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Abstract In this work, we test the cosmic distance duality
relation (CDDR) using the arbitrary redshift pivot Padé-(2,1)
expansion methodology developed in Ref Fazzari et al. http://
arxiv.org/abs/2509.16196. This approach allows us to con-
strain the cosmography parameters and test the CDDR at any
redshift. Further, it does not rely on data reconstructions or
extrapolations of the cosmography parameters to higher red-
shifts. We employ observational data from the Dark Energy
Spectroscopic Instrument (DESI) Baryon Acoustic Oscilla-
tion dataset, cosmic chronometers (CC), and Type Ia super-
novae from the Pantheon Plus (PP) and Dark Energy Sur-
vey Year 5 (DESYS5) compilations. We find no significant
deviations from the standard CDDR relation in the range
0 < z < 1 when considering DESI4r; dataset in combi-
nation with PP4-CC and DESY5+CC datasets. However, on
imposing a Gaussian prior on Mg € N (—19.253,0.027)
(instead of treating it as a free parameter) in the dataset
combination PP+CC, we find CDDR violation at a level of
3 —-95)o.

1 Introduction

The cosmic distance duality relation (CDDR) [2] is one of
the fundamental tenets in cosmology. It is based on three
fundamental assumptions [3]: how the metric theory of grav-
ity describes space-time, propagation of photons along null
geodesics, and photon number conservation. It does not
assume any information about the expansion history of the
universe and hence, is agnostic to the underlying cosmolog-
ical model. The CDDR establishes a relation between two
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distance measures for an astronomical object - the lumi-
nosity distance (D (z)) and the angular diameter distance
(D4 (z2)). Mathematically, the relation is given by Dy (z) =
(1 4+ 2)2D4(z). Due to its fundamental nature, testing this
relation implies testing the foundations of modern cosmol-
ogy itself [4,5]. Any violation of CDDR would point to a
whole bunch of new physics scenarios as recently reviewed
in [6].

With the advent of precision cosmology, various tensions
have come under scrutiny in the ACDM framework: the
most prominent being the Hubble tension [7-17]. The Hub-
ble tension refers to the discrepancy in measurements of
the present expansion rate of the universe (Hp) between the
CMB data and low-redshift probes and with statistical signif-
icance greater than 5o. Studies indicate that any violations
of CDDR may signal inconsistencies in distance calibrations
among various cosmological probes [18,19], which could
alleviate the observed tensions. Hence, assessing the validity
of the CDDR is crucial in the context of current cosmolog-
ical discrepancies. In light of these tensions, it has become
important to consider model-independent approaches to ana-
lyze cosmological data [20-26]. Various such techniques
exist in the literature, such as Artificial Neural Networks
(ANN) [27-32], cosmography [33-36], Gaussian Process
Regression (GPR) methods [37-43] and many more [42,44—
46]. Over the years, a plethora of combinations of cosmo-
logical probes and methodologies have been utilized to test
CDDR. (See [5,6,47-68] for a non-exhaustive list). In most
of the works which test CDDR using cosmography [69,70],
the constraints on the cosmography parameters are obtained
at redshift z = 0. Then, considering a parameterization for
n(z) = [Z))L((IZJ)FZ)Z , the CDDR relation is tested over a wide
range of redshifts. This process has the limitation that this test
depends on extrapolation of cosmography parameters. Most
recently, [1] (henceforth, F25) introduced generalized Padé-
(2,1) expansions around arbitrary pivot redshifts. This has
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the advantage of constraining the cosmography parameters
at any fiducial redshift.

In this work, we use the Padé-(2,1) expansions introduced
in F25 to test CDDR at the pivot redshifts. This approach is
advantageous because it does not rely on any extrapolation
or reconstruction techniques or specific parameterizations.
This paper is organized as follows. In Sect. 2 we introduce
the datasets considered and the outline our methodology, in
Sect. 3 we present our results and finally, in Sect. 4 we sum-
marize our findings.

2 Methodology

In this section we describe the datasets employed and the
methodology adopted to test the CDDR.

e Baryon Acoustic Oscillations (BAO): We use the recent
Dark Energy Spectroscopic Instrument (DESI) data
release 2 [71]. The measurements we consider are Dy /ry
(for BGS), Dy /r4, Dy /rq and the correlations between
them from different tracers for seven redshift bins cen-
tered around 0.295,0.51,0.71, 0.93, 1.32, 1.48, and 2.33.
Dy (2) is the transverse comoving distance, D (2) is the
Hubble distance and Dy (z) is the angle averaged dis-
tance, all normalized to the sound horizon at the drag
epoch (rg). Since cosmography methods like Padé and
Taylor expansions are accurate only at low redshifts, they
do not change early universe physics. Hence, in our anal-
yses we consider a Planck-derived Gaussian prior on ry
taken to be A/(147.09, 0.26) Mpc [72].

e Cosmic Chronometers (CC): Cosmic Chronometers
directly measure the Hubble expansion rate H(z) by
using massive, passively evolving galaxies as cosmic
clocks [73,74]. Motivated by the concerns raised in
Ref. [75], we restrict our analysis to a subset of 15
data points [76-78] for which the full covariance infor-
mation, including correlations and systematics, is avail-
able [79,80].

e Supernovae (SNe): We use PantheonPlus (PP) [81] and
Dark Energy Survey (DES) Y5 SNe [82] samples in this
work. PP consists of 1701 light curves of 1550 distinct
Type Ia SNe. We remove SNe for z < 0.01 due to strong
peculiar velocity dependence [83]. DESYS consists of
1829 Type Ia SNe (1635 in the range 0.1 < z < 1.13 and
194 external low-redshift sample spanning 0.025 < z <
0.1). When using PP, we impose both a uniform prior on
the peak absolute magnitude: Mp € U(—21, —18) [84]
and a Gaussian prior Mg € N (—19.253,0.027) based
on Cepheid calibration of Type Ia SNe based on SHOES
observations [85]. For DESYS5, Mp is marginalized over
0 no prior is required in this case.
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Cosmography [33,34,86] describes the expansion history
of the universe in a model-independent way by expressing
cosmological observables in terms of derivatives of the scale
factor or the expansion rate. This is done by carrying out
a Taylor expansion of the cosmological observables about
redshift z = 0. Observational data are then used to con-
strain the cosmography parameters [87] at the present epoch:

Hubble constant (Ho = g |Z=0), the deceleration parameter

(q =— #% ) the jerk parameter <j0 = #% )
0 1z=0 0 lz=0
and the snap parameter ( so = HLS% i The limitation
7=

of Taylor expanding observables is evident. It diverges at
higher redshifts (z = 1), which limits its applicability given
that most datasets probe redshifts in that region [88].

To overcome this, many other series expansion strate-
gies have been proposed [89,90], the most popular being the
Padé approximants [91-94]. Following the methodology of
F25, we use the Padé-(2,1) expansion as it provides the best
compromise between accuracy, stability and the number of
kinematic parameters [95-97]. F25 derived expressions for
HZD(7) and D(Lz’l)(z) expanded about an arbitrary pivot
redshift zg. This allows one to overcome the limitations of the
traditional Padé approximants by being able to constrain cos-
mography parameters at any particular redshift value directly
and improve the precision of fitting cosmological data at
higher redshifts. Using these expressions (presented below),
we constrain the cosmography parameters over the redshift
range 0 < z < 1, with a step size of 0.1. For this purpose, we
utilize different combinations of datasets (described above)
specifically, BAO+r; and SNe+CC where SNe is taken to be
either PP or DESY5. We also use the dataset PP+CC+Mp
to isolate the effect of introducing a Gaussian prior on Mp
instead of keeping it as a free parameter.

The cosmography expansions for > (z) and Dg’l) (2)
are as follows [1]:

F@®V(2) = ag + (a1 — aob1)x + (a2 — arby + aph})x*
+ (—azby + a1b? — aph})x> + O(x™h), ey

where the Padé parameters (ao, a1, a2, b1) can be fixed by
comparing to the Taylor expansions of H(z) and Dy (2)
which are given by

H™ () = co + c1x + c2x” + c3x° + O@xY), where  (2)

co = H(z0) (3)
c1 = H(z0)A 4)
¢ = H(z0)B Q)
c3 = H(z0)C and (6)

Dzay(z) = o+ c1x + cax? + 33> + O(H), where  (7)
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3 = 2(1 + 20) (A2 — B —3A]. 1
s = g 20+ = B) an
In Egns. 2-11, A = IT_“’_—(ZZOO), B = %—Zggﬂ and C =
39(G0)*+39 G0’ ~(4q(0)+3)j G0)=5G0)  Then, we fix the Padé
6(1+20)’ ‘ ’
parameters in quio 1 using a9 = cg, a1 = c1 + cob1, ar =
¢y + c1by and by = —g—;. Finally, using these Padé parame-

ters, we can get the Padé-(2,1) expressions for H 2D (z) and
Df’l)(z) using

@D () = ap + arx + axx?

12
! 1+b1x (2
To test CDDR, we use the relation
Dy.(z0)
n(z=z0) = (13)

(14 20)2Da(z0)’

where, Dy (z) is the luminosity distance at redshift z and
D 4(z) is the angular diameter distance, given by

DL = c(l +2) f Az (14)
o H()
D
Da(z) = 1”1(?. (15)

Dy (2), Dy (z), and Dy (z) are given by

Z dZ/
Dy(z)=c A m (16)
C
Di(d) = = (17)
Dy (z) = [zDm(2)* D (2)]'°. (18)

Finally, the relation between Mp and Dy (z) for Type Ia SNe
is given by:

Dp(2)
Mpc

m(z) =510g10|: ]+25+MB, (19)

where m(z) denotes the SNe apparent magnitude.

We use Cobaya sampler [98] to perform Markov Chain
Monte Carlo (MCMC) sampling [99,100] in order to con-
strain the cosmography parameters at the pivot redshift
z0. We consider the chains to have converged for the
Gelman-Rubin criterion of R — 1 < 0.01 [101]. We

~

use GetDist [102] for analysis and visualization of the
Bayesian posteriors. In this work, we consider a flat universe
(Eqn. 16).

To test CDDR, we first compute D4(z9) by inserting
the cosmography parameters constrained from the BAO+r,4
dataset in Eqn. 15. Similarly, we compute Dy (zo) by using
the constraints on the cosmography parameters derived from
the SNe+CC and PP+CC+Mp datasets and evaluating
Eqn. 14. Finally, we form the ratio in Eqn. 13 to obtain 1(zg).
For each MCMC run, we extract the full posterior samples
of the cosmography parameters.

Since the error bars on 7n(zp) are asymmetric, we sym-
metrize using the following equation: [103]

1 o10_

oy = 2 |:2— + 4/0+a_:| , (20)

U++G_

where oy is the symmetrized uncertainty, and + and — denote
the upper and lower error bars, respectively.

3 Results and Discussion

The values of the cosmography parameters are listed in
Table 1. The deviations of 1n(zg) from its standard value of
1 are reported in the last column. Figure 1 provides a visual
representation of the constraints on 7(zp) for each dataset
combination.

For DESI+r4, PP+CC and DESY5+CC we recover iden-
tical constraints on the cosmography parameters and the same
overall trends as reported in F25.

Since we use BAO+r; dataset to constrain D4 (zg) and
SNe+CC dataset to constrain Dy (zq), there is no issue of
correlated uncertainties as the two dataset combinations are
statistically independent. Moreover, we account for all uncer-
tainties because we propagate the entire posterior distribu-
tions of the cosmography parameters from each MCMC
chain when computing n(zp). With this we can confirm that
the check for CDDR is cosmology-independent.

Our results indicate no violation of CDDR within lo
for SNe+CC dataset combined with BAO+r; dataset. The
uncertainties associated with 7(zp) lie at the percent-level,
typically in the range (5 — 7)%.

Using the PP4+CC+ M p dataset to constrain Dy (zo) we
see that there is a deviation of ~ (3—5)o of CDDR parameter
1(zo) from its theoretical value of 1. This is due to the tension
that exists between the early universe inferred r; value and
the late universe obtained Mp value.

We also note that the constraints on the cosmography
parameters obtained using PP+CC+Mp dataset are sim-
ilar to the one found using PP4-CC. Only the Hy values
from PP+ CC+ M p dataset are higher than those using found
using PP4-CC dataset since the M g calibration pushes Hj to

@ Springer
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be higher. Further the error bars on Hy are comparatively
smaller than in PP4-CC due to the breaking of the degener-
acy between Hy and Mp.

4 Conclusions

In this work, we test the cosmic distance duality relation
(CDDR) by applying the methodology of F25 to a combi-
nation of CC, DESI BAO, and SNe data from the PP and
DESYS5 compilations. Specifically, we employ the general-
ized Padé-(2,1) expansion about arbitrary pivot redshifts to
obtain model-independent constraints on the CDDR param-
eter n(z) (cf. Eqn. 13). This approach allows us to avoid
extrapolating cosmography parameters constrained at red-
shift z = 0O to higher redshifts. Moreover, our method does
notrequire dataset reconstructions, which can introduce addi-

Table 1 Cosmography parameter constraints at 68% credible intervals
for pivot redshifts in the range zo € [0, 1]. The constraints on the CDDR
parameter 1(z = zo) and its deviation from 1 (z¢) = 1 is also shown. For
each pivot redshift, cosmography constraints are shown for all datasets.

tional uncertainties, noise, or dependence on binning choices.
Instead, we determine the values of the cosmography parame-
ters and n(z) at a chosen pivot redshift. In this sense, our anal-
ysis represents the first test of the CDDR performed directly
at specific redshifts.

We find no CDDR violation within 1o in the redshift
range [0, 1] for the dataset SNe+CC. However, on impos-
ing a Gaussian prior on Mp (instead of treating it as a free
parameter), we notice CDDR violation at the ~ (3 — 5)o
level. This is expected since there exists a tension between
the value of ry4 inferred from early universe observations and
the Mp value obtained from late universe data [16,36]. This
CDDR violation was also noticed in [48]. Hence, calibra-
tion plays an important role in determining whether CDDR
is violated or not. It will be interesting to see what happens
at higher redshifts when more data is available.

As described in the text, BAO+r; constrains D 4(zo) while SNe+CC
constrains Dy (zo). Hence, n(zp) and its deviations are reported only
for the SNe-+CC combinations. It is understood that the SNe+CC and
BAO+r, datasets are combined as specified above

Redshift Dataset H (z0) q(z0) J(zo) s(z0) 1n(z0) Deviations(o)
[km/s/Mpc]
20=00  DESI4ry 684+ 1.5 —0.53£0.16 1.12+03% 0.61791°
PP-+CC 67.3+£4.4 ~0.51 £0.07 1.38 £ 0.54 1.8%3% - -
PP+CC+Mp 72.94 4 0.9 ~0.5010:06 1.24 +0.50 > 1.41 - -
DESY5+CC 67+4.3 —0.437097 0.9770:%¢ 12725 - -
20=0.1 DESI+r4 71.87 £0.89 —0.4270-13 1.03%033 0.13%59
PP-+CC 70.6 £ 4.3 —0.41 +0.04 1.274+0.44 1417 1.02670.9%3 0.42
PP+CC+Mp 76.93 £ 0.97 —0.4£0.04 1.13£0.46 1.8775 0.9427901 3.13
DESY5+CC 71.5+4.5 ~0.34 £0.05 0.7870:39 0.47%% 101775979 0.26
20 =02 DESI+74 75.88 £0.46 —0.3275.09 0.9570:28 —0.43%578
PP+CC 74.8 + 4.6 ~0.33£0.03 1.42 +0.40 1.013:0 101710082 0.28
PP-+CC+Mp 812+ 1.1 —0.33 £0.03 1.33£0.39 > 0.52 0.938+£0.016  3.88
DESY5+CC 749+ 4.5 ~0.29£0.03 1.17+£0.53 11132 1.021100%2 0.34
20 =03 DESI+r4 80.44 1037 —0.2410-0%% 0.85702) -0.9770%
PP-+CC 80.7+£4.8 —0.26+£0.03  0.68+0.13  0.997)§ 0.9997 0064 0.017
PP-+CC+Mp 86.6 % 1.1 ~0.26£0.03  0.68+0.13 1247 0.931+£0.014 493
DESY5+CC 79.7+£4.8 —0.24 £0.03 1.097032 0.6739 1.01070:093 0.17
20 =04 DESI+r4 85.41107¢ —0.16 £0.03 0.807047 —-1.3110%
PP+CC 85.6+£4.9 —0.20 £ 0.03 0.56 + 0.05 0.931 0.9961005% 0.072
PP-+CC+Mp 91.6+ 1.2 —0.21+£0.03  0.56+0.05 1.0%}8 0.931£0.013 531
DESY5+CC 85.2+%S —0.18 £0.03 0.68+0.10  0.7737 1.005790%9 0.09
20=05  DESI+ry 90.8270 73 —0.11+£0.03 07373 —1.527039
PP-+CC 90.4 £5.1 —0.15+£0.04  0.577003 04+24 0.9970:0%8 0.18
PP+CC+Mp 97.0+ 1.5 ~0.16£0.04  057+£0.03 0373} 0.93£0.013 5.38
DESY5+CC 90.1+£5.3 —0.12£0.04 0.64 £0.04 0.6733 1.00870:960 0.14
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Table 1 continued

Redshift Dataset H(zop) q(z0) J(zo) s(zo) n(zo0) Deviations(o’)
[km/s/Mpc]
20=0.6  DESI4+ry 96.43708 —0.055:02 0.741021 1767033
PP+CC 95.3£5.6 —-0.09£0.04  0.62700¢ —0.272] 1.0060:0 0.11
PP+CC+Mp 102.8 + 1.8 —0.1£0.04 0.61790¢ —0.4139 0.931+0.013 531
DESY5+CC 95.6£5.6 —0.07£0.04  0.67700¢ 0.0139 1.00710:062 0.12
20=0.7  DESI+ry 102.38 £ 0.7 —0.011003 0.737928 —2.10%039
PP+CC 100.6 £5.9 —-0.03+£0.04  0.69£0.06 -0.8139 1.01270:050 0.21
PP+CC+Mjp 109.0 £2.0 —0.0470:04 0.6870.03 —-1248 0.932£0.012  5.67
DESY5+CC 101.2+£5.9 —-0.01£0.04 0737003 —08+1.9 1.009 79059 0.16
20=08  DESI+ry 108.51£0.74  0.03700 0.757939 —2.37102
PP+CC 107.1 +£6.3 0.0410.03 0.77 +0.07 —1.6+18 1.010100%) 0.18
PP+CC+Mjp 1158 £2.4 0.0240.03 075+£0.07  -2.157 0.932£0.013 523
DESY5+CC 107.6 6.3 0.05 +0.05 0.8110.0 -1.655% 1.0097 905 0.16
20=09  DESI4+ry 114.81+£0.74  0.0670% 0.78917 2781028
PP+CC 114.5+7.0 0.13 +0.06 0.917999 ~21£16 1.011750% 0.18
PP+CC+Mp 123.572% 0.1179% 0.8770% -2.6%30 0.932+0.013 523
DESY5+CC 1142+7.1 0.1370:02 0.93109 -2.1£16 1.01570:98 0.24
20=10  DESI+ry 121.34 £ 0.8 0.09 + 0.04 0.82701 -3.27038
PP4-CC 121.6 +7.2 0.22907 1.097012 —26+13 1.01970:983 0.32
PP+CC+Mjp 131.4£3.5 0.18 +0.06 1.0£0.11 <257 0.934£0.013 507
DESY5+CC 121.3+73 0.217907 1.07 £0.13 2,613 1.01979:066 0.31
PP+CC DESY5+CC PP+CC+Mjp
1.05 - -
Srooft-T 44+ 10t S ] 0ot t NSl ]
IREEEEEREE:
¢

0.10.20.30.4050.60.70.80.91.0

Redshift Pivot (zp)

0.10.20.30.4050.60.70.80.91.0
Redshift Pivot (zg)

0.10.20.30.40.50.60.70.80.91.0
Redshift Pivot (zg)

Fig. 1 Constraints on 7(zo) along with 68% credible intervals for SNe+CC dataset (where SNe is either PP or DESYS5) in combination with
BAO+r, at the pivot redshifts zg € [0, 1]

Overall, this work demonstrates the application of the
arbitrary-pivot Padé-(2,1) expansion introduced in F25. We
also conclude that our results show no evidence for a viola-

tion of the CDDR when using uncalibrated SNe dataset.

Acknowledgements SB would like to extend his gratitude to the Uni-
versity Grants Commission (UGC), Govt. of India for their continuous
support through the Junior Research Fellowship, which has played a
crucial role in the successful completion of our research. RO would like
to thank the JST Sakura Science Program (Grant No. M2025L0418003)
and the JASSO Scholarship for supporting his travel to and stay at IIT

Hyderabad. Computational work was supported by the National Super-
computing Mission (NSM), Government of India, through access to the
“PARAM SEVA” facility at IIT Hyderabad. The NSM is implemented
by the Centre for Development of Advanced Computing (C-DAC) with
funding from the Ministry of Electronics and Information Technology
(MeitY) and the Department of Science and Technology (DST). We
would like to thank Eoin O Colgéin for valuable comments on this work.
We are also grateful to the anonymous referee for useful feedback and
comments on the manuscript.

Funding SB would like to extend his gratitude to the University Grants
Commission (UGC), Govt. of India. RO was supported by the JST

@ Springer



25 Page 6of 7

Eur. Phys. J. C (2026) 86:25

Sakura Science Program (Grant No. M2025L.0418003) 274 and the
JASSO Scholarship.

Data Availibility Statement This manuscript has no associated data.
[Authors’ comment: The datasets generated analysed during the cur-
rent study are available from the corresponding author on reasonable
request.]

Code Availability Statement This manuscript has no associated
code/software. [Authors’ comment: The codes used for this analysis
are available from the corresponding author on reasonable request.]

Open Access This article is licensed under a Creative Commons Attri-
bution 4.0 International License, which permits use, sharing, adaptation,
distribution and reproduction in any medium or format, as long as you
give appropriate credit to the original author(s) and the source, pro-
vide a link to the Creative Commons licence, and indicate if changes
were made. The images or other third party material in this article
are included in the article’s Creative Commons licence, unless indi-
cated otherwise in a credit line to the material. If material is not
included in the article’s Creative Commons licence and your intended
use is not permitted by statutory regulation or exceeds the permit-
ted use, you will need to obtain permission directly from the copy-
right holder. To view a copy of this licence, visit http://creativecomm
ons.org/licenses/by/4.0/.

Funded by SCOAP3.

References

1. E. Fazzari, W. Giare, E. Di Valentino (2025). arXiv:2509.16196
2. LLM.H. Etherington, Philos. Mag. 15, 761 (1933)
3. B.A. Bassett, M. Kunz, Phys. Rev. D 69, 101305 (2004).
arXiv:astro-ph/0312443
4. A. Avgoustidis, C. Burrage, J. Redondo, L. Verde, R. Jimenez,
JCAP 2010, 024 (2010). arXiv:1004.2053
5. R.S. Gongalves, R.F.L. Holanda, J.S. Alcaniz, MNRAS 420, L43
(2012). arXiv:1109.2790
6. X. Zhang, X. Yang, Y. Ren, S. Chen, Y. Shi, C. Cheng, X. He
(2025). arXiv:2506.17926
7. J.L. Bernal, L. Verde, A.G. Riess, JCAP 2016, 019 (2016).
arXiv:1607.05617
8. S. Bethapudi, S. Desai, Eur. Phys. J. Plus 132, 78 (2017).
arXiv:1701.01789
9. S.Vagnozzi, Phys. Rev. D 102, 023518 (2020). arXiv:1907.07569
10. S. Vagnozzi, Universe 9, 393 (2023). arXiv:2308.16628
11. C.W. James, E.M. Ghosh, J.X. Prochaska, K.W. Bannister, S.
Bhandari, C.K. Day, A.T. Deller, M. Glowacki, A.C. Gordon,
K.E. Heintz et al., MNRAS 516, 4862 (2022). arXiv:2208.00819
12. E. Di Valentino, O. Mena, S. Pan, L. Visinelli, W. Yang, A. Mel-
chiorri, D.F. Mota, A.G. Riess, J. Silk, Class. Quantum Gravity
38, 153001 (2021). arXiv:2103.01183
13. L. Verde, T. Treu, A.G. Riess, Nat. Astron. 3, 891 (2019).
arXiv:1907.10625
14. E. Abdalla, G.F. Abellan, A. Aboubrahim, A. Agnello, 0. Akarsu,
Y. Akrami, G. Alestas, D. Aloni, L. Amendola, L.A. Anchordoqui
etal.,J. High Energy Astrophys. 34, 49 (2022). arXiv:2203.06142
15. M. Scherer, M.A. Sabogal, R.C. Nunes, A. De Felice, Phys. Rev.
D 112, 043513 (2025). arXiv:2504.20664
16. V. Poulin, T.L. Smith, R. Calder6én, T. Simon (2024).
arXiv:2407.18292
17. S. Das, A. Nasiri, Y.K. Yazdi, JCAP 2024, 076 (2024).
arXiv:2307.13743
18. E.M. Teixeira, W. Giare¢, N.B. Hogg, T. Montandon, A. Poudou,
V. Poulin (2025). arXiv:2504.10464

@ Springer

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44,

45.

46.

47.

48.

49.

50.

51.

52.

M. Lopez-Hernandez, E.O. Colgiin, S. Pourojaghi, M.M. Sheikh-
Jabbari (2025). arXiv:2510.04179

S. Chakraborty, K. MacDevette, P. Dunsby, Phys. Rev. D 103,
124040 (2021). arXiv:2103.02274

A. Mehrabi, M. Rezaei, Astrophys. J. 923, 274 (2021).
arXiv:2110.14950

D.M. Naik, N.S. Kavya, L. Sudharani, V. Venkatesha, Phys. Lett.
B 844, 138117 (2023)

A. Cozzumbo, U. Dupletsa, R. Calderén, R. Murgia,
G. Oganesyan, M. Branchesi, JCAP 2025, 021 (2025).
arXiv:2411.02490

A.N. Ormondroyd, W.J. Handley, M.P. Hobson, A.N. Lasenby,
MNRAS 541, 3388 (2025). arXiv:2503.08658

A.N. Ormondroyd, W.J. Handley, M.P. Hobson, A.N. Lasenby
(2025). arXiv:2503.17342

M. Berti, E. Bellini, C. Bonvin, M. Kunz, M. Viel, M. Zumalacar-
regui, Phys. Rev. D 112, 023518 (2025). arXiv:2503.13198
L.W.K. Goh, I. Ocampo, S. Nesseris, V. Pettorino, Astron. Astro-
phys. 692, A101 (2024). arXiv:2411.04058

G.-J. Wang, X.-J. Ma, S.-Y. Li, J.-Q. Xia, Astrophys. J. Suppl.
Ser. 246, 13 (2020). arXiv:1910.03636

G.-J. Wang, X.-J. Ma, J.-Q. Xia, MNRAS 501, 5714 (2021).
arXiv:2004.13913

R.EL. Holanda, K. Bora, S. Desai, Eur. Phys. J. C 82, 526 (2022).
arXiv:2105.10988

J.-Z.Qi,P.Meng, J.-F. Zhang, X. Zhang, Phys. Rev. D 108, 063522
(2023). arXiv:2302.08889

M. Abedin, G.-J. Wang, Y.-Z. Ma, S. Pan, MNRAS 540, 2253
(2025). arXiv:2505.04336

V.C. Busti, A. de la Cruz-Dombriz, PX.S. Dunsby, D. Saez-
Gomez, Phys. Rev. D 92, 123512 (2015). arXiv:1505.05503
R.W. Tucker, D.A. Burton, A. Noble, Gen. Relativ. Gravit. 37,
1555 (2005). arXiv:gr-qc/0411131

PK.S. Dunsby, O. Luongo, Int. J. Geom. Methods Mod. Phys. 13,
1630002-606 (2016). arXiv:1511.06532

S. Barua, S. Desai, Eur. Phys. J. C 85, 470 (2025).
arXiv:2412.19240

M. Seikel, C. Clarkson, M. Smith, JCAP 2012, 036 (2012).
arXiv:1204.2832

J. Wang (2020). arXiv:2009.10862

E.O. Colgdin, M.M. Sheikh-Jabbari (2021). arXiv:2101.08565
S.Zhao, J. Lu, J. Yang, E. Chow, Y. Xi (2024). arXiv:2405.13785
J.DJ. Velazquez, L.A. Escamilla, P. Mukherjee, J.A. Vazquez,
Universe 10, 464 (2024). arXiv:2410.02061

P. Mukherjee, R. Shah, A. Bhaumik, S. Pal, Astrophys. J. 960, 61
(2024). arXiv:2303.05169

H. Singirikonda, S. Desai, Eur. Phys. J. C 80, 694 (2020).
arXiv:2003.00494

R. Shah, P. Mukherjee, S. Saha, U. Garain, S. Pal (2024).
arXiv:2412.14750

R. Shah, S. Saha, P. Mukherjee, U. Garain, S. Pal, Astrophys. J.
Suppl. 273, 27 (2024). arXiv:2401.17029

R. Shah, A. Bhaumik, P. Mukherjee, S. Pal, JCAP 06, 038 (2023).
arXiv:2301.12708

T. Liu, S. Cao, S. Zhang, X. Gong, W. Guo, C. Zheng, Eur. Phys.
J. C 81,903 (2021). arXiv:2110.00927

T.-N. Li, G.-H. Du, P.-J. Wu, J.-Z. Qi, J.-F. Zhang, X. Zhang
(2025). arXiv:2507.13811

J.-Z. Qi, Y.-F. Jiang, W.-T. Hou, X. Zhang, Astrophys. J. 979, 2
(2025). arXiv:2407.07336

R.FEL. Holanda, J.A.S. Lima, M.B. Ribeiro, Astrophys. J. Lett.
722,1.233 (2010). arXiv:1005.4458

S. Khedekar, S. Chakraborti, Phys. Rev. Lett. 106, 221301 (2011).
arXiv:1105.1138

C. Ma, P-S. Corasaniti, Astrophys. J. 861,
arXiv:1604.04631

124 (2018).


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/2509.16196
http://arxiv.org/abs/astro-ph/0312443
http://arxiv.org/abs/1004.2053
http://arxiv.org/abs/1109.2790
http://arxiv.org/abs/2506.17926
http://arxiv.org/abs/1607.05617
http://arxiv.org/abs/1701.01789
http://arxiv.org/abs/1907.07569
http://arxiv.org/abs/2308.16628
http://arxiv.org/abs/2208.00819
http://arxiv.org/abs/2103.01183
http://arxiv.org/abs/1907.10625
http://arxiv.org/abs/2203.06142
http://arxiv.org/abs/2504.20664
http://arxiv.org/abs/2407.18292
http://arxiv.org/abs/2307.13743
http://arxiv.org/abs/2504.10464
http://arxiv.org/abs/2510.04179
http://arxiv.org/abs/2103.02274
http://arxiv.org/abs/2110.14950
http://arxiv.org/abs/2411.02490
http://arxiv.org/abs/2503.08658
http://arxiv.org/abs/2503.17342
http://arxiv.org/abs/2503.13198
http://arxiv.org/abs/2411.04058
http://arxiv.org/abs/1910.03636
http://arxiv.org/abs/2004.13913
http://arxiv.org/abs/2105.10988
http://arxiv.org/abs/2302.08889
http://arxiv.org/abs/2505.04336
http://arxiv.org/abs/1505.05503
http://arxiv.org/abs/gr-qc/0411131
http://arxiv.org/abs/1511.06532
http://arxiv.org/abs/2412.19240
http://arxiv.org/abs/1204.2832
http://arxiv.org/abs/2009.10862
http://arxiv.org/abs/2101.08565
http://arxiv.org/abs/2405.13785
http://arxiv.org/abs/2410.02061
http://arxiv.org/abs/2303.05169
http://arxiv.org/abs/2003.00494
http://arxiv.org/abs/2412.14750
http://arxiv.org/abs/2401.17029
http://arxiv.org/abs/2301.12708
http://arxiv.org/abs/2110.00927
http://arxiv.org/abs/2507.13811
http://arxiv.org/abs/2407.07336
http://arxiv.org/abs/1005.4458
http://arxiv.org/abs/1105.1138
http://arxiv.org/abs/1604.04631

Eur. Phys. J. C

(2026) 86:25

Page 7of7 25

53.

54.

55.

56.

57.
58.

59.

60.

61.
62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

71.
78.

R.F.L. Holanda, V.C. Busti, E.S. Lima, J.S. Alcaniz, JCAP 2017,
039 (2017). arXiv:1611.09426

S. More, H. Niikura, J. Schneider, F.P. Schuller, M.C. Werner
(2016). arXiv:1612.08784

C. Zhou, J. Hu, M. Li, X. Yin, G. Fang, Astrophys. J. 909, 118
(2021). arXiv:2011.06881

J.-Z. Qi, S. Cao, C. Zheng, Y. Pan, Z. Li, J. Li, T. Liu, Phys. Rev.
D 99, 063507 (2019). arXiv:1902.01988

K. Bora, S. Desai, JCAP 2021, 052 (2021). arXiv:2104.00974

P. Mukherjee, A. Mukherjee, MNRAS 504, 3938 (2021).
arXiv:2104.06066

B. Xu,Z. Wang, K. Zhang, Q. Huang, J. Zhang, Astrophys. J. 939,
115 (2022). arXiv:2212.00269

W. Yang, S. Pan, E. Di Valentino, E.N. Saridakis, S. Chakraborty,
Phys. Rev. D 99, 043543 (2019). arXiv:1810.05141

A.C. Alfano, O. Luongo (2025). arXiv:2501.15233

J. Zheng, D.-C. Qiang, Z.-Q. You, D. Kumar, JCAP 2025, 029
(2025). arXiv:2507.17113

M. Wang, X. Fu, B. Xu, Y. Huang, Y. Yang, Z. Lu, Eur. Phys. J.
C 84, 702 (2024). arXiv:2407.12250

W.J.C. da Silva, R.EL. Holanda, R. Silva, Phys. Rev. D 102,
063513 (2020). arXiv:2005.04131

R.S. Gongalves, S. Landau, J.S. Alcaniz, R.F.L. Holanda, JCAP
2020, 036 (2020). arXiv:1907.02118

S. Santos-da-Costa, V.C. Busti, R.F.L. Holanda, JCAP 2015, 061
(2015). arXiv:1506.00145

R.EL. Holanda, R.S. Gongalves, J.S. Alcaniz, JCAP 2012, 022
(2012). arXiv:1201.2378

R.FL. Holanda, L.R. Colaco, S.H. Pereira, R. Silva, JCAP 2019,
008 (2019). arXiv:1904.01342

F. Yang, X. Fu, B. Xu, K. Zhang, Y. Huang, Y. Yang (2024).
arXiv:2407.05559

J.FE. Jesus, M.J.S. Gomes, R.FL. Holanda, R.C. Nunes, JCAP
2025, 088 (2025). arXiv:2408.13390

M. Abdul Karim, J. Aguilar, S. Ahlen, S. Alam, L. Allen, C.A.
Prieto, O. Alves, A. Anand, U. Andrade, E. Armengaud et al.,
Phys. Rev. D 112, 083515 (2025). arXiv:2503.14738

Planck Collaboration, N. Aghanim, Y. Akrami, M. Ashdown,
J. Aumont, C. Baccigalupi, M. Ballardini, A.J. Banday, R.B.
Barreiro, N. Bartolo et al., Astron. Astrophys. 641, A6 (2020).
arXiv:1807.06209

R. Jimenez, A. Loeb, Astrophys.
arXiv:astro-ph/0106145

N. Borghi, M. Moresco, A. Cimatti, Astrophys. J. Lett. 928, L4
(2022). arXiv:2110.04304

A. Ahlstrom Kjerrgren, E. Mortsell, MNRAS 518, 585 (2023).
arXiv:2106.11317

M. Moresco, A. Cimatti, R. Jimenez, L. Pozzetti, G. Zamorani,
M. Bolzonella, J. Dunlop, F. Lamareille, M. Mignoli, H. Pearce
etal., JCAP 2012, 006 (2012). arXiv:1201.3609

M. Moresco, MNRAS 450, L16 (2015). arXiv:1503.01116

M. Moresco, L. Pozzetti, A. Cimatti, R. Jimenez, C. Maraston,
L. Verde, D. Thomas, A. Citro, R. Tojeiro, D. Wilkinson, JCAP
2016, 014 (2016). arXiv:1601.01701

J. 573, 37 (2002).

79.

80.

81.

82.

83.

84.

85.

86.

87.

88.

89.

90.

91.

92.

93.

94.

9s.

96.

97.

98.
99.

100.
101.
102.
103.

M. Moresco, R. Jimenez, L. Verde, L. Pozzetti, A. Cimatti, A.
Citro, Astrophys. J. 868, 84 (2018). arXiv:1804.05864

M. Moresco, R. Jimenez, L. Verde, A. Cimatti, L. Pozzetti, Astro-
phys. J. 898, 82 (2020). arXiv:2003.07362

D. Scolnic, D. Brout, A. Carr, A.G. Riess, T.M. Davis, A.
Dwomoh, D.O. Jones, N. Ali, P. Charvu, R. Chen et al., Astrophys.
J. 938, 113 (2022). arXiv:2112.03863

D.E.S. Collaboration, T.M.C. Abbott, M. Acevedo, M. Aguena,
A. Alarcon, S. Allam, O. Alves, A. Amon, F. Andrade-
Oliveira, J. Annis et al., Astrophys. J. Lett. 973, L14 (2024).
arXiv:2401.02929

D. Brout, D. Scolnic, B. Popovic, A.G. Riess, A. Carr, J. Zuntz,
R. Kessler, T.M. Davis, S. Hinton, D. Jones et al., Astrophys. J.
938, 110 (2022). arXiv:2202.04077

Y. Chen, S. Kumar, B. Ratra, T. Xu, Astrophys. J. Lett. 964, L4
(2024). arXiv:2401.13187

A.G. Riess, W. Yuan, L.M. Macri, D. Scolnic, D. Brout, S. Caser-
tano, D.O. Jones, Y. Murakami, G.S. Anand, L. Breuval et al.,
Astrophys. J. Lett. 934, L7 (2022). arXiv:2112.04510

PK.S. Dunsby, O. Luongo, Int. J. Geom. Methods Mod. Phys. 13,
1630002-606 (2016). arXiv:1511.06532

M. Visser, Class. Quantum Gravity 21, 2603 (2004).
arXiv:gr-qc/0309109

A. Aviles, C. Gruber, O. Luongo, H. Quevedo, Phys. Rev. D 86,
123516 (2012). arXiv:1204.2007

V. Vitagliano, J.-Q. Xia, S. Liberati, M. Viel, JCAP 2010, 005
(2010). arXiv:0911.1249

K. Bamba, S. Capozziello, S. Nojiri, S.D. Odintsov, Astrophys.
Space Sci. 342, 155 (2012). arXiv:1205.3421

S. Capozziello, R. D’ Agostino, O. Luongo, MNRAS 494, 2576
(2020). arXiv:2003.09341

C. Gruber, O. Luongo, Phys. Rev. D 89, 103506 (2014).
arXiv:1309.3215

A. Aviles, A. Bravetti, S. Capozziello, O. Luongo, Phys. Rev. D
90, 043531 (2014). arXiv:1405.6935

H. Wei, X.-P. Yan, Y.-N. Zhou, JCAP 2014, 045 (2014).
arXiv:1312.1117

S. Capozziello, S. Ruchika, A. Anjan, MNRAS 484, 4484 (2019).
arXiv:1806.03943

J.P. Hu, FY. Wang, Astron. Astrophys. 661, A71 (2022).
arXiv:2202.09075

B. Yu, W.-H. Liu, X. Yang, T.-J. Zhang, Y. Tang, Astrophys. J.
988, 158 (2025). arXiv:2507.08695

J. Torrado, A. Lewis, JCAP 2021, 057 (2021). arXiv:2005.05290
A. Lewis, S. Bridle, Phys. Rev. D 66, 103511 (2002).
arXiv:astro-ph/0205436

A. Lewis, Phys. Rev. D 87, 103529 (2013). arXiv:1304.4473

A. Gelman, D.B. Rubin, Stat. Sci. 7, 457 (1992)

A. Lewis, JCAP 2025, 025 (2025). arXiv:1910.13970

S. Cao, M. Zajacek, S. Panda, M.L. Martinez-Aldama, B. Czerny,
B. Ratra, MNRAS 516, 1721 (2022). arXiv:2205.15552

@ Springer


http://arxiv.org/abs/1611.09426
http://arxiv.org/abs/1612.08784
http://arxiv.org/abs/2011.06881
http://arxiv.org/abs/1902.01988
http://arxiv.org/abs/2104.00974
http://arxiv.org/abs/2104.06066
http://arxiv.org/abs/2212.00269
http://arxiv.org/abs/1810.05141
http://arxiv.org/abs/2501.15233
http://arxiv.org/abs/2507.17113
http://arxiv.org/abs/2407.12250
http://arxiv.org/abs/2005.04131
http://arxiv.org/abs/1907.02118
http://arxiv.org/abs/1506.00145
http://arxiv.org/abs/1201.2378
http://arxiv.org/abs/1904.01342
http://arxiv.org/abs/2407.05559
http://arxiv.org/abs/2408.13390
http://arxiv.org/abs/2503.14738
http://arxiv.org/abs/1807.06209
http://arxiv.org/abs/astro-ph/0106145
http://arxiv.org/abs/2110.04304
http://arxiv.org/abs/2106.11317
http://arxiv.org/abs/1201.3609
http://arxiv.org/abs/1503.01116
http://arxiv.org/abs/1601.01701
http://arxiv.org/abs/1804.05864
http://arxiv.org/abs/2003.07362
http://arxiv.org/abs/2112.03863
http://arxiv.org/abs/2401.02929
http://arxiv.org/abs/2202.04077
http://arxiv.org/abs/2401.13187
http://arxiv.org/abs/2112.04510
http://arxiv.org/abs/1511.06532
http://arxiv.org/abs/gr-qc/0309109
http://arxiv.org/abs/1204.2007
http://arxiv.org/abs/0911.1249
http://arxiv.org/abs/1205.3421
http://arxiv.org/abs/2003.09341
http://arxiv.org/abs/1309.3215
http://arxiv.org/abs/1405.6935
http://arxiv.org/abs/1312.1117
http://arxiv.org/abs/1806.03943
http://arxiv.org/abs/2202.09075
http://arxiv.org/abs/2507.08695
http://arxiv.org/abs/2005.05290
http://arxiv.org/abs/astro-ph/0205436
http://arxiv.org/abs/1304.4473
http://arxiv.org/abs/1910.13970
http://arxiv.org/abs/2205.15552

	Testing the cosmic distance duality relation using model-independent approach
	Abstract 
	1 Introduction
	2 Methodology
	3 Results and Discussion
	4 Conclusions
	Acknowledgements
	References


