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Abstract We calculate the hadronic scales rq, r; and their
ratio ro/r; on Ny = 2 4 1 flavor QCD ensembles generated
by the CLS consortium. These scales are determined from a
tree-level improved definition of the static force on the lattice,
which we measure using Wilson loops. Our analysis involves
various continuum and chiral extrapolations of data that cover
pion masses between 134 MeV and 420 MeV and five lattice
spacings down to 0.039 fm. We compare the potential scales
to gradient flow scales by forming corresponding ratios. We
find ro = 0.4757(64) fm at the physical point. As a byprod-
uct of our analysis we express the Ny = 3 QCD Lambda
parameter determined by the ALPHA Collaboration in units
of the scale r( and obtain rg A% = 0.820(28). Furthermore
we present results for the second derivative of the potential to
study its shape and compare it to phenomenological potential
models.

1 Introduction

One of the essential requirements in lattice QCD calculations
is the determination of the scale, i.e. of the lattice spacing in
physical units. Among various scales used in lattice Quan-
tum Chromodynamics (QCD), the r( scale [1] has been used
in practical computations for a long time. The rg scale is
convenient due to its simple definition in terms of the static
quark anti-quark potential Vj(r), which can be computed
via Wilson loops [2]. On the other hand, the determination
of ro from experimental input is not straightforward and is
only indirect, since it involves phenomenological potential
models.

Computations of Wilson loops established an understand-
ing of confinement and its interplay with asymptotic freedom,
a central problem of particle physics, via the formation of a
flux tube between quark—anti-quark static charges [3—10].
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Confinement manifests itself in the asymptotic linear rise of
Vo(r) at large r; the corresponding slope is known as the
string tension. In quenched calculations, the scale has been
set using the string tension, but in full QCD the string breaks
at the pair-production threshold, making a precise definition
difficult [11,12]. Instead of the string tension, one can con-
sider the force F (r) = dVy(r)/dr and form the dimension-
less product r2F (r). The latter can be used to set the scale
at distances defined by rizF(ri) = ¢;, with ¢cg = 1.65 [1],
cir=1[13],orcy = % [14]. The definition of o amounts to
ro ~ 0.5 fm in phenomenological potential models.

In this work, we determine the ro and r; scales on the
ensembles of gauge configurations generated by the Coor-
dinated Lattice Simulations (CLS) initiative [15,16]. These
ensembles include the dynamics of the three light (up, down
and strange) quarks. The CLS consortium has produced these
ensembles with an improved lattice action, high statistics, and
multiple lattice spacings, making them particularly suitable
for precision calculations. Incorporating the r( scale into the
analysis of CLS ensembles offers valuable insights into the
continuum and physical quark mass limits.

The article is organized as follows: First, we introduce
the potential between a quark and anti-quark in the static
limit and discuss its properties in Sect. 2. Then in Sect. 3 we
describe the ensembles used in this work which were gener-
ated by the CLS consortium. Next, we present our determi-
nation of the scales ¢ and ry in Sect. 4. We perform various
continuum and chiral extrapolations of the scales rg and rq
in units of the gradient flow scale /7y [17] as well as the
ratio ro/rq in Sect. 5. We draw our conclusions by quoting
our final results for the potential scales and the Ny = 3 QCD
A parameter in units of rg in Sect. 6. There we also discuss
the shape of the static potential at distances smaller than the
string breaking distance and compare it to potential models.
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2 The static potential

The potential V (r) between a static quark and anti-quark sep-
arated by a distance r from each other is one of the most fun-
damental and conceptually simplest quantities computable
in QCD. At short distances it is very well described by per-
turbation theory and calculations to two and three loop order
have been completed [18,19,19-22] both in pure gauge the-
ory and in full QCD. Renormalized couplings can be defined
both from the potential directly [23] (the V-scheme),

1
ay () = —C—FrV(r)\ @

p=r=1"

but also from the static force F(r) = V'(r) [1] or even from
V"(r) [24],

1
agg) = V'O 22)
_ 1 3y,
ac(p) = —ﬁr Vi(r) et (2.3)

The shape of the potential, or the force, at short distances
is related to the S-functions of these couplings, which are
known to 4 loops, derived from the 3-loop calculations of
the potential together with the 4-loop B-function [25,26] of
the MS-coupling.

At long distances without dynamical fermions, the poten-
tial is expected to follow predictions from effective string
theories [8,27]

T
Vi) =or+u+ % +O0/r), y=—7d =2,

(2.4)

where o is the string tension, u is a regularization dependent
mass and y is a coefficient that depends on the space-time
dimensionality d and which is universal across a wide range
of effective string theories. Potential models [28] assume a
certain shape of the static potential to predict heavy meson
spectra. Over the years different phenomenological poten-
tials have emerged, one being the Cornell potential [29]

0.52 r

Vi r)y=-— + , 2.5
Cornell (7)) 234 GeV*1)2 2.5)

another the Richardson potential [30]

8 (Ar)
VRichardson () = 33——2NfA (A” - fT> , (2.6)
4 T (qt) 1 1
sin(gt
H=— |d - —, 2.7
AL n/ 1y [ln(1+q2) qz} @7
0

where Ny = 3, A = 398 MeV was used in the original pub-
lication. In full QCD the string picture is only approximate,
because the string “breaks” at a distance around r ~ 1.2 fm
[11,12,31], and V (r) smoothly transitions from being a static
quark potential to being a (very flat) static-light molecule
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potential. At intermediate distances and in full QCD, the
potential is best computed numerically in the framework of
lattice QCD. When computed on a lattice with lattice spacing
a, V(r) contains a linearly divergent constant Egir(a) ~ %
[32,33], hence the static force, in which this is absent, is
more widely used. An important application is the definition
of hadronic scales [1,13]

rPF(r) =1 or rdF(ro) = 1.65. (2.8)

They play an important role when lattice calculations are
compared to each other and a dependence on experimental
inputs is undesired. One example is the A parameter of QCD,
which often is published in ro-units [34]. In more recent times
the r¢ scale is increasingly being replaced by gradient flow
scales like ¢y [17] or wo [35] which are maybe more abstract,
but easier to compute to a high precision. However the deep
theoretical understanding and the mild lattice artifacts of rq
make it still an appealing choice.

3 Simulations

For our calculation we use a subset of the gauge field ensem-
bles generated by the CLS consortium [15,16]. These were
generated using a Liischer—Weisz-gauge action [36] with
Nt = 2 + 1 flavors of dynamical O (a) improved Wilson
quarks [37,38]. The ensembles cover pion masses from the
SU (3)-symmetric mass point with m, = 420 MeV down
to the physical pion mass, along trajectories where the sum
of bare quark masses stays constant. Five different lattice
spacings between 0.039 and 0.085 fm are available. The lat-
tices have periodic boundary conditions for both gauge and
fermion fields, except for the temporal direction which has
either anti-periodic fermionic boundaries or, especially on all
fine lattices, open boundaries [39]. In case of open bound-
aries, tree-level values for the fermionic and gluonic bound-
ary improvement coefficients were used.

An even-odd preconditioned hybrid Monte-Carlo [40]
with frequency splitting [41] of the quark determinant was
used for the light quark doublet. The strange quark was
treated with an RHMC [42]. For further details concerning
the simulation algorithm we refer the reader to [43] and the
documentation of the openQCD package [44].

The simulated gauge field distribution deviates slightly
from the desired target distribution and all observables are
corrected by the inclusion of a reweighting factor. This
accounts for twisted-mass-reweighting [45,46], imperfec-
tions of the rational approximation and an occasionally neg-
ative strange quark determinant [47].

Keeping the sum of bare quark masses constant along a
chiral trajectory is almost equivalent to keeping a suitable
combination of pion and kaon masses constant. In nature the
dimensionless combination ¢4 = 8t0(m%{ + m% /2) has a
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Table 1 CLS ensembles used in this work. The ensembles are labeled
by and id. For the H102 and N300 ensembles, runs with the same physi-
cal but different simulation parameters exist. The table furthermore lists
the inverse bare coupling f, the lattice sizes, the boundary conditions
in time direction (b.c.), where “0” stands for open and “p” for (anti-

)periodic, the bare quark masses parametrized by the hopping parame-
ters for up/down and strange quarks, the pion mass in MeV taken from
[48] and the statistics in molecular dynamic units. The final entry is a
rough estimate of the exponential autocorrelation time, which is used
during error analysis to attach “tails” to auto-correlation functions

3

B id Ixi b.c (Kud Ks) mz [MeV] Stat. [MDU] Texp [MDU]
3.40 HI01 96 x 323 0 (0.13675962, 0.13675962) 420 8064 26.6
H102-0 96 x 323 0 (0.136865, 0.136549339) 353 3988 26.6
H102-1 96 x 323 o 356 4032 26.6
H105 96 x 323 o (0.13697, 0.13634079) 281 7880 26.6
101 96 x 48 0 (0.137055, 0.136172656) 221 8000 26.6
3.46 B450 64 x 323 p (0.13689, 0.13689) 424 6448 32.9
$400 128 x 323 o (0.136984, 0.136702387) 357 11492 32.9
D450 128 x 643 p (0.137126, 0.136420428639937) 220 2000 32.9
D452 128 x 64° p (0.137163675, 0.136345904546) 157 3996 329
3.55 N202 128 x 48° o (0.137,0.137) 418 7608 473
N203 128 x 483 o (0.13708, 0.136840284) 350 6172 473
N200 128 x 48° o (0.13714, 0.13672086) 288 6848 473
D200 128 x 64° o (0.1372, 0.136601748) 200 8004 473
E250 192 x 963 p (0.137232867, 0.136536633) 131 3800 473
3.70 N300-0 128 x 483 0 (0.137,0.137) 427 2028 77.9
N300-1 128 x 483 o 427 5916 77.9
1303 192 x 64° 0 (0.137123, 0.1367546608) 260 8584 77.9
E300 192 x 96 0 (0.137163, 0.1366751636177327) 177 4548 77.9
3.85 1500 192 x 64° o (0.136852, 0.136852) 416 11552 126.5
1501 192 x 64° o (0.1369032,0.136749715) 339 14236 126.5

value very close to 1.098 [48]. All our ensembles deviate
only slightly from this value. The physical mass point has
¢ = SIOm% = 0.0779(7) [48], which at the flavor symmet-
rical point should be 2¢4 /3. Slight mistunings of the masses
are inevitable, and therefore our symmetric point ensembles
do not all have exactly the same ¢, values, and the chiral
trajectories do not have exactly constant ¢4 values. In the
past such mistunings were corrected by computing quark
mass derivatives of all observables and using these to shift
the results [49]. In this work the main focus is on purely
gluonic observables and on dimensionless ratios of gluonic
observables. In such cases the quark mass dependence is
mild enough to simply ignore the mistunings. This has been
observed in [49], where the necessary shifts in the gluonic
quantity #o were insignificant, but it is also what we observe
for potential scales on the ensembles where we computed
the quark mass derivatives. For example on ensemble D450,
¢4 needs to be reduced by 0.51%. This changes ry by only
0.46 %o, which is negligible, given that its statistical error
is 0.45%. In the end, we avoid using the rather noisy quark
mass derivatives, and instead take the mistuning into account
by including terms proportional to (¢4 — 1.098) in some of
our fits.

The data analysis of auto-correlated Monte-Carlo time
series is treated with the I'-method [50]. An estimate of
the exponential autocorrelation time 7exp is used to take
slowly decaying modes of the auto-correlation functions into
accounts, as proposed in [51]. “Derived observables”, i.e.
non-linear functions of Monte-Carlo estimates, are conve-
niently treated as described e.g. in [52-54], i.e. by storing
their mean values and “projected fluctuations” in suitable
structures. This greatly simplifies linear error propagation
with full control over all correlations and auto-correlations.

Table 1 summarizes the simulations used for this study.

4 Determination of r¢o/a and r1/a

The potential V (r) between a static (infinitely massive) quark
and anti-quark separated by distance r can be extracted from
the expectation values of Wilson loops, which are traces
of products of links along rectangular paths extending in
Euclidean time and one spatial direction. In this article we
consider only r/a x T /a on-axis Wilson loops, but off-axis
(non-planar) Wilson loops can also be used. More precisely,
we compute
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3
WO (xo, 1, T) = 2“—:3 >

n=1 x

X((W(l)(x, XA WO +ri x4+ rfo +TO WO (x + 70, x + rfs + TO) WO (x, x + TO)w)

(w)

+ 7 — —T),

“.1)

where W (x, y) denotes a smeared straight Wilson line
from x to y. We follow the method of [24] for the mea-
surement of the of Wilson loops and use the wloop pack-
age [55]. All gauge links have been HYP2 smeared using
parameters o1 = 1.0, 0p = 1.0, 23 = 0.5 [32,56], which
amounts to a particular modification of the Eichten—Hill
static action [57]. In addition the links for the spatial lines
in W® have undergone ! iterations of 3D HYP smearing
with o = 0.6, 23 = 0.3, which allows us to construct
a variational basis of creation/anihilation operators. After
each iteration we project the gauge fields onto SU(3) as
described in [32] and always use Eq. (2.24) and four iter-
ations of Eq. (2.25) of [32] for the projection. The numbers
of smearing iterations are scaled with the lattice spacing and
are tabulated in Table 3 of Appendix A.1. Finally w denotes
the overall reweighting factor, as described in the previous
section.

Assuming that xo and xo + T are sufficiently far away
from the temporal lattice boundaries, each of the measured
correlation functions possesses a spectral decomposition

00
WO (xo, r, T) = Z c,(,l’k)(r)e_V”(r)T,
n=0

4.2)

with complex coefficients cf{k = c,’i’l *. At short to intermedi-
ate separations r, the lowest lying energy level Vo (r) = V (r)
is the static potential. The level above, Vi (), can be an exci-
tation of the static potential, a static potential with hadrons
that have vacuum quantum numbers (e.g. two pions) or a
pair of static-light mesons. Its nature can change depending
on the distance.

The correlation matrix is Hermitian, weh = W(k’l)*,
but with finite statistics, this symmetry has to be enforced by
symmetrization, before W is used in a GEVP procedure to
extract the energy levels [58—62].

In the statistical average of standard Monte Carlo lattice
simulations, the signal of Wilson loops is the result of strong
cancellations between positive and negative contributions.
This leads to an exponentially growing noise-to-signal ratio
which prevents the calculation of the potential at large dis-
tances. In pure gauge theory an exponential suppression of
the statistical noise of Wilson loops can be achieved by the
multi-hit (or one-link) method [63] and much further by the
multilevel algorithm [64]. These algorithms are not appli-
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cable in presence of dynamical fermions due to the non-
locality of the effective gauge action when the logarithm of
the fermion determinant is included. HYP smearing is known
to reduce the noise problem both in pure gauge theory and in
full QCD. In pure gauge theory it was demonstrated in [65]
that the use of HYP smeared links leads to a determination of
the static potential comparable in precision to the multi-hit
method. In [24] it was shown that this procedure leads to a
determination of the potential between quark and anti-quark
sources that agrees with the continuum potential up to O(a?)
effects (after renormalization).

4.1 Effects of open temporal boundaries

The observables can be averaged in the lattice time direc-
tion, but to avoid effects of the open boundaries only Wilson
loops sufficiently far away from the boundary are taken into
account in the average. To evaluate which cut to use, several
values of the number Ny of timeslices cut from the tem-
poral boundaries have been analysed. The left side of Fig. 1
shows how the result for a particular Wilson loop W (xg, r, T)
depends on the temporal position xo, and our preferred cut
position is indicated. On the right one can see how the final
result for ry, whose determination will be explained in a later
chapter, varies with the position of the cut. Surprisingly, the
effect of including data that is clearly affected by boundary
effects, does not lead to large systematic errors in the final
result. Even the extreme case, where all data is included is
comfortably compatible with our preferred value (in red),
that is free of boundary contaminations. The procedure to
obtain r¢ from Wilson loops involves a GEVP and a subse-
quent plateau average of an effective energy. In this process
differently sized Wilson loops enter, and effects of the open
boundaries may cancel to some extent. In some ensembles
the dependence of the final result on the cut is stronger than
in the ensemble J500 displayed here. The main observation
here is that the error increases when more data is discarded,
while the central value remains almost constant.

In the end we set Ny = 15 for the coarsest lattice and
scale this number with the lattice spacing up to Ny = 33
on the finest lattices.

The time-averaged and symmetrized Wilson loops W(l’k)
(r, T) enter a generalized eigenvalue problem
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Fig. 1 Onthe left W(xo, r, T') as a function of xq is shown for ensemble J500 with loopsize T = 13a and r = 6a together with the cut of N¢y, = 33
timeslices from the open boundaries in time. On the right we plot the dependence of ry on Ny, with the red datapoint being a cut of 33

W(r’ v, = )»nW(r, 1) vy, (4.3)

with eigenvalues and eigenvectors that depend on 7, Ty
and r. The n’th eigenvalue has the asymptotical form
I (T, To, 1) o e~ VeI =T0) The value for Ty = 5a is kept
constant for all ensembles and distances r.

4.2 Improved distance for V, V', V”

Following [1] we eliminate tree level lattice artifacts by using
the improved distance ry
F@rp)=[V@)—V(r—a)l/a. “4.4)
The tree level expression for the static potential extracted
from Wilson loops using HYP smearing for the temporal
lines has been derived in [66,67]. The improved distance r;
is defined such that the continuum tree level expression:

2

8
rletree(rl) = CFﬁa

where, for the gauge group SU(3) Cr = 4/3, holds exactly.
On the lattice the tree level force is given by

4.5)

T
g [ &k
a )3

-7

Firee(r) = —Cf

[cos(rky/a) — cos((r — a)ky/a)] X fsm(k)
4 (3o sin?(kj/2) — dey T3 sinh;/2))

(4.6)

where the smearing factor fyy, is givenin Eqs. (A.3) and (A.4)
of [24]. With ¢; = 0 one would get the result for the plaquette
action. In our case c; = —1/12 is used, which corresponds
to the Liischer—Weisz-gauge action. Similarly for the shape

parameter c(r) an improved definition can be found

1
c(F) = 5173[V(r +a)+ V(i —a)— 2V(r)]/a2, “4.7)
where 7 is chosen such that
gz
Cuee(F) = —Cr L. (4.8)
T

The values of the improved distances for the force F'(r;) and
for ¢(7) for our choice of HYP2 smearing can be found in
Table 4 of Appendix A.2.

4.3 Evaluation of V (r) and F(r)

The ground state potential V (r) can be found by perform-
ing a weighted average in a plateau region of the effective
masses Eo(T, To, r) = LIn(ro(T, To, r)/o(T + a, Ty, r)
extracted from the GEVP. Examples of effective masses are
shown in Fig. 2. From top to bottom, the first row of plots
show the dependence on the lattice spacing a, the second row
the dependence on the pion mass m, and the third row the
dependence on the distance .

On some ensembles it has been difficult to determine the
crucial starting point of the plateau, especially for poten-
tials around r ~ ry. Therefore in contrast to previous work
with these ensembles [68] we performed a fit to the effective

masses of the form
Eo(T, Ty, r) = Eg+ Be 2T, (4.9)

Where plateau averages were unproblematic, such fits yielded
compatible values, but they have the advantage to be able to
fit data at earlier times, in practice all data starting at 7. A

@ Springer
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Fig. 2 Several effective mass plots. The first row shows the symmetric
mass ensembles H101, B450, and J500 with decreasing lattice spacing
at r & ro. In the second row we display ensembles N202, N200, and

/\/

precise value of E( can be obtained even for cases where the
traditional plateau starts very late or is non existent.
Unfortunately this nonlinear three parameter fit by itself
was not stable enough for all effective masses on all ensem-
bles to confidently describe the data and find the ground state
everywhere. To fix this we invoked a two step process. First,
the ensembles where this fit is unproblematic are used to
extract the A parameter as a function of r, m, and the lat-
tice spacing. One global fit per lattice spacing is performed to
establish a model for the A values. The ansatz for the global fit
assumes that the “effective” excited state with energy Eg+ A
has an approximately constant energy as a function of r, and
therefore the difference to V (r) behaves like V (r) itself,

(m2 = (2.

(4.10)

A A r R Z‘O ~
VigA = Ag — 50—to - Vog + boto

NG
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E250 with decreasing pion mass from the symmetrical to physical value
at r ~ rg. The last row shows the finest lattice J501 at m, ~ 340 MeV
with different values of r from 7 up to ro

Once the four parameters Ao, 50, 70, and l;o of this model
are determined, it can be used to read off A on all ensembles,
including those where fit Eq. (4.9) was unstable. That value
is then used in fit Eq. (4.9), turning it into a well behaved
linear fit with two parameters. In Fig. 3 one can see how well
the model (Eq. (4.10)) describes the A values for § = 3.55.
The first datapoints, which have large lattice artifacts, have
not been used in the fit Eq. (4.10), but have been included
visually in the figure. In the interesting range r| < r < rg
the fit describes the data very well.

A fit of the effective mass using the gap from the global
fit Eq. (4.10) can be seen on the left of Fig. 4, where the red
line shows the fit and the darkgrey line the resulting ground
state with the associated uncertainty as dashed lines.

Computing F(r) from the potential V(r) using the
improved distance, see Eq. (4.4) one can find the values of r|
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and ro by Eq. (2.8) which is visualised in the right plot Fig. 4.
Different interpolation ranges can be used to determine the
values of r1 and ry. On the one hand a 2-point interpolation
is used with the two points enclosing the target value. For a
3-point interpolation a third point is included, either corre-
sponding to a smaller or to a larger distance than the points
used in the 2-point interpolation. The interpolation function
used for the 2- or 3-point interpolation is

F(ryr? = fir? + fo, (2-point)  or
F(”I)”]2 = fli’]z + fo + fz/rlz, (3-point),

.11
(4.12)

where fo, fl, and fz are the coefficients of the interpolations.
In Fig. 5 the three interpolations are shown by the lines with
different colors. The purple line, which has an errorband, is
the interpolation used for the final result. It uses three points

0.346

0.344

0.342

CLE() (Ta T0> T)

0.338

0.336

with two points at smaller distances and one point at larger
distance than the targeted value of r. One can see that the
difference between the different interpolations is minuscule
and the results are compatible with each other. For coarser
lattice spacings lattice artifact might be enhanced when very
small Wilson loops are used in the interpolation. The differ-
ences of the interpolations in r is larger, as the forces have
smaller errors, and the 1/72 terms are larger in this region.

4.4 Evaluation of exceptionally problematic ensembles

For a very small number of ensembles and distances, the
determination of the potential from effective energies has
been particularly difficult. In particular, we observed prob-
lems where r was close to 1 on ensembles with finer lattice
spacings. A plot of one of the most problematic cases, the
effective mass of ensemble E300, is shown in Fig. 6. E300
has the second finest lattice spacing with a pion mass close to
the physical one. A dip of the effective mass can be observed
here at large 7'/a. Several methods have been used to analyze
and possibly find a better way to determine the potential for
this case. We mostly focussed on E300, as the pion mass was
close to the physical mass. At first we doubled the amount
of different smearing levels. The hope was to be able to bet-
ter suppress excited states, with a larger basis for the GEVP.
Unfortunately this did not bring the desired improvement of
the effective energy.

Then we looked at different more complicated fit functions
for the effective masses, for example by adding an additional
excited state contribution to Eq. (4.9) that is either fixed to
be two pion masses above Ej or left free. Adding this second
exponential term proved to make the fit less stable for a lot

3.5

25 I .

15} - ]

F(rrt

0.5' - = b—«’]"o

- — T

0 5 10 15 20
ri/a

Fig. 4 The effective masses for ensemble J500 at r/a = 13 with fy/a = 5 on the left together with the fit Eq. 4.9 in red and the ground state
potential as the grey line. On the right is the static force F(r) of the same ensemble together with the values r and 7| of the 3-point interpolation
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Fig. 5 We show the three 1.9~ 1.3~
different interpolations for r 1.68 1.01
(left) and ry (right). The red line 1.8} 66 . 1.2
corresponds to the 2-point 1
interpolation using the nearest 1.7[164 / 1af
points to the target r-value. The N 1.62 = [o.99
yellow line uses the same points Tief 123 124 125 = Too8ls 82
and one point at a shorter = =
distance. The purple line is with 15f 0.9}
one point at a larger distance.
The purple line is the one used 1.4l 0.8l -
for the final result and has an I
included errorband. On the top 130 . . . . . . 0.7 . . . . . .
left of the figure is a zoomed in 105 11 115 12 125 13 135 6.5 7 7.5 8 8.5 9 9.5
view of the point of interest ri/a ri/a
Fig. 6 On the left ensemble 0.2875 0.2875 . .
R . § GEVP
E300 with a loopsize of . # Generalized Pencil-of-Function
r/a = 6, which is in the range 0.287 0.287 ]
of r1, showing the plateau ’
calculation using the fit method - 02865 - 028651 ¢ s
described in Sect. 4.3. The right Ec? 0.286 Ec'" o286f ¢ : ¢ P
figure shows the difference o e s, i3 [N
between using the GEVP S 02855 frososissiiosssisdmpesseenipendd 202855 == —
method in blue and the effective R t } } f 9 ’ ! +
mass calculated through the 0.285 ] 0285
pencil of function method in red 02845 0.2845 l
for E300 '
0284 5 10 20 0-284 5 10 15 20
T/a T/a

of ensembles, so that the fit form in Eq. (4.10), did not work
any more.

The method used in the end for this difficult case is the pen-
cil of functions method [62,69-72], which seems to produce
a more reliable plateau albeit with a larger error. The method
expands the original 4 x 4 correlation matrix to an 8 x 8 in
which every element W(k’l)(r, T) of the original matrix is

w0y W T+ 1)
W(k’l)(r, T +71) W(k’l)(r, T +21)
T = 2a here. This larger matrix is “pruned” [73] down to
6 x 6, before the GEVP problem is solved as before. A dif-
ference between the “normal” effective energies and the ones
calculated with this new method can be seen on the right of
Fig. 6 for the E300 ensemble.

Other cases in which the plateau was not well defined were
ensembles B450 and J501. In the latter only in the range of
r1. The problems seem to be unrelated to the quark mass or
resolution of the lattices, as it did not appear for E250 at the
physical pion mass nor for other ensembles at the fine lattice
spacing.

replaced by . We use

5 Continuum and chiral extrapolations

Using the methods explained in the previous chapter a value
for ro/a and ry/a is determined and collected in Table 5 of

@ Springer

Appendix A.3 for each of the 18 ensembles. A plot with the
values together with a global fit of the form

ro
—=cilg + ca(romy)? (5.1)

is shown in Fig. 7. For both ry and r; the pion mass depen-
dence is very mild, leading to nearly horizontal trends of the
fit functions. Note that the data point for E300 (purple point
farthest to the left) is more than one sigma away from the
fit which we also observe for ro/r| and r1//%p. The results
of the scales extrapolated to the physical value of m, and to
chiral limit (m, = 0) can be found in Table 2. These results
will be used in Sect. 6.2 to calculate A X rg.

For the next step we combine our values of ry and 7
with /7 into a dimensionless ratio. Statistical correlations
between the quantities entering the ratios are propagated into
our analysis. Such ratios are independent of the overall scale
and data from different lattice spacings fall onto a univer-
sal curve (a function of m ), up to lattice artifacts. A com-
bined continuum and chiral (inter! -)extrapolation requires an
ansatz that models the lattice artifacts and the mass depen-
dence. The global fit used in Fig. 8 is of the form

2
, r a
Fit1: —2 — cil) + cél) ( Sym> + Cél)(romn)z, (5.2)
¥,

Vi ;

! One ensemble is generated at the physical pion mass.
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Fig. 7 ro/a and ry /a for all 13 " 8.5 B
ensembles as a function of + * sk - °
(romz)? (left) and (r1mr)? 2 A F =34
(right). A global fit Eq. (5.1) is " e 7.5p O
F =3.7 _
performed on the data 3 385 7F i 2 Tt
10¢p ¢ - 6.5 o .
i i~
= 9 ~ 6
~ ~
sl 5.5F
5 -
7 -
- = o 4.5 _
6F - - - 4 . . )
5 : : : : . 3.5 : : : : :
0 02 04 06 08 1 0 01 02 03 04 05
(TOmW)Z (7’1"77%)2
where r(s)ym is the value for the ensembles calculated at the Table 2 Results of 2, "L in the chiral limit (m, = 0, superscript “x”)

symmetric point with degenerate quark masses. This partic-
ular fit assumes that lattice artifacts are purely O(a®) and
do not depend on the mass. The physical mass dependence
is assumed to be linear in m2. The symmetric ensembles
correspond to the point farthest to the right for each lat-
tice spacing. Ideally these points would be on top of each
other, but scatter slightly because of the mistunings, as dis-
cussed in Sect. 3. The black/grey band on the bottom of
the figure shows the mass dependence in the continuum
limit by setting ¢> in Eq. (5.2) to zero. Using the physi-
cal mass of the pion m, = 134.8 MeV (after correcting
for isospin breaking effects [49]) and the physical value of
J/To = 0.1443(7)(13) fm [48] the physical value for o can
be extrapolated.

In addition to looking at all data, in Fig. 8, we plot the data
at the symmetric mass point as a function of a? to visualize
the continuum extrapolation entailed in the fit. The solid lines
in Fig. 9 are the fit functions evaluated setting (rom 2 =1.1
and (rlm,,)2 = 0.47 in Eq. (5.2) respectively. The fit curve
follows the displayed data nicely, even if it comes from a
global fit including all data.

Complementing the fit defined in Eq. (5.2), which is
labeled as F, three other fits are performed on the ro/\/fy
data with changed or added terms,

2
. ro ) ) a
Fit2: — = +
\/% S =) (r(s)ym)
+ e (rom)? + 5P (mra)?, (5.3)
2
: ro 3, & 4
Fit3: — =
\/5 Sl + =) <r(s))’m )
+ P + ¢V (1.098 — ), (5.4)
2
: ro @, wf a
Fit4: — = +c —_—
\/% Sl 2 (tgym>
+ P2 4 ¢V (1.098 — ). (5.5)

and at the physical point (no superscript)

B r())(/a ro/a rlx/a ri/a

34 5.941(35) 5.934(35) 3.883(8) 3.880(8)
3.46 6.676(26) 6.670(26) 4.341(6) 4.338(6)
3.55 7.773(21) 7.766(21) 5.055(5) 5.052(5)
3.7 9.860(46) 9.854(46) 6.462(12) 6.460(12)
3.85 12.540(88) 12.533(88) 8.214(23) 8.211(23)

The second fit labeled F> defined in Eq. (5.3) is similar
to Fit 1, but with an added term that parameterizes mass
dependent lattice artifacts. In Fits 3 Eq. (5.4) and 4 Eq. (5.5)
we allow for a mistuning of data with respect to the desired
value ¢4 = 1.098. In Fit 3 the lattice artifact is oc a2/ réym,
while Fit 4 uses a2/ tgym.

To further investigate possible systematic errors, several
cuts on the data are performed. Either one or two of the coars-
est lattices are neglected. In addition data too far away from
the physical mass point can be excluded. The mass cut, when
in place, eliminates all data at the symmetrical mass point.
Results of rp depending on the different fits and cuts together
with their associated x2/d.o. f. can be found in Table 6 in
Appendix A.4 and visualized in a plot in Fig. 10. All in all
the extrapolated values are in agreement with each other. The
main effect of the cuts is a slight increase in error. The biggest
disparity is observed for r; when discarding the coarsest 2
lattice spacings. An explanation might be that with the cuts
in place the slightly out-lying E300 value gets a relatively
higher statistical weight. In the initial phase of the analysis
we considered computing the derivative of all observables
with respect to ¢4 and applying a mistuning correction on all
ensembles, but since Fit 3 and Fit 4 yield very similar results
to the fits without a parameterization of the mistunings, we
did not deem the correction to be necessary. Especially since
these derivatives are quite noisy for purely gluonic observ-
ables. The final values are given by an average according to

@ Springer



673  Page 10 of 20 Eur. Phys. J. C (2025) 85:673
Fig. 8 Onthe le.ft the values 3.6 =5 2.32 T
ro/+/To and the right ro/4/7y are 3 55h|FA=36 ] 23f| # o =34
plotted together with a global fit B e P ‘{’
corresponding to Fit 1 in Eq. 5.2. 3.5 L& =385 l ﬁ, 1 228f| 4 o385 5 } {
The grey band on the bottom S % 1 2.26}
corresponds to the continuum - 34T t \ [ ,#:‘ ] oa ’l(_,_)_//—}f//}’”
extrapolation of said fit 3.4F i | g ' ;
~ ~
< [ . L I T 222 1
335 FI—’I_ l % 2.2F
33p 1 2.18f
3.25 2.16 /
3.2 : : : : : 2.14 : : : : :
0 02 04 06 08 1 12 0 01 02 03 04 05 06
(roms)? (rimg)?
Fig. 9 The same fits as in 36 = 235 e
Fig. 8 displayed as a function of Y —3.46 3 5 =3.46
the lattice spacing at the s b 23l # hor 1
symmetric point 3.5[L+ B=385 ] + B=385 ;
3.45} + ] 225l ]
=~ =~
335} 227
3.3}
215}
3.25}
3.2 2.0 . . : : : : :
0 0005 001 0015 002 0.025 0.03 0 001 002 003 004 005 006 0.07
(a/ro)? (a/r1)?
the Akaike Information Criterion [74—77], short AIC. 5.1 Corrections to leading scaling violations
Niis st Our continuum extrapolations assume pure O (a?) lattice arti-
(5.6)

(0) =Y w(0),
n=1

where the AIC weight for a given fit and cut labelled by 7 is
given by

1
whC = Nexp [_E(X,f 2N zzv,sm} .G

. . . 1
N is a normalization factor, N,‘f Arameters the number of fit

parameters for a given fit, and NS the number of excluded
datapoints. The points with the coarsest lattice spacing are
excluded in the overall average, which is visualized by the
empty markers in the figure.

The same analysis is repeated for the values of ro/r1, seen
on the left of Fig. 11, where the fit corresponding to the grey
band in the plot is done using a linear fit similar to Eq. (5.2).
On the right of the same figure the different fits and cuts are
seen together with the AIC average. Compared to ro/+/fo and
r1//1o, the effect of the cuts is larger for ro/r;.
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facts. Symanzik’s effective theory [78] for our action pre-
dicts subleading 0(a3) artifacts, which we neglect. What
is potentially more problematic, is that already the leading
scaling violations are not expected to be of pure O (a?) form,

but rather receive logarithmic corrections O (a2 In(aA) _f)

[79-81]. The possible exponents I" are related to anoma-
lous dimensions of the various dimension 6 operators that
enter the Symanzik action. They are known in pertur-
bation theory and for our action have values like [ e
{—0.11111,0.24731, 0.51852, ...}. More logarithmic cor-
rections are expected that depend on the specific observables.
Even if all possible exponents were known, performing a fit
containing all such lattice artifact terms is simply impossi-
ble. To judge the potential impact of these logarithms we

re-visit Fit 1, but instead of the pure (a/ rsym)2 term consider

(a/ r(s)ym)2 In [réym /a]r , in which we vary the I* within a
reasonable range. Figure 12 summarizes our findings. For
the ro case we also show a few of the modified fits in Fig. 13.
We conclude, that our procedure of investigating various
different cuts on the data-set, e.g. neglecting the coarsest
(B > 3.4), or the two coarsests (8 > 3.46) lattice spac-
ings leads to similar or greater spreads of the continuum val-
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Fig. 10 The top panel shows T T

the values of rg at the physical ——S—— | o alldata
point obtained from the different . = 0 my <400
. . Fit 1 _— & B >34
fits listed in Table 6 of A A: B >3.46
Appendix A 4 together with . 4 m, <400 & B >34
different cuts, as well as the =
weights (5.7). At the bottom the —_—
same is shown for 1. The green Fit 2 —_—
point corresponds to the AIC —A——
average excluding the coarsest —
lattice spacing shown as empty
markers Fit 3
_—
—_—
Fit 4 _—
AS
AIC average ————@———
0.46 0.47 0.48 0.49 0.50 0.1 02 03 04
7o[fm] Weights
[ S ——— o: all data
_— O m, <400
Fit 1 _ o: 3>34
—aA——— | A\: §>3.46
—_— *: mg <400 & 3 >3.4
_
_—
Fit 2 —
— A
—_—e——————
Fit 3 =
_—
_—
Fit 4 — ——
A h
—_——
AIC average —————
0.305 031 0.315 0.32 0325 0 01 02 03 04
71 [fm] Weights
ues than allowing different logarithmic factors. For our final and o _ 1.532(12). (6.3)
extrapolations we thus stay with I' = 0. "

6 Results and conclusions
6.1 The scales rg and ry
The main result of this work are the values of the scales ry and

r1 from the static force, as well as their ratio, at the physical
mass point of Ny =2 4 1 QCD,

ro = 0.4729(57)(48) fm,
r1 = 0.3127(24)(32) fm,

6.1
(6.2)

In ro and rq the first error is from the uncertainty of the
dimensionless ratio r; //7y in the continuum limit, as listed
below, and the second error due to the scale /7y in fm [48].
Both should be combined in quadrature. For the dimension-
less ratios r; //fp we obtain

ro

— =3.277(39), 6.4
NG (39) (6.4)
r _

Figure 14 compares these values with previous determi-
nations for Ny = 2 4+ 1 together with the Flag average [34]
and Nf = 2+ 1+ 1. In [97,98] it was shown that effects
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Ho Hp ﬂ=3'.4 ' I ' ' ] I —o— <l>: all data =] I I ‘ I
i B =3.46 —E— | O m; <400
535 Fit 1 —— | >34 I
=37 —A—— | A $>3.46 B
4 5=385 —r— Lxeme <40 & >34
— a |
—_—
L35t l 1 Fi2 —— —
[ i _ ]
— — L I ——i .
& T
\ I ,
f T
S l {..;4 Fit 3 I_
15¢ . |
—o— [
—F—
Fit 4 —— I_
R —
—_— I
AIC average ——
1.45 L . L . . L L L L . . 1 .
0 0.2 0.4 0.6 0.8 1 1.2 145 15 1.55 160 01 02 03 04
(roms)? ro/T1 Weights

Fig. 11 On the left: the values of ro/r; of the different ensembles together with a fit like Eq. (5.2). The grey band is the fit result in the continuum
limit. On the right: the results of the different fits and cuts performed on the data together with the AIC average excluding the coarsest lattice spacing

i >34 o 3>34
o1 3> 346 o 3> 3.46

o >34
o1 §>3.46

e 0.583 —o 0.583 *—o 0.583
&0 0.519 *—=o 0.519 *—=o 0.519
80 0.247 ® ° 0.247 *—+o 0.247
80 0.198 e ° 0.198 o—e 0.198
L -0.111 L ¢ -0.111 *—¢ -0.111
0.4I65 0.:17 0.4I75 0.;18 0.4I85 0.3I06 0.3I08 0.;31 0.3I12 0.3I14 0.3I16 0.3I18 1.I5 1.é2 1.;4 1.;6
ro[fm] 7y [fm] ro/T1

Fig. 12 The impact of logarithmic corrections on the contjnuum values of rg (left), r; (middle), and ro/r; (right). Different colors refer to data
sets with different cuts on the coarsest lattice spacing. The I" used in the fit is printed to the right of the corresponding error bars

of a dynamical charm quark on ratios of low energy scales
are typically at permille level. Thus we expect the results
for the scales rp, r1 and the ratio ro/r; to agree between
Ny =24+ 1QCD and Ny =2+ 1 + 1 QCD at the current
level of accuracy. As a follow up to Sect. 4.4 an analysis has
been performed where E300 has been removed from the cal-
culations altogether. The result is that only the value of rq
changes slightly within the errors. The values with the E300-
cut in place are ro = 0.4728(76) fm, r; = 0.3106(37) fm,
and % = 1.526(17).
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6.2 The A-parameter in units of ro for Ny = 3 QCD

The strong coupling “constant” is a fundamental parameter
of QCD and a precise knowledge of its value of great impor-
tance for many predictions that QCD makes. The value of the
coupling at any scale can be computed from its RG-equation,
provided that the dimensionful A-parameter in that scheme
is known. It has been a great success of lattice QCD to be able
to produce the most accurate results for Ay using only very
precise low energy experiments as inputs (e.g. the masses
and decay rates of pseudo-scalar mesons) [99]. To remove
the additional complications of scale-setting from the results,
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3.6
F =34
3 B =3.46
3.55¢ 5. =355
B =37
35fL+ 6=38
3.45
S
2 34
o
~
3.35
3.3t
3.25
3.2

0 0.005 0.01 0.015 0.02 0.025 0.03

(a/ro)?

Fig. 13 Fits with different (a/ rsym)2 In [ ym /a] terms. To plot all
data together, the mass dependent part of the ﬁt function was subtracted
from the data, i.e. the displayed data is in the chiral limit. The bands
correspond to the same I values as in Fig. 12, where the bottom one
has [' = —0.111 and the top one 0.583

lattice collaborations often publish dimensionless intermedi-
ate results, that can be compared without setting the scale.
These are typically the A-parameter in units of ro, /7 or
wo. Values for roA and /7oA are collected, assessed and
averaged by the FLAG group [34] in addition to the results
in MeV.

In recent years the r( units were largely replaced by scales
based on the gradient flow, and e.g. the recent result of the
ALPHA collaboration [100] has only used the latter. That
particular calculation constructs the fully non-perturbative
scale evolution of a coupling over a wide range of scales
using a finite-size-scaling method. This procedure yields a
value for LhadA% in the continuum limit of massless three
flavor QCD, where Lp,g is some constant linear box size. In
a last step Lpag is traded for /7y by extrapolating the ratio
of Lpaa/a over \/fy/a to the continuum limit. For this to be
possible, both quantities need to be known using the same
lattice action at the same set of improved bare couplings gg.

F B—34
3 B=3.46
0.5f + B=355 %
0.49
0.48F
0.47 : : . : .
0 0005 001 0.015 0.02 0.025 0.03
(a/ro)?

Fig. 15 Continuum extrapolations of the ratio of ry/a over Ly,q/a for
two definitions of the scale Lp,q as explained in the text

This was all carried out in [100], using two different defi-
nitions of Lp,g, both implicitly defined by the gradient-flow
coupling §GF(L{a1d) having a particular value, namely

3
Ser(Lpy ) = 1131 — Lhad,lA% = 1.729(57),

(6.6)

Bor(Liggy) = 1020 = Lpag2ASL = 1.593(53).

6.7)

The finite lattice spacing results for Lpaq,; /a were tabulated
in Table V of the supplementary material of [100].

To obtain the A parameter in rg units, we could go ahead
and multiply the original result for /7y A by our ratio ry/+/o.
This would however involve two continuum extrapolations,
namely the one for Lpag/+/To and ours from Sect. 5. But
because we use the exact same action at the same set of
improved bare couplings, we are in the fortunate position to
be able to completely eliminate the flow quantity #y from the
calculation and directly continuum extrapolate the ratio ro/a

TUMQCD

TUMQCD —@—
—_— ETM 14 —— HPQCD 13A @ TUMQCD
—— FLAG average —— HPQCD 11B . e
average
This work —— FLAG average
—a— This work
—a— HotQCD 14 —@—  This work
—————&———— RBC/UKQCD 10A
—.— XQCD 14
i MILC 10
—— HotQCD 11 HH HotQCD 11
—— MILC 9
— RBC/UKQCD 10A
" MILC 5A —. RBC/UKQCD 10A
——@—— PACS-CS 08 = HPQCD 098
—— HPQCD 05B —_—— HPQCD 05B —— Aubin 04
—_—— Aubin 04 — Aubin 04
0.44 0.46 0.48 0.5 0.52 0.3 0.31 0.32 0.34 0.35 0.36 1.4 1.45 1.5 1.55 1.6 1.65

ro[fm]

71 [fm]

To/T1

Fig. 14 Results of rp on the left, r in the middle, and m to the right. All of them are in comparison with the results from the FLAG review 2021.
The upmost points represented by circles are calculated usmg Nf =2+ 1+ 1 QCD while the others are Ny = 2 + 1 QCD [34,82-96]
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§ E250, 3 =355
——————— PT, Nf=3, 4-loop ]
Richardson

Cornell 1

0.6} s ]

0 0.2 0.4 0.6 0.8 1 1.2 1.4
T / To

Fig. 16 The shape parameter c(r) (Eq. (6.11) and its lattice definition
Eq. (4.7)) for the ensemble E250 at the physical point is plotted as a
function of the improved distance 7 (defined through Eq. (4.8)) in units
of rp. For comparison we show the perturbative (PT) curve at short
distance, the value ¢ = —0.52 in the Cornell model Eq. (2.5) and the
curve derived from the Richardson potential Eq. (2.6)

over Lpaq/a. This extrapolation turns out to be very well
behaved and is shown in Fig. 15, yielding

" _0475539)  — oAl =0822(28).  (6.8)
Lhad,1 MS

10 = 0.5149(41) — r()AQ = 0.820(28), (6.9)
Lhad,2 MS

both in good agreement with the FLAG average roA% =
0.808(29), which includes the calculations [100-106]. Both
values of the A parameter in 7 units, Egs. (6.8) and (6.9) are
equally good and we quote

roA% = 0.820(28) (6.10)
as our final result.

6.3 Shape of the potential

The renormalized quantity

c(r) = %PV”(r) 6.11)

can be used to study the shape of the static potential. At
short distances r — 0 the dependence of c(r) on the dis-
tance r is governed by the renormalization group equation.
This is because of the relation to the renormalized coupling
ac(n) = —c(r)/Cr given in Eq. (2.3). At large distance
the behaviour of c¢(r) depends on the flavour content. In
pure gauge theory it approaches asymptotically the value
c(o0) = y = —n(d — 2)/24, see Eq. (2.4). In a theory
with dynamical fermions string breaking happens and so
c(oo) = 0 due to the flattening of the ground state static
potential. Therefore we expect c(r) to be very sensitive to
sea quarks effects.
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For these reasons c(r) is an interesting quantity to be
studied by lattice simulations. An improved lattice defini-
tion of c(r) is given in Eq. (4.7), in terms of a distance
r = 1 chosen such that at tree level in perturbation the-
Ory O tree = g(z)/(4rr), cf. Eq. (4.8). Precise values of ¢(r)
have been calculated in pure gauge theory in [8] using a multi-
level sampling algorithm. They have been compared to lattice
results from Ny = 2 QCD simulations in [24] showing the
expected large effects due to the sea quarks. It is also inter-
esting to compare c(r) measured on the lattice to the expec-
tations from phenomenological potentials like the Cornell
Eq. (2.5) or the Richardson Eq. (2.6) potential. In particular
the Cornell potential yields a constant ¢(r) = —0.52.

Figure 16 shows our data for ¢(7) as a function of 7/rg
computed on the ensemble E250 at the physical point. Notice
that string breaking happens at 7/ry &~ 2.6 [12] so the data
shown are for distances well below this threshold. For 7 — 0
we plot the perturbative curve (black) obtained using the 4-
loop B-function for the coupling o as given in Appendix B.1
of [24] using for the A parameter the value in Eq. (6.10). The
grey band represents the uncertainty in the A parameter from
Eq. (6.10). We see that our data do not reach distances small
enough to make contact with the perturbative behaviour. In
the region 0.5—1.3 rg the data points follows remarkably close
the curve of the Richardson potential (blue) using Eq. (6.10)
for the A parameter. The blue band represents the uncer-
tainty of the A parameter from Eq. (6.10). We observe a
dependence of ¢ on the distance which is clearly different
from the constant behaviour assumed in the Cornell model.
The statistical quality of the data degrades fast with increas-
ing distance. Together with the noise-to-signal problem of
the Wilson loops there is a factor 73 in the definition of ¢
which amplifies further the problem at large distances r. The
situation can be improved if multi-level sampling algorithms
with dynamical fermions [107] are applied but this is beyond
the scope of the present study.
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Funded by SCOAP?.

Appendix
A.1 Wilson-loop parameters

See Table 3.

Table3 Maximal temporal and spatial sizes of the Wilson loops, smear-
ing levels and number of measurements are listed for each ensemble

B id Tmax/a Fmax/d Smearing Nmeas
3.40 H101 24 16 8, 14 2016
H102-0 24 16 8, 14 997

H102-1 24 16 8, 14 1008

H105 24 16 8, 14 1970

Cl101 24 16 8, 14 2000

3.46 B450 24 16 11,18 1612
S400 24 16 11,18 2873

D450 24 16 11,18 500

D452 24 16 11,18 999

3.55 N202 24 16 15,25 1902
N203 24 16 15,25 1543

N200 24 16 15,25 1712

D200 24 16 15,25 2001

E250 24 16 15,25 950

3.70 N300-0 28 20 20, 30 507
N300-1 28 20 20, 30 1479

J303 28 20 20, 30 1073

E300 28 20 20, 30, 45, 60 1137

3.85 J500 32 24 25,35 1444
J501 32 24 25,35 3559

Table 4 Values of r;/a used for

V’ and 7 /a for V" for one level r/a rifa la

of HYP2 smearing in static 4 3.568 4.053

quark action 5 4541 5.030
6 5.523 6.015
7 6.510 7.001
8 7.504 7.992
9 8.499 8.987
10 9.497 9.984
11 10.496 10.983
12 11.495 11.982
13 12.495 12.982
14 13.494 13.983
15 14.494 14.983
16 15.494 15.984
17 16.495 16.984
18 17.495 17.985
19 18.495 18.985
20 19.495 19.986

A.2 Improved distance

To determine the improved distance we calculate the momen-
tum integral Eq. (4.6) numerically as a L/a — oo limit
of discrete momentum sums. The sums, which we denote
by G(L/a) were computed for lattices of sizes L/a = 64
up to L/a = 512. To extrapolate to an infinite lattice we
use the ansatz G(L/a) = G(00) + c2(a/L)? + ¢3(a/L),
see appendix A of [24]. Other ansitze including the terms
ca(a/L)" and cs(a/L)° were tried as well to estimate the
systematics. Using Eq. (4.5) we find ;. The improved dis-
tance for 7 /a is determined similarly (Table 4).

A.3 Raw results per ensemble
See Table 5.
A .4 Fit results

See Table 6.
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rTla/l:e :nth}ﬁZ ;/:tlii)eis'oo/frjof/;’ all p id r/a ro/7
ensembles 3.40 H101 5.81(7) 3.842(13) 1.511(19)

H102 5.87(8) 3.886(14) 1.511(20)
H105 5.89(8) 3.860(11) 1.526(21)
101 5.94(4) 3.874(8) 1.534(10)
3.46 B450 6.57(8) 4299(19) 1.527(20)
400 6.71(7) 4331(17) 1.549(15)
D450 6.62(3) 4327(9) 1.530(9)
D452 6.69(3) 4340(8) 1.542(8)
3.55 N202 7.72(6) 5.066(19) 1.525(14)
N203 7.77(5) 5.036(14) 1.543(10)
N200 7.78(6) 5.025(13) 1.549(12)
D200 7.693) 5.041(9) 1.526(6)
E250 7.79(2) 5.054(5) 1.541(5)
3.70 N300 9.77(11) 6.41331) 1.525(20)
1303 9.84(5) 6.432(13) 1.530(8)
E300 9.84(11) 6.529(24) 1.506(18)
3.85 1500 12.43(9) 8.163(28) 1.523(12)
1501 12.61(15) 8.226(32) 1.533(19)

Table 6 The different fits together with the cuts used to find the scales rg, ry, and the ratio ro/r; at physical point used in Figs. 10 and 11

Fit # Cut method ro [fm] x2d.o.f r1 [fm] x2/d.o.f ro/r1 x2/d.o.f
Fit 1 No cuts 0.4758(57) 12.6/15 0.3100(32) 30.4/15 1.5344(95) 13.6/15
my < 400 MeV 0.4750(57) 10.5/10 0.3100(32) 27.5/10 1.5325(94) 12.0/10
B >34 0.4724(61) 9.7/11 0.3104(33) 27.0/11 1.5224(127) 10.0/11
B > 3.46 0.4728(73) 7.2/7 0.3130(35) 18.4/7 1.5142(199) 7.6/7
my <400 MeV and 8 > 3.4 0.4716(62) 8.1/7 0.3104(33) 25.0/7 1.5198(123) 8.5/7
Fit 2 No cuts 0.4763(57) 11.1/14 0.3099(32) 30.1/14 1.5341(93) 13.1/14
my < 400 MeV 0.4778(59) 4.2/9 0.3102(33) 23.6/9 1.5396(95) 8.1/9
B >34 0.4730(62) 8.6/10 0.3104(33) 26.3/10 1.5222(125) 9.8/10
B > 3.46 0.4731(73) 6.5/6 0.3127(35) 18.2/6 1.5124(186) 7.2/6
my < 400 MeV and B > 3.4 0.4745(64) 2.3/6 0.3107(33) 21.0/6 1.5272(126) 5.5/6
Fit 3 No cuts 0.4762(63) 12.4/14 0.3099(33) 30.7/14 1.5350(105) 13.4/14
my < 400 MeV 0.4755(68) 10.4/9 0.3099(33) 27.719 1.5351(149) 11.5/9
B >34 0.4724(78) 9.8/10 0.3104(35) 27.2/10 1.5225(152) 10.0/10
B > 3.46 0.4724(175) 7.2/6 0.3144(49) 16.4/6 1.5114(295) 7.5/6
my < 400 MeV and g > 3.4 0.4716(86) 8.1/6 0.3103(36) 25.0/6 1.5213(230) 8.5/6
Fit 4 No cuts 0.4769(61) 12.3/14 0.3106(33) 30.0/14 1.5351(109) 13.0/14
my < 400 MeV 0.4762(66) 10.3/9 0.3106(33) 27.1/9 1.5350(141) 11.4/14
B >34 0.4733(73) 9.66/10 0.3108(35) 26.8/10 1.5231(160) 10.0/14
B > 3.46 0.4729(166) 7.1/6 0.3145(48) 16.4/6 1.5121(334) 8.1/14
my < 400 MeV and g > 3.4 0.4726(82) 8.0/6 0.3107(36) 24.6/6 1.5220(216) 8.3/14
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