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Abstract In this work, we test the cosmic distance duality
relation (CDDR) using the arbitrary redshift pivot Padé-(2,1)
expansion methodology developed in Ref Fazzari et al. http://
arxiv.org/abs/2509.16196. This approach allows us to con-
strain the cosmography parameters and test the CDDR at any
redshift. Further, it does not rely on data reconstructions or
extrapolations of the cosmography parameters to higher red-
shifts. We employ observational data from the Dark Energy
Spectroscopic Instrument (DESI) Baryon Acoustic Oscilla-
tion dataset, cosmic chronometers (CC), and Type Ia super-
novae from the Pantheon Plus (PP) and Dark Energy Sur-
vey Year 5 (DESY5) compilations. We find no significant
deviations from the standard CDDR relation in the range
0 � z � 1 when considering DESI+rd dataset in combi-
nation with PP+CC and DESY5+CC datasets. However, on
imposing a Gaussian prior on MB ∈ N (−19.253, 0.027)

(instead of treating it as a free parameter) in the dataset
combination PP+CC, we find CDDR violation at a level of
(3 − 5)σ.

1 Introduction

The cosmic distance duality relation (CDDR) [2] is one of
the fundamental tenets in cosmology. It is based on three
fundamental assumptions [3]: how the metric theory of grav-
ity describes space-time, propagation of photons along null
geodesics, and photon number conservation. It does not
assume any information about the expansion history of the
universe and hence, is agnostic to the underlying cosmolog-
ical model. The CDDR establishes a relation between two
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distance measures for an astronomical object - the lumi-
nosity distance (DL(z)) and the angular diameter distance
(DA(z)). Mathematically, the relation is given by DL(z) =
(1 + z)2DA(z). Due to its fundamental nature, testing this
relation implies testing the foundations of modern cosmol-
ogy itself [4,5]. Any violation of CDDR would point to a
whole bunch of new physics scenarios as recently reviewed
in [6].

With the advent of precision cosmology, various tensions
have come under scrutiny in the �CDM framework: the
most prominent being the Hubble tension [7–17]. The Hub-
ble tension refers to the discrepancy in measurements of
the present expansion rate of the universe (H0) between the
CMB data and low-redshift probes and with statistical signif-
icance greater than 5σ . Studies indicate that any violations
of CDDR may signal inconsistencies in distance calibrations
among various cosmological probes [18,19], which could
alleviate the observed tensions. Hence, assessing the validity
of the CDDR is crucial in the context of current cosmolog-
ical discrepancies. In light of these tensions, it has become
important to consider model-independent approaches to ana-
lyze cosmological data [20–26]. Various such techniques
exist in the literature, such as Artificial Neural Networks
(ANN) [27–32], cosmography [33–36], Gaussian Process
Regression (GPR) methods [37–43] and many more [42,44–
46]. Over the years, a plethora of combinations of cosmo-
logical probes and methodologies have been utilized to test
CDDR. (See [5,6,47–68] for a non-exhaustive list). In most
of the works which test CDDR using cosmography [69,70],
the constraints on the cosmography parameters are obtained
at redshift z = 0. Then, considering a parameterization for
η(z) = DL (z)

DA(z)(1+z)2 , the CDDR relation is tested over a wide
range of redshifts. This process has the limitation that this test
depends on extrapolation of cosmography parameters. Most
recently, [1] (henceforth, F25) introduced generalized Padé-
(2,1) expansions around arbitrary pivot redshifts. This has

0123456789().: V,-vol 123

http://crossmark.crossref.org/dialog/?doi=10.1140/epjc/s10052-025-15267-7&domain=pdf
http://orcid.org/0009-0004-1615-6197
http://orcid.org/0009-0008-2103-0336
http://orcid.org/0009-0006-2240-2336
http://orcid.org/0000-0002-0466-3288
http://arxiv.org/abs/2509.16196
http://arxiv.org/abs/2509.16196
mailto:ph24resch01006@iith.ac.in
mailto:ph24mscst11036@iith.ac.in
mailto:r.okazaki663@gmail.com
mailto:shntn05@gmail.com


   25 Page 2 of 7 Eur. Phys. J. C            (2026) 86:25 

the advantage of constraining the cosmography parameters
at any fiducial redshift.

In this work, we use the Padé-(2,1) expansions introduced
in F25 to test CDDR at the pivot redshifts. This approach is
advantageous because it does not rely on any extrapolation
or reconstruction techniques or specific parameterizations.
This paper is organized as follows. In Sect. 2 we introduce
the datasets considered and the outline our methodology, in
Sect. 3 we present our results and finally, in Sect. 4 we sum-
marize our findings.

2 Methodology

In this section we describe the datasets employed and the
methodology adopted to test the CDDR.

• Baryon Acoustic Oscillations (BAO): We use the recent
Dark Energy Spectroscopic Instrument (DESI) data
release 2 [71]. The measurements we consider are DV /rd
(for BGS), DM/rd , DH/rd and the correlations between
them from different tracers for seven redshift bins cen-
tered around 0.295, 0.51, 0.71, 0.93, 1.32, 1.48, and 2.33.
DM (z) is the transverse comoving distance, DH (z) is the
Hubble distance and DV (z) is the angle averaged dis-
tance, all normalized to the sound horizon at the drag
epoch (rd ). Since cosmography methods like Padé and
Taylor expansions are accurate only at low redshifts, they
do not change early universe physics. Hence, in our anal-
yses we consider a Planck-derived Gaussian prior on rd
taken to be N (147.09, 0.26) Mpc [72].

• Cosmic Chronometers (CC): Cosmic Chronometers
directly measure the Hubble expansion rate H(z) by
using massive, passively evolving galaxies as cosmic
clocks [73,74]. Motivated by the concerns raised in
Ref. [75], we restrict our analysis to a subset of 15
data points [76–78] for which the full covariance infor-
mation, including correlations and systematics, is avail-
able [79,80].

• Supernovae (SNe): We use PantheonPlus (PP) [81] and
Dark Energy Survey (DES) Y5 SNe [82] samples in this
work. PP consists of 1701 light curves of 1550 distinct
Type Ia SNe. We remove SNe for z � 0.01 due to strong
peculiar velocity dependence [83]. DESY5 consists of
1829 Type Ia SNe (1635 in the range 0.1 < z < 1.13 and
194 external low-redshift sample spanning 0.025 < z <

0.1). When using PP, we impose both a uniform prior on
the peak absolute magnitude: MB ∈ U(−21,−18) [84]
and a Gaussian prior MB ∈ N (−19.253, 0.027) based
on Cepheid calibration of Type Ia SNe based on SH0ES
observations [85]. For DESY5, MB is marginalized over
so no prior is required in this case.

Cosmography [33,34,86] describes the expansion history
of the universe in a model-independent way by expressing
cosmological observables in terms of derivatives of the scale
factor or the expansion rate. This is done by carrying out
a Taylor expansion of the cosmological observables about
redshift z = 0. Observational data are then used to con-
strain the cosmography parameters [87] at the present epoch:
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of Taylor expanding observables is evident. It diverges at
higher redshifts (z � 1), which limits its applicability given
that most datasets probe redshifts in that region [88].

To overcome this, many other series expansion strate-
gies have been proposed [89,90], the most popular being the
Padé approximants [91–94]. Following the methodology of
F25, we use the Padé-(2,1) expansion as it provides the best
compromise between accuracy, stability and the number of
kinematic parameters [95–97]. F25 derived expressions for
H (2,1)(z) and D(2,1)

L (z) expanded about an arbitrary pivot
redshift z0. This allows one to overcome the limitations of the
traditional Padé approximants by being able to constrain cos-
mography parameters at any particular redshift value directly
and improve the precision of fitting cosmological data at
higher redshifts. Using these expressions (presented below),
we constrain the cosmography parameters over the redshift
range 0 ≤ z ≤ 1, with a step size of 0.1. For this purpose, we
utilize different combinations of datasets (described above)
specifically, BAO+rd and SNe+CC where SNe is taken to be
either PP or DESY5. We also use the dataset PP+CC+MB

to isolate the effect of introducing a Gaussian prior on MB

instead of keeping it as a free parameter.
The cosmography expansions for H (2,1)(z) and D(2,1)

L (z)
are as follows [1]:

f (2,1)(z) = a0 + (a1 − a0b1)x + (a2 − a1b1 + a0b
2
1)x

2

+ (−a2b1 + a1b
2
1 − a0b

3
1)x

3 + O(x4), (1)

where the Padé parameters (a0, a1, a2, b1) can be fixed by
comparing to the Taylor expansions of H(z) and DL(z)
which are given by

HTay(z) = c0 + c1x + c2x
2 + c3x

3 + O(x4), where (2)

c0 = H(z0) (3)

c1 = H(z0)A (4)

c2 = H(z0)B (5)

c3 = H(z0)C and (6)

DTay
L (z) = c0 + c1x + c2x

2 + c3x
3 + O(x4), where (7)

123



Eur. Phys. J. C            (2026) 86:25 Page 3 of 7    25 
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In Eqns. 2-11, A = 1+q(z0)
1+z0

, B = j (z0)−q(z0)
2

2(1+z0)2 and C =
3q(z0)

3+3q(z0)
2−(4q(z0)+3) j (z0)−s(z0)

6(1+z0)3 . Then, we fix the Padé
parameters in Eqn. 1 using a0 = c0, a1 = c1 + c0b1, a2 =
c2 + c1b1 and b1 = − c3

c2
. Finally, using these Padé parame-

ters, we can get the Padé-(2,1) expressions for H (2,1)(z) and
D(2,1)

L (z) using

f (2,1)(z) = a0 + a1x + a2x2

1 + b1x
(12)

To test CDDR, we use the relation

η(z = z0) = DL(z0)

(1 + z0)2DA(z0)
, (13)

where, DL(z) is the luminosity distance at redshift z and
DA(z) is the angular diameter distance, given by

DL(z) = c(1 + z)
∫ z

0

dz′

H(z′)
(14)

DA(z) = DM (z)

1 + z
. (15)

DM (z), DV (z), and DH (z) are given by

DM (z) = c
∫ z

0

dz′

H(z′)
(16)

DH (z) = c

H(z)
(17)

DV (z) = [zDM (z)2DH (z)]1/3. (18)

Finally, the relation between MB and DL(z) for Type Ia SNe
is given by:

m(z) = 5 log10

[
DL(z)

Mpc

]
+ 25 + MB, (19)

where m(z) denotes the SNe apparent magnitude.
We use Cobaya sampler [98] to perform Markov Chain

Monte Carlo (MCMC) sampling [99,100] in order to con-
strain the cosmography parameters at the pivot redshift
z0. We consider the chains to have converged for the
Gelman-Rubin criterion of R − 1 � 0.01 [101]. We

use GetDist [102] for analysis and visualization of the
Bayesian posteriors. In this work, we consider a flat universe
(Eqn. 16).

To test CDDR, we first compute DA(z0) by inserting
the cosmography parameters constrained from the BAO+rd
dataset in Eqn. 15. Similarly, we compute DL(z0) by using
the constraints on the cosmography parameters derived from
the SNe+CC and PP+CC+MB datasets and evaluating
Eqn. 14. Finally, we form the ratio in Eqn. 13 to obtain η(z0).
For each MCMC run, we extract the full posterior samples
of the cosmography parameters.

Since the error bars on η(z0) are asymmetric, we sym-
metrize using the following equation: [103]

σs = 1

2

[
2

σ+σ−
σ+ + σ−

+ √
σ+σ−

]
, (20)

where σs is the symmetrized uncertainty, and + and − denote
the upper and lower error bars, respectively.

3 Results and Discussion

The values of the cosmography parameters are listed in
Table 1. The deviations of η(z0) from its standard value of
1 are reported in the last column. Figure 1 provides a visual
representation of the constraints on η(z0) for each dataset
combination.

For DESI+rd , PP+CC and DESY5+CC we recover iden-
tical constraints on the cosmography parameters and the same
overall trends as reported in F25.

Since we use BAO+rd dataset to constrain DA(z0) and
SNe+CC dataset to constrain DL(z0), there is no issue of
correlated uncertainties as the two dataset combinations are
statistically independent. Moreover, we account for all uncer-
tainties because we propagate the entire posterior distribu-
tions of the cosmography parameters from each MCMC
chain when computing η(z0). With this we can confirm that
the check for CDDR is cosmology-independent.

Our results indicate no violation of CDDR within 1σ

for SNe+CC dataset combined with BAO+rd dataset. The
uncertainties associated with η(z0) lie at the percent-level,
typically in the range (5 − 7)%.

Using the PP+CC+MB dataset to constrain DL(z0) we
see that there is a deviation of ∼ (3−5)σ of CDDR parameter
η(z0) from its theoretical value of 1. This is due to the tension
that exists between the early universe inferred rd value and
the late universe obtained MB value.

We also note that the constraints on the cosmography
parameters obtained using PP+CC+MB dataset are sim-
ilar to the one found using PP+CC. Only the H0 values
from PP+CC+MB dataset are higher than those using found
using PP+CC dataset since the MB calibration pushes H0 to
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be higher. Further the error bars on H0 are comparatively
smaller than in PP+CC due to the breaking of the degener-
acy between H0 and MB .

4 Conclusions

In this work, we test the cosmic distance duality relation
(CDDR) by applying the methodology of F25 to a combi-
nation of CC, DESI BAO, and SNe data from the PP and
DESY5 compilations. Specifically, we employ the general-
ized Padé-(2,1) expansion about arbitrary pivot redshifts to
obtain model-independent constraints on the CDDR param-
eter η(z) (cf. Eqn. 13). This approach allows us to avoid
extrapolating cosmography parameters constrained at red-
shift z = 0 to higher redshifts. Moreover, our method does
not require dataset reconstructions, which can introduce addi-

tional uncertainties, noise, or dependence on binning choices.
Instead, we determine the values of the cosmography parame-
ters and η(z) at a chosen pivot redshift. In this sense, our anal-
ysis represents the first test of the CDDR performed directly
at specific redshifts.

We find no CDDR violation within 1σ in the redshift
range [0, 1] for the dataset SNe+CC. However, on impos-
ing a Gaussian prior on MB (instead of treating it as a free
parameter), we notice CDDR violation at the ∼ (3 − 5)σ

level. This is expected since there exists a tension between
the value of rd inferred from early universe observations and
the MB value obtained from late universe data [16,36]. This
CDDR violation was also noticed in [48]. Hence, calibra-
tion plays an important role in determining whether CDDR
is violated or not. It will be interesting to see what happens
at higher redshifts when more data is available.

Table 1 Cosmography parameter constraints at 68% credible intervals
for pivot redshifts in the range z0 ∈ [0, 1]. The constraints on the CDDR
parameter η(z = z0) and its deviation from η(z0) = 1 is also shown. For
each pivot redshift, cosmography constraints are shown for all datasets.

As described in the text, BAO+rd constrains DA(z0) while SNe+CC
constrains DL (z0). Hence, η(z0) and its deviations are reported only
for the SNe+CC combinations. It is understood that the SNe+CC and
BAO+rd datasets are combined as specified above

Redshift Dataset H(z0) q(z0) j (z0) s(z0) η(z0) Deviations(σ )
[km/s/Mpc]

z0 = 0.0 DESI+rd 68.4 ± 1.5 −0.53 ± 0.16 1.12+0.36
−0.79 0.61+0.19

−1.2

PP+CC 67.3 ± 4.4 −0.51 ± 0.07 1.38 ± 0.54 1.8+1.6
−2.2 – –

PP+CC+MB 72.94 ± 0.9 −0.50+0.06
−0.07 1.24 ± 0.50 > 1.41 – –

DESY5+CC 67 ± 4.3 −0.43+0.07
−0.10 0.97+0.66

−0.55 1.2+2.4
−1.9 – –

z0 = 0.1 DESI+rd 71.87 ± 0.89 −0.42+0.13
−0.12 1.03+0.33

−0.72 0.13+2.0
−0.7

PP+CC 70.6 ± 4.3 −0.41 ± 0.04 1.27 ± 0.44 1.4+1.7
−2.5 1.026+0.065

−0.059 0.42

PP+CC+MB 76.93 ± 0.97 −0.4 ± 0.04 1.13 ± 0.46 1.8+2.6
−1.7 0.942+0.019

−0.018 3.13

DESY5+CC 71.5 ± 4.5 −0.34 ± 0.05 0.78+0.50
−0.57 0.4+2.4

−1.8 1.017+0.070
−0.061 0.26

z0 = 0.2 DESI+rd 75.88 ± 0.46 −0.32+0.10
−0.08 0.95+0.28

−0.64 −0.43+1.74
−0.48

PP+CC 74.8 ± 4.6 −0.33 ± 0.03 1.42 ± 0.40 1.0+2.0
−2.6 1.017+0.065

−0.058 0.28

PP+CC+MB 81.2 ± 1.1 −0.33 ± 0.03 1.33 ± 0.39 > 0.52 0.938 ± 0.016 3.88

DESY5+CC 74.9 ± 4.5 −0.29 ± 0.03 1.17 ± 0.53 1.1+2.2
−2.6 1.021+0.065

−0.058 0.34

z0 = 0.3 DESI+rd 80.44+0.57
−0.44 −0.24+0.058

−0.048 0.85+0.21
−0.50 −0.97+1.04

−0.22

PP+CC 80.7 ± 4.8 −0.26 ± 0.03 0.68 ± 0.13 0.99+1.6
−2.9 0.999+0.061

−0.055 0.017

PP+CC+MB 86.6 ± 1.1 −0.26 ± 0.03 0.68 ± 0.13 1.2+1.7
−2.7 0.931 ± 0.014 4.93

DESY5+CC 79.7 ± 4.8 −0.24 ± 0.03 1.09+0.33
−0.25 0.6+2.0

−2.9 1.010+0.065
−0.056 0.17

z0 = 0.4 DESI+rd 85.41+0.76
−0.53 −0.16 ± 0.03 0.80+0.22

−0.41 −1.31+0.69
−0.17

PP+CC 85.6 ± 4.9 −0.20 ± 0.03 0.56 ± 0.05 0.9+2.1
−2.7 0.996+0.058

−0.053 0.072

PP+CC+MB 91.6 ± 1.2 −0.21 ± 0.03 0.56 ± 0.05 1.0+1.8
−2.7 0.931 ± 0.013 5.31

DESY5+CC 85.2+4.6
−5.2 −0.18 ± 0.03 0.68 ± 0.10 0.7+1.9

−2.9 1.005+0.059
−0.056 0.09

z0 = 0.5 DESI+rd 90.82+0.73
−0.65 −0.11 ± 0.03 0.73+0.23

−0.29 −1.52+0.10
−0.33

PP+CC 90.4 ± 5.1 −0.15 ± 0.04 0.57+0.03
−0.04 0.4 ± 2.4 0.99+0.058

−0.052 0.18

PP+CC+MB 97.0 ± 1.5 −0.16 ± 0.04 0.57 ± 0.03 0.3+2.1
−2.4 0.93 ± 0.013 5.38

DESY5+CC 90.1 ± 5.3 −0.12 ± 0.04 0.64 ± 0.04 0.6+2.3
−2.8 1.008+0.060

−0.055 0.14
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Table 1 continued

Redshift Dataset H(z0) q(z0) j (z0) s(z0) η(z0) Deviations(σ )
[km/s/Mpc]

z0 = 0.6 DESI+rd 96.43+0.81
−0.72 −0.05+0.02

−0.03 0.74+0.21
−0.26 −1.76+0.13

−0.38

PP+CC 95.3 ± 5.6 −0.09 ± 0.04 0.62+0.04
−0.05 −0.2+2.1

−2.4 1.006+0.060
−0.054 0.11

PP+CC+MB 102.8 ± 1.8 −0.1 ± 0.04 0.61+0.04
−0.05 −0.4+1.9

−2.1 0.931 ± 0.013 5.31

DESY5+CC 95.6 ± 5.6 −0.07 ± 0.04 0.67+0.04
−0.05 0.0+2.0

−2.6 1.007+0.062
−0.055 0.12

z0 = 0.7 DESI+rd 102.38 ± 0.7 −0.01+0.02
−0.03 0.73+0.18

−0.20 −2.10+0.19
−0.34

PP+CC 100.6 ± 5.9 −0.03 ± 0.04 0.69 ± 0.06 −0.8+2.0
−2.3 1.012+0.060

−0.056 0.21

PP+CC+MB 109.0 ± 2.0 −0.04+0.04
−0.05 0.68+0.05

−0.07 −1.2+1.6
−1.9 0.932 ± 0.012 5.67

DESY5+CC 101.2 ± 5.9 −0.01 ± 0.04 0.73+0.05
−0.06 −0.8 ± 1.9 1.009+0.060

−0.055 0.16

z0 = 0.8 DESI+rd 108.51 ± 0.74 0.03+0.03
−0.04 0.75+0.20

−0.17 −2.37+0.24
−0.44

PP+CC 107.1 ± 6.3 0.04+0.05
−0.04 0.77 ± 0.07 −1.6 ± 1.8 1.010+0.061

−0.052 0.18

PP+CC+MB 115.8 ± 2.4 0.02+0.05
−0.04 0.75 ± 0.07 −2.1+1.4

−2.1 0.932 ± 0.013 5.23

DESY5+CC 107.6 ± 6.3 0.05 ± 0.05 0.81+0.07
−0.08 −1.6+1.8

−2.1 1.009+0.061
−0.055 0.16

z0 = 0.9 DESI+rd 114.81 ± 0.74 0.06+0.03
−0.04 0.78+0.17

−0.13 −2.78+0.28
−0.46

PP+CC 114.5 ± 7.0 0.13 ± 0.06 0.91+0.09
−0.13 −2.1 ± 1.6 1.011+0.063

−0.058 0.18

PP+CC+MB 123.5+2.8
−3.2 0.11+0.05

−0.06 0.87+0.08
−0.11 −2.6+1.0

−2.1 0.932 ± 0.013 5.23

DESY5+CC 114.2 ± 7.1 0.13+0.05
−0.06 0.93+0.09

−0.12 −2.1 ± 1.6 1.015+0.065
−0.058 0.24

z0 = 1.0 DESI+rd 121.34 ± 0.8 0.09 ± 0.04 0.82+0.16
−0.11 −3.2+0.36

−0.58

PP+CC 121.6 ± 7.2 0.22+0.07
−0.08 1.09+0.12

−0.18 −2.6 ± 1.3 1.019+0.063
−0.057 0.32

PP+CC+MB 131.4 ± 3.5 0.18 ± 0.06 1.0 ± 0.11 < −2.57 0.934 ± 0.013 5.07

DESY5+CC 121.3 ± 7.3 0.21+0.07
−0.06 1.07 ± 0.13 −2.6+1.3

−1.6 1.019+0.066
−0.056 0.31

Fig. 1 Constraints on η(z0) along with 68% credible intervals for SNe+CC dataset (where SNe is either PP or DESY5) in combination with
BAO+rd at the pivot redshifts z0 ∈ [0, 1]

Overall, this work demonstrates the application of the
arbitrary-pivot Padé-(2,1) expansion introduced in F25. We
also conclude that our results show no evidence for a viola-
tion of the CDDR when using uncalibrated SNe dataset.
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