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Abstract: We introduce a unital associative algebra 8Vir, , having g and k as complex
parameters, generated by the elements K j (£m > 0),T,,, (m € Z),and Gi (m e Z+% in
the Neveu-Schwarz sector, m € Z in the Ramond sector), satisfying relations which are
at most quartic. Calculations of some low-lying Kac determinants are made, providing
us with a conjecture for the factorization property of the Kac determinants. The analysis
of the screening operators gives a supporting evidence for our conjecture. It is shown that
by taking the limit ¢ — 1 of 8Vir, x we recover the ordinary N = 2 superconformal
algebra. We also give a nontrivial Heisenberg representation of the algebra 8Vir ,
making a twist of the U (1) boson in the Wakimoto representation of the quantum affine
algebra Uy (s [2) which naturally follows from the construction of 8Vir, i by gluing the
deformed Y algebras of Gaiotto and Rapcak.
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1 Introduction

The N = 2 superconformal algebra (SCA) is a supersymmetric extension of the Virasoro
algebra with a pair of supercurrents G* (z). We already have a huge list of literature on
various aspects of the N = 2 SCA. In 1980’s the N = 2 SCA was intensively explored,
since a compactification of the type II superstring theory on Calabi-Yau 3-folds was
expected to provide a unified theory of elementary particles including gravity ( [56] and
references therein). The representation theory of the N = 2 SCA provided useful tools in
the algebraic approach to the compactification on Calabi-Yau 3-folds. In mathematical
physics, through the idea of the chiral ring [46] and the topological twist [23], the N = 2
SCA is also closely related to the mirror symmetry of Calabi-Yau 3-folds [62].

On the other hand, there is a quantum deformation of the Virasoro algebra, which is
a unital associative algebra with deformation parameters ¢ and 7. We also have quan-
tum deformations of the W-algebras [6,26,34], as its generalizations with higher spin
currents. In [61] the deformed Virasoro algebra was discovered by looking for an as-
sociative algebra whose singular vectors in the Verma module are related to the Mac-
donald symmetric polynomials with parameters (g, ). In [34] it was constructed as a
Poisson algebra by using the Wakimoto realization of the quantum affine algebra at
the critical level. Physically it controls an off-critical deformation of two dimensional
lattice model. For example the deformed Virasoro algebra appears as a symmetry of
the Andrews-Baxter-Forestor model [47]. It also plays an important role in the investi-
gation of quantum integrable system arising from massive deformations of conformal
field theories. Namely the deformed Virasoro algebra ensures the integrability, or the
existence of infinitely many conserved quantities. From the viewpoint of symmetry, we
can regard it as a kind of elliptic algebras [55], in the sense that the ratio of the structure
functions of the algebra is an elliptic function. One can also see that the screening cur-
rents satisfy an elliptic analogue of the Drinfeld relations for the quantum affine algebras
[26]. Later these deformed algebras appeared in the proposal of a five dimensional uplift
of AGT correspondence [7]. The relation to the quantum toroidal algebra of type gl;
(Ding-Iohara-Miki algebra) was also clarified [29].

It is natural to combine these two generalizations of the Virasoro algebra, namely to
try to find a quantum deformation of the N' = 2 SCA. Surprisingly enough, up to now
there are no literatures on such an algebra as far as we know. In this paper we propose a
quantum deformation of the N = 2 SCA, which we denote §Vir, i for short, as a unital
associative algebra with two parameters g and k, where the second parameter k comes
from the level of the quantum affine algebra U, (s1>). In this paper, we assume that ¢ and
k are generic. The level is not critical k # —2 and ¢ is not a root of unity. We would like
to emphasize that the defining relations of §Vir, i are at most quartic in the generators,
which has not been appreciated for a long time. We also show that the limit ¢ — 1 of

8Viry x correctly reproduces the original N = 2 SCA with the central charge ¢ = %

We denote by ZR := 7Z the set of integers, and by ZNS := 7 + % the set of half-
integers {n + %|n € Z}, where R and NS stand for the Ramond and the Neveu-Schwarz

sector, respectively. Let ¢ and k be generic complex numbers satisfying the conditions
lgl < 1 and |g¥| < 1. We use the standard notation [u] for the g-number [u] =

@ —q/(q—q".
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1.1 Definition of the algebra 8Vir,

Definition 1.1. The quantum deformation of the N = 2 superconformal algebra, which
we call 8Vir, , in the Neveu-Schwarz (NS) sector (or in the Ramond (R) sector) is
defined to be the unital associative algebra generated by the elements

KX (xmeZsp), T, (mel,

1
G,j; (meZ+ 5 for NS sector, m € Z forR sector),

satisfying the set of relations (1.1)-(1.11) below for the sector A (=NS or R):

K5 =K, , and KjE are invertible, (1.1)
KEKE =KEKZ, (1.2)
K[k +2][2¢
K ;K'=K'K —qghH? Z[ ][ ][ | Ko (1.3)
_ [k +2][(k + 3)€] _

1
KTy =TK, +@—q ") ZWTHKW (1.4)
_ [k + 2][(k + 3)€]
TuKy =K Tu+(q—q") Z K Tose, (1.5)
[k + 3]
—m
K, Gy =q""PGrK, +(q—q Hik+21Y_ PG Kk, ., (1.6)
(=1
Gf,jK; = q¥(k+2)K+Gi:F(q g I k+2]2q¢2(k+2)el(+ ZGm+Z’ 1.7)
=1
GEGE+GiGE =0, (1.8)
1 1
+ = -t 2k+2)(m—n) — +
GmGn + Gﬂ Gm - (q — q_1)2 <[k " l]q m—n Q;OSWHHHX—/&OK—QKﬁ
—qEPS, 0+ q("“)(’"‘”)Tm+n), (1.9)

1. [k +2]
Ty = Tu Gy = (g =4 D @™ "™ ) KouGrpa Ko (1110)
«o,f>0

[k + 27>

TTy — TpTw = (¢ — g~ )? T

[(m —m)k+ D] Y K Wnsnsa—pKf.
o,f>0

(1.11)

In the last relation (1.11), we have used the shorthand notation
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1
Wi =Y @k +2)8mspu—v0——K_, K = cplk+2) 80

Pty [k + 1]
emk+ )Ty — (g —q~ > Y ° G_VG,W, (1.12)
yeZA
where we have the numerical coefficients
1 u —u
NS m (Ol . eVen), R []_]% (a : even)’
Co () = 1 qu +q—u Cy (n) = I/ll
————— (a:o0dd), — (a : odd),
(w] 2 [u]
(1.13)
and the symbolooofor the normal ordered product
]G;G; (m < n),
GG, = 3 (G}G,, — G,,G}) (m=n), (1.14)
-G, G (m > n).

Remark 1.2. The algebra §Vir, ; has the following involutive symmetry.

q—=q7", k—k KXo KI GEoGL Ty T, (115

1.2 Generating functions

Definition 1.3. Introduce the generating functions K *(z), T'(z) and G*(z) for the gen-
erators K, T,, and G as

Kf@) = Y Kiz". T@=)» Tuz", (1.16)
+m>0 meZ

G*@)= ) Gz ™ (1.17)
meZA

in the sector A (= NS or R). Set for simplicity that
K() =K (9)K*(2). (1.18)

Remark 1.4. 1t should be emphasized that our convention of the mode expansion of
G*(z) is different from the standard two dimensional superconformal field theory. We
expand G (z) in the integral powers of z in the R sector and in the half-integral powers
of z in the NS sector.

We also introduce the generating function W (z) for the modes W,, in (1.12) as
W) =) Wnz ™
meZ

= T 1 1]KA(Z) — c(’)*(k+2) + TA(Z) —(q— q_l)fGJr(Z)G_(z):, (1.19)
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where

KA = bk + 2)% (K(z) + K(—z)) + A2k + 2)% (K(z) - K(—z)),

TAQ) = ek + 1)%(T(z) + T(—z)) + Ak + l)%(T(z) - T(—z)).

In Section 2 we will provide the defining relations of 8Vir, x interms of the generating
functions.

Remark 1.5. In terms of the generating functions the involutive symmetry (1.2) is

q—q ", k—k K@ - K2, G2 - GT), Tk - T@.

1.3 Heisenberg subalgebra Recall that the generators KSE (satisfying the condition
K3 = K ) are invertible.

Proposition 1.6. Defining KSE = g™, we have

g KF (g = k* (), ¢™T@q " =T (@),
qH()G:t(Z)q—H() — qzl:(k+2)G:l:(Z)7

namely
[Ho, KT¥(2)1=0, [Ho,T()]1=0, [Hy,Gt)]=k+2)GT(). (1.20)

Proof. These relations follow from (1.2)-(1.7). |

Definition 1.7. Define the elements H,, (m # 0) by

exp ((q -4 H Y Himﬁ'"> = (K 'KF @) =1+ ) (KT KL, 77"

m>0 m>0
(1.21)
Proposition 1.8. We have the Heisenberg commutation relations
[(k +2)ym][km]
[Hmv Hn] = Tam-m’o. (122)

Proof. This follows from (1.3). m|



150 Page 6 of 80 H. Awata, K. Harada, H. Kanno, J. Shiraishi

1.4 Scope of the present article We have introduced the algebra 8Vir, ; presented by
the generators and relations (Definition 1.1, Proposition 2.2), having the Heisenberg
subalgebra (Proposition 1.8) and the involutive symmetry (Remark 1.2). Some explana-
tions are in order concerning the authors’ motivation for considering this quartic algebra
8Viry x, and what are planned to be investigated in the present article.

It is known that the N = 2 superconformal (or super Virasoro) algebra can be
realized by twisting the Wakimoto representation of the affine Lie algebra sl,, while
the Zj parafermion structure kept intact. More explicitly, in terms of the parafermion
currents l/fi(z) defined by [24,25,63];

YE() = (,/'%Zaqbl(z) ii\/ga@(z)) iR, (1.23)

the affine Lie algebra ;[z with level k is realized as

P = pE eV O ) = \/§3¢0(Z)- (1.24)

Here ¢;(z)¢j(w) ~ &; jlog(z — w) are free bosons. The parafermion currents are
characterized as the kernel of the two fermionic screening charges;

k+2 ; |k
5t = ?gdz SH. S = o B0 00 (1.25)

On the other hand the supercurrents G=(z) of the N = 2 superconformal algebra are
realized as

G*(z) = I/fi(z)ei@ %@ (1.26)

and the remaining currents K (z) and T'(z) are generated by the fusion (OPE) of G*(z).
Thus, we see that the currents J ¥ (z) and G*(z) share the common parafermion currents
¥+ (z) and their difference is the unit length of 7Z lattice (or “‘compactification radius”) of
the U (1) boson ¢ (z) in the vertex operator. This change also implies that the conformal
weight of G*(2) is %, while J*(z) are spin 1 currents.

Then naturally the present authors have lead to guess what should be a reasonable
g-analogue of the N' = 2 superconformal algebra, playing similar with the Wakimoto
representation of the quantum affine algebra U, (sl2). Note that, a priori, this kind of
guess work could be problematic. Even if it has a good meaning, it may not have a unique
solution, because a different choice of generators leads to a different set of relations.
After some experience, fortunately, the authors found the algebra SVir, x, among many
other equivalent but somewhat more complicated definitions. Since 8Vir,  seems better
behaving than any others, it has been chosen as the main object of the present paper.

The questions we address in this paper are the following.

e What kind of structures do we have for the Verma modules of 8Vir, ;? Can we
find and prove, or guess at least, a factorization formula for the corresponding Kac
determinants?

o Can we confirm by taking the ¢ — 1 limit of §Vir, x that we recover the ordinary
N = 2 superconformal (or super Virasoro) algebra?

o Isthere any nontrivial representation of 8Vir, i, such as a Heisenberg (or a Wakimoto-
type) representation?
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For lack of space, in the present article we do not study explicit formulas for the
singular vectors of 8Vir, ; in the Wakimoto representation. It seems an interesting
problem to find a relation between these singular vectors and the supersymmetric version
of the Jack or Macdonald polynomials (see [3-5,13] and [17] and references therein).

The paper is organized as follows; In the next section we prove the defining relations
of 8Vir, i in terms of the generating functions. A conjecture on the Kac determinants is
proposed in section 3. To support the conjecture, some examples of lower level singular
vectors in the Verma module are worked out explicitly. In section 4, we set ¢ = ¢” and
make the  expansion of the generating functions and the defining relations of 8Vir, x.
It is confirmed that the limit ¢ — 1 of §Vir, x correctly reproduces the ordinary N = 2
SCA. Afterreviewing the Wakimoto representation of the quantum affine algebra U, (;[2)
and introducing basic vertex operators for the deformed parafermion sector in section 5,
we argue the construction of 8Vir, ; from the deformed Y -algebras (a.k.a. corner vertex
operator algebras) in section 6. Namely, §Vir, ; is obtained as a result of gluing two
deformed Y -algebras, one of which is identified with the deformed parafermion and the
other provides the additional deformed Heisenberg algebra. It implies that we should
twist the U (1) boson in the Wakimoto representation of Uy (sl2), while keeping the
parafermions intact. It also reveals a connection to the Fock representation of the quantum
toroidal algebras. Finally in section 7, we work out a Heisenberg representation of
8Vir, i by twisting the Wakimoto representation of U, (s2). Some of technical details are
provided in Appendices. In Appendix A we summarize computations of operator product
expansion (OPE) among vertex operators appearing in the Wakimoto representation of
Uy, (sl2). In particular the proof of the free field representation of 8Vir, x in section 7
relies on the OPE relations in the deformed parafermion sector shown in Appendix A.
Appendix B supplements the proof in section 7. We conclude the paper with Appendix
C, where as a first step to a proof of the conjecture on the Kac determinants, we compute
the vanishing lines arising from the screening operators among the Fock modules defined
in section 7.

2 8Viry i in Terms of the Generating Functions

Definition 2.1. Define the delta functions 8N5(z), 88 (z) and 8(z) by
M= Y " Ro=s =) " @.1)
meZ+% mez

Proposition 2.2. The relations (1.2)-(1.11) in the sector A (=NS or R) are written in
terms of the generating functions as

K*(2)K*(w) = K= (w)K*(2), (2.2)
(1 — g% 2z/w)(1 — g~ 2z /w)

K™ QK () = — 7 S ey K WK @), 2.3)
_ =gz =gz w) _
K )T (w) = 0= ™2 =4 2/w) T(w)K™ (2), (2.4)
oo =g/ wyd =g )
T(K (w) = 0= "2 /w1 = q—k—3z/w)K (w)T (z), (2.5)
K- (@G w) = g0 L= Gy (), (2.6)

1 — q:t2(k+2)z/w
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+ + 1 —z/w +
GHOK" ) = g™ g K 0GR, @D
G*(2)G*(w) + GF(w)G* () =0, (2.8)
+ _ - YN 1 A 4+ W 1 2(k+1)
G ()G (w)+ G (w)G™(2) = G—q )2 (5 (q iy 7N 1]K(q w)
_sA (qz(k+2)ﬂ> LA <q2(k+1)ﬂ> T(qk+lw))’ (2.9)
z z

G ()T (w) — T(w)GE(2)

1 k+2] w _
—+(g—g h sA qi3(k+1); K (qi(k+1)w)Gi(qi(k+l)w)K+(qi(k+l)w),

[k+1]
(2.10)
TOTw) — T T = (g — g~ X2
Qi W =g T
x <5 (q+2(k+1)ﬂ> K—(q+k+1w)W(q+k+lw)K+(q+k+lw)
Z
-3 (q‘“*”ﬂ) K‘(q"‘—lw)W(q—"—lwm*(q—"—lw)). 2.11)
Z

Here the rational factors in (2.3), (2.4), (2.5), (2.6) and (2.7) should be read as the Taylor
series of those in the domain |z| < |w|.

We need the following lemma.

Lemma 2.3. We have

D @ w/" Y (qPwyT o = ZZz—mw g, .,
m l

where the indices | and m run over either Z or Z + % and the range of n = [ —m is fixed
accordingly.

Then Proposition 2.2 is proved in a straightforward manner as follows.

Proof. Ttis clear that (1.2) and (2.2) are the same. The equivalence between (1.3)-(2.3),
(1.4)-(2.4), (1.5)-(2.5), (1.6)-(2.6), and (1.7)-(2.7) follow from the Taylor series

(1 — ¢**2z/w)(1 — ¢~ 2z /w)

_ [k]1[k + 2][2¢]
—1— 1 WL+ 2fLat ] 3
(= ?z/w)(1 — g 2/w) LUV
(1 =g z/w)(1 =g~ "z/w) ! [k+21[k+3)e]
— 1 _

T R D P s A
g E 1 —z/w — =D 4 (g — gk +2] Z(qﬁ(’“z)z/w)z
1 — g22k2)z/y) 2 .

We immediately see that (1.8) and (2.8) are the same.



A Quantum Deformation... Page 9 of 80 150

Noting K (w) = Za,ﬂ>0 w* PK” K+ and using Lemma 2.3, we have

w
SA <q4(k+l)z) K(qZ(k+l)w) — Z 7M™ (2k+2)(m n) Z Smsntor— ﬂOK_aKﬂa

m,neZA a,B>0
8A< 2(k+2)w> Z My (k+2)(m n)(S
m,neZr
w
sA (qZ(k+1)_) T(qk+1 Z My (k+1)(m mr
Z
m,neZA

showing the equivalence between (1.9)-(2.9).
Noting that

K~ w)G*w)K*(w)= Y Y w* " PK G K}

a,>0 mezA
- +
= 2w ) KoaG K
meZA a,f>0

and using Lemma 2.3 with m, [ € 77, we have

Z
—-m, - :I: k+1)(2
= X R S G,
meZA nel a,$>0
showing the equivalence between (1.10)-(2.10).

In the same way we have

S <q+2(k+1)ﬂ) K—(q+k+1w)W(q+k+1w)K+(q+k+lw)
Z

_ 8 (q—Z(k+1)£) K—(q—k—lw)w(q—k—lw)K+(q—k—lw)
z
_ Z ZZ "y ( (k+1)(m—n) _ —(k+l)(m—n)) Z K= Winsnsa—p K,
o,>0
giving the equivalence between (1.11)-(2.11). O

For later use, here we summarize the basic properties of the delta-functions 8™ (z)
and 8% (z) = 8(2).

Lemma 2.4. We have in the sector A=NS or R that

G*(w)s <%> — Gt <%> , (2.12)

KEw)sA (ﬂ) — KE(g)sh <3> . Tw)sh (3> = T(7)8 <E> . (@2.13)
Z Z Z Z

Note that the exchange § <> 8NS occurs, when we change the argument of G* in the NS

sector by using the delta-function.
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Proof. We demonstrate (2.12) and the second equality in (2.13). We have

Gi(w)S ( ) Z wimGi anzfn — Z Z w7m+nzfn+mZ7mG$

meZA nez meZA ne’

= GT(7)8% <E> .
Z

T(w)(SA( ) Zw‘mT Z w'z ™"

meZ neZA

— Z Z —m+n —n+m —mT _ T(Z)(SA< >

meZ neZA

Similarly

Remark 2.5. The commutation relation (2.11) is equivalent to

Ny [k +212

T@)T(w)—Tw)T () =—(¢— ht1]

(5 (q2k+2§) K—(qkﬂw)G+(qk+lw)G—(q—kflz)KJr(q—kle)
—8( —2k—2 )K @1 DG GG (g w K (gh 1w))
b4

Note that in the relation (2.11) G*(z) and G~ (z) are normal ordered (see the definition
of W(z)).

To show the equivalence we prove the following lemma.

Lemma 2.6.
GG (1) = —(qg —q NV’ W().

Proof. The issue is the normal ordering of G*(z) and we have to work with the mode
expansion. Hence, we consider the R sector and the NS sector separately.
(1) R sector:

Grw)G~w)= Y ww GG, =Y w* Y GhG,

m,ner €l me7Z
=Y w™ |:G3Ga +) Gt Gy, — ) Gy Gl
aeven : m>0 : m>0 ’
1
2(k+1)2m - K., - (k+2)2m8 (k+1)2m T
—1)2 Z ( a9 a0 4 o
VR~ [k +1]
+ G, — G, Gt
a%i:d |:m20 77%7”! 7+%+m m=>0 77%7 7+%+m

1 , 1

(k1) 2m+1) _(k+2)2m+1) (k+1)2m+1)

+ (q_ —1)2 Z( [k+1]K°‘ q 80!~,0+q Tot):|
m=>0
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—a| ~+ + _
- w [G;G%+ZG2

- - +
D‘_mGQ G——mG2+m
weven m>0 m>0
1 4k+4 1 2k+4 2k+2
+ 9 Ky — a 8a.0 + a
(q _ q—1)2 1 — q4k+4 [k + 1] 1 2k+4

B Taﬂ
DI DRI

o:odd

;+l+m B G;—l—m ;+l+m
m>0 272 m=0 2 2 2%2
N 1 q2k+2 1 K C]k+2 5 .\ qk+1 .
@—qg D2 \T—g¥ ke 1] ¢ 1 g2k 0 T T gake
—Zw_“[ZG m oz+m
a€”Z

mez

YRRl _;1)3< o (2k +2) s K — ek + 280 + e (k + 1)%)},

where the normal ordered product G* nols defined by (1.14) and the numerical coeffi-
cient cR(u) is defined by (1.13). Comparing with the definition of W, given by (1.12)
we obtain the relation in R sector

(2) NS sector:

G*(w)G~ (w) = Z w "W "G G

_ —a + =
m=n — Zw Z GmGa—m
m,neZNS

el meZNS
= a;n we L;) thm” Camel 2 G;nk%G%m%
e lq—l)z ,;( g [ki 7 Ke = g "5, o+ q(k+l)(2m+l)T‘”>]
+y w [G’%G% +y Gy Gapy =2 Ge Gy
a:odd m>0 m>0
1

+mz

( 2k+1)2m L [k+ 7 Ke _ q(k+2)2m8a’0 +q(k+1)2mTa>i|
m>0

=S w| T 6Gan

aEeZ meZNS
1
VYR <C°Ijs( )ﬁK @k Ddao + Gk + DT, >]

where G G is defined as before and the numerical coefficient in the NS sector is
defined by (1.13). We see the relation in NS sector is also valid
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Substituting the definition (1.12) of the modes W,,, we have the following relations
in each sector A(= R or NS).

— — O — o
S KW gKi = Y Y K68, G K
a,$>0 a,f>0yezA

1
—1)3 Z

1
- A - +
A Qk+2) K= Kmsa_p K
(q q a’ﬁzo( m+a—pB [k 1] aBhm+a—p B

— s pk+2Dmsap 0K Kf +Chy o gk + DK Tinsa—p K'ﬁ*), (2.14)

and
TuTs =TT = @ — a5 2 on i+ 11
— =(q — ——[(m—n
T
X E < E Céﬂw(zk+2)3m+n+a—ﬂ+u—u,0mK_aK_MK:KE

o,f>0 *u,v=0

— ) (k+2)mensa—p0K g Kf + o nea—p® + DK o Tnnsa—p Kg)

sl +21? o _ o

—q—-qH m[(m —n)k+1)] Z Z KZ0GL G poy K-
0‘7/320 )/EZA

(2.15)

Now to obtain the commutation relation of the generating function 7'(z), let us mul-
tiply both sides of (2.15) with z7"w™" and take the summation over m,n € Z. The
term with cé\ (k +2) gives

Yo W Spensa-poK G K=Y "™ Y w'Kw Pk

m,nez «o,>0 mez o,f>0
=5 (E) K~ (w)K* (w). (2.16)
Z

Similarly we have

Do amw T Y ek DK Tosnia—p K}

m,ne”z a,f>0
=D Y S w K e sk D nsa—pw K
meZ a,B>0neZ
w — TA +
=4 <—> K~ (w)T*(w)K™ (w), 2.17)
Z

where we have defined
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Th@) =) ek + Dz " T,

meZ
1 1
=coA(k + 1)§(T(z) +T(—2)) +ct(k + 1)§(T(Z) — T (—2)). (2.18)
Finally the quartic term in the modes K, is
. — 1 o
S e Y Y Ak 2)3m+,,+0,,,3+ﬂ,v,0mK_aK_MKng
m,nez o,>0 n,v=0
1
_ - A - - - +. =B+
=Y "w" Y Y h L, 2k +2) RIS S ST
meZz a,f>0 u,v>0
1 ~
= 5(2) K~ w) KA w)K*(w), (2.19)
[k+1] \z

where we have defined

KA =) ep@k+2)z7" Ky

me7z
=chQk+ 2)%(K(z) + K(—2)) + Pk + 2)%(1{@) —K(=2). (220

In summary we obtain

2
T()Tw) — Tw)T () =(q —q ") [E{k++21]] S es (qa"”)é%) K~ (g%*Dew)
e==l1

1 K ~
X <mKA(q(k+l)ew) - cg(k +2)+ TA(q(k“)ew)

—(g—q " : 6@ Vw6 (g " Dew) :) K*(g*Dew).

2.21)
O

Remark 2.7. In the case of the deformed Virasoro algebra and the deformed W3 algebra,
the commutation relation of 7' (z) are

1 —gp(l -
M (8(qgzaw/z) —8(w/q32)),

q3
(2.22)

FPw/DT@T W) — P /w)TW)T(2) =

and

FOW/DT T w) — fOz/w)T w)T(2)

_ %ﬁ;?%) (s@w/aW @y w) - sw/a0W @y *0) . 223)
— 43

where g1 = ¢, q» =t " and g3 = p~' = (q192)"'. W(2) is a higher current in the W3

algebra.! Thus, the structure function (the generating function of the structure constants)

© | — g (N=Dn
M@ =exp (Z Z7(1 — g1 - qﬁ)ﬁj (2.24)
43

n=1

1 W(z) has nothing to do with the W-current defined by (1.19) and appears in (2.11).



150 Page 14 of 80 H. Awata, K. Harada, H. Kanno, J. Shiraishi

is required for writing down the commutation relation of 7'(z). Contrary to these cases,
for the deformed N = 2 superconformal algebra, we do not have such structure func-
tions in G-G, G-T and T-T commutation relations. In the free field representation to
be discussed in section 7, we will see that this is a result of the cancellation of OPE
coefficients coming from the parafermion sector and the U (1) boson sector.

Remark 2.8. The associative algebra §Vir, ; does not contain the g-deformed algebra
as a subalgebra. This is a common feature to the g-deformed W-algebras [6].

3 Verma Modules and the Kac Determinants

The formulae for the Kac determinants of the N = 2 superconformal algebra were
worked out by several groups; [14,21,22,42,43,52]. For the deformed Virasoro algebra,
an explicit formula of the Kac determinant was conjectured in [61]. See also [15]. In
this section we explore the singular vectors in the Verma modules of §Vir,  and give
a conjecture on the factorization property of the Kac determinants. Useful methods
of obtaining explicit forms of the Virasoro singular vectors are given, for example, in
[9,10,50,51]. For explicit forms of the low-lying singular vectors in the case of the
deformed Virasoro algebra, see [60].

3.1 Verma modules in the NS sector

Definition 3.1. Let / and u be complex parameters. Consider the NS sector of 8Vir, .
Let |k, u) be the highest weight vector satisfying the conditions

KEIh u) = ulh,u),  Tolh,u) = hlh, u),

Kplh,u) = Tylh,u) =0 (m > 0),

GElh,u)y=0  (m >1/2). (3.1)
The Verma module M), , in the NS sector is defined to be the left SVi 74,k module
My, = SVirq,kU’l, u).
Definition 3.2. The dual Verma module M} in the NS sector is defined to be the right
8Viry ; module M Z"u = (h, u|8Viry i, with the vector (h, u| satistying the conditions

(hyulh,u) =1,

(h,u|KgE=u(h,u|, (h,u|Ty = h{h, ul,

(h,ulK,, = (h,u|T,, =0 (m <0),

(h, u|Gﬁ; =0 (m<-1/2). (3.2)

Recall that we have the character formula [14];

e¢]

chs (p, %) =Tryys (P20~ ) =] |
i=0

(1+pi+1/2X)(1+pi+1/2X71)
(=P (1= p)

. IplIxl <1
(3.3)

for the Verma module Vg of the ordinary N = 2 superconformal algebra in the NS
sector. Ly and lp are mutually commuting zero modes of the N' = 2 superconformal
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algebra (see section 4) and they have eigenvalues & and u on the ground state of Vns.
Since we lack a g-analogue of the Poincaré-Birkoff-Witt (PBW) theorem for §Vir, 4,
we simply assume that we have the same character for M), ,, by the rule

K Z—Lm, T_m, Gﬂ_tm have the p-degree m,
K fm, T_,, have the x-degree 0,
Gj_tm have the x-degree =+ 1.

Definition 3.3. A finite non-increasing sequence of positive integers A = (A1, A2, ..., A7)
X € Z,A1 = Ay = -+ > A > 0) is called a partition. We denote by £(A) = [ the
length of A. The set of partitions is denoted by P. A finite strictly decreasing sequence
of positive half-integers « = (1, @2, ...,q) (@ € Z+1/2, a1 > a2 > --- > a7 > 0)
is called a fermionic partition in the NS sector. We denote by £(«) = [ the length of «.
The set of fermionic partitions in the NS sector is denoted by PNS.

Let A = (A1, ..., A7) be a partition and « = («y, ..., @) be a fermionic partition in
the NS sector. We introduce the following notations for the ordered products of generators
- - - — + + + o+
K—A:K—MK—AZ'“K—M’ K; ZKAI"'KAZKM
T =TT, T-y, =T, - T,T,,
+ + + + + + ~t
GZ,=GZ, G -G G, =Gy, Gy, Gy, .

—o] T —o ’ —Qg’
Then, for a pair of partitions A = (Ay,...,A), 0 = (L1,..., Um), and a pair of
fermionic partitions in the NS sector « = (@1, ..., ®4), B = (B1, ..., Bb), set
|)\'7 u, &, ﬂ) = |)"v M, &, ﬂa hv l/l) = K__)LT—,LLG-'——Q[G:/SU/la M>,
()"7 Ms o, ﬁ' = <)"9 Ms o, ﬁs h, Ll| = (hv M|GEG;TMK;
Note that we have the lexicographical orderings on the sets P and PNS. Hence one may

introduce the associated total ordering on the set P x P x PNS x PNS,
Example: for the subspace with p-degree 2 and x-degree O we have

(2).0.0.0) > (1), 6.0.0) > (1), (1)..8) > (1). 4. (1/2), (1/2)) > @. (2). 4. )
> (1, (1%).0.0) > @, (1). (1/2), (1/2)) > &, 6. (3/2). (1/2)) > (&, 6. (1/2), (3/2).

We define the p- and the x-degrees for the states in M}, ,, and M}, as follows.
state p-degree x-degree
A, 0, By b, u) [A]+ ] + Ja| + 18] L) = £(B)
(A, p o, Bih,ul AL+ sl + || + 18] L) —£(B)

Proposition 3.4. The ordered collection (|1, p, &, B)); yecP o pepns forms a basis of
Mp . Similarly, (A, i, &, B)j, jicP o, pepNs forms a basis ofM;l“’u.

Sketch of proof. First, observe that all the defining relations in Definition 1.1 play the
role of the normal ordering rules. Hence the collection (|4, i, &, B)); e o, gePNs spans
My, .
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Next, we show that the collection is linearly independent. We use a deformation
argument with respect to the parameter g = e”. From Propositions 4.1, 4.2, Definition 4.3
below, we have the i expansions of the form

G*(z) = ,/%G*(x)m(ﬁ),

K'(z) := %(K(z) — 1) =2k +2)l@)+ 00,

k(Q2k + 1)

T’ 1T kK 1)=(4(k+2)L
(2) :== ((z) T(Z)—>—<(+)(Z) 6+ 1)

>+O(h),

where G*(z), I(z), L(z) satisfy the N = 2 superconformal algebra as in Theorem 4.5.
Hence in the limit 7' — 0 the ordered collection (K'_,T'_,G* G~ plh,u)) tends

to a PBW basis of the N = 2 superconformal Lie superalgebra, proving the linear
independence of the collection for i = 0. Then the deformation argument shows that we
have the linear independence also for i # 0.2 Recalling that K(z) = K~ (2)K*(z), we
know that the transition matrix from (K/_;LT/_MGtaG:ﬁVz, u)) to (|A, w, a, B; h, u))
is an upper triangular matrix with non vanishing diagonal entries. (I

Recall the definition of a singular vector. A singular vector |x) € M}, , is a non-zero
vector satisfying

Kylx) =uylx),  Tolx) =hylx) (g, uy) # (hou) ie. |x) % h,u)),

Kulx)=Tulx) =0  (m>0),

Gulx) =0 (m=1/2). (34)
Hence, the information about the zero’s of the Kac determinant plays an essential role

for finding the singular vectors. When there exists a singular vector | x) € Mj,_,, we have
a proper submodule 8Vir, |x) € Mj . O

3.2 Notations We prepare some notations necessary for our description of the Kac
determinants.

Definition 3.5. Let PNS(n, j) denotes the multiplicity of the NS-character:

" (1 +pi+l/2x)(1 +pi+l/2x—l)
Z ZPNS(H ])[7 /= l_[ - pi"'l)(l _ pi+1) : (3'5)

”5%230 JEL i=0

Forl e Z + ,let PNS (n, j; £) denotes the multiplicity of the character with one fermion
with the Welght P!t x5en® missing:

i+1/2 i+1/2, -1y

1 1+ p x)1+p
pNs Op"xi = : : :
Z > PV i opx T T plfiee® | l_[ — (1 = pi+hy

nes Z>() JEZ

(3.6)
where sgn(€) = £/|£].

2 Since the determinant is a holomorphic function of £, if it is non-vanishing at 2 = 0, the same is valid
for i # 0 with sufficiently small |A].
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Definition 3.6. Set

@ siu,v) =u(q—q")

4<q17r+(k+2)sv _ q71+r7(k+2)sv71)
% <q—1—r+(k+2)sv—l _ q1+r—(k+2)sv>’ 3.7)
and
u el 11 23 G|
gl u,v) = —12(q2”2v2_‘1 Ty 2v z)
—q7)
=1 1 1 =1 11

X (q T u2v 2 —q 2 u_2v2>. (3.8)

3.3 Kac determinants in the NS sector We study the Kac determinants associated with
the Verma module M}, , in the NS sector. We denote by det, ; = detfjsj (h, u) the Kac
determinant in the NS sector associated with the subspace in M}, having the p-degree

n and the x-degree j.

Definition 3.7. Let v € C* be a generic parameter. Introduce the parametrization of A
in terms of the parameter v as

v~ (3.9)

Note that we have

2
Frsimv) =g _q71)4<(qr7(k+2)s+q7r+(k+2)x)2_h2u72 _oplk+2l  alk+2] )

k1] " k+12

and

. . 1 e [k+2] , e
g(ﬂ,u,v)——(q_q_l)2< qu+—[k+1]u +h—gq )

Conjecture 3.8. We have

PNS(n—rs, ) PNS (n—1¢], j—sgn(£);)
detfisj (h, u) = cst. l_[ (f(r, ssu, v)) 1_[ (g(2£; u, v)) ,

r,s€l~q Z€Z+%
1<rs<n

(3.10)

where cst. is a certain non zero constant not depending on u or v.

It is possible to take the limit ¢ — 1 of Conjecture 3.8, which reproduces the
formula of the Kac determinant of the N' = 2 superconformal algebra (e.g. in [42]).
Explicit examples of the low-lying singular vectors are given in the next subsection. In
Appendix C we work out the condition for the screening operators between Fock modules
to produce singular vectors, which provides a supporting evidence for the Conjecture 3.8.
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3.4 Examples of the Kac determinants in the NS sector

3.4.1 Case n = 0, j = 0 For the subspace with the p-degree zero in M} ,, we only
have the highest weight vector |k, u) € M}, , with the x-degree zero. Hence we have

det)y = (h, ulh,u) = 1.

3.4.2 Case n = 1/2, j = £1 For the subspace with the p-degree 1/2, we have two
vectors th/2|h, u), G:1/2|h, u) € My, with the x-degrees +1 and —1. We have

detll\l/sz’l = (h, ulGy ,G* jolh, u)

1 L ok2 2 k2 k-1 ) k-1
= q us—q +q h)=q g(+1;u,v),
(q—q‘1)2<[k+1]

detb _j = (h.ulGT )G~ jplh,u)

1 U v2ke2 2 k2 ke ) +ht]
= us — + h)= —1;u,v).
(q—q*‘>2([k+1]" @ sy
Proposition 3.9. If g(£1; u, v) =0, then Gf1/2|h, u) is a singular vector.
Remark 3.10. Write
x(1/2,£1) = G*, »|h, u),
for arbitrary u and v. Note that we have

G= plx(1/2,£1) =0.

This explains the factor 1 /(1 + p 172 x£1) in the character of the descendants of Gfl P |h, u)
given by

1 00 (l+pi+1/2x)(l+pi+1/2x*1) ~ns L

— E : . j

1+p1/2xi1 1_[ (1- pi+1)(1 _ pi+1) = E P™>(n, j, £1/2)p"x’.
i=0 nE%ZZ()jGZ

3.4.3 Casen =1, j = 0 For the subspace with the p-degree 1, we have three vectors
KZ |h,u), TZ|h, u), th/zG:1/2|h, u) € My, with the x-degree 0. We have

(o ulKF Ky, u) (h, ul KT T-11h, u) (ho KT G| 2 Gy ol )
dets = | (h, ul LK |, u) (h ul Ty T_y |h, u) (h ulTyG* | G~ lh,u)
(h,ulGY Gy K 1wy (houlGY G Ttlhou) (hulGY 1pGp Gy Gy olhyu)

= [k +2]2g(+1; u,v)g(—1;u,v) f(1, 1; u, v).

Proposition 3.11. If f (1, 1; u, v) = 0, then

[k+2] 14 _
<—l+mq Tu )KZ b, u) + T_1]h, u)

k+2
—1,3 q u + —
+(q@ —q )lk+2] —u—qk+2 G71/2G_1/2|h,u), (3.1

is a singular vector.
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344 Casen = 3/2, j = %1 For the subs Eace with the p-degree 1, we have three
vectors K_ G 1/2|h uy, T G_1/2|h u, _3/2|h u) € My, with the x-degrees 1.
We have

det) o) = gk + 2P (+1 1, )2 (3w, 0) £(1, T3, ),
deth | = g™ k+2P7g (=1 u, v)%g (=31 u, v) f(1, 1w, v).

Proposition 3.12. If ¢(3; u, v) = 0, then

—k

u _ —
[i T KOG il ) + TG ol ) 444 (1= g7 (1 = g6 ol w),

is a singular vector. If g(—3; u, v) = 0, then

k
qu — — _ _
[k + 1] K—IG—1/2|h’ M> + T_IG—I/Zlh’ I/t> +q k(l - qz)(l - 4 Z)G_g/2|h M)

is a singular vector.

Remark 3.13. Write

q:k
1x(3/2, il))—(q 1]K 1GE )y + T GE 4 g (1= gTH(1 - g 2)Giw)m u),

(3.12)
for arbitrary u and v. We can check by using the Mathematica that
q:;:k(qi(k+2)u) oL n
(W K—IG—1/2 + T_IG—I/Z
+qF (1 - g™ - qi4(qi(k+2)u)2)Gj_E3/2> Ix(3/2,£1)) =0. (3.13)

This explains the factor 1 /(1 + p3/2x*1) in the character of the descendants of | x (3/2, £1))
given by

1 0 (1 +pi+l/2x)(1 +pi+1/2x—l) ~NS )
: , — PNS(n, j, 4+3/2) p"xd .
1+p3/2x:tl 11:([) (1— p”’l)(l _ pl+l) Z Z (, j /Dp"x

HG%ZEO jEZ

It should be emphasized that the vanishing property (3.13) is valid, even if (3.12)
is not a singular vector. In fact when the parameters u and v meet the condition for
(3.12) to be a singular vector, which is an image of the fermionic screening operator (see
Appendix C), (3.13) is expected by the fermionic nature of the screening. We observe
that when we write the product of operators in (3.12) and (3.13) in terms of the PBW
basis, the coefficients are independent of /2, which may explain the validity of (3.13) for
generic parameters.
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3.4.5 Case n = 2, j = £2,0 For the subspace with the p-degree 2, we have two
vectors Gt3/2Gt1/2|h, u), G:3/2G:1/2|h, u) with the x-degrees +2 and —2. We have
nine vectors for the subspace with the p-degree 2 and the x-degree 0:

K ol u), K_ K_|h,u), K T_1lh, u), K:thl/gGil/zlh, u), Tplh,u), T_1T_q|h, u),
T—IGt1/2G:1/2|h, u), Gt3/26:1/2|h7 u), Gt1/20:3/2|h» u).

We have

—4k—4

dety S, = ¢ g(+1; u, v)g(+3; u, v),

+4k+4
detz,

g(=Lu,v)g(=3;u,v).

A remark is in order as to the calculation of the nine by nine determinant detgIS by

Mathematica. It seems not easy to have det o factorized within a reasonably practical
time duration for arbitrary ¢, k, u, v. However if we substitute various prime numbers
to some of the variable u, v and k we can easily factorize the reduced determinant,
providing us with a possibility to guess the exact formula. Hence we conjecture that

detd = [21%[k +21%[2k +4)°
X g(+3; u,v)g(+1; u, v)3g(—1; u, v)3g(—3; u,v)
x f(1,1; u, v)3f(2, 1;u,v) f(1,2;u,v).

Proposition 3.14. If we have f(2, 1; u, v) =0, then
ctK 5|k, u) + 2K~ K” |h,u) + c3K~ T_1|h,u) + C4K:1Gt1/2G:1/2|h, u)
+csTalh, u) +ceT—1T—1]h, u) + C7T_1Gt1/2G:1/2|h, u)
+c8GL3,,GT ) plh,u) +c9GLy sG55 |h u),

is a singular vector, where

qﬁﬂ‘uq—q—U%k+m2(l_ [k +1] 1
q

a=- (u — g*3) [k +1] Mk +2] gk Tu
N [k + 17> .\ [k+1] )
q2k+2u2[k + 2]2 q2k+1u3[k + 2]2
ks2 2[k+2]2<1_ 2ik+11 [k + 117 )
TESIE Fulk+2] " g 22k + 22
kel [k+2]< 21k + 1] )
c3 = u —
[k +1] g ulk +2]
ks 3 (@ —q )2k +2] 2k +3]  [4lk+1]
cq u 1-— +
(u — gy (u — gk+3)[k + 1] ulk +21  u?[212[k + 2]
g — g 5 [k +271? [k + 112
5= wq— g g Tulk+ 12 )

c6 =1,
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o ket 2 (@ — a2k +4] (1_ [2][k+2])
1= (u — g**Ny(u — g*+3) ul2k +41)°

_ s am D e e - Dk +2]2< [k +3] 1 )

s (u — g+ — gk+3) © g Fulk +2] Tk +2]
_ ke 3<q—q—1>4[k+2]2( k=3 1 )
I 0 dutk+2] " uk+21)

We omit writing the singular vector for the case f(1,2; u, v) = 0.

3.4.6 Casen = 5/2, j = &1 We have for the subspace with p-degree 5/2, nine vectors
K:2G11/2|h7 u), K:1 K:1 Gt1/2|h, uy, K:l T_1Gt1/2|h, uy,
KZ,G* 5 plh ), T2GE plh, u), T Ty G*y ol u),

T_1G* 3 plh ). G plh, u), G*5 Gy )G ylh.u),

with x-degree +1, and nine vectors
K562 plhou), K2 K2 G2y plh,u), KT G2y b, u),
K2\Gaplhu), TG plhu), TAT 4G ylh, u),

T_1G 3 plhou). G*y nG oy Gyl ), G5l u),

with x-degree —1.
We have the conjecture:

detd, |, = ¢~ 2121k + 2182k + 41
x g(—1;u, v)g(+1; u, v)0g(+3; u, V)3 g(+5; u, v)
x L 1w, 0 f20 1 u,0) f(1, 250, v),
det)s _y = q** 2121k +21°[2k + 4]
x g(+1;u, v)g(—1; 1, v)°g(=3; U, v)’ g(—5; u, v)
X f(L L, v) £2, 1w, 0) (1, 25w, v).

We omit writing the singular vectors for the cases g(%5; u, v) = 0.

3.5 Verma modules in the R sector

Definition 3.15. Let / and u be complex parameters. Consider the R sector of 8Vir, x.
Let |h, u) be the highest weight vector satisfying the conditions

K, u) = ¢ ulh, u),  Tolh,u) = g~ hih, u),

K,’;|h, u) = Tylh,u) =0 (m > 0),

Ghlh,uy=0 (m>0),

G, lh,u)=0 (m>0). (3.14)

The Verma module M, ,, in the R sector is defined to be the left §Vir, ; module Mj, , =
8Viry k|h, u).
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Definition 3.16. The dual Verma module M ;f,u in the R sector is defined to be the right
8Vir, x module M ;:’u = (h, u|8Vir, i, with the vector (h, u| satisfying the conditions
(h,ulh,u)y =1,
(h,ulKy = ¢"uth,ul,  (h,ulTo = q "hih, ul,
(h,ulK,, = (h,ull,, =0 (m <0),
(h,ulG,, =0 (m=<0),
(h,ulG,, =0 (m<0). (3.15)

Recall that we have the character formula3

. . .
bl (L+p*)d+p'x™h
chr (p, x) = Try, (pLO hlo “) -T1 _ ~ 2 plxl <1
o d=p"Hd =p™h)
(3.16)

for the Verma module VR of the ordinary N = 2 superconformal algebra in the R sector,
where the ground states are doubly degenerate and they are connected by the zero modes
of the super currents. u and u — 1 are the U (1) charges the ground states, which leads
to the factor 1+ x~! in the numerator. As is the case of NS sector, we assume that we
have the same character for M), ,, by the rule

K*,.

K* T_,, have the x-degree 0,

—m>

+
GZ,, have the x-degree + 1.

T i, Gfm have the p-degree m,

Definition 3.17. A finite strictly decreasing sequence of positive integers o = (o1, o2,
o) (@ € Z,ap > ap > --- > ap > 0) is called a fermionic partition in the R
sector. We denote by £(«) = I the length of «. The set of fermionic partitions in the R
sector is denoted by PR. A finite strictly decreasing sequence of non negative integers
B=1,B2,....01) (Bi € Z,B1 > P2 > ---> P = 0)is called a fermionic partition
with zero mode in the R sector. We denote by £(8) = [ the length of B. The set of
fermionic partitions with zero mode in the R sector is denoted by in.

Let A = (A1, ..., ;) be a partition, « = («y, ..., a,) be a fermionic partition in
the R sector, and 8 = (B1, B2, - .., B1) be a fermionic partition with zero mode in the R
sector. We introduce the following notations for the ordered products of generators

K, =K, K, ---K5,, K{=K; KK}
T =TT, - T-s, L,=T, - T,T,,

Gta = Gtal Gtaz e Gtota’ G(; = Gt;a e G(;ZG(;l !
- _ - - + _ ot + ot
G—ﬁ_G—ﬁlG—ﬁz"'G—ﬁa’ G _Gﬂa"'GﬁzGﬁl'
Then, for a pair of partitions A = (Ay,...,A), 0 = (L1,..., Um), and a pair of
fermionic partitions in the NS sector o = (aq, ..., ), 8 = (B1, ..., Bb), set

A woa, B) = A, oo, Bihou)y = K2, Ty GE .G 4lh, u),

11 . .
3 In [14] the factor 1 +x~! in the numerator is replaced with x2 +x™ 2 so that the character is symmetric
. ~1
inxandx™".
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(A, Bl= (ks a, B hyul = (h,ulGEG, T, K

Note that we have the lexicographical orderings on the sets P, PR and (Pg. Hence one
may introduce the associated total ordering on the set P x P x PR x iPOR.

Proposition 3.18. The ordered collection (|1, |, «, IB>)A,MGT,¢1€TR,/‘3€T§ forms a basis
of My, . Similarly, (A, i, o, ,3|)LH€T’&ETR’§E?§ forms a basis ofM;:’u.

3.6 Kac determinants in the R sector We study the Kac determinants associated with
the Verma module M, in the R sector. We denote by det, ; = det,lf’ j(h, u) the Kac
determinant in the R sector associated with the subspace in M}, ,, having the p-degree n
and the x-degree j.

Definition 3.19. Set

o0 - s
Y PRl =] (+p™o L+ plah 3.17)
’ _ pi+l _ aitly .
n€log jel iy I =p*Hd —ph

and set for £ € Z

5 ; 1 = (L+ p o1+ pixTh
§ § PR, j: 0)p"x/ = || : : (3.18)

o [l sen(@) — Ay — it
HEZZ() jEZ 1+p ngn i=0 (1 pl )(1 pl )

where sgn(¢) = 1 for £ > 0 and sgn(¢) = —1 for £ < 0. Note that sgn(0) = —1 in our
convention.

Recall the parametrization (3.9) of /4 in terms of the parameter v
Conjecture 3.20. We have

detE,j(h, u) = cst. 1_[ (f(r, s u, v))PR(n_”’j) 1_[ (g(ZZ —1;u, v))PR(n_lZl’j_sgn(Z);Z),

r,.S€ZLx0 LeZ
1<rs<n

(3.19)
where cst. is a certain non zero constant not depending on u or v.

As in the case of NS sector we can take the limit ¢ — 1 of Conjecture 3.20, which
reproduces the formula in [42]. For an evidence for the Conjecture 3.20, see Appendix C,
where we investigate the screening operators which are intertwiners among Fock repre-
sentations.

4 Conformal Field Theory Limit of SVir, j
In this section, we set g = e’ and investigate the si-expansions of generators and relations

of §Vir, k, extracting the ordinary N = 2 superconformal Lie superalgebra defined by
the generators

Cs Imv I—m (m € Z)?
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1
G,jfl (melZ+ 2 for NS sector, m € Z for R sector),

and the relations [1,2],

c . central,

(GE,GE) =0,

m

c 1
{G:—n’ G;} = 2|-m+n + (m — n)|m+n + 5 (m2 - Z) 5m+n,0

m
[Lin, Gf] = (3 - ”) Gfém»
[ G1 = £Gip
C
[, a1 = §m5m+n,07
(b, Lal = mlypgn,

(L, Lu]l = (m —n)Lpan + %m(mz - 1)5m+n,0-

4.1 h-expansions of the generators For simplicity set K jf = 0 for Fm > 0. We assume
that the generators K ,j,f, G,j,j and T, of §Vir, i are expanded in positive powers in /1 as

Ki=Y HWKy® — Grn=> NGL) — T,=) HWTD.

i>0 i=0 i>0
Introduce the generating functions K+ (z), G*(z) and T (z) (i > 0) as
K@) =Y kO = > GOz TV =) T
meZ meZA mez

Then we have

K*@) =) Hk* V@), G =) W6é*@, T@=) Wr9a.,

i>0 i>0 i=0

We also need the fi-expansions of K(z) = K~ (z) K*(z) as

K@) =Y WKk, K= KPPz

i>0 mez

First, in view of the relations for the Heisenberg subalgebra (1.22) and (1.20), we
assume that the element Hy does not depend on 7, and the Heisenberg generators H,,

(m # 0) have the expansions as H,, = Zizo Vo4 H,ff). Then we have the following

description of the leading terms of the % expansions for K *(z), and several low lying
terms of the A expansions for K (z).
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Proposition 4.1. We have

KO =5, 0, kFO@) =1, (4.1)
K*(2) =1+ WK*(), (4.2)
i>1
K@) =1+ HKD(@),
i>1
K@) =1,
KV@) =Kk D)+ Kk D(y),
KP2 =K P20+ Kk Vk* V() + k*P (7). (4.3)

Combined with the fi-expansions of K(z) = K~ (z) K*(z), the relation (2.9) plays a
crucial role to find out the basic structures and the roles of the several leading terms of
the h-expansion of the generators of 8Vir x.

Proposition 4.2. By using the h expansions of K*(z), K (z) in Proposition 4.1, and the

h expansion of the relation (2.9), we have that

(1) GFO) () is the first nontrivial element in the h-expansion of G*(z),

2) TO () = kfr—l TW () = —]C]?K(l)(z), and TP (z) is the first newly appearing
nontrivial element in the h-expansion of T (z).

For a proof of the second statement see the next subsection ((4.12) and (4.13)). Hence,
with these particular elements explicitly written, we have
G () =GV +0mh,
K*@2) = 1+h KV () + 1* K () + O(RY),

k 1
= O 2 (2 3
T(Z)—k+1+h< k+1K (z))+h T (2) + O(R).

We decided that (1) the odd generators G¥(z) should be expanded up to the order

of K9, and (2) even generators K *(2), K(2), T(z) should be expanded up to the order

of h2 Then we know to what extent we should perform the exact i-expansions of the
relations as follows;

types relations required orders worked out in
GEvs. GT (2.8) and (2.9) up to K0 §4.2
K*vs. G (2.6) and (2.7) up to k2 §4.3
GEvs. T (2.10) up to 2 §4.4
KEvs. T (2.4) and (2.5) up to i §4.5
K*vs. K+ (2.2) and (2.3) up to i §4.6
Tvs. T (2.11) up to i §4.7

Definition 4.3. Rescaling or combining the above leading elements G*O(z), KD (),
K@ (z) and T?(z), set*

2
G @)= )Y Grz"=,/—G6""0),
Z " k+2
mezZA
4 In the g-deformed case it is convenient to define the generating currents without the degree shift by the

conformal weight. When we compute the / expansion, the commutation relation is more tractable than the
operator product expansion.
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1
_ § : —-m _ )]

meZ
1 kQQk + 1)
m __ (2) R 4 )] = 7
o= %L’"Z _4(k+2) Ot a2 Pt urs a2

Definition 4.4. Denote by D the Euler differential D = z-L a . Set

(DM@ = Y- m" (DM@ = Y mP",
meZA meZA
where A = NS or R. Recall that ZNS = Z + 5 | and ZR = Z. The definition for 8(z) is
the same as 88 (z).

Theorem 4.5. The elements G*(z), 1(z) and L(z) satisfy the relations for the N = 2
superconformal algebra with the central charge

3k

= (4.4)

Namely we have;

(GT(2), GF(w)} =0, (4.5)
(GY(2), G~ (w)} = 25A( L(w) + (D8™) (Z ) (I(w)+|(z))

001\1
>\_/

(o (2)-4(2)
z 4 z

[L(z), GE(w)] = —(Da> (Z ) GE(w) + (Ds™) (%) G*(2), (4.7)
(1(2), GE(w)] = + 6 (%) G (w), (4.8)
[(z), [(w)] = —<Da> (%) 4.9)
[I(z), L(w)] = (D$) <;) I(w), (4.10)

_ w <l (B _s (™
[L(z),L(w)]—(D5)<Z>(L(z)+L(w))+12((D 8)<z> a<z)). @.11)

In (4.7) the first term should involve D$§, while we have D8 in the second term. We
can see this as follows;

L@, GEw) = Y Y w0 L G = Y Y 2w (5 —n) G,

mGZnGZA mGZHEZA
_ Z\" _
_ZZ[ < ) nm_n<_>znm:|Gr::+n
w
me7Z gZA

5 The central charge agrees with the sum of the central charges of the level k parafermion and a u; free
boson.
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=1m< )Gi(w)+DsA< )Gi(m
2 Z Z

The following table shows where each relation is proved.®

Relation (4.5) (4.6) 4.7) (4.8) (4.9) (4.10) (4.11)
Provedas  Prop.4.6  Prop.4.9  Prop4.18 Prop.4.13  Prop.4.21  Prop.4.37  Prop.4.39

4.2 h-expansions of the relations for G vs. G We start our investigation of the rela-
tions from the i-expansions of (2.8) and (2.9) up to the order of 1o,

Proposition 4.6. Taking the terms of the order of k° in the h-expansions of the relation
(2.8), we have

GO GFO (w) + GO )60 () = 0.
Namely we have
G*()GF (W) + G*(w)G* (2) = 0.

Next, we turn to the & expansion of (2.9). We show that three nontrivial relations will
appear by considering the terms of the orders of 772, ! and 7°.

Proposition 4.7. Using (4.3), we have
1 ) k
RHS of (2.9) = 7w )— +O(h™ )
4R k+1
On the other hand we have LHS of (2.9) = O(i°). Hence we have the relation

TO) = k% (4.12)

Proposition 4.8. Using (4.3) and (4.12), we have
1
RHS of (2.9) = o (T(l)(w) e K(l)(w)) +O(10).
Hence by the same reason as above, we have the relation

TW(z) = —ﬁld”(z). (4.13)

Proposition 4.9. Using (4.3), (4.12) and (4.13), taking the terms of the order of h° in
the h expansion of (2.9), we have

G*0R)G™ O w) + 6™V w) G (@)

1 1 1 k(k +2) w
_ ) (1) (2) Al Z
= (47 (w)+4(DK )(w)+4(k )K (w) 24k 1))5 <Z)

1K<‘>(w)(DaA)< )+ (D 5A)< ) (4.14)
2 z Z

6 Some of the relations are proved in the form where z and w are exchanged.
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which is recast as

GG (w) + G~ (w)G*(2)

— 282 ( ) L(w) + (D8™) ( ) (I(z) + |(w)> ((D 54) < Z) - i(sA (%))

Proof. Rearranging (4.14) slightly, we have

= 2(G+(0)(Z)G O () + G~ (O)(w)G+(0)(z)>

| Kk + 1) w

_ 2) 2) _ )sA(Z

_2(4(k+2)T W+ i hes X (w)+24(k+1)(k+2)>8 (z)
A L ro ! M

+(Ds )< )(2(k+2) W+ e X (Z))

o (2) - (2)

4.3 I expansions of the relations for K* vs. G We study the / expansions of the
relations (2.6) and (2.7), up to the order of /2.

Definition 4.10. Set

5(2) = % +Y L D@ =) 2, (D) =)

>0 >0 >0
Lemma 4.11. Note that we have
1
8) =s@)+sc@H,  s@)?= 1+ D9,
(D8)(z) = (Ds)(z) — (Ds)(z7),  (D*8)(2) = (D*s)(2) + (D*s)(zH).

Lemma 4.12. We have

1—w/z w
+(k+2) _
q l—qﬁ(k*z)w/z_lihz(k+2)s<z>

2
LR (@ +4(k +2)2(Ds) <3>) +O(R).
Z

Proposition 4.13. We have no nontrivial relation by taking the terms of the order of h°
in the h expansions of the relations (2.6) and (2.7). Taking the terms of the order of h!
in them, we have

KD ), GEO ()] = 42k +2)s <ﬂ> G=O(p), (4.15)
Z

[6FO(2), KV (w)] = F2(k +2)s ( ) G0, (4.16)



A Quantum Deformation... Page 29 of 80 150

which are equivalent to the single equation
(KD (w), GO ()] = £2(k +2)8 (3) GO (z). (4.17)
Z
Namely we have

[l(w), GE(2)] = ﬂ( )Gi(z)

which is (4.9) with z and w being exchanged.
Lemma 4.14. From (4.15) and (4.16), we have
(K~ D) kP w), 6TV ()]
— £2(k +2)s ( ) GEO QKD (w) £2(k +2)s (;) K~ D)6 ().
(4.18)
Proof. We have
(K~ D @) KD w). 67O )]
=K~ D), GFO@IK V) + K~ D)k P w), 65V ()]
— 42k +2)s ( ) GO () KD (w) £ 2(k +2)s ( ) K~ Dw)GEO(3).

O

Proposition 4.15. Taking the terms of the order of h? in the h expansions of the relations
(2.6) and (2.7), we have

(K~ D w), 6TV ()] + K~ (w), GO (2)]
— £2(k +2)s (3> (Gi“)(z) + GO (z)K_(l)(w))
Z

(k+2)
2

[Gi(l)(z), K+(1)(w)] + [Gi(o)(z), K+(2)(w)]
— 12k +2)s (5) (Gim(z) + K0 () GO (z))
(k +2)2
2

= GO +4(k +2)%(Ds) ( ) GTO(p), (4.19)

L2 GEO ) + 4k +2)2(Ds) ( )6* 0. (4.20)
which are equivalent to the single equation

(KD W), 6FV @1+ [KP w), 67 (2)]
= +2(k +2)8 (3) (Gﬂ”(z) +K Vw60 + GO (z)K+<1>(w))
Z
= 22k +2)88 <3> (G*Ow) + K=V @GO w) + GO ) K* D w)),
Z

4.21)
under the condition (4.17).
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Proof. Using (4.17), we have from (4.19) and (4.20) that

K~V w), GV ()] +[K~P(w), GFO(2)]

=x2(k +2)s (E> (Gi(l)(z) + Kﬁ(l)(w)Gi(O)(z)) (k ';2) Gi(O)( ),
Z
[Gi(l)(z), K+(1)(u))] + [Gi(O)(z)’ K+(2)(w)]
= F2(k+2)s <%) (Gi(l)(z) +GTO (Z)K+(1)(W)> (k + 2) G:I:(O)( ).

Then by using (4.18), one finds that these are equivalent to the single equation
KD W), 6F V@1 +[K? w), 670 (2)]

= 42k +2)8 (3) (Gi“)(z) + KD w)6FO(7) + GO (z)K+<1>(w)).
Z

4.4 hexpansions of the relations for G* vs. T We study the /i expansions of the relations
(2.10), considering the terms of the orders up to 7.

Proposition 4.16. We have no nontrivial relation by taking the terms of the order of h°
in the h expansions of the relations (2.10). Taking the terms of the order of K" in them,
we have

=L 600 kD) = £ 255D G20 ()58 (g) 7
k+1 k+1 z

which are the same as (4.17), obtaining no new relations.

Proposition 4.17. Taking the terms of the order of h* in the h expansions of the relations
(2.10), we have

- ﬁ[Gﬂ”(z), KD )]+ 16O 2), T® (w)]
S Gy SIS Y
+2(k +2)(DGEO)(w)s™ < ) +6(k +2)GT O (w)(Ds™) < ) . (4.22)
Z Z

Proposition 4.18. Combining (4.21) and (4.22), we have

| 1
+(0) e @
[G=M(2), 112) 2) (w) + ki DkT 2)K (w)]
_ L pGEO) st <3> + 2 62O () (D5t <E> , (4.23)
2 z 2 z

7 In (4.17) the argument of G* is the same for both side, while they are different here. This is the reason
why we have § in (4.17), but 84 here. See Lemma 2.4
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namely

[G*(2), L(w)] = %(DGi)( )84 (Z ) + =GE(w)(Ds™) (Z>

- la* )9 (3> +GE(w)(DsY) (3) :
2 z z

where we used the lemma below for the last equality. Since (Ds™) () = —(D8&™) (Z_l),
this is the desired relation with w <> z.

Lemma 4.19. We have

(DsA)( )g(w) (Da)< )g(z)—6A< )(Dg)(w) (4.24)

where the modes of g(z) are supposed to be indexed by 7*.

Proof.
(DsA)( )g(w) Yo > om ( )
meZA neZh
CE K[ nle) e (2
meZA neZh <

(Ds>< )g(z)—5A< )(Dg)(w)

4.5 hexpansions of the relations for K* vs. T  Combining the relations (2.4) and (2.5),
we have

(=g /)1 — g Tw/z) Tk = L= g z/w)(1 — g *1z/w)
(1 =¢"3w/2(1 = g7 P w/z) (U= g"z/w)(1 = g7z /w)

K(w)T(2).
(4.25)
We study the % expansion of (4.25), considering the terms of the orders up to A*.

Lemma 4.20. We have

(1— C]k+lw/Z)(1 _ q—k—lw/z) B 5 <w>
0= w/)( —gF*3w/z) 1+ A~ 4(k +2)(Ds) ;

5 2
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Proposition 4.21. We have no nontrivial relations by taking the terms of the order of h°
and BY in the h expansion of the relation (4.25). Taking the coefficients of the order of
h2 in that, we have

4k (k +2)
_ 1 e M A
k+1K @QKYw) + | (D)< )

4k(k+2)(Ds) (5) ’

1
- _ KDk ®
k+1 (w) @+ k+1

namely
(KD (2), KD (w)] = 4k(k +2)(D$) <3> ,
Z

which implies (4.9).

Proposition 4.22. Taking the coefficients of the order of B> in the h expansion of the
relation (4.25), we have

T(Z)(Z)K(l)(w)— 1 K(l)(Z)K(z)(w)
k+1
w 1 k
w M M
+4(k+2)(Ds)<Z>( k@ K (w))

=KD w1 (@) - k—llK@)(w)K“)(z)

+4(k +2)(Ds) (%)( kilK(l)(z)+ 1K(1)(w))

namely
—[TP(2), K<”(w)]+ [K“)(z) KP(w)]

1 k
=4k +2)(D8) | — ( ——KWD(z) e K(l)(w)) (4.26)
z k+1 +1
Definition 4.23. Define the normal ordered produthK DK (”(w)Zby
KV @KV wy=K" V@KV w) + KDk ().
Lemma 4.24. We have

KOV @K D w) =KV KD W)+ 4k(k +2)(Ds) <ﬂ> ,
o} o Z

and

(09 (%)) =500 () -0 ()



A Quantum Deformation... Page 33 0of 80 150

Proposition 4.25. Taking the coefficients of the order of h* in the h expansion of the
relation (4.25), we have

TOKD W) + TP (@)K D w) - i KV @K )
+4(k +2)(Ds) (—) (T(z)(z) 1 K@KV @)+ o k 1K(2)(w))
Z

) 2
DU gy (1) - B2 oy (1),
3(k+1) 3(k+1)

= KOO+ KO TP ~ KO WK
2\ (1@ W () kD k v
#2009 (2) (190 — KO @KV + KO w)

2k(k+2)(k+3)> 5 /2 4k(k+2)2 z
3+ D (‘)‘ 31 )(_)'

w

By using Lemma 4.24 above, from these we obtain

—T%@). KV w)] = [TP @), K@ )]+ k%[K(l)(Z)’ K )]
— 14(k +2)(D9) (E> ( T®(z) -
z k+ 19

2
(DD s (1) D ()
3 2 )" 3k ) z

KO@KD Wi+ KD w))

Corollary 4.26. Antisymmetrizing this with respect to the interchange z <> w, we have

— (TP @, kP + KD @, 7O @) +17P @), KD @)+ K P ), 7@ w)1)
1
— (x® 3) 3) M
+ == (KD KO @+ 1K @) KO (w))

— 4(k +2)(D9) <E> (T(2> @)+ T@)(w)) k(k A 2) (D5) ( ) <K<2> () +K® (w))
8(k+2)
K+

2
Wl Dk+D) s (E) J SR D7 (E) (4.27)
3 z 3(k+1) z

(DB)( ) KD kD w)y

As we explained we should perform the exact /i expansions up to 7i* of the relations
among Ki(z) and T (z). The coefficients of A% involve K ® (z) and T (z) as we have
seen above and will see the following subsections. Note that in the definition 4.3 of the
generating currents of the ordinary N = 2 SCA we have neither K (& (z) nor T7® (2). As
we will show, we can eliminate them from the final commutation relations (4.10) and
4.11).
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4.6 h expansions of the relations for K vs. K. From (2.2) and (2.3), we have
(1= g**w/2)(1 — g~ *2w/z2)

(1 —q?w/2)(1 —q~2w/z)
(0 =¢™w/5)(1 —g ¥ Pw/z)

(= q*w/(1 — g 2w/z)

We study the % expansion of (4.28), considering the terms of the orders up to A*.

KK (w)

Kw)K (z). (4.28)

Lemma 4.27. We have

(1 —g¢*Pw/n( —¢ > Pw/z) 5 (g)
0= 2w/ —q2w/2) =14+ 7h° (—4k(k +2)) (Ds) -

2 2
e <—M(D3s) <E> _ M(Ds) (E)) +OR).
3 Z 3 Z

Proposition 4.28. We have no nontrivial relations by taking the terms of the order of h°
and K" in the I expansion of the relation (4.28). Taking the coefficients of the order of
12 in that, we have

K@ KM w) — 4k(k +2)(Ds) <3> = KV W) KD (2) — 4k(k +2)(Ds) (%) ,
Z
namely
(KD (2), KD (w)] = 4k(k +2)(D$) (%) :

obtaining no new relation.

Proposition 4.29. Taking the terms of the order of h? in the h expansion of the relation
(4.28), we have

KQ@KD W) + KD (2)K? w) — 4k(k +2)(Ds) (3> (kD@ +KkDw)
Z

= KV @K@+ K2 KD @) — 4k +2Ds) (=) (KD @ + KD w)),
w
namely
(K@@, KO )]+ KD @), KO ()] = 4k(k +2)(Ds) (9) (kD@ + kD).
Z
Proposition 4.30. Tuking the terms of the order of h* in the h expansion of the relation
(4.28), we have
KPQKPw) +KP@)KPw)+ KV K (w)

— 4k(k +2)(Ds) (%) (k2@ +KP@K D)+ KD w))

2 2
B 8k(k+2)(D3s) (E) B 4k=(k +2) (Ds) (E)
3 z 3 Z
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=KV w)K? @)+ KP)K? @)+ KD w) kD ()
— 4k(k +2)(Ds) (i) (K<2> @+ KV KD () + K@)(w))
8k(k +2) 3 42 (k +2)? z
RS g (2) - A2 (2,
namely

[K® (), KD+ [KP (), KD w)]+[KDP(2), KD (w)]

= dk(k +2)(D8) <%) (k2@ +KP@K D @i+ K@ w))

2 2 2
P SO DRED) oy () - B2 0y (2. a0

Proposition 4.31. Combining (4.29) with the relation (4.27) in Corollary 4.26, we have

~(Ir9@, KO @)1+ K V@), 7 w)1)

= (170, K@)+ KD @), TP @) + - 1K D), K w))
2
+4(k +2)(D$) (—) (T@)(z) + T<2>(w)) - M(D(S) (-)"K(”(z)l((‘)(w)
Z k+1 z )o
Ak + Dk +2) 5w dk(k+2)° (E)
%) (Z ) S P (7)) (4.30)

Proof. We have

- ([T“)(z), KO )]+ KD @, 7@ w)]) = (112 @), K2 @)1+ [KP ), 7@ w)))

o (K0, KD+ (KO, K<1>(w>])+4<k+2><08)< )(T<2><z>+T<2><w>)

T k+1
+ 4]‘]:1‘: 2 ps) ( ) (KQ) () + K(z)(w)> S(k hd 2) (D5) ( ) KDk Wy
dhk+ D)k +2) 3 (w)  8k(k+2)? (g)
" 3 ® 3)<z>+ saen PONZ
= (IT9 @, KO WI+ KD, TOWN) + - KD @), KD )

2
+4(k +2)(D5) (—) (T<2>(z)+T(2>(w)) 4(i+2) (Da)( ) kD) kD w)
Z )

3
D) (i (1) U2 ()
7 Z

3 3(k+1)

4.7 h expansions of the relations for T vs. T Finally, we study the / expansion of the
relation (2.11), considering the terms of the orders up to A*.
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Lemma 4.32. We have

[T(2), T(w)] = K m[l(“)(z), KD w)]
o (K@, TP W)+ (720, KV w))
_ #([I((])(z) 7)) +[T?(2), K“)(w)]) + TP ), T® )] + O ().
431)
Lemma 4.33. Both in the NS sector and in the R sector, we have
W(z) = Ty K22 —chtk+2) +TA(2)
k
_ _ )
NELEEEN ( <k+1>2)K ©
2 (1 1o 1 @ kk+3) ) 3
*h <k+1T O+ a2 O Darnaren ) TOW-

Proposition 4.34. Taking the coefficients of h* in (2.11), we have

4k(k +2) w
(¢)) (eY)
(k+1)2[K (), K (w)] = N 1)2( )(Z)-

Proposition 4.35. Taking the coefficients of b3 in (2.11), we have

o (K00, TP+ (1 ), kD))

_ 8(k+2) ) 74(k+2) (E) )
= (k+1)2(D‘”( )K ) = h2t () ek,

which, using Lemma 4.36 below, is simplified as

KO@, T+ 1700, K] = HE205) (£) (k0@ + K V).
(4.32)

Lemma 4.36. We have
(D3) ( ) f(w) = (D3s) ( ) f@) =3 < ) (Df)(w). (4.33)
Proposition 4.37. Combining (4.32) with (4.26) in Proposition 4.22, we have
(KD @), T® w) + 11K<”<w>]—4(k+2)<05>( )K(”(w).

Since the constant term is irrelevant to the commutation relation, this is nothing but
(4.10).
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Proposition 4.38. Tuking the coefficients of h* in (2.11), we have

- #([Km(z), T+ 1% @), KO w)1) + 1P @), 7@ w)]

k
2
_ 42 (DS)( )(T(2)(z)+T(2)( )+ 4(’”2)(05)( )(K(z)(z)+l((2)(w))
k+1
L2642 (W (= g D) My gD
Tl )<Z> (K D@k D@+ kD rk D)
+ K™ <1>(w)1<<1>(w)+1<<1>(w)1<+<1>(w))
Bk(k+2) 3 (w\  4k(k+2)? (w)

+ =D 5)(Z> S 2 (7) (4.34)
Proposition 4.39. Combining (4.34) with the relation (4.30) in Proposition 4.31, we
have

7? ), T(z)(w) (11?0, KO @1+ KO ), T )
6 )
= )2 (KD (), K (w)]
= 4(k +2)(D$) (—) (T(2>(z) + T<2)(w)> ul +2) 22 (ps) < ) (K<2)(z) + K<2>(w))
z k +
3 (2 - w w w
+4k(k+2)((D 5) <Z> (Da)(1>)+ Gx D) (D8)(Z>, (4.35)

which is recast as

(L), L(w)] = (D8) (%) (L(z)+L(w>)+i2k3_(( 3)( ) (%))

Proof.

(7@, T<2><w>1+ (TP, KO w1+ KD @), T w))

(KD (2), K(Z)(w)]

(k + 1)2
— 4(k +2)(D9) (—) (TP@+ 1@ w) + 4(k * 2) HE*2) ps) ( ) (kP@+KkPw)
Z

2(k+2) ( ) (E)O(K(l)(z) _ K(l)(w)>
z )o o

(k+1)2
3 () _ W\, Hk+2)Qk+1) w
+4k(k+2)<(D 5)<Z> (D(S)<Z)>+ e P (7)
We use the lemma below to obtain the desired result. O

Lemma 4.40. We have

(D§) (E>°(K“)(z) - K(l)(w)>2°= 0
Z [e) o
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5 Wakimoto Representation of the Quantum Affine Algebra U, (3\[2)

Before embarking on the construction of the Heisenberg representation of $Vir, i, we

need briefly recall the Wakimoto representation of the quantum affine algebra U, (sl>)
[48,49] (see also [59]), fixing our notations and recalling some operator product expan-
sion (OPE) formulas.

5.1 Heisenberg algebras and vertex operators Vi(z), Yi(z) and W4(z)

Definition 5.1. Introduce Heisenberg algebras generated by o, @y, 8, (n € Z) and
Qu, O, Op, with the commutation relations:

2n]lk
[y, am] = [nlliarwmﬁ» [ay, Oul = 8",07
2n][k
[am am] = —[n]nJ&mn,o, [an, QE] = _5n,0
2 k+2
(B ) = 20 B Qa1 =00

and all the other commutators being vanishing.

We regard the non negative Fourier modes «,,, «,, 8, (n > 0) being the annihilation
operators, and the negative Fourier modes oy, @y, B, (n < 0) and Q4, O, Op being
the creation operators. Accordingly we use the symbol : e : for the normal ordering
for the Heisenberg generators. Namely we move all the creation operators to the left of
annihilation ones given in the symbol : e :.

Definition 5.2. Let V*(z), Y*(z) and W4 (2) be the vertex operators as

VE@) = 20 Fi ;exp ﬂFZqﬁ'm‘ T |
= [km]

Yi(z) _eiZQa ikao cexp [ F Z‘ﬁzlmlﬁam .
m##0

¥20[0

Z1(2x) = exp (zp(q g7 Z i

m=1 [2 ] )
Wi(z)—eXP<¢(q—q )Z o )

m=1

5.2 Wakimoto representation of U, (;[2)

Definition 5.3. Introduce the following shorthand notations

ex(d) = : Y*(z)zi(q#nwi(ﬁ%z) :
fr@ = YT QZe(qE T OWalgFin) ™
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In the undeformed case the N' = 2 SCA and the affine Lie algebra 5’1\[2 have a common
sector, called Zj parafermion [24,25,63]. In the Wakimoto representation of U, (sl2),
the g-deformed parafermion sector is generated by a;,, 8, with the zero modes Qg, Q4.
The operators e (z) and fi(z) are fundamental vertex operators from the deformed
parafermion. One of the earliest references for deformed parafermion is [18]. In [41]
the deformed parafermion derived from the Wakimoto representation of U, (sl2) was
employed for a free field computation of the the Andrews-Baxter-Forrester models in
regime II. See also [45].

Definition 5.4. Set

E@) = Ee@) = E-@).  Ee(@) =+ _1 —V*(2)ec(2), (5.1)
F@) = F@=F-@).  F@) = _lq,] V7 (2) fe(2), (5.2)

and
Ye(x) = Vg PV (T 1 (5.3)

Theorem 5.5. The operators E(z), F(z) and Y+ (z) satisfy the defining relations for the
quantum affine algebra U, (sl2)

V(@) Pe(w) = Yo ()P (2), (5.4)
_ 8lg*z/w)
V=@V (w) = T S )Y@, (5.5)
V_()Ew) = g(g "2/ w)E)Y_(2), Y_(2)F(w) = g(q*k/zz/wrlF(w)w_S (?,
(5.6)
E@ys(w) = g(q ¥ 2/w)s(w)E(z), F@)¥s(w) = gg™*z/w) " (w) F(2),
5.7
(z— ¢ W) E@EW) + (w — g 2) E(w)E(z) = 0, (5.8)
(z—q *w)F@)FwW)+(w—q 2z)F(w)F(z) = 0, (5.9)
(EQ). Fw)] = —— (8 <qu> Va(gPw) = 8 (q"‘f) w(q‘k/zw)>,
q—9q Z Z
(5.10)
where g(z)*! are the invertible Taylor series
(Z) _ q—2_z _( _Z_Z)Z —2nZn (Z)_l _ q2_z _( 2_Z)Z 2nzn
g _l_quz_ q n>0q ’ g _1_q2Z_ CI n>0q .

For the reader’s convenience, we recall the proof of Theorem 5.5 in Appendix A.
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YV, = (0,1)
N
L 7, = (1,0)
M
\73 = (_17 _1)

Fig. 1. 5-brane junction with D3 brane configuration (see also the table 1). Our convention of the ordering is
counterclockwise. The orientation of the edges is outgoing

Table 1. Configuration of 5 brane junction with D3 branes

Coordinates 0 1 2 3 4 5 6 7 8 9
D3 o o o o — — — — — —
NS5 o o — o o o o — — —
D5 o o o — o o o — — —

6 Twist of the U (1) Boson From ¢ Deformed Y -Algebra

6.1 Y-algebra and its gluing In [35] a vertex operator algebra (VOA) called Y -algebra
was introduced. The algebra denoted by Y a n[W] is indexed by three non-negative
integers and has a parameter . Associated with the Y-algebra is a five-brane junction
with D3 branes (see Figure 1 and Table 1). The integers (L, M, N) represent the number
of D3 branes stretched between 5 branes. The figure 1 describes the 2-3 plane of the brane
configuration of Table 1. In this brane configuration the two dimensional plane with a
complex coordinate z = x¢ +ix; is common to D3, N S5 and D5 branes. The Y -algebra
is regarded as a VOA on this complex plane and hence we have a Y-algebra associated
with each trivalent vertex. Introducing parameters ¢;, i = 1,2,3 withej +ex +€3 =0
the parameter W is expressed as

v=—= (6.1)
we can denote the Y -algebra by ¥ ;,’1 613,;}\,2 = YN, .Ny.Ns [— i—f]. Then we have a symmetry
under a simultaneous cyclic permutation of N; and ¢;. In the five-brane web the slope
represents the five brane charge (p, ¢), on which the S duality group SL(2, Z) acts. The
3 branes are invariant under SL(2, Z). The SL(2, Z) action on the parameter WV is

v+
Mow=P1"TP2 gy (PUP2) 510 7). (6.2)
aV¥+q q1 92

The vacuum character of Yy xv[\W] coincides with the character of the MacMahon
module of Wy, algebra, or the affine gl; Yangian with a “pit”at (L+1, M +1, N +1).
This mathematically means that it is isomorphic to the Wi, algebra quotient by the
(monomial) ideal J;, s,y coming from the pit (See also [16]). In particular, when L = 0,
it reduces to a Fock module. Consequently the Y-algebra Yy ps n is identified with the
‘W algebra associated with the Lie superalgebra sly|as.
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V2

N

Fig. 2. Gluing of two Y-algebras Yg p7 1 [V] and Yg y p[W — 1] according to the toric diagram of ALE
space of type A

The Y-algebra of our concern is Yy 1 2[W]. In [35] by examining the character it was
shown that Yy 1 2[W] is related to the Z, parefermion algebra Pf, := SU(2),/U (1)2;

Yo,12[V] =Pfy_2 x U(l)\y—l(wfl)(wfz), (6.3)

where U (1) denotes U (1) current algebra with level £. In fact from the general argument
Yo,1,2[W]is the W algebra associated with s(3|; and its relation to the parafermion algebra
from the viewpoint of the quantum Hamiltonian reduction was discussed in [19,20]. See
also [44] for a recent study on the deformed W superalgebra of slp|;. Furthermore, in
[57,58] it was proposed that by gluing the Y-algebras according a web of five brane
junction, we can systematically construct the VOA of ‘W algebra type. Figure 2 is an
example of the five brane web describing the ALE space of A; type (the Eguchi-Hanson
space). The parameter W is shifted by 1, because the direction of the NS-5 brane is
(0, 1) at vy, butitis (1, 1) at vo. This means the parameters (e, €5, €5) at v2 are related
to (€1, €2, €3) at vy by €] = €1, €, = €] +€2. Hence W' = —¢€)/e] = —1+ W,

From the viewpoint of constructing VOA by gluing of Y -algebras, the current alge-
bra gl, = sl x u; and the N = 2 superconformal algebra with additional 1} factor are
obtained from the brane configurations described in Figure 3; [35,57]. For example, in
[38] it is shown how the N = 2 unitary minimal models are realized by gluing plane
partitions which are representation spaces of the Y-algebra. Since the brane configu-
rations consist of two vertices, each algebra is constructed by gluing two Y-algebras.
Common to the both case is Yo 1,2 which is the parafermion algebra and the difference
is the second Y -algebra Yy 0,1 which is u; algebra.

6.2 Deformed Y -algebra and Ding-lohara-Miki algebra What is relevant to us is a ¢
deformed version of the Y-algebra, which is discussed in [37,39]. Since the quantum
toroidal algebra of type gl;, or the Ding-Iohara-Miki (DIM) algebra is a ¢ deformation
of the W1, algebra, or affine gl; Yangian algebra, we can employ a Fock representation
of the DIM algebra as a basic building block [28].

Recall that the quantum toroidal algebra of type gl; has three parameters (q1, g2, g3)
with g1g2g3 = 1. The algebra enjoys a S3 symmetry under the permutation of g;. The
relation to the parameters of the Y -algebra is given by g; = ¢ . The Fock representation
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Fig. 3. N = 2 superconformal algebra x U (1) (left) vs. ;[2 x U (1) (right) by the gluing of two Y-algebras

breaks the S3 symmetry, we have to choose a preferred direction to reduce the MacMahon
module to a Fock module. Accordingly there are three types of the Fock module whose
1

central charge is ¢ = qf, i = 1,2,3 [11]. It is defined by the deformed Heisenberg
algebra;

o573
lan, am] = _K_(qi —4; ) 8n4m,05 (6.4)
n

with

3 3 3 3
kn=[]@’—a H=[]@-D=]]a-¢"=> @ -q". (65

i=1 i=1 i=1 i=1

We follow [11] for the normalization of the deformed Heisenberg algebra. The multiple
tensor product

L M N
FIQ---RF  FHh® - F @ F3---QF; (6.6)

gives a free field representation of the deformed Y-algebra g-Y;, p v, where J; stands
1

for the Fock module with the central charge qf. When L = M = 0, it reproduces the
construction of the deformed Wy algebra from the N-tuple tensor product of the Fock
module of the quantum toroidal algebra.®

When we have the tensor product of the Fock modules of different central charge®,

3"8) ® ffg), we have a unique screening current of the DIM algebra [11];

QoM _lp@ 2,0_a, @, o 1 1 _
S(z) = qu sz Zflao a®% g - exp —Z—s,nz” exp Z_S"Z ",
n n

n>0 n>0
(6.7)
where

7 —n 7 —n
_9 "% o_ "9 @
==—*—q,’ —c)——a,”’,

n —n n n —n n
‘4 G 6

Sn
8 Precisely speaking we have to decouple an appropriate U (1) factor.

9 When the central charges are the same, there are a pair of the screening currents for each adjacent pair of
Fock modules.
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n - n
nCh =" oM cf —c” e (6.8)

—n n —n n ) .
cf — ¢ 5=

S_p=c¢

and a(l) =a, ® 1, a(z) =1®a,, 0V =0®1,0?% =1® Q. The commutation
relation of the zero modes is [ag, Q] = 1, which implies that S(z) is actually fermionic.

6.3 q-W(gly) and deformed parafermion Let us parametrize g; as follows;

6D =2, gps=q o =5, (6.9)

a1=q"o=q
where k is going to be identified with the level of the quantum affine algebra Uy (g ).
Note that g here agrees the deformation parameter of Uq (g[z) In [30] (see also [32])
it was argued that the quantum affine algebra Uy (g[z) can be uplifted to the quantum
toroidal algebra Uyg » (3[2) with g3 = q*. Let us consider the quantum toroidal algebra

of type An_1; Uq,a(gTIN). Then we have

Proposition 6.1. ([30,32]) In the quantum toroidal algebra U (E[N) with parameters
(6.9), there are mutually commuting DIM algebras E’I’m, m=0,...,N—1;

Ugo(8ly) D E1g®E) 1@ @& y i,
where the twisted parameters of the m-th DIM algebra E/I,m are

ql(m) =g, qém) — C]In+lCI_N+m+l, q§m) _ Cll_mCIév_m- (6.10)
It is remarkable that the values of the twisted parameters (6.10) exactly match with
what we obtain from the brane web (or the toric diagram) of the ALE space of type
An_1.'0 The toric diagram of the ALE space of type A _1 has N vertices and the slopes
of edges at the k-th vertex are V( ) — =(1,0), V(k) (k, 1) and V(k) =(=1—k, —1.1
In the case of N = 2 we have two commuting DIM algebras 81,1[‘1% qlz, q, lqg]

and 8/1,0[‘12’ q1q95 I q32]. The first toroidal algebra will produce the deformed W algebra
q-W(gly1), which is the parafermion sector and the second algebra is identified with the
deformed Heisenberg algebra of the U (1) boson sector (See figure 4). According to the
prescription (6.6) we take the tensor product 3";1,)1 ® CTF((I%) RF (3)1 of three Fock module

of 8/1’1[612, qlz, ql_lq3]. Note that [¢2, qlz, ql_lqg] = [4%, ¢? qi, 0 972]. In our normalization

(6.4), we thus employ the following deformed bosons; 2

2
o O] _[.6 & _ _ " -2
[an » Ay :I - [an » Ay :I =—n (q _ q_n)(ql )3n+m 0 (6.11)

2
@ @] @i —a")
[an > Ay ] - n(qn _ q_n)(an — n) n+m,0- (6.12)

10 The diagram has N — 1 internal edges that correspond to a chain of N — 1 rational curves whose intersection
pairing agrees with (—1) times the A _1 Cartan matrix. The chain of N — I rational curves comes from a
resolution of the A _1 singularity.

1 The ordering of commuting DIM algebras and the vertices in the diagram is reversed.

12 The boson of the k-th factor of the tensor product is denoted by a(k)
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it =

Fig. 4. Gluing for U (sl)

By the formula (6.8), there are two fermionic screening currents in the form (6.7),
with the following modes;

n —n n —n
— 0" —0
| ek O L )
0" —0 q) —q,

—n

n_ M —p "
PR i kO (6.13)
0" —0 q) —q,
and
n —n n __ —n
s@ YTV o T T )
n q;, _ ql—n n M _pn
23 2= o) ai —a”
sO = g a @ e O (6.14)
q) — q, 0 —0

There are two possibilities of the choice of the root system of gly;. One of them is purely
fermionic and the Dynkin diagram has two fermionic nodes; ®—& . The fermionic
screening currents S (2)(z) and §@3 () correspond to these fermionic nodes.

Up to overall normalization the U (1) boson associated with the Cartan subalgebra
of g-W(gly)) is fixed by the commutativity with these screening currents;

1) ) 3
(N —n an n an n__ 9n
hn—(ql_Q1 )(OH—D_n_D q?_q;n+q Dn_a—n)’
) ) 3)
a a a
ho = (g" — g —n —n —o" —n + —n . 6.15
n (611 ql ) (q an _ afn q{l _ ql—n an _ 07'1 ( )

The commutation relation is

[hns hm] = _n(CI? - 611_")2 qi:_ qin - ! 8n+m,0
(g —q; @ —q™ @ =0")@"—q7")

B @i —a;™ Wy mven s
=M g oy (@ ) = @ =@ a7 b
(qt —aq7 "5 —a3™")

@ —qg™@" =271

Snm.0- (6.16)
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The commutation relations for the screening currents are

L=,
(st 5] =7 Bwsmo x {_Dn_a_n oy 6.17)
qnfq—n 9

for I, J = (12), (23). Hence, the orthogonal combinations are

KGR [n] (12) (23)

n == (51 n ) (6.18)
St \/—
50 = (0o eny (6.19)

Their commutation relations are

+ + [n] n —n n —n
[S,g ), S,,(1)] ﬁ((q —q") =@ =07"))8n+m,0
= G 4 g s, (6.20)
ng—q-"
(n] _ _
=) = Y1 (" =g n_ ~—n
I:Sl‘l > Sm ] - n(q — q_l) ((Cl q )+ (D 0 ))8n+m,0
= G T sy (621
n@—q7")

Then the scaling

/2 2 =n/2 1/2
@ +q;") g )
b= ( ln/z /2 L 57, (6.22)
E} 513

/2 n/2 —n/2,\\ 1/2
_ (‘]n + QQ )(6] +4; )) (=)
Uy = R Sy (6.23)

( a9\ +a;"

reproduces the standard parafermion sector for the Wakimoto representation of Uy (;[2)
with level k (see Definition 5.1);

2 k+2
B Bl = ["][(n—”"]anm,o, 624)
[an’ am] - _M(Srwm,o- (625)
n

6.4 Adding U (1) sector We can obtain a free field representation of Uq (az) by adding a
U (1) boson to the deformed parafermion sector. From the diagram (Figure 4), we expect
the appropriate deformed Heisenberg algebra to be added is the Fock module F, of the

second DIM algebra 8’1’0[(]2, q195 ! q32]. Hence we introduce the deformed Heisenberg

algebra

L @i —a")?
@ —q@" —07")

[?in» zm] = - n+m,0- (626)
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—202

ai=1q

¢ =g

Fig. 5. Gluing for N = 2 superconformal algebra

Then we can check the combination

[n]
o = —(hy +3,) (6.27)

reproduces the commutation relation for the U (1) boson sector of the Wakimoto repre-
sentation of Ug (5 [) in Definition 5.1 as follows;

[ (45 —a3"

[an, o] = I’l (qn — q—")(a" —o ) ((Ch - ) (Q3 - CIX )) 5n+m,0
_ (g5 —a,") (g5 —q3") 80 0 = [2n][kn] 50 o, 628)
n(q—q-1)?2 ’ n ’

On the other hand, from the diagram for the N = 2 Virasoro algebra (See Figure 5),
we now employ the DIM algebra with different parameters as U (1) sector to obtain
N = 2 Virasoro xU (1). We introduce

_ q"—q")?
nsdml = n+m . 6.29
[@n, T ] n(q? o )(0” o 0 (6.29)

This is what we expect from the deformed boson from q-W (gl; |0)[q1_2, 02,072 ~ Fy.

This means that compared with the parameter for the U (1) boson of Uy (az), we should
make a replacement of parameter

(9,9 — (g0~ 1, ), (6.30)

which is nothing but the (inverse of) T transformation in the base (q, 0). In fact the left
vertex in Figure 5 is obtained by applying the transformation (6.30) to the corresponding
vertex in Figure 4. Similarly the commutation relation (6.29) is obtained from (6.26) by
the same transformation.

Recall that the U (1) boson vertex operator V*(z) in the Wakimoto representation of
Uy (s [2) involves the oscillator mode «;, as follows;

:exp :FquEZ'”‘ﬁan ;. (6.31)
n7#0
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See Definition 5.2. To figure out the U (1) boson for the deformed N = 2 SCA, let us
look at the combination

-1 —
F3 9-4 _ F ¢ -a”
3

—(h, + 3. (6.32)
4 —q; Yot —gs "

We keep the first term which comes from the parafermion sector but replace @, with a,,.
We should also change the coefficient of the second term according to the transformation
(6.30);

g7 - g7 AT (6.33)
n(qy —qs n(@" —q7")
Hence, we see that the U (1) boson for the deformed N = 2 SCA is given by!3
~ lnl wl [kn) gt —q; "
Go=q 2y, —or3 il md 2 ) (6.34)
n n oq'—q

The commutation relation is

— g — g - lnlc,n _ o0
~ o~ @ —aN@s g3 [ q" = 0Ty —q5")
[ay, o] = q3 (g — q_1)2 - + R 5n+m,0
[(k+2)n]lkn]

= —8n+m,0, (6.35)
n

which exactly agrees with the commutation relation (7.1) we used in section 7.

6.5 Towards an uplift to quantum toroidal algebra In the last section we see that Hy , 1=
a,, give the Cartan modes of Uq(gl,). The combination which is orthogonal to Hj 4, is

(1) 2) (3)
[n] — a a a 1 .
Zy = Tl q?fq]n an_nafn - n " p— +qnan_na—n + = dap |,
91 — 44 q%’ n

—43
1 2 3
L1 A R S T U S
—n - n 1 1 M —pn q;lz _ ql—n M —pn W —n |-
(6.36)
We obtain Uy (?[2) after decoupling Z4,,.
Now let us introduce
[n] ~
Hoy .y = —7(Q§Fnhin +q7 " dxp). (6.37)

It is clear that the commutation relation of Hp 1, is the same as Hj +,. We can see that

they give the Cartan modes of the quantum toroidal algebra Uy 5 (5[2).

n —n

C
[Hi,n, Hj,m] = a;j (n)w(smm,o, (6.38)

In|
= . . ¥ .
13 The vertex operator V*(z) does not involve the monomial factor q3 2 . See Definition 7.2.
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(617 €2) (Ela —€1)
OO\/OD O\/O

Fig. 6. Quivers for the quantum toroidal algebra Uq‘g(g[z) (left) and Uq,a(g[m) (right). The parameters
associated with edges satisfy the Calabi-Yau condition €] + €3 +€3 =0

where the (g, 0) deformed Cartan matrix is

aij(n) = [’;—] x {qn g =), i,je{o,1) (6.39)

=" =07 (I # ),
and we put C = g3 = g~ for the center. In fact we can compute

@ =aa —a7 MG a3 @ = a7 — a3
LHo.n: t.—n] = =a5 n(@—q-H2@" =" TN @ D2 — o)
@ =M —a3 ")
~ n@—g H2E" o)

@' —a7"(gy —gq3 D"+ )

— 6.40
n(g—q-hH?2 (6.40)

(~a5"@h =™+ 97" @ — a3 ™)

Hence, the Wakimoto representation of the quantum affine algebra U (3[2) can be up-
lifted to the evaluation representation of the quantum toroidal algebra Uq,a(a[z)- See

also [31] for a Heisenberg representation of Ug o (3[2).

It is an interesting problem to see that the twisted Wakimoto representation of the
deformed N = 2 superconformal algebra allows a similar uplift to a representation of
some quantum toroidal algebra. The recent proposal of quiver quantum toroidal algebra
[8,36,53,54] seems to provide a good starting point to tackle this task. The quivers
corresponding to the local toric C Y3 geometries C x (C2/Z,) and the resolved conifold
are given in Figure 6. (See also Fig. A.1 in [8]; Fig.27 (a) and Fig.7 in [54].) The toric
diagrams of these local CY3 geometries agree with the web-diagrams for the Y -algebras
we are looking at. In [36] and [54] the structure functions of the quantum toroidal algebra
are defined via data of the quiver diagram. According to eq. (4.2.10) in [53], given a
quiver, we can write down the commutation relation of the Cartan modes as'*

CV_C—r
[Hi,r,Hj,s]:(SrH,OT Yooar— > |- (6.41)

Ie{j—i) Ieli—j}
Applying the dictionary;
e — q1=09",

14 Compare this with (C.6) in [36].
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©—q=0"'q",

&a— q@=0q,
to the left quiver in Figure 6, we have

cr—-CcT" _ cr—-Cc™" _
[Hi,r» Hi,x] = 8r+s,0f (qg — 4, r) = 8r+s,0— (qzr —q 2 ,

and

Ccr—C"
[Hi,rv Hj,s] - 8r+s,0+ (QT + 6]5 - ql—r - q3—r)

Ccr—C-r
= _5r+s,0f(qr —q HE +07"), (@ #)). (643)

which reproduces the deformed Cartan matrix (6.39) up to the normalization factor
(" — g7"). On the other hand, applying the same dictionary to the right quiver in
Figure 6

[Hir. His] =0, (6.44)
and
cr—-Cc— _ _r
[Hi,r’ Hj,s] = 8r+s,0 €ij f (CI§ +Q3 T — QT — 4 )
ro__ C—r
= —0r+s5,0 €ij f(qr —q O =027, (@ #Jj), (645
where €9 = —€19 = 1. In Section 4.4 of [54], this is identified as the quantum toroidal

algebra associated with the Lie superalgebra gl;;. However, from the viewpoint of
defining the quantum toroidal algebra based on the Cartan matrix [12], the case of gl;;
looks quite irregular. For example, the commutation relations (6.44) and (6.45) would
imply the zero Cartan matrix in the limit © — 1. It seems non-trivial to realize the
commutation relations (6.44) and (6.45) in terms of deformed free bosons. Hence, an

uplift of the g-deformed N = 2 SCA to the quantum toroidal algebra Uy o (gT[l 1) is not
straightforward. We leave this issue for future work.

7 Twisted Wakimoto Representation for Realizing SVir, ;

In the undeformed case the N = 2 superconformal algebra and the affine Lie algebra
sl, have a common sector, called parafermion sector [24,25]. In the Wakimoto repre-
sentation the parafermion sector is generated by @, 8, with the zero modes Qg, Op.
To construct the Wakimoto representation of §Vir, x, we will keep the (g-deformed)
parafermion sector and twist the U (1) boson following the result in the previous section.

Definition 7.1. While keeping the generators @,,, 8, and Qg, Qp as they are, replace the
generators o, and Q, with the the modified ones &, and Qy satisfying the commutation
relations

[(k +2)n]lkn]

[an: &m] = Taiﬁm,()’ [an» 0zl = 5/1,0» (7.1)

and all the other commutators being vanishing.
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The commutation relation (7.1) of &, is the same as that of the Heisenberg generators
H,, of 8Vi 74,k introduced in section 1.3. Hence, we have H,, = o, in the Wakimoto
representation of SViry x.

Definition 7.2. Introduce the modified vertex operators Vi(z) as!?

—m
T4(2) = et +D0a + 1a . . exp :Fz[k @

Recall that the basic vertex operators e+ (x) and fi(z) of the parafermion sector are
introduced in Definition 5.3.

Definition 7.3. Let K (z), K(z), T(z) and G*(z) be the following combinations of the
vertex operators

K*(2) = g% exp ((q -q¢H ) &nz_m)’ (7.2)
+m>0
K(z) = K @K' (2) = : ViV (g2, (1.3)
T) = : V@ ')V (") : Ter(2),
Tor@) = ¢ era T @ P =t G -
PFZ) = ¢q ei+lq 2)Jj-\gq = 2): k+1] er(q 272)f+(q@ 72z
tq" e (T T Dfg T (7.4)
GT () =17"7) €Gi() =2 (G () - GZ(2). (1.5)
e=+
where
+ 1 T+, —k=2 3k+d
Gi(@) =+—=V" (¢ "Dec(qg 7 2), (7.6)
q—9q9
— 1 7=, thk+2 43k
G @=—— 5V @ ofa D (7.7

Note that there is an additional factor z!/? in the definition of G*(z). Namely, we
suppose that in the NS sector G (z) are expanded in the integral powers of z and in the R
sector they are expanded in the half-integral powers of z. See Remark 1.4. Thus it is the
mode expansion of Gf (2), not G*(z), that agrees with the standard convention of two
dimensional superconformal field theory. This in particular means that we can employ
the same momentum lattice of zero modes as the NS and R sectors of the standard
superconformal theory. The definition of G*(z) may be compared with that of E(z) and
F(z) for U, (s12) in Definition 5.4. The expression of Tpg(z) in the language of U, (5[2)
is given in Appendlx B. See also the operator L(z) in Prop. 4.2 of [19].

15 There is a freedom of making @4y, —> ¢nd+m. For example, we have ¢, = qqtk Im1/2 in the case of
VE(2), see Definition 5.2. We may eliminate ¢, by a redefinition of the Heisenberg generators H,,, which
affects the commutation relations among generators of SViry .
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7.1 (Dual) Fock representations of 8Vir, y in the NS and R sectors Recall that the zero
modes of the twisted Wakimoto representation are &g, &g, Bo and Qz, Qg, O g with the
commutation relations;

Set
&, p, o) = et QatrLata Qs () (7.9)

with
0y|0) =@,[0) = Bul0) =0, n=>0.

The zero mode dependence of G (z) reads

ilao

17
GE () ~ e+ )0 <q¢<k+2>z) ; .ei2Qa( i )i"aoqféaoq?%ﬁo'

qT?z

Take the additional factor z!/2, as in G*(z) = z1/2 (Gi (2) — G* (2)), into account.

Lemma 7.4. We have

Gt p, o) x 22T Osc.(2)|E + (k+2), p £ 2, 0),

where Osc.(z) stands for some invertible element in the algebra of negative Fourier
modes, i.e. some power series in 7 with a non vanishing constant term.

In the NS sector, G¥(z) should be expanded in the half-integral powers of z. The
condition for |&, p, o) being a highest weight vector gives us G$|$ ,p,0) = 0 for
m=1/2,3/2, ..., which in view of Lemma 7.4 requires £ = p.

Lemma 7.5. When & = p,

Ki(z)|$’ pvg) =qp|$v ,0,0'>+"~ )

2 -1 k2, [k +2] k2
T@)E p.o)=¢q ks(q g% rg "—[kH]q Pq’ +q*'q'Frg >|§ p,o)+

_ _ [k + 2]
— lopg—0 L2720 2p +1
—(q q"q [k+1]q +q )Iépcr)

Compare these with the definition of parameters u and % for the Verma module in
the NS sector (see (3.1)). From the parametrization (3.9) of /, we can identity

u=gq”, v=gq°. (7.10)
Note that
lp + (k+2)n, p+2n, o) has the x-degree n, and the p-degree n2/2.
Set
FE p,0):=Cla1,02,..., 01,082, ..., -1, B—2,.. 1€, p, 0),

and

Fns(u, v) :=@3’(p+(k+2)n,p+2n,o). (7.11)

nez



150 Page 52 of 80 H. Awata, K. Harada, H. Kanno, J. Shiraishi

Proposition 7.6. Thanks to the Theorem 7.16 below, we have a representation of 8Viry
in the NS sector on the Fock space INs(u, v) with the highest weight vector |p, p, o)
satisfying

Kilp.p.o)=ulp,p.a).  Tolp, p.o) =hu,v)lp, p.,0),

where h(u, v) is defined in (3.9). We have the character for Fns(u, v)

0 (1+pi+1/2x)(1+pl+l/2 )
I1 Ipl. x| < 1.

chays v (P, X) = (1 — pithy(1 — pi*l) ’

i=0
Remark 7.7. Observe that the character chgq (., ») (p, x) and the conjectural Verma mod-

ule character chns(p, x) in (3.3) are identical. Hence this Fock representation is expected
to be irreducible for generic u and v.

In the R sector, G* (z) should be expanded in the integral powers of z. The condition
for |€, p, o) being a highest weight vector gives us G} |§, p,0) =0form =0, 1,...,
andG,,|&, p, o) = O0form = 1,2, ..., whichinview of Lemma 7.4 requires§ = p+k/2.

Lemma 7.8. When & = p + k/2,

K=&, p,0) =¢° 16, p, o) +- -+,

_2 _ kLZ _ [k+2] k+2
T()|E, p,0)=¢ k$<q g %rg "—[k+1]q PgP +q*q'Frg )Ié p, o)+

o~ o~ k2] 2% 4 q*lg
=q (q q"q —[k+1]q +q &, p,0) +

Recall we have defined the highest weight conditions in the R sector with some g-
shifts attached to u# and & (see (3.14)). We see these g-shifts are consistently derived
with the identifications

¢Pu=q¢°, u=q", v=¢". (7.12)
We have
|k/2+ p + (k+2)n, p+2n, o) has the x-degree n, and the p-degree n(n + 1) /2.
Set

Fr(u, v) ::@?(k/2+p+(k+2)n,p+2n,o). (7.13)

nez

Proposition 7.9. Thanks to the Theorem 7.16 below, we have a representation of SViry
in the R sector on the Fock space Fr (u, v) with the highest weight vector |k/2+p, p, o)

satisfying
+ _ k2 _ -1
Kylk/2+p,p,0) =q""“ulk/2+p,p,0), Tolk/2+p,p,0) =g  hu,v)lk/2+p,p,0),

where h(u, v) is defined in (3.9). We have the character for Fr (u, v)

1°—°[ (I+p™*x)(1+ pix~h)

, > lrlIxl <1
o (1 _p1+1)(1 _pz+1)

Ch?R(u,v)(pa x) =
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Remark 7.10. Observe that the character chg () (p, X) and the conjectural Verma mod-
ule character chr (p, x) in (3.16) are identical. Hence we expect that this Fock represen-
tation is irreducible for generic u and v.

Next, we turn to the dual Fock space generated by
(&, 0, 0] = (O] 50T~ PCao0p, (7.14)

with
(Ola, = (0o, = (0[B, =0, n<0O.

Lemma 7.11. We have

|| EF042)—(0F2)
2% T

&, p,olGER) xz (EF(k+2), pF2,0|0sc.(2)
= T (£ (k +2), pF2, 010sc.(2),

where Osc.(z) stands for some invertible element in the algebra of positive Fourier
modes, i.e. some power series in z~' with a non vanishing constant term.

In the NS sector G*(z) should be expanded in the half-integral powers of z. The
condition for (£, p, o| being a highest weight vector gives us (£, p, 0|G$ = 0 for
m = —1/2,-3/2, ..., which in view of Lemma 7.11 requires § = p.

Lemma 7.12. When & = p,

(& p,olKE(2) =g (£, p, o+,

_2 1 k2, [k +2] k2 k2
(& p,0|T(z) =g & (q g rq "—[k+1]q ErgP +q*lq ”’q") (&, p,o|+--

— —lp—cr_[k+2] 2p+ +1 _p o T
(q q9"q [k+1]q q q°q° | (&, p, 0| .

Compare these with the definition of parameters u# and 4 for the Verma module in
the NS sector (see (3.1)). From the parametrization (3.9) of &, we can identity

u=gq”, v=gq°. (7.15)
Set
T, p,0):= (& p,o|Clay, &, ..., a1, %2, ..., B1, P2, - - ],
and
Frs. v) :=EPF* (o + (k+2)n, p +2n,0). (7.16)
nez.

Proposition 7.13. We have a representation of §Vir, i in the NS sector on the dual Fock
space F{g(u, v) with the highest weight vector (p, p, o| satisfying

+
(p.p.olKy =ulp,p,al.  (p,p,0|To=h@,v){p,p,0l,

where h(u, v) is defined in (3.9).
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In the R sector, G*(z) should be expanded in the integral powers of z. The condition
for (¢, p, o| being a highest weight vector gives us (&, p, O’|G:'n =0form=1,2,...,
and (§, p,0l|G,, = 0form = 0,1, ..., which in view of Lemma 7.11 requires § =
o+k/2.

Lemma 7.14. When & = p + k/2,

E p, 0 KE@Q) =¢* (&, p, 0+,

1 k+2

2 _ [k +2] k2
(& p,0T(2) = ¢ k5<q qFPq 7 —

PP kp
[k+1]q g’ +q*'q )(E p,o|+--

B _ _ [k +2]
=q ]<q Y4Pq77 — ———q* +q*'q"q° ) (&, p.o| + -

[k +1]

Hence we have the identification of the parameters:

¢Pu=q*. u=q", v=4°. (7.17)
Set
Fau,v) =P F**k/2+p+(k+2n, p+2n,0). (7.18)
nez

Proposition 7.15. We have a representation of 8Vir, i in the R sector on the dual Fock
space FR (u, v) with the highest weight vector (vk/2 + p, p, o| satisfying

k/2+p.p.o|KE = g*2utk/2+p.p.ol. (k/2+p,p.0To =g hu, v)k/2+p.p.o],

where h(u, v) is defined in (3.9).

7.2 Commutation relations of the generating currents In this subsection we prove;

Theorem 7.16. The operators K(z), T(z) and G*(2) given in Definition 7.3 satisfy the
relations in Proposition 2.2.

7.2.1 Relations for Ki(z) vs. K¥(w), K*(2) vs. G*(w), and K*(z) vs. T(w) Since
the operators K* (z) and Vi(z) involve only the twisted U (1) modes &, and Qy, it is
straightforward to obtain the OPE’s among them from the commutation relations given
by Definition 7.1. In order to write down these OPE’s, it is convenient to introduce the
invertible Fourier series g(z) by

1 +(k42) (g (k+2) gt — 7
o — + +2)ym _ _ —(k+2)m\ _m | _
g™ =¢q exp |+ E q 7" = ez (7.19)

m>0

Note that when we evaluate the OPE of A(u)B(v), the ordering |u| > |v]| is always
assumed.

Lemma 7.17. The OPE’s among the vertex operators K* (z) and vE (z) read as follows;
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(1)
Ki(z)Ki(w) = Ki(z)Ki(w) :
K @K'(w) = :K (@K' (w)
b e e (= gz /w)(1 — g z/w)
K'wK (z) = : K (@K"(w): 0= (=422 /w)
(2)
K @VEw)= K @) VFw): ¢t*?,
VEWK () = K @VEw) : g5/ /w)T!,
VEQK (w) = : VEQK (w) :,
K*w)VE@) = : VE@K (w) : 3(z/w)™".
(3)

o — . k+2
VEQVE@) = VE@QVEw) : 'F exp (— > %(w/z)m) :

m>0

VEQVFw) = : VEQVF(w) : z_k%'z exp <+ Z M(w/z)"’) .

moo  Mlkm]

Since the operator K*(z) is independent of the modes of the parafermion sector,
there are no contributions from the parafermion sector in the relations K*(z) vs. G* (w)
and K*(z) vs. T(w). Note that the U (1) part of T(z) is given by

Tuny @ = Vg DV (g2 == ¢ 1% : exp (—(q - H) %&_mz’") 3

Then the OPE’s in Lemma 7.17 are enough to obtain the following relations.

Proposition 7.18.

K*(0)K*(w) = K*(w)K*(2),
(1 — q%*2z/w)(1 — g~ 22z /w)
(1 —g%z/w)(1 — g~%z/w)
K™ ()T(w) = Tw)K ™ (2)3(qz/w)Z(q ' z/w) ™",
T(2)K* (w) = K*w)T(2)Z(qz/w)g(q"z/w) ™",
K™ ()G (w) = G*(w)K ™ (2)3(g**? z/w)*!,
GE(@K*(w) = K*(w)GF ()3T 2 z/w)T.

K™ (2)K*(w) = K" (w)K™ (2)

Thus, we recover the relations (2.2) — (2.7) in Proposition 2.2.
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7.2.2 Relations for G*(z) vs. GT(w) Since G*(z) involves the vertex operators from
the parafermion sector, we need the OPE’s among e+ (z) and fi1(z) which are worked
out in Appendix A (see Propositions A.2, A.6 and A.9.)

Proposition 7.19. We have

GT ()G (w) + GT(w)GT(z) = 0,
G'(2)G™ (w) + G~ (w)G*(2)

1 w 1 w
_ sA 4k+4_> K(a%*2w) — sA ( 2k+4_)
(g —q1H? ( (q z) [k+1] (@™w) 7
+oA (ﬂ”ﬂ) T(qk+1w)>, (A = NS, R).
Z

There relations are nothing but (2.8) and (2.9) in Proposition 2.2.

Proof. Combining the formulas in Lemma 7.17 (3) and the OPE’s among e+ (z) and
Jf+(2), we compute the factors coming from the normal ordering. There is a nice can-
cellation between the OPE coefficients of the U (1) boson part and the parafermion part,
which leads to the simple relations for G*(z) vs. G*(w). Firstly, the normal ordering
of the zero modes gives!'6

Fk+2) 52 F1Gk+4)

)k (q Fl+h

2
(q ) k=1zq

where the first factor on the left hand side is from Vi(q]F(kﬂ)z) and the second factor is
from the parafermion sector. The normal ordering of the oscillators produces the factor

exp (— > M<w/z)m) exp (Z [z—m]quk’"(w/z)m) =(1- ¢ w/2)

o mlkm] m>0m[km]

with the additional factor (¢T€!z — ¢g¥“2w)/(z — ¢>w). Multiplying all these factors,
we obtain

GE(GEwW) = ¢7 D GEGE(w) : (¢Fz — ¢ w),
hence
GE()GE(w) +GEW)GE(2) = 0.
Similarly for the OPE’s between Gzl (z) and G, (w), we have
(qfkfzz)fkkiz(qf%(SkM)Z)% — Zflqk+l

and

[(k+2Dm] oy m 2m]  3k4a) . m 242, —1
== , -y = ) =1 — H~ L
exp (Z oy @i Jexp (= 30 S @O w/" | = (1= g% w2
m>0 m>0

16 In the case of Uy (32), we do not have the factor z from the normal ordering of the zero modes. The
additional factor z is responsible for the fermionic nature of G* (2).
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Hence, together with the factors that depend on € and ¢, we have

(k+1)€2+3k+4w

G+ G- _ . G+ G- . k+l 1 q—€1Z —4
6 (DG, W) = 16 ()G, (w) 1 ¢ gy g gkevdkedy,

1 (k+l)62+3k+4w _ €]
- + _ .t - . —k—1 4q 9 =
sz(w)Gél @=: Gel (Z)sz(w) -4 w— q—2k—2Z qkez+3k+4w —z :

By using the lemma below and the relation!”

:GL (G, (w) : N (gw/2) =: G} (" w)G, (w) : "°(q%w/z),  in the NS sector,
1 GH (G, (w) 1 ™ (g%w/2) =: G} (¢"w)G_,(w) : §(¢"w/z),  in the R sector,

we finally obtain

G'@G™ (W) +G~ WG (2) = *w'? ) " e16 (G}, ()G, (w) + G, ()G}, (2))

€1,€2

1 1 w ~ ~ w
— 8A 4k+4_) VA 3k+2w \an k+2w - BA( 2k+4_>
= L () T o (2
LA (q2k+2ﬂ> : ‘7+(qkw)‘7—(qk+zw) : TPF(C]k+1w):|
z
1 1 w
_ sA 4k+4_>
(g—q1)? [[k+ 1] (q z

K(g%*w) — 82 <q2k+4%> +8A <q2k+2%> T(qk+1w)i|'

Lemma 7.20. We have
k1,172,172

q q—elz _ q(k+1)ez+3k+4w q_k_1z1/2w1/2 q(k+1)ez+3k+4w _ q—elz
Ty grenkry oy g k2 ghawkdy, g
[k + 2] w 1 w
sNS q2k+2_ _ __~ NS q4k+4_ (e1,6) = (+.4).
[k+1] Z [k+1] Z
_ Jam1aNs () (e1,€2) = (+, ),
gHaNs (g2 2) (e1,€2) = (=),
and

_ 1 ~ ~_ k 3k+4
: G:, (612k+2w)G52 (w): = @—a )2 VR w)V (z1k+211))e61 (q2w)fe,(q 2 w),

CG-q
LG GT ) = - o PR T (¢ )
g—q7")
1
GG (W) = - ————
G- ¢ —q )2

17 Since the mode expansion of Gg: (z) is flipped, compared with G*(z), we should take it into account,
when we apply Lemma 2.4.
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Proof. We check the case (€1, €2) = (+, +). Other cases are similar.

GEHIZ120p1/2 =1 Sy, gkl /2172 qdkeSy, o=y

7 — q2k+2w 7 — q4k+4w w— q—Zk—ZZ q4k+4w —z

[k +2] gh*1 21212 1 g2k+251/241/2

T k1] z—g®Pw  [k+1] z— g%y
[k +2] g~k 17172172 1 g 2%=251/21/2
k+1] w—q 227  [k+1] w—q %47
k+2] (*Pw/27 1 (%2

T kA1 - ¢ 2wz k+ 11— g%z
k+2] % Pz/w)? 1 (g% tw)?

k+111—g2%2z/w  [k+1]1—q % 4z/w

=[k+2]3NS q2k+2£ 1 NS q4k+4£ .
[k +1] z [k+1] z

Proofs of G-T relation and T-T relation namely (2.10) — (2.11) in Proposition 2.2 are
relegated to Appendix B.

O
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Appendix A. Details of Wakimoto Representation of U, (;[2)

A.I Relations for Y+ (z) vs. Y+(w), ¥+(z) vs. E(w), and ¥+(z) vs. F(w) One finds
from the definition (5.3) and the OPE’s given in Lemma A.1 below that

Y+ @y+(w) = YL@V, YY) = YL@ y+(w)
V@V w) = Y—@P+w) 5, Y V() = Y- @) : g(gFz/w)glgFz/w) 7T,
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v-@QVEW = 1y-@VEW) 1 ¢TE VEWIY-@) = 1v-@VEW) : ¢l e@ T 2z /w) T,
vr@VEwW) = y_@VEW) : g@™ 2w T vEWIYL@ = y—@VEW) .

Hence in view of the definitions (5.1) and (5.2) we have the relations (5.4)-(5.7).
Lemma A.1. The OPE’s among the vertex operators VE(z) and VE(w) read

VEQVEw) = VEQVEwW) : oL exp <— Z [2—m]q¢k”’(w/z)m> ,

m>0 m[km]

VEQVFw) = VvEQVT(w): F exp (+ Z M(w/z)m> )

m>0 mlkm]

A.2 Relations for E(z) vs. E(w) We move on to the check of the relation (5.8).
Proposition A.2. We have

9"z —q%w

2 2
zE exp (_ Z ﬂq—km(w/z)m> e, (e, (W) = e (2)e,(w) : — q2w

= mlkm]

Proof. This can be checked by performing straightforward calculations using the OPE’s
in Lemmas A.4 and A.5 below. |

Corollary A.3. In view of the definition (5.1) and the OPE’s in Lemma A. 1, we have

9z —q%w
z—q*w

Ec (R)E,(w) = @ Eq (2)Ee,(w) :
Hence we have (5.8).
Proof. We have
@ — P Eq (D) Eq(w) = : Eq Q) Eq,(w) : (g2 — ¢ w),
W = ¢*DEc,(W)E¢,(2) = : E¢) Q) Ee,(w) : (¢%w — q°'2).
Therefore we have
(z — ¢°W)Ee, (2) Eey () + (w — g72) Ee, (W) E, (2) = 0,
@ =W EQEW) +w —¢*2)EW)E() =0,
proving (5.8). O
Lemma A.4. The OPE’s among the vertex operators Y *(z) and Y*(w) read

2
YEQY ) = YEQYF(w) 2 fexp <+ 3 %ﬁk’"(w/z)m) ,

m>0

Y@ YF(w) = :Yi(z)Yﬂw):ffexp( ZW( /)’”)
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Lemma A.5. Thenontrivial OPE’s we need for the calculation of the products e¢, (z)ee, (w)
are the following;
(1) for the cases € =+, €, = %+

+ 1
ZogF Y W) = Zu@Y ) g exp <Z —(q™" - 1)(w/z>’"> :

m>0

(2) for the cases € = +, €y = —

+ + 1
V'QZ_(gFw) = Y @Z-(q T w) exp (Z ;(612’" - 1)(w/z)’”> :

m>0

(3) for the case €1 = +, €p = —
_ k2 _k k+2 k
Zi(g 2 Wilg 22)Z-(q 2 w)W_(q2w)

_k+2 _k k+2 k 1 2m —2m m
=1Zi(qg 2 IWilg 22)Z-(q 2 w)W_(q2w) :exp —Z;(q —2+q “Hw/2™ ),

m>0

and (4) for the cases €1 = —, €p = £

k+2 k+2
Z(@"T Y w) = 1 Z_(¢" T )Y (w) g

A.3 Relations for F(z) vs. F(w)

Proposition A.6. We have

2 €1, _ g—e
2F exp (— 3 ﬂq*"’"(w/z)*”) fa@fo) = fo@fo@) : 2222

m>0m[km] Z—qw

Proof. This can be checked by performing straightforward calculations using the OPE’s
in Lemma A.4 and Lemma A.8 below. |

Corollary A.7. In view of the definition (5.2) and the OPE’s in Lemma A. 1, we have

q “'z—q “w
Fel (Z)ng(w) = Fel (Z)ng(w) ST
z—q tw

Hence we have (5.9).
Proof. We have
(2= q W) Fe, (D) Fo,(w) = = Fe, (2) Fey(w) : (¢~ '2 — g2 w),
(W= g2 Fe(W)Fe (2) = Fe, (2)Fey(w) : (2w — g €12).
Therefore we have
(2 — g 2W)Fe, (2) Fe, (w) + (w — g~ 22) Fe, (w) Fe, (2) = 0,
(z—q *w)F(2)F(w) + (w — ¢ *2) F(w)F(z) = 0,

proving (5.9). O



A Quantum Deformation... Page 61 of 80 150

Lemma A.8. The non trivial OPE’s we need for the calculation of the products fe, (2) fe,
(w) are the following;
(1) for the cases €1 = +,€x = *+

3 1
Zug" Y ) = Ze@Y ) g exp <_ 2. —q‘z’”)(w/z)m> ,
m>0
(2) for the cases €] = £, €) = —
Y_(Z)Z—(q_%w) = Y_(Z)Z_(q_%w) 1 exp (_ Z l(l _ q—zm)(w/z)m> i
m>0m
(3) for the case €1 = +, €2 = —
- 5 -1 - k2
Z.(q T DWilg22) ' Wo(qg 22" Z(q" T w)
= Z+(Q%Z)W+(CI§Z)71W_(quz)flz_(qf%w) :

1
exp (— P G q‘zmxw/z)m) :

m>0

and (4) for the cases €] = —, €p = %

Z_ (g~ = DY (w)y= :Z (g~ =3 DY (w) : g*!

A.4 Relations for E(z) vs. F(w)

Proposition A.9. We have

q—élz _ q(k+l)62w

_2 [2m] m ) )
2 Fexp ZF( (" ) ea@atw) = :ea@falw): —— o
m>0

qf(k+])e1Z _ qezw

= e (2)fe(w):

’

q—kelz —w

q€| 7 — qf(k+])62w

2m
z k eXP( u( /z )'") Jei (@Deq(w) = fe(2eq (w) :

7 — g ke
(k+1)e; —é
) .4 togq W
= 1 fq(D)ee,(w) : prrr———
and
tex(qTw) frw): =1

Proof. This can be checked by performing straightforward calculations using the OPE’s
in Lemma A.4 together with Lemma A.11 and Lemma A.12 presented below. O
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Corollary A.10. In view of the definitions (5.1), (5.2) and the OPE’s in Lemma A.1, we

have
g1z — gk+Dery,
Ee)(D)Feg(w) = @ E¢ (D) Fe(w) z—qgkew
(k+1)ez,y _ ,—€]
q w—q 2
Fe,(w)E = : F F. (w) : ’
e(W)Eq (2) 1 (2) Fey (w) -
and
1
PEx(@ T wFL(w) 1 = ———5 ¥ (g Pw).
(g—q7)

Hence we have (5.10).

Proof. Note that we have

g1z — g¥Dey ~ gU+Dery — g=€z — (g — g8 qkezﬂ
z—gkew gkew —z '

Therefore we have

[Eec,(2), Fe,(w)] = (¢~ — ¢)8 (q’“%) D Ee ("2 w) Fey () -,

[E(z), F(w)] = 1 - (8 <qk2> 1/,+(qk/2w) s (q—kﬂ> w(q—k/zw)> ,
q—4q Z Z

proving (5.10). O

Lemma A.11. The nontrivial OPE’s we need for the calculation of the products e¢, (z) fe,
(w) are the following,
(1) for the cases €] =+, = %+

+2 +2 1
Z.q EDY ) = 1 ZulgT T Y (w) g exp (— @ 1>q’“"<w/z>’") :

m>0
(2) for the cases €] = +, €y = —
+2

Y'Z-(q" T w)= 1 Y'Z(q T w) exp (Z %(1 - qu)q"m(w/z)’") ,

m>0
(3) for the case €1 = +, €) = —
k2 _k k2 _k
Z(q 2 9)Wilg 2)Z (g 2T w)W_(¢ 2w)
k+2 k k+2 k
= Z(q T OWalg 10)Z_(q" T w)W_(g Zw)"":
1
X exp (— > — (A =g g7 —g7m) (w/z)’”> :
m

m=>0

and (4) for the cases € = —, € = £

4 k2 _ 4 k2 — +1
Z(q Y (wy= 1Z(¢g"22Y (w):q".
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Lemma A.12. The nontrivial OPE’s we need for the calculation of the products fe, (z)ee,
(w) are the following;
(1) for the cases €1 = +,¢€x = *+

Zog"E Y ) = Zu(qH T )Y (W) 1 g exp (— > n%(q—z"’ - 1)q‘””(w/z)’") :

m>0

(2) for the cases €] = £, €p = —

Y @Z-(q*Fw) = 1Y @Z-(q" Fw) exp (Z %(1 - qz"’)qkm(w/z)m) :

m>0
(3) for the case €] = +, €y = —

2" FOWea )T Z (@ T )W (g*rw)

+2

A2 +5 -1 A2 +&
=:12Z4(q" 2 DWi(q@22)  Z (g7 2 wW_(g"2w) :
1
X exp (— Y (A - g —g) (w/z)'”) :
m>0

and (4) for the cases €] = —, €p = &+

+2 +2

Z (g TVt w) = 1 Z (g T)YT(w) g

Appendix B. Proof of T-G and T-T Relations

In this appendix we show (2.10) and (2.11) in Proposition 2.2. For later convenience let
us introduce the notations for the energy-momentum tensor of the U (1) boson sector
and the parafermion sector.

T(z) = Tun(@) - Ter(),  Tum@ = V'@ 'V (g):, (B

where Tpr(z) is given by the following sum'®;

Tpr(z) =A1(2) + Ao(2) + A_1(2),
A1(z) =¢~" :e+(q_%2z)f7(q%z) l

Ao =— B2 G R
0Z) = [k+1]~@+q 2)J+q = 2) 5,
AR =q:e (" fgT2):. (B.2)

Recall that, compared with the Wakimoto representation of quantum affine algebra
U,(slp), the U(1) boson sector is twisted, but the parafermion sector is kept intact.
Hence we can use the result of Appendix A for the parafermion sector.

18 The sum comes from the fact that the parafermion sector is identified with the deformed W-algebra of
slp|1 as explained in Section 6. See also [41].
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B.1 T-G relation Recall that in the main text we defined
1 3k+4
G{(@) =+——= V"¢ P2eclq™ 7 2,
q9—9
_ I ~_ 3kd
G, () =———=V (" fe(q"7 2.
q9—49
Since T(z) is bilinear in the vertex operators we need the following lemmas to compute

the commutation relations with G* (w). These lemmas are easily derived from the Wick’s
theorem for the normal ordered products.

Lemma B.1. We have the following OPE relations between Vi(z) and the q-shifted
normal ordered product of Vi(w)

VEQR) : Vg w) V™ (w) :

mlkm]
V(g w) V™ (w):Vi(Z)

- qi“kz exp (i Z - -[FkZ)l]n qﬂm)(Z/w)m) VEQVH (g w)V - (w) -

The corresponding OPE relations in the parafermion sector are obtained from the result
in Appendix A (see Propositions A.2, A.6 and A.9).

Lemma B.2. We have
(1) For the OPE relations e (z) with A;(w)

Cxp(z [2m] (_q—km (k+2)m+1> (w/z)m> ¢e,(q k2 Dieq(a k2 ) fen qk;z .
m>

0 mlkm]

= exp (i Do (e 2], q“’")(w/z)’") VEQVH " W)V () 5,

_ . —k—2 € —(k+ey, _ €3 . .
qlz—q 92w ¢q z—q%w k+2 k2 k+2
T g R 2w gkaz—w Heald P Dealq T wia(@ T w)

_2 2
g FE exp (g)n%(—q"’"q“‘”)’”ﬂ) <z/w)"’) eorla™ Fw e Fw) e 0

B qezq—k—Qw _ qelz q(k+l)53w _ q—el z
- —k—2
q

( e Jee, ( -7 ) e ( . )
. tee (g 2 2)eey (g w q 2 w):,
w—q%z gkesw —z “ 2 .

(2) For the OPE relations f(z) with A;j(w)

[2m] —(k+2)m km k2 . ki2 ki2
exP(ﬂgm[km](q (k2)m _ )(LU/Z) )fel(q 2 Z)-eez(q K w)fq(ﬂ] K w) :

q(k+1)flz 7q*k*2q7€2w q €lz—q SBw | k+2 k+2 k+2

= . : 2 -2 " 2 :
qkflz—q*"*zw 7 _q_zw fel (q Z)eéz(q w)fe:;(‘] w) ’

2 2 k+2
g7+ eXp(Z %(g“‘”m —q"’")(z/w)’") corla™ T W felg T Sy @ F 0
m=>0

q—(k+1)62q7k72w —¢1z ¢ Bw—g €z k2 k2 k2

= . : 2 2 2 s
qikEZq_k_zw . w —4722 fel(q Z)EQ((] w)fe3(‘] w)
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Applying Lemma B.1 with z — ¢T**?z, w — gw and u = —2 we obtain the OPE
relations of Ty()(w) with G*(2) (see the U (1) boson sector in the definition of GT),

VEGTED )Ty (w)
= exp <i > L& J[rkz)’]n] —q m)qi(k”)m(w/z)m) VEGTED )Ty ) 5 (B.3)
TU(l)(W)Vi(qﬂkJ'z)z)
qﬁkk exp <:F > 7[“;};2’]71] (q" - q_m)qﬂ“z)'"(z/w)'") VEGTED )Ty W) -
m=0

B4)

Similarly from Lemma B.2 we can compute the commutation relations of Tpg (¢ F**1w)
and G*(z). We apply Lemma B.2 by substituting z — ¢~ 23z fore (z) and z — ¢**!
for f.(z). Hence we have (w/z) — qk+2(w/z) for the case G*(z), while w/z is invariant
for the case G (z). Using the relation : e1 (qikz) f+(2) := 1 (See Prop. A.9), we have

2
Loa0 o (30 B gty g2 2y ) 6 )Tt ™)
1—-—w/z 20 mlkm]

2642 1 — g2z/w [2m] _ _ ke
—q % lqiz/exp D (g g EIM )™ ) Ter(g T )G (2)
—z/w m=>0 mikm]

2k+2
—q {Z:ﬂa (qw) B (e+<q*%<3k+4>w> - e_<q*%<3’<+4>w>) . (BS)

1-g72 2
] (Z (e o) (w/z)’"> G~ (@ Tpr(g"* w)

- w/z =, mlkm]

22 1 — g~ 2z/w (2m] ¢ kes2ym _km m kel G-
—q k WCXP (rg)m[km] (q —q )(z/w) Tpr(¢" " w)G™ (2)

k=2
=q7! {i:ﬂé (qzw) M2 VM2 <f+(q%(3k+4)w) - .ﬂ(ﬁ“k“‘)w)) .. (B.6)

Combining (B.3) and (B.4), where we substitute w — ¢F**Dy, with (B.5) and (B.6),
we obtain the total contribution to the commutation relations of G*(z) and T(gF**Dw).
It is remarkable the structure functions from the U (1) boson sector and the parafermion
sector exactly cancel and we have commutation relations without a structure function.
For example the following identity implies such a cancellation.

1 —q?%z Z [2m] km | E(k+Dmym
_(— +
1-z2 xp (m>0 m[km]( a4 1 s

_ _ 2m —km +(k+2)m m
—exp( —[k ((lm1( = g™ + (2m) (g4 g < )

(k+2)m :I:m m —my _m
<i¥ por T @" —q ™z ) (B.7)
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Thus, we obtain!®

G'()T(@ " 'w) — T(¢* 'w)G*(2)

_ k+2[k+2]8A w2\ 172
[k+1]

X (ex(g720 ) — e (g2 D)) FHgFw) Tl (7 w)

= - q‘%q"”b’:—ﬂy‘ (q”‘”%) :GHw)K(w) ¢, (B.8)

and

G~ @)T@"* w) — TG w)G™(2)

_ —k—2[k+2]5A q—(2k+2)ﬂ w!/?
[k+1]

%+ (fo@ ) — £ (@3 D)) T~ (g w) TG (6" w)

=—(q— q_l)q_k_z%SA <q_(2k+2)%> G (wK@w) . (B.9)

Since the zero mode of K*(z) is ¢® and that of G*(z) involves e **2 Q4 we have
K (2G* (0K (2) = ¢**? : GF (K () : . (B.10)

Hence, we recover (2.10).

Proposition B.3. The commutation relations of G*(z) and T(w) are

GT()T(w) — Tw)G*(2)

_p, [k +2] w\
— :l_:(q _q 1)m8A (qi(3k+3);)K (qi(k+l)UJ)G:‘:(qi(k+l)w)K+(qi(k+l)lU).

B.2 T-T relation Similarly to the case of G-T commutation relations, we start with two
lemmas which are derived from the Wick’s theorem.

Lemma B.4. We have the following OPE relation
VPV (2) = Vg w) V™ (w) :

= exp (Z L D] o q‘z"")%w/z)m) V@ )V @V w) T~ w) -
mlkm]

m>0

Proof. Apply the Wick’s theorem with Lemma 7.17 (3). The monomial factors coming
from the normal ordering of the zero modes exactly cancel. O

19 We use z1/25 (q:t(2k+2)%)> = gEk+1) /28NS (qj:(2k+2)%1).



A Quantum Deformation... Page 67 of 80 150

Lemma B.5.
2
exp [2m] (_q—km +qu.m +qum _ qkm) (w/Z)m .
m>0 m{km]

ee;(q"2) fe, (2) i ees (qH'w) fey (w)
qe1Z _ qe3w qf(k+1)e1q/LZ _ qe4w q(k+1)ezz _ q*“q“w qfezz _ q764w

z—q*w g gl —w gkez — qtw z—qw
X e (q"2) fe, (2)ees (¢ w) fe, (W) -

Proof. Apply the Wick’s theorem with Propositions A.2, A.6 and A.9. The monomial
factors coming from the normal ordering of the zero modes cancel in this case too. O

By Lemma B.4 with © = —2, we obtain

[(k +2)m] -
T T = - (" =g e I T .
uh @ Tua) (w) = exp <MZ>O ey @ — 4 @) v @ Ty (w)
(B.11)
To compute the OPE coefficient of Aj(z) and Aj(w), we choose €] = €3 = +1, €3 =
€4 = —1and u = —(k +2) in Lemma B.5. Then we obtain
(1 -¢*(1 —¢7%2) [2m] —km (kA Dm , —kDm _ km) m
(1—2) = m[km]( g 4")
m>0
~ [(k+2)m] —ma2
= h(z) = — (g™ —qg ™). B.12
(z) = exp (n;) prrrem U IR (B.12)

It is interesting that ﬁ(z) is exactly the same as the OPE coefficient in (B.11). In fact this
identity is an analogue of what we have seen in proving G-T' commutation relation (see
(B.7)). Other OPE’s among A;(z) are evaluated similarly by Lemma B.5 and we find
the following list.

Lemma B.6. With the structure function (B.12) the OPE’s among A;(z) are
hw/D) A @A (W) = : A1R)A (W),
(1— g w/2)(1 — ¢**w/z)
(1 —w/z)(1 — ¢**2w/z)
(1 — g w/2)(1 — ¢**w/z)
(1 —w/2)(1 — g**2w/z)
(1= g*w/2)(1 — g~ **w/z2)
(I —w/2)(1 —g=*2w/z) ’
(1 — g M w/2)(1 — ¢**w/z)
(1 —g=2"2w/2)(1 — ¢**?2w/z)’
(1—q*w/2)(1 —¢***w/z)
(I —w/z)(1 — ¢*+2w/z)
(1—q*w/2)(1 — g **w/z)
(I —w/2)(1 —g=*2w/z)

h(w/2) A1) Ao(w) = : A1(z)Ao(w) :

h(w/2) A1) A_1(w) = : A(R)A_1(w) :

h(w/2)Ao()A1(w) = = Ao(z)A1(w) :

h(w/z)Ao(z) Ao(w) = = Ag(z) Ag(w) :

h(w/2)Ao@)A 1 (w) = : Ag(2)A_1(w) :

h(w/2) A1) A (w) = : A_1(R)A1(w) :
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(1 = ¢*w/2)(1 — g *Hw/z)
1 —w/2)(1 —g=*2w/z) ’
h(w/D)A_1(D)A_1(w) = : A_1(R)A_1(w) : .

h(w/2)A—1(2)Ao(w) = : A_1(z)Ag(w) :

Summing up OPE relations in Lemma B.6 we have

Proposition B.7.

h(w/z)Tpr(2) Tpr(w) — h(z/w)Tpr(w) Tpr(2)

(l_q—2)(1_q2k+4) w 5 oW ,
= - 1—612k+2 8 q2k+2; TI(DF)(w)_(S q 2k 2; TI(JF)(Z) s

where

TS:)(Z) = 2 A@F?D)A0@) +: M @FPDA_I()

12
[k + 1][2k + 3] - Ao (@2 Ao(2)  + : Ao(@FPD)A_1(2)

[k + 2][2k + 2]
_ —1{/;:?} :e+(q—%(k+2)z)f7(q%(5k+6)z) Cy e,(q_%(kﬂ))f,(q%(5k+6)z):
[k +2][2k +3] [k +2]

—Lk+2) L(5k+6) _y .
- 2 2 —
[k + 1][2k + 2] e+(q Df+q 2) q[k+ 1]

te (g7 ) fi(q 20y -

We have used the relation : e,(q¥z) f+(z) : = 1 (See Prop. A.9).

The quadratic relations for Tl(,zF) (z) have been worked out in [44] and there appears no

additional current. It is not straightforward to obtain Tl(,zF) (z) from the standard Miura

transformation of the fundamental currents A;(x), since it involves a diagonal term
t Ao(@H ) Ao(2) .

The commutation relation of T(z) is the product of the contribution from the U (1)
boson part and the parafermion part. We observe the structure functions from the U (1)
boson part and from the parafermion part cancel, which leads to a simple commutation
relation of T(z);

T(@)T(w) — T(w)T(z)

(1 _ —2)(1 _ 2k+4) w
= - ql — q2k+2q ) 42k+2; s Tuay (¢ w) Ty (w) TE,zF)(w)

w
) (qz“;) : Tuay (@2 2)Tu) (2) Tﬁ?(z)) : (B.13)

Now we have the following lemmas.
Lemma B.8.
: Ty (@) Ty (@) = V@)V (P Vg 'V (g2) -
=V (¢*P )V (g DK ) -

Proof. Since we can exchange the operators V*(2) in the normal ordered product, it
follows from the definitions of Ty(1)(z) and K(z). O
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Lemma B.9.

1 1
(g —q= )3 [k+2]

G*'(2)G (z) = VGV ()T g ) -

Proof. We have

G )G (2) = _ﬁV+(q—k—2Z)V—(qk+2z) <e+(q—%(3k+4)z)_e_(q—%(3k+4)z)>
x (frlg? ¥z - f (20 )). (B.14)

(k+2) (Bk+4) )

The normal ordering of the zero modes of Vi(cﬁ z) and those of e, (q’%

and f,, (q%(3k+4)z) gives

k2
k

(G20 (q—%(3k+4)z)% — g lght, (B.15)

From the normal ordering of the oscillators we have the following factor which is inde-
pendent of €1 and e»;

[(k+2)m]  opiaym _ 2m]  Ggraym \ _ 2k+2y—1
eXp<Z mikm] 1 )exP< Zm[km]q Sdme

m=>0 m>0
(B.16)
On the other hand the OPE factor that depends on €] and ¢; is
q—q(k+1) _ q52+3k+4
T (B.17)
Combining these formulas, we obtain the desired result. O

The above two lemmas imply
Lemma B.10.
- Ty @2+ 2) Ty () TS (2) -
= (¢ —¢7 )k +21 K™ (¢"'9G ("' 9G (¢ 9K (¢ o).
In summary we have
Proposition B.11.

T)Tw) — T(w)T(2)

k+2][k+2
g =gy 2k £ 2]

= k+1]

((S <q2k+2ﬂ> K—(qk+lw)G+(qk+lw)G— (q—k—lz)
Z
K+(q_k_lz)
_ 8 <q—2k—22) K_(qk+1Z)G+(qk+1Z)G_(q_k_IUJ)K+(q_k_1U))>.
Z

By Lemma 2.6 we finally obtain (2.11).
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Appendix C. Screening Operators and the Vanishing Lines

For the Virasoro algebra the embedding structure of the Fock modules derived from the
screening operators (BGG or BRST resolution) plays a key role in the proof of the Kac
determinant formula [27,33]. In this appendix as a first step to the proof of our conjecture
of the Kac determinant of §Vir, x, we investigate the screening operators, which are
intertwines among the Fock representations of §Vir, ; obtained in Section 7. We will
see that the vanishing lines predicted by the screening operators exhaust the factors in
the Kac determinant. Both the fermionic and the bosonic screening operators we employ
are the same as those for U, (sl2) [49]. They involve only the modes &, B, Om, Op
in the parafermion sector and, hence, have trivial actions on the U (1) sector.

C.1 Degree operators J andd Recall that we have introduced the Fock spaces Fy s (u, v)
and Fg(u, v) with u = g”, v = ¢° in Subsection 7.1. We consider the representations
of 8Vir, x on the Fock spaces F4(g”, ¢°), where (A = NS, R), and the intertwiners
(the screening charges) between these Fock representations.

Definition C.1. Set

1
J = %(50 + ),

~2 =2 2
_ a5 ag Po(fo+2) m ~ o~
d‘%m+m 4k+4m+m i%&w+mmwmf”ﬂm
m: m?
B n; k] " n; itk +2ml’ P
2 2
do(E. p.o) = —° P, 2ot

_— - — + —
2k(k+2) 4k 4k+2)
As we see from the lemme below, dy (&, p, o) is the eigenvalue of the degree operator
d on the highest weight state |£, p, o).
Lemma C.2. We have

§—p §—p

J|§’p’0>:T|59pv6>v (E,p,U|J: k <§7p70|7

dIE. p.o) = do(E. p.o)E. p.0). (£, p.old =do(E. p.o)(E. p.ol.
2
do(p + (k +2n, p+2n,0) = ”7 +do(p. p. o).

nn+1)

dok/2+p+(k+2)n, p+2n,0) = +doy(k/2+p, p,0),

Fpto

do(&, p,0)=—1— +dyE, p Lk, 0 +k+2), (C.1)
Fpo+to
do(§, p,0) = +do(&, pFk, 0 —k —2), (C.2)
ric—r+1)
do(§, p,0) = T +do(§, p, 0 —2r), (C.3)
rlc+r+1)
doé,p,0) = ——— +do(&, p, o +2r). (C4)

k+2
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Set for simplicity that ens = 0 for the NS sector and er = k/2 for the R sector. We
use the following notations for the states in the Fock space?’

|)"1 M, o, ,37 P, U) = K:)\T—MGtaG:oAE‘A + P, P, U),
(b, a, By p, ol = (ea+p, p, |GG, T, K.

The reason why we should impose the condition & = e + p on the highest weight vector
|&, p, o) is explained in Subsection 7.1. We define the degrees as follows.

state

A, .o, B;p,0)
(A, a,B; 0,0

d-degree
do(ea +p, p,0) + A + || + || +|B]
do(ea +p, p,0) + A +|p| + o] + B

J-degree
ea/k+ L) — £(B)
ea/k+ () — L(B)

We also use

state p-degree x-degree
A, 0, By p,0) A+ el + le| + 1B L) — £(B)
Ao Bip, ol A+ |l + | + 18] Ua) — £(B)

for convenience.

C.2 Fermionic screening currents S* (2)
Definition C.3 ([19,49]). Set

0]

" Em k2,
S%(z) = exp (Z %(qu Bm £qT2 Oé—m))

m=1
s z7m k k2 1
+ _
cexp [ — Z (qifmﬂm :I:qiTm&m) e k+2) Qp £k Qg 3 (Po£tto)
[2m]
m=1
We call S*(z) the fermionic screening currents.

Lemma C.4. We have

[J.K*(@)]=0, [J,T@] =0, [J.G* ()] =+G*(2), [J,S¥ ()] = F5*(2).
¢"K*(2) =K*(q2)¢", ¢°T() = T(q2)q", ¢°G*(2) = G*(g2)q",

q*S*(2) = 45 (q2)q".

SE@)ST(w) = z —w) : TS (w) -,

—k .4 —k+2 .4
£ (2)SF(w) = 1 ((qqkj’uf qui‘)"’oiqu+zu'f//;’;4))z S5 (w) ;.

Lemma C.5. We have

1
G{(@ST(w) = —— GL@S () :,
q Z—w

1
S WG @) = T — = 1 S WGL@)

G- (2)ST(w) = (@ Dz —w) : GL()SH(w) -,

20 Compare these notations with similar ones for the Verma module.
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St Ww)G, (2) = (w — ¢**®* V) SFW)GL(2) -,
GH(@)S (w) = (@ * Dz —w) : GL()S™(w) :,
STW)GHD) = (w— g D) ST (w)GL(2) ¢,

G (S (w) = pre— GL()S™ (W),
ST(w)G, (z) = p ST (w)GI(2)
where Kk = 2(3k + 4.2 Under the condition that we have the Fourier expansion

5%@2) = ,e7 SEz7" (see Lemma C.6 below), we have

AT(@) Kk—1 K+1
m(S(q w/z) — (g w/z)),

G~ (2)ST(w) + ST (w)G~(2) =0, KE(2)ST(w) — ST(w)K*(z) =0.

G*'(2)S*(w) + ST(w)G*(z) =

and

GH(2)S™(w) + S~ (w)G*(z) =0, K*(2)S™(w) — S~ (w)K*(z) =0,

A-
@ (S(Q_K_lw/z) — S(q_“]w/z)),

G @S (W) +S” w)G (1) = ————
(g—q Hw

where
AT (=77 G )ST (¢ = 2 G (ST )
A"@=7":GI @S (" ') =276 ).

Lemma C.6. The necessary and sujﬁcient condition for havzng the Fourier expansion
SE@) =X, e Stz on Falq”, q%), ?Z(q" q°) is e +9' ¢ 7. Under this condi-

tion, we have the llnear maps

SEFa@” . q%) = Fa(g”.q%) = Falg” T2, g7 42),

S i FA@” . q7) = Fag”. q%) = Fh(g” TP g7 7F2).
Proof. If we have the Fourier expansion ST (z) = > ez Srﬂ”: =" on Falg o q"l) or
F%(g”,q%"), we have

o'k a’+k+2)}’

{d-degrees of ST(2)|ea + o, p, 0')} C {d-degrees of F(ga*', gP'** ¢

{d-degrees of (ex + p', p', o' |ST(2)} C {d-degrees of F*(g* ', q” F* 7 * ).

Then from (C.1) and (C.2), we have the condition # € 7.

Squose that # € Z. For any p € Cla_y,...,@-1,...,B-1,...] and px €
Clay, ..., o1, ..., B1,...], we have

Si(Z)P|8A +o +k+2n', p +2n',0")

21 The shift of ¢* comes from the definitions (7.6) and (7.7) of GZ.
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Fp/+0’

=z 2 :Fn/S;EC(z)plsA +o +k+2n', p'+2n" £k, o' +k+2),

Fpt+o

=7z 2 :F"/S;EC(Z)MSA+,0+(k+2)(n/:F1),,0+2(”/:F1)70)’
(ea+p +(k+2)n', p'+2n",6'|p*SE(2)

’ !
1y Fp o
1++5

F en+p + (k+2)n', p’ +20'Fk, 0’ — k —2|p*SE_(2)

osc

_1+¥PT+”¢,!/<

_, ea+p+(k+2)(n +1), p+2(n" +1), 0| p*SE.(2),

where Sj?c (z) denotes the oscillator part of § %(z). Hence we have the expansion SE(7) =
ZnEZ Sn Z_n .

Proposition C.7. Under the condition that we have the Fourier expansion S*(z) =
Y onez S,jtz_", we have the fermionic screening charges

1
2w/ —1

O

0* = S*(2)dz = 57,

satisfying
do* = 0%d, K, 0% = 0*K,, T,0%=0*T,, GIo*=-0*GE.

e Fp+0’ _ Fpto
if T = Tt

Hence, ~— € Z, Q% is an intertwiner of the Fock representations of the

algebra 8Viry i
0F :Fal@” . q%) — Falg”, q%) = Falgh TP, ¢ +2)
Qi tFag” . q%) > Fa@q”, ¢°) = Faq” Fht2) q° —k_z)’
where A = NS, R.

Let us look at possible singular vectors obtained from the intertwiners Q% between Fock
representations. In the NS sector, if

+
do(p, p' 0"y —do(p'. p' £ ko' +k+2) = —1 — L7

=m € Z>y,
p'=pFk+2), o =0—(+2),
then we ha\//e the non-vanishing image of the highest weight vector [p’, p’,0”) €
Ins(@” . q7);
0# Q|p' p',0") € F(oF(k +2), pF2,0) C Ins(¢”.4°),

providing us with a singular vector in Fxs(¢”, ¢°), which has the p-degree m + % and
the x-degree 1. On the other hand, for the dual Fock space, if

Fo+o

do(p', p',0") —do(p', p'Fk, o' —k —2) =+ =m € Z=o,

o =p+k+2), o' =0+ (k+2),
then we have the non-vanishing image of the highest weight vector (o', p’, 0’| €
Fs@” . q%);

0# (0, p,0'|0F e F*(p+ (k+2),p+2,0) C Frs@”, q%),
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providing us with a singular vector in F{(¢”, ¢%), which has the p-degree m + % and
the x-degree £1. These arguments show the vanishing line

g(EQ2m+1);u,v) x (qm“ui%v% - q_m_lqu%v_%) (q_mu¢%v% — q’”ui%v_%) ,

in the Kac determinant det™> L
m+§,:|:1

Let us turn to the R sector. If

+
dok/2+p', p 0"y —do(k/2+p, p' ko' +k+2) = —1 — L7

=m EZZ()v

p'=pFk+2), o =0—(k+2),

then we have the non-vanishing image of the highest weight vector |k/2 + p’, p’, 0’) €
Fr(@”.q%)

0# Q¥Ik/2+p, p'. o) € ("D ¢P72 47) € Tr(g”. 47,

providing us with a singular vector in Fr (¢, ¢°), which has the p-degree m + (1F1)/2
and the x-degree 1. Similarly for the dual Fock space, if

+
dotkj2+ ', p' 0"y — do(k/2+ p'. p'Fhoo' —k —2) = + L7

=m € Z>o,
pl=pFk+2), o =0—(k+2),
then we ha\//e the non-vanishing image of the highest weight vector (k/2 + p’, p’, ¢'| €
Fr@”.q7)
0 # (k/2+p'. p',0'1QF € T (q"*HED ¢7%2 4%) € TR (q". 47,

providing us with a singular vector in J (¢”, g%), which has the p-degree m+(1+1)/2
and the x-degree +1. Thus, we find the vanishing line

g(EQm+1);u,v) x (qm“ui%v% - q_m_luq%v_%) (q_muzFfvf - qmui%v_f) ,

in the Kac determinant detﬁ F(41)/2,41°

C.3 Bosonic screening current S(z) Write p = ¢>**2) for simplicity, and assume that
|pl < 1. We use the modified Jacobi theta function 6(z; p) = 6(z) with the argument z
and the nome p

0z p) =Y (=" p"" V2" = (2 p)oo(p/2: Ploo(Pi Poor  (C.5)

nez

0(pz: p) = —z '0(z; p). (C.6)
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Definition C.8 ([49]). Set

S:() = U@ZelgT T2 'WalgTin) s,

0 gm, K2y 0 __m, K2y
- B A 9 ~20p ,~ iz ho
U(Z) = exXp ( mgl [(k n 2)m] ﬁ—m) exXp <Z [(k +2)m] :Bm> e z Kk s

m=1

S(z) = ; (8+(2) —S-(2)).

-1
(@—q7"
We call S(z) the bosonic screening current.

Lemma C.9. We have

¢SL(w) =S+(qw)g?, ¢*S(w) =qS(quw)g?, [J,Sw)] =0,

—€] w — q€2*KZ

S, (WG (@) =1 LS, ()G (@) 1,
w

—q ¢z
qQ*KZ _ qié' w
T
qelw _ q(k+1)62+K

w — q(k+2)ez+f<Z

GL (D86, (w) = LG (DS (w)

Z

Se, ()G, (2) = S, WG (D)

(k+1)er+x €1
q Z—qw -
” 1 G, (D)8 (w) =,

q(k+2)ez+xz _

GZ (D86, (w) =

where k 1= %(31{ +4), and

2 (@ 2wa/wi; 2% D)oo g Nw1 — g~ 2w

Sel(wl)Ssz(wz) = w; (qzwz/wI; qz(k+2))oo wy — q_2w2

2 1S, (w))Se, (W) .

Proposition C.10. We have

2
2 -2 .
S(w)S(wy) = ¢* (—'”)k RAURITAL S DT Y
wy O(g* w1 /wa; p)

In the A=NS R sector, we have

[S(w), G*(2)1 =0, [S(w), KE(x)]=0,

K k+2+K
[S(w), 6~ ()] = —— (sA( gz )A(qk+2w)—8A (q Z>A(qk2w)>,
(=g Hw 2w w
where
Aw) =:8_ (@ Pww'PCIg ™ w) 1 = :S:(g"Pww' PG (g w) :

o0 k2, 00 —m k2,
12— B w"q 2 w g2 20
=w /Y (w)exp ( Z —[(k " 2)m]'3m> exp (Z —[(k T ] ,Bm) e B

m=1 m=1
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Proof. Recall that in the A=NS,R sector, we have §(z/w)G*(z) = §(z/w)G*(w),
8(z/w)z'?GH(z) = 5A(z/w)w1/2G (w). From Lemma C.9, we have

-1 z1/2

S(w),G* ()] =
B, & 1= g —l)w(q—q—U

Y 18e(w), G (2)]

€1,60=%
—1
T q-q l)w(q q

&, D @ =8 2 w) 1 Se; w)GE (2) :

6162 +

- mSA(q_Kz/w) (: S+ w!2GH (g w) : — : S_(w)w!/2G (¢“ w) :) -
-1 7172

S(w),G™ (z)] =
N ET —1)w(q—q—1)

> 8¢ (w), G, (2)]

€1,60=%
—1
T g-q Hw (q q-

Z @ — g7 )8 "D w) 1 S ()G, (2) -
61 er=+

e ;_l)w (5A <qZ+2Zw> S S_(w) (" Pw) 26T (¢F P w)

qk+2+KZ
=6 () ST ) 26 T w) :)

1 Ky k+2+KZ L
_ — <6A< ZI+2 )A(qk+2w)_6A 4q Ak 2w)>.
(g—qg Hw g 2w w

f
Introducing a p-shift invariant function wk%e(qzﬁow; p)/6(w; p), we set
20 0(q*w; p)
O(w; p)

Since X(w) is single valued in w, we have the Laurent series expansion of X(w) defined
on the annulus |p| < w < 1, and the contour integral along the circle C : |w| = |p!/?|

X(w) = S(w)w

% dwX(w)
C

is well-defined.

Proposition C.11. ([40]) Forr =1,2,3, ..., set

o (o)

Then, after the symmetrization of the integrand, we have

[T/ 0q*; p)
rt-0(q* p)

r Bo—2(r—i)

dwl.--?fdw,S(wl) S(w,)]_[w w2
C C

Qr=

—(r—1)

l_[ O(wi/wj; p) .1—[9(17 2 wi; p)
6(q%w;/wj; p) O(wi; p)

(C.7

I<i<j<r i=1
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Following the arguments in [40], we can see that under the condition (C.8) or (C.9)
below, the quasi-periodicity (C.6) implies a cancellation of the poles of the theta functions
in the last factor of (C.7), which allows us to shift the contour C in the suitable direction.
Taking the p-shift invariance into account, we obtain the following results;

Corollary C.12. Set

When
o' —r+1 _o+r+1

k+2  k+2
Q; is an intertwiner of the Fock representations of 8Viry i

Q : Faq”,q%) = Falg”. 4%).

=se, (C.8)

Similarly, set

p=7p, o=o0+2r.

When

o’+r+l1 o-—-r+l
) = ) :-SEZ, (C9)

Q; is an intertwiner of the dual Fock representations of S8Viry i

Q :Fa@”.q°) — Fr@”. q%).
As in the case of the fermionic screening operators, we can obtain the vanishing lines in
the Kac determinant as follows;

Firstly, if
r(c’ —r+1
do(e™ + ', p 0"y —dote™ + o ol o' — 2y = "T D o,
k+2
namely if
v = qa — q—r—l+(k+2)s, s >0,

there is a singular vector in Fa(g”, g) with the p-degree rs and x-degree O given as
the image of Q, as

Qe +0', 0 0"y € F(e™ +p, p, ) C Falg”, q°).
Secondly, on the dual side, if
r(c’+r+1)

=rs >0,
k+2

do(e® +p/, p',0') —do(e™ +p', p/, 0 +2r) =

namely if

v = qo — qrflf(k+2)s’ s >0,

there is a singular vector in I (¢”, ¢%) with the p-degree rs and x-degree 0 given as

the image of Q, as
e+, 0", 0'1Qr € (™ +p, p, o) C Fh(g. ¢°).

In summary, we have the vanishing line

1=r+(k+2)s —ler—(ke2)s =1y

—lorr sy =1 = ()s )y

fr,s;u,v) (g

in the Kac determinant detfs 0

-9 q q
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