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Abstract: We introduce a unital associative algebra SVirq,k , having q and k as complex
parameters, generated by the elements K±

m (±m ≥ 0), Tm (m ∈ Z), andG±
m (m ∈ Z+ 1

2 in
the Neveu-Schwarz sector, m ∈ Z in the Ramond sector), satisfying relations which are
at most quartic. Calculations of some low-lying Kac determinants are made, providing
us with a conjecture for the factorization property of the Kac determinants. The analysis
of the screening operators gives a supporting evidence for our conjecture. It is shown that
by taking the limit q → 1 of SVirq,k we recover the ordinary N = 2 superconformal
algebra. We also give a nontrivial Heisenberg representation of the algebra SVirq,k ,
making a twist of the U (1) boson in the Wakimoto representation of the quantum affine
algebra Uq(̂sl2), which naturally follows from the construction of SVirq,k by gluing the
deformed Y -algebras of Gaiotto and Rapčák.
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1 Introduction

TheN = 2 superconformal algebra (SCA) is a supersymmetric extension of the Virasoro
algebra with a pair of supercurrents G±(z). We already have a huge list of literature on
various aspects of the N = 2 SCA. In 1980’s the N = 2 SCA was intensively explored,
since a compactification of the type II superstring theory on Calabi-Yau 3-folds was
expected to provide a unified theory of elementary particles including gravity ( [56] and
references therein). The representation theory of theN = 2 SCA provided useful tools in
the algebraic approach to the compactification on Calabi-Yau 3-folds. In mathematical
physics, through the idea of the chiral ring [46] and the topological twist [23], the N = 2
SCA is also closely related to the mirror symmetry of Calabi-Yau 3-folds [62].

On the other hand, there is a quantum deformation of the Virasoro algebra, which is
a unital associative algebra with deformation parameters q and t . We also have quan-
tum deformations of the W-algebras [6,26,34], as its generalizations with higher spin
currents. In [61] the deformed Virasoro algebra was discovered by looking for an as-
sociative algebra whose singular vectors in the Verma module are related to the Mac-
donald symmetric polynomials with parameters (q, t). In [34] it was constructed as a
Poisson algebra by using the Wakimoto realization of the quantum affine algebra at
the critical level. Physically it controls an off-critical deformation of two dimensional
lattice model. For example the deformed Virasoro algebra appears as a symmetry of
the Andrews-Baxter-Forestor model [47]. It also plays an important role in the investi-
gation of quantum integrable system arising from massive deformations of conformal
field theories. Namely the deformed Virasoro algebra ensures the integrability, or the
existence of infinitely many conserved quantities. From the viewpoint of symmetry, we
can regard it as a kind of elliptic algebras [55], in the sense that the ratio of the structure
functions of the algebra is an elliptic function. One can also see that the screening cur-
rents satisfy an elliptic analogue of the Drinfeld relations for the quantum affine algebras
[26]. Later these deformed algebras appeared in the proposal of a five dimensional uplift
of AGT correspondence [7]. The relation to the quantum toroidal algebra of type gl1
(Ding-Iohara-Miki algebra) was also clarified [29].

It is natural to combine these two generalizations of the Virasoro algebra, namely to
try to find a quantum deformation of the N = 2 SCA. Surprisingly enough, up to now
there are no literatures on such an algebra as far as we know. In this paper we propose a
quantum deformation of the N = 2 SCA, which we denote SVirq,k for short, as a unital
associative algebra with two parameters q and k, where the second parameter k comes
from the level of the quantum affine algebraUq(̂sl2). In this paper, we assume that q and
k are generic. The level is not critical k �= −2 and q is not a root of unity. We would like
to emphasize that the defining relations of SVirq,k are at most quartic in the generators,
which has not been appreciated for a long time. We also show that the limit q → 1 of
SVirq,k correctly reproduces the original N = 2 SCA with the central charge c = 3k

k+2 .
We denote by Z

R := Z the set of integers, and by Z
NS := Z + 1

2 the set of half-
integers

{

n + 1
2 |n ∈ Z

}

, where R and NS stand for the Ramond and the Neveu-Schwarz
sector, respectively. Let q and k be generic complex numbers satisfying the conditions
|q| ≤ 1 and |qk | ≤ 1. We use the standard notation [u] for the q-number [u] =
(qu − q−u)/(q − q−1).
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1.1 Definition of the algebra SVirq,k

Definition 1.1. The quantum deformation of the N = 2 superconformal algebra, which
we call SVirq,k , in the Neveu-Schwarz (NS) sector (or in the Ramond (R) sector) is
defined to be the unital associative algebra generated by the elements

K±
m (±m ∈ Z≥0), Tm (m ∈ Z),

G±
m (m ∈ Z +

1

2
for NS sector, m ∈ Z for R sector),

satisfying the set of relations (1.1)-(1.11) below for the sector A (=NS or R):

K +
0 = K−

0 , and K±
0 are invertible, (1.1)

K±
m K±

n = K±
m K±

n , (1.2)

K−
m K +

n = K +
n K

−
m − (q − q−1)2

−m
∑

�=1

[k][k + 2][2�]
[2] K +

n−�K
−
m+�, (1.3)

K−
m Tn = TnK

−
m + (q − q−1)2

−m
∑

�=1

[k + 2][(k + 3)�]
[k + 3] Tn−�K

−
m+�, (1.4)

TmK
+
n = K +

n Tm + (q − q−1)2
n
∑

�=1

[k + 2][(k + 3)�]
[k + 3] K +

n−�Tm+�, (1.5)

K−
m G±

n = q±(k+2)G±
n K

−
m ± (q − q−1)[k + 2]

−m
∑

�=1

q±2(k+2)�G±
n−�K

−
m+�, (1.6)

G±
mK

+
n = q∓(k+2)K +

n G
±
m∓(q − q−1)[k + 2]

n
∑

�=1

q∓2(k+2)�K +
n−�G

±
m+�, (1.7)

G±
mG

±
n + G±

mG
±
n = 0, (1.8)

G+
mG

−
n + G−

n G
+
m = 1

(q − q−1)2

(

1

[k + 1]q
(2k+2)(m−n)

∑

α,β≥0

δm+n+α−β,0K
−−αK

+
β

− q(k+2)(m−n)δm+n,0 + q(k+1)(m−n)Tm+n

)

, (1.9)

G±
mTn − TnG

±
m = ±(q − q−1)

[k + 2]
[k + 1]q

±(k+1)(2m−n)
∑

α,β≥0

K−−αG
±
m+n+α−βK

+
β , (1.10)

TmTn − TnTm = (q − q−1)2 [k + 2]2

[k + 1] [(m − n)(k + 1)]
∑

α,β≥0

K−−αWm+n+α−βK
+
β .

(1.11)

In the last relation (1.11), we have used the shorthand notation
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Wm =
∑

μ,ν≥0

cA
m(2k + 2) δm+μ−ν,0

1

[k + 1]K
−−μK

+
ν − cA

m(k + 2) δm,0

+ cA
m(k + 1) Tm − (q − q−1)3

∑

γ∈ZA

◦
◦G

+−γ G
−
m+γ

◦
◦, (1.12)

where we have the numerical coefficients

cNS
α (u) =

⎧

⎪

⎨

⎪

⎩

1

[u] (α : even),

1

[u]
qu + q−u

2
(α : odd),

cR
α (u) =

⎧

⎪

⎨

⎪

⎩

1

[u]
qu + q−u

2
(α : even),

1

[u] (α : odd),

(1.13)

and the symbol
◦
◦•

◦
◦for the normal ordered product

◦
◦G

+
mG

−
n
◦
◦ =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

G+
mG

−
n (m < n),

1

2

(

G+
mG

−
m − G−

mG
+
m

)

(m = n),

−G−
n G

+
m (m > n).

(1.14)

Remark 1.2. The algebra SVirq,k has the following involutive symmetry.

q → q−1, k → k, K±
m → K±

m , G±
m → G∓

m, Tm → Tm . (1.15)

1.2 Generating functions

Definition 1.3. Introduce the generating functions K±(z), T (z) and G±(z) for the gen-
erators K±

m , Tm and G±
m as

K±(z) =
∑

±m≥0

K±
m z−m, T (z) =

∑

m∈Z

Tmz
−m, (1.16)

G±(z) =
∑

m∈ZA

G±
mz

−m, (1.17)

in the sector A (= NS or R). Set for simplicity that

K (z) = K−(z)K +(z). (1.18)

Remark 1.4. It should be emphasized that our convention of the mode expansion of
G±(z) is different from the standard two dimensional superconformal field theory. We
expand G±(z) in the integral powers of z in the R sector and in the half-integral powers
of z in the NS sector.

We also introduce the generating function W (z) for the modes Wm in (1.12) as

W (z) =
∑

m∈Z

Wmz
−m

= 1

[k + 1] ˜K
A(z) − cA

0 (k + 2) + ˜TA(z) − (q − q−1)3◦
◦G

+(z)G−(z)
◦
◦, (1.19)
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where

˜KA(z) = cA
0 (2k + 2)

1

2

(

K (z) + K (−z)
)

+ cA
1 (2k + 2)

1

2

(

K (z) − K (−z)
)

,

˜TA(z) = cA
0 (k + 1)

1

2

(

T (z) + T (−z)
)

+ cA
1 (k + 1)

1

2

(

T (z) − T (−z)
)

.

In Section 2 we will provide the defining relations ofSVirq,k in terms of the generating
functions.

Remark 1.5. In terms of the generating functions the involutive symmetry (1.2) is

q → q−1, k → k, K±(z) → K±(z), G±(z) → G∓(z), T (z) → T (z).

1.3 Heisenberg subalgebra Recall that the generators K±
0 (satisfying the condition

K +
0 = K−

0 ) are invertible.

Proposition 1.6. Defining K±
0 = qH0 , we have

qH0 K±(z)q−H0 = K±(z), qH0T (z)q−H0 = T (z),

qH0G±(z)q−H0 = q±(k+2)G±(z),

namely

[H0, K
±(z)] = 0, [H0, T (z)] = 0, [H0,G

±(z)] = (k + 2)G±(z). (1.20)

Proof. These relations follow from (1.2)-(1.7). 	

Definition 1.7. Define the elements Hm (m �= 0) by

exp

(

(q − q−1)
∑

m>0

H±mz
∓m

)

= (K±
0 )−1K±(z) = 1 +

∑

m>0

(K±
0 )−1K±±mz

∓m .

(1.21)

Proposition 1.8. We have the Heisenberg commutation relations

[Hm, Hn] = [(k + 2)m][km]
m

δm+n,0. (1.22)

Proof. This follows from (1.3). 	
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1.4 Scope of the present article We have introduced the algebra SVirq,k presented by
the generators and relations (Definition 1.1, Proposition 2.2), having the Heisenberg
subalgebra (Proposition 1.8) and the involutive symmetry (Remark 1.2). Some explana-
tions are in order concerning the authors’ motivation for considering this quartic algebra
SVirq,k , and what are planned to be investigated in the present article.

It is known that the N = 2 superconformal (or super Virasoro) algebra can be
realized by twisting the Wakimoto representation of the affine Lie algebra ̂sl2, while
the Zk parafermion structure kept intact. More explicitly, in terms of the parafermion
currents ψ±(z) defined by [24,25,63];

ψ±(z) =
(
√

k + 2

2
∂φ1(z) ± i

√

k

2
∂φ2(z)

)

e±i
√

2
k φ2(z)

, (1.23)

the affine Lie algebra ̂sl2 with level k is realized as

J±(z) = ψ±(z)e±
√

2
k φ0(z), J3(z) =

√

k

2
∂φ0(z). (1.24)

Here φi (z)φ j (w) ∼ δi, j log(z − w) are free bosons. The parafermion currents are
characterized as the kernel of the two fermionic screening charges;

S± =
∮

dz S±(z), S±(z) = e

√

k+2
2 φ1(z)±i

√

k
2 φ2(z). (1.25)

On the other hand the supercurrents G±(z) of the N = 2 superconformal algebra are
realized as

G±(z) = ψ±(z)e±
√

k+2
k φ0(z)

, (1.26)

and the remaining currents K (z) and T (z) are generated by the fusion (OPE) of G±(z).
Thus, we see that the currents J±(z) and G±(z) share the common parafermion currents
ψ±(z) and their difference is the unit length of Z lattice (or “compactification radius”) of
theU (1) boson φ0(z) in the vertex operator. This change also implies that the conformal
weight of G±(z) is 3

2 , while J±(z) are spin 1 currents.
Then naturally the present authors have lead to guess what should be a reasonable

q-analogue of the N = 2 superconformal algebra, playing similar with the Wakimoto
representation of the quantum affine algebra Uq(̂sl2). Note that, a priori, this kind of
guess work could be problematic. Even if it has a good meaning, it may not have a unique
solution, because a different choice of generators leads to a different set of relations.
After some experience, fortunately, the authors found the algebra SVirq,k , among many
other equivalent but somewhat more complicated definitions. Since SVirq,k seems better
behaving than any others, it has been chosen as the main object of the present paper.

The questions we address in this paper are the following.

• What kind of structures do we have for the Verma modules of SVirq,k? Can we
find and prove, or guess at least, a factorization formula for the corresponding Kac
determinants?

• Can we confirm by taking the q → 1 limit of SVirq,k that we recover the ordinary
N = 2 superconformal (or super Virasoro) algebra?

• Is there any nontrivial representation ofSVirq,k , such as a Heisenberg (or a Wakimoto-
type) representation?
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For lack of space, in the present article we do not study explicit formulas for the
singular vectors of SVirq,k in the Wakimoto representation. It seems an interesting
problem to find a relation between these singular vectors and the supersymmetric version
of the Jack or Macdonald polynomials (see [3–5,13] and [17] and references therein).

The paper is organized as follows; In the next section we prove the defining relations
of SVirq,k in terms of the generating functions. A conjecture on the Kac determinants is
proposed in section 3. To support the conjecture, some examples of lower level singular
vectors in the Verma module are worked out explicitly. In section 4, we set q = e� and
make the � expansion of the generating functions and the defining relations of SVirq,k .
It is confirmed that the limit q → 1 of SVirq,k correctly reproduces the ordinary N = 2
SCA. After reviewing the Wakimoto representation of the quantum affine algebraUq (̂sl2)
and introducing basic vertex operators for the deformed parafermion sector in section 5,
we argue the construction of SVirq,k from the deformed Y -algebras (a.k.a. corner vertex
operator algebras) in section 6. Namely, SVirq,k is obtained as a result of gluing two
deformed Y -algebras, one of which is identified with the deformed parafermion and the
other provides the additional deformed Heisenberg algebra. It implies that we should
twist the U (1) boson in the Wakimoto representation of Uq(̂sl2), while keeping the
parafermions intact. It also reveals a connection to the Fock representation of the quantum
toroidal algebras. Finally in section 7, we work out a Heisenberg representation of
SVirq,k by twisting the Wakimoto representation ofUq(̂sl2). Some of technical details are
provided in Appendices. In Appendix A we summarize computations of operator product
expansion (OPE) among vertex operators appearing in the Wakimoto representation of
Uq(̂sl2). In particular the proof of the free field representation of SVirq,k in section 7
relies on the OPE relations in the deformed parafermion sector shown in Appendix A.
Appendix B supplements the proof in section 7. We conclude the paper with Appendix
C, where as a first step to a proof of the conjecture on the Kac determinants, we compute
the vanishing lines arising from the screening operators among the Fock modules defined
in section 7.

2 SVi rq,k in Terms of the Generating Functions

Definition 2.1. Define the delta functions δNS(z), δR(z) and δ(z) by

δNS(z) =
∑

m∈Z+ 1
2

zm, δR(z) = δ(z) =
∑

m∈Z

zm . (2.1)

Proposition 2.2. The relations (1.2)-(1.11) in the sector A (=NS or R) are written in
terms of the generating functions as

K±(z)K±(w) = K±(w)K±(z), (2.2)

K−(z)K +(w) = (1 − q2k+2z/w)(1 − q−2k−2z/w)

(1 − q2z/w)(1 − q−2z/w)
K +(w)K−(z), (2.3)

K−(z)T (w) = (1 − qk+1z/w)(1 − q−k−1z/w)

(1 − qk+3z/w)(1 − q−k−3z/w)
T (w)K−(z), (2.4)

T (z)K +(w) = (1 − qk+1z/w)(1 − q−k−1z/w)

(1 − qk+3z/w)(1 − q−k−3z/w)
K +(w)T (z), (2.5)

K−(z)G±(w) = q±(k+2) 1 − z/w

1 − q±2(k+2)z/w
G±(w)K−(z), (2.6)
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G±(z)K +(w) = q∓(k+2) 1 − z/w

1 − q∓2(k+2)z/w
K +(w)G±(z), (2.7)

G±(z)G±(w) + G±(w)G±(z) = 0, (2.8)

G+(z)G−(w) + G−(w)G+(z) = 1

(q − q−1)2

(

δA
(

q4(k+1) w

z

)

1

[k + 1]K (q2(k+1)w)

− δA
(

q2(k+2) w

z

)

+ δA
(

q2(k+1) w

z

)

T (qk+1w)

)

, (2.9)

G±(z)T (w) − T (w)G±(z)

= ±(q − q−1)
[k + 2]
[k + 1]δ

A
(

q±3(k+1) w

z

)

K−(q±(k+1)w)G±(q±(k+1)w)K +(q±(k+1)w),

(2.10)

T (z)T (w) − T (w)T (z) = (q − q−1)
[k + 2]2

[k + 1]
×
(

δ

(

q+2(k+1) w

z

)

K−(q+k+1w)W (q+k+1w)K +(q+k+1w)

− δ

(

q−2(k+1) w

z

)

K−(q−k−1w)W (q−k−1w)K +(q−k−1w)

)

. (2.11)

Here the rational factors in (2.3), (2.4), (2.5), (2.6) and (2.7) should be read as the Taylor
series of those in the domain |z| � |w|.

We need the following lemma.

Lemma 2.3. We have
∑

m

(qαw/z)m
∑

l

(qβw)−l�l =
∑

m

∑

n

z−mw−nq(α−β)m−βn�m+n,

where the indices l and m run over either Z or Z + 1
2 and the range of n = l −m is fixed

accordingly.

Then Proposition 2.2 is proved in a straightforward manner as follows.

Proof. It is clear that (1.2) and (2.2) are the same. The equivalence between (1.3)-(2.3),
(1.4)-(2.4), (1.5)-(2.5), (1.6)-(2.6), and (1.7)-(2.7) follow from the Taylor series

(1 − q2k+2z/w)(1 − q−2k−2z/w)

(1 − q2z/w)(1 − q−2z/w)
= 1 − (q − q−1)2

∑

�≥1

[k][k + 2][2�]
[2] (z/w)�,

(1 − qk+1z/w)(1 − q−k−1z/w)

(1 − qk+3z/w)(1 − q−k−3z/w)
= 1 + (q − q−1)2

∑

�≥1

[k + 2][(k + 3)�]
[k + 3] (z/w)�,

q±(k+2) 1 − z/w

1 − q±2(k+2)z/w
= q±(k+2) ± (q − q−1)[k + 2]

∑

�≥1

(q±2(k+2)z/w)�.

We immediately see that (1.8) and (2.8) are the same.
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Noting K (w) =∑α,β≥0 wα−βK−−αK
+
β , and using Lemma 2.3, we have

δA
(

q4(k+1) w

z

)

K (q2(k+1)w) =
∑

m,n∈ZA

z−mw−nq(2k+2)(m−n)
∑

α,β≥0

δm+n+α−β,0K
−−αK

+
β ,

δA
(

q2(k+2) w

z

)

=
∑

m,n∈ZA

z−mw−nq(k+2)(m−n)δm+n,0,

δA
(

q2(k+1) w

z

)

T (qk+1w) =
∑

m,n∈ZA

z−mw−nq(k+1)(m−n)Tm+n,

showing the equivalence between (1.9)-(2.9).
Noting that

K−(w)G±(w)K +(w) =
∑

α,β≥0

∑

m∈ZA

wα−m−βK−−αG
±
mK

+
β

=
∑

m∈ZA

w−m
∑

α,β≥0

K−−αG
±
m+α−βK

+
β ,

and using Lemma 2.3 with m, l ∈ Z
A, we have

δA
(

q±3(k+1) w

z

)

K−(q±(k+1)w)G±(q±(k+1)w)K +(q±(k+1)w)

=
∑

m∈ZA

∑

n∈Z

z−mw−nq±(k+1)(2m−n)
∑

α,β≥0

K−−αG
±
m+n+α−βK

+
β ,

showing the equivalence between (1.10)-(2.10).
In the same way we have

δ

(

q+2(k+1) w

z

)

K−(q+k+1w)W (q+k+1w)K +(q+k+1w)

− δ

(

q−2(k+1) w

z

)

K−(q−k−1w)W (q−k−1w)K +(q−k−1w)

=
∑

m

∑

n

z−mw−n
(

q(k+1)(m−n) − q−(k+1)(m−n)
)
∑

α,β≥0

K−−αWm+n+α−βK
+
β ,

giving the equivalence between (1.11)-(2.11). 	

For later use, here we summarize the basic properties of the delta-functions δNS(z)

and δR(z) = δ(z).

Lemma 2.4. We have in the sector A=NS or R that

G±(w)δ

(

w

z

)

= G±(z)δA
(

w

z

)

, (2.12)

K±(w)δA
(

w

z

)

= K±(z)δA
(

w

z

)

, T (w)δA
(

w

z

)

= T (z)δA
(

w

z

)

. (2.13)

Note that the exchange δ ↔ δNS occurs, when we change the argument of G± in the NS
sector by using the delta-function.
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Proof. We demonstrate (2.12) and the second equality in (2.13). We have

G±(w)δ

(

w

z

)

=
∑

m∈ZA

w−mG±
m

∑

n∈Z

wnz−n =
∑

m∈ZA

∑

n∈Z

w−m+nz−n+mz−mG±
m

= G±(z)δA
(

w

z

)

.

Similarly

T (w)δA
(

w

z

)

=
∑

m∈Z

w−mTm
∑

n∈ZA

wnz−n

=
∑

m∈Z

∑

n∈ZA

w−m+nz−n+mz−mTm = T (z)δA
(

w

z

)

.

	

Remark 2.5. The commutation relation (2.11) is equivalent to

T (z)T (w) − T (w)T (z) = −(q − q−1)4 [k + 2]2

[k + 1]
(

δ

(

q2k+2 w

z

)

K−(qk+1w)G+(qk+1w)G−(q−k−1z)K +(q−k−1z)

−δ

(

q−2k−2 w

z

)

K−(qk+1z)G+(qk+1z)G−(q−k−1w)K +(q−k−1w)

)

.

Note that in the relation (2.11) G+(z) and G−(z) are normal ordered (see the definition
of W (z)).

To show the equivalence we prove the following lemma.

Lemma 2.6.

G+(z)G−(z) = −(q − q−1)3W (z).

Proof. The issue is the normal ordering of G±(z) and we have to work with the mode
expansion. Hence, we consider the R sector and the NS sector separately.

(1) R sector:

G+(w)G−(w) =
∑

m,n∈Z

w−mw−nG+
mG

−
n =

∑

α∈Z

w−α
∑

m∈Z

G+
mG

−
α−m

=
∑

α:even

w−α

[

G+
α
2
G−

α
2

+
∑

m>0

G+
α
2 −mG

−
α
2 +m −

∑

m>0

G−
α
2 −mG

+
α
2 +m

+
1

(q − q−1)2

∑

m>0

(

q2(k+1)2m 1

[k + 1]Kα − q(k+2)2mδα,0 + q(k+1)2mTα

)]

+
∑

α:odd

w−α

[

∑

m≥0

G+
α
2 − 1

2 −m
G−

α
2 + 1

2 +m
−
∑

m≥0

G−
α
2 − 1

2 −m
G+

α
2 + 1

2 +m

+
1

(q − q−1)2

∑

m≥0

(

q2(k+1)(2m+1) 1

[k + 1]Kα − q(k+2)(2m+1)δα,0 + q(k+1)(2m+1)Tα

)]
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=
∑

α:even

w−α

[

G+
α
2
G−

α
2

+
∑

m>0

G+
α
2 −mG

−
α
2 +m −

∑

m>0

G−
α
2 −mG

+
α
2 +m

+
1

(q − q−1)2

(

q4k+4

1 − q4k+4

1

[k + 1]Kα − q2k+4

1 − q2k+4 δα,0 +
q2k+2

1 − q2k+2 Tα

)]

+
∑

α:odd

w−α

[

∑

m≥0

G+
α
2 − 1

2 −m
G−

α
2 + 1

2 +m
−
∑

m≥0

G−
α
2 − 1

2 −m
G+

α
2 + 1

2 +m

+
1

(q − q−1)2

(

q2k+2

1 − q4k+4

1

[k + 1]Kα − qk+2

1 − q2k+4 δα,0 +
qk+1

1 − q2k+2 Tα

)]

=
∑

α∈Z

w−α

[

∑

m∈Z

◦
◦G

+−mG
−
α+m

◦
◦

− 1

(q − q−1)3

(

cR
α (2k + 2)

1

[k + 1]Kα − cR
α (k + 2)δα,0 + cR

α (k + 1)Tα

)]

,

where the normal ordered product
◦
◦G

+
mG

−
n
◦
◦is defined by (1.14) and the numerical coeffi-

cient cR
α (u) is defined by (1.13). Comparing with the definition of Wm given by (1.12),

we obtain the relation in R sector.
(2) NS sector:

G+(w)G−(w) =
∑

m,n∈ZNS

w−mw−nG+
mG

−
n =

∑

α∈Z

w−α
∑

m∈ZNS

G+
mG

−
α−m

=
∑

α:even

w−α

[

∑

m≥0

G+
α
2 −m− 1

2
G−

α
2 +m+ 1

2
−
∑

m≥0

G−
α
2 −m− 1

2
G+

α
2 +m+ 1

2

+
1

(q − q−1)2

∑

m≥0

(

q2(k+1)(2m+1) 1

[k + 1]Kα − q(k+2)(2m+1)δα,0 + q(k+1)(2m+1)Tα

)]

+
∑

α:odd

w−α

[

G+
α
2
G−

α
2

+
∑

m>0

G+
α
2 −mG

−
α
2 +m −

∑

m>0

G−
α
2 −mG

+
α
2 +m

+
1

(q − q−1)2

∑

m>0

(

q2(k+1)2m 1

[k + 1]Kα − q(k+2)2mδα,0 + q(k+1)2mTα

)]

=
∑

α∈Z

w−α

[

∑

m∈ZNS

◦
◦G

+−mG
−
α+m

◦
◦

− 1

(q − q−1)3

(

cNS
α (2k + 2)

1

[k + 1]Kα − cNS
α (k + 2)δα,0 + cNS

α (k + 1)Tα

)]

,

where
◦
◦G

+
mG

−
n
◦
◦ is defined as before and the numerical coefficient in the NS sector is

defined by (1.13). We see the relation in NS sector is also valid.
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Substituting the definition (1.12) of the modes Wm , we have the following relations
in each sector A(= R or NS).

∑

α,β≥0

K−−αWm+α−βK
+
β =

∑

α,β≥0

∑

γ∈ZA

K−−α
◦
◦G

+−γ G
−
m+α−β+γ

◦
◦K

+
β

− 1

(q − q−1)3

∑

α,β≥0

(

cA
m+α−β(2k + 2)

1

[k + 1]K
−−αKm+α−βK

+
β

− cA
m+α−β(k + 2)δm+α−β,0K

−−αK
+
β + cR

m+α−β(k + 1)K−−αTm+α−βK
+
β

)

, (2.14)

and

TmTn − TnTm = (q − q−1)2 [k + 2]2

[k + 1] [(m − n)(k + 1)]

×
∑

α,β≥0

(

∑

μ,ν≥0

cA−μ+ν(2k + 2)δm+n+α−β+μ−ν,0
1

[k + 1]K
−−αK

−−μK
+
ν K

+
β

− cA
0 (k + 2)δm+n+α−β,0K

−−αK
+
β + cA

m+n+α−β(k + 1)K−−αTm+n+α−βK
+
β

)

− (q − q−1)5 [k + 2]2

[k + 1] [(m − n)(k + 1)]
∑

α,β≥0

∑

γ∈ZA

K−−α
◦
◦G

+−γ G
−
m+n+α−β+γ

◦
◦K

+
β .

(2.15)

Now to obtain the commutation relation of the generating function T (z), let us mul-
tiply both sides of (2.15) with z−mw−n and take the summation over m, n ∈ Z. The
term with cA

0 (k + 2) gives

∑

m,n∈Z

z−mw−n
∑

α,β≥0

δm+n+α−β,0K
−−αK

+
β =

∑

m∈Z

z−mwm
∑

α,β≥0

wαK−−αw−βK +
β

= δ

(

w

z

)

K−(w)K +(w). (2.16)

Similarly we have

∑

m,n∈Z

z−mw−n
∑

α,β≥0

cA
m+n+α−β(k + 1)K−−αTm+n+α−βK

+
β

=
∑

m∈Z

z−mwm
∑

α,β≥0

∑

n∈Z

wαK−−αw−m−n−α+βcA
m+n+α−β(k + 1)Tm+n+α−βw−βK +

β

= δ

(

w

z

)

K−(w)˜TA(w)K +(w), (2.17)

where we have defined
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˜TA(z) =
∑

m∈Z

cA
m(k + 1)z−mTm

=cA
0 (k + 1)

1

2
(T (z) + T (−z)) + cA

1 (k + 1)
1

2
(T (z) − T (−z)). (2.18)

Finally the quartic term in the modes Km is
∑

m,n∈Z

z−mw−n
∑

α,β≥0

∑

μ,ν≥0

cA−μ+ν(2k + 2)δm+n+α−β+μ−ν,0
1

[k + 1]K
−−αK

−−μK
+
ν K

+
β

=
∑

m∈Z

z−mwm
∑

α,β≥0

∑

μ,ν≥0

cA−μ+ν(2k + 2)
1

[k + 1]w
αK−−αwμK−−μw−νK +

ν w−βK +
β

= 1

[k + 1]δ
(

w

z

)

K−(w)˜KA(w)K +(w), (2.19)

where we have defined

˜KA(z) =
∑

m∈Z

cA
m(2k + 2)z−mKm

= cA
0 (2k + 2)

1

2
(K (z) + K (−z)) + cA

1 (2k + 2)
1

2
(K (z) − K (−z)). (2.20)

In summary we obtain

T (z)T (w) − T (w)T (z) =(q − q−1)
[k + 2]2
[k + 1]

∑

ε=±1

ε δ

(

q(2k+2)ε w

z

)

K−(q(k+1)εw)

×
(

1

[k + 1] ˜K
A(q(k+1)εw) − cA

0 (k + 2) + ˜TA(q(k+1)εw)

− (q − q−1)3 : G+(q(k+1)εw)G−(q(k+1)εw) :
)

K+(q(k+1)εw).

(2.21)

	

Remark 2.7. In the case of the deformed Virasoro algebra and the deformed W3 algebra,
the commutation relation of T (z) are

f (2)(w/z)T (z)T (w) − f (2)(z/w)T (w)T (z) = (1 − q1)(1 − q2)

1 − q−1
3

(δ(q3w/z) − δ(w/q3z)) ,

(2.22)
and

f (3)(w/z)T (z)T (w) − f (3)(z/w)T (w)T (z)

= (1 − q1)(1 − q2)

1 − q−1
3

(

δ(q3w/z)W (q1/2
3 w) − δ(w/q3z)W (q1/2

3 z)
)

, (2.23)

where q1 = q, q2 = t−1 and q3 = p−1 = (q1q2)
−1. W (z) is a higher current in the W3

algebra.1 Thus, the structure function (the generating function of the structure constants)

f (N )(z) = exp

( ∞
∑

n=1

zn

n
(1 − qn1 )(1 − qn2 )

1 − q−(N−1)n
3

1 − q−Nn
3

)

(2.24)

1 W (z) has nothing to do with the W -current defined by (1.19) and appears in (2.11).
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is required for writing down the commutation relation of T (z). Contrary to these cases,
for the deformed N = 2 superconformal algebra, we do not have such structure func-
tions in G-G, G-T and T -T commutation relations. In the free field representation to
be discussed in section 7, we will see that this is a result of the cancellation of OPE
coefficients coming from the parafermion sector and the U (1) boson sector.

Remark 2.8. The associative algebra SVirq,k does not contain the q-deformed algebra
as a subalgebra. This is a common feature to the q-deformed W -algebras [6].

3 Verma Modules and the Kac Determinants

The formulae for the Kac determinants of the N = 2 superconformal algebra were
worked out by several groups; [14,21,22,42,43,52]. For the deformed Virasoro algebra,
an explicit formula of the Kac determinant was conjectured in [61]. See also [15]. In
this section we explore the singular vectors in the Verma modules of SVirq,k and give
a conjecture on the factorization property of the Kac determinants. Useful methods
of obtaining explicit forms of the Virasoro singular vectors are given, for example, in
[9,10,50,51]. For explicit forms of the low-lying singular vectors in the case of the
deformed Virasoro algebra, see [60].

3.1 Verma modules in the NS sector

Definition 3.1. Let h and u be complex parameters. Consider the NS sector of SVirq,k .
Let |h, u〉 be the highest weight vector satisfying the conditions

K±
0 |h, u〉 = u|h, u〉, T0|h, u〉 = h|h, u〉,

K +
m |h, u〉 = Tm |h, u〉 = 0 (m > 0),

G±
m |h, u〉 = 0 (m ≥ 1/2). (3.1)

The Verma module Mh,u in the NS sector is defined to be the left SVirq,k module
Mh,u = SVirq,k |h, u〉.
Definition 3.2. The dual Verma module M∗

h,u in the NS sector is defined to be the right
SVirq,k module M∗

h,u = 〈h, u|SVirq,k , with the vector 〈h, u| satisfying the conditions

〈h, u|h, u〉 = 1,

〈h, u|K±
0 = u〈h, u|, 〈h, u|T0 = h〈h, u|,

〈h, u|K−
m = 〈h, u|Tm = 0 (m < 0),

〈h, u|G±
m = 0 (m ≤ −1/2). (3.2)

Recall that we have the character formula [14];

chNS(p, x)=TrVNS

(

pL0−hx I0−u
)

=
∞
∏

i=0

(1+ pi+1/2x)(1+ pi+1/2x−1)

(1− pi+1)(1− pi+1)
, |p|, |x |<1

(3.3)

for the Verma module VNS of the ordinary N = 2 superconformal algebra in the NS
sector. L0 and I0 are mutually commuting zero modes of the N = 2 superconformal
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algebra (see section 4) and they have eigenvalues h and u on the ground state of VNS.
Since we lack a q-analogue of the Poincaré-Birkoff-Witt (PBW) theorem for SVirq,k ,
we simply assume that we have the same character for Mh,u by the rule

K±−m, T−m,G±−m have the p-degree m,

K±−m, T−m have the x-degree 0,

G±−m have the x-degree ± 1.

Definition 3.3. A finite non-increasing sequence of positive integersλ = (λ1, λ2, . . . , λl)

(λi ∈ Z, λ1 ≥ λ2 ≥ · · · ≥ λl > 0) is called a partition. We denote by �(λ) = l the
length of λ. The set of partitions is denoted by P. A finite strictly decreasing sequence
of positive half-integers α = (α1, α2, . . . , αl) (αi ∈ Z + 1/2, α1 > α2 > · · · > αl > 0)
is called a fermionic partition in the NS sector. We denote by �(α) = l the length of α.
The set of fermionic partitions in the NS sector is denoted by PNS.

Let λ = (λ1, . . . , λl) be a partition and α = (α1, . . . , αa) be a fermionic partition in
the NS sector. We introduce the following notations for the ordered products of generators

K−
−λ = K−

−λ1
K−

−λ2
· · · K−

−λl
, K +

λ = K +
λl

· · · K +
λ2
K +

λ1

T−λ = T−λ1T−λ2 · · · T−λl , Tλ = Tλl · · · Tλ2Tλ1 ,

G±−α = G±−α1
G±−α2

· · ·G±−αa
, G±

α = G±
αa

· · ·G±
α2
G±

α1
.

Then, for a pair of partitions λ = (λ1, . . . , λl), μ = (μ1, . . . , μm), and a pair of
fermionic partitions in the NS sector α = (α1, . . . , αa), β = (β1, . . . , βb), set

|λ,μ, α, β〉 = |λ,μ, α, β; h, u〉 = K−
−λT−μG

+−αG
−
−β |h, u〉,

〈λ,μ, α, β| = 〈λ,μ, α, β; h, u| = 〈h, u|G+
βG

−
α TμK

+
λ .

Note that we have the lexicographical orderings on the sets P and PNS. Hence one may
introduce the associated total ordering on the set P × P × PNS × PNS.

Example: for the subspace with p-degree 2 and x-degree 0 we have

((2),∅, ∅, ∅) > ((12), ∅, ∅,∅) > ((1), (1),∅, ∅) > ((1),∅, (1/2), (1/2)) > (∅, (2),∅, ∅)

> (∅, (12),∅, ∅) > (∅, (1), (1/2), (1/2)) > (∅,∅, (3/2), (1/2)) > (∅,∅, (1/2), (3/2)).

We define the p- and the x-degrees for the states in Mh,u and M∗
h,u as follows.

state p-degree x-degree
|λ, μ, α, β; h, u〉 |λ| + |μ| + |α| + |β| �(α) − �(β)

〈λ, μ, α, β; h, u| |λ| + |μ| + |α| + |β| �(α) − �(β)

Proposition 3.4. The ordered collection (|λ,μ, α, β〉)λ,μ∈P,α,β∈PNS forms a basis of
Mh,u. Similarly, (〈λ,μ, α, β|)λ,μ∈P,α,β∈PNS forms a basis of M∗

h,u.

Sketch of proof. First, observe that all the defining relations in Definition 1.1 play the
role of the normal ordering rules. Hence the collection (|λ,μ, α, β〉)λ,μ∈P,α,β∈PNS spans
Mh,u .
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Next, we show that the collection is linearly independent. We use a deformation
argument with respect to the parameterq = e�. From Propositions 4.1, 4.2, Definition 4.3
below, we have the � expansions of the form

G±(z) =
√

k + 2

2
G±(z) + O(�),

K ′(z) := 1

�
(K (z) − 1) = 2(k + 2)I(z) + O(�),

T ′(z) := 1

�2

(

T (z) − k

k + 1
K (z) − 1

)

=
(

4(k + 2)L(z) − k(2k + 1)

6(k + 1)

)

+ O(�),

where G±(z), I(z),L(z) satisfy the N = 2 superconformal algebra as in Theorem 4.5.
Hence in the limit � → 0 the ordered collection (K ′−λT ′−μG+−αG

−
−β |h, u〉) tends

to a PBW basis of the N = 2 superconformal Lie superalgebra, proving the linear
independence of the collection for � = 0. Then the deformation argument shows that we
have the linear independence also for � �= 0.2 Recalling that K (z) = K−(z)K +(z), we
know that the transition matrix from (K ′−λT ′−μG+−αG

−
−β |h, u〉) to (|λ,μ, α, β; h, u〉)

is an upper triangular matrix with non vanishing diagonal entries. �
Recall the definition of a singular vector. A singular vector |χ〉 ∈ Mh,u is a non-zero

vector satisfying

K±
0 |χ〉 = uχ |χ〉, T0|χ〉 = hχ |χ〉 ((hχ , uχ ) �= (h, u) i.e. |χ〉 �∝ |h, u〉),

K +
m |χ〉 = Tm |χ〉 = 0 (m > 0),

G±
m |χ〉 = 0 (m ≥ 1/2). (3.4)

Hence, the information about the zero’s of the Kac determinant plays an essential role
for finding the singular vectors. When there exists a singular vector |χ〉 ∈ Mh,u , we have
a proper submodule SVirq,k |χ〉 � Mh,u . 	


3.2 Notations We prepare some notations necessary for our description of the Kac
determinants.

Definition 3.5. Let PNS(n, j) denotes the multiplicity of the NS-character:

∑

n∈ 1
2 Z≥0

∑

j∈Z

PNS(n, j)pnx j =
∞
∏

i=0

(1 + pi+1/2x)(1 + pi+1/2x−1)

(1 − pi+1)(1 − pi+1)
. (3.5)

For � ∈ Z+ 1
2 , let ˜PNS(n, j; �) denotes the multiplicity of the character with one fermion

with the weight p|�|xsgn(�) missing:

∑

n∈ 1
2 Z≥0

∑

j∈Z

˜PNS(n, j; �)pnx j = 1

1 + p|�|xsgn(�)

∞
∏

i=0

(1 + pi+1/2x)(1 + pi+1/2x−1)

(1 − pi+1)(1 − pi+1)
,

(3.6)

where sgn(�) = �/|�|.
2 Since the determinant is a holomorphic function of �, if it is non-vanishing at � = 0, the same is valid

for � �= 0 with sufficiently small |�|.
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Definition 3.6. Set

f (r, s; u, v) =u4(q − q−1)4
(

q1−r+(k+2)sv − q−1+r−(k+2)sv−1
)

×
(

q−1−r+(k+2)sv−1 − q1+r−(k+2)sv
)

, (3.7)

and

g(�; u, v) = −u

(q − q−1)2

(

q
�+1

2 u
1
2 v

1
2 − q− �+1

2 u− 1
2 v− 1

2

)

×
(

q
�−1

2 u
1
2 v− 1

2 − q− �−1
2 u− 1

2 v
1
2

)

. (3.8)

3.3 Kac determinants in the NS sector We study the Kac determinants associated with
the Verma module Mh,u in the NS sector. We denote by detn, j = detNS

n, j (h, u) the Kac
determinant in the NS sector associated with the subspace in Mh,u having the p-degree
n and the x-degree j .

Definition 3.7. Let v ∈ C
× be a generic parameter. Introduce the parametrization of h

in terms of the parameter v as

h(u, v) := quv − [k + 2]
[k + 1]u

2 + q−1uv−1. (3.9)

Note that we have

f (r, s; u, v) = u4(q −q−1)4
(

(qr−(k+2)s +q−r+(k+2)s)2 − h2u−2 − 2h
[k + 2]
[k + 1] − u2 [k + 2]2

[k + 1]2
)

,

and

g(�; u, v) = 1

(q − q−1)2

(

−q�u +
[k + 2]
[k + 1]u

2 + h − q−�

)

.

Conjecture 3.8. We have

detNS
n, j (h, u) = cst.

∏

r,s∈Z>0
1≤rs≤n

(

f (r, s; u, v)
)PNS(n−rs, j) ∏

�∈Z+ 1
2

(

g(2�; u, v)
)
˜PNS(n−|�|, j−sgn(�);�)

,

(3.10)

where cst. is a certain non zero constant not depending on u or v.

It is possible to take the limit q → 1 of Conjecture 3.8, which reproduces the
formula of the Kac determinant of the N = 2 superconformal algebra (e.g. in [42]).
Explicit examples of the low-lying singular vectors are given in the next subsection. In
Appendix C we work out the condition for the screening operators between Fock modules
to produce singular vectors, which provides a supporting evidence for the Conjecture 3.8.
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3.4 Examples of the Kac determinants in the NS sector

3.4.1 Case n = 0, j = 0 For the subspace with the p-degree zero in Mh,u , we only
have the highest weight vector |h, u〉 ∈ Mh,u with the x-degree zero. Hence we have

detNS
0,0 = 〈h, u|h, u〉 = 1.

3.4.2 Case n = 1/2, j = ±1 For the subspace with the p-degree 1/2, we have two
vectors G+−1/2|h, u〉,G−

−1/2|h, u〉 ∈ Mh,u with the x-degrees +1 and −1. We have

detNS
1/2,1 = 〈h, u|G−

1/2G
+−1/2|h, u〉

= 1

(q − q−1)2

(

1

[k + 1]q
−2k−2u2 − q−k−2 + q−k−1h

)

= q−k−1g(+1; u, v),

detNS
1/2,−1 = 〈h, u|G+

1/2G
−
−1/2|h, u〉

= 1

(q − q−1)2

(

1

[k + 1]q
+2k+2u2 − q+k+2 + q+k+1h

)

= q+k+1g(−1; u, v).

Proposition 3.9. If g(±1; u, v) = 0, then G±
−1/2|h, u〉 is a singular vector.

Remark 3.10. Write

|χ(1/2,±1)〉 = G±
−1/2|h, u〉,

for arbitrary u and v. Note that we have

G±
−1/2|χ(1/2,±1)〉 = 0.

This explains the factor 1/(1 + p1/2x±1) in the character of the descendants ofG±
−1/2|h, u〉

given by

1

1 + p1/2x±1

∞
∏

i=0

(1 + pi+1/2x)(1 + pi+1/2x−1)

(1 − pi+1)(1 − pi+1)
=

∑

n∈ 1
2 Z≥0

∑

j∈Z

˜PNS(n, j,±1/2)pnx j .

3.4.3 Case n = 1, j = 0 For the subspace with the p-degree 1, we have three vectors
K−

−1|h, u〉, T−
−1|h, u〉,G+−1/2G

−
−1/2|h, u〉 ∈ Mh,u with the x-degree 0. We have

detNS
1,0 =

∣

∣

∣

∣

∣

∣

∣

〈h, u|K+
1 K−

−1|h, u〉 〈h, u|K+
1 T−1|h, u〉 〈h, u|K+

1 G
+−1/2G

−
−1/2|h, u〉

〈h, u|T1K
−
−1|h, u〉 〈h, u|T1T−1|h, u〉 〈h, u|T1G

+−1/2G
−
−1/2|h, u〉

〈h, u|G+
1/2G

−
1/2K

−
−1|h, u〉 〈h, u|G+

1/2G
−
1/2T−1|h, u〉 〈h, u|G+

1/2G
−
1/2G

+−1/2G
−
−1/2|h, u〉

∣

∣

∣

∣

∣

∣

∣

= [k + 2]2g(+1; u, v)g(−1; u, v) f (1, 1; u, v).

Proposition 3.11. If f (1, 1; u, v) = 0, then
(

−1 +
[k + 2]
[k + 1]q

k+1u

)

K−
−1|h, u〉 + T−1|h, u〉

+ (q − q−1)3[k + 2]
(

qk+2u

u − qk+2

)

G+−1/2G
−
−1/2|h, u〉, (3.11)

is a singular vector.
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3.4.4 Case n = 3/2, j = ±1 For the subspace with the p-degree 1, we have three
vectors K−

−1G
±
−1/2|h, u〉, T−

−1G
±
−1/2|h, u〉,G±

−3/2|h, u〉 ∈ Mh,u with the x-degrees ±1.
We have

detNS
3/2,+1 = q−3k−1[k + 2]2g(+1; u, v)2g(+3; u, v) f (1, 1; u, v),

detNS
3/2,−1 = q+3k+1[k + 2]2g(−1; u, v)2g(−3; u, v) f (1, 1; u, v).

Proposition 3.12. If g(3; u, v) = 0, then

q−ku

[k + 1] K
−
−1G

+−1/2|h, u〉 + T−1G
+−1/2|h, u〉 + qk(1 − q−2)(1 − q4u2)G+−3/2|h, u〉,

is a singular vector. If g(−3; u, v) = 0, then

qku

[k + 1] K
−
−1G

−
−1/2|h, u〉 + T−1G

−
−1/2|h, u〉 + q−k(1 − q2)(1 − q−4u2)G−

−3/2|h, u〉,

is a singular vector.

Remark 3.13. Write

|χ(3/2, ±1)〉 =
( q∓ku

[k + 1] K
−
−1G

±
−1/2 + T−1G

±
−1/2 + q±k(1 − q∓2)(1 − q±4u2)G±

−3/2

)

|h, u〉,
(3.12)

for arbitrary u and v. We can check by using the Mathematica that

(q∓k(q±(k+2)u)

[k + 1] K−
−1G

±
−1/2 + T−1G

±
−1/2

+ q±k(1 − q∓2)(1 − q±4(q±(k+2)u)2)G±
−3/2

)

|χ(3/2,±1)〉 = 0. (3.13)

This explains the factor 1/(1 + p3/2x±1) in the character of the descendants of |χ(3/2,±1)〉
given by

1

1 + p3/2x±1

∞
∏

i=0

(1 + pi+1/2x)(1 + pi+1/2x−1)

(1 − pi+1)(1 − pi+1)
=

∑

n∈ 1
2 Z≥0

∑

j∈Z

˜PNS(n, j,±3/2)pnx j .

It should be emphasized that the vanishing property (3.13) is valid, even if (3.12)
is not a singular vector. In fact when the parameters u and v meet the condition for
(3.12) to be a singular vector, which is an image of the fermionic screening operator (see
Appendix C), (3.13) is expected by the fermionic nature of the screening. We observe
that when we write the product of operators in (3.12) and (3.13) in terms of the PBW
basis, the coefficients are independent of h, which may explain the validity of (3.13) for
generic parameters.
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3.4.5 Case n = 2, j = ±2, 0 For the subspace with the p-degree 2, we have two
vectors G+−3/2G

+−1/2|h, u〉, G−
−3/2G

−
−1/2|h, u〉 with the x-degrees +2 and −2. We have

nine vectors for the subspace with the p-degree 2 and the x-degree 0:

K−
−2|h, u〉, K−

−1K
−
−1|h, u〉, K−

−1T−1|h, u〉, K−
−1G

+−1/2G
−
−1/2|h, u〉, T−2|h, u〉, T−1T−1|h, u〉,

T−1G
+−1/2G

−
−1/2|h, u〉,G+−3/2G

−
−1/2|h, u〉,G+−1/2G

−
−3/2|h, u〉.

We have

detNS
2,+2 = q−4k−4g(+1; u, v)g(+3; u, v),

detNS
2,−2 = q+4k+4g(−1; u, v)g(−3; u, v).

A remark is in order as to the calculation of the nine by nine determinant detNS
2,0 by

Mathematica. It seems not easy to have detNS
2,0 factorized within a reasonably practical

time duration for arbitrary q, k, u, v. However, if we substitute various prime numbers
to some of the variable u, v and k we can easily factorize the reduced determinant,
providing us with a possibility to guess the exact formula. Hence we conjecture that

detNS
2,0 = [2]2[k + 2]8[2k + 4]2

× g(+3; u, v)g(+1; u, v)3g(−1; u, v)3g(−3; u, v)

× f (1, 1; u, v)3 f (2, 1; u, v) f (1, 2; u, v).

Proposition 3.14. If we have f (2, 1; u, v) = 0, then

c1K
−
−2|h, u〉 + c2K

−
−1K

−
−1|h, u〉 + c3K

−
−1T−1|h, u〉 + c4K

−
−1G

+−1/2G
−
−1/2|h, u〉

+ c5T−2|h, u〉 + c6T−1T−1|h, u〉 + c7T−1G
+−1/2G

−
−1/2|h, u〉

+ c8G
+−3/2G

−
−1/2|h, u〉 + c9G

+−1/2G
−
−3/2|h, u〉,

is a singular vector, where

c1 = −q3k+4u4 (q − q−1)2[k + 2]2

(u − qk+3)[k + 1]
(

1 − [k + 1]
qk+2u[k + 2] − 1

qk−1u

+
[k + 1]2

q2k+2u2[k + 2]2 +
[k + 1]

q2k+1u3[k + 2]2

)

,

c2 = q2k+2u2 [k + 2]2

[k + 1]2

(

1 − [2][k + 1]
qk+1u[k + 2] +

[k + 1]2

q2k+2u2[k + 2]2

)

,

c3 = qk+1u
[k + 2]
[k + 1]

(

2 − [2][k + 1]
qk+1u[k + 2]

)

,

c4 = q2k+4u3 (q − q−1)3[2][k + 2]2

(u − qk+1)(u − qk+3)[k + 1]
(

1 − [2k + 3]
u[k + 2] +

[4][k + 1]
u2[2]2[k + 2]

)

,

c5 = −qk+1u2(q − q−1)2 [k + 2]2

[k + 1]
(

1 − [k + 1]2

qk+1u[k + 1]2

)

,

c6 = 1,
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c7 = q2k+4u2 (q − q−1)3[2k + 4]
(u − qk+1)(u − qk+3)

(

1 − [2][k + 2]
u[2k + 4]

)

,

c8 = −q2k+5u3 (q − q−1)4(qk+1u − 1)[k + 2]2

(u − qk+1)(u − qk+3)

(

1 − [k + 3]
q−ku[k + 2] +

1

u[k + 2]
)

,

c9 = qk+2u3 (q − q−1)4[k + 2]2

u − qk+3

(

1 − [k + 3]
qku[k + 2] +

1

u[k + 2]
)

.

We omit writing the singular vector for the case f (1, 2; u, v) = 0.

3.4.6 Case n = 5/2, j = ±1 We have for the subspace with p-degree 5/2, nine vectors

K−
−2G

+−1/2|h, u〉, K−
−1K

−
−1G

+−1/2|h, u〉, K−
−1T−1G

+−1/2|h, u〉,
K−

−1G
+−3/2|h, u〉, T−2G

+−1/2|h, u〉, T−1T−1G
+−1/2|h, u〉,

T−1G
+−3/2|h, u〉,G+−5/2|h, u〉,G+−3/2G

+−1/2G
−
−1/2|h, u〉,

with x-degree +1, and nine vectors

K−
−2G

−
−1/2|h, u〉, K−

−1K
−
−1G

−
−1/2|h, u〉, K−

−1T−1G
−
−1/2|h, u〉,

K−
−1G

−
−3/2|h, u〉, T−2G

−
−1/2|h, u〉, T−1T−1G

−
−1/2|h, u〉,

T−1G
−
−3/2|h, u〉,G+−1/2G

−
−3/2G

−
−1/2|h, u〉,G−

−5/2|h, u〉,
with x-degree −1.

We have the conjecture:

detNS
5/2,+1 = q−9k+1[2]2[k + 2]8[2k + 4]2

× g(−1; u, v)g(+1; u, v)6g(+3; u, v)3g(+5; u, v)

× f (1, 1; u, v)3 f (2, 1; u, v) f (1, 2; u, v),

detNS
5/2,−1 = q+9k−1[2]2[k + 2]8[2k + 4]2

× g(+1; u, v)g(−1; u, v)6g(−3; u, v)3g(−5; u, v)

× f (1, 1; u, v)3 f (2, 1; u, v) f (1, 2; u, v).

We omit writing the singular vectors for the cases g(±5; u, v) = 0.

3.5 Verma modules in the R sector

Definition 3.15. Let h and u be complex parameters. Consider the R sector of SVirq,k .
Let |h, u〉 be the highest weight vector satisfying the conditions

K±
0 |h, u〉 = qk/2u|h, u〉, T0|h, u〉 = q−1h|h, u〉,

K +
m |h, u〉 = Tm |h, u〉 = 0 (m > 0),

G+
m |h, u〉 = 0 (m ≥ 0),

G−
m |h, u〉 = 0 (m > 0). (3.14)

The Verma module Mh,u in the R sector is defined to be the left SVirq,k module Mh,u =
SVirq,k |h, u〉.
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Definition 3.16. The dual Verma module M∗
h,u in the R sector is defined to be the right

SVirq,k module M∗
h,u = 〈h, u|SVirq,k , with the vector 〈h, u| satisfying the conditions

〈h, u|h, u〉 = 1,

〈h, u|K±
0 = qk/2u〈h, u|, 〈h, u|T0 = q−1h〈h, u|,

〈h, u|K−
m = 〈h, u|Tm = 0 (m < 0),

〈h, u|G−
m = 0 (m ≤ 0),

〈h, u|G+
m = 0 (m < 0). (3.15)

Recall that we have the character formula3

chR(p, x) = TrVR

(

pL0−hx I0−u
)

=
∞
∏

i=0

(1 + pi+1x)(1 + pi x−1)

(1 − pi+1)(1 − pi+1)
, |p|, |x | < 1

(3.16)

for the Verma module VR of the ordinary N = 2 superconformal algebra in the R sector,
where the ground states are doubly degenerate and they are connected by the zero modes
of the super currents. u and u − 1 are the U (1) charges the ground states, which leads
to the factor 1 + x−1 in the numerator. As is the case of NS sector, we assume that we
have the same character for Mh,u by the rule

K±−m, T−m,G±−m have the p-degree m,

K±−m, T−m have the x-degree 0,

G±−m have the x-degree ± 1.

Definition 3.17. A finite strictly decreasing sequence of positive integers α = (α1, α2,

. . . , αl) (αi ∈ Z, α1 > α2 > · · · > αl > 0) is called a fermionic partition in the R
sector. We denote by �(α) = l the length of α. The set of fermionic partitions in the R
sector is denoted by PR. A finite strictly decreasing sequence of non negative integers
β = (β1, β2, . . . , βl) (βi ∈ Z, β1 > β2 > · · · > βl ≥ 0) is called a fermionic partition
with zero mode in the R sector. We denote by �(β) = l the length of β. The set of
fermionic partitions with zero mode in the R sector is denoted by PR

0 .

Let λ = (λ1, . . . , λl) be a partition, α = (α1, . . . , αa) be a fermionic partition in
the R sector, and β = (β1, β2, . . . , βl) be a fermionic partition with zero mode in the R
sector. We introduce the following notations for the ordered products of generators

K−
−λ = K−

−λ1
K−

−λ2
· · · K−

−λl
, K +

λ = K +
λl

· · · K +
λ2
K +

λ1

T−λ = T−λ1T−λ2 · · · T−λl , Tλ = Tλl · · · Tλ2Tλ1,

G+−α = G+−α1
G+−α2

· · ·G+−αa
, G−

α = G−
αa

· · ·G−
α2
G−

α1
,

G−
−β = G−

−β1
G−

−β2
· · ·G−

−βa
, G+

β = G+
βa

· · ·G+
β2
G+

β1
.

Then, for a pair of partitions λ = (λ1, . . . , λl), μ = (μ1, . . . , μm), and a pair of
fermionic partitions in the NS sector α = (α1, . . . , αa), β = (β1, . . . , βb), set

|λ,μ, α, β〉 = |λ,μ, α, β; h, u〉 = K−
−λT−μG

+−αG
−
−β |h, u〉,

3 In [14] the factor 1 + x−1 in the numerator is replaced with x
1
2 + x− 1

2 so that the character is symmetric
in x and x−1.
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〈λ,μ, α, β| = 〈λ,μ, α, β; h, u| = 〈h, u|G+
βG

−
α TμK

+
λ .

Note that we have the lexicographical orderings on the sets P, PR and PR
0 . Hence one

may introduce the associated total ordering on the set P × P × PR × PR
0 .

Proposition 3.18. The ordered collection (|λ,μ, α, β〉)λ,μ∈P,α∈PR,β∈PR
0
forms a basis

of Mh,u. Similarly, (〈λ,μ, α, β|)λ,μ∈P,α∈PR,β∈PR
0
forms a basis of M∗

h,u.

3.6 Kac determinants in the R sector We study the Kac determinants associated with
the Verma module Mh,u in the R sector. We denote by detn, j = detR

n, j (h, u) the Kac
determinant in the R sector associated with the subspace in Mh,u having the p-degree n
and the x-degree j .

Definition 3.19. Set

∑

n∈Z≥0

∑

j∈Z

PR(n, j)pnx j =
∞
∏

i=0

(1 + pi+1x)(1 + pi x−1)

(1 − pi+1)(1 − pi+1)
, (3.17)

and set for � ∈ Z

∑

n∈Z≥0

∑

j∈Z

˜PR(n, j; �)pnx j = 1

1 + p|�|xsgn(�)

∞
∏

i=0

(1 + pi+1x)(1 + pi x−1)

(1 − pi+1)(1 − pi+1)
, (3.18)

where sgn(�) = 1 for � > 0 and sgn(�) = −1 for � ≤ 0. Note that sgn(0) = −1 in our
convention.

Recall the parametrization (3.9) of h in terms of the parameter v

Conjecture 3.20. We have

detRn, j (h, u) = cst.
∏

r,s∈Z>0
1≤rs≤n

(

f (r, s; u, v)
)PR(n−rs, j) ∏

�∈Z

(

g(2� − 1; u, v)
)
˜PR(n−|�|, j−sgn(�);�)

,

(3.19)

where cst. is a certain non zero constant not depending on u or v.

As in the case of NS sector we can take the limit q → 1 of Conjecture 3.20, which
reproduces the formula in [42]. For an evidence for the Conjecture 3.20, see Appendix C,
where we investigate the screening operators which are intertwiners among Fock repre-
sentations.

4 Conformal Field Theory Limit of SVi rq,k

In this section, we set q = e� and investigate the �-expansions of generators and relations
of SVirq,k , extracting the ordinary N = 2 superconformal Lie superalgebra defined by
the generators

c, Im, Lm (m ∈ Z),
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G±
m (m ∈ Z +

1

2
for NS sector, m ∈ Z for R sector),

and the relations [1,2],

c : central,

{G±
m,G±

n } = 0,

{G+
m,G−

n } = 2Lm+n + (m − n)Im+n +
c

3

(

m2 − 1

4

)

δm+n,0

[Lm,G±
n ] =

(m

2
− n
)

G±
m+n,

[Im,G±
n ] = ±G±

m+n,

[Im, In] = c

3
mδm+n,0,

[Im,Ln] = mIm+n,

[Lm,Ln] = (m − n)Lm+n +
c

12
m(m2 − 1)δm+n,0.

4.1 �-expansions of the generators For simplicity set K±
m = 0 for ∓m > 0. We assume

that the generators K±
m ,G±

m and Tm of SVirq,k are expanded in positive powers in � as

K±
m =

∑

i≥0

�
i K±(i)

m , G±
m =

∑

i≥0

�
i G±(i)

m , Tm =
∑

i≥0

�
i T (i)

m .

Introduce the generating functions K±(i)(z), G±(i)(z) and T (i)(z) (i ≥ 0) as

K±(i)(z) =
∑

m∈Z

K±(i)
m z−m, G±(i)(z) =

∑

m∈ZA

G±(i)
m z−m, T (i)(z) =

∑

m∈Z

T (i)
m z−m .

Then we have

K±(z) =
∑

i≥0

�
i K±(i)(z), G±(z) =

∑

i≥0

�
i G±(i)(z), T (z) =

∑

i≥0

�
i T (i)(z),

We also need the �-expansions of K (z) = K−(z)K +(z) as

K (z) =
∑

i≥0

�
i K (i)(z), K (i)(z) =

∑

m∈Z

K (i)
m z−m .

First, in view of the relations for the Heisenberg subalgebra (1.22) and (1.20), we
assume that the element H0 does not depend on �, and the Heisenberg generators Hm

(m �= 0) have the expansions as Hm = ∑

i≥0 �
i H (i)

m . Then we have the following
description of the leading terms of the � expansions for K±(z), and several low lying
terms of the � expansions for K (z).
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Proposition 4.1. We have

K±(0)
m = δm,0, K±(0)(z) = 1, (4.1)

K±(z) = 1 +
∑

i≥1

�
i K±(i)(z), (4.2)

K (z) = 1 +
∑

i≥1

�
i K (i)(z),

K (0)(z) = 1,

K (1)(z) = K−(1)(z) + K +(1)(z),

K (2)(z) = K−(2)(z) + K−(1)(z)K +(1)(z) + K +(2)(z). (4.3)

Combined with the �-expansions of K (z) = K−(z)K +(z), the relation (2.9) plays a
crucial role to find out the basic structures and the roles of the several leading terms of
the �-expansion of the generators of SVirq,k .

Proposition 4.2. By using the � expansions of K±(z), K (z) in Proposition 4.1, and the
� expansion of the relation (2.9), we have that

(1) G±(0)(z) is the first nontrivial element in the �-expansion of G±(z),
(2) T (0)(z) = k

k+1 , T
(1)(z) = − 1

k+1 K
(1)(z), and T (2)(z) is the first newly appearing

nontrivial element in the �-expansion of T (z).

For a proof of the second statement see the next subsection ((4.12) and (4.13)). Hence,
with these particular elements explicitly written, we have

G±(z) = G±(0)(z) + O(�1),

K±(z) = 1 + � K±(1)(z) + �
2 K±(2)(z) + O(�3),

T (z) = k

k + 1
+ �

(

− 1

k + 1
K (1)(z)

)

+ �
2 T (2)(z) + O(�3).

We decided that (1) the odd generators G±(z) should be expanded up to the order
of �

0, and (2) even generators K±(z), K (z), T (z) should be expanded up to the order
of �

2. Then we know to what extent we should perform the exact �-expansions of the
relations as follows;
types relations required orders worked out in
G± vs. G± (2.8) and (2.9) up to �

0 §4.2
K± vs. G± (2.6) and (2.7) up to �

2 §4.3
G± vs. T (2.10) up to �

2 §4.4
K± vs. T (2.4) and (2.5) up to �

4 §4.5
K± vs. K± (2.2) and (2.3) up to �

4 §4.6
T vs. T (2.11) up to �

4 §4.7

Definition 4.3. Rescaling or combining the above leading elements G±(0)(z), K (1)(z),
K (2)(z) and T (2)(z), set4

G±(z) =
∑

m∈ZA

G±
mz

−m =
√

2

k + 2
G±(0)(z),

4 In the q-deformed case it is convenient to define the generating currents without the degree shift by the
conformal weight. When we compute the � expansion, the commutation relation is more tractable than the
operator product expansion.
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I(z) =
∑

m∈Z

Imz−m = 1

2(k + 2)
K (1)(z),

L(z) =
∑

m∈Z

Lmz−m = 1

4(k + 2)
T (2)(z) +

1

4(k + 1)(k + 2)
K (2)(z) +

k(2k + 1)

24(k + 1)(k + 2)
.

Definition 4.4. Denote by D the Euler differential D = z ∂
∂z . Set

(DδA)(z) =
∑

m∈ZA

mzm, (D2δA)(z) =
∑

m∈ZA

m2zm,

where A = NS or R. Recall that Z
NS = Z + 1

2 and Z
R = Z. The definition for δ(z) is

the same as δR(z).

Theorem 4.5. The elements G±(z), I(z) and L(z) satisfy the relations for the N = 2
superconformal algebra with the central charge5

c = 3k

k + 2
. (4.4)

Namely we have;

{G±(z),G±(w)} = 0, (4.5)

{G+(z),G−(w)} = 2δA
(

w

z

)

L(w) + (DδA)

(

w

z

)

(

I(w) + I(z)
)

+
c

3

(

(D2δA)

(

w

z

)

− 1

4
δA
(

w

z

))

, (4.6)

[L(z),G±(w)] = 1

2
(Dδ)

(

w

z

)

G±(w) + (DδA)

(

w

z

)

G±(z), (4.7)

[I(z),G±(w)] = ± δ

(

w

z

)

G±(w), (4.8)

[I(z), I(w)] = c

3
(Dδ)

(

w

z

)

, (4.9)

[I(z),L(w)] = (Dδ)

(

w

z

)

I(w), (4.10)

[L(z),L(w)] = (Dδ)

(

w

z

)

(

L(z) + L(w)
)

+
c

12

(

(D3δ)

(

w

z

)

− δ

(

w

z

)

)

. (4.11)

In (4.7) the first term should involve Dδ, while we have DδA in the second term. We
can see this as follows;

[L(z),G±(w)] =
∑

m∈Z

∑

n∈ZA

z−mw−n[Lm,G±
n ] =

∑

m∈Z

∑

n∈ZA

z−mw−n
(m

2
− n
)

G±
m+n

=
∑

m∈Z

∑

n∈ZA

[

m

2

(

w

z

)m

w−n−m − n
( z

w

)n
z−n−m

]

G±
m+n

5 The central charge agrees with the sum of the central charges of the level k parafermion and a u1 free
boson.
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= 1

2
Dδ

(

w

z

)

G±(w) + DδA
(

w

z

)

G±(z).

The following table shows where each relation is proved.6

Relation (4.5) (4.6) (4.7) (4.8) (4.9) (4.10) (4.11)
Proved as Prop.4.6 Prop.4.9 Prop.4.18 Prop.4.13 Prop.4.21 Prop.4.37 Prop.4.39

4.2 �-expansions of the relations for G± vs. G± We start our investigation of the rela-
tions from the �-expansions of (2.8) and (2.9) up to the order of �

0.

Proposition 4.6. Taking the terms of the order of �
0 in the �-expansions of the relation

(2.8), we have

G±(0)(z)G±(0)(w) + G±(0)(w)G±(0)(z) = 0.

Namely we have

G±(z)G±(w) + G±(w)G±(z) = 0.

Next, we turn to the � expansion of (2.9). We show that three nontrivial relations will
appear by considering the terms of the orders of �

−2, �
−1 and �

0.

Proposition 4.7. Using (4.3), we have

RHS of(2.9) = 1

4�2

(

T (0)(w) − k

k + 1

)

+ O(�−1).

On the other hand we have LHS of(2.9) = O(�0). Hence we have the relation

T (0)(z) = k

k + 1
. (4.12)

Proposition 4.8. Using (4.3) and (4.12), we have

RHS of (2.9) = 1

4�

(

T (1)(w) +
1

k + 1
K (1)(w)

)

+ O(�0).

Hence by the same reason as above, we have the relation

T (1)(z) = − 1

k + 1
K (1)(z). (4.13)

Proposition 4.9. Using (4.3), (4.12) and (4.13), taking the terms of the order of �
0 in

the � expansion of (2.9), we have

G+(0)(z)G−(0)(w) + G−(0)(w)G+(0)(z)

=
(

1

4
T (2)(w) +

1

4
(DK (1))(w) +

1

4(k + 1)
K (2)(w) − k(k + 2)

24(k + 1)

)

δA
(

w

z

)

+
1

2
K (1)(w)(DδA)

(

w

z

)

+
k

2
(D2δA)

(

w

z

)

, (4.14)

6 Some of the relations are proved in the form where z and w are exchanged.
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which is recast as

G+(z)G−(w) + G−(w)G+(z)

= 2δA
(

w

z

)

L(w) + (DδA)

(

w

z

)

(

I(z) + I(w)
)

+
k

k + 2

(

(D2δA)

(

w

z

)

− 1

4
δA
(

w

z

)

)

.

Proof. Rearranging (4.14) slightly, we have

2

k + 2

(

G+(0)(z)G−(0)(w) + G−(0)(w)G+(0)(z)
)

= 2

(

1

4(k + 2)
T (2)(w) +

1

4(k + 1)(k + 2)
K (2)(w) +

k(2k + 1)

24(k + 1)(k + 2)

)

δA
(

w

z

)

+ (DδA)

(

w

z

)

( 1

2(k + 2)
K (1)(w) +

1

2(k + 2)
K (1)(z)

)

+
k

k + 2

(

(D2δA)

(

w

z

)

− 1

4
δA
(

w

z

)

)

.

	


4.3 � expansions of the relations for K± vs. G± We study the � expansions of the
relations (2.6) and (2.7), up to the order of �

2.

Definition 4.10. Set

s(z) = 1

2
+
∑

�>0

z�, (Ds)(z) =
∑

�>0

�z�, (D2s)(z) =
∑

�>0

�2z�.

Lemma 4.11. Note that we have

δ(z) = s(z) + s(z−1), s(z)2 = 1

4
+ (Ds)(z),

(Dδ)(z) = (Ds)(z) − (Ds)(z−1), (D2δ)(z) = (D2s)(z) + (D2s)(z−1).

Lemma 4.12. We have

q±(k+2) 1 − w/z

1 − q±2(k+2)w/z
= 1 ± � 2(k + 2)s

(

w

z

)

+ �
2
( (k + 2)2

2
+ 4(k + 2)2(Ds)

(

w

z

)

)

+ O(�3).

Proposition 4.13. We have no nontrivial relation by taking the terms of the order of �
0

in the � expansions of the relations (2.6) and (2.7). Taking the terms of the order of �
1

in them, we have

[K−(1)(w),G±(0)(z)] = ±2(k + 2)s

(

w

z

)

G±(0)(z), (4.15)

[G±(0)(z), K +(1)(w)] = ∓2(k + 2)s
( z

w

)

G±(0)(z), (4.16)
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which are equivalent to the single equation

[K (1)(w),G±(0)(z)] = ±2(k + 2)δ

(

w

z

)

G±(0)(z). (4.17)

Namely we have

[I(w),G±(z)] = ±δ

(

w

z

)

G±(z),

which is (4.9) with z and w being exchanged.

Lemma 4.14. From (4.15) and (4.16), we have

[K−(1)(w)K +(1)(w),G±(0)(z)]
= ±2(k + 2)s

(

w

z

)

G±(0)(z)K +(1)(w) ± 2(k + 2)s
( z

w

)

K−(1)(w)G±(0)(z).

(4.18)

Proof. We have

[K−(1)(w)K +(1)(w),G±(0)(z)]
= [K−(1)(w),G±(0)(z)]K +(1)(w) + K−(1)(w)[K +(1)(w),G±(0)(z)]
= ±2(k + 2)s

(

w

z

)

G±(0)(z)K +(1)(w) ± 2(k + 2)s
( z

w

)

K−(1)(w)G±(0)(z).

	

Proposition 4.15. Taking the terms of the order of �2 in the � expansions of the relations
(2.6) and (2.7), we have

[K−(1)(w),G±(1)(z)] + [K−(2)(w),G±(0)(z)]
= ±2(k + 2)s

(

w

z

)

(

G±(1)(z) + G±(0)(z)K−(1)(w)
)

+
(k + 2)2

2
G±(0)(z) + 4(k + 2)2(Ds)

(

w

z

)

G±(0)(z), (4.19)

[G±(1)(z), K +(1)(w)] + [G±(0)(z), K +(2)(w)]
= ∓2(k + 2)s

( z

w

) (

G±(1)(z) + K +(1)(w)G±(0)(z)
)

+
(k + 2)2

2
G±(0)(z) + 4(k + 2)2(Ds)

( z

w

)

G±(0)(z), (4.20)

which are equivalent to the single equation

[K (1)(w),G±(1)(z)] + [K (2)(w),G±(0)(z)]
= ±2(k + 2)δ

(

w

z

)

(

G±(1)(z) + K−(1)(w)G±(0)(z) + G±(0)(z)K +(1)(w)
)

= ±2(k + 2)δA
(

w

z

)

(

G±(1)(w) + K−(1)(w)G±(0)(w) + G±(0)(w)K +(1)(w)
)

,

(4.21)

under the condition (4.17).
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Proof. Using (4.17), we have from (4.19) and (4.20) that

[K−(1)(w),G±(1)(z)] + [K−(2)(w),G±(0)(z)]
= ±2(k + 2)s

(

w

z

)

(

G±(1)(z) + K−(1)(w)G±(0)(z)
)

− (k + 2)2

2
G±(0)(z),

[G±(1)(z), K +(1)(w)] + [G±(0)(z), K +(2)(w)]
= ∓2(k + 2)s

( z

w

) (

G±(1)(z) + G±(0)(z)K +(1)(w)
)

− (k + 2)2

2
G±(0)(z).

Then by using (4.18), one finds that these are equivalent to the single equation

[K (1)(w),G±(1)(z)] + [K (2)(w),G±(0)(z)]
= ±2(k + 2)δ

(

w

z

)

(

G±(1)(z) + K−(1)(w)G±(0)(z) + G±(0)(z)K +(1)(w)
)

.

	


4.4 � expansions of the relations for G± vs. T We study the � expansions of the relations
(2.10), considering the terms of the orders up to �

2.

Proposition 4.16. We have no nontrivial relation by taking the terms of the order of �
0

in the � expansions of the relations (2.10). Taking the terms of the order of �
1 in them,

we have

− 1

k + 1
[G±(0)(z), K (1)(w)] = ±2(k + 2)

k + 1
G±(0)(w)δA

(

w

z

)

,

which are the same as (4.17),7 obtaining no new relations.

Proposition 4.17. Taking the terms of the order of �2 in the � expansions of the relations
(2.10), we have

− 1

k + 1
[G±(1)(z), K (1)(w)] + [G±(0)(z), T (2)(w)]

= ±2(k + 2)

k + 1

(

G±(1)(w) + K−(1)(w)G±(0)(w) + G±(0)(w)K +(1)(w)
)

δA
(

w

z

)

+ 2(k + 2)(DG±(0))(w)δA
(

w

z

)

+ 6(k + 2)G±(0)(w)(DδA)

(

w

z

)

. (4.22)

Proposition 4.18. Combining (4.21) and (4.22), we have

[G±(0)(z),
1

4(k + 2)
T (2)(w) +

1

4(k + 1)(k + 2)
K (2)(w)]

= 1

2
(DG±(0))(w)δA

(

w

z

)

+
3

2
G±(0)(w)(DδA)

(

w

z

)

, (4.23)

7 In (4.17) the argument of G± is the same for both side, while they are different here. This is the reason
why we have δ in (4.17), but δA here. See Lemma 2.4
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namely

[G±(z),L(w)] = 1

2
(DG±)(w)δA

(

w

z

)

+
3

2
G±(w)(DδA)

(

w

z

)

= 1

2
G±(z)(Dδ)

(

w

z

)

+ G±(w)(DδA)

(

w

z

)

,

where we used the lemma below for the last equality. Since (DδA) (z) = −(DδA)
(

z−1
)

,
this is the desired relation with w ↔ z.

Lemma 4.19. We have

(DδA)

(

w

z

)

g(w) = (Dδ)

(

w

z

)

g(z) − δA
(

w

z

)

(Dg)(w), (4.24)

where the modes of g(z) are supposed to be indexed by Z
A.

Proof.

(DδA)

(

w

z

)

g(w) =
∑

m∈ZA

∑

n∈ZA

m

(

w

z

)m

gn

=
∑

m∈ZA

∑

n∈ZA

[

(m − n)

(

w

z

)m−n

z−ngn + n

(

w

z

)m

w−ngn

]

= (Dδ)

(

w

z

)

g(z) − δA
(

w

z

)

(Dg)(w).

	


4.5 � expansions of the relations for K± vs. T Combining the relations (2.4) and (2.5),
we have

(1 − qk+1w/z)(1 − q−k−1w/z)

(1 − qk+3w/z)(1 − q−k−3w/z)
T (z)K (w) = (1 − qk+1z/w)(1 − q−k−1z/w)

(1 − qk+3z/w)(1 − q−k−3z/w)
K (w)T (z).

(4.25)

We study the � expansion of (4.25), considering the terms of the orders up to �
4.

Lemma 4.20. We have

(1 − qk+1w/z)(1 − q−k−1w/z)

(1 − qk+3w/z)(1 − q−k−3w/z)
= 1 + �

2 4(k + 2)(Ds)

(

w

z

)

+ �
4
(

2(k + 2)(k + 3)2

3
(D3s)

(

w

z

)

− 4(k + 2)2

3
(Ds)

(

w

z

))

+ O(�6).
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Proposition 4.21. We have no nontrivial relations by taking the terms of the order of �0

and �
1 in the � expansion of the relation (4.25). Taking the coefficients of the order of

�
2 in that, we have

− 1

k + 1
K (1)(z)K (1)(w) +

4k(k + 2)

k + 1
(Ds)

(

w

z

)

= − 1

k + 1
K (1)(w)K (1)(z) +

4k(k + 2)

k + 1
(Ds)

( z

w

)

,

namely

[K (1)(z), K (1)(w)] = 4k(k + 2)(Dδ)

(

w

z

)

,

which implies (4.9).

Proposition 4.22. Taking the coefficients of the order of �
3 in the � expansion of the

relation (4.25), we have

T (2)(z)K (1)(w) − 1

k + 1
K (1)(z)K (2)(w)

+ 4(k + 2)(Ds)

(

w

z

)

(

− 1

k + 1
K (1)(z) +

k

k + 1
K (1)(w)

)

= K (1)(w)T (2)(z) − 1

k + 1
K (2)(w)K (1)(z)

+ 4(k + 2)(Ds)
( z

w

) (

− 1

k + 1
K (1)(z) +

1

k + 1
K (1)(w)

)

,

namely

− [T (2)(z), K (1)(w)] +
1

k + 1
[K (1)(z), K (2)(w)]

= 4(k + 2)(Dδ)

(

w

z

)

(

− 1

k + 1
K (1)(z) +

k

k + 1
K (1)(w)

)

. (4.26)

Definition 4.23. Define the normal ordered product
◦
◦K

(1)(z)K (1)(w)
◦
◦by

◦
◦K

(1)(z)K (1)(w)
◦
◦= K−(1)(z)K (1)(w) + K (1)(w)K +(1)(z).

Lemma 4.24. We have

K (1)(z)K (1)(w) =◦
◦K

(1)(z)K (1)(w)
◦
◦+ 4k(k + 2)(Ds)

(

w

z

)

,

and

(

(Ds)

(

w

z

))2

= 1

6
(D3s)

( z

w

)

− 1

6
(Ds)

( z

w

)

.
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Proposition 4.25. Taking the coefficients of the order of �
4 in the � expansion of the

relation (4.25), we have

T (3)(z)K (1)(w) + T (2)(z)K (2)(w) − 1

k + 1
K (1)(z)K (3)(w)

+ 4(k + 2)(Ds)

(

w

z

)

(

T (2)(z) − 1

k + 1
K (1)(z)K (1)(w) +

k

k + 1
K (2)(w)

)

+
2k(k + 2)(k + 3)2

3(k + 1)
(D3s)

(

w

z

)

− 4k(k + 2)2

3(k + 1)
(Ds)

(

w

z

)

,

= K (1)(w)T (3)(z) + K (2)(w)T (2)(z) − 1

k + 1
K (3)(w)K (1)(z)

+ 4(k + 2)(Ds)
( z

w

) (

T (2)(z) − 1

k + 1
K (1)(w)K (1)(z) +

k

k + 1
K (2)(w)

)

+
2k(k + 2)(k + 3)2

3(k + 1)
(D3s)

( z

w

)

− 4k(k + 2)2

3(k + 1)
(Ds)

( z

w

)

.

By using Lemma 4.24 above, from these we obtain

− [T (3)(z), K (1)(w)] − [T (2)(z), K (2)(w)] +
1

k + 1
[K (1)(z), K (3)(w)]

= +4(k + 2)(Dδ)

(

w

z

)

(

T (2)(z) − 1

k + 1
◦
◦K

(1)(z)K (1)(w)
◦
◦+

k

k + 1
K (2)(w)

)

+
2k(k + 1)(k + 2)

3
(D3δ)

(

w

z

)

+
4k(k + 2)2

3(k + 1)
(Dδ)

(

w

z

)

.

Corollary 4.26. Antisymmetrizing this with respect to the interchange z ↔ w, we have

−
(

[T (3)(z), K (1)(w)] + [K (1)(z), T (3)(w)] + [T (2)(z), K (2)(w)] + [K (2)(z), T (2)(w)]
)

+
1

k + 1

(

[K (1)(z), K (3)(w)] + [K (3)(z), K (1)(w)]
)

= 4(k + 2)(Dδ)

(

w

z

)

(

T (2)(z) + T (2)(w)
)

+
4k(k + 2)

k + 1
(Dδ)

(

w

z

)

(

K (2)(z) + K (2)(w)
)

− 8(k + 2)

k + 1
(Dδ)

(

w

z

)◦
◦K

(1)(z)K (1)(w)
◦
◦

+
4k(k + 1)(k + 2)

3
(D3δ)

(

w

z

)

+
8k(k + 2)2

3(k + 1)
(Dδ)

(

w

z

)

. (4.27)

As we explained we should perform the exact � expansions up to �
4 of the relations

among K±(z) and T (z). The coefficients of �
4 involve K (3)(z) and T (3)(z) as we have

seen above and will see the following subsections. Note that in the definition 4.3 of the
generating currents of the ordinary N = 2 SCA we have neither K (3)(z) nor T (3)(z). As
we will show, we can eliminate them from the final commutation relations (4.10) and
(4.11).
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4.6 � expansions of the relations for K vs. K . From (2.2) and (2.3), we have

(1 − q2k+2w/z)(1 − q−2k−2w/z)

(1 − q2w/z)(1 − q−2w/z)
K (z)K (w)

= (1 − q2k+2w/z)(1 − q−2k−2w/z)

(1 − q2w/z)(1 − q−2w/z)
K (w)K (z). (4.28)

We study the � expansion of (4.28), considering the terms of the orders up to �
4.

Lemma 4.27. We have

(1 − q2k+2w/z)(1 − q−2k−2w/z)

(1 − q2w/z)(1 − q−2w/z)
= 1 + �

2 (−4k(k + 2)) (Ds)

(

w

z

)

+ �
4
(

−8k(k + 2)

3
(D3s)

(

w

z

)

− 4k2(k + 2)2

3
(Ds)

(

w

z

))

+ O(�6).

Proposition 4.28. We have no nontrivial relations by taking the terms of the order of �0

and �
1 in the � expansion of the relation (4.28). Taking the coefficients of the order of

�
2 in that, we have

K (1)(z)K (1)(w) − 4k(k + 2)(Ds)

(

w

z

)

= K (1)(w)K (1)(z) − 4k(k + 2)(Ds)
( z

w

)

,

namely

[K (1)(z), K (1)(w)] = 4k(k + 2)(Dδ)

(

w

z

)

,

obtaining no new relation.

Proposition 4.29. Taking the terms of the order of �
3 in the � expansion of the relation

(4.28), we have

K (2)(z)K (1)(w) + K (1)(z)K (2)(w) − 4k(k + 2)(Ds)

(

w

z

)

(

K (1)(z) + K (1)(w)
)

= K (1)(w)K (2)(z) + K (2)(w)K (1)(z) − 4k(k + 2)(Ds)
( z

w

) (

K (1)(z) + K (1)(w)
)

,

namely

[K (2)(z), K (1)(w)] + [K (1)(z), K (2)(w)] = 4k(k + 2)(Dδ)

(

w

z

)

(

K (1)(z) + K (1)(w)
)

.

Proposition 4.30. Taking the terms of the order of �
4 in the � expansion of the relation

(4.28), we have

K (3)(z)K (1)(w) + K (2)(z)K (2)(w) + K (1)(z)K (3)(w)

− 4k(k + 2)(Ds)

(

w

z

)

(

K (2)(z) + K (1)(z)K (1)(w) + K (2)(w)
)

− 8k(k + 2)

3
(D3s)

(

w

z

)

− 4k2(k + 2)2

3
(Ds)

(

w

z

)
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= K (1)(w)K (3)(z) + K (2)(w)K (2)(z) + K (3)(w)K (1)(z)

− 4k(k + 2)(Ds)
( z

w

) (

K (2)(z) + K (1)(w)K (1)(z) + K (2)(w)
)

− 8k(k + 2)

3
(D3s)

( z

w

)

− 4k2(k + 2)2

3
(Ds)

( z

w

)

,

namely

[K (3)(z), K (1)(w)] + [K (2)(z), K (2)(w)] + [K (1)(z), K (3)(w)]
= 4k(k + 2)(Dδ)

(

w

z

)

(

K (2)(z) +
◦
◦K

(1)(z)K (1)(w)
◦
◦+ K (2)(w)

)

+
8k(k + 1)2(k + 2)

3
(D3δ)

(

w

z

)

− 4k2(k + 2)2

3
(Dδ)

(

w

z

)

. (4.29)

Proposition 4.31. Combining (4.29) with the relation (4.27) in Corollary 4.26, we have

−
(

[T (3)(z), K (1)(w)] + [K (1)(z), T (3)(w)]
)

=
(

[T (2)(z), K (2)(w)] + [K (2)(z), T (2)(w)]
)

+
1

k + 1
[K (2)(z), K (2)(w)]

+ 4(k + 2)(Dδ)

(

w

z

)

(

T (2)(z) + T (2)(w)
)

− 4(k + 2)2

k + 1
(Dδ)

(

w

z

)

◦
◦K

(1)(z)K (1)(w)

− 4k(k + 1)(k + 2)

3
(D3δ)

(

w

z

)

+
4k(k + 2)3

3(k + 1)
(Dδ)

(

w

z

)

. (4.30)

Proof. We have

−
(

[T (3)(z), K (1)(w)] + [K (1)(z), T (3)(w)]
)

=
(

[T (2)(z), K (2)(w)] + [K (2)(z), T (2)(w)]
)

− 1

k + 1

(

[K (1)(z), K (3)(w)] + [K (3)(z), K (1)(w)]
)

+ 4(k + 2)(Dδ)

(

w

z

)

(

T (2)(z) + T (2)(w)
)

+
4k(k + 2)

k + 1
(Dδ)

(

w

z

)

(

K (2)(z) + K (2)(w)
)

− 8(k + 2)

k + 1
(Dδ)

(

w

z

)◦
◦K

(1)(z)K (1)(w)
◦
◦

+
4k(k + 1)(k + 2)

3
(D3δ)

(

w

z

)

+
8k(k + 2)2

3(k + 1)
(Dδ)

(

w

z

)

=
(

[T (2)(z), K (2)(w)] + [K (2)(z), T (2)(w)]
)

+
1

k + 1
[K (2)(z), K (2)(w)]

+ 4(k + 2)(Dδ)

(

w

z

)

(

T (2)(z) + T (2)(w)
)

− 4(k + 2)2

k + 1
(Dδ)

(

w

z

)◦
◦K

(1)(z)K (1)(w)
◦
◦

− 4k(k + 1)(k + 2)

3
(D3δ)

(

w

z

)

+
4k(k + 2)3

3(k + 1)
(Dδ)

(

w

z

)

.

	


4.7 � expansions of the relations for T vs. T Finally, we study the � expansion of the
relation (2.11), considering the terms of the orders up to �

4.
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Lemma 4.32. We have

[T (z), T (w)] = �
2 1

(k + 1)2 [K (1)(z), K (1)(w)]

− �
3 1

k + 1

(

[K (1)(z), T (2)(w)] + [T (2)(z), K (1)(w)]
)

− �
4 1

k + 1

(

[K (1)(z), T (3)(w)] + [T (3)(z), K (1)(w)]
)

+ �
4[T (2)(z), T (2)(w)] + O(�5).

(4.31)

Lemma 4.33. Both in the NS sector and in the R sector, we have

W (z) = 1

[k + 1] ˜K
A(z) − cA

0 (k + 2) + ˜TA(z)

= k

(k + 1)2(k + 2)
+ �

(

− 1

(k + 1)2

)

K (1)(z)

+ �
2
(

1

k + 1
T (2)(z) +

1

2(k + 1)2 K
(2)(z) − k(k + 3)

12(k + 1)(k + 2)

)

+ O(�3).

Proposition 4.34. Taking the coefficients of �
2 in (2.11), we have

1

(k + 1)2 [K (1)(z), K (1)(w)] = 4k(k + 2)

(k + 1)2 (Dδ)

(

w

z

)

.

Proposition 4.35. Taking the coefficients of �
3 in (2.11), we have

− 1

k + 1

(

[K (1)(z), T (2)(w)] + [T (2)(z), K (1)(w)]
)

= − 8(k + 2)

(k + 1)2 (Dδ)

(

w

z

)

K (1)(w) − 4(k + 2)

(k + 1)2 δ

(

w

z

)

(DK (1))(w),

which, using Lemma 4.36 below, is simplified as

[K (1)(z), T (2)(w)] + [T (2)(z), K (1)(w)] = 4(k + 2)

k + 1
(Dδ)

(

w

z

)

(

K (1)(z) + K (1)(w)
)

.

(4.32)

Lemma 4.36. We have

(Dδ)

(

w

z

)

f (w) = (Dδ)

(

w

z

)

f (z) − δ

(

w

z

)

(Df )(w). (4.33)

Proposition 4.37. Combining (4.32) with (4.26) in Proposition 4.22, we have

[K (1)(z), T (2)(w) +
1

k + 1
K (1)(w)] = 4(k + 2)(Dδ)

(

w

z

)

K (1)(w).

Since the constant term is irrelevant to the commutation relation, this is nothing but
(4.10).
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Proposition 4.38. Taking the coefficients of �
4 in (2.11), we have

− 1

k + 1

(

[K (1)(z), T (3)(w)] + [T (3)(z), K (1)(w)]
)

+ [T (2)(z), T (2)(w)]

= 4(k + 2)2

k + 1
(Dδ)

(

w

z

)

(

T (2)(z) + T (2)(w)
)

+
4(k + 2)

k + 1
(Dδ)

(

w

z

)

(

K (2)(z) + K (2)(w)
)

− 2(k + 2)2

(k + 1)2 (Dδ)

(

w

z

)

(

K−(1)(z)K (1)(z) + K (1)(z)K+(1)(z)

+ K−(1)(w)K (1)(w) + K (1)(w)K+(1)(w)
)

+
8k(k + 2)

3
(D3δ)

(

w

z

)

+
4k(k + 2)2

3(k + 1)2 (Dδ)

(

w

z

)

. (4.34)

Proposition 4.39. Combining (4.34) with the relation (4.30) in Proposition 4.31, we
have

[T (2)(z), T (2)(w)] +
1

k + 1

(

[T (2)(z), K (2)(w)] + [K (2)(z), T (2)(w)]
)

+
1

(k + 1)2 [K (2)(z), K (2)(w)]

= 4(k + 2)(Dδ)

(

w

z

)

(

T (2)(z) + T (2)(w)
)

+
4(k + 2)

k + 1
(Dδ)

(

w

z

)

(

K (2)(z) + K (2)(w)
)

+ 4k(k + 2)
(

(D3δ)

(

w

z

)

− (Dδ)

(

w

z

)

)

+
4k(k + 2)(2k + 1)

3(k + 1)
(Dδ)

(

w

z

)

, (4.35)

which is recast as

[L(z),L(w)] = (Dδ)

(

w

z

)

(

L(z) + L(w)
)

+
1

12

3k

k + 2

(

(D3δ)

(

w

z

)

− δ

(

w

z

)

)

.

Proof.

[T (2)(z), T (2)(w)] +
1

k + 1

(

[T (2)(z), K (2)(w)] + [K (2)(z), T (2)(w)]
)

+
1

(k + 1)2 [K (2)(z), K (2)(w)]

= 4(k + 2)(Dδ)

(

w

z

)

(

T (2)(z) + T (2)(w)
)

+
4(k + 2)

k + 1
(Dδ)

(

w

z

)

(

K (2)(z) + K (2)(w)
)

− 2(k + 2)2

(k + 1)2 (Dδ)

(

w

z

)

◦
◦
(

K (1)(z) − K (1)(w)
)2◦

◦

+ 4k(k + 2)
(

(D3δ)

(

w

z

)

− (Dδ)

(

w

z

)

)

+
4k(k + 2)(2k + 1)

3(k + 1)
(Dδ)

(

w

z

)

.

We use the lemma below to obtain the desired result. 	

Lemma 4.40. We have

(Dδ)

(

w

z

)

◦
◦
(

K (1)(z) − K (1)(w)
)2◦

◦= 0.
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5 Wakimoto Representation of the Quantum Affine Algebra Uq(̂sl2)

Before embarking on the construction of the Heisenberg representation of SVirq,k , we
need briefly recall the Wakimoto representation of the quantum affine algebra Uq(̂sl2)
[48,49] (see also [59]), fixing our notations and recalling some operator product expan-
sion (OPE) formulas.

5.1 Heisenberg algebras and vertex operators V±(z), Y±(z) and W±(z)

Definition 5.1. Introduce Heisenberg algebras generated by αn, αn, βn (n ∈ Z) and
Qα, Qα, Qβ , with the commutation relations:

[αn, αm] = [2n][kn]
n

δn+m,0, [αn, Qα] = δn,0,

[αn, αm] = −[2n][kn]
n

δn+m,0, [αn, Qα] = −δn,0

[βn, βm] = [2n][(k + 2)n]
n

δn+m,0, [βn, Qβ ] = δn,0,

and all the other commutators being vanishing.

We regard the non negative Fourier modes αn, αn, βn (n ≥ 0) being the annihilation
operators, and the negative Fourier modes αn, αn, βn (n < 0) and Qα, Qα, Qβ being
the creation operators. Accordingly we use the symbol : • : for the normal ordering
for the Heisenberg generators. Namely we move all the creation operators to the left of
annihilation ones given in the symbol : • :.
Definition 5.2. Let V±(z), Y±(z) and W±(z) be the vertex operators as

V±(z) = e±2Qα z±
1
k α0 : exp

⎛

⎝∓
∑

m �=0

q∓ k
2 |m| z−m

[km]αm

⎞

⎠ :,

Y±(z) = e±2Qα z±
1
k α0 : exp

⎛

⎝∓
∑

m �=0

q∓ k
2 |m| z−m

[km]αm

⎞

⎠ :,

Z±(z) = exp

(

∓(q − q−1)

∞
∑

m=1

z∓m [m]
[2m]α±m

)

q∓ 1
2 α0 ,

W±(z) = exp

(

∓(q − q−1)

∞
∑

m=1

z∓m [m]
[2m]β±m

)

q∓ 1
2 β0 .

5.2 Wakimoto representation of Uq(̂sl2)

Definition 5.3. Introduce the following shorthand notations

e±(z) = : Y +(z)Z±(q∓ k+2
2 z)W±(q∓ k

2 z) :,
f±(z) = : Y−(z)Z±(q± k+2

2 z)W±(q± k
2 z)−1 : .
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In the undeformed case the N = 2 SCA and the affine Lie algebrâsl2 have a common
sector, called Zk parafermion [24,25,63]. In the Wakimoto representation of Uq(̂sl2),
the q-deformed parafermion sector is generated by αn, βn with the zero modes Qα, Qβ .
The operators e±(z) and f±(z) are fundamental vertex operators from the deformed
parafermion. One of the earliest references for deformed parafermion is [18]. In [41]
the deformed parafermion derived from the Wakimoto representation of Uq(̂sl2) was
employed for a free field computation of the the Andrews-Baxter-Forrester models in
regime II. See also [45].

Definition 5.4. Set

E(z) = E+(z) − E−(z), Eε(z) = +
1

q − q−1 V
+(z)eε(z), (5.1)

F(z) = F+(z) − F−(z), Fε(z) = − 1

q − q−1 V
−(z) fε(z), (5.2)

and

ψ±(z) = : V +(q±k/2z)V−(q∓k/2z) : . (5.3)

Theorem 5.5. The operators E(z), F(z) andψ±(z) satisfy the defining relations for the
quantum affine algebra Uq(̂sl2)

ψ±(z)ψ±(w) = ψ±(w)ψ±(z), (5.4)

ψ−(z)ψ+(w) = g(q−k z/w)

g(q+k z/w)
ψ+(w)ψ−(z), (5.5)

ψ−(z)E(w) = g(q−k/2z/w)E(w)ψ−(z), ψ−(z)F(w) = g(q+k/2z/w)−1F(w)ψ−(z),
(5.6)

E(z)ψ+(w) = g(q−k/2z/w)ψ+(w)E(z), F(z)ψ+(w) = g(q+k/2z/w)−1ψ+(w)F(z),
(5.7)

(z − q+2w)E(z)E(w) + (w − q+2z)E(w)E(z) = 0, (5.8)

(z − q−2w)F(z)F(w) + (w − q−2z)F(w)F(z) = 0, (5.9)

[E(z), F(w)] = 1

q − q−1

(

δ

(

qk
w

z

)

ψ+(qk/2w) − δ

(

q−k w

z

)

ψ−(q−k/2w)

)

,

(5.10)

where g(z)±1 are the invertible Taylor series

g(z) = q−2 − z

1 − q−2z
= (q−2 − z)

∑

n≥0

q−2nzn, g(z)−1 = q2 − z

1 − q2z
= (q2 − z)

∑

n≥0

q2nzn .

For the reader’s convenience, we recall the proof of Theorem 5.5 in Appendix A.
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Fig. 1. 5-brane junction with D3 brane configuration (see also the table 1). Our convention of the ordering is
counterclockwise. The orientation of the edges is outgoing

Table 1. Configuration of 5 brane junction with D3 branes

Coordinates 0 1 2 3 4 5 6 7 8 9
D3 ◦ ◦ ◦ ◦ − − − − − −
NS 5 ◦ ◦ − ◦ ◦ ◦ ◦ − − −
D5 ◦ ◦ ◦ − ◦ ◦ ◦ − − −

6 Twist of the U(1) Boson From q Deformed Y -Algebra

6.1 Y -algebra and its gluing In [35] a vertex operator algebra (VOA) called Y -algebra
was introduced. The algebra denoted by YL ,M,N [�] is indexed by three non-negative
integers and has a parameter �. Associated with the Y -algebra is a five-brane junction
with D3 branes (see Figure 1 and Table 1). The integers (L , M, N ) represent the number
of D3 branes stretched between 5 branes. The figure 1 describes the 2-3 plane of the brane
configuration of Table 1. In this brane configuration the two dimensional plane with a
complex coordinate z = x0 + i x1 is common to D3, NS5 and D5 branes. The Y -algebra
is regarded as a VOA on this complex plane and hence we have a Y -algebra associated
with each trivalent vertex. Introducing parameters εi , i = 1, 2, 3 with ε1 + ε2 + ε3 = 0
the parameter � is expressed as

� = −ε2

ε1
. (6.1)

we can denote theY -algebra byY ε1,ε2,ε3
N1,N2,N2

:= YN1,N2,N3 [− ε2
ε1

]. Then we have a symmetry
under a simultaneous cyclic permutation of Ni and εi . In the five-brane web the slope
represents the five brane charge (p, q), on which the S duality group SL(2, Z) acts. The
3 branes are invariant under SL(2, Z). The SL(2, Z) action on the parameter � is

M · � = p1� + p2

q1� + q2
, M =

(

p1 p2
q1 q2

)

∈ SL(2, Z). (6.2)

The vacuum character of YL ,M,N [�] coincides with the character of the MacMahon
module of W1+∞ algebra, or the affine gl1 Yangian with a “pit” at (L + 1, M + 1, N + 1).
This mathematically means that it is isomorphic to the W1+∞ algebra quotient by the
(monomial) ideal IL ,M,N coming from the pit (See also [16]). In particular, when L = 0,
it reduces to a Fock module. Consequently the Y -algebra Y0,M,N is identified with the
W algebra associated with the Lie superalgebra slN |M .
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Fig. 2. Gluing of two Y -algebras YK ,M,L [�] and YK ,N ,M [� − 1] according to the toric diagram of ALE
space of type A1

The Y -algebra of our concern is Y0,1,2[�]. In [35] by examining the character it was
shown that Y0,1,2[�] is related to the Zκ parefermion algebra Pfκ := SU (2)κ/U (1)2κ ;

Y0,1,2[�] = Pf�−2 ×U (1)�−1(�−1)(�−2), (6.3)

whereU (1)� denotesU (1) current algebra with level �. In fact from the general argument
Y0,1,2[�] is theW algebra associated with sl2|1 and its relation to the parafermion algebra
from the viewpoint of the quantum Hamiltonian reduction was discussed in [19,20]. See
also [44] for a recent study on the deformed W superalgebra of sl2|1. Furthermore, in
[57,58] it was proposed that by gluing the Y -algebras according a web of five brane
junction, we can systematically construct the VOA of W algebra type. Figure 2 is an
example of the five brane web describing the ALE space of A1 type (the Eguchi-Hanson
space). The parameter � is shifted by 1, because the direction of the NS-5 brane is
(0, 1) at v1, but it is (1, 1) at v2. This means the parameters (ε′

1, ε
′
2, ε

′
3) at v2 are related

to (ε1, ε2, ε3) at v1 by ε′
1 = ε1, ε

′
2 = ε1 + ε2. Hence � ′ = −ε′

2/ε
′
1 = −1 + �.

From the viewpoint of constructing VOA by gluing of Y -algebras, the current alge-
bra ̂gl2 = ̂sl2 × u1 and the N = 2 superconformal algebra with additional u1 factor are
obtained from the brane configurations described in Figure 3; [35,57]. For example, in
[38] it is shown how the N = 2 unitary minimal models are realized by gluing plane
partitions which are representation spaces of the Y -algebra. Since the brane configu-
rations consist of two vertices, each algebra is constructed by gluing two Y -algebras.
Common to the both case is Y0,1,2 which is the parafermion algebra and the difference
is the second Y -algebra Y0,0,1 which is u1 algebra.

6.2 Deformed Y -algebra and Ding-Iohara-Miki algebra What is relevant to us is a q
deformed version of the Y -algebra, which is discussed in [37,39]. Since the quantum
toroidal algebra of type gl1, or the Ding-Iohara-Miki (DIM) algebra is a q deformation
of the W1+∞ algebra, or affine gl1 Yangian algebra, we can employ a Fock representation
of the DIM algebra as a basic building block [28].

Recall that the quantum toroidal algebra of type gl1 has three parameters (q1, q2, q3)

with q1q2q3 = 1. The algebra enjoys a S3 symmetry under the permutation of qi . The
relation to the parameters of the Y -algebra is given by qi = eεi . The Fock representation
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Fig. 3. N = 2 superconformal algebra ×U (1) (left) vs. ̂sl2 ×U (1) (right) by the gluing of two Y -algebras

breaks the S3 symmetry, we have to choose a preferred direction to reduce the MacMahon
module to a Fock module. Accordingly there are three types of the Fock module whose

central charge is c = q
1
2
i , i = 1, 2, 3 [11]. It is defined by the deformed Heisenberg

algebra;

[an, am] = − n

κn
(q

n
2
i − q

− n
2

i )3δn+m,0, (6.4)

with

κn =
3
∏

i=1

(q
n
2
i − q

− n
2

i ) =
3
∏

i=1

(qni − 1) =
3
∏

i=1

(1 − q−n
i ) =

3
∑

i=1

(qni − q−n
i ). (6.5)

We follow [11] for the normalization of the deformed Heisenberg algebra. The multiple
tensor product

L
︷ ︸︸ ︷

F1 ⊗ · · · ⊗ F1 ⊗
M

︷ ︸︸ ︷

F2 ⊗ · · · ⊗ F2 ⊗
N

︷ ︸︸ ︷

F3 ⊗ · · · ⊗ F3 (6.6)

gives a free field representation of the deformed Y -algebra q-YL ,M,N , where Fi stands

for the Fock module with the central charge q
1
2
i . When L = M = 0, it reproduces the

construction of the deformed WN algebra from the N -tuple tensor product of the Fock
module of the quantum toroidal algebra.8

When we have the tensor product of the Fock modules of different central charge9,
F

(1)
c1 ⊗ F

(2)
c2 , we have a unique screening current of the DIM algebra [11];

S(z) = e
ε2
ε1

Q(1)− ε1
ε2

Q(2)

z
ε2
ε1
a(1)

0 − ε1
ε2
a(2)

2 + ε2
ε3 · exp

(

−
∑

n>0

1

n
s−nz

n

)

exp

(

∑

n>0

1

n
snz

−n

)

,

(6.7)
where

sn = cn2 − c−n
2

cn1 − c−n
1

a(1)
n − cn2

cn1 − c−n
1

cn2 − c−n
2

a(2)
n ,

8 Precisely speaking we have to decouple an appropriate U (1) factor.
9 When the central charges are the same, there are a pair of the screening currents for each adjacent pair of

Fock modules.



A Quantum Deformation... Page 43 of 80   150 

s−n = c−n
1

cn2 − c−n
2

cn1 − c−n
1

a(1)
n − cn1 − c−n

1

cn2 − c−n
2

a(2)
n , (6.8)

and a(1)
n = an ⊗ 1, a(2)

n = 1 ⊗ an, Q(1) = Q ⊗ 1, Q(2) = 1 ⊗ Q. The commutation
relation of the zero modes is [a0, Q] = 1, which implies that S(z) is actually fermionic.

6.3 q-W(gl2|1) and deformed parafermion Let us parametrize qi as follows;

q1 = q−1d = q−(k+2), q2 = q2, q3 = q−1d−1 = qk, (6.9)

where k is going to be identified with the level of the quantum affine algebra Uq(̂gl2).
Note that q here agrees the deformation parameter of Uq(̂gl2). In [30] (see also [32])
it was argued that the quantum affine algebra Uq(̂gl2) can be uplifted to the quantum

toroidal algebra Uq,d(
̂
̂gl2) with q3 = qk . Let us consider the quantum toroidal algebra

of type AN−1 ; Uq,d(
̂
̂glN ). Then we have

Proposition 6.1. ([30,32]) In the quantum toroidal algebra Uq,d(
̂
̂glN ) with parameters

(6.9), there are mutually commuting DIM algebras E′
1,m,m = 0, . . . , N − 1;

Uq,d(
̂
̂glN ) ⊃ E′

1,0 ⊗ E′
1,1 ⊗ · · · ⊗ E′

1,N−1,

where the twisted parameters of the m-th DIM algebra E′
1,m are

q(m)
1 = q2, q(m)

2 = qm+1
1 q−N+m+1

3 , q(m)
3 = q−m

1 qN−m
3 . (6.10)

It is remarkable that the values of the twisted parameters (6.10) exactly match with
what we obtain from the brane web (or the toric diagram) of the ALE space of type
AN−1.10 The toric diagram of the ALE space of type AN−1 has N vertices and the slopes
of edges at the k-th vertex are v(k)

1 = (1, 0), v(k)
2 = (k, 1) and v(k)

3 = (−1 − k,−1).11

In the case of N = 2 we have two commuting DIM algebras E′
1,1[q2, q2

1 , q−1
1 q3]

and E′
1,0[q2, q1q

−1
3 , q2

3 ]. The first toroidal algebra will produce the deformed W algebra
q-W(gl2|1), which is the parafermion sector and the second algebra is identified with the
deformed Heisenberg algebra of the U (1) boson sector (See figure 4). According to the
prescription (6.6) we take the tensor product F(1)

d−1 ⊗ F
(2)
q1 ⊗ F

(3)

d−1 of three Fock module

of E′
1,1[q2, q2

1 , q−1
1 q3]. Note that [q2, q2

1 , q−1
1 q3] = [q2, q2

1 , d−2]. In our normalization
(6.4), we thus employ the following deformed bosons;12

[

a(1)
n , a(1)

m

]

=
[

a(3)
n , a(3)

m

]

= −n
(dn − d−n)2

(qn − q−n)(qn1 − q−n
1 )

δn+m,0, (6.11)

[

a(2)
n , a(2)

m

]

= n
(qn1 − q−n

1 )2

(qn − q−n)(dn − d−n)
δn+m,0. (6.12)

10 The diagram has N−1 internal edges that correspond to a chain of N−1 rational curves whose intersection
pairing agrees with (−1) times the AN−1 Cartan matrix. The chain of N − 1 rational curves comes from a
resolution of the AN−1 singularity.

11 The ordering of commuting DIM algebras and the vertices in the diagram is reversed.
12 The boson of the k-th factor of the tensor product is denoted by a(k)

n .
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Fig. 4. Gluing for Uq (̂sl2)

By the formula (6.8), there are two fermionic screening currents in the form (6.7),
with the following modes;

s(12)
n = −qn1 − q−n

1

dn − d−n
a(1)
n + qn1

dn − d−n

qn1 − q−n
1

a(2)
n ,

s(12)
−n = −dn

qn1 − q−n
1

dn − d−n
a(1)
−n +

dn − d−n

qn1 − q−n
1

a(2)
−n, (6.13)

and

s(23)
n = − dn − d−n

qn1 − q−n
1

a(2)
n + d−n q

n
1 − q−n

1

dn − d−n
a(3)
n ,

s(23)
−n = −q−n

1
dn − d−n

qn1 − q−n
1

a(2)
−n +

qn1 − q−n
1

dn − d−n
a(3)
−n . (6.14)

There are two possibilities of the choice of the root system of gl2|1. One of them is purely
fermionic and the Dynkin diagram has two fermionic nodes; ⊗ ⊗ . The fermionic
screening currents S(12)(z) and S(23)(z) correspond to these fermionic nodes.

Up to overall normalization the U (1) boson associated with the Cartan subalgebra
of q-W(gl2|1) is fixed by the commutativity with these screening currents;

hn = (qn1 − q−n
1 )

(

a(1)
n

dn − d−n
− dn

a(2)
n

qn1 − q−n
1

+ qn
a(3)
n

dn − d−n

)

,

h−n = (qn1 − q−n
1 )

(

q−n a(1)
−n

dn − d−n
− d−n a(2)

−n

qn1 − q−n
1

+
a(3)
−n

dn − d−n

)

. (6.15)

The commutation relation is

[hn, hm] = −n(qn1 − q−n
1 )2

(

qn + q−n

(qn1 − q−n
1 )(qn − q−n)

− 1

(dn − d−n)(qn − q−n)

)

δn+m,0

= n
(qn1 − q−n

1 )

(qn − q−n)(dn − d−n)

(

(qn1 − q−n
1 ) − (dn − d−n)(qn + q−n)

)

δn+m,0

= n
(qn1 − q−n

1 )(qn3 − q−n
3 )

(qn − q−n)(dn − d−n)
δn+m,0. (6.16)
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The commutation relations for the screening currents are

[

s In , s Jm
]

= n δn+m,0 ×
{

1. (I = J ),

−dn−d−n

qn−q−n , (I �= J )
(6.17)

for I, J = (12), (23). Hence, the orthogonal combinations are

s(+)
±n := [n]√

2n
(s(12)

±n + s(23)
±n ), (6.18)

s(−)
±n := [n]√

2n
(s(12)

±n − s(23)
±n ). (6.19)

Their commutation relations are
[

s(+)
n , s(+)

m

]

= [n]
n(q − q−1)

((qn − q−n) − (dn − d−n))δn+m,0

= − [n]
n(q − q−1)

(qn/2
1 − q−n/2

1 )(qn/2
3 + q−n/2

3 )δn+m,0, (6.20)

[

s(−)
n , s(−)

m

]

= [n]
n(q − q−1)

((qn − q−n) + (dn − d−n))δn+m,0

= − [n]
n(q − q−1)

(qn/2
3 − q−n/2

3 )(qn/2
1 + q−n/2

1 )δn+m,0. (6.21)

Then the scaling

βn =
(

(qn/2
1 + q−n/2

1 )(qn/2
2 + q−n/2

2 )

qn/2
3 + q−n/2

3

)1/2

s(+)
n , (6.22)

αn =
(

(qn/2
2 + q−n/2

2 )(qn/2
3 + q−n/2

3 )

qn/2
1 + q−n/2

1

)1/2

s(−)
n (6.23)

reproduces the standard parafermion sector for the Wakimoto representation of Uq(̂sl2)
with level k (see Definition 5.1);

[βn, βm] = [2n][(k + 2)n]
n

δn+m,0, (6.24)

[αn, αm] = −[2n][kn]
n

δn+m,0. (6.25)

6.4 AddingU (1) sector We can obtain a free field representation ofUq(̂gl2) by adding a
U (1) boson to the deformed parafermion sector. From the diagram (Figure 4), we expect
the appropriate deformed Heisenberg algebra to be added is the Fock module Fq3 of the
second DIM algebra E′

1,0[q2, q1q
−1
3 , q2

3 ]. Hence we introduce the deformed Heisenberg
algebra

[̃an, ãm] = −n
(qn3 − q−n

3 )2

(qn − q−n)(dn − d−n)
δn+m,0. (6.26)
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Fig. 5. Gluing for N = 2 superconformal algebra

Then we can check the combination

αn = [n]
n

(hn + ãn) (6.27)

reproduces the commutation relation for the U (1) boson sector of the Wakimoto repre-
sentation of Uq(̂sl2) in Definition 5.1 as follows;

[αn, αm] = [n]2

n

(qn3 − q−n
3 )

(qn − q−n)(dn − d−n)

(

(qn1 − q−n
1 ) − (qn3 − q−n

3 )
)

δn+m,0

= (qn2 − q−n
2 )(qn3 − q−n

3 )

n(q − q−1)2 δn+m,0 = [2n][kn]
n

δn+m,0. (6.28)

On the other hand, from the diagram for the N = 2 Virasoro algebra (See Figure 5),
we now employ the DIM algebra with different parameters as U (1) sector to obtain
N = 2 Virasoro ×U (1). We introduce

[an, am] = n
(qn − q−n)2

(qn1 − q−n
1 )(dn − d−n)

δn+m,0. (6.29)

This is what we expect from the deformed boson from q-W(gl1|0)[q−2
1 , d2, q−2] ∼ Fq.

This means that compared with the parameter for the U (1) boson of Uq(̂gl2), we should
make a replacement of parameter

(q, d) −→ (qd−1, d), (6.30)

which is nothing but the (inverse of) T transformation in the base (q, d). In fact the left
vertex in Figure 5 is obtained by applying the transformation (6.30) to the corresponding
vertex in Figure 4. Similarly the commutation relation (6.29) is obtained from (6.26) by
the same transformation.

Recall that the U (1) boson vertex operator V±(z) in the Wakimoto representation of
Uq(̂sl2) involves the oscillator mode αn as follows;

: exp

⎛

⎝∓
∑

n �=0

q∓ k
2 |n| z−n

[kn]αn

⎞

⎠ : . (6.31)



A Quantum Deformation... Page 47 of 80   150 

See Definition 5.2. To figure out the U (1) boson for the deformed N = 2 SCA, let us
look at the combination

q
∓ |n|

2
3

q − q−1

qn3 − q−n
3

αn = q
∓ |n|

2
3

qn − q−n

n(qn3 − q−n
3 )

(hn + ãn). (6.32)

We keep the first term which comes from the parafermion sector but replace ãn with an .
We should also change the coefficient of the second term according to the transformation
(6.30);

q
∓ |n|

2
3

qn − q−n

n(qn3 − q−n
3 )

−→ −q
∓ |n|

2
3 d∓ |n|

2
qn1 − q−n

1

n(qn − q−n)
. (6.33)

Hence, we see that the U (1) boson for the deformed N = 2 SCA is given by13

α̃n = q
∓ |n|

2
3

(

[n]
n

hn − d∓ |n|
2

[kn]
n

qn1 − q−n
1

qn − q−n
· an
)

. (6.34)

The commutation relation is

[̃αn, α̃m] = q∓|n|
3

(qn1 − q−n
1 )(qn3 − q−n

3 )

n(q − q−1)2

[

qn − q−n

dn − d−n
+
d∓|n|(qn3 − q−n

3 )

dn − d−n

]

δn+m,0

= [(k + 2)n][kn]
n

δn+m,0, (6.35)

which exactly agrees with the commutation relation (7.1) we used in section 7.

6.5 Towards an uplift to quantum toroidal algebra In the last section we see that H1,n :=
αn give the Cartan modes of Uq(̂gl2). The combination which is orthogonal to H1,±n is

Zn := [n]
n

⎡

⎣

√

qn1 − q−n
1

(

a(1)
n

dn − d−n − dn
a(2)
n

qn1 − q−n
1

+ qn
a(3)
n

dn − d−n

)

+
1

√

qn3 − q−n
3

ãn

⎤

⎦ ,

Z−n := [n]
n

⎡

⎣

√

qn1 − q−n
1

(

q−n a(1)
−n

dn − d−n − d−n a(2)
−n

qn1 − q−n
1

+
a(3)
−n

dn − d−n

)

+
1

√

qn3 − q−n
3

ã−n

⎤

⎦ .

(6.36)

We obtain Uq(̂sl2) after decoupling Z±n .
Now let us introduce

H0,±n = −[n]
n

(q∓n
3 h±n + q∓n

1 ã±n). (6.37)

It is clear that the commutation relation of H0,±n is the same as H1,±n . We can see that

they give the Cartan modes of the quantum toroidal algebra Uq,d(
̂
̂gl2).

[

Hi,n, Hj,m
] = ai j (n)

Cn − C−n

q − q−1 δn+m,0, (6.38)

13 The vertex operator ˜V±(z) does not involve the monomial factor q
∓ |n|

2
3 . See Definition 7.2.
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Fig. 6. Quivers for the quantum toroidal algebra Uq,d(̂̂gl2) (left) and Uq,d(̂̂gl1|1) (right). The parameters
associated with edges satisfy the Calabi-Yau condition ε1 + ε2 + ε3 = 0

where the (q, d) deformed Cartan matrix is

ai j (n) = [n]
n

×
{

qn + q−n (i = j),
−dn − d−n (i �= j),

i, j ∈ {0, 1} (6.39)

and we put C = q3 = qk for the center. In fact we can compute

[

H0,n, H1,−n
] = −q−n

3
(qn − q−n)(qn1 − q−n

1 )(qn3 − q−n
3 )

n(q − q−1)2(dn − d−n)
+ q−n

1
(qn − q−n)(qn3 − q−n

3 )2

n(q − q−1)2(dn − d−n)

= (qn − q−n)(qn3 − q−n
3 )

n(q − q−1)2(dn − d−n)

(

−q−n
3 (qn1 − q−n

1 ) + q−n
1 (qn3 − q−n

3 )
)

= − (qn − q−n)(qn3 − q−n
3 )(dn + d−n)

n(q − q−1)2 . (6.40)

Hence, the Wakimoto representation of the quantum affine algebra Uq(̂gl2) can be up-

lifted to the evaluation representation of the quantum toroidal algebra Uq,d(
̂
̂gl2). See

also [31] for a Heisenberg representation of Uq,d(
̂
̂gl2).

It is an interesting problem to see that the twisted Wakimoto representation of the
deformed N = 2 superconformal algebra allows a similar uplift to a representation of
some quantum toroidal algebra. The recent proposal of quiver quantum toroidal algebra
[8,36,53,54] seems to provide a good starting point to tackle this task. The quivers
corresponding to the local toric CY3 geometries C × (C2/Z2) and the resolved conifold
are given in Figure 6. (See also Fig. A.1 in [8]; Fig.27 (a) and Fig.7 in [54].) The toric
diagrams of these local CY3 geometries agree with the web-diagrams for the Y -algebras
we are looking at. In [36] and [54] the structure functions of the quantum toroidal algebra
are defined via data of the quiver diagram. According to eq. (4.2.10) in [53], given a
quiver, we can write down the commutation relation of the Cartan modes as14

[

Hi,r , Hj,s
] = δr+s,0

Cr − C−r

r

⎛

⎝

∑

I∈{ j→i}
qrI −

∑

I∈{i→ j}
q−r
I

⎞

⎠ . (6.41)

Applying the dictionary;

ε1 −→ q1 = dq−1,

14 Compare this with (C.6) in [36].
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ε2 −→ q3 = d−1q−1,

ε3 −→ q2 = q2,

to the left quiver in Figure 6, we have

[

Hi,r , Hi,s
] = δr+s,0

Cr − C−r

r

(

qr2 − q−r
2

) = δr+s,0
Cr − C−r

r

(

q2r − q−2r
)

,

(6.42)
and

[

Hi,r , Hj,s
] = δr+s,0

Cr − C−r

r

(

qr1 + qr3 − q−r
1 − q−r

3

)

= −δr+s,0
Cr − C−r

r
(qr − q−r )(dr + d−r ), (i �= j). (6.43)

which reproduces the deformed Cartan matrix (6.39) up to the normalization factor
(qr − q−r ). On the other hand, applying the same dictionary to the right quiver in
Figure 6

[

Hi,r , Hi,s
] = 0, (6.44)

and

[

Hi,r , Hj,s
] = δr+s,0 εi j

Cr − C−r

r

(

qr3 + q−r
3 − qr1 − q−r

1

)

= −δr+s,0 εi j
Cr − C−r

r
(qr − q−r )(dr − d−r ), (i �= j), (6.45)

where ε01 = −ε10 = 1. In Section 4.4 of [54], this is identified as the quantum toroidal
algebra associated with the Lie superalgebra gl1|1. However, from the viewpoint of
defining the quantum toroidal algebra based on the Cartan matrix [12], the case of gl1|1
looks quite irregular. For example, the commutation relations (6.44) and (6.45) would
imply the zero Cartan matrix in the limit d → 1. It seems non-trivial to realize the
commutation relations (6.44) and (6.45) in terms of deformed free bosons. Hence, an
uplift of the q-deformed N = 2 SCA to the quantum toroidal algebra Uq,d(

̂
̂gl1|1) is not

straightforward. We leave this issue for future work.

7 Twisted Wakimoto Representation for Realizing SVi rq,k

In the undeformed case the N = 2 superconformal algebra and the affine Lie algebra
̂sl2 have a common sector, called parafermion sector [24,25]. In the Wakimoto repre-
sentation the parafermion sector is generated by αn, βn with the zero modes Qα, Qβ .
To construct the Wakimoto representation of SVirq,k , we will keep the (q-deformed)
parafermion sector and twist theU (1) boson following the result in the previous section.

Definition 7.1. While keeping the generators αn, βn and Qα, Qβ as they are, replace the
generators αn and Qα with the the modified ones α̃n and Qα̃ satisfying the commutation
relations

[̃αn, α̃m] = [(k + 2)n][kn]
n

δn+m,0, [̃αn, Qα̃] = δn,0, (7.1)

and all the other commutators being vanishing.
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The commutation relation (7.1) of α̃n is the same as that of the Heisenberg generators
Hm of SVirq,k introduced in section 1.3. Hence, we have Hm = α̃m in the Wakimoto
representation of SVirq,k .

Definition 7.2. Introduce the modified vertex operators ˜V±(z) as15

˜V±(z) = e±(k+2)Qα̃ z±
1
k α̃0 : exp

⎛

⎝∓
∑

m �=0

z−m

[km] α̃m

⎞

⎠ : .

Recall that the basic vertex operators e±(x) and f±(z) of the parafermion sector are
introduced in Definition 5.3.

Definition 7.3. Let K±(z), K(z), T(z) and G±(z) be the following combinations of the
vertex operators

K±(z) = q α̃0 exp

(

(q − q−1)
∑

±m>0

α̃mz
−m

)

, (7.2)

K(z) = K−(z)K+(z) = : ˜V +(qkz)˜V−(q−k z) :, (7.3)

T(z) = : ˜V +(q−1z)˜V−(q+1z) : TPF(z),

TPF(z) = q−1 : e+(q− k+2
2 z) f−(q

k+2
2 z) : −[k + 2]

[k + 1] : e+(q− k+2
2 z) f+(q

k+2
2 z) :

+ q+1 : e−(q− k+2
2 z) f+(q

k+2
2 z) :, (7.4)

G±(z) = z1/2
∑

ε=±
ε G±

ε (z) = z1/2 (G±
+ (z) − G±−(z)

)

, (7.5)

where

G+
ε (z) = +

1

q − q−1
˜V +(q−k−2z)eε(q

− 3k+4
2 z), (7.6)

G−
ε (z) = − 1

q − q−1
˜V−(q+k+2z) fε(q

+ 3k+4
2 z). (7.7)

Note that there is an additional factor z1/2 in the definition of G±(z). Namely, we
suppose that in the NS sector G±

ε (z) are expanded in the integral powers of z and in the R
sector they are expanded in the half-integral powers of z. See Remark 1.4. Thus it is the
mode expansion of G±

ε (z), not G±(z), that agrees with the standard convention of two
dimensional superconformal field theory. This in particular means that we can employ
the same momentum lattice of zero modes as the NS and R sectors of the standard
superconformal theory. The definition of G±(z) may be compared with that of E(z) and
F(z) for Uq(̂sl2) in Definition 5.4. The expression of TPF(z) in the language of Uq(̂sl2)
is given in Appendix B. See also the operator L(z) in Prop. 4.2 of [19].

15 There is a freedom of making α̃±m → cm α̃±m . For example, we have cm = q∓k|m|/2 in the case of
V±(z), see Definition 5.2. We may eliminate cm by a redefinition of the Heisenberg generators Hm , which
affects the commutation relations among generators of SVirq,k .
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7.1 (Dual) Fock representations of SVirq,k in the NS and R sectors Recall that the zero
modes of the twisted Wakimoto representation are α̃0, α0, β0 and Qα̃, Qα, Qβ with the
commutation relations;

[̃α0, Qα̃] = 1, [α0, Qα] = −1, [β0, Qβ ] = 1. (7.8)

Set
|ξ, ρ, σ 〉 = eξQα̃+ρQα+σQβ |0〉 (7.9)

with
α̃n|0〉 = αn|0〉 = βn|0〉 = 0, n ≥ 0.

The zero mode dependence of G±
ε (z) reads

G±
ε (z) ∼ e±(k+2)Qα̃

(

q∓(k+2)z
)± 1

k α̃0 · e±2Qα

(

q∓ k+2
2 z
)± 1

k α0
q− ε

2 α0q∓ ε
2 β0 .

Take the additional factor z1/2, as in G±(z) = z1/2(G±
+ (z) − G±−(z)), into account.

Lemma 7.4. We have

G±(z)|ξ, ρ, σ 〉 ∝ z
1
2 ± ξ−ρ

k Osc.(z)|ξ ± (k + 2), ρ ± 2, σ 〉,
where Osc.(z) stands for some invertible element in the algebra of negative Fourier
modes, i.e. some power series in z with a non vanishing constant term.

In the NS sector, G±(z) should be expanded in the half-integral powers of z. The
condition for |ξ, ρ, σ 〉 being a highest weight vector gives us G±

m |ξ, ρ, σ 〉 = 0 for
m = 1/2, 3/2, . . ., which in view of Lemma 7.4 requires ξ = ρ.

Lemma 7.5. When ξ = ρ,

K±(z)|ξ, ρ, σ 〉 = qρ |ξ, ρ, σ 〉 + · · · ,

T(z)|ξ, ρ, σ 〉 = q− 2
k ξ

(

q−1q
k+2
k ρq−σ − [k + 2]

[k + 1]q
k+2
k ρqρ + q+1q

k+2
k ρqσ

)

|ξ, ρ, σ 〉 + · · ·

=
(

q−1qρq−σ − [k + 2]
[k + 1]q

2ρ + q+1qρqσ

)

|ξ, ρ, σ 〉 + · · · .

Compare these with the definition of parameters u and h for the Verma module in
the NS sector (see (3.1)). From the parametrization (3.9) of h, we can identity

u = qρ, v = qσ . (7.10)

Note that

|ρ + (k + 2)n, ρ + 2n, σ 〉 has the x-degree n, and the p-degree n2/2.

Set

F(ξ, ρ, σ ) := C[̃α−1, α̃−2, . . . , α−1, α−2, . . . , β−1, β−2, . . .]|ξ, ρ, σ 〉,
and

FNS(u, v) :=
⊕

n∈Z

F(ρ + (k + 2)n, ρ + 2n, σ ). (7.11)
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Proposition 7.6. Thanks to the Theorem 7.16 below, we have a representation of SVirq,k
in the NS sector on the Fock space FNS(u, v) with the highest weight vector |ρ, ρ, σ 〉
satisfying

K±
0 |ρ, ρ, σ 〉 = u|ρ, ρ, σ 〉, T0|ρ, ρ, σ 〉 = h(u, v)|ρ, ρ, σ 〉,

where h(u, v) is defined in (3.9). We have the character for FNS(u, v)

chFNS(u,v)(p, x) =
∞
∏

i=0

(1 + pi+1/2x)(1 + pi+1/2x−1)

(1 − pi+1)(1 − pi+1)
, |p|, |x | < 1.

Remark 7.7. Observe that the character chFNS(u,v)(p, x) and the conjectural Verma mod-
ule character chNS(p, x) in (3.3) are identical. Hence this Fock representation is expected
to be irreducible for generic u and v.

In the R sector, G±(z) should be expanded in the integral powers of z. The condition
for |ξ, ρ, σ 〉 being a highest weight vector gives us G+

m |ξ, ρ, σ 〉 = 0 for m = 0, 1, . . .,
and G−

m |ξ, ρ, σ 〉 = 0 form = 1, 2, . . ., which in view of Lemma 7.4 requires ξ = ρ+k/2.

Lemma 7.8. When ξ = ρ + k/2,

K±(z)|ξ, ρ, σ 〉 = qξ |ξ, ρ, σ 〉 + · · · ,

T(z)|ξ, ρ, σ 〉 = q− 2
k ξ

(

q−1q
k+2
k ρq−σ − [k + 2]

[k + 1]q
k+2
k ρqρ + q+1q

k+2
k ρqσ

)

|ξ, ρ, σ 〉 + · · ·

= q−1
(

q−1qρq−σ − [k + 2]
[k + 1]q

2ρ + q+1qρqσ

)

|ξ, ρ, σ 〉 + · · · .

Recall we have defined the highest weight conditions in the R sector with some q-
shifts attached to u and h (see (3.14)). We see these q-shifts are consistently derived
with the identifications

qk/2u = qξ , u = qρ, v = qσ . (7.12)

We have

|k/2 + ρ + (k + 2)n, ρ + 2n, σ 〉 has the x-degree n, and the p-degree n(n + 1)/2.

Set

FR(u, v) :=
⊕

n∈Z

F(k/2 + ρ + (k + 2)n, ρ + 2n, σ ). (7.13)

Proposition 7.9. Thanks to the Theorem 7.16 below, we have a representation of SVirq,k
in the R sector on the Fock space FR(u, v) with the highest weight vector |k/2+ρ, ρ, σ 〉
satisfying

K±
0 |k/2 + ρ, ρ, σ 〉 = qk/2u|k/2 + ρ, ρ, σ 〉, T0|k/2 + ρ, ρ, σ 〉 = q−1h(u, v)|k/2 + ρ, ρ, σ 〉,

where h(u, v) is defined in (3.9). We have the character for FR(u, v)

chFR(u,v)(p, x) =
∞
∏

i=0

(1 + pi+1x)(1 + pi x−1)

(1 − pi+1)(1 − pi+1)
, |p|, |x | < 1.
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Remark 7.10. Observe that the character chFR(u,v)(p, x) and the conjectural Verma mod-
ule character chR(p, x) in (3.16) are identical. Hence we expect that this Fock represen-
tation is irreducible for generic u and v.

Next, we turn to the dual Fock space generated by

〈ξ, ρ, σ | = 〈0|e−ξQα̃−ρQα−σQβ , (7.14)

with
〈0|̃αn = 〈0|αn = 〈0|βn = 0, n ≤ 0.

Lemma 7.11. We have

〈ξ, ρ, σ |G±(z) ∝ z
1
2 ± ξ∓(k+2)−(ρ∓2)

k 〈ξ∓(k + 2), ρ∓2, σ |Osc.(z)

= z−
1
2 ± ξ−ρ

k 〈ξ∓(k + 2), ρ∓2, σ |Osc.(z),

where Osc.(z) stands for some invertible element in the algebra of positive Fourier
modes, i.e. some power series in z−1 with a non vanishing constant term.

In the NS sector G±(z) should be expanded in the half-integral powers of z. The
condition for 〈ξ, ρ, σ | being a highest weight vector gives us 〈ξ, ρ, σ |G±

m = 0 for
m = −1/2,−3/2, . . ., which in view of Lemma 7.11 requires ξ = ρ.

Lemma 7.12. When ξ = ρ,

〈ξ, ρ, σ |K±(z) = qρ〈ξ, ρ, σ | + · · · ,

〈ξ, ρ, σ |T(z) = q− 2
k ξ

(

q−1q
k+2
k ρq−σ − [k + 2]

[k + 1]q
k+2
k ρqρ + q+1q

k+2
k ρqσ

)

〈ξ, ρ, σ | + · · ·

=
(

q−1qρq−σ − [k + 2]
[k + 1]q

2ρ + q+1qρqσ

)

〈ξ, ρ, σ | + · · · .

Compare these with the definition of parameters u and h for the Verma module in
the NS sector (see (3.1)). From the parametrization (3.9) of h, we can identity

u = qρ, v = qσ . (7.15)

Set

F∗(ξ, ρ, σ ) := 〈ξ, ρ, σ |C[̃α1, α̃2, . . . , α1, α2, . . . , β1, β2, . . .],
and

F∗
NS(u, v) :=

⊕

n∈Z

F∗(ρ + (k + 2)n, ρ + 2n, σ ). (7.16)

Proposition 7.13. We have a representation of SVirq,k in the NS sector on the dual Fock
space F∗

NS(u, v) with the highest weight vector 〈ρ, ρ, σ | satisfying
〈ρ, ρ, σ |K±

0 = u〈ρ, ρ, σ |, 〈ρ, ρ, σ |T0 = h(u, v)〈ρ, ρ, σ |,

where h(u, v) is defined in (3.9).
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In the R sector, G±(z) should be expanded in the integral powers of z. The condition
for 〈ξ, ρ, σ | being a highest weight vector gives us 〈ξ, ρ, σ |G+

m = 0 for m = 1, 2, . . .,
and 〈ξ, ρ, σ |G−

m = 0 for m = 0, 1, . . ., which in view of Lemma 7.11 requires ξ =
ρ + k/2.

Lemma 7.14. When ξ = ρ + k/2,

〈ξ, ρ, σ |K±(z) = qξ 〈ξ, ρ, σ | + · · · ,

〈ξ, ρ, σ |T(z) = q− 2
k ξ

(

q−1q
k+2
k ρq−σ − [k + 2]

[k + 1]q
k+2
k ρqρ + q+1q

k+2
k ρqσ

)

〈ξ, ρ, σ | + · · ·

= q−1
(

q−1qρq−σ − [k + 2]
[k + 1]q

2ρ + q+1qρqσ

)

〈ξ, ρ, σ | + · · · .

Hence we have the identification of the parameters:

qk/2u = qξ , u = qρ, v = qσ . (7.17)

Set

F∗
R(u, v) :=

⊕

n∈Z

F∗(k/2 + ρ + (k + 2)n, ρ + 2n, σ ). (7.18)

Proposition 7.15. We have a representation of SVirq,k in the R sector on the dual Fock
space FR(u, v) with the highest weight vector 〈vk/2 + ρ, ρ, σ | satisfying

〈k/2 + ρ, ρ, σ |K±
0 = qk/2u〈k/2 + ρ, ρ, σ |, 〈k/2 + ρ, ρ, σ |T0 = q−1h(u, v)〈k/2 + ρ, ρ, σ |,

where h(u, v) is defined in (3.9).

7.2 Commutation relations of the generating currents In this subsection we prove;

Theorem 7.16. The operators K(z), T(z) and G±(z) given in Definition 7.3 satisfy the
relations in Proposition 2.2.

7.2.1 Relations for K±(z) vs. K±(w), K±(z) vs. G±(w), and K±(z) vs. T(w) Since
the operators K±(z) and ˜V±(z) involve only the twisted U (1) modes α̃n and Qα̃ , it is
straightforward to obtain the OPE’s among them from the commutation relations given
by Definition 7.1. In order to write down these OPE’s, it is convenient to introduce the
invertible Fourier series g̃(z) by

g̃(z)±1 = q±(k+2) exp

(

±
∑

m>0

1

m
(q(k+2)m − q−(k+2)m)zm

)

= q±(k+2) − z

1 − q±(k+2)z
. (7.19)

Note that when we evaluate the OPE of A(u)B(v), the ordering |u| > |v| is always
assumed.

Lemma 7.17. TheOPE’s among the vertex operatorsK±(z) and ˜V±(z) read as follows;
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(1)

K±(z)K±(w) = : K±(z)K±(w) :,
K−(z)K+(w) = : K−(z)K+(w) :,
K+(w)K−(z) = : K−(z)K+(w) : (1 − q2z/w)(1 − q−2z/w)

(1 − q2k+2z/w)(1 − q−2k−2z/w)
.

(2)

K−(z)˜V±(w) = : K−(z)˜V±(w) : q±(k+2),

˜V±(w)K−(z) = : K−(z)˜V±(w) : q±(k+2)g̃(z/w)∓1,

˜V±(z)K+(w) = : ˜V±(z)K+(w) :,
K+(w)˜V±(z) = : ˜V±(z)K+(w) : g̃(z/w)±1.

(3)

˜V±(z)˜V±(w) = : ˜V±(z)˜V±(w) : z+ k+2
k exp

(

−
∑

m>0

[(k + 2)m]
m[km] (w/z)m

)

,

˜V±(z)˜V∓(w) = : ˜V±(z)˜V∓(w) : z− k+2
k exp

(

+
∑

m>0

[(k + 2)m]
m[km] (w/z)m

)

.

Since the operator K±(z) is independent of the modes of the parafermion sector,
there are no contributions from the parafermion sector in the relations K±(z) vs. G±(w)

and K±(z) vs. T(w). Note that the U (1) part of T(z) is given by

TU(1)(z) =: ˜V +(q−1z)˜V−(q+1z) := q− 2
k α̃0 : exp

⎛

⎝−(q − q−1)
∑

m �=0

[m]
[km] α̃−mz

m

⎞

⎠ : .

Then the OPE’s in Lemma 7.17 are enough to obtain the following relations.

Proposition 7.18.

K±(z)K±(w) = K±(w)K±(z),

K−(z)K+(w) = K+(w)K−(z)
(1 − q2k+2z/w)(1 − q−2k−2z/w)

(1 − q2z/w)(1 − q−2z/w)
,

K−(z)T(w) = T(w)K−(z)g̃(qz/w)g̃(q−1z/w)−1,

T(z)K+(w) = K+(w)T(z)g̃(qz/w)g̃(q−1z/w)−1,

K−(z)G±(w) = G±(w)K−(z)g̃(q±(k+2)z/w)±1,

G±(z)K+(w) = K+(w)G±(z)g̃(q∓(k+2)z/w)∓1.

Thus, we recover the relations (2.2) – (2.7) in Proposition 2.2.
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7.2.2 Relations for G±(z) vs. G±(w) Since G±(z) involves the vertex operators from
the parafermion sector, we need the OPE’s among e±(z) and f±(z) which are worked
out in Appendix A (see Propositions A.2, A.6 and A.9.)

Proposition 7.19. We have

G±(z)G±(w) + G±(w)G±(z) = 0,

G+(z)G−(w) + G−(w)G+(z)

= 1

(q − q−1)2

(

δA
(

q4k+4 w

z

)

1

[k + 1]K(q2k+2w) − δA
(

q2k+4 w

z

)

+ δA
(

q2k+2 w

z

)

T(qk+1w)

)

, (A = NS, R).

There relations are nothing but (2.8) and (2.9) in Proposition 2.2.

Proof. Combining the formulas in Lemma 7.17 (3) and the OPE’s among e±(z) and
f±(z), we compute the factors coming from the normal ordering. There is a nice can-
cellation between the OPE coefficients of the U (1) boson part and the parafermion part,
which leads to the simple relations for G±(z) vs. G±(w). Firstly, the normal ordering
of the zero modes gives16

(q∓(k+2)z)
k+2
k (q∓ 1

2 (3k+4)z)−
2
k = zq∓(k+1),

where the first factor on the left hand side is from ˜V±(q∓(k+2)z) and the second factor is
from the parafermion sector. The normal ordering of the oscillators produces the factor

exp

(

−
∑

m>0

[(k + 2)m]
m[km] (w/z)m

)

exp

(

∑

m>0

[2m]
m[km]q

∓km(w/z)m
)

= (1 − q±2(w/z))

with the additional factor (q±ε1 z − q±ε2w)/(z − q±2w). Multiplying all these factors,
we obtain

G±
ε1

(z)G±
ε2

(w) = q∓(k+1) : G±
ε1

(z)G±
ε2

(w) : (q±ε1 z − q±ε2w),

hence

G±
ε1

(z)G±
ε2

(w) + G±
ε2

(w)G±
ε1

(z) = 0.

Similarly for the OPE’s between G+
ε1

(z) and G−
ε2

(w), we have

(q−k−2z)−
k+2
k (q− 1

2 (3k+4)z)
2
k = z−1qk+1

and

exp

(

∑

m>0

[(k + 2)m]
m[km] (q(2k+4)w/z)m

)

exp

(

−
∑

m>0

[2m]
m[km] (q

(3k+4)w/z)m
)

= (1 − q2k+2w/z)−1.

16 In the case of Uq (̂sl2), we do not have the factor z from the normal ordering of the zero modes. The
additional factor z is responsible for the fermionic nature of G±(z).
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Hence, together with the factors that depend on ε1 and ε2, we have

G+
ε1

(z)G−
ε2

(w) = : G+
ε1

(z)G−
ε2

(w) : qk+1 1

z − q2k+2w

q−ε1 z − q(k+1)ε2+3k+4w

z − qkε2+3k+4w
,

G−
ε2

(w)G+
ε1

(z) = : G+
ε1

(z)G−
ε2

(w) : q−k−1 1

w − q−2k−2z

q(k+1)ε2+3k+4w − q−ε1 z

qkε2+3k+4w − z
.

By using the lemma below and the relation17

: G+
ε1

(z)G−
ε2

(w) : δNS(qαw/z) =: G+
ε1

(qαw)G−
ε2

(w) : δNS(qαw/z), in the NS sector,

: G+
ε1

(z)G−
ε2

(w) : δNS(qαw/z) =: G+
ε1

(qαw)G−
ε2

(w) : δ(qαw/z), in the R sector,

we finally obtain

G+(z)G−(w) + G−(w)G+(z) = z1/2w1/2
∑

ε1,ε2

ε1ε2
(

G+
ε1

(z)G−
ε2

(w) + G−
ε2

(w)G+
ε1

(z)
)

= 1

(q − q−1)2

[

1

[k + 1]δ
A
(

q4k+4 w

z

)

: ˜V +(q3k+2w)˜V−(qk+2w) : − δA
(

q2k+4 w

z

)

+δA
(

q2k+2 w

z

)

: ˜V +(qkw)˜V−(qk+2w) : TPF(qk+1w)

]

= 1

(q − q−1)2

[

1

[k + 1]δ
A
(

q4k+4 w

z

)

K(q2k+2w) − δA
(

q2k+4 w

z

)

+ δA
(

q2k+2 w

z

)

T(qk+1w)

]

.

	

Lemma 7.20. We have

qk+1z1/2w1/2

z − q2k+2w

q−ε1 z − q(k+1)ε2+3k+4w

z − qkε2+3k+4w
+
q−k−1z1/2w1/2

w − q−2k−2z

q(k+1)ε2+3k+4w − q−ε1 z

qkε2+3k+4w − z

=

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

[k + 2]
[k + 1]δ

NS
(

q2k+2 w

z

)

− 1

[k + 1]δ
NS
(

q4k+4 w

z

)

(ε1, ε2) = (+, +),

q−1δNS
(

q2k+2 w
z

)

(ε1, ε2) = (+,−),

q+1δNS
(

q2k+2 w
z

)

(ε1, ε2) = (−, +),

δNS
(

q2k+4 w
z

)

(ε1, ε2) = (−,−),

and

: G+
ε1

(q2k+2w)G−
ε2

(w) : = − 1

(q − q−1)2 : ˜V +(qkw)˜V−(qk+2w)eε1 (q
k
2 w) fε2 (q

3k+4
2 w) :,

: G+
+(q4k+4w)G−

+ (w) : = − 1

(q − q−1)2 : ˜V +(q3k+2w)˜V−(qk+2w) :,

: G+−(q2k+4w)G−−(w) : = − 1

(q − q−1)2 .

17 Since the mode expansion of G±
ε (z) is flipped, compared with G±(z), we should take it into account,

when we apply Lemma 2.4.
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Proof. We check the case (ε1, ε2) = (+, +). Other cases are similar.

qk+1z1/2w1/2

z − q2k+2w

q−1z − q4k+5w

z − q4k+4w
+
q−k−1z1/2w1/2

w − q−2k−2z

q4k+5w − q−1z

q4k+4w − z

= [k + 2]
[k + 1]

qk+1z1/2w1/2

z − q2k+2w
− 1

[k + 1]
q2k+2z1/2w1/2

z − q4k+4w

+
[k + 2]
[k + 1]

q−k−1z1/2w1/2

w − q−2k−2z
− 1

[k + 1]
q−2k−2z1/2w1/2

w − q−4k−4z

= [k + 2]
[k + 1]

(q2k+2w/z)
1
2

1 − q2k+2w/z
− 1

[k + 1]
(q4k+4w/z)

1
2

1 − q4k+4w/z

+
[k + 2]
[k + 1]

(q−2k−2z/w)
1
2

1 − q−2k−2z/w
− 1

[k + 1]
(q−4k−4z/w)

1
2

1 − q−4k−4z/w

= [k + 2]
[k + 1]δ

NS
(

q2k+2 w

z

)

− 1

[k + 1]δ
NS
(

q4k+4 w

z

)

.

	

Proofs of G-T relation and T-T relation namely (2.10) – (2.11) in Proposition 2.2 are

relegated to Appendix B.
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Appendix A. Details of Wakimoto Representation of Uq(̂sl2)

A.1 Relations for ψ±(z) vs. ψ±(w), ψ±(z) vs. E(w), and ψ±(z) vs. F(w) One finds
from the definition (5.3) and the OPE’s given in Lemma A.1 below that

ψ±(z)ψ±(w) = : ψ±(z)ψ±(w) :, ψ±(w)ψ±(z) = : ψ±(z)ψ±(w) :,
ψ−(z)ψ+(w) = : ψ−(z)ψ+(w) :, ψ+(w)ψ−(z) = : ψ−(z)ψ+(w) : g(qk z/w)g(q−k z/w)−1,

http://creativecommons.org/licenses/by/4.0/


A Quantum Deformation... Page 59 of 80   150 

ψ−(z)V±(w) = : ψ−(z)V±(w) : q∓2, V±(w)ψ−(z) = : ψ−(z)V±(w) : q∓2g(q∓k/2z/w)∓1,

ψ+(z)V±(w) = : ψ−(z)V±(w) : g(q∓k/2z/w)∓1, V±(w)ψ+(z) = : ψ−(z)V±(w) : .

Hence in view of the definitions (5.1) and (5.2) we have the relations (5.4)-(5.7).

Lemma A.1. The OPE’s among the vertex operators V±(z) and V±(w) read

V±(z)V±(w) = : V±(z)V±(w) : z+ 2
k exp

(

−
∑

m>0

[2m]
m[km]q

∓km(w/z)m
)

,

V±(z)V∓(w) = : V±(z)V∓(w) : z− 2
k exp

(

+
∑

m>0

[2m]
m[km] (w/z)m

)

.

A.2 Relations for E(z) vs. E(w) We move on to the check of the relation (5.8).

Proposition A.2. We have

z
2
k exp

(

−
∑

m>0

[2m]
m[km]q

−km(w/z)m
)

eε1(z)eε2(w) = : eε1(z)eε2(w) : q
ε1 z − qε2w

z − q2w
.

Proof. This can be checked by performing straightforward calculations using the OPE’s
in Lemmas A.4 and A.5 below. 	

Corollary A.3. In view of the definition (5.1) and the OPE’s in Lemma A.1, we have

Eε1(z)Eε2(w) = : Eε1(z)Eε2(w) : q
ε1 z − qε2w

z − q2w
.

Hence we have (5.8).

Proof. We have

(z − q2w)Eε1(z)Eε2(w) = : Eε1(z)Eε2(w) : (qε1 z − qε2w),

(w − q2z)Eε2(w)Eε1(z) = : Eε1(z)Eε2(w) : (qε2w − qε1 z).

Therefore we have

(z − q2w)Eε1(z)Eε2(w) + (w − q2z)Eε2(w)Eε1(z) = 0,

(z − q2w)E(z)E(w) + (w − q2z)E(w)E(z) = 0,

proving (5.8). 	

Lemma A.4. The OPE’s among the vertex operators Y±(z) and Y±(w) read

Y±(z)Y±(w) = : Y±(z)Y±(w) : z− 2
k exp

(

+
∑

m>0

[2m]
m[km]q

∓km(w/z)m
)

,

Y±(z)Y∓(w) = : Y±(z)Y∓(w) : z+ 2
k exp

(

−
∑

m>0

[2m]
m[km] (w/z)m

)

.
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Lemma A.5. Thenon trivialOPE’sweneed for the calculationof the products eε1(z)eε2(w)

are the following;
(1) for the cases ε1 = +, ε2 = ±

Z+(q− k+2
2 z)Y +(w) = : Z+(z)Y +(w) : q+1 exp

(

∑

m>0

1

m
(q2m − 1)(w/z)m

)

,

(2) for the cases ε1 = ±, ε2 = −

Y +(z)Z−(q
k+2

2 w) = : Y +(z)Z−(q
k+2

2 w) : exp

(

∑

m>0

1

m
(q2m − 1)(w/z)m

)

,

(3) for the case ε1 = +, ε2 = −
Z+(q− k+2

2 z)W+(q− k
2 z)Z−(q

k+2
2 w)W−(q

k
2 w)

=: Z+(q− k+2
2 z)W+(q− k

2 z)Z−(q
k+2

2 w)W−(q
k
2 w) : exp

(

−
∑

m>0

1

m
(q2m − 2 + q−2m )(w/z)m

)

,

and (4) for the cases ε1 = −, ε2 = ±
Z−(q+ k+2

2 z)Y +(w) = : Z−(q+ k+2
2 z)Y +(w) : q−1.

A.3 Relations for F(z) vs. F(w)

Proposition A.6. We have

z
2
k exp

(

−
∑

m>0

[2m]
m[km]q

+km(w/z)m
)

fε1(z) fε2(w) = : fε1(z) fε2(w) : q
−ε1 z − q−ε2w

z − q−2w
.

Proof. This can be checked by performing straightforward calculations using the OPE’s
in Lemma A.4 and Lemma A.8 below. 	

Corollary A.7. In view of the definition (5.2) and the OPE’s in Lemma A.1, we have

Fε1(z)Fε2(w) = : Fε1(z)Fε2(w) : q
−ε1 z − q−ε2w

z − q−2w
.

Hence we have (5.9).

Proof. We have

(z − q−2w)Fε1(z)Fε2(w) = : Fε1(z)Fε2(w) : (q−ε1 z − q−ε2w),

(w − q−2z)Fε2(w)Fε1(z) = : Fε1(z)Fε2(w) : (q−ε2w − q−ε1 z).

Therefore we have

(z − q−2w)Fε1(z)Fε2(w) + (w − q−2z)Fε2(w)Fε1(z) = 0,

(z − q−2w)F(z)F(w) + (w − q−2z)F(w)F(z) = 0,

proving (5.9). 	
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Lemma A.8. The non trivial OPE’s we need for the calculation of the products fε1(z) fε2

(w) are the following;
(1) for the cases ε1 = +, ε2 = ±

Z+(q+ k+2
2 z)Y−(w) = : Z+(z)Y−(w) : q−1 exp

(

−
∑

m>0

1

m
(1 − q−2m)(w/z)m

)

,

(2) for the cases ε1 = ±, ε2 = −

Y−(z)Z−(q− k+2
2 w) = : Y−(z)Z−(q− k+2

2 w) : exp

(

−
∑

m>0

1

m
(1 − q−2m)(w/z)m

)

,

(3) for the case ε1 = +, ε2 = −

Z+(q
k+2

2 z)W+(q
k
2 z)−1W−(q− k

2 z)−1Z−(q− k+2
2 w)

=: Z+(q
k+2

2 z)W+(q
k
2 z)−1W−(q− k

2 z)−1Z−(q− k+2
2 w) :

exp

(

−
∑

m>0

1

m
(q2m − 2 + q−2m)(w/z)m

)

,

and (4) for the cases ε1 = −, ε2 = ±

Z−(q− k+2
2 z)Y−(w) = : Z−(q− k+2

2 z)Y−(w) : q+1.

A.4 Relations for E(z) vs. F(w)

Proposition A.9. We have

z−
2
k exp

(

∑

m>0

[2m]
m[km] (w/z)m

)

eε1(z) fε2(w) = : eε1(z) fε2(w) : q
−ε1 z − q(k+1)ε2w

z − qkε2w

= : eε1(z) fε2(w) : q
−(k+1)ε1 z − qε2w

q−kε1 z − w
,

z−
2
k exp

(

∑

m>0

[2m]
m[km] (w/z)m

)

fε1(z)eε2(w) = : fε1(z)eε2(w) : q
ε1 z − q−(k+1)ε2w

z − q−kε2w

= : fε1(z)eε2(w) : q
(k+1)ε1 z − q−ε2w

qkε1 z − w
,

and

: e±(q±kw) f±(w) : = 1.

Proof. This can be checked by performing straightforward calculations using the OPE’s
in Lemma A.4 together with Lemma A.11 and Lemma A.12 presented below. 	
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Corollary A.10. In view of the definitions (5.1), (5.2) and the OPE’s in Lemma A.1, we
have

Eε1(z)Fε2(w) = : Eε1(z)Fε2(w) : q
−ε1 z − q(k+1)ε2w

z − qkε2w
,

Fε2(w)Eε1(z) = : Eε1(z)Fε2(w) : q
(k+1)ε2w − q−ε1 z

qkε2w − z
,

and

: E±(q±kw)F±(w) : = − 1

(q − q−1)2 ψ±(q±k/2w).

Hence we have (5.10).

Proof. Note that we have

q−ε1 z − q(k+1)ε2w

z − qkε2w
− q(k+1)ε2w − q−ε1 z

qkε2w − z
= (q−ε1 − qε2)δ

(

qkε2
w

z

)

.

Therefore we have

[Eε1(z), Fε2(w)] = (q−ε1 − qε2)δ

(

qkε2
w

z

)

: Eε1(q
kε2w)Fε2(w) :,

[E(z), F(w)] = 1

q − q−1

(

δ

(

qk
w

z

)

ψ+(qk/2w) − δ

(

q−k w

z

)

ψ−(q−k/2w)

)

,

proving (5.10). 	

Lemma A.11. ThenontrivialOPE’sweneed for the calculation of the products eε1(z) fε2

(w) are the following;
(1) for the cases ε1 = +, ε2 = ±

Z+(q− k+2
2 z)Y−(w) = : Z+(q− k+2

2 z)Y−(w) : q−1 exp

(

−
∑

m>0

1

m
(q2m − 1)qkm(w/z)m

)

,

(2) for the cases ε1 = ±, ε2 = −

Y +(z)Z−(q− k+2
2 w) = : Y +(z)Z−(q− k+2

2 w) : exp

(

∑

m>0

1

m
(1 − q−2m)q−km(w/z)m

)

,

(3) for the case ε1 = +, ε2 = −
Z+(q− k+2

2 z)W+(q− k
2 z)Z−(q− k+2

2 w)W−(q− k
2 w)−1

=: Z+(q− k+2
2 z)W+(q− k

2 z)Z−(q− k+2
2 w)W−(q− k

2 w)−1 :

× exp

(

−
∑

m>0

1

m

(

qkm(1 − q2m) + q−km(1 − q−2m)
)

(w/z)m
)

,

and (4) for the cases ε1 = −, ε2 = ±
Z−(q+ k+2

2 z)Y−(w) = : Z−(q+ k+2
2 z)Y−(w) : q+1.
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Lemma A.12. ThenontrivialOPE’sweneed for the calculation of the products fε1(z)eε2

(w) are the following;
(1) for the cases ε1 = +, ε2 = ±

Z+(q+ k+2
2 z)Y +(w) = : Z+(q+ k+2

2 z)Y +(w) : q+1 exp

(

−
∑

m>0

1

m
(q−2m − 1)q−km(w/z)m

)

,

(2) for the cases ε1 = ±, ε2 = −

Y−(z)Z−(q+ k+2
2 w) = : Y−(z)Z−(q+ k+2

2 w) : exp

(

∑

m>0

1

m
(1 − q2m)qkm(w/z)m

)

,

(3) for the case ε1 = +, ε2 = −

Z+(q+ k+2
2 z)W+(q+ k

2 z)−1Z−(q+ k+2
2 w)W−(q+ k

2 w)

=: Z+(q+ k+2
2 z)W+(q+ k

2 z)−1Z−(q+ k+2
2 w)W−(q+ k

2 w) :

× exp

(

−
∑

m>0

1

m

(

qkm(1 − q2m) + q−km(1 − q−2m)
)

(w/z)m
)

,

and (4) for the cases ε1 = −, ε2 = ±

Z−(q− k+2
2 z)Y +(w) = : Z−(q− k+2

2 z)Y +(w) : q−1.

Appendix B. Proof of T -G and T -T Relations

In this appendix we show (2.10) and (2.11) in Proposition 2.2. For later convenience let
us introduce the notations for the energy-momentum tensor of the U (1) boson sector
and the parafermion sector.

T(z) = TU(1)(z) · TPF(z), TU(1)(z) = : ˜V +(q−1z)˜V−(qz) :, (B.1)

where TPF(z) is given by the following sum18;

TPF(z) =�1(z) + �0(z) + �−1(z),

�1(z) =q−1 : e+(q− k+2
2 z) f−(q

k+2
2 z) :,

�0(z) = − [k + 2]
[k + 1] : e+(q− k+2

2 z) f+(q
k+2

2 z) :,

�−1(z) =q : e−(q− k+2
2 z) f+(q

k+2
2 z) : . (B.2)

Recall that, compared with the Wakimoto representation of quantum affine algebra
Uq(̂sl2), the U (1) boson sector is twisted, but the parafermion sector is kept intact.
Hence we can use the result of Appendix A for the parafermion sector.

18 The sum comes from the fact that the parafermion sector is identified with the deformed W -algebra of
sl2|1 as explained in Section 6. See also [41].
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B.1 T -G relation Recall that in the main text we defined

G+
ε (z) = +

1

q − q−1
˜V +(q−k−2z)eε(q

− 3k+4
2 z),

G−
ε (z) = − 1

q − q−1
˜V−(q+k+2z) fε(q

+ 3k+4
2 z).

Since T(z) is bilinear in the vertex operators we need the following lemmas to compute
the commutation relations with G±(w). These lemmas are easily derived from the Wick’s
theorem for the normal ordered products.

Lemma B.1. We have the following OPE relations between ˜V±(z) and the q-shifted
normal ordered product of ˜V±(w);

˜V±(z) : ˜V +(qμw)˜V−(w) :

= exp

(

±
∑

m>0

[(k + 2)m]
m[km] (1 − qμm)(w/z)m

)

: ˜V±(z)˜V +(qμw)˜V−(w) :,

: ˜V +(qμw)˜V−(w) : ˜V±(z)

= q±μ k+2
k exp

(

±
∑

m>0

[(k + 2)m]
m[km] (1 − q−μm)(z/w)m

)

: ˜V±(z)˜V +(qμw)˜V−(w) : .

The corresponding OPE relations in the parafermion sector are obtained from the result
in Appendix A (see Propositions A.2, A.6 and A.9).

Lemma B.2. We have
(1) For the OPE relations eε(z) with �i (w)

exp

(

∑

m>0

[2m]
m[km]

(

−q−kmq−(k+2)m + 1
)

(w/z)m
)

eε1 (q
k+2

2 z) : eε2 (q− k+2
2 w) fε3 (q

k+2
2 w) :

= qε1 z − q−k−2qε2w

z − q−k−2q2w
· q

−(k+1)ε1 z − qε3w

q−kε1 z − w
: eε1 (q

k+2
2 z)eε2 (q− k+2

2 w) fε3 (q
k+2

2 w) :,

q− 2
k (k+2) · exp

(

∑

m>0

[2m]
m[km]

(

−q−kmq(k+2)m + 1
)

(z/w)m

)

: eε2 (q− k+2
2 w) fε3 (q

k+2
2 w) : eε1 (q

k+2
2 z)

= qε2q−k−2w − qε1 z

q−k−2w − q2z
· q

(k+1)ε3w − q−ε1 z

qkε3w − z
: eε1 (q

k+2
2 z)eε2 (q− k+2

2 w) fε3 (q
k+2

2 w) :,

(2) For the OPE relations fε(z) with �i (w)

exp

(

∑

m>0

[2m]
m[km]

(

q−(k+2)m − qkm
)

(w/z)m
)

fε1 (q
k+2

2 z) : eε2 (q− k+2
2 w) fε3 (q

k+2
2 w) :

= q(k+1)ε1 z − q−k−2q−ε2w

qkε1 z − q−k−2w
· q

−ε1 z − q−ε3w

z − q−2w
: fε1 (q

k+2
2 z)eε2 (q− k+2

2 w) fε3 (q
k+2

2 w) :,

q
2
k (k+2) exp

(

∑

m>0

[2m]
m[km]

(

q(k+2)m − qkm
)

(z/w)m

)

: eε2 (q− k+2
2 w) fε3 (q

k+2
2 w) : fε1 (q

k+2
2 z)

= q−(k+1)ε2q−k−2w − qε1 z

q−kε2q−k−2w − z
· q

−ε3w − q−ε1 z

w − q−2z
: fε1 (q

k+2
2 z)eε2 (q− k+2

2 w) fε3 (q
k+2

2 w) : .
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Applying Lemma B.1 with z → q∓(k+2)z, w → qw and μ = −2 we obtain the OPE
relations of TU(1)(w) with G±(z) (see the U (1) boson sector in the definition of G±),

˜V±(q∓(k+2)z)TU(1)(w)

= exp

(

±
∑

m>0

[(k + 2)m]
m[km] (qm − q−m )q±(k+2)m (w/z)m

)

: ˜V±(q∓(k+2)z)TU(1)(w) :, (B.3)

TU(1)(w)˜V±(q∓(k+2)z)

= q∓2 k+2
k exp

(

∓
∑

m>0

[(k + 2)m]
m[km] (qm − q−m )q∓(k+2)m (z/w)m

)

: ˜V±(q∓(k+2)z)TU(1)(w) : .

(B.4)

Similarly from Lemma B.2 we can compute the commutation relations of TPF(q∓(k+1)w)

and G±(z). We apply Lemma B.2 by substituting z → q−2k−3z for eε(z) and z → qk+1z
for fε(z). Hence we have (w/z) → qk+2(w/z) for the case G+(z), while w/z is invariant
for the case G−(z). Using the relation : e±(q±k z) f±(z) := 1 (See Prop. A.9), we have

1 − q2w/z

1 − w/z
exp

(

∑

m>0

[2m]
m[km] (−q−km + q(k+2)m)(w/z)m

)

G+(z)TPF(q−k−1w)

− q− 2(k+2)
k

1 − q2z/w

1 − z/w
exp

(

∑

m>0

[2m]
m[km] (−q−km + q−(k+2)m)(z/w)m

)

TPF(q−k−1w)G+(z)

= q
[k + 2]
[k + 1] δ

(

q2k+2w

z

)

z1/2 : ˜V +(q−k−2z)

(

e+(q− 1
2 (3k+4)

w) − e−(q− 1
2 (3k+4)

w)

)

:, (B.5)

1 − q−2w/z

1 − w/z
exp

(

∑

m>0

[2m]
m[km]

(

q−(k+2)m − qkm
)

(w/z)m
)

G−(z)TPF(qk+1w)

− q
2(k+2)

k
1 − q−2z/w

1 − z/w
exp

(

∑

m>0

[2m]
m[km]

(

q(k+2)m − qkm
)

(z/w)m

)

TPF(qk+1w)G−(z)

= q−1 [k + 2]
[k + 1] δ

(

q−2k−2w

z

)

z1/2 : ˜V +(qk+2z)

(

f+(q
1
2 (3k+4)

w) − f−(q
1
2 (3k+4)

w)

)

: . (B.6)

Combining (B.3) and (B.4), where we substitute w → q∓(k+1)w, with (B.5) and (B.6),
we obtain the total contribution to the commutation relations of G±(z) and T(q∓(k+1)w).
It is remarkable the structure functions from the U (1) boson sector and the parafermion
sector exactly cancel and we have commutation relations without a structure function.
For example the following identity implies such a cancellation.

1 − q2z

1 − z
exp

(

∑

m>0

[2m]
m[km] (−q−km + q±(k+2)m)zm

)

= exp

(

∑

m>0

1

m[km]
(

[km](1 − q2m) + [2m](−q−km + q±(k+2)m)
)

zm
)

= exp

(

±
∑

m>0

[(k + 2)m]
m[km] q±m(qm − q−m)zm

)

. (B.7)
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Thus, we obtain19

G+(z)T(q−k−1w) − T(q−k−1w)G+(z)

= qk+2 [k + 2]
[k + 1]δ

A
(

q2k+2 w

z

)

w1/2

× :
(

e+(q− 1
2 (3k+4)w) − e−(q− 1

2 (3k+4)w)
)

˜V +(q−kw)T+
U(1)(q

−k−1w) :

= (q − q−1)qk+2 [k + 2]
[k + 1]δ

A
(

q2k+2 w

z

)

: G+(w)K(w) :, (B.8)

and

G−(z)T(qk+1w) − T(qk+1w)G−(z)

= q−k−2 [k + 2]
[k + 1]δ

A
(

q−(2k+2) w

z

)

w1/2

× :
(

f+(q
1
2 (3k+4)w) − f−(q

1
2 (3k+4)w)

)

˜V−(qkw)T−
U(1)(q

k+1w) :

= −(q − q−1)q−k−2 [k + 2]
[k + 1]δ

A
(

q−(2k+2) w

z

)

: G−(w)K(w) : . (B.9)

Since the zero mode of K±(z) is q α̃0 and that of G±(z) involves e±(k+2)Qα̃ , we have

K−(z)G±(z)K+(z) = q±(k+2) : G±(z)K(z) : . (B.10)

Hence, we recover (2.10).

Proposition B.3. The commutation relations of G±(z) and T(w) are

G±(z)T(w) − T(w)G±(z)

= ±(q − q−1)
[k + 2]
[k + 1]δ

A
(

q±(3k+3) w

z

)

K−(q±(k+1)w)G±(q±(k+1)w)K+(q±(k+1)w).

B.2 T -T relation Similarly to the case of G-T commutation relations, we start with two
lemmas which are derived from the Wick’s theorem.

Lemma B.4. We have the following OPE relation

: ˜V +(qμz)˜V−(z) :: ˜V +(qμw)˜V−(w) :

= exp

(

∑

m>0

[(k + 2)m]
m[km] (q

μ
2 m − q− μ

2 m)2(w/z)m
)

: ˜V +(qμz)˜V−(z)˜V +(qμw)˜V−(w) : .

Proof. Apply the Wick’s theorem with Lemma 7.17 (3). The monomial factors coming
from the normal ordering of the zero modes exactly cancel. 	


19 We use z1/2δ
(

q±(2k+2) w
z

)

= q±(k+1)w1/2δNS
(

q±(2k+2) w
z

)

.
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Lemma B.5.

exp

(

∑

m>0

[2m]
m[km]

(

−q−km + q−μm + qμm − qkm
)

(w/z)m
)

:

eε1(q
μz) fε2(z) :: eε3(q

μw) fε4(w) :

= qε1 z − qε3w

z − q2w
· q

−(k+1)ε1qμz − qε4w

q−kε1qμz − w
· q

(k+1)ε2 z − q−ε3qμw

qkε2 z − qμw
· q

−ε2 z − q−ε4w

z − q−2w

× : eε1(q
μz) fε2(z)eε3(q

μw) fε4(w) : .

Proof. Apply the Wick’s theorem with Propositions A.2, A.6 and A.9. The monomial
factors coming from the normal ordering of the zero modes cancel in this case too. 	

By Lemma B.4 with μ = −2, we obtain

TU(1)(z)TU(1)(w) = exp

(

∑

m>0

[(k + 2)m]
m[km] (qm − q−m)2(w/z)m

)

: TU(1)(z)TU(1)(w) : .

(B.11)
To compute the OPE coefficient of �1(z) and �1(w), we choose ε1 = ε3 = +1, ε2 =
ε4 = −1 and μ = −(k + 2) in Lemma B.5. Then we obtain

(1 − q2z)(1 − q−2z)

(1 − z)2 · exp

(

∑

m>0

[2m]
m[km]

(

−q−km + q(k+2)m + q−(k+2)m − qkm
)

zm
)

=˜h(z) = exp

(

∑

m>0

[(k + 2)m]
m[km] (qm − q−m)2zm

)

. (B.12)

It is interesting that˜h(z) is exactly the same as the OPE coefficient in (B.11). In fact this
identity is an analogue of what we have seen in proving G-T commutation relation (see
(B.7)). Other OPE’s among �i (z) are evaluated similarly by Lemma B.5 and we find
the following list.

Lemma B.6. With the structure function (B.12) the OPE’s among �i (z) are

˜h(w/z)�1(z)�1(w) = : �1(z)�1(w) :,
˜h(w/z)�1(z)�0(w) = : �1(z)�0(w) : (1 − q−2w/z)(1 − q2k+4w/z)

(1 − w/z)(1 − q2k+2w/z)
,

˜h(w/z)�1(z)�−1(w) = : �1(z)�−1(w) : (1 − q−2w/z)(1 − q2k+4w/z)

(1 − w/z)(1 − q2k+2w/z)
,

˜h(w/z)�0(z)�1(w) = : �0(z)�1(w) : (1 − q2w/z)(1 − q−2k−4w/z)

(1 − w/z)(1 − q−2k−2w/z)
,

˜h(w/z)�0(z)�0(w) = : �0(z)�0(w) : (1 − q−2k−4w/z)(1 − q2k+4w/z)

(1 − q−2k−2w/z)(1 − q2k+2w/z)
,

˜h(w/z)�0(z)�−1(w) = : �0(z)�−1(w) : (1 − q−2w/z)(1 − q2k+4w/z)

(1 − w/z)(1 − q2k+2w/z)
,

˜h(w/z)�−1(z)�1(w) = : �−1(z)�1(w) : (1 − q2w/z)(1 − q−2k−4w/z)

(1 − w/z)(1 − q−2k−2w/z)
,
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˜h(w/z)�−1(z)�0(w) = : �−1(z)�0(w) : (1 − q2w/z)(1 − q−2k−4w/z)

(1 − w/z)(1 − q−2k−2w/z)
,

˜h(w/z)�−1(z)�−1(w) = : �−1(z)�−1(w) : .

Summing up OPE relations in Lemma B.6 we have

Proposition B.7.

˜h(w/z)TPF(z)TPF(w) −˜h(z/w)TPF(w)TPF(z)

= − (1 − q−2)(1 − q2k+4)

1 − q2k+2

(

δ

(

q2k+2 w

z

)

T(2)
PF (w) − δ

(

q−2k−2 w

z

)

T(2)
PF (z)

)

,

where

T(2)
PF (z) = : �1(q

2k+2z)�0(z) : + : �1(q
2k+2z)�−1(z) :

+
[k + 1][2k + 3]
[k + 2][2k + 2] : �0(q

2k+2z)�0(z) : + : �0(q
2k+2z)�−1(z) :

= −q−1 [k + 2]
[k + 1] : e+(q− 1

2 (k+2)z) f−(q
1
2 (5k+6)z) : + : e−(q− 1

2 (k+2)) f−(q
1
2 (5k+6)z) :

+
[k + 2][2k + 3]
[k + 1][2k + 2] : e+(q− 1

2 (k+2)z) f+(q
1
2 (5k+6)z) : −q

[k + 2]
[k + 1]

: e−(q− 1
2 (k+2)z) f+(q

1
2 (5k+6)z) : .

We have used the relation : e+(qkz) f+(z) : = 1 (See Prop. A.9).

The quadratic relations for T(2)
PF (z) have been worked out in [44] and there appears no

additional current. It is not straightforward to obtain T(2)
PF (z) from the standard Miura

transformation of the fundamental currents �i (x), since it involves a diagonal term
: �0(q2k+2z)�0(z) :.

The commutation relation of T(z) is the product of the contribution from the U (1)

boson part and the parafermion part. We observe the structure functions from the U (1)

boson part and from the parafermion part cancel, which leads to a simple commutation
relation of T(z);

T(z)T(w) − T(w)T(z)

= − (1 − q−2)(1 − q2k+4)

1 − q2k+2

(

δ

(

q2k+2 w

z

)

: TU(1)(q
2k+2w)TU(1)(w) : T(2)

PF (w)

−δ

(

q−2k−2 w

z

)

: TU(1)(q
2k+2z)TU(1)(z) : T(2)

PF (z)

)

. (B.13)

Now we have the following lemmas.

Lemma B.8.

: TU(1)(q
2k+2z)TU(1)(z) :=: ˜V +(q2k+1z)˜V−(q2k+3z)˜V +(q−1z)˜V−(qz) :

=: ˜V−(q2k+3z)˜V +(q−1z)K(qk+1z) : .

Proof. Since we can exchange the operators ˜V±(z) in the normal ordered product, it
follows from the definitions of TU(1)(z) and K(z). 	
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Lemma B.9.

G+(z)G−(z) = 1

(q − q−1)3

1

[k + 2] : ˜V +(q−k−2)z)˜V−(qk+2z)T(2)
PF (q−k−1z) : .

Proof. We have

G+(z)G−(z) = − z

(q−q−1)2
˜V +(q−k−2z)˜V−(qk+2z)

(

e+(q− 1
2 (3k+4)z)−e−(q− 1

2 (3k+4)z)
)

×
(

f+(q
1
2 (3k+4)z) − f−(q

1
2 (3k+4)z)

)

. (B.14)

The normal ordering of the zero modes of ˜V±(q∓(k+2)z) and those of eε1(q
− 1

2 (3k+4)z)

and fε2(q
1
2 (3k+4)z) gives

(q−k−2z)−
k+2
k (q− 1

2 (3k+4)z)
2
k = z−1qk+1. (B.15)

From the normal ordering of the oscillators we have the following factor which is inde-
pendent of ε1 and ε2;

exp

(

∑

m>0

[(k + 2)m]
m[km] q(2k+4)m

)

exp

(

−
∑

m>0

[2m]
m[km]q

(3k+4)m

)

= (1 − q2k+2)−1.

(B.16)
On the other hand the OPE factor that depends on ε1 and ε2 is

q−ε1(k+1) − qε2+3k+4

q−ε1k − q3k+4 . (B.17)

Combining these formulas, we obtain the desired result. 	

The above two lemmas imply

Lemma B.10.

: TU(1)(q
2k+2z)TU(1)(z)T

(2)
PF (z) :

= (q − q−1)3[k + 2] K−(qk+1z)G+(qk+1z)G−(qk+1z)K+(qk+1z).

In summary we have

Proposition B.11.

T(z)T(w) − T(w)T(z)

= −(q − q−1)4 [k + 2][k + 2]
[k + 1]

(

δ

(

q2k+2 w

z

)

K−(qk+1w)G+(qk+1w)G−(q−k−1z)

K+(q−k−1z)

− δ

(

q−2k−2 w

z

)

K−(qk+1z)G+(qk+1z)G−(q−k−1w)K+(q−k−1w)

)

.

By Lemma 2.6 we finally obtain (2.11).
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Appendix C. Screening Operators and the Vanishing Lines

For the Virasoro algebra the embedding structure of the Fock modules derived from the
screening operators (BGG or BRST resolution) plays a key role in the proof of the Kac
determinant formula [27,33]. In this appendix as a first step to the proof of our conjecture
of the Kac determinant of SVirq,k , we investigate the screening operators, which are
intertwines among the Fock representations of SVirq,k obtained in Section 7. We will
see that the vanishing lines predicted by the screening operators exhaust the factors in
the Kac determinant. Both the fermionic and the bosonic screening operators we employ
are the same as those for Uq(̂sl2) [49]. They involve only the modes αm, βm, Qα, Qβ

in the parafermion sector and, hence, have trivial actions on the U (1) sector.

C.1Degree operators J and d Recall that we have introduced the Fock spacesFNS(u, v)

and FR(u, v) with u = qρ, v = qσ in Subsection 7.1. We consider the representations
of SVirq,k on the Fock spaces FA(qρ, qσ ), where (A = NS, R), and the intertwiners
(the screening charges) between these Fock representations.

Definition C.1. Set

J = 1

k
(̃α0 + α0),

d = α̃2
0

2k(k + 2)
− α2

0

4k
+

β0(β0 + 2)

4(k + 2)
+
∑

m>0

m2

[(k + 2)m][km] α̃−m α̃m

−
∑

m>0

m2

[2m][km]α−m α̃m +
∑

m>0

m2

[2m][(k + 2)m]β−mβm,

d0(ξ, ρ, σ ) = ξ2

2k(k + 2)
− ρ2

4k
+

σ(σ + 2)

4(k + 2)
.

As we see from the lemme below, d0(ξ, ρ, σ ) is the eigenvalue of the degree operator
d on the highest weight state |ξ, ρ, σ 〉.
Lemma C.2. We have

J |ξ, ρ, σ 〉 = ξ − ρ

k
|ξ, ρ, σ 〉, 〈ξ, ρ, σ |J = ξ − ρ

k
〈ξ, ρ, σ |,

d|ξ, ρ, σ 〉 = d0(ξ, ρ, σ )|ξ, ρ, σ 〉, 〈ξ, ρ, σ |d = d0(ξ, ρ, σ )〈ξ, ρ, σ |,
d0(ρ + (k + 2)n, ρ + 2n, σ ) = n2

2
+ d0(ρ, ρ, σ ),

d0(k/2 + ρ + (k + 2)n, ρ + 2n, σ ) = n(n + 1)

2
+ d0(k/2 + ρ, ρ, σ ),

d0(ξ, ρ, σ ) = −1 − ∓ρ + σ

2
+ d0(ξ, ρ ± k, σ + k + 2), (C.1)

d0(ξ, ρ, σ ) = ∓ρ + σ

2
+ d0(ξ, ρ∓k, σ − k − 2), (C.2)

d0(ξ, ρ, σ ) = r(σ − r + 1)

k + 2
+ d0(ξ, ρ, σ − 2r), (C.3)

d0(ξ, ρ, σ ) = −r(σ + r + 1)

k + 2
+ d0(ξ, ρ, σ + 2r). (C.4)
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Set for simplicity that εNS = 0 for the NS sector and εR = k/2 for the R sector. We
use the following notations for the states in the Fock space20

|λ,μ, α, β; ρ, σ 〉 = K−
−λT−μG+−αG−−α|εA + ρ, ρ, σ 〉,

〈λ,μ, α, β; ρ, σ | = 〈εA + ρ, ρ, σ |G+
βG−

α TμK+
λ.

The reason why we should impose the condition ξ = εA +ρ on the highest weight vector|ξ, ρ, σ 〉 is explained in Subsection 7.1. We define the degrees as follows.

state d-degree J -degree
|λ, μ, α, β; ρ, σ 〉 d0(εA + ρ, ρ, σ ) + |λ| + |μ| + |α| + |β| εA/k + �(α) − �(β)

〈λ, μ, α, β; ρ, σ | d0(εA + ρ, ρ, σ ) + |λ| + |μ| + |α| + |β| εA/k + �(α) − �(β)

We also use
state p-degree x-degree
|λ, μ, α, β; ρ, σ 〉 |λ| + |μ| + |α| + |β| �(α) − �(β)

〈λ, μ, α, β; ρ, σ | |λ| + |μ| + |α| + |β| �(α) − �(β)

for convenience.

C.2 Fermionic screening currents S±(z)

Definition C.3 ([19,49]). Set

S±(z) = exp

( ∞
∑

m=1

zm

[2m] (q
± k

2mβ−m ± q± k+2
2 mα−m)

)

· exp

(

−
∞
∑

m=1

z−m

[2m] (q
± k

2mβm ± q± k+2
2 mαm)

)

e(k+2)Qβ±kQα z
1
2 (β0±α0).

We call S±(z) the fermionic screening currents.

Lemma C.4. We have

[J, K±(z)] = 0, [J, T(z)] = 0, [J, G±(z)] = ±G±(z), [J, S±(z)] = ∓S±(z),

qdK±(z) = K±(qz)qd , qdT(z) = T(qz)qd , qdG±(z) = G±(qz)qd ,

qd S±(z) = qS±(qz)qd ,

S±(z)S±(w) = (z − w) : S±(z)S±(w) :,
S±(z)S∓(w) = zk+1 (q−kw/z; q4)∞(q−k+2w/z; q4)∞

(qk+4w/z; q4)∞(qk+2w/z; q4)∞
: S±(z)S∓(w) : .

Lemma C.5. We have

G+
ε (z)S+(w) = 1

q−κ+εz − w
: G+±(z)S+(w) :,

S+(w)G+
ε (z) = 1

w − q−κ+εz
: S+(w)G+±(z) :,

G−
ε (z)S+(w) = (qκ+ε(k+1)z − w) : G−±(z)S+(w) :,

20 Compare these notations with similar ones for the Verma module.
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S+(w)G−
ε (z) = (w − qκ+ε(k+1)z) : S+(w)G−±(z) :,

G+
ε (z)S−(w) = (q−κ−ε(k+1)z − w) : G+±(z)S−(w) :,

S−(w)G+
ε (z) = (w − q−κ−ε(k+1)z) : S−(w)G+±(z) :,

G−
ε (z)S−(w) = 1

qκ−εz − w
: G−±(z)S−(w) :,

S−(w)G−
ε (z) = 1

w − qκ−εz
: S−(w)G−±(z) :,

where κ := 1
2 (3k + 4).21 Under the condition that we have the Fourier expansion

S±(z) =∑n∈Z
S±
n z−n (see Lemma C.6 below), we have

G+(z)S+(w) + S+(w)G+(z) = A+(z)

(q − q−1)w

(

δ(qκ−1w/z) − δ(qκ+1w/z)
)

,

G−(z)S+(w) + S+(w)G−(z) = 0, K±(z)S+(w) − S+(w)K±(z) = 0.

and

G+(z)S−(w) + S−(w)G+(z) = 0, K±(z)S−(w) − S−(w)K±(z) = 0,

G−(z)S−(w) + S−(w)G−(z) = A−(z)

(q − q−1)w

(

δ(q−κ−1w/z) − δ(q−κ+1w/z)
)

,

where

A+(z):= z1/2 : G+
+(z)S+(q−κ+1z) : = z1/2 : G+−(z)S+(q−κ−1z) :,

A−(z):= z1/2 : G−
+ (z)S−(qκ−1z) : = z1/2 : G−−(z)S−(qκ+1z) : .

Lemma C.6. The necessary and sufficient condition for having the Fourier expansion
S±(z) =∑n∈Z

S±
m z−m on FA(qρ′

, qσ ′
), F∗

A(qρ′
, qσ ′

) is ∓ρ′+σ ′
2 ∈ Z. Under this condi-

tion, we have the linear maps

S±
m : FA(qρ′

, qσ ′
) → FA(qρ, qσ ) := FA(qρ′±(k+2), qσ ′+k+2),

S±
m : F∗

A(qρ′
, qσ ′

) → F∗
A(qρ, qσ ) := F∗

A(qρ′∓(k+2), qσ ′−k−2).

Proof. If we have the Fourier expansion S±(z) = ∑

n∈Z
S±
m z−m on FA(qρ′

, qσ ′
) or

F∗
A(qρ′

, qσ ′
), we have

{d-degrees of S±(z)|εA + ρ′, ρ′, σ ′〉} ⊂ {d-degrees of F(qεA+ρ′
, qρ′±k, qσ ′+k+2)},

{d-degrees of 〈εA + ρ′, ρ′, σ ′|S±(z)} ⊂ {d-degrees of F∗(qεA+ρ′
, qρ′∓k, qσ ′−k−2)}.

Then from (C.1) and (C.2), we have the condition ∓ρ′+σ ′
2 ∈ Z.

Suppose that ∓ρ′+σ ′
2 ∈ Z. For any p ∈ C[̃α−1, . . . , α−1, . . . , β−1, . . .] and p∗ ∈

C[̃α1, . . . , α1, . . . , β1, . . .], we have

S±(z)p|εA + ρ′ + (k + 2)n′, ρ′ + 2n′, σ ′〉
21 The shift of qκ comes from the definitions (7.6) and (7.7) of G±

ε .
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= z
∓ρ′+σ ′

2 ∓n′
S±
osc(z)p|εA + ρ′ + (k + 2)n′, ρ′ + 2n′ ± k, σ ′ + k + 2〉,

= z
∓ρ+σ

2 ∓n′
S±
osc(z)p|εA + ρ + (k + 2)(n′∓1), ρ + 2(n′∓1), σ 〉,

〈εA + ρ′ + (k + 2)n′, ρ′ + 2n′, σ ′|p∗S±(z)

= z−1+ ∓ρ′+σ ′
2 ∓n′ 〈εA + ρ′ + (k + 2)n′, ρ′ + 2n′∓k, σ ′ − k − 2|p∗S±

osc(z)

= z−1+ ∓ρ+σ
2 ∓n′ 〈εA + ρ + (k + 2)(n′ + 1), ρ + 2(n′ + 1), σ |p∗S±

osc(z),

where S±
osc(z) denotes the oscillator part of S±(z). Hence we have the expansion S±(z) =

∑

n∈Z
S±
n z−n . 	


Proposition C.7. Under the condition that we have the Fourier expansion S±(z) =
∑

n∈Z
S±
n z−n, we have the fermionic screening charges

Q± = 1

2π
√−1

∮

S+(z)dz = S±
1 ,

satisfying

dQ± = Q±d, KmQ
± = Q±Km, TmQ

± = Q±Tm, G±
mQ± = −Q±G±

m .

Hence, if ∓ρ′+σ ′
2 = ∓ρ+σ

2 ∈ Z, Q± is an intertwiner of the Fock representations of the
algebra SVirq,k

Q± : FA(qρ′
, qσ ′

) → FA(qρ, qσ ) = FA(qρ′±(k+2), qσ ′+k+2),

Q± : F∗
A(qρ′

, qσ ′
) → F∗

A(qρ, qσ ) = F∗
A(qρ′∓(k+2), qσ ′−k−2),

where A = NS, R.

Let us look at possible singular vectors obtained from the intertwiners Q± between Fock
representations. In the NS sector, if

d0(ρ
′, ρ′, σ ′) − d0(ρ

′, ρ′ ± k, σ ′ + k + 2) = −1 − ∓ρ + σ

2
= m ∈ Z≥0,

ρ′ = ρ∓(k + 2), σ ′ = σ − (k + 2),

then we have the non-vanishing image of the highest weight vector |ρ′, ρ′, σ ′〉 ∈
FNS(qρ′

, qσ ′
);

0 �= Q±|ρ′, ρ′, σ ′〉 ∈ F(ρ∓(k + 2), ρ∓2, σ ) ⊂ FNS(qρ, qσ ),

providing us with a singular vector in FNS(qρ, qσ ), which has the p-degree m + 1
2 and

the x-degree ∓1. On the other hand, for the dual Fock space, if

d0(ρ
′, ρ′, σ ′) − d0(ρ

′, ρ′∓k, σ ′ − k − 2) = +
∓ρ + σ

2
= m ∈ Z≥0,

ρ′ = ρ ± (k + 2), σ ′ = σ + (k + 2),

then we have the non-vanishing image of the highest weight vector 〈ρ′, ρ′, σ ′| ∈
F∗

NS(qρ′
, qσ ′

);

0 �= 〈ρ′, ρ′, σ ′|Q± ∈ F∗(ρ ± (k + 2), ρ ± 2, σ ) ⊂ F∗
NS(qρ, qσ ),
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providing us with a singular vector in F∗
NS(qρ, qσ ), which has the p-degree m + 1

2 and
the x-degree ±1. These arguments show the vanishing line

g(±(2m + 1); u, v) ∝
(

qm+1u± 1
2 v

1
2 − q−m−1u∓ 1

2 v− 1
2

) (

q−mu∓ 1
2 v

1
2 − qmu± 1

2 v− 1
2

)

,

in the Kac determinant detNS
m+ 1

2 ,±1
.

Let us turn to the R sector. If

d0(k/2 + ρ′, ρ′, σ ′) − d0(k/2 + ρ′, ρ′ ± k, σ ′ + k + 2) = −1 − ∓ρ + σ

2
= m ∈ Z≥0,

ρ′ = ρ∓(k + 2), σ ′ = σ − (k + 2),

then we have the non-vanishing image of the highest weight vector |k/2 + ρ′, ρ′, σ ′〉 ∈
FR(qρ′

, qσ ′
)

0 �= Q±|k/2 + ρ′, ρ′, σ ′〉 ∈ F(qk/2+ρ∓(k+2), qρ∓2, qσ ) ⊂ FR(qρ, qσ ),

providing us with a singular vector in FR(qρ, qσ ), which has the p-degree m + (1∓1)/2
and the x-degree ∓1. Similarly for the dual Fock space, if

d0(k/2 + ρ′, ρ′, σ ′) − d0(k/2 + ρ′, ρ′∓k, σ ′ − k − 2) = +
∓ρ + σ

2
= m ∈ Z≥0,

ρ′ = ρ∓(k + 2), σ ′ = σ − (k + 2),

then we have the non-vanishing image of the highest weight vector 〈k/2 + ρ′, ρ′, σ ′| ∈
F∗

R(qρ′
, qσ ′

)

0 �= 〈k/2 + ρ′, ρ′, σ ′|Q± ∈ F∗(qk/2+ρ±(k+2), qρ±2, qσ ) ⊂ F∗
R(qρ, qσ ),

providing us with a singular vector in F∗
R(qρ, qσ ), which has the p-degree m + (1±1)/2

and the x-degree ±1. Thus, we find the vanishing line

g(±(2m + 1); u, v) ∝
(

qm+1u± 1
2 v

1
2 − q−m−1u∓ 1

2 v− 1
2

) (

q−mu∓ 1
2 v

1
2 − qmu± 1

2 v− 1
2

)

,

in the Kac determinant detR
m+(1±1)/2,±1.

C.3 Bosonic screening current S(z) Write p = q2(k+2) for simplicity, and assume that
|p| < 1. We use the modified Jacobi theta function θ(z; p) = θ(z) with the argument z
and the nome p

θ(z; p) =
∑

n∈Z

(−1)n pn(n−1)/2zn = (z; p)∞(p/z; p)∞(p; p)∞, (C.5)

θ(pz; p) = −z−1θ(z; p). (C.6)
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Definition C.8 ([49]). Set

S±(z) = : U (z)Z±(q∓ k+2
2 z)−1W±(q∓ k

2 z)−1 :,

U (z) = exp

(

−
∞
∑

m=1

zmq− k+2
2 m

[(k + 2)m]β−m

)

exp

( ∞
∑

m=1

z−mq− k+2
2 m

[(k + 2)m] βm

)

e−2Qβ z−
1

k+2 β0 ,

S(z) = −1

(q − q−1)z
(S+(z) − S−(z)).

We call S(z) the bosonic screening current.

Lemma C.9. We have

qdS±(w) = S±(qw)qd , qdS(w) = qS(qw)qd , [J, S(w)] = 0,

Sε1(w)G+
ε2

(z) = q−ε1w − qε2−κ z

w − q−κ z
: Sε1(w)G+

ε2
(z) :,

G+
ε2

(z)Sε1(w) = qε2−κ z − q−ε1w

q−κ z − w
: G+

ε2
(z)Sε1(w) :,

Sε1(w)G−
ε2

(z) = qε1w − q(k+1)ε2+κ z

w − q(k+2)ε2+κ z
: Sε1(w)G−

ε2
(z) :,

G−
ε2

(z)Sε1(w) = q(k+1)ε2+κ z − qε1w

q(k+2)ε2+κ z − w
: G−

ε2
(z)Sε1(w) :,

where κ := 1
2 (3k + 4), and

Sε1(w1)Sε2(w2) = w
2

k+2
1

(q−2w2/w1; q2(k+2))∞
(q2w2/w1; q2(k+2))∞

q−ε1w1 − q−ε2w2

w1 − q−2w2
: Sε1(w1)Sε2(w2) : .

Proposition C.10. We have

S(w2)S(w1) = q2
(

w2

w1

) 2
k+2 θ(q−2w1/w2; p)

θ(q+2w1/w2; p) S(w1)S(w2).

In the A=NS,R sector, we have

[S(w), G+(z)] = 0, [S(w), K±(z)] = 0,

[S(w), G−(z)] = 1

(q − q−1)w

(

δA
(

qκ z

qk+2w

)

A(qk+2w) − δA
(

qk+2+κ z

w

)

A(q−k−2w)

)

,

where

A(w) = : S−(q−k−2w)w1/2G−−(q−κw) : = : S+(qk+2w)w1/2G−
+ (q−κw) :

=w1/2Y−(w) exp

(

−
∞
∑

m=1

wmq
k+2

2 m

[(k + 2)m]β−m

)

exp

( ∞
∑

m=1

w−mq
k+2

2 m

[(k + 2)m] βm

)

e−2Qβ .
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Proof. Recall that in the A=NS,R sector, we have δ(z/w)G+(z) = δA(z/w)G+(w),
δ(z/w)z1/2G+±(z) = δA(z/w)w1/2G+±(w). From Lemma C.9, we have

[S(w), G+(z)] = −1

(q − q−1)w

z1/2

(q − q−1)

∑

ε1,ε2=±
[Sε1(w), G+

ε2
(z)]

= −1

(q − q−1)w

z1/2

(q − q−1)

∑

ε1,ε2=±
(q−ε1 − qε2 )δ(q−κ z/w) : Sε1(w)G+

ε2
(z) :

= 1

(q − q−1)w
δA(q−κ z/w)

(

: S+(w)w1/2G+
+(qκw) : − : S−(w)w1/2G+−(qκw) :

)

= 0,

[S(w), G−(z)] = −1

(q − q−1)w

z1/2

(q − q−1)

∑

ε1,ε2=±
[Sε1(w), G−

ε2
(z)]

= −1

(q − q−1)w

z1/2

(q − q−1)

∑

ε1,ε2=±
(qε1 − q−ε2 )δ(q(k+2)ε2+κ z/w) : Sε1(w)G−

ε2
(z) :

= 1

(q − q−1)w

(

δA
(

qκ z

qk+2w

)

: S−(w)(qk+2w)1/2G−−(qk+2−κw) :

− δA

(

qk+2+κ z

w

)

: S+(w)(q−k−2w)1/2G−
+ (q−k−2−κw) :

)

= 1

(q − q−1)w

(

δA
(

qκ z

qk+2w

)

A(qk+2w) − δA

(

qk+2+κ z

w

)

A(q−k−2w)

)

.

	

Introducing a p-shift invariant function w

β0
k+2 θ(q2β0w; p)/θ(w; p), we set

X(w) = S(w)w
β0
k+2

θ(q2β0w; p)
θ(w; p) .

Since X(w) is single valued in w, we have the Laurent series expansion of X(w) defined
on the annulus |p| < w < 1, and the contour integral along the circle C : |w| = |p1/2|

∮

C
dwX(w)

is well-defined.

Proposition C.11. ([40]) For r = 1, 2, 3, . . ., set

Qr =
(∮

C
dwX(w)

)r

.

Then, after the symmetrization of the integrand, we have

Qr =
∏r

i=1 θ(q2i ; p)
r ! · θ(q2; p)r

∮

C
dw1 · · ·

∮

C
dwrS(w1) · · · S(wr )

r
∏

i=1

w
β0−2(r−i)

k+2
i

·
∏

1≤i< j≤r

θ(wi/w j ; p)
θ(q2wi/w j ; p) ·

r
∏

i=1

θ(p
β0−(r−1)

k+2 wi ; p)
θ(wi ; p) . (C.7)
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Following the arguments in [40], we can see that under the condition (C.8) or (C.9)
below, the quasi-periodicity (C.6) implies a cancellation of the poles of the theta functions
in the last factor of (C.7), which allows us to shift the contour C in the suitable direction.
Taking the p-shift invariance into account, we obtain the following results;

Corollary C.12. Set

ρ = ρ′, σ = σ ′ − 2r.

When
σ ′ − r + 1

k + 2
= σ + r + 1

k + 2
= s ∈ Z, (C.8)

Qr is an intertwiner of the Fock representations of SVirq,k

Qr : FA(qρ′
, qσ ′

) → FA(qρ, qσ ).

Similarly, set

ρ = ρ′, σ = σ ′ + 2r.

When
σ ′ + r + 1

k + 2
= σ − r + 1

k + 2
= −s ∈ Z, (C.9)

Qr is an intertwiner of the dual Fock representations of SVirq,k

Qr : F∗
A(qρ′

, qσ ′
) → F∗

A(qρ, qσ ).

As in the case of the fermionic screening operators, we can obtain the vanishing lines in
the Kac determinant as follows;
Firstly, if

d0(ε
A + ρ′, ρ′, σ ′) − d0(ε

A + ρ′, ρ′, σ ′ − 2r) = r(σ ′ − r + 1)

k + 2
= rs > 0,

namely if

v = qσ = q−r−1+(k+2)s, s > 0,

there is a singular vector in FA(qρ, qσ ) with the p-degree rs and x-degree 0 given as
the image of Qr as

Qr |εA + ρ′, ρ′, σ ′〉 ∈ F(εA + ρ, ρ, σ ) ⊂ FA(qρ, qσ ).

Secondly, on the dual side, if

d0(ε
A + ρ′, ρ′, σ ′) − d0(ε

A + ρ′, ρ′, σ ′ + 2r) = −r(σ ′ + r + 1)

k + 2
= rs > 0,

namely if

v = qσ = qr−1−(k+2)s, s > 0,

there is a singular vector in F∗
A(qρ, qσ ) with the p-degree rs and x-degree 0 given as

the image of Qr as

〈εA + ρ′, ρ′, σ ′|Qr ∈ F∗(εA + ρ, ρ, σ ) ⊂ F∗
A(qρ, qσ ).

In summary, we have the vanishing line

f (r, s; u, v) ∝ (q1−r+(k+2)sv − q−1+r−(k+2)sv−1)(q−1−r+(k+2)sv−1 − q1+r−(k+2)sv).

in the Kac determinant detA
rs,0.
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35. Gaiotto, D., Rapčák, M.: Vertex Algebras at the Corner. JHEP 01, 160 (2019). [arXiv:1703.00982 [hep-th]]
36. Galakhov, D., Li, W., Yamazaki, M.: Toroidal and elliptic quiver BPS algebras and beyond. JHEP 02,

024 (2022). [arXiv:2108.10286 [hep-th]]
37. Harada, K.: Quantum deformation of Feigin-Semikhatov’s W-algebras and 5d AGT correspondence with

a simple surface operator. [arXiv:2005.14174 [hep-th]]
38. Harada, K., Matsuo, Y.: Plane partition realization of (web of) W-algebra minimal models. JHEP 02, 050

(2019). [arXiv:1810.08512 [hep-th]]
39. Harada, K., Matsuo, Y., Noshita, G., Watanabe, A.: q-deformation of corner vertex operator algebras by

Miura transformation. JHEP 04, 202 (2021). [arXiv:2101.03953 [hep-th]]
40. Jimbo, M., Lashkevich, M., Miwa, T., Pugai, Y.: Lukyanov’s screening operators for the deformed Virasoro

algebra. Phys. Lett. A 229, 285–292 (1997). [arXiv:hep-th/9607177 [hep-th]]
41. Jimbo, M., Konno, H., Odake, S., Pugai, Y., Shiraishi, J.: Free field construction for the ABF models in

regime II. J. Statist. Phys. 102, 883–921 (2001). [arXiv:math/0001071]
42. Kato, M., Matsuda, S.: Null Field Construction and Kac Formulae of N = 2 Superconformal Algebras

in Two-dimensions. Phys. Lett. B 184, 184–190 (1987)
43. Kato, M., Matsuda, S.: Null Field Construction in Conformal and Superconformal Algebras. Adv. Stud.

in Pure Math. 16, 205–254 (1988)
44. Kojima, T.: Quadratic relations of the deformed W -superalgebraWq,t (sl(2|1)). J. Math. Phys. 62, 051702

(2021). [arXiv:1912.03096 [math.QA]]
45. Konno, H.: An Elliptic AlgebraUq,p( ˆsl2) and the Fusion RSOS Model. Comm. Math. Phys. 195, 373–403

(1998). [arXiv:q-alg/9709013]
46. Lerche, W., Vafa, C., Warner, N.P.: Chiral Rings in N=2 Superconformal Theories. Nucl. Phys. B 324,

427–474 (1989)
47. Lukyanov, S.L., Pugai, Y.: Multipoint local height probabilities in the integrable RSOS model. Nucl.

Phys. B 473, 631–658 (1996). [arXiv:hep-th/9602074 [hep-th]]
48. Matsuo, A.: Free field realization of q-deformed primary fields for Uq (sl(2)). [arXiv:hep-th/9212040

[hep-th]]
49. Matsuo, A.: A q-deformation of Wakimoto modules, primary fields and screening operators. Commun.

Math. Phys. 160, 33–48 (1994)
50. Millionschikov, D.V.: Singular Virasoro vectors and Lie algebra cohomology. [arXiv:1405.6734

[math.RT]]
51. Millionschikov, D.V.: Virasoro singular vectors. Functional Analysis and Its Applications 50, 219–224

(2016)
52. Nam, S.: The Kac Formula for the N = 1 and the N = 2 Superconformal Algebras. Phys. Lett. B 172,

323–327 (1986)
53. Noshita, G., Watanabe, A.: A note on quiver quantum toroidal algebra. JHEP 05, 011 (2022).

[arXiv:2108.07104 [hep-th]]
54. Noshita, G., Watanabe, A.: Shifted quiver quantum toroidal algebra and subcrystal representations. JHEP

05, 122 (2022). [arXiv:2109.02045 [hep-th]]
55. Odake, S.: Beyond CFT: Deformed Virasoro and elliptic algebras. Theoretical Physics at the End of

the Twentieth Century: Lecture Notes of the 9th CRM Summer School, Springer, pp. 307-449 (2002),
[arXiv:hep-th/9910226 [hep-th]]

56. Polchinski, J.: String Theory vol.2, Chap.19. Cambridge University Press (1998)
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