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Abstract We obtain the Courant bracket twisted simulta-
neously by a 2-form B and a bi-vector 6 by calculating the
Poisson bracket algebra of the symmetry generator in the
basis obtained acting with the relevant twisting matrix. It is
the extension of the Courant bracket that contains well known
Schouten—Nijenhuis and Koszul bracket, as well as some new
star brackets. We give interpretation to the star brackets as
projections on isotropic subspaces.

1 Introduction

The Courant bracket [1,2] represents the generalization of
the Lie bracket on spaces of generalized vectors, understood
as the direct sum of the elements of the tangent bundle and
the elements of the cotangent bundle. It was obtained in the
algebra of generalized currents firstly in [3]. Generalized cur-
rents are arbitrary functionals of the fields, parametrized by
a pair of vector field and covector field on the target space.
Although the Lie bracket satisfies the Jacobi identity, the
Courant bracket does not.

In bosonic string theory, the Courant bracket is govern-
ing both local gauge and general coordinate transformations,
invariant upon T-duality [4,5]. It is a special case of the more
general C-bracket [6,7]. The C-bracket is obtained as the
T-dual invariant bracket of the symmetry generator algebra,
when the symmetry parameters depend both on the initial and
T-dual coordinates. It reduces to the Courant bracket once
when parameters depend solely on the coordinates from the
initial theory.

It is possible to obtain the twisted Courant bracket, when
the self T-dual generator algebra is considered in the basis
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obtained from the action of the appropriate O (D, D) trans-
formation [8]. The Courant bracket is usually twisted by a
2-form B, giving rise to what is known as the twisted Courant
bracket [9], and by a bi-vector 6, giving rise to the 6-twisted
Courant bracket [10]. In [3,8,11,12], the former bracket was
obtained in the generalized currents algebra, and it was shown
to be related to the latter by self T-duality [13], when the T-
dual of the B field is the bi-vector 6.

The B-twisted Courant bracket contains H flux, while the
0-twisted Courant bracket contains non-geometric Q and R
fluxes. The fluxes are known to play a crucial role in the
compactification of additional dimensions in string theory
[14]. Non-geometric fluxes can be used to stabilize moduli. In
this paper, we are interested in obtaining the Poisson bracket
representation of the twisted Courant brackets that contain
all fluxes from the generators algebra. Though it is possible
to obtain various twists of the C-bracket as well [15], we do
not deal with them in this paper.

The realization of all fluxes using the generalized geom-
etry was already considered, see [16] for a comprehensive
review. In [17], one considers the generalized tetrads origi-
nating from the generalized metric of the string Hamiltonian.
As the Lie algebra of tetrads originating from the initial met-
ric defines the geometric flux, it is suggested that all the
other fluxes can be extracted from the Courant bracket of
the generalized tetrads. Different examples of O(D, D) and
O(D) x O(D) transformations of generalized tetrads lead
to the Courant bracket algebras with different fluxes as its
structure constants.

In [18], one considers the standard Lie algebroid defined
with the Lie bracket and the identity map as an anchor on the
tangent bundle, as well as the Lie algebroid with the Koszul
bracket and the bi-vector 6 as an anchor on the cotangent
bundle. The tetrad basis in these Lie algebroids is suitable
for defining the geometric f and non-geometric Q fluxes.
It was shown that by twisting both of these Lie algebroids
by H-flux one can construct the Courant algebroid, which
gives rise to all of the fluxes in the Courant bracket algebra.
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Unlike previous approaches where generalized fluxes were
defined using the Courant bracket algebra, in a current paper
we obtain them in the Poisson bracket algebra of the sym-
metry generator.

Firstly, we consider the symmetry generator of local gauge
and global coordinate transformations, defined as a standard
inner product in the generalized tangent bundle of a dou-
ble gauge parameter and a double canonical variable. The
O (D, D) group transforms the double canonical variable
into some other basis, in terms of which the symmetry gen-
erator can be expressed. We demonstrate how the Poisson
bracket algebra of this generator can be used to obtain twist
of the Courant bracket by any such transformation. We give a
brief summary of how e? and ¢ produce respectively the B-
twisted and 6-twisted Courant bracket in the Poisson bracket
algebra of generators [8]. ]

Secondly, we consider the matrix ¢? used for twisting the
Courant bracket simultaneously by a 2-form and a bi-vector.
The argument B is defined simply as a sum of the arguments
B and 6. Unlike B or 6, the square of B is not zero. The
full Taylor series gives rise to the hyperbolic functions of the
parameter depending on the contraction of the 2-form with
the bi-vector &, = 2k0"” B,,. We represent the symme-
try generator in the basis obtained acting with the twisting
matrix e? on the double canonical variable. This generator is
manifestly self T-dual and its algebra closes on the Courant
bracket twisted by both B and 6.

Instead of computing the B — 6 twisted Courant bracket
directly, we introduce the change of basis in which we define
some auxiliary generators, in order to simplify the calcula-
tions. This change of basis is also realized by the action of
an element of the O (D, D) group. The structure constants
appearing in the Poisson bracket algebra have exactly the
same form as the generalized fluxes obtained in other papers
[16—18]. The expressions for fluxes is given in terms of new
auxiliary fields B and 6, both being the function of o”*.

The algebra of these new auxiliary generators closes on
another bracket, that we call C-twisted Courant bracket. We
obtain its full Poisson bracket representation, and express
it in terms of generalized fluxes. We proceed with rewrit-
ing it in the coordinate free notation, where many terms are
recognized as the well known brackets, such as the Koszul
or Schouten—Nijenhuis bracket, but some new brackets, that
we call star brackets, also appear. These star brackets as a
domain take the direct sum of tangent and cotangent bun-
dle, and as a result give the graph of the bi-vector 6 in the
cotangent bundle, i.e. the sub-bundle for which the vector
and 1-form components are related as £ = k6 1,. We
show that they can be defined in terms of the projections on
isotropic subspaces acting on different twists of the Courant
bracket.
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Lastly, we return to the previous basis and obtain the full
expression for the Courant bracket twisted by both B and 6.
It has a similar form as C-twisted Courant bracket, but in this
case the other brackets contained within it are also twisted.
The Courant bracket twisted by both B and 6 and the one
twisted by C are directly related by a O(D, D) transforma-
tion represented with the block diagonal matrix.

2 The bosonic string essentials

The canonical Hamiltonian for closed bosonic string, moving
in the D-dimensional space-time with background charac-
terized by the metric field G, and the antisymmetric Kalb—
Ramond field By, is given by [19,20]

1
He = —m, (G}
¢ ZKTFM(

—2x"" B, (G,

YW, + %x’“Gﬁvx’”
2.1)

where 7, are canonical momenta conjugate to coordinates
x*, and

GE =Gy —4BG™'B),,

v

2.2)

is the effective metric. The Hamiltonian can be rewritten in
the matrix notation

1
He = - (XY Hyn x¥, 23)
2k
where XM is a double canonical variable given by
7z
xM = (” ) , 2.4)
Tu
and Hyy is the so called generalized metric, given by
Gh, —2B,,(G~Hrv
H 1o 2.
= <2<G Warg,, Gy ) 2

with M, N € {0, 1}. In the context of generalized geometry
[21], the double canonical variable X" represents the gen-
eralized vector. The generalized vectors are 2D structures
that combine both vector and 1-form components in a single
entity.

The standard T-duality [22,23] laws for background fields
have been obtained by Buscher [24]

G = (G, *BMY = 39“”, 2.6)
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where (Ggl)/“’ is the inverse of the effective metric (2.2),
and OV is the non-commutativity parameter, given by

2
01’ = — (G5 )" Bpe (G™H7. 2.7)

K
The T-duality can be realized without changing the phase
space, which is called the self T-duality [13]. It has the
same transformation rules for the background fields like T-
duality (2.6), with additionally interchanging the coordinate
o-derivatives kx"* with canonical momenta
kx™ =, (2.8)
Since momenta and winding numbers correspond to o inte-
gral of respectively 7, and kx"*, we see that the self T-
duality, just like the standard T-duality, swaps momenta and
winding numbers.

2.1 Symmetry generator

We consider the symmetry generator that at the same time
governs the general coordinate transformations, parametrized
by £/, and the local gauge transformations, parametrized by
Ay- The generator is given by [25]

21 2
G(E. 1) = f doG(&. 1) = f do &, + dex™].
0 0
2.9)

It has been shown that the general coordinate transformations
and the local gauge transformations are related by self T-
duality [25], meaning that this generator is self T-dual. If one
makes the following change of parameters A,, — A, + 9,9,
the generator (2.9) does not change

27
G(E, A+ 3p) = G(E, 1) +K/ ¢do = G(€, 1), (2.10)
0

since the total derivative integral vanishes for the closed
string. Therefore, the symmetry is reducible.

Let us introduce the double gauge parameter AM | as the
generalized vector, given by

m_ (&
w=(3):

where £/ represent the vector components, and A, represent
the 1-form components. The space of generalized vectors is
endowed with the natural inner product

@2.11)

(A1, A2y = (ADMpun ALY & (51, 1), (B2, 12))

= ig o +igh = & Aoy + 8 Ay, (2.12)

where i¢ is the interior product along the vector field &, and
nmny is O(D, D) metric, given by

01
NMN = <1 O)' (2.13)
Now it is possible to rewrite the generator (2.9) as
G(A) = /da(A, X). (2.14)

In [8], the Poisson bracket algebra of generator (2.9) was
obtained in the form

[can, 6o} =—6(1a1, Azle), 2.15)

where the standard Poisson bracket relations between coor-
dinates and canonical momenta were assumed
{x*(0), my(6)} = 81 8(0 — 7). (2.16)

The bracket [A1, Az]c is the Courant bracket [1], defined by

(A Azle = A & [, 4D, (52, 22)]c = (5, 2),  (2.17)

where

B =008 — 5 g,

and

Do = EV (o — Buhan) — EY (ki — Buhiy)
+%aﬂ(glxz — &A1) (2.18)

It is the generalization of the Lie bracket on spaces of gener-
alized vectors.

3 O(D, D) group

Consider the orthogonal transformation O, i.e. the transfor-
mation that preserves the inner product (2.12)

(OA1, OA2) = (A1, A2) & (OADT n(OA2) = AT 1 As,
(3.19)

which is satisfied for the condition

o no=n. (3.20)

@ Springer
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There is a solution for the above equation in the form O = e,
see Sec. 2.1 of [21], where

A 0
=)

with6 : T"M — TM and B : TM — T*M being anti-
symmetric, and A : TM — T M being the endomorphism.
In general case, B and 6 can be independent for O to satisfy
condition (3.20).

Consider now the action of some element of O(D, D) on
the double coordinate X (2.4) and the double gauge parameter
A (2.11)

(3.21)

XM =M xN AM = oM AN, (3.22)

and note that the relation (2.15) can be written as

[ dofiar 0. a2 30) = = [ dotinr, aste. x),
(3.23)

and using (3.19) and (3.22) as

/do{uh,fm (ha X)) = —/da<[A1,A21c,X>

—/dd([j\l, Adley, X),
(3.24)

where we expressed the right hand side in terms of some new
bracket [A1, Az]c,. Moreover, using (3.19) and (3.22), the
right hand side of (3.23) can be written as

(A1, Adde, X) = ([O7'Ay, 071 As)e, O71X)

= (O[07'A1, 07 Az)e, X). (3.25)

Using (3.24) and (3.25), one obtains

[A1, Azle, =O[O07 AL, O Asle=eT[e"T Ay, e T Adle.

(3.26)

This is a definition of a 7 -twisted Courant bracket. Through-
out this paper, we use the notation where [, ]¢ is the Courant
bracket, while when C has an additional index, it represents
the twist of the Courant bracket by the indexed field, e.g.
[, I¢, is the Courant bracket twisted by B.

In a special case, when A = 0, 6 = 0, the bracket (3.26)
becomes the Courant bracket twisted by a 2-form B [9]

[A1, Adle, = ePle B AL, e B Asle, (3.27)
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where e? is the twisting matrix, given by

- Y0\« 0 0
B _ v M _
¢ _<23,w 5;)’ BN‘(sz 0)'

This bracket has been obtained in the algebra of generalized
currents [11,13].

In case of A = 0, B = 0, the bracket (3.26) becomes the
Courant bracket twisted by a bi-vector 0

(3.28)

[A1 Adle, = e At e Adle (3.29)
where ¢? is the twisting matrix, given by

5 8t ko A 0 xOH*Y

0 _ [Ov M _
e_<0 6;)’9N_(0 0). (3.30)

The B-twisted Courant bracket (3.27) and 6-twisted Courant
bracket (3.29) are related by self T-duality [13]. It is easy to
demonstrate that both ® and e’ satisfy the condition (3.20).

We can now deduce a simple algorithm for finding the
Courant bracket twisted by an arbitrary O (D, D) transfor-
mation. One rewrites the double symmetry generator G (€, A)
in the basis obtained by the action of the matrix e’ on the
double coordinate (2.4). Then, the Poisson bracket algebra
between these generators gives rise to the appropriate twist
of the Courant bracket. In this paper, we apply this algorithm
to obtain the Courant bracket twisted by both B and 6.

4 Twisting matrix

The transformations e? and ¢? do not commute. That is why
we define the transformations that simultaneously twists the

Courant bracket by B and 9 as eB where

o AA 0 ko™
B_B+9—<ZBMV 0 )

The Courant bracket twisted at the same time both by a 2-
form B and by a bi-vector 6 is given by

“.n

[A1, Adley, = ePle B A1, e B Aslc. 4.2)

The full expression for e? can be obtained from the well
known Taylor series expansion of exponential function

B =32 (4.3)
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The square of the matrix Bis easily obtained

o (kOB 0
B _2< 0 K(BG)M” , 4.4)
as well as its cube
y 0 K20 BOY

3 _
B =2 <2K(BQB)W 0 . 4.5)
The higher degree of B are given by
5 @)’ 0 )
B = : 4.6

< 0 ((OtT)”); (4.6)

for even degrees, and for odd degrees by
- 0 Kk (a"O)*rY

2n+1 __
B = <2(Ba"),w 0 ) , ()
where we have marked
all =2k0"°B,,. 4.8)

Substituting (4.6) and (4.7) into (4.3), we obtain the twisting
matrix
n /"l’ n l’(/
. (Tosm),  «(Zowim) o
e = P Tyn\ VY
n ( )
(S wim), (20 &),

(4.9)

Taking into the account the Taylor’s expansion of hyperbolic
functions

00 2k 00 x 2k+1
cosh(x) = o sinh(x) = Tt (4.10)
n=0 n=0

the twisting matrix (4.9) can be rewritten as

. Clt ICS” QPrv
B — v 4 , 4.11
¢ <2BW,S"V (CT);> @10

. n I
with S, = (%) and C, = (cosh ﬁ) . Its deter-
v v

minant is given by

det(e?) = "B =1, (4.12)
and the straightforward calculations show that its inverse is
given by

e—é — < ch _KS%QPV>

2B, (€ (4.13)

One easily obtains the relation

@7 nef =, (4.14)
therefore the transformation (4.11) is indeed an element of
O(D, D).

It is worth pointing out characteristics of the matrix o).
It is easy to show that /,6”" = 6 (a”) )} and B, =
() ,f B, which is further generalized to

(f@)6” = 6" (f@'),), Bup(f(@)",

= (f@"),/ Bp, (4.15)

for any analytical function f («). Moreover, the well known
hyperbolic identity cosh(x)? — sinh(x)?> = 1 can also be
expressed in terms of newly defined tensors

CHE — (S, = 8. (4.16)
Lastly, the self T-duality relates the matrix « to its transpose
a = o, due to (2.6). Consequently, we write the following
self T-duality relations

cxzcl, s=st. (4.17)

5 Symmetry generator in an appropriate basis

The direct computation of the b}racket (4.2) would be difficult,
given the form of the matrix eB . Therefore, we use the indi-
rect computation of the bracket, by computing the Poisson
bracket algebra of the symmetry generator (2.9), rewritten in
the appropriate basis. As elaborated at the end of the Chapter
3, this basis is obtained by the action of the matrix (4.11) on
the double coordinate (2.4)

. ” Az

XM = (5™ xN = <]f ) (5.18)
"

where

k* = kCH X" + k(SO

lw =2(BS)x™ + (") /7y, (5.19)

are new currents. Applying (2.6), (2.8) and (4.17) to currents
k" and i, we obtain [, and k" respectively, meaning that
these currents are directly related by self T-duality. Multi-
plying the Eq. (5.18) with the matrix (4.13), we obtain the
relations inverse to (5.19)

Kkx'* = C‘f)l;v — k(SOH*T,,

T = —2(BS)wk” + (C") 1, (5.20)

@ Springer
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Applying the transformation (4.11) to a double gauge param-
eter (2.11), we obtain new gauge parameters

s (EMN _ pom v ChEV +K(SOHA,
A= (i,) =@ AT = (2(38%5” + (cmm)'
(5.21)

The symmetry generator (2.9) rewritten in anew basis G (C&+
kSO, 2(BS)E +CT 1) = G(E, M) is given by

Substituting (5.18) and (5.21) into (5.22), the symmetry gen-
erator in the initial canonical basis (2.9) is obtained. Due
to mutual self T-duality between basis currents (5.19), this
generator is invariant upon self T-duality.

Rewriting the Eq. (2.15) in terms of new gauge parameters
(5.21) in the basis of auxiliary currents (5.19), the Courant
bracket twisted by both a 2-form B, and by a bi-vector 6"
is obtained in the new generator (5.22) algebra

{6, 6Ao} ==G(1A1, Azley, ) (5.23)

5.1 Auxiliary generator

Let us define a new auxiliary basis, so that both the matri-
ces C and S are absorbed in some new fields, giving rise to
the generator algebra that is much more readable. When the
algebra in this basis is obtained, simple change of variables
back to the initial ones will provide us with the bracket in
need.

Multiplying the second equation of (5.19) with the matrix
C~1, we obtain

L€YY, =+ 2(BSCT 1) x", (5.24)
where we have used (BS)Up(C_l)”M = —(BSC_I)W =
(BSC_I)W), due to tensor BS being antisymmetric, and
properties (4.15). We will mark the result as a new auxil-
iary current, given by

L =7 + 26 Byyx”, (5.25)
where B is an auxiliary B-field, given by
B, = B,,S”.(C™H7. (5.26)

On the other hand, multiplying the first equation of (5.19)
with the matrix C, we obtain

CrE” = (CH" kx4 k(CSO* . (5.27)

@ Springer

Substituting (4.16) in the previous equation, and keeping in
mind that C, S and & commute (4.15), we obtain

CrE" = kcx™ + 1 (CSO)P” (1w, + 26 (BSC™ 1) 6 x7). (5.28)

Using (5.25), the results are marked as a new auxiliary current

B = kex™ 4 k6™, (5.29)
where 6 is given by
o1 = CHSh oY, (5.30)

There is no explicit dependence on either C nor S in rede-
fined auxiliary currents, rather only on canonical variables
and new background fields. From (5.29), it is easy to express
the coordinate o -derivative in the basis of new auxiliary cur-
rents
ex = k" — kb, (5.31)

The first equation of (5.19) could have been multiplied
with C, instead of C~!, given that the latter would also pro-
duce a current that would not explicitly depend on C. How-
ever, the expression for coordinate o -derivative «x* would
explicitly depend on C? in that case, while with our choice
of basis it does not (5.31).

Substituting (5.24) and (5.28) in the expression for the
generator (5.22), we obtain

GE L) = /da[iu(c”)“vé” +§“(CT);2U], (5.32)

from which it is easily seen that the generator (5.22) is equal
to an auxiliary generator

G(h) = / do(X.R) & GE ) = / do[f, R + 814,

provided that

. En e v 1 . .
AM = <)°\'M> ’ )‘4;,L = )‘*U(C 1) we Elt = Clt)s ’ (534)

and
o (F
iy )

Once that the algebra of (5.33) is known, the algebra of gen-
erator (5.22) can be easily obtained using (5.34).

(5.35)



Eur. Phys. J. C (2021) 81:685

Page 70f 15 685

The change of basis to the one suitable for the auxiliary
generator (5.33) corresponds to the transformation

©" 0 . oy e .
A%:( Y (AM =AM AN XM =AM XN,

0 (€ H,
(5.36)

that can be rewritten as
XM = (ABHYM XV AM = (AeB)M AN, (5.37)

where (5.18) and (5.21) were used. It is easy to show that
the transformation AAI’IV, and consequentially (AeB )M , 18 the
element of O(D, D) group

ATy A =1, (Ae)T 3 (AeB) =, (5.38)
which means that there is C, for which [21]
€ = AP, (5.39)

The generator (5.33) gives rise to algebra that closes on C-
twisted Courant bracket

{6hn. 6An} =—6(1hr Aale, ), (5:40)
where the C-twisted Courant bracket is defined by
(A1, Asle, = eCle €Ay, e € Asle. (5.41)

C

In the next chapter, we will obtain this bracket by direct com-
putation of the generators Poisson bracket algebra.

Lastly, let us briefly comment on reducibility conditions
for the C-twisted Courant bracket. Since we are working
with the closed strings, the total derivatives vanishes when
integrated out over the worldsheet. Using (5.31), we obtain

/dma/:/dcr/(x/ﬂawp:/dcr(lzﬂau(p —I—Kfué‘“’av(p) =0,
(5.42)

for any parameter A. Hence, the generator (5.33) remains
invariant under the following change of parameters

EM s BN L1M7 8,0, Ay — Ay 40 (5.43)

These are reducibility conditions (2.10) in the basis spanned
by k* and i,.

6 Courant bracket twisted by ¢ from the generator
algebra

In order to obtain the Poisson bracket algebra for the genera-
tor (5.33), let us firstly calculate the algebra of basis vectors,
using the standard Poisson bracket relations (2.16). The aux-
iliary currents {,, algebra is

{i0(0). 1,(3)} = 2B pkP8(c — &) — F .y 1,8(0 — &),

6.1)
where B?Wp is the generalized H-flux, given by
Buvp = 3uBup + 8B,y + 8, B, (6.2)
and F, [ZU is the generalized f-flux, given by
Fh = —2kBye b 6.3)

The algebra of currents e is given by

(k" (0), k" (3)} ==Kk Q[ Vk 8 (0 — 5)—k*RIP1,8(0 — &),

6.4)
where
O = 0 + 2l Bye, O =,0%  (6.5)
and
RIW = RIVP 4 270007 B
R = 17 5,6"° + 677 950PH + 6P 95017, (6.6)

The terms in (6.4) containing both 6 and B are the conse-
quence of non-commutativity of auxiliary currents I,,. The
remaining algebra of currents k* and i, can be as easily
obtained

{in(0). k" ()} = k8),8' (0 — &)
+F )y kPs(o — ) —k Q" 1,8(0 — ).
6.7)

The basic algebra relations can be summarized in a sin-
gle algebra relation where the structure constants contain all
generalized fluxes

(XM XNy = —FMN XPs(o —5)+xnN§ (0 —5), (6.8)

@ Springer



685 Page 8 of 15

Eur. Phys. J. C (2021) 81:685

with

PMNp _ <K27:3“W’ _KOQ"VMP>
Q" FhH )
FMN | — (" Q" Fup ) . (6.9)
—F . 2Buup
The form of the generalized fluxes is the same as the ones
already obtained using the tetrad formalism [16—18]. In our
approach, the generalized fluxes are obtained in the Pois-
son bracket algebra, only from the fact that the generalized
canonical variable X is transformed with an element of the
O (D, D) group that twists the Courant bracket both by B
and 6 at the same time. Consequentially, the fluxes obtained
in this paper are functions of some new effective fields, éuv
(5.26) and 61 (5.30).
We now proceed to obtain the full bracket. Let us rewrite
the generator (5.33) algebra

[6¢. 100, 6. i@
= [aoas[{E @) B @0
HA @k @), 20 )8 @)

{
+
{

EH @)iu(0). )2 @R @)

+Hin @k ). @)@ (6.10)
The first term of (6.10) is obtained, using (6.1)
[ dods g @@ B
= [ aofu(Gad - &rag - 2y &)
~2B, R VL | ©6.11)

The second term is obtained, using (6.4)

°

/dad&{xw(a)lé“(a), iz,,((%)é”(&)}
- /da[lé“ (Kéi”ﬂ(izvapim — Favdphan) — kO

vy ) = kPRI i, . (6.12)

The remaining terms are antisymmetric with respect to 1 <>
2, 0 < o interchange. Therefore, it is sufficient to calculate
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only the first term in the last line of (6.10)
/dad5{é{‘(o)zﬂ(a),ih(a)lé”(a)}
- / do [k ( = &io, — £, 852,
+ip, <K (i2vévp)8p§fl - Képvug—fj@y)]
+/dad5xéf(a)izv(5)aga(a —&). (6.13)

In order to transform the anomalous part, we note that

0s8(0 —0) = %858(0 —0)— %858(0 —0), (6.14)

and

f(3)358(c —0) = f(0)3,:8(0 — &)+ f'(0)8(0 —&).
(6.15)

Applying (6.14) and (6.15) to the last row of (6.13), we obtain
/dadaxéf(o)izv(a)aga(a —5)
1 c -
=3 / dokx™ (Sl"BMXZU — BMSI"AQU)

K — (2 o —
+§/dad0(§1 (632 (0)058(0 — &)
~£/(6)42)56(0 — 5))

1 o e -
_ E/do[k“(él"aukz,, _ augfxzv)
ik He (éfapigv - apéfXZV)], (6.16)

where (5.31) was used, as well as antisymmetry of 6. Sub-
stituting (6.16) to (6.13), we obtain

/ dodi (£ ©)i,(0), f2 GF )]
= v/dﬁ[lzu(éi)(auin _av)o\ZM)
i — £ 5
7 0uErha) = Fyp §1 A2y
T PAUNPR B
-HM(K()QVQ )0, + Kcf (gl 9piay — Eap(glxz))
—/cép”"é{’izv)].

Substituting (6.11), (6.12) and (6.17) into (6.10), we write
the full algebra of generator in the form

(6.17)

{6, 6ho)
(6.18)
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where

B =E0E) —E)0.E
x (ko — 80,k — 59,k - B10)
+10" (o1 8,EY — G2y d,El")
R hvap + Py 6787
QP (EL Koy — £ ),

— ke

(6.19)
and
how = E @vhay — uhan) — 8 @uhiy — duki)
+%3u(§15»2 — &)
+16" (e1vBphop — havdphiy)
+2B,,EVE) + KQo,f")a»lu)o»zp +F
x (B0 oy — E501,). (6.20)

It is possible to rewrite the previous two equations, if we
note the relations between the generalized fluxes

R = RIP 4 Guogur e QY = QU 46 F .
(6.21)

Now we have
2 = él‘)avé; - ézvavg]u
+K9°,up (51‘)(3115‘2,0 - ap)o\Zu) - é;(avilp - 8,05\11))
1 o o o o
50,1k b))
€0, (Dau0") — ke (Ron0"P) 38" — k€D, (R1,0"H)
i (R10,0"P) 3,65 + K2Ry,
+ﬁp‘é éioég + Ké”’gjz—g‘:) (élp)o‘Zv - éfilv)

+1 291GV L Ryhap, (6.22)
and
M = E (Buhay — Bpdan) — EY (v — uk1n)

1 .. ..

+§3u($1)»2 — &A1)

+Kél)p(5hlvap5¥2u - inap)o\lu) + KQQ/:pilvjﬁp

+2é/wp§f§2p + ]i—;)jy

x (7 Ay — E510) + k0" F L Rivhap, (6.23)

where the partial integration was used in the equation (6.22).
The relation (6.18) defines the C-twisted Courant bracket

[A1, Adle, = A &[G, A, G h)le, = €.3), (6.24)

that gives the same bracket as (5.41). Both (6.19)-(6.20)
and (6.22)—(6.23) are the products of C-twisted Courant
bracket. The former shows explicitly how the gauge parame-
ters depend on the generalized fluxes. In the latter, similarities
between the expressions for two parameters is easier to see.

6.1 Special cases and relations to other brackets

Even though the non-commutativity parameter 6 and the
Kalb Ramond field B are not mutually independent, while
obtaining the bracket (6.24) the relation between these fields
(2.7) was not used. Therefore, the results stand even if a
bi-vector and a 2-form used for twisting are mutually inde-
pendent. This will turn out to be convenient to analyze the
oori gin of terms appearing in the Courant bracket twisted by
C.

Primarily, consider the case of zero bi-vector 6" = 0
with the 2-form By, arbitrary. Consequently, the parameter
a (4.8) is zero, while the hyperbolic functions C and S are
identity matrices. Therefore, the auxiliary fields (5.26) and
(5.30) simplify in a following way

o*Y — 0, (6.25)

and the twisting matrix e (4.11) becomes the matrix e
(3.28). The expressions (6.19) and (6.20) respectively reduce
to

EM = EVD,E) — £)9,E", (6.26)
and
iu = é_lu(avjﬂu - 8#5\21)) - é;(avilu - 8uilv)
1 o o o o oo
+ zau(fl?\z — &A1) + 2Bkl €Y (6.27)

where B, is the Kalb-Ramond field strength, given by

By = 0y Bup + 0y By + 0By (6.28)
The equations (6.26) and (6.27) define exactly the B-twisted
Courant bracket (3.27) [9].

Secondarily, consider the case of zero 2-form By, = 0
and the bi-vector 6V arbitrary. Similarly, « = 0 and C and
& are identity matrices. The auxiliary fields B, and 61 are
given by
By — 0 01 — o1, (6.29)
The twisting matrix ¢B becomes the matrix of -transformations
¢? (3.30). The gauge parameters (6.19) and (6.20) are respec-
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tively given by
Er = E10,E) — E)a &'
+ KOHP (é]v(aviz,o - apXZV) - ézu(av)o\lp - 8;75\1\;)
1 o o o o
+ 500k —Bad))
+ k&) 8, (RapBP™) — K€Y 3, (R1,67")
+ 1 (K100 EY — K (32,0"7)0,E]"

+ K2 RMP Ry, (6.30)

and
)o‘-p. = é]u(avj)\Z/L - auj"-Zu) - gzv(av)o\ly, - auilu)
1 o o o o
+ Eau(fllz — &A1)

+ Kewo()o\-]vapilu - 5\21)8;)5\1;1) + Kilp)onQlfva
(6.31)

where by Q,,” and R*"? we have marked the non-geometric
fluxes, given by

Q;ﬂ — aMQVﬂ’ RMVP — 9#‘7869”/’_}_6”0309»0#_’_0,00309!“).
(6.32)

The bracket defined by these relations is 6-twisted Courant
bracket (3.29) [8] and it features the non-geometric fluxes
only.

Let us comment on terms in the obtained expressions for
gauge parameters (6.22) and (6.23). The first line of (6.22)
appears in the Courant bracket and in all brackets that can be
obtained from its twisting by either a 2-form or a bi-vector.
The next two lines correspond to the terms appearing in the
O-twisted Courant bracket (6.30). The other terms do not
appear in either B- or 6-twisted Courant bracket.

Similarly, the first line of (6.20) appears in the Courant
bracket (2.18) and in all other brackets obtained from its
twisting, while the terms in the second line appear exclusively
in the 6 twisted Courant bracket (6.27). The first term in the
lastline appear in the B-twisted Courant bracket (6.31), while
the rest are some new terms. We see that all the terms that do
not appear in neither of two brackets are the terms containing
F flux.

6.2 Coordinate free notation

In order to obtain the formulation of the C-twisted Courant
bracket in the coordinate free notation, independent of the
local coordinate system that is used on the manifold, let us
firstly provide definitions for a couple of well know brackets
and derivatives.

@ Springer

The Lie derivative along the vector field £ is given by

’Cé = iéd + dié, (6.33)

with i; being the interior product along the vector field £ and
d being the exterior derivative. Using the Lie derivative one
easily defines the Lie bracket

(&1, 6] = L’gléz - £§2§]~

The generalization of the Lie bracket on a space of 1-forms
is a well known Koszul bracket [26]

(6.34)

(A1, Aale = Lys, 2o — Lys, 01 +d(0Cur, 32)). (6.35)

The expressions (6.19) and (6.20) in the coordinate free
notation are given by

£ =&, &1 — [&, k01 + [£1, Aokb]L
o 0 1 L o
—(ﬁél)\z — 552)»1 — Ed(lé_l)»z — zéle))xe
+’¢°.(€:17 éQA ) - Kéﬁ()o\'lv . éz) +K9°ﬁ()c"27 ) él)

+RG, A2, ), (6.36)

and
o o o 1 Lo o o
A= ,Cél)»z — ,ng)ul — Ed(lgl)nz — lé'z)“l) — [A1, Xz]Ké

+HE L E, ) — FOa, . &)+ FOa, ., &)

+k0F (1, ko, ), (6.37)
where
H = 2dB. (6.38)

We have marked the geometric H flux as H, so that it is
distinguished from the 2-form B. In the local basis, the full
term containing H -flux is given by

b | =28, 8. (6.39)
Similarly are defined the terms containing F flux

Fénb | =20 88, (6.40)
and the non-geometric R flux

R0, fa, .)(“ = RIS 1,50, (6.41)
as well as

6FCa. 52)‘“ = BV F ) R E (6.42)
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It is possible to rewrite the coordinate free notation in
terms of the H-flux and 6 bi-vector only. The geometric F
flux is just the contraction of the H-flux with a bi-vector

F=«bH. (6.43)
The non-geometric R flux can be rewritten as

A 3 s
R = 5[9, Ols + AN (k0)H, (6.44)

where A is the wedge product, and by [6, 615 we have marked
the Schouten—Nijenhuis bracket [27], given by

o o nvp ° ° o
0,615 = eg/;ﬁe““a(,eﬂy = 2RMP, (6.45)
where
8y 8% 8
€hgy = | 8 8y | (6.46)
8 8 8y

Expressing both F and R fluxes in terms of the bi-vector 6
and 3-form H , we obtain

£ =[£, &1L — (&, MkO1L + [E1, Aokb]y
o o 1 L o
_<‘C§| Ay — ‘Cézkl — Ed(lgl Ay — léz)\l))lce
K2 o o ° °
+KOH (. €1, &) — AP kOH (L, ., &)
+ A2 kBH G, . E1) + AkBHG, X2, ), (6.47)
and
A= ﬁél)nz — ,Céz)nl — zd(lélkz — léz)nl) — [Aq, }“2];(90
+HE &, ) —kOH(, . &)
+.kBHG, . E) + N2 kOH (K1, Ao, ). (6.48)

The term K@oﬁ(., él,éz) is the wedge product of a bi-
vector with a 3-form, contracted with two vectors, given by

o o °o o 23 o o oo
(0181 8))" = 26" Bpo kS (6.49)

and k6 H ()Oq . é‘z) is similarly defined, with the 1-form con-
tracted instead of one vector field

(€0 Gr. &) =26 Byohn S (6.50)
nw

The terms like A2k H (5»1, . 52) are the wedge product of
two bi-vectors with a 3-form, contracted with the 1-form A

and the vector éz
(A2kbHG, . 8)" =220"6" Bypinnd],  (6.51)
and similarly when contraction is done with two forms

= 2268 B i,
"

( A2 BE G, b, .)) (6.52)
Lastly, the term N3O H ()oq, 512, .) is obtained by taking a
wedge product of three bi-vectors with a 3-form and than
contracting it with two 1-forms. It is given by

3 o o o ° " 32 ° L ° °
</\ KGH Gy, o, .)) = 230" 0PI By o v,
(6.53)

7 Star brackets

The expressions for gauge parameters (6.36) and (6.37) pro-
duce some well known bracket, such as Lie bracket and
Koszul bracket. The remaining terms can be combined so that
they are expressed by some new brackets, acting on pairs of
generalized vectors. It turns out that these brackets produce a
generalized vector, where the vector part £ and the 1-form
part iu are related by EN = kM, effectively resulting
in the graphs in the generalized cotangent bundle 7*M of
the bi-vector é, i.e. £ = k6(., 1). The star brackets can be
interpreted in terms of projections on isotropic subspaces.

7.1 O-star bracket

Let us firstly consider the second line of (6.22) and the first
line of (6.23). When combined, they define a bracket acting
on a pair of generalized vectors

[Ar, Aoly = A" &[G A, B, )] = G A9, (7))

where

éff = Ké#p (é;)(avilo - 3,05\21;) - é;(avilp - 8,05\11))

1. oo -
+ Eap(E])LZ - Ez)»l)), (7.2)
and
5‘; = élu(avilu - auj)LZv) - ézlj(avil,u - aﬂj‘-l\))
1 o o o o

+§3M($1K2 — &A1), (7.3)
from which one easily reads the relation
§l =11l (7.4)
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In a coordinate free notation, this bracket can be written as

(A1, Aaly = 11, A, (2, A2)T
= (K@o (., ﬁéliz — Eézj‘l)’ [:él)o»z — ‘Cézil)‘
(7.5)

7.2 B6-star bracket

The remaining terms contain geometric H and F fluxes. Note
that they are the only terms that depend on the new effective
Kalb—Ramond field B. Firstly, we mark the last line of (6.23)
as

Kt = 2B Bl EL+E Y (é;’izu—ég}’\w)JrKé”"ﬁ‘Mf; Jivizp.

(7.6)

Secondly, using the definition of F (6.3) and the fact that 6
is antisymmetric, the last line of (6.22) can be rewritten as
é;f = ZKélwévpoéfég + Kéﬂdj—g];) (éio)on - ééoilv)
+K29°,uvéraj}vg 5\‘1'[5\‘2/)
= kb5, (1.7)

Now relations (7.6) and (7.7) define the B6-star bracket
by

[A1, Aol = A & 1 ), B2, ATy = G A9,

(7.8)
We can write the full bracket (6.24) as
[G1, A1), 2, A)le,
= ([517 E2]1 — [&2, AikB]L + [E1, Kakb]L
K2 o o o ° ° °
+ 10, 015G Ao )~ Aol )
+1Er A, G ATy, + 1 A, G AT (79)

7.3 Isotropic subspaces

In order to give an interpretation to newly obtained starred
brackets, it is convenient to consider isotropic subspaces. A
subspace L is isotropic if the inner product (2.12) of any two
generalized vectors from that sub-bundle is zero

(A1, A2) =0, A, ArelL. (7.10)
From (2.12), one easily finds that
EN =k 0"y, (i=1,2) 0" =—0"", (7.11)
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for any bi-vector 6, and

Mip =2BuE!". (i=1,2) By, = —By,, (7.12)
for any 2-form B satisfy the condition (7.10).

Furthermore, it is straightforward to introduce projections
on these isotropic subspaces by

Z0AMY = T (M hp) = (K 6™ 0, M), (7.13)
and
Ip(AM) = Tp(E", hy) = (6", 2B,0E"). (7.14)

Now it is easy to give an interpretation to star brackets. The
f-star bracket (7.1) can be defined as the projection of the
Courant bracket (3.29) on the isotropic subspace (7.13)

(A1 Aaly =77 (11, Azle). (7.15)

Similarly, note that all the terms in (6.37) that do not appear
in the 6-twisted Courant bracket, contribute exactly to the
B6-star bracket. From that, it is easy to obtain the definition
of the B6-star bracket (7.8)

(A Aoy, =7 (141, Asle, ) = 7 (1A1, Aslg, ). (7.16)

8 Courant bracket twisted by B and 0

Now it is possible to write down the expression for the
Courant bracket twisted by B and 6 (4.2), using the expres-
sion for C-twisted Courant bracket

[A1, Azley, = A7 [AAL, AR, @.1)

where A is defined in (5.36). Substituting (8.1) into (6.36),
we obtain

E=C7[CE, CEIL
—CYCE, X kCT18]L + CTCE, akCTH]L

~(£eg o™ = Lz, Che™)
1 .
—3dig J2 iéle))/(ec”

K2

+76*1[é’, 61s(C 1 xC )
+xC7Y0H (., C&, C&y)

—C VA2 kOHGCTY, ., CE)
+C VAT KBHGLCTY, L CE)

+C VA bEGGCTY KT ), (8.2)
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and similarly, substituting (8.1) into (6.37), we obtain

y . . 1. . .

K= (Leg, 0aC™) = Loz, CaC™h) = Sdlig A2 — ig An))C
+H(CE, CE, )C
(e R gC = kOH G CT, L CE)C
+k6H(oC7Y, . CENC

+AZkBHOGCTY e e, (8.3)

" o v v
where C* = (cosh ﬁ) and & = (£,%) (5.21). This is
v
somewhat a cumbersome expression, making it difficult to
work with. To simplify it, with the accordance of our con-

vention, we define the twisted Lie bracket by

[€1. &1L = C'[CEL CEL. (8.4)

as well as the twisted Schouten—Nijenhuis bracket

(18.615.)"" = €y ey (1ed.cans) ™
(8.5)

and twisted Koszul bracket

[, Ralee = (€D 7MCT R, C Rz lge (8.6)

where the transpose of the matrix is necessary because the
Koszul bracket acts on 1-forms. Now, the first three terms of
(8.2) can be written as

[£1, &1L — [E2, Mk C 10110 + [E1, XokC 1L, (8.7)
where

YA —1 5pv v

o1’ = (CTHLOP" = SHorY. (8.8)

The second line of (8.2) and the first line of (8.3) originating
from 6 star bracket (7.1) can be easily combined into

[(Célv i'1C71)9 (6527 5\2(371)]2_1@' C. (89)

The terms originating from B6 star bracket (7.8) are com-
bined into

(€1, 7). (B2 A2l oo (8.10)
where
Buwp = Bapy CCACY, = (0,(BSC™ g,

+ 0p(BSC )y + 8, (BSC™ap )C4,CHCY,. B.11)

The expressions for the Courant bracket twisted by both B
and 6 can be written in a form

[E1, A1), (B2, 32)]ey,
= ([51, Exlre — [E2, Ak CT 011, + [£1, Aok C ™01,

K2 v v v v v v
+ 10,015, Chr. ), 1, dalee )
+ [(CE&1, 1Ch, (CE, 2T

c-10
+ [(élsil)a (5275"2]:}‘6_19" (812)
When the Courant bracket is twisted by both B and 6, it
results in a bracket similar to C-twisted Courant bracket,
where Lie brackets, Schouten Nijenhuis bracket and Koszul
bracket are all twisted as well.

9 Conclusion

We examined various twists of the Courant bracket, that
appear in the Poisson bracket algebra of symmetry gener-
ators written in a suitable basis, obtained acting on the dou-
ble canonical variable (2.4) by the appropriate elements of
O (D, D) group. In this paper, we considered the transfor-
mations that twists the Courant bracket simultaneously by
a 2-form B and a bi-vector 6. When these fields are mutu-
ally T-dual, the generator obtained by this transformation is
invariant upon self T-duality.

We obtained the matrix elements of this transformation,
that we denoted e® (4.11), expressed in terms of the hyper-
bolic functions of a parameter o (4.8). In order to avoid
working with such a complicated expression, we considered
another O (D, D) transformation A (5.36) and introduced
a new generator, written in a basis of auxiliary currents 7,
and k*. The Poisson bracket al gebra of a new generator was
obtained and it gave rise to the C-twisted Courant bracket,
which contains all of the fluxes.

The generalized fluxes were obtained using different
methods [10-12,16-18]. In our approach, we started by
an O (D, D) transformation that twists the Courant bracket
simultaneously by a 2-form B and bi-vector 6, making it
manifestly self T-dual. We obtained the expressions for all
fluxes, written in terms of the effective fields

i _p (tanh«/2/<93>p
e Vake )Y
o (sinh2«/2/c9B)# g

-0°".

o = (——m——— 9.1
2+/2k6B e

The fluxes, as a function of these effective fields, appear nat-
urally in the Poisson bracket algebra of such generators.
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Similar bracket was obtained in the algebra of general-
ized currents in [11,12] and is sometimes referred to as the
Roytenberg bracket [10]. In that approach, phase space has
been changed, so that the momentum algebra gives rise to the
H -flux, after which the generalized currents were defined in
terms of the open string fields. The bracket obtained this way
corresponds to the Courant bracket that was firstly twisted
by B field, and then by a bi-vector 8. The matrix of that twist
is given by

R 6B (81’)‘ +afy K@f‘}). ©2)
2By 8y

e =e e =

In our approach, we obtained the transformations that twists
the Courant bracket at the same time by B and 6, resulting in a
C-twisted Courant bracket. As a consequence, the C-twisted
Courantbracket is defined in terms of auxiliary fields B (5.26)
and 6 (5.30), that are themselves function of «. This is not the
case in [11,12]. The Roytenberg bracket calculated therein
can be also obtained following our approach by twisting with
the matrix

5 C? k(CSH)
C _ B __
e =den= (2303 1 )

9.3)
demanding that the background fields are infinitesimal B ~
€, 0 ~ € and keeping the terms up to €. With these con-
ditions, €€ (9.3) becomes exactly e® (9.2), and the bracket
becomes the Roytenberg bracket.

Analyzing the C-twisted Courant bracket, we recognized
that certain terms can be seen as new brackets on the space of
generalized vectors, that we named star brackets. We demon-
strated that they are closely related to projections on isotropic
spaces. Itis well established that the Courant bracket does not
satisfy the Jacobi identity in general case. The sub-bundles
on which the Jacobi identity is satisfied are known as Dirac
structures, which as a necessary condition need to be sub-
sets of isotropic spaces. Therefore, the star brackets might
provide future insights into integrability conditions for the
C-twisted Courant bracket [28].

In the end, we obtained the Courant bracket twisted at the
same time by B and 6 by considering the generator in the
basis spanned by 7 and k, equivalent to undoing A transfor-
mation, used to simplify calculations. With the introduction
of new fields éuv and é’“’, this bracket has a similar form
as C-twisted Courant bracket, whereby the Lie, Schouten—
Nijenhuis and Koszul brackets became their twisted counter-
parts.

It has already been established that B-twisted and 6-
twisted Courant brackets appear in the generator algebra
defined in bases related by self T-duality [13]. When the
Courant bracket is twisted by both B and 6, it is self T-dual,
and as such, represent the self T-dual extension of the Lie
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bracket that includes all fluxes. It has been already shown
[8] how the Hamiltonian can be obtained acting with B-
transformations on diagonal generalized metric. The same

method could be replicated with the twisting matrix e?, that
would give rise to a different Hamiltonian, whose further
analysis can provide interesting insights in the role that the
Courant bracket twisted by both B and 0 plays in understand-
ing T-duality.
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