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ABSTRACT Recently, feedback-based quantum algorithms have been introduced to calculate the ground
states of Hamiltonians, inspired by quantum Lyapunov control theory. This article aims to generalize these
algorithms to the problem of calculating an eigenstate of a given Hamiltonian, assuming that the lower energy
eigenstates are known. To this aim, we propose a new design methodology that combines the layerwise
construction of the quantum circuit in feedback-based quantum algorithms with a new feedback law based on
a new Lyapunov function to assign the quantum circuit parameters.We present two approaches for evaluating
the circuit parameters: one based on the expectation and overlap estimation of the terms in the feedback
law and another based on the gradient of the Lyapunov function. We demonstrate the algorithm through an
illustrative example and through an application in quantum chemistry. To assess its performance, we conduct
numerical simulations and execution on IBM’s superconducting quantum computer.

INDEX TERMS Excited states, feedback-based quantum algorithms (FQAs), noisy intermediate-scale
quantum (NISQ) devices, quantum Lyapunov control (QLC), variational quantum algorithms (VQAs).

I. INTRODUCTION
Calculating ground states and excited states of Hamiltonians
is paramount in various domains, including quantum chem-
istry, condensed matter physics, and combinatorial optimiza-
tion. Variational quantum algorithms (VQAs) are the lead-
ing algorithms for noisy intermediate-scale quantum (NISQ)
devices that can approximately calculate ground states and
excited states [1]. These algorithms are tailored to meet the
demands of NISQ devices. However, the efficacy of VQAs
faces challenges, including the intricate design of ansatz
structures and the need to tackle computationally demanding
classical optimization problems for parameter updates within
parameterized quantum circuits [2]. Some of the proposals to
tackle the challenge of ansatz design are based on a layerwise
ansatz construction, named as adaptive derivative assembled
pseudo-Trotter variational quantum eigensolver (VQE) algo-
rithm [3] and adaptive derivative assembled problem tailored
quantum approximate optimization algorithm (QAOA) [4].
To tackle the challenge of the classical optimization problem,
suitable classical optimizers were proposed [5].

Magann et al. [6], [7] introduced the feedback-based
algorithm for quantum optimization (FALQON) as a
novel approach for solving quadratic unconstrained binary

optimization (QUBO) problems. FALQON constructs the
quantum circuit layer by layer and determines the parameters
of the next layer through measurements of qubits from the
preceding layer to estimate the gradient of the cost function
with respect to the circuit parameters. This methodology
circumvents classical optimization and exhibits a monotonic
enhancement of approximate solutions with increasing cir-
cuit depth. In addition, the feedback-based quantum algo-
rithm (FQA) was proposed in [8] to generalize FALQON to
prepare the ground states of Hamiltonians, specifically for
molecular Hamiltonians expressed in the second quantiza-
tion and for the Fermi–Hubbard model. In [9], a randomiza-
tion technique is incorporated to enhance the performance
of FQAs. FALQON can also be utilized as an initialization
technique for the QAOA parameters, potentially increasing
its performance [6].

Investigating the excited states of Hamiltonians holds sig-
nificance across diverse applications, such as quantum chem-
istry and combinatorial optimization. In quantum chemistry,
determining the energy spectrum of a quantum system is
crucial, especially when examining drug discovery and catal-
ysis reaction rates. The dynamics of molecules are char-
acterized by their energy spectra; therefore, understanding

© 2026 The Authors. This work is licensed under a Creative Commons Attribution 4.0 License.
For more information, see https://creativecommons.org/licenses/by/4.0/

VOLUME 7, 2026 3101116

https://orcid.org/0009-0002-9686-8586
https://orcid.org/0000-0002-8350-193X
https://orcid.org/0000-0001-6719-8427
mailto:saabra@es.aau.dk


Engineeringuantum
Transactions onIEEE

Abdul Rahman et al.: FEEDBACK-BASED QUANTUM ALGORITHM FOR EXCITED STATES CALCULATION

these spectra is crucial in molecular design [10]. Similarly,
in combinatorial optimization, calculating excited states is
of paramount importance. For example, in problems such as
the shortest vector problem (SVP), the solution is encoded as
the first excited state of the emerging Hamiltonian, obtained
by transforming the SVP translated as a QUBO problem
into an Ising Hamiltonian [11], [12]. In literature, several
quantum algorithms have been proposed to find the excited
states, such as VQAs [13], [14], imaginary-time evolution
algorithms [15], [16], quantum annealing algorithms [12],
[17], and others [18], [19], [20].
Higgott et al. [13] introduced the variational quantum

deflation (VQD) algorithm, which extends the applicabil-
ity of the VQE to compute excited states. They utilized
Hotelling’s deflation method [21] to construct an effective
Hamiltonian, which possesses its lowest eigenstate as the
first excited state of the original Hamiltonian, and its lowest
eigenvalue corresponds to the energy of that particular state.
Accordingly, they define a new cost function to minimize the
energy of the effective Hamiltonian instead of the original
Hamiltonian. In this article, using a similar methodology
and utilizing tools from quantum Lyapunov control (QLC)
theory, we propose the feedback-based quantum algorithm
for excited states preparation (FQAE). Our contribution is
to propose a new feedback law based on a new Lyapunov
function to assign the quantum circuit parameters and to
introduce efficient hybrid methods to estimate the proposed
feedback law. We integrate this new approach to the layer-
wise construction of the quantum circuit in FQAs to find
the excited states of the problem Hamiltonian. We propose
a suitable Lyapunov function using a new operator that en-
codes the mth excited state of the original Hamiltonian as its
ground state. We give two different approaches to evaluate
the controllers using both quantum and classical computers.
In the first approach, we evaluate the controller by reducing
it to different terms, including expected values and over-
lap terms, and then estimate them using a quantum com-
puter. In the second approach, we utilize the fact that the
controller is related to the gradient of the Lyapunov func-
tion, as mentioned in [6], and use gradient evaluation tech-
niques to evaluate the controller, such as the finite-difference
approximation method [22] and the parameter-shift rule
(PSR) [23]. We demonstrate the algorithm through an il-
lustrative example and through an application in quantum
chemistry. We assess its performance, convergence proper-
ties, and robustness against sampling noise through extensive
numerical simulations. In addition, we demonstrate proof-
of-principle execution on IBM’s superconducting quantum
computer.
The rest of this article is organized as follows. Section II

reviews QLC and FALQON. Section III introduces the pro-
posed FQAE and gives a detailed analysis of how to compute
the controller using both classical and quantum computers
in a hybrid manner. Section IV investigates the efficiency of
FQAE through an illustrative example and an application
in quantum chemistry of computing the spectrum of the

hydrogen molecule Hamiltonian. Finally, Section V
concludes this article and outlines future work.

II. PRELIMINARIES
This section presents a summary of FALQON for preparing
ground states and tackling QUBO problems [6], [7]. We
first examine QLC and then elucidate its relationship with
FALQON.

A. QUANTUM LYAPUNOV CONTROL
Consider the Hilbert space H = C

N along with its corre-
sponding orthonormal basis A = {|qk〉}k∈{0,...,N−1}. Subse-
quently, all operators will be represented in the basis A.
Consider a quantum systemwhose dynamics are governed

by the controlled time-dependent Schrödinger equation

i|ψ̇ (t )〉 = H(t )|ψ (t )〉 H(t ) = H0 + Hc(t ) (1)

where the Hamiltonian H(t ) is rescaled by �, Hc(t ) =∑r
l=1 Hlu

(l)(t ), {u(l)(t )}rl=1 represents the control inputs, and
H0 andHc are the drift and control Hamiltonian, respectively.
The Hamiltonians H0 and Hl are assumed to be noncommut-
ing and time-independent: [H0,Hl] �= 0, l = 1, . . . , r. As-
sume that for the simplicity of the analysis, we only have
one control input in the control Hamiltonian, i.e.,

Hc(t ) = u(t )H1. (2)

Hence, the model becomes

i|ψ̇ (t )〉 = (H0 + u(t )H1)|ψ (t )〉. (3)

FALQON strives to solve the following control problem.
Problem 1: Given a Hamiltonian H0, the main objective

is to find a control law in a feedback form, u(|ψ (t )〉), that
guarantees the convergence of the quantum system (3), from
any initial state to the ground state of the Hamiltonian H0,
i.e., the state |ψ f 〉 = argmin|ψ〉∈H 〈ψ |H0 |ψ〉.
We choose the matrix H0 to be diagonal in the A basis

with eigenvalues q0 < . . . < qN−1 and corresponding eigen-
vectors |q0〉 , . . . , |qN−1〉, and introduce our assumptions as
follows.
Assumption 1: The drift Hamiltonian H0 has distinct

eigenvalue gaps, i.e., qi − q j �= qk − ql for all (i, j) �= (k, l).
Assumption 2: The control Hamiltonian H1 is fully con-

nected, which means that all off-diagonal elements of H1 are
nonzero, i.e., 〈qi|H1 |q j〉 �= 0 for all i �= j.
Consider a Lyapunov function of the form

V (|ψ (t )〉) = 〈ψ (t )|H0 |ψ (t )〉 . (4)

The derivative of V (|ψ (t )〉) along the trajectories of system
(1) is given by

V̇ (|ψ (t )〉) = 〈ψ (t )| i[H1,H0] |ψ (t )〉 u(t ). (5)

Designing u(t ) as

u(t ) = −Kg(〈ψ (t )| i[H1,H0] |ψ (t )〉) (6)

where K > 0 and g represents a continuous function that
meets the conditions g(0) = 0 and xg(x) > 0 for all x �= 0,
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ensures the condition V̇ ≤ 0. It is known in the literature (see,
e.g., [24] and [25]) that applying the controller given by (6) to
the system (3) guarantees asymptotic convergence of almost
all initial states to the ground state of the Hamiltonian H0
given Assumptions 1 and 2 are satisfied. Thus, designing the
controller as (6) solves Problem 1.

This Lyapunov control setup is proposed to operate on a
general problem Hamiltonian H0. Although the assumptions
introduced in Section II (namely, nondegenerate spectral
gaps forH0 and full connectivity ofH1) are sufficient to guar-
antee convergence under the Lyapunov control setup, they
are not strictly necessary in practice (see [6, Appendix A]
for further discussion). In fact, in many practical problems,
the condition on the mixer Hamiltonian (see Assumption 2)
cannot be satisfied. Our numerical results, together with ear-
lier studies [6], [7], [8], [40], indicate that the algorithm
retains good performance even when these conditions are
not strictly satisfied. Several techniques can further enhance
convergence without strict adherence to the assumptions,
including the heuristic approaches outlined in the appendix
of [7], the adaptive randomized strategy of [9], and the recent
refinements reported in [40], [41], [43].

B. FEEDBACK-BASED QUANTUM OPTIMIZATION
ALGORITHM
We now demonstrate the connection between FALQON and
continuous QLC discussed in the preceding subsection, in
line with the content presented in [6] and [7]. We start by
considering the quantum evolution propagator U (t ), which
is defined as the solution to (1) as follows:

U (t ) = τe−i
∫ t
0 H(s)ds (7)

where τ is the time-ordering operator. By decomposing it
into p piecewise constant time intervals of length �t, such
that the total evolution time T = p�t, we obtain

U (T, 0) ≈
p∏

k=1

e−iH(k�t )�t (8)

where�t is chosen sufficiently small such that H(t ) remains
approximately constant within each interval �t. By Trotter-
ization, we can simplify this further to

U (T, 0) ≈
p∏

k=1

(
e−iu(k�t )H1�t e−iH0�t

)
. (9)

Therefore, we obtain a digitized representation of the
evolution in the following form:

|ψp〉 =
p∏

k=1

(
e−iu(k�t )H1�t e−iH0�t

) |ψ0〉

=
p∏

k=1

(
U1(uk )U0

) |ψ0〉 (10)

where we use the notation uk = u(k�t ), |ψk〉 = |ψ (k�t )〉,
U0 = e−iH0�t , andU1(uk ) = e−iu(k�t )H1�t . Note that in each

FIGURE 1. Quantum circuit implementation of the Pauli gadget for
implementing the unitary evolution e−iOk�t , where Ok = Ok,1 ⊗ Ok,2

⊗ · · · ⊗ Ok,n is a Pauli string, and Ul =
⎧⎨
⎩

Ry (−π/2), if Ok,l =X

Rx (π/2), if Ok,l =Y

I, if Ok,l =Z.

discrete time step, the controller’s values correspond to the
parameters of the circuit, and we will use these terms inter-
changeably.
The unitary U0 can be efficiently implemented as a quan-

tum circuit, given that the drift Hamiltonian H0 is specified
as a sum of Pauli stringsH0 = ∑N0

k=1 ckOk, whereN0 is given

as a polynomial function of the number of qubits n, {ck}N0k=1
are real scalar coefficients, and a Pauli string is a Hermitian
operator in the form Ok = Ok,1 ⊗ Ok,2 ⊗ · · · ⊗ Ok,n with
Ok,l ∈ {I,X,Y,Z}. Furthermore, to be able to implement uni-
taryU1(uk ) as a quantum circuit efficiently, the Hamiltonian
H1 is designed as a linear combination of Pauli strings as
H1 = ∑N1

k=1 c̄kŌk, where N1 is a polynomial function of the
number of qubits. For such a control Hamiltonian design,
the Hamiltonians H0 and H1 are decomposed in terms of a
polynomial number of Pauli strings. Therefore, the quantum
circuit that implements the evolution defined in (10) can be
efficiently implemented on a quantum computer. For a de-
tailed analysis of the implementation of the quantum circuit
of unitariesU0 andU1(uk ), we refer the reader to [26]. Fig. 1
shows the circuit implementation of a unitary in the general
form of e−iOk�t . This circuit can simply be generalized to the
case of a linear combination of Pauli strings (see [26]).
Including multiple controllers often improves conver-

gence, as noted in [6, Sect. III.C]. A physically motivated
way to construct the control Hamiltonian Hc has been pro-
posed by Malla et al. [40], where the design of the control
Hamiltonian is inspired by the counterdiabatic driving pro-
tocol rooted in quantum adiabaticity. While we heuristically
design the control Hamiltonians in our work, a systematic
design of the control Hamiltonian given an arbitrary Hamil-
tonian H0 remains an open challenge.
We have so far approximated the continuous-time evo-

lution by a sequential product of discrete time steps, and
the resulting quantum circuit that implementsU (T, 0) simu-
lates the propagator represented by (7), where the condition
V̇ ≤ 0 can be guaranteed to hold by choosing �t to be suf-
ficiently small. For a detailed analysis of how to choose �t,
see [6, Appendix A]. For the control law, a discrete version
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of the controller given by (6) is adopted as follows:

uk+1 = −K 〈ψk| i[H1,H0] |ψk〉 (11)

where the function g(·) is chosen as the identity function.
To evaluate the controller, we need to estimate the term

〈ψk| i[H1,H0] |ψk〉. Expanding this term by means of Pauli
strings, we get

〈ψk| i[H1,H0] |ψk〉 =
N2∑
j=1

ĉq 〈ψk| Ô j |ψk〉 (12)

where we employed the product rule of Pauli strings, which
asserts thatOjOk = δ j,kI + iε jklOl , whereO1 = X ,O2 = Y ,
and O3 = Z. Here, δ jk represents the Kronecker delta, and
ε jkl denotes the Levi Civita symbol. Therefore, the value
of 〈ψk| i[H1,H0] |ψk〉 can be determined by estimating the
expectations of N2 Pauli strings, where the specific value
of N2 is determined by the characteristics of the Hamilto-
nians H0 and H1. Since N0 and N1 are polynomial func-
tions of the number of qubits, N2 will also be a polyno-
mial function of the number of qubits. Note that the scal-
ing of N2 could be large. For example, as pointed out by
an anonymous reviewer, for the electronic structure prob-
lem with a control Hamiltonian that scales as nd , in the
worst case, the number of Pauli terms in the commutator
i[H1,H0] could scale as n(4+d). Despite this large scaling,
this quantity remains polynomial in the number of qubits.
In such cases, although the total number of terms may be
large, more efficient quantum measurement strategies can be
employed to address the associated measurement overhead.
Techniques such as adaptive informationally complete mea-
surements [37], shadow measurements [38], and grouping of
compatible commuting observables [39] can be employed to
significantly reduce the measurement cost associated with
estimating expectations of large Pauli sums. In particular,
the study by Bertuzzi et al. [38] demonstrates how shadow
measurements can be adapted to the feedback-based setup to
significantly reduce the number of measurements to estimate
the observables required for calculating the feedback-based
controller.
The procedure for implementing FALQON is detailed in

Algorithm 1 and depicted in Fig. 2. The time step is initially
set to�t, and the procedure is seeded with an initial value of
u1 = uinit, which is set to uinit = 0. Following this, a group
of qubits is initialized to an easy-to-prepare initial state |ψ0〉,
and a single circuit layer is applied to prepare the state |ψ1〉.
Subsequently, controller u2 for the next layer of the quantum
circuit is estimated using the quantum computer. Next, an
additional layer is added to the circuit, and this process is
repeated iteratively for a total of p layers. The resulting iter-
atively designed quantum circuit to approximate the ground
state

∏p
k=1

(
U1(uk )U0

)
, together with its parameters {uk}pk=1,

forms the output of the algorithm.

FIGURE 2. Procedural steps involved in FALQON. In the first step, the
algorithm is fed with an initial guess of the value of the controller, the
state |ψ1〉 is prepared in the quantum computer, and the controller for
the next layer u2 is calculated. Over the following k iterations, the
quantum circuit expands by adding a layer composed of U1(uk )U0, with
uk calculated from the preceding layer using (11). The process concludes
upon reaching the maximum layer count p − 1. This figure is adapted
from [7].

Algorithm 1: FALQON [6].
Input: H0, H1, �t, p, |ψ0〉
Output: Quantum Circuit parameters {uk}pk=1
1: Set u1 = 0
2: for k = 1 to p− 1 do
3: Prepare the initial state |ψ0〉
4: Prepare the state |ψk〉 = ∏k

l=1

(
U1(ul )U0

) |ψ0〉
5: Estimate the term 〈ψk| i[H1,H0] |ψk〉 by estimating

each of the expectations in (12) on the quantum
computer

6: Calculate uk+1 using (11)
7: end for

III. FEEDBACK-BASED QUANTUM OPTIMIZATION
ALGORITHM FOR EXCITED STATES CALCULATION
In this section, we introduce the problem of calculating ex-
cited states of a given Hamiltonian based on QLC and pro-
pose an approach to solving this problem by defining a new
operator that encodes the mth excited state of the original
Hamiltonian as its ground state. We then design the con-
trol law such that the trajectories converge to this operator’s
ground state. We demonstrate that employing this method
enables an efficient implementation of the quantum circuit
and facilitates efficient controller computation.
We start by considering the same model as (3). In this

model, we assumed that we have one control input. This
assumption can be extended to the case of multiple control
inputs, as given in the Appendix. We strive to solve the fol-
lowing control problem.
Problem 2: Given a HamiltonianH0 with itsm− 1 lowest

energy eigenstates {|q0〉 , . . . , |qm−1〉}, find a control law in a
feedback form, u(〈ψ (t )|A |ψ (t )〉) where A is an observable,
that assures the convergence of the quantum system (3), from
any initial state to the mth excited state of the Hamiltonian
H0.

3101116 VOLUME 7, 2026
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Note that in Problem 2, we assume the lower energy eigen-
states are known.
We assume that Assumptions 1 and 2 hold. Note that

the controller’s design is constrained to the form of an ex-
pected value of an observable u(〈ψ (t )|A |ψ (t )〉) to facilitate
efficient evaluation using quantum computers.
We consider a Lyapunov function of the form

V (|ψ〉) = 〈ψ (t )|H0 |ψ (t )〉 +
m−1∑
j=0

α j| 〈ψ (t )〉 q j|2 (13)

where {|q0〉 , . . . , |qm−1〉} are the lower energy eigenstates of
the Hamiltonian H0, and {α0, . . . , αm−1} are constants that
should be chosen to be sufficiently large. More details on
choosing these values will be provided subsequently.
Equation (13) can be expressed as

V (|ψ (t )〉) = 〈ψ (t )|H0 |ψ (t )〉

+ 〈ψ (t )|
m−1∑
j=0

α j|q j〉〈q j| |ψ (t )〉

= 〈ψ (t )| (H0 +
m−1∑
j=0

α j|q j〉〈q j|
) |ψ (t )〉

= 〈ψ (t )|P |ψ (t )〉 . (14)

Here, we introduced a new Hermitian operator P defined as

P := H0 +
m−1∑
j=0

α jM j (15)

where Mj = |q j〉〈q j| is the projector on the jth excited
state. Note that the operator P commutes with H0, i.e.,
[P,H0] = 0; hence, it is diagonal in the basis A, with eigen-
values p0, p1, . . . , pN−1. In addition, given that the param-
eters α j are chosen sufficiently large (α j > qm − q j, j =
0, 1, . . . ,m− 1), the ground state of the operator P, i.e.,
|ψg〉 = argmin|ψ〉∈H 〈ψ |P |ψ〉, is the same as themth excited
state of the Hamiltonian H0. Therefore, we propose a new
control problem equivalent to Problem 2 as follows.
Problem 3: Given the HamiltonianH0 with itsm− 1 low-

est energy eigenstates {|q0〉 , . . . , |qm−1〉}, find a control law
in a feedback form u(〈ψ (t )|A |ψ (t )〉) where A is an observ-
able, that guarantees the convergence of the quantum system
(3), from any initial state to the ground state of the operator
H0 +∑m−1

k=0 α j|qk〉〈qk|.
The derivative of V (|ψ (t )〉) along the trajectories of

system (1) is given by

V̇ (|ψ (t )〉) = 〈ψ (t )| i[H1,P] |ψ (t )〉 u(t ). (16)

We design u(t ) such that V̇ ≤ 0, as follows:

u(t ) = −Kg(〈ψ (t )| i[H1,P] |ψ (t )〉) (17)

where K > 0 and g represents a continuous function that
meets the conditions g(0) = 0 and xg(x) > 0 for all x �= 0.

Applying the controller given by (17) to the system (3)
ensures asymptotic convergence of almost all initial states
to the ground state of the operator P, given that, in addition
to Assumptions 1 and 2, the following assumption is also
satisfied [24], [25].
Assumption 3: The operator P has a nondegenerate spec-

trum, i.e., pi �= p j for all i �= j.
The choice of the shifting parameters {α j}m−1

j=0 in the de-
sign of the operator P is crucial to guarantee that Problem 3 is
equivalent to Problem 2. In the following, we give a detailed
analysis of the choice of the parameters {α j}m−1

j=0 .
For the operatorP defined as in (15), and for a general state

expressed in the basis A as |ψ〉 = ∑N−1
k=0 βk |qk〉, we have

〈ψ |P|ψ〉 =
m−1∑
k=0

|βk|2 (qk + αk ) +
N−1∑
k=m

|βk|2 qk (18)

where q0, q1, . . . , qm−1 are the eigenvalues of the lower en-
ergy eigenstates. To guarantee that the ground state of the
operator P is the targeted mth excited state of the Hamil-
tonian H0, we need to choose αk > qm − qk for all k ∈
{0, 1, . . . ,m− 1}. Ideal performance is achieved by choos-
ing these parameters large enough to make Problems 2 and
3 equivalent and avoid excessively high values of αk as they
may adversely affect the algorithm’s efficiency. In our analy-
sis, we assume that the lower energy eigenstates are known,
and accordingly, we can find their corresponding eigenval-
ues. However, the energy of the targeted eigenstate qm is
unknown. Therefore, we cannot choose αk directly. In the
following, we adopt three alternative approaches for choos-
ing the shifting parameters αk similar to those proposed for
designing the cost function for the VQD algorithm [13].
The first approach is to find an upper bound on the energy

gap G defined as G := qmax − qmin ≥ qm − qk, where qmax

and qmin are the maximum and minimum eigenvalues of H0,
respectively. For a drift HamiltonianH0 specified as a sum of
Pauli stringsH0 = ∑N0

k=1 ckOk, an upper bound can be found
as

G ≤ 2||H|| ≤ 2
∑

|cq|. (19)

This upper limit provides insights into selecting the
appropriate value for αk.

In the second approach, we possess an accurate estimate
of the gap G by evaluating qmin and qmax using a quantum
algorithm, where −H0 is used to evaluate qmax.
The third approach involves an iterative adjustment of the

parameters α j.We initialize αk with a small guess, and if con-
vergence to the lower energy eigenstate is observed, indicat-
ing thatαk < qm − qk, we double its value and repeat the pro-
cess. This iterative procedure guarantees αk > qm − qk after
O(log2(qm − qk )) repetitions of the algorithm. Although this
approach requires multiple evaluations, it can offer improved
performance by choosing smaller parameter values.
Following the same Trotterization procedure presented in

Section II-B, we get the same quantum circuit as in (10). For
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Algorithm 2: FQAE

Input: H0, H1, �t, p, |ψ0〉, {α j}m−1
j=1

Output: circuit parameters {uk}pk=1
1: Design the operator P using (15)
2: Set u1 = uinit
3: for k = 1 to p− 1 do
4: Prepare the initial state |ψ0〉
5: Prepare the state |ψk〉 = ∏k

l=1

(
U1(ul )U0

) |ψ0〉
6: Calculate the controller for the next layer uk+1 using

one of the approaches detailed in Section III-A.
7: end for

the controller, we adopt the following feedback law:

uk+1 = −K 〈ψk| i[H1,P] |ψk〉 (20)

which represents a discrete version of the controller given by
(17), and the function g(·) is chosen as the identity function.
Since FQAE has the same form of the quantum circuit as

FALQON, the construction of the quantum circuit of FQAE
follows the same procedures as for FALQON presented in
Section II-B. However, the controller evaluation is different
from that of FALQON. Since the operator P cannot be effi-
ciently expressed in terms of Pauli strings, we will not ex-
pand the term 〈ψk| i[H1,P] |ψk〉 in a Pauli strings’ basis, and
therefore, we cannot directly evaluate the controller given
by (20) using the same procedure as in FALQON. In the
following subsection, we give different approaches on how
to evaluate the controller in a hybrid way using both quantum
and classical computers. The details of the algorithmic steps
to implement FQAE are given in Algorithm 2.
Remark 1: Our analysis assumes that the lower energy

eigenstates, their eigenvalues, and the circuits that prepare
them are known. If the lower energy eigenstates are not
known, we can use FQAE in an iterative manner by calculat-
ing the lowest energy eigenstate |q0〉. Subsequently, utilizing
|q0〉, we can calculate |q1〉. Repeating this process for all
lower energy eigenstates, we can evaluate the mth excited
state.
Remark 2: In addition to being an easy-to-prepare state,

various choices for the initial state could be employed to
enhance the algorithm’s performance. For instance, in [8],
the initial state |ψ0〉 was selected as the ground state of
the control Hamiltonian H1, similar to quantum annealing.
Another choice involves utilizing a warm-starting technique
such as [27], where the initial state corresponds to the solu-
tion of a relaxed combinatorial optimization problem. Alter-
natively, one could adopt a VQA with a short-depth circuit,
using its output as the initial state. We defer a comprehensive
analysis of different initial state choices to future work.
Remark 3: When seeking to compute the ground state of

the HamiltonianH0, since there are no eigenstates with lower
energy, according to (15), we obtain P = H0. This design of
the operator P leads to the recovery of FQA. Consequently,
FQA can be regarded as a special case of FQAE, wherein the

operator P is defined as H0, and the targeted eigenstate is the
ground state of the Hamiltonian H0.
Remark 4: FALQON can be directly applied to our prob-

lem once the operator P in (15) is used as a new problem
Hamiltonian that encodes the mth excited state of the Hamil-
tonianH0 as its ground state. However, such a direct applica-
tion of FALQON differs from our proposed approach FQAE.
As shown in Section II, in FALQON (see Algorithm 1), this
new Hamiltonian P will be used both in the controller cal-
culation and in the quantum circuit implementation. Specif-
ically, we will need to implement the unitary e−iP�t , which
will result in a deep quantum circuit, as this will require the
implementation of the projectors as quantum circuits. On the
other hand, in FQAE, we design the operator P and use it
only in the controller estimation. According to the Lyapunov
control setup, convergence to the ground state of the operator
P (the mth excited state of H0) is still achieved when the
operator P is only used in the Lyapunov function while H0
remains as the drift part to be realized by a quantum circuit.
This result was first rigorously established by Grivopoulos
and Bamieh [25] and has since been further developed in
several subsequent works (see, e.g., [24] and [35]). Under
this setup, there is no need to implement the unitary e−iP�t ,
which would otherwise result in significantly deeper quan-
tum circuits.

A. CONTROLLER COMPUTATION
This section provides a detailed analysis of the controller’s
evaluation using a hybrid approach with quantum and clas-
sical computers. We propose two alternative methods for
evaluating the controller.

1) EXPECTATION AND OVERLAP ESTIMATION-BASED
APPROACH FOR EVALUATING THE CONTROLLER
We introduce our first approach for evaluating the controller.
In this approach, we reduce the evaluation of the controller
given by (20) into several terms, including expected values of
the form 〈ψ |B |ψ〉 and overlap terms of the form 〈ψ |C |φ〉
where B andC are Pauli strings, and |ψ〉 and |φ〉 are arbitrary
quantum states. We estimate these terms on a quantum com-
puter and then use these estimates to compute the controller
by postprocessing on a classical computer. To evaluate the
overlap terms, we use the Hadamard test [28]. The Hadamard
test serves as a subroutine in quantum computing that enables
estimation of the real and imaginary parts of the inner product
〈ψ |U |ψ〉 for an arbitrary quantum state |ψ〉 and unitaryU .
The quantum circuit for the Hadamard test is depicted in
Fig. 3.

For the first method, using the controller defined in (20)
and the operator P defined in (15) and using the bilinearity
property of the commutator, we obtain

uk+1 = −K 〈ψk|i[H1,P] |ψk〉

= −K 〈ψk|i
⎡
⎣H1,H0 +

m−1∑
j=0

α jM j

⎤
⎦ |ψk〉
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FIGURE 3. Basic Hadamard test, where a ∈ {0,1}, H is the Hadamard
gate, S = e−iπZ/4 is the phase gate, and U is the unitary; we are interested
in its expected value with respect to the state |ψ〉. For a = 0, 〈Z〉
corresponds to the real part of the inner product Re 〈ψ|U |ψ〉, and for
a = 1, 〈Z〉 corresponds to the imaginary part of the same inner product
Im 〈ψ|U |ψ〉.

= −K (〈ψk| i[H1,H0] |ψk〉

+
〈
ψk|i[H1,

m−1∑
j=0

α jM j]|ψk
〉⎞
⎠

= −K
(

〈ψk|i[H1,H0]|ψk〉

+
〈
ψk

∣∣∣∣i
(
H1

m−1∑
j=0

α jM j

)∣∣∣∣ψk
〉

− 〈ψk
∣∣∣∣i
(( m−1∑

j=0

α jM j

)
H1

) ∣∣∣∣ψk〉
)

= −K
(

〈ψk|i[H1,H0]|ψk〉

+
〈
ψk

∣∣∣∣i
(
H1

m−1∑
j=0

α jM j

)∣∣∣∣ψk
〉

+
(〈
ψk

∣∣∣∣i
(
H1

m−1∑
j=0

α jM j

)∣∣∣∣ψk
〉)∗)

= −K
(

〈ψk| i[H1,H0] |ψk〉

+ 2 · Re
{〈
ψk

∣∣∣∣i(H1

m−1∑
j=0

α jM j )

∣∣∣∣ψk
〉})

= −K
(

〈ψk|i[H1,H0] |ψk〉

+ 2 · Re
{
i ·

m−1∑
j=0

α j 〈ψk|H1 |q j〉 〈q j〉ψk
})
. (21)

As outlined in the following steps, we estimate the terms
〈ψk| i[H1,H0] |ψk〉, 〈ψk|H1 |q j〉, and 〈q j〉ψk using hybrid
quantum and classical processors.

FIGURE 4. Quantum circuits used to estimate the different terms of the
controller uk+1. (a) Quantum circuit used to estimate the term
〈ψk| i[H1,H0] |ψk〉. (b) Hadamard test circuit to estimate the term
〈0|U†

k ŌqU ( j ) |0〉. (c) Hadamard test circuit to estimate the term
〈0|U ( j )†Uk |0〉.

1) Estimating 〈ψk| i[H1,H0] |ψk〉: Expanding this term in
terms of Pauli strings, we get

〈ψk| i[H1,H0] |ψk〉 =
N2∑
q=1

ĉq 〈ψk| Ôq |ψk〉 . (22)

Therefore, by estimating expectations of N2 Pauli
strings, we can estimate the term 〈ψk| i[H1,H0] |ψk〉.
The quantum circuit used to estimate this term is shown
in Fig. 4(a).

2) Estimating 〈ψk|H1 |q j〉 for all j ∈ {0, 1, . . . ,m− 1}:
To estimate 〈ψk|H1 |q j〉, we decompose this term as

〈ψk|H1 |q j〉 = 〈0|U†
k

⎛
⎝ N1∑
q=1

c̄qŌq

⎞
⎠U ( j) |0〉

=
N1∑
q=1

c̄q 〈0|U†
k ŌqU

( j) |0〉 (23)

where Uk is the circuit to prepare the state |ψk〉 =
Uk |0〉; U ( j) is the circuit to prepare the state |q j〉 =
U ( j) |0〉 (see Remark 1). Each of the terms in (23)
is then estimated on the quantum computer using the
Hadamard test shown in Fig. 4(b).

3) Estimating 〈q j〉ψk for all j ∈ {0, 1, . . . ,m− 1}: The
term 〈q j〉ψk can be estimated using the Hadamard test
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FIGURE 5. Expectation and overlap estimation-based approach for calculating the controller.

shown in Fig. 4(c), as follows:

〈q j〉ψk = 〈0|U ( j)†Uk |0〉 . (24)

4) After estimating the term 〈ψk| i[H1,H0] |ψk〉,
and the terms 〈ψk|H1 |q j〉 and 〈q j〉ψk for all
j ∈ {0, 1, . . . ,m− 1} using the quantum computer,
these values are fed to a classical computer to compute
the controller (21) as a classical postprocessing step.
A schematic of the first approach is given in Fig. 5.

In the subsequent subsection, we propose an alternative
approach that circumvents the use of Hadamard tests, which
can offer some advantages as will be discussed in the next
subsection.

2) GRADIENT-BASED APPROACH FOR EVALUATING THE
CONTROLLER
As shown in the previous subsection, evaluating the con-
troller involves several Hadamard tests, which require con-
trolled versions of the unitaries that result in deep circuits,
making the approach challenging for the current NISQ de-
vices. In this subsection, we introduce an alternative method
for evaluating the controller by establishing a connection be-
tween the controller and the gradient of the Lyapunov func-
tion. We illustrate the relationship between the controller and
the Lyapunov function’s gradient and propose two evaluation
methods: a finite-difference approximation and an analytical
approach utilizing PSR.
At the kth step of Algorithm 2, the algorithm starts from

the initial state |ψ0〉 and k layers are applied to get the state

|ψk〉 =
k∏
l=1

(U1(ul )U0) |ψ0〉

= U1(uk )U0

k−1∏
l=1

(U1(ul )U0) |ψ0〉 . (25)

From (14) and using (25), we let |ψ0〉 and uk vary and fix
u1, u2, . . . , uk−1; hence, we get

Vk(|ψ0〉 , uk )=̂ 〈ψk|P |ψk〉

= 〈ψ0|
((

k−1∏
l=1

U†
0U1(ul )

†

)
U†
0U1(uk )

†P

U1(uk )U0

(k−1∏
l=1

U1(ul )U0

))
|ψ0〉

= 〈ψk−1|U†
0U1(uk )

†PU1(uk )U0 |ψk−1〉
= 〈ϕ|U1(uk )

†PU1(uk ) |ϕ〉 (26)

where |ϕ〉 = U0 |ψk−1〉.
For the controlled unitaryU1(uk ) = e−i�tukH1 , the gradient

of this unitary with respect to the controller uk is given by

∂

∂uk
U1(uk ) = −i�tH1U1(uk ). (27)

Hence, the gradient of V with respect to uk, and using (27),
is given as

∂

∂uk
Vk(uk ) = d

duk
〈φ|U†

1 (uk )PU1(uk )|φ〉

= i�t〈φ|
(
U†
1 (uk )H1PU1(uk )

−U†
1 (uk )PH1U1(uk )

)
|φ〉

= i�t〈φ|U†
1 (uk )(H1P− PH1)U1(uk )|φ〉

= i�t〈φ|U†
1 (uk )[H1,P]U1(uk )|φ〉
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FIGURE 6. Gradient-based approach for calculating the controller using
finite-difference approximation to evaluate the gradient.

= i�t 〈ψk−1|U†
0U

†
1 (uk )[H1,P]U1(uk )U0 |ψk−1〉

= �t 〈ψk| i[H1,P] |ψk〉 . (28)

From (20) and (28), we get

uk+1 = − K

�t

∂

∂uk
Vk(uk )

= − K

�t

⎛
⎝ ∂

∂uk
〈ψk|H0 |ψk〉 + ∂

∂uk

m−1∑
j=0

α j| 〈ψk〉 q j|2
⎞
⎠ .

(29)

Therefore, to evaluate the controller for the next layer, we
need to evaluate ∂

∂uk
Vk(uk ), which can be evaluated numer-

ically on the quantum computer using the finite-difference
approximation of the gradient as follows [22]:

∂

∂uk
Vk(uk ) ≈ Vk (uk + ε) −Vk (uk − ε)

2ε
. (30)

This means we need to evaluate the Lyapunov function
twice to evaluate the controller. A schematic diagram of
the gradient-based approach utilizing the finite-difference
approximation technique is shown in Fig. 6. The steps for
evaluating the controller are given as follows.

1) Compute Vk(uk + ε) using the expression:

Vk(uk + ε) = 〈ψ+ε
k |H0 |ψ+ε

k 〉

+
m−1∑
j=0

α j| 〈q j〉ψ+ε
k |2 (31)

where |ψ+ε
k 〉 = U+ε

k |0〉 and U+ε
k = U1(uk +

ε)U0
∏k−1

l=1 (U1(ul )U0) |ψ0〉. Estimating the term

〈ψ+ε
k |H0 |ψ+ε

k 〉 = ∑N0
q=1 cq 〈ψ+ε

k |Oq |ψ+ε
k 〉 involves

the estimation of N0 expectations. For the term∑m−1
j=0 α j| 〈ψ+ε

k 〉 q j|2, we need to evaluate the overlap
between the evolved state and the lower energy

FIGURE 7. Quantum circuits used to estimate the different terms of the
controller uk+1. (a) Quantum circuit used to estimate the term 〈ψ+ε

k |H0

|ψ+ε
k 〉. (b) Quantum circuit used to estimate the term | 〈qj 〉ψ+ε

k |2.

FIGURE 8. Gradient-based approach for calculating the controller using
PSR to evaluate the gradient.

eigenstates. While the Hadamard test [28] can be used
for this purpose, a more efficient method, as suggested
in [29], involves expressing each overlap term as
| 〈q j〉ψ+ε

k |2 = | 〈0|U ( j)†U+ε
k |0〉 |2. Consequently, by

preparing the state U ( j)†U+ε
k |0〉, the overlap can be

estimated by the fraction of all-zero bitstrings obtained
from measuring this state in the computational basis.
Fig. 7 shows the quantum circuits used to estimate
both terms.

2) Compute Vk(uk − ε) using similar procedures to
the above by replacing the state |ψ+ε

k 〉 with the

state |ψ−ε
k 〉 = U1(uk − ε)U0

∏k−1
l=1 U1(ul )U0 |ψ0〉 =

U−ε
k |0〉.

3) Compute the controller using (29) and (30).

The gradient can also be computed using PSR, which gives
an analytical formula for evaluating the gradient on a quan-
tum computer [30]. For the case of the control Hamiltonian
H1 having only two distinct eigenvalues, the PSR is given as

∂

∂uk
Vk(uk ) = 1

2
(V (uk + π/2) −V (uk − π/2)) . (32)

In [23], the PSR is generalized to a more general type of
Hamiltonian. However, it will need more computations. A
schematic diagram of the gradient-based approach utilizing
PSR is shown in Fig. 8.
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Estimating the gradient using the finite-difference approx-
imation can encounter numerical instabilities and conver-
gence challenges [22]. Furthermore, in [31], it has been
demonstrated that using the analytical gradient outperforms
any finite-difference method. Therefore, a better solution
can be using PSR. However, as shown in [23], the PSR
depends on the control Hamiltonian H1, and for a more
general Hamiltonian, more computation cost is needed to
evaluate the gradient. In contrast, the finite-difference for-
mula given in (30) is independent of the specific Hamiltonian
H1.
Both methods, overlap-based evaluation and gradient-

based estimation, generally lead to deep circuits and may not
be suitable for NISQ hardware. The overlap-based method
requires implementing a Hadamard test, which involves con-
trolled versions of the unitary circuits. This increases circuit
depth and resource demands when executed on quantum
hardware. In contrast, the gradient-based approach avoids
the need for controlled unitaries and ancilla qubits, making
it more suitable for execution on quantum hardware. More-
over, as demonstrated in the next section, the gradient-based
scheme that uses the PSR exhibits greater robustness to sam-
pling noise. Hence, gradient-based approaches are generally
more suitable for calculating the controllers.
Remark 5: As pointed out by an anonymous reviewer, for

the case where the problem Hamiltonian H0 is diagonal in
the computational basis, each of the lower energy eigenstates
is a computational basis state. In this case, the controller
can be evaluated as follows. Assume for the simplicity of
the analysis that we want to prepare the first excited state;
then, we have P = H0 + α0M0, whereM0 = |q0〉〈q0| and the
controller is given as

uk+1 = −K 〈ψk| i[H1,P] |ψk〉
= −K 〈ψk| i[H1,H0 + α0M0] |ψk〉

= −K
(
〈ψk| i[H1,H0] |ψk〉

+ 〈ψk| i[H1, α0M0] |ψk〉
)
. (33)

The first expectation 〈ψk| i[H1,H0] |ψk〉 can be calculated as
presented in Section II. The second expectation can be esti-
mated as follows. We represent |q0〉 = |b0 . . . bn−1〉, where
b0 ∈ {0, 1}. Then, we have M0 = ⊗

l
Il+(−1)bl Zl

2 , where
⊗

represents the tensor product. Assuming that the control
Hamiltonian is designed as the standard mixer Hamiltonian
H1 = ∑n

j=1 Xj, the second term simplifies to

〈ψk| i[H1, α0M0] |ψk〉

= α0 〈ψk|
∑
j

⎛
⎝(−1)b j+1

⎛
⎝⊗

l �= j

Pl

⎞
⎠⊗ Yj

⎞
⎠ |ψk〉 (34)

wherePl = Il+(−1)bl Zl
2 , and we usedXjZ j = iYj and i2 = −1.

Therefore, we can estimate each of the expectations by mea-
suring all the qubits in the computational basis except for

the jth qubit, which is measured in the Y basis. While this
approach avoids the necessity of estimating the gradient of
the Lyapunov function or using Hadamard tests, it cannot be
applied to a general problemHamiltonianH0 where the lower
energy eigenstates will not necessarily be computational
basis states.

IV. APPLICATIONS
To demonstrate the performance of FQAE, we give an il-
lustrative example and apply the algorithm to a quantum
chemistry problem where we determine the spectrum of the
Hamiltonian of the hydrogen molecule.

A. ILLUSTRATIVE EXAMPLE
Consider an Ising Hamiltonian in the form

H0 =
n∑

q< j

Jq, jZqZ j +
n∑

q=1

JqZq (35)

where n is the number of qubits, Jq, j and Jq are real param-
eters with Jq, j = Jj,q, and Zq is the Pauli Z operator applied
to the qth qubit.

For our analysis, we set n = 2, J1,2 = 0.5, J1 = 1, and
J2 = 2. The resulting Hamiltonian is H0 = Z1 + 2Z2 +
0.5Z1Z2 = diag(3.5,−1.5, 0.5,−2.5). We apply FQAE to
prepare the first excited state of this Hamiltonian, where the
ground state of this Hamiltonian is the state |q0〉 = |11〉 and
its energy is −2.5.
The control Hamiltonian is designed as Hc = ∑2

q=1

u(q)Hq = u(1)H1 + u(2)H2 = u(1)Y1 + u(2)Y2. The initial
state is chosen to be the equal superposition state
|ψ0〉 = H⊗2 |0〉 = |++〉. The quantum circuits representing
the operators U0, U1(u

(1)
k ), U2(u

(2)
k ), Ū , and U (0) are shown

in Fig. 9.
To determine the value ofα0, we employ the first approach,

calculating the upper bound on the energy gap via (19),
yielding G ≤ 7, and subsequently assigning α0 as 7. The
operator P is constructed as P = H0 + α0|11〉〈11|. Hence,
we get P = diag(3.5,−1.5, 0.5, 4.5). Note that the ground
state of the operator P is the state |q1〉 = |01〉, which is the
first excited state of the Hamiltonian H0. The time step�t is
chosen to be 0.08, and the controllers’ gains are chosen to be
K1 = K2 = 1.5. To execute the quantum circuit, the Qiskit
Aer quantum simulator [32] is used. The simulation results
for preparing the first excited state for the Hamiltonian H0
using the exact statevector simulator are shown in Fig. 10.
Fig. 10 shows that FQAE can calculate the first excited

state. The Lyapunov function exhibits a monotonic behav-
ior, which aligns with our controller design in (17). It is
also seen that the fidelity with respect to the first excited
state | 〈ψk| |q1〉 |2 increases with the increase in the circuit
layers approaching 1. Note that, in practice, evaluating the
Lyapunov function at every step is not required; only the
controller values are needed to construct the next layer. A
convenient convergence check is, therefore, to monitor these
controller values: when they approach zero, the algorithm
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(a) (b)

(c)

(d)

FIGURE 9. Quantum circuits of the different unitary operators needed to
implement the different steps of FQAE. (a) Quantum circuit to prepare
the ground state |11〉 = U (0) |00〉. (b) Quantum circuit to prepare the
initial state |ψ0〉 = Ū |00〉. (c) Quantum circuit to implement the control
operator Uc = U1(u1

k )U2(u2
k ). (d) Quantum circuit to implement the unitary

U0.

FIGURE 10. Simulation results of FQAE applied to prepare the first
excited state |q1〉 = |01〉 of the Hamiltonian H0. The layer k is plotted
versus: (a) the control inputs; (b) the Lyapunov function of the evolved
state Vk = 〈ψk| P |ψk〉; and (c) the fidelity of the evolved state with the
eigenstates of the Hamiltonian H0.

is effectively converging toward the targeted eigenstate, and
this behavior can be used to set the maximum circuit depth.
As an additional (though more costly) option, one may track
the decrement of the Lyapunov function itself and termi-
nate when the change falls below a small threshold δ, that
is, when Vk+1 −Vk < δ for some chosen δ > 0. Because

this alternative requires explicitly evaluating Vk during run-
time, introducing extra measurements and classical postpro-
cessing, we retain controller convergence as the most effi-
cient and practical indicator within the present algorithmic
framework.
In practice, the controllers will be evaluated through a

finite number of samples. To assess the impact of sampling
noise on FQAE’s performance, we execute the algorithm for
the two controller evaluation approaches proposed in Sec-
tion IV and for a different number of sample sizes. The results
are compared to the exact values using statevector simulator
(i.e., m → ∞).
Fig. 11 shows that even with a small number of sam-

ples m = 100, the estimated controller follows the exact
controller, indicating that FQAE is robust against sampling
noise. It also shows that the gradient-based approach for
evaluating the controller using PSR has better robustness
against the sampling noise than the expectation and overlap
estimation-based approach.
We now present, as a proof of principle, an experimental

demonstration of FQAE on superconducting quantum com-
puters.We run FQAE on the publicly available IBMquantum
computer ibm_osaka through the cloud-based service [33].
The gradient-based approach using PSR is adopted to
evaluate the controller, and the number of shots is set to 4000.
The results are presented in Fig. 12.
From Fig. 12, we see that the controller’s design is ro-

bust against noise and can recover the exact controllers
calculated through the exact statevector simulator. We also
see that the Lyapunov function monotonically decreases
toward its global minimum value, which is 〈01|P |01〉 =
−1.5 till the tenth layer. These experimental results under-
score the promise of FQAE’s practical applicability in the
near future.
We conclude this subsection by investigating how FQAE

scales with system size. For each size n ∈ {5, 6, . . . , 16},
we generate 15 random Ising Hamiltonians by drawing Jq, j
and Jq independently from a uniform distribution over the
interval [−2, 2].We run FQAE for all these random instances
for a depth of 500 layers. We set the shift parameter to α = 4.
To tune the parameters, we follow a similar approach as
proposed in [6] where we fix the controller gain to K = 1,
and increase the time step�t to the largest possible value that
guarantees that the Lyapunov conditionVk+1 −Vk < 0 holds
over all the random instances. The average final fidelity with
respect to the first excited state, with error bars showing the
standard error of the mean, is shown in Fig. 13. Fig. 13 shows
that convergence slows as the system size increases, since
the time step �t must be decreased to satisfy the Lyapunov
condition Vk+1 −Vk < 0.
The numerical results show similar behavior to the appli-

cation of FALQON on weighted graphs of MAXCUT prob-
lem (see the appendix of [7] for details), where for some ran-
dom instances, the controller approaches zero prematurely
prior to | 〈E1〉ψk|2 → 1. Fig. 14 summarizes 20 random
Ising instances with n = 9. As shown in the figure, while

VOLUME 7, 2026 3101116



Engineeringuantum
Transactions onIEEE

Abdul Rahman et al.: FEEDBACK-BASED QUANTUM ALGORITHM FOR EXCITED STATES CALCULATION

FIGURE 11. Simulation results of FQAE applied to prepare the first excited state of the Hamiltonian H0 for a different number of samples and using the
two proposed approaches to evaluate the controller: the expectation and overlap estimation-based approach and the gradient-based approach utilizing
PSR. The layer k is plotted versus the mean trajectory (solid line) and the corresponding standard deviation (shaded area) of the controllers u(1)

k and u(2)
k

and the Lyapunov function Vk = 〈ψk| P |ψk〉. In addition, the exact noiseless simulation (m → ∞) is plotted for comparison (black solid line).

FIGURE 12. Experimental results of running FQAE on the IBM
superconducting quantum computer ibm_osaka. The gradient-based
approach for evaluating the controller is used for this experimental run,
where the PSR is used to evaluate the controller. The number of shots is
set to 4000. The layer k is plotted versus: (a) the first control input u(1)

k ;

(b) the second control input u(2)
k ; and (c) the Lyapunov function Vk .

most of the random instances achieve fidelities above 0.4,
some instances converge to lower values.
We additionally apply FQAE to the mixed-field Ising

(MFI) model with periodic boundary conditions using mul-
tiple control inputs. The results demonstrate better conver-
gence of the fidelities compared to the inhomogeneous Ising
model with nine qubits, although the achieved fidelities re-
main lower than those obtained for the two-qubit case. The

FIGURE 13. Average final fidelity as a function of problem size n. Each
data point is the mean over 15 random Ising instances; error bars denote
the standard error of that mean.

MFI model is defined as

H0 = J
n∑
q

ZqZq+1 + h
n∑
q

Xq + g
n∑
q

Zq (36)

where J represents the nearest-neighbor interaction strength,
h is the transverse field strength, and g is the longi-
tudinal field strength. We fix the system size to n =
12 and generate 50 random instances by setting J =
−1 and independently sampling the parameters h and
g from uniform distributions, h ∼ U (0.4, 1) and g∼
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FIGURE 14. Performance over 20 random Ising instances (n = 9). (Top)
The light curves represent individual trajectories of the controller uk and
(bottom) the fidelity | 〈E1〉ψk|2. The dark curves represent the mean, and
the shaded area represents their corresponding standard deviations.

U (0.1, 0.6). We run FQAE for all these random in-
stances for a depth of 2000 layers. The control Hamilto-
nian is designed asHc = ∑3

q=1 u
(q)Hq = u(1)H1 + u(2)H2 +

u(3)H3 = u(1)
∑n

j=1 Xj + u(2)
∑n

j=1Yj + u(3)
∑n

j=1 Zj. The

initial state is chosen as |ψ0〉 = |+〉⊗12 and the controllers
are initialized as [u(1)0 , u(2)0 , u(3)0 ] = [0, 0, 0]. The gains are
set to K1 = K2 = K3 = 1, the shift parameter to α = 7
and the time step to �t = 0.01. The simulation results are
presented in Fig. 15.
Unlike the behavior observed for the inhomogeneous Ising

model, where some instances converged to lower fidelities
and became trapped in local minima, FQAE with multi-
ple control inputs achieved improved fidelities for the MFI
model. This improvement may be partly attributed to the
more favorable energy landscape of the MFI model and
to the use of multiple controllers, which can enhance the
performance of FQAs [6].

Although the MFI results demonstrate improved perfor-
mance relative to the inhomogeneous Ising case, the average
fidelity to the first excited state for n = 12 remains moderate
(around 0.67) and does not reach the values observed for the
small two-qubit example in Figs. 10 and 11. Moreover, in-
creasing the circuit depth from 1000 to 2000 layers leads only
to marginal improvements. These observations suggest that,
in its current implementation, FQAE encounters significant
limitations when applied to larger systems. In particular, the
required circuit depth increases with system size, and the
underlying energy landscape may still hinder convergence
for certain instances.

FIGURE 15. Performance over 50 random mixed-field Ising instances
(n = 12). (Top) The light curves represent individual trajectories of the
controllers u(q)

k and (bottom) the fidelity |〈E1|ψk〉|2. The dark curves
represent the mean, and the shaded area represents their corresponding
standard deviations.

In the literature, several methods are proposed to address
these challenges. Magann et al. [6] introduce heuristic strate-
gies to increase convergence speed, such as incorporating
multiple control inputs, while other works [41], [42] explore
additional techniques for accelerating FQAs. It has also been
demonstrated in [44] that including higher order terms in the
control law enables larger time steps�t without compromis-
ing convergence guarantees, thereby significantly increasing
convergence speed. To address the landscape challenge, one
promising direction is the randomized approach [9], which
adaptively constructs the quantum circuit to avoid becoming
trapped in a localminimum.Another approach is the adaptive
construction of the quantum circuit proposed in [43], which
helps improve convergence. Integrating these enhancements
into FQAE is a promising direction for improving both its
convergence speed and its robustness across diverse problem
instances.

B. APPLICATION TO MOLECULAR HAMILTONIANS
Using transformations such as the Bravyi–Kitaev or
Jordan–Wigner transformations, the quantum simulation of
fermionic systems can be translated into qubit operations
where the Hamiltonian is generally expressed as a sum of
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Pauli strings as follows (see [34] for details):

HM =
Nm∑
q

hqÔq (37)

where h j are real scalar coefficients and Nm is the number of
Pauli strings.
As an example, we chose the hydrogen molecule. The

fermionic Hamiltonian of hydrogen, modeled using themini-
mal STO-3G basis and varying internuclear separations, can
be converted into qubit representation through the Bravyi–
Kitaev transformation. This yields a two-qubit Hamiltonian
dependent on the bond length parameter, as follows (see [14]
for details):

H0(R) = h0(R)I + h1(R)Z1 + h2(R)Z2

+ h3(R)Z1Z2 + h4(R)Y1Y2 + h5(R)X1X2 (38)

where R is the interatomic distance and the coefficients hi(R)
are real-valued functions of the interatomic distance.
For numerical simulations, we use the values of the co-

efficients given in Table I in the supplementary informa-
tion of [14]. The numerical values of the coefficients for
the distance value R = 1.05 are given as h0 = −0.5626,
h1 = −0.248783, h2 = −0.248783, h3 = 0.00850998, h4 =
0, and h5 = 0.199984.
We find the exact eigenstates and their corresponding

energies of the hydrogen molecule Hamiltonian using ex-
act diagonalization. We run two different simulations of
FQAE to prepare the first and second excited eigenstates
of H0 using the statevector simulator. We choose the shift-
ing parameters α1 = 1.8, α2 = 0.9, the time step�t = 0.55,
K1 = K2 = 1, and the initial state to be |ψ0〉 = |01〉. The
control Hamiltonian is designed as Hc = ∑2

q=1 u
(q)Hq =

u(1)H1 + u(2)H2 = u(1)Z1 + u(2)Z2. The initial guess for the
controllers is chosen to be [u(1)0 , u(2)0 ] = [0, 0]. The simula-
tion results are shown in Fig. 16.
It is seen in Fig. 16 that FQAE can efficiently calculate

the first and second excited states of the Hamiltonian H0.
The Lyapunov function monotonically decreases over circuit
layers and converges to the operator P’s ground state, which
is the targeted eigenstate of H0.
In addition, we run FQAE to calculate the energy

of the first and second excited states for a range of R
values R ∈ [0.1, 3.95] and for a depth of 25 layers. In
this case, we design the control Hamiltonian to be Hc =∑4

q=1 u
(q)Hq = u(1)H1 + u(2)H2 + u(3)H3 + u(4)H4 = u(1)

Y1 + u(2)Y2 + u(3)Z1 + u(4)Z2. For the values of R ∈
[0.1, 3.95], we set �t = 0.55, while for R ∈ [0.1, 0.45], we
set �t = 0.15 since these values of �t ensure controllers’
convergence as suggested by simulation results. Since the
Hamiltonians H0 and Hc have noncommuting terms, we
use the first-order Lie–Trotter Suzuki decomposition to
implement the unitaries U0 and Uc as quantum circuits in
our simulations. The simulation results are shown in Fig. 17.

FIGURE 16. Illustration of FQAE to prepare the first excited state |E1〉 (to
the left) and the second excited state |E2〉 (to the right). The layer k is
plotted versus: (a) the control inputs; (b) the Lyapunov function of the
evolved state; and (c) the fidelity with the targeted eigenstate.

FIGURE 17. Demonstration of FQAE to calculate the energy of the first
excited state E1 and the second excited state E2 of different values of R.
The internuclear distance R is plotted versus the energy calculated using
FQAE, with solid lines indicating the exact energy of the excited states.

Note that the ground and highest excited states can be
calculated using FALQON.

V. CONCLUSION AND FUTURE WORK
In this article, we have proposed FQAE, which extends the
FQAs for calculating excited states. A comprehensive in-
vestigation of the algorithm’s efficient implementation and
controller evaluation is provided, presenting two alternative
approaches for the controller evaluation. Among these ap-
proaches, the gradient-based method utilizing PSR yielded
the most promising results in terms of performance and com-
putation cost, emerging as the preferred option for near-
term applications. The effectiveness of FQAE is demon-
strated through an illustrative example and an application
in quantum chemistry. Performance evaluations, including
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numerical simulations and execution on IBM’s supercon-
ducting quantum computer, confirm the algorithm’s potential
for practical quantum computations.
As highlighted in Section II, a significant challenge of

the FQAs lies in the stringent assumptions imposed on the
Hamiltonians H0 and H1, making their practical fulfillment
challenging. However, as shown in [6], [7], [8], and [9],
and through numerical simulations, asymptotic convergence
toward the desired eigenstate and good performance remain
achievable even without strict adherence to these assump-
tions. In addition, to enhance algorithmic performance, a
range of heuristics has been proposed in [7], offering path-
ways to achieve convergence toward the target eigenstate in
scenarios where adherence to the assumptions is unattain-
able. Furthermore, the randomizationmethod proposed in [9]
helps in convergence to the targeted eigenstate and avoids
convergence to suboptimal solutions. Future endeavors may
involve relaxing some of these assumptions, perhaps by in-
corporating mid-circuit measurements, as explored in [35].
Another main challenge of FQAE, which is the bottleneck

of the algorithm for being applicable to near-term devices, is
the deep circuit required to run the algorithm. One approach
to tackle this problem could be, as highlighted in Remark 2,
by adopting a warm starting technique for the initial state of
the algorithm. Another approach to overcome this challenge
could be adopting a fixed-time control strategy, as presented
in [36]. The fixed-time Lyapunov control technique could
guarantee convergence to the excited state in a fixed time
and independently of the initial state. This could help in
designing fixed-depth quantum circuits. Therefore, valuable
future work would be adapting FQAE to such control de-
signs. In addition, a valuable future work will be to estimate
the required circuit depth to achieve a specific fidelity with
the target eigenstate.
We highlight that FQAs remain applicable in near-term

devices as a warm-starting technique for VQAs. In [6], it
was demonstrated that employing FALQON as an initializa-
tion technique for QAOA can potentially improve its perfor-
mance. Our work demonstrates the potential of quantum con-
trol theory to inspire the development of efficient quantum
algorithms.

APPENDIX
In this appendix, we extend the analysis for the case of multi-
ple control inputs, i.e.,Hc(t ) = ∑r

l=1 Hlu
(l)(t ) for r ≥ 2. For

this case, the model is given as

i|ψ̇ (t )〉 =
(
H0 +

r∑
l=1

Hlu
(l)(t )

)
|ψ (t )〉 (39)

where {u(l)(t )}rl=1 are the control inputs each associated with
Hl .

The derivative of V (|ψ (t )〉) along the trajectories of
system (39) then becomes

V̇ (|ψ (t )〉) =
r∑
l=1

〈ψ (t )| i[Hl,P] |ψ (t )〉 u(l)(t ). (40)

Designing the control laws {u(l)(t )}rl=1 such that V̇ ≤ 0 yields

u(l)(t ) = −Klg(〈ψ (t )| i[Hl,P] |ψ (t )〉) (41)

where Kl > 0 and g is a continuous function satisfying
g(0) = 0 and xg(x) > 0, for all x �= 0.

As shown in [24], the application of the control laws (41)
to the system (39) guarantees convergence from any initial
state to the ground state of the operator P, provided that the
same assumptions in Section I hold and that Assumption 2 is
relaxed as follows.
Assumption 4 (For Multiple Control Inputs): There exists

at least an l ∈ {1, 2, . . . , r} such that 〈Ei|Hl |Ej〉 �= 0.
Following a Trotterization procedure as presented in

Section II-B, we get the following modification of
(10):

|ψp〉 =
p∏

k=1

Uc
(
u(1)k , u

(2)
k , . . . , u

(r)
k

)
U0 |ψ0〉 (42)

whereUc(u
(1)
k , u

(2)
k , . . . , u

(r)
k ) = e−i�t

∑r
l=1 u

(l) (k�t )Hl .
Accordingly, the feedback law (20) is modified to

u(l)k+1 = −Kl 〈ψk| i[Hl,P] |ψk〉 (43)

where Kl > 0, l ∈ {1, 2, . . . , r}.
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