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Abstract: The common-spectrum process, characterized by the Hellings-Downs angular correlation
and observed by pulsar timing array collaborations, such as NANOGrav, PPTA, EPTA, and CPTA,
can be explained by the scalar-induced gravitational waves (SIGWs). The energy density of SIGWs
exhibits universal behavior in the infrared regions. Utilizing a broken power law parameterization
for the primordial curvature power spectrum, we clarify the PTA signal through the infrared charac-
teristics of the SIGWs, using Bayesian analysis to provide posterior distributions. Bayesian factors
emphasize the statistical preference for the SIGW model over explanations involving supermassive
black hole binaries.
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1. Introduction

Linear scalar perturbations, seeded by the primordial curvature perturbations gener-
ated during inflation, can construct a second-order perturbation source to induce gravita-
tional waves. These scalar-induced gravitational waves (SIGWs), rich in early Universe
information, such as the primordial curvature perturbation at small scales [1,2] and the
equation of state of the early Universe [3,4], span a broad frequency range and can be
detected by pulsar timing arrays (PTAs) or space-based GW detectors, such as the Laser
Interferometer Space Antenna (LISA) [5,6], Taiji [7], or TianQin [8,9]. To induce detectable
GWs, the amplitude of the primordial curvature power spectrum should be enhanced
by about seven orders of magnitude at small scales compared with large-scale observa-
tions, which can be achieved with ultra-slow-roll inflation models [10-34]. Alternatively,
accompanied by the SIGWs, the large primordial curvature perturbations can give rise to
primordial black holes (PBHs) [1,2,16,35-69] (for the review, see [3,70]), offering explana-
tions for LIGO-Virgo GW events [71,72], dark matter [73-81], and the anomalous orbits of
trans-Neptunian objects [82].

Typically, scalar-induced gravitational waves exhibit a peak in the amplitude of the
energy density at a specific scale, and this specific scale is denoted as k). In the infrared
regions k < ky, SIGWs resulting from primordial curvature perturbations with a narrow
peak follow a universal behavior, specifically

Qcw (f/fyear)g’log%o(fp/f)/ (1)

where the term “universal” means that a broad range of models gives the same log-
dependent index of the energy density spectrum of SIGWs in the infrared region [54,83-85].
A more effective approach to examining the energy density behavior of SIGWs in the
infrared regions involves parameterizing the primordial curvature power spectrum using
a broken power law form, P; = Ag(k/kpo)”l for k < kp, and P; = Ag(k/kp,)" for
k > kp,. Within this broken power law framework, a narrow peak in the power spectrum is
achieved for sufficiently large absolute values of 11 and 75, while a broad peak results for
sufficiently small absolute values of these parameters. For the case of a narrow peak with
ny > 3/2, the primordial curvature power spectra generate SIGWs with energy densities in
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the infrared regions as in Equation (1), which is independent of #1 and consistent with the
conclusion displayed in Ref. [54,83-85]. For the situation with n; = 3/2, the energy density
in the infrared regions is Qgw o (f/ fyear)3 loggfo (fp/ f), exhibiting a slight variation from
the situation with a narrower peak, n; > 3/2. Finally, for the case with 1y < 3/2, the broken
power law form yields SIGWs with an exact power-law form in the infrared regions.

Recently, a common-spectrum process, which appears compatible with the Hellings—
Downs angular correlation has been announced by PTA collaborations, including the North
American Nanohertz Observatory for Gravitational Waves (NANOGrav) [86,87], Parkers Pulsar
Timing Array (PPTA) [88,89], European Pulsar Timing Array (EPTA), Indian Pulsar Timing
Array (InPTA) [90,91], and Chinese Pulsar Timing Array (CPTA) [92]. Assuming that the
signals come from an ensemble of binary supermassive black hole binary (SMBHB) inspirals
and the characteristic-strain spectrum is proportional to f~2/3, the strain amplitude of the
signals is around 2.41“8:2 x 10715 at a reference frequency of 1 yr~! [86]. While supermassive
black hole binaries are considered as an explanation [93-99], alternative interpretations include
cosmic inflation [94,95], first-order phase transitions [100-107], cosmic strings [108-115], domain
walls [116-118], or scalar-induced gravitational waves [4,119-131]. For more about the physical
explanation of signals in the PTA band, please refer to the references [132-142]. The
feature of the energy density of SIGWs in the infrared regions aligns with the PTA signals,
prompting our investigation using the NANOGrav 15-year dataset and EPTA Data Release
2 (DR2).

The organization of this paper is as follows. In Section 2, we give a brief review of
the energy density of SIGWs in the infrared regions. The constraint on the SIGWs in the
infrared regions from the PTAs data is presented in Section 3, and conclusions are given in
Section 4.

2. The Infrared Behavior of SIGWs

In this section, we will give a brief review of the calculation of the energy density
of SIGWs and their universal behavior in the infrared regions with the power spectrum
of the primordial curvature being chosen as a broken power law form. The metric with
perturbations in the Newtonian gauge and cosmological background is [143]

ds? = —a*(n)(1 +2®)dy? +a(y) | (1 — 29)d;; + %h,-j dxidx, ()

where @ is the Bardeen potential, a is the scale factor of the Universe, # is the conformal
time, and hl-]- is the tensor perturbation. For the second order of tensor perturbations,
the linear order scalar perturbations can construct a second-order source to induce the
gravitational waves. The power spectrum of these scalar-induced gravitational waves
is [1,2,38,40,144,145]

2
) 1+v 402 — (1402 — u2)?
Pk, 1) :4/0 dv/‘1 ldu( v 4_;5 w) > X IﬁD(u,v,x)Pg(vk)Pg(uk), 3)

where x = k1, and P; is the power spectrum of primordial curvature perturbations
generated during inflation. After the horizon re-entry, and at the later time ky > 1,
the integrated kernel I3 can be expressed as [38]

2
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where a bar on the top denotes the mean value among several periods. The energy density
in gravitational waves is

2
Qe (%) = 55 (677 ) P 6

To describe the power spectrum of the primordial curvature perturbations, we use a
broken power-law parameterization, which takes the following form

P@(k) = {Ag(kg)m, k> kp:/ (6)

where ky, is the peak scale and A; is the amplitude at the peak. To ensure a single peak in
the power spectrum at the scale kp,, the indices of the parameterization (6) should satisfy
the condition n; > 0 and n; < 0. The magnitude of 17, and 1, determines the nature
of the peak: small absolute values result in a broad peak, while large absolute values
produce a narrow peak. Consequently, the broken power-law parameterization is versatile
and capable of representing both narrow and broad peak power spectra. By substituting
the parameterization (6) into the above equations, we can derive the energy density of
scalar-induced gravitational waves in the infrared region,

2n
AGW(fyiar) 1, nm <3/2
3
Qe (k) = § Acw (75) logh (fr/f), m =3/2, )

3
AGW(ny;r) logly(fp/f), m >3/2,

where the relation of the wave number k and the frequency f is

k k
f= 7= 1.6nHz (106Mpc_1>’ 8)
and fyear represents the frequency corresponding to one year. For the scenario of a narrow
peak with 17 > 3/2, the behavior of the energy density of SIGWs in the infrared regions
is independent of the model n; and consistent with the conclusion in Ref. [54,83-85].
In contrast, for the broad peak with n; < 3/2, the behavior of the energy density of SIGWs
in the infrared regions follows an exact power law form.

3. Results

The increasing feature of the energy density of SIGWs in infrared regions aligns
with the recent PTA signals. To explain the PTA signal and obtain the constraints on the
SIGWs described by Equation (7), we independently perform a Bayesian analysis on the
NANOGrav 15-year dataset and the EPTA DR?2, respectively. In the Bayesian analysis, we
employ the Bilby gravitational wave inference library [146] using nested sampling with the
dynesty algorithm [147]. The NANOGrav dataset consists of 14 frequency bins from the
NANOGrav 15-year dataset [86,94] and the EPTA dataset consists of 9 bins from the EPTA
DR2 [91,95]. To compute the log-likelihood, we first calculate the SIGW energy density
at all the frequency bins for each dataset. We then evaluate the log probabilities from
independent kernel density estimates of the energy density at each bin. Finally, we obtain
the log-likelihood by taking the sum of all these log probability terms for each dataset [148].
Consequently, the likelihood can be expressed as

In £p(8) = Y- In £,( Qe (i, ), ©)

i=1
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where ® = {Agw, 11, fp} is the collection of parameters presented in Equation (7), f; is
the frequency of each bin, the label D = {nano, epta} denotes the NANOGrav dataset and
EPTA dataset, and {#nano = 14, tepta = 9}. The natural logarithm of the Bayes factors is
defined as (DIMy)
lnBlo D) = ln<pl>, (10)
P =)
where p(D|M) is the model evidence. In this work, we choose the fiducial model M, as
the SMBHB model, and the model M is given by Equation (7).
In Table 1, we display the priors of the parameters {Agw, 11, fy}. The priors of the

parameters are uniform or log-uniform distributions.

Table 1. The priors, maximum posterior values, 1-¢ credible interval bounds of posteriors, and Bayes
factor for the model are described by Equation (7). The labels “nano” and “epta” denote the Bayesian
analysis conducted using the NANOGrav 15-year dataset and EPTA DR2, respectively. The fiducial
model My is SMBHB model. The symbol ¢/ denotes the uniform distribution.

Posterior Posterior InB

Model Parameters Prior (Nano) (Epta) (Nano) In B (Epta)
_10 — _ 7174024 54023
1y < 3/2 logloAGW U[ 10, 5] 7.17;8'%2 7.06_;,__8'% 4.4 4.8
nq ujo, 1.5 +0.95% )1,  +117755,
—10 — _e 042 g Hr+0.68
1 =3/2 logipAgw  U[—10, 5] 8.0218'82 9.271%% 45 53
logyo(fp/Hz) U[-9,-3]  —6.67730  —4.947 57
10 _ _70t031 g aq+054
1 >3/2 logpAgw  U[-10, —5] 7.2018_28 8.311(1)'38 40 50
logyo(fp/Hz) U[-9,-3]  —7.09055 5201175
[—

SMBHB logipAgw ~ U[-10,—5] 8147018~ _go1+018 -

—0.16

The posteriors for the parameters are shown in Figures 1-3, where the left panel and
right panel use the NANOGrav 15-year dataset and EPTA DR2, respectively. For the priors
listed in Table 1, increasing the interval of the bounds results in almost the same posterior,
with the Bayes factor changing slowly as the interval becomes larger. Therefore, priors with
larger interval bounds do not significantly affect the posterior and the final conclusions. The
corresponding maximum posterior values, 1-c credible interval bounds, and Bayes factors
are presented in Table 1, where the labels “nano” and “epta” denote the result by using
the NANOGrav dataset and EPTA DR2, respectively. For the broad peak with n; < 3/2,
the energy density of SIGWs obeys the power law form, and the posterior, displayed in
Figure 1, is consistent with the results given in the NANOGrav collaboration [94]. By using
the NANOGtrav 15-year dataset, the maximum posterior values and 1-¢ credible interval

bounds of posteriors are n; = 0.95f8:%g and log;; Agw = —7.17f8:%§; by using the EPTA
DR?2; they are n; = 1.17757% and log;y Agw = —7.0670%. For the intermediate case

with ny = 3/2, the posterior of the parameters is illustrated in Figure 2. By using the
NANOGrav 15-year dataset, the maximum posterior values and 1-¢ credible interval
bounds of posteriors are log,, f,/Hz = —6.671335 and log,; Agw = —8.02")¢3, and by
using the EPTA DR?, they are log,, f,/Hz = —4.94*]27 and log,, Agw = —9.27 0. For
the narrow peak with n; > 3/2, the energy density of SIGWs in infrared regions has a
universal log-dependent form, which is independent of the index #;. The posterior for
the parameters is shown in Figure 3; by using the NANOGrav 15-year dataset, we have
log,o fp/Hz = —7.097052 and log,, Agw = —7.207023; and by using the EPTA DR2, we

have logy fp/Hz = —520") 5] and logyy Agw = —8.31(7).
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Figure 1. The posterior of the parameters for the broad peak case with n; < 3/2, and the blue
regions denote 1 ¢, 2 o, and 3 o confidence regions. The left and right panels use the NANOGrav
15-year dataset and EPTA DR2, respectively. The dashed vertical blue lines denote 0.16 and

0.84 qualities, respectively.
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Figure 2. The posterior of the parameters for the intermediate case with n; = 3/2, and the blue

regions denote 1 7, 2 ¢, and 3 ¢ confidence regions.

° [
= =
O -, Q
<< A <
o o
/%? [
logio fp/Hz logi0 Agw logio fp/Hz logio Agw

Figure 3. The posterior of the parameters for the narrow peak case with n; > 3/2, and the blue

regions denote 1 0, 2 0, and 3 ¢ confidence regions.
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Utilizing the maximum posterior values from Table 1, and taking them into Equation (7),
we visualize the energy density of the SIGWs in the infrared regions in Figure 4. The left panel
and right panel are the fittings of the NANOGrav 15-year dataset and EPTA DR2, respectively.
The blue and gray violins represent the observational bins from the NANOGrav 15-year
dataset and EPTA DR2 dataset. Meanwhile, the black, green, and red curves correspond to
the energy density of SIGWs from broad (11 < 3/2), intermediate (1; = 3/2), and narrow
peaks (11 > 3/2), respectively. The three energy density curves are closely packed both for
the NANOGtrav dataset and EPTA dataset, making it challenging to distinguish between
the three models. This result is also supported by the natural logarithm of the Bayes factors
listed in Table 1.

-6
-7 —74
. -8 P
= =
o] o]
G -9+ c -94
~ ~
< <
S -10+ S 10
o o
K=} o
—11- NANOGrav =11 [ EPTA
—— broad peak —— broad peak
-12+ —— intermediate peak —12 —— intermediate peak
—— narrow peak —— narrow peak
-13 T T T T T -13 T T T T
-9.0 -8.5 -8.0 -7.5 -7.0 —6.5 —6.0 -9.0 -8.5 -8.0 -7.5 -7.0 —6.5 —6.0
logio f (Hz) logio f (Hz)

Figure 4. The energy density of the SIGWs given by Equation (7). The broad, intermediate, and narrow
peaks denote the case with n; < 3/2, n1 = 3/2,and ny > 3/2, respectively. The blue violins in the
left panel and the gray violins in the right panel are the constraints from the NANOGrav 15-year
dataset and EPTA DR?2, respectively.

4. Discussion and Conclusions

The common-spectrum process, characterized by the Hellings-Downs angular corre-
lation detected by NANOGtrav, PPTA, EPTA, and CPTA collaborations can be accounted
for by scalar-induced gravitational waves. The energy density of SIGWs arising from the
primordial curvature power spectrum with a narrow peak has a universal log-dependent
form in the infrared regions. An effective parameterization of the primordial curva-
ture power spectrum is the broken power law form, given by P; = A;(k/ky,)™ for
k < kp, and P; = Ag(k/klgo)”2 for k > kp,. For n; > 3/2, this form gives a power
spectrum with a narrow peak, and the corresponding SIGWs exhibit the universal form
PQcw = Acw(f/ fyear)3 logly(fy/f); for ny = 3/2, this intermediate case induces

2Qcw = Acw (f/ fyear)3 log% (fp/ f); and for ny < 3/2, the primordial curvature power
spectrum with a broad peak produces SIGWs with an energy density in the infrared regions
exhibiting an exact power-law form.

Utilizing Bayesian analysis on the dataset of NANOGrav 15-year data and EPTA
DR2 independently, we determine the posterior distribution of parameters in the SIGW
energy density in Equation (7). For the scenario where the primordial curvature power
spectrum features a broad peak with n; < 3/2, the maximum posterior values and 1-¢

credible interval bounds of posteriors by using NANOGrav dataset are 17 = O.95J_r8:%g and

log,o Agw = —7.17753% and they are n; = 1.17107 and log;, Agw = —7.067033 by using
EPTA DR2. For the intermediate case with n; = 3/2, we have log10 fp /Hz = —6.67f8:gg
and log;, Agw = —8.02")¢3 by using NANOGrav dataset, and log;, f,/Hz = —4.94"1]
and log,; Agw = —9.27f8:i§ by using EPTA DR2. In the case that the primordial curvature
power spectrum has a narrow peak with n; > 3/2, we obtain log,, f,/Hz = 77.094_“8:32 and
log,g Acgw = —7.201’8:% by using the NANOGrav dataset, and log,, f,/Hz = —5.202:%
and log,, Agw = 78.311“8:% by using the EPTA DR2. Compared to interpreting the signal
as a stochastic background from supermassive black hole binaries, the natural logarithm

of the Bayes factors for these three models are around In B ~ 4 by using the NANOGrav
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dataset, and In B =~ 5 by using the EPTA DR2. Consequently, the PTA signal favors the
SIGW explanation over SMBHBs, yet cannot distinguish between broad and narrow peak
scenarios. Besides SIGWs, other cosmological processes, such as domain walls and phase
transitions, are also favored by the PTA dataset in terms of Bayesian analysis. To confirm
the source of this PTA signal, we require information from other frequency bands. Future
space-based gravitational wave detectors, such as LISA, TianQin, and Taiji, may have the
opportunity to provide that information.

Funding: This research was supported in part by the National Natural Science Foundation of China
under Grant No. 12305060 and the Talent-Introduction Program of Hubei Polytechnic University
under Grant No.19xjk25R.
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