hyperfine splitting), while 7, = (T,SE),T(E),TZ(E)) and

2y = (2N M) 00

W= (% Ty operate on the electron and nuclear spin spaces, respectively.
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The coupling constant « is given explicitly by [53]:

o 108e8pC°1
127rmgmpa8 ’

(2)

where jig is the vacuum permeability, 49 is the Bohr radius, g, and g, are the g-factors,
and m,, m, are the masses of the electron and proton. This formula encapsulates the
strength of the magnetic dipole-dipole interaction mediated by the electron probability
density at the nucleus.

Each spin—% subsystem inhabits a two-dimensional state space spanned by

Se=A{l+e)=e)t, Sy ={l+n)/ =N}
The composite spin space is therefore
S=8 @Sy ={l+e+n)[+e—N) | = +N) [ —e—N)}- (©)
Diagonalization of H) produces an antisymmetric singlet state
¥-) = J5(I+e—n) —|—e+n),  E- =3 @

and a symmetric triplet sector

|D4) = [+e+nN), Ei=ua, (5)
|Do) = \%(|+e —N) 1 —e+N)), Ey=ua, (6)
D) =[—c—nN), E_=uw ?)

The magnetic splitting between the singlet and triplet manifolds equals
AE =Ep —E_ =4a =588 eV,

where Eg indicates the degenerate triplet energy. Without external magnetic fields,
the ground state corresponds to the maximally entangled singlet |'¥_). Applying a magnetic
field removes the degeneracy within the triplet sector, providing external manipulation of
the magnetic energy landscape, which is crucial for quantum computing implementations.

2.2. Phase Decoherence in Quantum Evolution

Phase decoherence represents a fundamental noise process in quantum systems where
environmental interactions destroy phase relationships between quantum states without
altering their occupation probabilities. For the hydrogen atom’s magnetic interaction,
this type of noise naturally emerges from couplings to external fields or fluctuations that
differentially affect the spin components of the electron and proton.

To characterize such decoherence processes quantitatively, we employ the Lindblad
framework with local 7,-type collapse operators, which selectively suppress quantum
coherences while preserving energy populations. This methodology offers a mathematically
rigorous approach for investigating how quantum entanglement and coherence evolve
under phase damping in the two-spin (electron—proton) system.

The time evolution of the density operator ¢(t) follows the Lindblad equation [44,55-57]:

d .
o = =il 0] + L(o), ®)
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where Hy is the magnetic Hamiltonian, £(0) represents the dissipative superoperator
accounting for environmental interactions, and i is the imaginary unit (i = —1). For phase
damping we employ local dephasing (7;-type) Lindblad operators with respective rates x,
(electron spin dephasing rate) and xy (proton spin dephasing rate):

Mg:TZE®HN, MN:]Ie@)TZN, (9)
The dissipator then becomes
L(e) = re(MeoM. — @) + xn(MneMn — @), (10)

which simplifies due to the property M2 = M3, = I, characteristic of Pauli operators.

We define the coherent coupling frequency () = a/f, so that the coherent part of
the dynamics is governed by the energy scale Q) = a. In the standard product basis
S =A{1) = [+e+n),[2) = [ +e =N),[3) = [ —e +n),[4) = | —e =)}, the equations of
motion for the density matrix components 0, () under phase damping read as follows:

Population Dynamics:

% —0, (11)
% = —2i0)(032 — 023), (12)
% = —2i0(e23 — 032), (13)
% —0. (14)
Coherence Evolution:
% = —2i0(012 — 013) — 2kN012, (15)
% = —2i0(013 — 012) — 2K013, (16)
dg% = —2(k, + kN ) 014, (17)
% = —2i0(033 — 022) — 2(x + xN) 023, (18)
% = —2i0(034 — 022) — 2K 024, (19)
% = —2i0)(024 — 034) — 2KN 034, (20)

with ¢}, = o0um- These equations explicitly demonstrate the hallmark of pure phase
damping: population conservation and exponential decay of off-diagonal coherence terms.
Notably, the coupling between 027, 033, and 3 illustrates how coherence loss directly
affects population transfer between entangled spin configurations.

In the subsequent analysis, we examine the temporal behavior of quantum correlations
by solving these equations for physically meaningful initial conditions.

2.3. Initial State and Temporal Evolution

To investigate the dynamics of quantum correlations in the hydrogen magnetic system
under Markovian open-system evolution, we consider a family of two-spin entangled states
known as X-states. These states are not only physically realizable, but also experimentally
accessible, making them suitable for quantum information protocols including teleportation,
quantum key distribution, and entanglement-based communication [58-60].
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The general X-state takes the following form, parameterized by real numbers
b, ba, by € [—1,1] and exhibiting maximally mixed reduced density matrices (g.(n) = 1/2):

1403 0 0 b1 — by
1 0 1—b3 b1+b 0
0)=- . 21
=31 0 b4k 1-m 0 @D
bi—by 0 0 1+bs
This parameterization includes both maximally entangled Bell states (|b1| = |by| =
|b3] = 1) and Werner states (|b1| = |by| = |b3| = b) as special cases, allowing a compre-

hensive exploration of correlation dynamics.
Within the Markovian approximation, described by the Lindblad master equation,
the time-dependent state ¢o(f) maintains the X-structure:

on(t) 0 0 oult)
_ 0 ox(t) ean(t) 0
o) = 0 ox(t) en(t) 0 | @)
om(t) 0 0 owull)

as confirmed by Equations (11) and (15). This structural preservation is particularly ben-
eficial for analytical studies of entanglement evolution and quantum discord, especially
when considering spin-selective decoherence pathways typical of atomic systems.

For transparency and thoroughness, we provide the complete analytical solutions for
the time-dependent density matrix elements corresponding to several representative and
physically pertinent initial states (Appendix A).

Nonvanishing elements:

o1 (t) = oaa(t) = (1 +b3), (23)
on(t) = 033(t) = 1(1—1b3), (24)
0ua(t) = §(by —bp)e ", (25)
023(t) = (b1 + by)e . (26)
Vanishing elements:
012(t) = 013(t) = 024(t) = @31(t) = 0aa(t) =0, (27)

with 0y = 0}, Wwhere k = k. + k.

Having established the dynamical evolution under phase damping, we proceed
to examine trace-distance-based classical and quantum correlations, followed by a
detailed comparison.

3. Quantifying Nonlocality, Steering, and Purity

This section introduces three complementary measures for characterizing quantum
correlations in bipartite systems: Bell nonlocality, quantum steering, and quantum purity.
Each measure captures distinct aspects of quantum behavior and operates within a well-
defined resource-theoretic framework. We present their mathematical formulations and
discuss their physical interpretations in the context of two-qubit systems.
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3.1. Bell Nonlocality: Beyond Local Hidden Variable Theories

Bell nonlocality provides the most stringent test of quantum correlations by examining
whether observed statistics can be reproduced by any local hidden variable (LHV) theory.
The violation of Bell inequalities certifies that nature cannot be described by local realistic
models. For two-qubit systems, the Clauser-Horne-Shimony-Holt (CHSH) inequality
serves as the canonical test.

The maximum Bell-CHSH parameter for a quantum state is given by [9,61-64]

Bmax =2 maX{Blr BZ}/ (28)

where

B1 = VA1 + Ay, (29)
By = /A1 + Az, (30)

and the correlation parameters A1, A5, and A3 are determined by the density matrix elements:

A= 4(lo1a] + 02s))> A2 =4(lo1a] — les])® Az = (011 — 022 — 033 + 0aa)®>.  (31)

A violation of the classical bound (Bmax > 2) unequivocally demonstrates Bell nonlo-
cality. Importantly, this represents a stronger condition than basic entanglement—there
exist mixed states that are entangled yet do not violate any Bell inequality. This distinc-
tion is particularly evident for X-states, whose analytical tractability makes them ideal for
studying the hierarchy of quantum correlations.

3.2. Quantum Steering: Asymmetrical Nonlocal Correlations

Quantum steering represents an intermediate form of nonlocality that is stronger
than entanglement but weaker than Bell nonlocality. It captures the ability of one party
to remotely affect another’s state through local measurements, in a way that cannot be
explained by local hidden state (LHS) models. We employ an entropic steering criterion
based on conditional uncertainty relations.

Building on the foundational work of Walborn et al. [1-3], the steering condition for
continuous variables requires

HP 1) = [ dAp(A) g (2PI0), (32)

where h; (xB|A) denotes the continuous Shannon entropy of the conditional probability
distribution p(x®|A). Here, the continuous Shannon entropy is defined as

h(x'[2) = = [ p(x"[2) log p(x'|A) dc, 3)

which quantifies the degree of uncertainty in the measurement outcomes of the observable

b

x”, conditioned on the hidden variable A. In contrast, the von Neumann entropy,

S(¢) = —Tr(¢logo), (34)

characterizes the intrinsic mixedness of the quantum state itself, rather than the uncertainty
associated with measurement outcomes.
For position-momentum measurements, the LHS model constraint becomes

h(xBx?) + h(KB[k?) > log(re). (35)
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+
NI —= N[~

+

=
[N}

(14+c3+r+s)log(l+cz+r+s)+

(1—c3—r+s)log(l—c3—r+s)+

Extending this to discrete systems, we obtain the steering inequality for complemen-

tary observables:
H(RB|R?) + H(SB|S4) > log(QF), (36)

where OF = min; ;(1/[(R;|S;)|?), with {|R;)} and {|S;)} representing eigenbases in an
d-dimensional Hilbert space.
For two-qubit systems with Pauli measurements, this simplifies to

H(oy o) + H(oy o) + H(o? |of) > 2. (37)

Violation of this bound certifies quantum steering.

For X-states on the computational basis, after appropriate local unitary transforma-
tions and Bloch decomposition with vectors 7 = (0,0,7) and § = (0,0,s), the steering
criterion becomes

[(1+c;)log(1+¢;)+ (1 —c¢;)log(l—c;)]— (1+7r)log(l+7r)— (1 —r)log(l—r)

(I14+c3—r—s)log(l+c3—r—s) (38)

NI = N =

(1—cs+r—s)log(l—c3+r—s) <2,

where the correlation parameters are

c1 = 2(023 + 014), (39)
c2 = 2(023 — 014), (40)
€3 = 011 — 022 — 033 + 044, (41)
r =011+ 02 — 033 — 044, (42)
$ =011 — 022 + 033 — Q4- (43)

The coefficients ¢; and ¢; encode the coherence properties governing ¢y and ¢y, mea-
surements, while 7, s, and c3 characterize population imbalances relevant for ¢, correlations.
The left-hand side represents the total conditional uncertainty, with values below 2 indicat-
ing that Alice’s measurements can reduce Bob’s uncertainty beyond classical limits, thus
demonstrating steering.

In our electron—proton system, steering analysis reveals directional aspects of quan-
tum correlations that entanglement measures alone cannot capture. From an experi-
mental perspective, steering correlations could be probed through spin-resolved detec-
tion techniques, such as optical pumping combined with polarization measurements or
atomic-beam spectroscopy.

3.3. Quantum Purity: Quantifying State Mixedness

Quantum purity is a fundamental indicator of the coherence and mixedness of a
quantum state, offering key insights into the mechanisms of decoherence. For a density
matrix g, purity is defined as [65,66]

P(o) = Tr(e?), (44)

with bounds 1/d < P(¢) < 1, where d denotes the dimension of the Hilbert space. In the
case of two-qubit systems (d = 4), the purity ranges from 1/4 for a maximally mixed state
to 1 for a pure state.

Physically, purity quantifies the degree of quantum coherence present in a system.
States with high purity (P = 1) retain strong quantum coherence, a prerequisite for reliable
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quantum information processing, whereas low-purity states signify significant decoherence
or classical mixing [45,67]. The time evolution of purity under environmental coupling pro-
vides a powerful diagnostic of quantum-to-classical transitions. Experimental approaches
for assessing purity without resorting to full quantum state tomography include (i) si-
multaneous measurements on multiple identical copies of a state, (ii) statistical estimation
through random measurement bases, and (iii) direct purity determination from quantum in-
terference visibility. In atomic systems such as hydrogen, purity dynamics may be inferred
from spectroscopic observations of the 21 cm hyperfine transition [68]. From a quantum in-
formation perspective, purity serves multiple essential functions [69]: it acts as a diagnostic
of coherence times and qubit quality, a performance metric in quantum error correction and
benchmarking protocols, and a probe of dominant noise mechanisms through its temporal
behavior. In the electron-proton two-qubit system, the evolution of purity under dephasing
provides deep insight into the persistence of quantum coherence in naturally occurring
atomic systems. This analysis carries implications for quantum memory applications and
for probing the foundations of quantum mechanics in astrophysical contexts. Notably,
the X-state structure, which remains invariant under phase damping, allows an analytical
description of purity evolution, making such states exemplary for exploring the interplay
between coherence, entanglement, and mixedness in open quantum systems.

4. Numerical Results and Discussion

In this section, we investigate the time-dependent behavior of three fundamental
quantum properties—Bell nonlocality, steering, and purity—in the hyperfine states of the
hydrogen atom. By employing the Lindblad formalism to model pure dephasing and
other decoherence channels, we analyze how these distinct forms of quantum correlation
evolve under environmental influences. Bell nonlocality provides the most stringent test of
quantum correlations by probing violations of local hidden variable theories, while steering
captures asymmetric control capabilities between the electron and nuclear spins, and purity
quantifies the degree of state mixedness and coherence loss. Together, these metrics offer
complementary perspectives: Bell nonlocality reveals the strongest form of quantum corre-
lations, steering demonstrates directional quantum influence, and purity monitors global
coherence preservation. The following results highlight the intricate interplay between
coherent dynamics driven by the hyperfine interaction and dissipative effects arising from
external noise, revealing the hierarchical relationship and differential robustness of these
quantum properties under decoherence.

4.1. Analysis of Bell Nonlocality Dynamics Under Dephasing

This section presents a detailed analysis of the temporal evolution of Bell nonlocality
for two distinct initial states under varying dephasing strengths. Figure 1 illustrates the
time dependence of the Bell parameter as a function of the scaled time ¢ (in units of 1/0})
for different values of the decoherence rate «. In the subfigure (a), the dynamical behavior
of the Bell parameter for this configuration reveals several essential features; in the coherent
regime (x = 0), blue solid line), the Bell parameter remains constant throughout the
evolution, indicating a steady and sustained violation of the Bell inequality. This stationary
behavior confirms that, in the ideal coherent regime, Bell nonlocality persists indefinitely
without degradation. Under weak dephasing (x = 0.02 (), red dashed line), the Bell
parameter exhibits a slow exponential decrease with time, characteristic of Markovian
dephasing. This gradual suppression of nonlocality reflects the sensitivity of the system
to even minimal environmental interactions. For moderate dephasing (x = 0.05 (), black
dash-dotted line), the decay becomes more pronounced, leading to a complete transition
from nonlocal to local behavior within a finite timescale. The accelerated loss of nonlocal
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correlations highlights the fragility of Bell nonlocality compared with other forms of
quantum correlations. In the strong dephasing regime (x = 0.5 (), green dotted line),
the Bell parameter rapidly decreases to a minimal steady value, referred to as the lower
bound. This behavior signifies the near-complete destruction of nonlocal correlations on
timescales much shorter than the coherent period, reminiscent of a Zeno-like suppression
induced by strong environmental coupling. As shown in Figure 1, the classical bound for
Bell nonlocality is represented by the solid black line at By;5x = 2, with values above this
threshold signifying genuine quantum nonlocal correlations. The second configuration,
subfigure (b), provides insights into the state-dependent characteristics of Bell nonlocality
evolution. The system initially exhibits a higher Bell parameter, indicating stronger nonlocal
correlations than in the previous case. In the coherent limit (x = 0), the Bell parameter again
remains constant, confirming the absence of decay behavior in the non-dissipative regime.
The upper bound remains constant in this scenario and exceeds the value observed in the
previous case. When dephasing is introduced, the decay follows an exponential trend for all
values of x. However, the enhanced initial correlations in this configuration provide slightly
greater resilience against weak dephasing (x = 0.02 ), as the Bell parameter maintains
nonclassical values for a longer duration. For larger dephasing strengths, the Bell parameter
approaches the lower bound, which is larger than that observed in panel (a), although the
decay onset is marginally delayed. Moreover, in this configuration, the range of variation
for the Bell nonlocality is more constrained, exhibiting reduced amplitude in its dynamical
fluctuations compared to the previous case. Indeed, the observed compression in the range
of Bell nonlocality variation for initial state (b) compared to state (a) has a direct physical
origin in the structure of quantum correlations. The parameters b1 (0), b(0), and b3(0) in
the X-state formulation are not independent; they are constrained by the requirement that
the density matrix must be physically valid (positive semidefinite with trace one). State (b),
defined by b1(0) =1, b(0) = —0.9, b3(0) = 0.9, is significantly closer to the boundary of
the physical state space than state (a). This proximity to the edge of allowed states imposes
a stronger constraint on the dynamics.

The coherent hyperfine interaction, governed by Hamiltonian Equation (1), acts to
rotate the state within this constrained space. For a state like (b) that is initially highly
correlated and already near the maximum possible nonlocality for its specific correlation
configuration, the margin for dynamical variation is reduced. The state is, in a sense, initially
precompressed against a physical boundary, limiting the amplitude of its variations in the
Bell parameter. In contrast, state (a) resides in a more central region of the state space,
allowing for a wider dynamical excursion as its correlations are transformed by the unitary
evolution. Therefore, the compressed variation is a direct manifestation of the initial state’s
position within the physically allowed manifold of quantum states. Notably, the initial state
in (a) decays below this classical bound more rapidly under decoherence, whereas the state
in (b) exhibits enhanced robustness, maintaining nonlocal correlations for a significantly
longer duration.

The overall analysis demonstrates that dephasing universally suppresses Bell nonlo-
cality through exponential decay, with the rate and persistence time determined by both the
decoherence strength and the initial state preparation. The hyperfine coupling parameter
() defines the natural timescale of coherent evolution, while the ratio x /() quantifies the
relative efficiency of decoherence-induced localization. These results clearly indicate the
fragile nature of Bell nonlocality, as even weak environmental couplings suffice to eliminate
Bell violations within a finite time. The observed dependence on the initial state further
underscores the importance of optimizing the preparation of entangled states to extend the
persistence of nonlocal correlations in realistic, noisy environments. Finally, the hierarchical
decay of quantum correlations—with Bell nonlocality typically being the most susceptible
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to decoherence—has significant implications for quantum information processing. Proto-
cols that rely on nonlocal resources must therefore incorporate dedicated error-mitigation
or dynamical decoupling techniques to preserve these delicate quantum features against

environmental noise.
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Figure 1. Time evolution of the Bell nonlocality as a function of dimensionless time (¢ for initial
conditions by (0) = 1, b(0) = —0.6, and b3(0) = 0.3. Subfigures (a,b) depict the dynamics of Bell
nonlocality for different initial states: (a) b1(0) = 1, b(0) = —0.6, b3(0) = 0.3; and (b) b1(0) = 1,
by(0) = —0.9, b3(0) = 0.9. The blue line represents x = 0, the red dashed line corresponds to
x = 0.02 Q, the black dash-dotted line indicates ¥ = 0.05 (2, and the green dotted line denotes
x = 0.5 Q, illustrating the effect of increasing decoherence on the quantum steering measure.
The solid black line at Bmax = 2 represents the classical bound.

4.2. Analysis of Quantum Steering Dynamics Under Dephasing

Figure 2 illustrates the temporal evolution of quantum steering, revealing distinct
characteristics compared to Bell nonlocality and demonstrating intermediate robustness
against dephasing. In subfigure (a), corresponding to initial state [b1(0) = 1, b(0) = —0.6,
b3(0) = 0.3], the coherent regime (x = 0) exhibits sustained steady behavior, while weak
dephasing (x = 0.02 (2) shows only moderate decay of steering capability. Subfigure (b),
representing the more strongly correlated initial state [b1(0) = 1, bp(0) = —0.9, b3(0) = 0.9],
demonstrates enhanced persistence of steering under identical dephasing conditions, par-
ticularly evident in the x = 0.02 () and x = 0.05 Q) cases where steering values remain



Axioms 2025, 14, 908

12 of 21

significantly above the classical bound for extended durations. As dephasing intensifies
(x = 0.05 O), both panels show gradual decay while maintaining steering longer than
Bell nonlocality, confirming its intermediate position in the quantum correlation hierarchy.
In the strong dephasing limit (x = 0.5 (), steering rapidly diminishes in both configurations,
though the decay occurs more progressively than Bell nonlocality’s abrupt disappearance,
particularly noticeable in panel (b) where residual steering persists slightly longer due to
the initial state’s stronger quantum correlations.
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Figure 2. Time evolution of the quantum steering measure as a function of dimensionless time
Qt for initial conditions b;(0) = 1, b(0) = —0.6, and b3(0) = 0.3. Subfigures (a,b) depict the
dynamics of quantum steering for different initial states: (a) b1 (0) = 1, b5(0) = —0.6, b3(0) = 0.3; and
(b) b1(0) = 1, bp(0) = —0.9, b3(0) = 0.9. The blue line represents x = 0, the red dashed line
corresponds to x = 0.02 (), the black dash-dotted line indicates x = 0.05 (2, and the green dotted line
denotes x = 0.5 (), illustrating the effect of increasing decoherence on the quantum steering measure.

4.3. Analysis of Purity Dynamics Under Dephasing

Figure 3 demonstrates the evolution of quantum purity under various dephasing
strengths, revealing fundamental aspects of coherence loss in the hydrogen hyperfine
system. In subfigure (a), corresponding to initial state [b1(0) = 1,b,(0) = —0.6,b3(0) = 0.3],
purity maintains constant unitary evolution (P ~ 0.6) for x = 0, while progressively
faster decay to the maximally mixed state (P = 0.25) occurs with increasing x, reaching
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complete mixing around t ~ 2/(Q) for strong dephasing (x = 0.5 (2). Subfigure (b),
representing the more strongly correlated initial state [b1(0) = 1,b,(0) = —0.9,b3(0) = 0.9],
exhibits identical steady-state behavior but distinct transient dynamics, with initial purity
values near P ~ 0.9 reflecting the state’s higher initial coherence, though all trajectories
ultimately converge to the P ~ 0.45 completely mixed state regardless of initial conditions,
highlighting purity’s role as a global measure of environmental decoherence that depends
on decoherence strength rather than specific correlation patterns.
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Figure 3. Time evolution of the purity as a function of dimensionless time Q¢ for initial conditions
b1(0) =1, bp(0) = —0.6, and b3(0) = 0.3. Subfigures (a,b) depict the dynamics of state purity for
different initial states: (a) b1(0) = 1, b(0) = —0.6, b3(0) = 0.3; and (b) b1(0) = 1, bp(0) = —0.9,
b3(0) = 0.9. The blue line represents k¥ = 0, the red dashed line corresponds to ¥ = 0.02 ), the black
dash-dotted line indicates x = 0.05 (), and the green dotted line denotes ¥ = 0.5 (), illustrating the
effect of increasing decoherence on the purity.

4.4. Analysis of Werner-State Nonlocality Under Dephasing

Figure 4 reveals the monotonic decay of Bell nonlocality under environmental de-
coherence for Werner states in 3d-plot. In subfigure (a), weak dephasing (x = 0.02 )
results in a gradual decay of nonlocality, where states with higher initial purity (larger a
values) maintain nonlocal characteristics for extended durations. The smooth decay profile
indicates a memoryless Markovian process where coherence is steadily eroded without
revivals. In contrast, subfigure (b) under strong dephasing (x = 0.5 () demonstrates rapid,
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immediate suppression of nonlocality across all initial states. The near-vertical decay front
shows that environmental noise dominates the dynamics, overwhelming the hyperfine
interaction and driving the system to local behavior on timescales much shorter than the
natural coherent evolution period. The absence of oscillatory behavior in both regimes con-
firms that dephasing effectively suppresses the coherent exchange of quantum correlations
between the electron and proton spins, leading to irreversible loss of nonlocality.

(b)

Figure 4. Time evolution of Bell nonlocality as a function of dimensionless time Q¢ and the initial

Werner state with parameter a. The subfigures (a,b) illustrate the time evolution of the Bell nonlocality
under varying dephasing parameter «, corresponding to x = 0.02 (2 and x = 0.5 (), respectively.

Figure 5 demonstrates the degradation of quantum steering for Werner states under
different dephasing strengths. In subfigure (a), weak dephasing (x = 0.02 Q2) allows steering
to persist for considerable durations, particularly for states with high initial purity (2 — 1).
The gradual decay profile shows a smooth transition from steerable to non-steerable states,
with the steering measure maintaining nonzero values across a broad parameter range
before eventual extinction. Subfigure (b) under strong dephasing (x = 0.5 Q) reveals rapid
destruction of steering capabilities, where even highly pure initial states lose their steerable
character almost immediately. The sharp decay front indicates that strong environmental
noise quickly overwhelms the quantum correlations necessary for steering, reducing the
survival time of steerable states to a small fraction of the coherent evolution timescale.
Comparison with Bell nonlocality dynamics reveals that steering exhibits intermediate
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robustness, surviving longer than nonlocality but ultimately succumbing to environmen-
tal decoherence in a similar monotonic fashion, confirming the hierarchical relationship
between these quantum correlation measures in open quantum systems.

(b)

Figure 5. Time evolution of steering measure as a function of dimensionless time ()t and the initial

Werner state with parameter a. The subfigures (a,b) illustrate the time evolution of the quantum steering
under varying dephasing parameter «, corresponding to x = 0.02 Q2 and x = 0.5 (2, respectively.

Figure 6 illustrates the universal degradation of quantum purity for Werner states
under dephasing environments. In subfigure (a), weak dephasing (x = 0.02 ) induces
a gradual decay of purity across all initial states, with the rate of decoherence showing
minimal dependence on the initial Werner parameter a. All trajectories converge toward the
maximally mixed state (P = 0.25) for large relative time, demonstrating that even modest
environmental interaction eventually erases all quantum coherence. Subfigure (b) under
strong dephasing (x = 0.5 (3) exhibits dramatically accelerated purity loss, where complete
mixing occurs within relatively large time, representing a five-fold increase in decoherence
rate compared to the weak damping case. The rapid collapse to the completely mixed
state highlights the dominant role of environmental noise over the initial state preparation.
Notably, unlike Bell nonlocality and steering which display hierarchical decay patterns
dependent on initial correlations, purity evolution shows universal behavior across all
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Werner states for a given dephasing strength, confirming its role as a global measure of
environmental decoherence that is insensitive to the specific nature of quantum correlations.

The critical purity thresholds identified in the three-dimensional analysis mark the
boundary below which Bell nonlocality is completely destroyed by dephasing noise. Phys-
ically, these thresholds quantify the extreme fragility of Bell nonlocality—the strongest
form of quantum correlation—to loss of coherence, making it the first resource to disap-
pear in realistic open-system conditions. In experimental contexts involving hyperfine
spins, achieving and maintaining purity above the critical level requires exceptionally low
dephasing rates, high-fidelity state preparation, and effective dynamical decoupling or
error-mitigation techniques. Consequently, the thresholds provide a clear quantitative
guideline for the maximum tolerable environmental noise and minimum required coher-
ence times if Bell inequality violation is to be observed or exploited for device-independent
quantum protocols. States that start very close to maximal purity can tolerate significantly
more decoherence before losing nonlocality than states prepared with moderate initial
purity, emphasizing the crucial importance of near-perfect initial Bell-state generation in
noisy environments.

(b)

Figure 6. Time evolution of purity as a function of dimensionless time )t and the initial Werner state

with parameter a. The subfigures (a,b) illustrate the time evolution of the purity state under varying
dephasing parameter x, corresponding to x = 0.02 () and x = 0.5 (), respectively.
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5. Conclusions

In this work, we have analyzed the interplay between magnetic coupling, quantum
correlations, and environmental dephasing in atomic hydrogen. We examined the 1 s
hyperfine state to identify the spin coupling that generated entangled states. By incorpo-
rating phase decoherence, we characterized how these correlations degraded over time
and how initial entanglement affected nonclassical behavior. We quantified correlations
using Bell nonlocality, EPR steering, and purity, each addressing a distinct level in the
quantum hierarchy. Bell nonlocality tested violations of local realism, EPR steering explored
asymmetric remote influence, and purity measured state mixedness linked to decoherence.
Numerical simulations showed that without dephasing, all measures remained constant,
confirming coherence stability. With increasing dephasing, each decayed exponentially to a
lower bound, indicating quantum loss. Bell nonlocality proved most fragile, vanishing first,
followed by steering and purity, aligning with correlation hierarchy. A three-dimensional
Werner-state analysis revealed purity thresholds for Bell violations, linking mixedness and
nonlocality. Overall, the study illustrated how magnetic coupling, decoherence, and initial
entanglement shaped correlation persistence in open systems. It emphasized Bell nonlocal-
ity’s sensitivity to noise and the relative resilience of steering and purity. These insights
informed quantum information processing, highlighting the need to address hierarchical
fragility in spin systems. Techniques like dynamical decoupling and state engineering
could extend nonclassical resource lifetimes in practical settings. Finally, the predicted
fragility hierarchy and critical purity thresholds are within reach of current experiments.
EPR steering and Bell inequality violations in hyperfine spin systems have already been
observed in analogous platforms such as trapped 87Rb atoms, ensembles of cold alkali
atoms, and nitrogen-vacancy centers in diamond, using microwave/RF manipulation and
high-fidelity projective measurements or state tomography. Controlled dephasing can
be introduced via engineered magnetic-field noise or collisional effects, while dynamical
decoupling sequences can extend coherence times sufficiently to probe the distinct decay
rates of nonlocality, steering, and purity reported here, thereby offering direct experimental
verification of our results in the near future.
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Appendix A. Detailed Derivation of the Exact Time-Dependent Density
Matrix Under Dephasing

The derivation starts from the system of differential Equations (11)—(20) obtained from
the Lindblad master equation with local T*-dephasing channels (x, for the electron spin
and «xp for the proton spin) and uses the general X-state initial condition (21).
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The initial density operator is the general two-qubit X-state

1403 0 0 b1 —by
1 0 1—bs bi+by 0
0(0) = - , (A1)
4l 0 bi+b, 1-b3 0
by — by 0 0 1+4b3
with real parameters by, by, b3 € [—1,1]. The computational basis is [1) = |[T.Tn),

|2> = |T€\I/N>I |3> = |\I/ETN>/ |4> = |\LE\LN>
Equations (11) and (14) immediately yield

doin dosy B 145
T 0, T 0 = on(t) =oul() = i (A2)
Equations (12)-(13) are
szz _ . dQ33 _ .
W = _ZZQ(QZ?) - QSZ)/ W = +ZZQ(Q23 - Q32)- (AB)

Define 6(t) = 02 (t) — 033(t). Then, % = —4iQ0 (023 — 032). As shown below, 023 (t) remains
real for all t, so 023 — 032 = 0 and % = 0. Because §(0) = 0, we have §(t) = 0Vt i.e.,

1-b
on(t) = 0x(t) = ——- (Ad)
Equation (17) is already decoupled:
04 _ _, A5
- (Ke + KN)014- (A5)

Integrating with the initial value 014(0) = (b — bp) /4 gives

014(t) = # e~ 2retrn)t, (A6)

Equation (18), derived from the commutator [Hy, 0] and the dephasing dissipator, reads

d .
% = 2i0(022 — 033) — 2(ke + KN)023- (A7)

The term (022 — 033) vanishes identically, yielding

do2s

T = _Z(Kg + KN)Q23. (A8)

The solution with initial value 03(0) = (by + bp) /4 is
ng(t) — bl 1_ bz e_Z(KL’J"KN)t. (Ag)

The right-hand side is real and the initial condition is real, so 03(t) remains real at all times.
The remaining off-diagonal elements satisfy two decoupled systems:

012 = —2i0(012 — 013) — 2kN 012, (A10)
013 = —2i0(013 — 012) — 2Kc013, (A11)

and
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024 = —2i00(024 — Q34) — 2KeQ24, (A12)
034 = —2i0(034 — 024) — 2KN Q34 (A13)
In vector form v(t) = or2(t) , we have
013(t)
20— 2y 2i0
v(t) = Lyv(t), Ly = . Al4
v(t) = Liv(t) ! ( 2i0) 2i0) — 2;{3) (A4)
This is a linear system with constant coefficients. The general solution is
v(t) = e“1tv(0). (A15)
For the X-state initial condition (21), ¢12(0) = 013(0) = 0, so v(0) = 0. Therefore,
Q12(t) = 913(1') =0 Wt Z 0. (A16)
In vector form w(t) = 04 (t) , we have
034(t)
—2iQ) — 2%, 2i0)
V(1) = Low(t), Ly = , , . Al17
w(t) = Low(t), Lo ( o 210_2KN> (A17)
Again, the X-state initial condition gives 024(0) = 034(0) = 0, so w(0) = 0. Hence,
Q24(i’) = Q34(t) =0 Vi>0. (A18)
Defining x = «, + xp, the exact solution preserving the X-structure for all times is
1+ b3 by — by —2xt
1 0 0 T ¢
0 1 —4173 by 1— by o2kt 0
o) = (A19)
0 b1+ by o2kt 1—1Dbs 0
4 4
by — by okt 1+ b3
1€ 0 0 1
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