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Abstract The mass spectra, root mean square (r.m.s.) radii
and radial density distributions of Q.. and 2,5, baryons
are firstly analyzed in the present work. The calculations are
carried out in the frame work of relativized quark model,
where the baryon is regarded as a real three-quark system.
Our results show that the excited energy of charmed-bottom
triply baryons are always associated with heavier quark. This
means the lowest state of 2., baryon is dominated by the
A-mode, however, the dominant orbital excitation for Qpp
baryon is p-mode. In addition, the influence of configura-
tion mixing on mass spectrum, which is induced by different
angular momentum assignments, is also analyzed. It shows
that energy of the lowest state will be further lowered by
this mixing effect. According to this conclusion, we system-
atically analyze the mass spectra of the ground and excited
states(1S ~ 4S, 1P ~ 4P, 1D ~ 4D, 1F ~ 4F and
1G ~ 4G) of Qcch, QLpbes Lece and Qppp baryons. Finally,
with the predicated mass spectra, the Regge trajectories of
these heavy baryons in the (J, M?) plane are constructed.

1 Introduction

In the last two decades, many heavy flavor hadrons such
as heavy mesons, single heavy baryons, and hidden-charm
tetraquark or pentaquark states were discovered in experi-
ments. Especially, many single heavy baryons have been well
confirmed by Belle, BABAR, CLEO and LHCb collabora-
tions [1] and the mass spectra of single heavy baryons have
become more and more abundance. As for the experimen-
tal research about the doubly heavy baryons, experimental
physicist also made great breakthrough by the observation
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of EX* baryon in 2017 [2]. Up to now, only the triply heavy
baryons have still not been discovered in the baryon fam-
ily. Experimentally, higher energy is necessary to produce
the triply heavy baryons, and usually, the production rates
are not very large [3—7]. Especially, it was indicated that the
production of triply heavy baryons is extremely difficult in
e*e™ collision experiments [8]. The situations are not so pes-
simistic as predicted by these above literatures. Itis optimistic
that this ambition may be realized in LHC. In Ref. [9], Chen
et al. estimated that 10*—103 events of triply heavy baryons
with ccc and ccb quark content, could be accumulated for 10
fb~! integrated luminosity at LHC. In addition, theorists also
suggested that people can search for triply heavy baryons in
the semi-leptonic and non-leptonic decay processes [10—13].

Theoretically, investigation of triply heavy baryons is of
great interest to physicist, as it provides a good opportunity
to understand the strong interactions and basic QCD theory.
Up to now, the mass spectra of the triply heavy baryons have
been predicted with various methods, such as the bag model
[14,15], relativistic or nonrelativistic quark model [16-31],
QCD sum rules [32-38], Lattice QCD [39-47], Regge theory
[48-50], potential non-relativistic quantum chromodynamics
(pNRQCD) [51,52] and the others [53-57]. To our knowl-
edge, most of these studies focused on the mass spectra of
ground states, and lower radially or orbitally excited states.
The complete mass spectra of triply baryons from ground
states to higher radially and orbitally exited states can provide
more important information for us to study the properties of
these baryons. In addition, the results of different collabora-
tions are not consistent well with each other and need further
confirmation by different methods. Thus, it is necessary for
us give a systematic analysis of the properties of ground and
excited states of triply heavy baryons.

Because triply heavy baryons contain only heavy quarks,
they are usually treated as nonrelativistic systems in most lit-
eratures. However, investigation of the heavy quark dynam-
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Fig. 1 Jacobi coordinates for a three-body system. Q1, Q> denote two
charmed quarks for Qcp, Q2cce Or two bottom ones for Q2pp and Q2ppp.
g3 represents charmed quark for Q..c, £2pp. and bottom one for Q..
Qbbb

ics in heavy quarkonia [58,59] indicates that the relativistic
effects play an important role and should not be neglected
in studying the properties of triply heavy baryons. The rel-
ativized quark model which was first developed by Godfrey
et al. [60-62], is a effective method to achieve this goal. Up
to now, it has been widely used to study the properties of the
mesons, baryons, and evenly the tetraquark states [63—69].
In our previous works [70-73], we systematically analyzed
the mass spectra of single and doubly heavy baryons with
this method. Shortly after the publication of these literatures,
several single heavy baryons predicted by us were observed
later by LHCDb Collaboration. In Ref. [74], LHCb Collabo-
ration reported two €2, resonances with their masses to be
3185.1 £ 1.71]§ £ 0.2 and 3327.1 £ 1.270-] £ 0.2 MeV.
These values are consistent well with our predicted values
for 25(%+) and 1D-wave 2, baryons. Besides, another sin-
gle heavy baryon E;(6087) observed also by LHCb [75] with
its mass being 6087 £ 0.20 £ 0.06 £ 0.5 MeV can be well
interpreted as a 1P(17) or 1P(37) state by our previous
work [72].

In the present work, we use the method in Ref. [70] to
study the mass spectra and r.m.s. radii of the triply heavy
baryons from ground states up to rather high radial and orbital
excitations. With the predicted mass spectra, we construct
the Regge trajectories in the (J, M?) plane and determine
their Regge slopes and intercepts. The paper is organized
as follows. After the introduction, we briefly describe the
phenomenological methods adopted in this work in Sect. 2.
In Sect. 3 we present our numerical results and discussions
about Q.cp, QLppe, Rece and Qppp. In this subsection, the
Regge trajectories in the (J, M?) plane are also constructed.
And Sec IV is reserved for our conclusions.

2 Phenomenological methods adopted in this work
2.1 Wave function of triply heavy baryon
The triply heavy baryons are three-body system and their

dynamical behavior of inter-quark in this three-body system
can be described according to three sets of Jacobi coordinates

@ Springer

in Fig. 1. Each set of internal Jacobi coordinate is called a
channel (C) and is defined as,

r, =1 — ¥ Mtk )

m;j + mg

Fpp =TXj =T 2
where i, j, k=1, 2, 3 (or replace their positions in turn). r;
and m; denote the position vector and the mass of the ith
quark, respectively.

For Q.cp or Qppe baryon, there are two equal quarks in
each baryon, thus the mass spectra obtained under C; and
C» channels are equivalent with each other. In our previous
work, we find a characteristic about the mass spectra of singly
and doubly heavy baryons, that their orbital excitations are
dominated by heavy quarks. As for charmed-bottom baryons,
the bottom quark is much heavier than charmed quark. This
implies that these triply heavy baryons may have similar fea-
ture to the singly and doubly heavy baryons. It can be seen
from C3 channel in Fig. 1 that the heavy quark degrees of free-
dom is decoupled from light ones. This channel can properly
reflect the characteristic of heavy quark dominance. Thus, the
calculations in this work are performed based on C3 chan-
nel. Using the transformation of Jacobi coordinates, we can
calculate all the matrix elements in C3 channel. Under this
picture, the degree of freedom between two identical quarks
is called the p-mode, while the degree between the center
of mass of these two quarks and the other one is called the
A-mode.

The spatial wave function of a three-body system includes
the spin wave function and orbital part, which can be written
as,

Yom = [[[X1/2(Q1)X1/2(Q2)]s<I>zp,zx,L]jX1/2(Q3)],M (3)

X1/2 is the spin wave function of quark and s is the total spin
of Q1 and Q5. The orbital wave function is constructed from
the wave functions of the two Jacobi coordinates p and A,
and takes the form,

Dy, 0L = [(bnplpm[p (rp)‘ll)n,\lxmlx (rk)]L 4)

The coupling scheme of the spin and angular momenta is
L=1,+1;,j=s+L,J=j+ 5 InEq.(4), upm, is the
Gaussian basis functions [76] which can be written as,

.72 ~
Gutmy (1) = Noar e ™" Vi, (), 1= 1~ gy Q)
with
2l+2(2vn)l+3/2
Ny = |—F/——— (6)
VT QL+ D!
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Nmax 1S the maximum number of the Gaussian basis func-
tions, r, and 744y are the Gaussian range parameters. In
different studies, people employed different values for these
parameters [77,78]. It is indicated by our previous studies
[70,71] that the results show well stability and convergence
with the parameters being taken as r,=0.18 fm, 4, =15 fm
and 7,4, = 10.

For a three-body system, the calculations of the Hamilto-
nian matrix elements is very laborious with Gaussian basis
functions. Thus, the Gaussian basis function of Eq. (5) is
substituted by the following infinitesimally-shifted Gaussian
(ISG) basis functions [77,78],

kmar

1
0 (o)l chmz ge P ()
n

(bnlm] (r)=

Ny hm

where ¢ is the shifted distance of the Gaussian basis. Taking
the limit & — 0 is to be carried out after the Hamiltonian
matrix elements have been calculated analytically. For more
details about the ISG basis functions, one can consults our
previous work [70].

For a definite state of a baryon, its full wave function can
be expressed as the direct product of color wave function,
flavor wave function and the spatial wave function,

“Ilful[ Peolor @ Pllavor @ \IIJM(rpv r3) 9

with

Yimr,,ri) =

Y Cetm (10)

where C, is expansion coefficients, and x denotes the quan-
tum numbers {n,, n;,1l,, Iy, ... j }.

For these two equal quarks (Q107) in Qcep Or Lppe,
their flavor wave function and color function are symmet-
ric and antisymmetric, respectively. The total wave function
must be antisymmetric, thus the spatial part should always
be symmetric. For this double quark system (Q Q>) in the
triply baryon, its spin wave function is either antisymmetric
singlet(s = 0) or symmetric triplet(s = 1). To satisfy the
symmetry requirements of spatial part, the orbital part must
also be antisymmetric for s = 0 or symmetric for s = 1.
Thus, the total spin s and orbital quantum number /,, of double
quark system should satisfy the condition (—1)"*%» = —1.
As for the Q... and 25, baryons, in order to fulfill the Pauli
principle, there is no S-wave bound state with the total spin

. p__ 1+
and parity J© = 5 .

2.2 The relativized quark model

In this subsection, we will discuss the Hamiltonian of rela-
tivized quark model. Under this theoretical framework, the

Hamiltonian for a triply heavy baryon can be written as [60—
62],

H = Z(p, +m) V4 Y HE LS H Y

i<j i<j i<j

Y

The first term is called relativistic kinetic energy term,
and Hf;’“f is the spin-independent potential which is com-
posed by a linear confining potential S(;;) and a one-gluon
exchange potential G (rij),

HE™ = S(rij) + G'(rij) (12)

They can be expressed as,

3 %ij"ij 1
S(rij)=—-F; - F{br; 14+ ——
(rij) g ,/{ L/|: JToi iTij < 2051*%)

— e X c

V7 Jo
and

2 1 2 1
5’(r,-,-)=<1+ Pij )zc(rij)<1+ Pij )2 (14)
EiE, EiE;
with
2 4

2m;m ; 1 dm;m ; 1
o= 2| 2T 2| (T Z
Ojj N |:ml+mji| +UO|:2<(ml+m])2> +2:|

(15)

InEq. (14), G (r;;) is the one-gluon-exchange propagator and
it can be expressed as,

Gl = By Y 2 [ e (16)
rij)=F; - F; e X
=1 3ﬁrij 0

1
11

2 2
ag:r. 'yk
In Egs. (13) and (16), F; - F ; stands for the color matrix
and F,, reads,

with 7 =

An
F, = { 3 for quarks, (17

A .
—3 for antiquarks

withn=1,2...8.
InEq. (11), HMP is the color-hyperfine interaction and it is
composed by a tensor term H*"°" and a contact interaction
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H€, where

1
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The last term in Hamiltonian is the spin-orbit interaction
which can also be divided into two parts H%°") and H%®),
These two interactions can be written as,

S; - LU 8Gso(v) Sj ) Lij 36:‘3(V)

Hso(v)
ij omlri: o Ymlr:  Or::
mirlj rz] m.rl] rl]
(v)
S +S:)- 1 8GSO
+( i j) ij (20)
m,'m.,'ri] }",'j 3}”,/
and
550(s) SO(S)
oo _ Si-Ly 057 8, 1,08 on

ij 2mlrlj Br,j 2m> irij 8}”,!

St v) (s) :
In Egs. (18)-(21), G}j., ij G:;) V) and SSO %) are achieved

from G (r;;) and S(r;;) by introducing momentum-dependent
factors,

~ mim;\ zte mim\ 3+
Gij = (EIE/) Grij )(ElEj) (22)
iy g
1 1
~ mim;\ 7 tee m;m;\ ;e
Gy = () G (R (23)
EE; E;E;
Gsot) _ (Mmim; $+esom) ) m,mj>%+em(v> 4
i T \EE Y\EE;
j it
2.1 2.1
s0(s) n:\ 2 +€s0(s) m: §+€su(s)
570 = (1)1 s (1)
L 1
with E; = /ml.2 + pfj, and €, €, €50(v) and €go(s) are free

parameters which take the same values with those in Ref.
[70]. The p;; is the magnitude of the momentum of either of
the quarks in the ij center-of-mass frame.

With the Hamiltonian of Eq. (11), all of the matrix ele-
ments can be evaluated, and the mass spectra can be obtained
by solving the generalized eigenvalue problem,

ma)

Z (HIJ

)C =0, (i=1-n%,) (26)

C; is the coefficient of eigenvector, and N;; is the overlap
matrix elements of the Gaussian functions, which can be

@ Springer

Table 1 Relevant parameters of the relativized quark model

o9 (GeV) y1(GeV) y» (GeV) p3(GeV) b (GeV?) ¢ (MeV)
1.8 z J10/2 J/1000/2  0.14 —198

s €c €(so)v €t €(s0)s (23]

1.55 —-0.168  —0.035 0.025 0.055 0.25

o) o3 me (MeV)  myp (MeV)

0.15 0.20 1628 4997

expressed as,

Nij = (d)”palﬂa’"lpa |¢nl’hl/’bmlpb> X <¢n;hal)\am1)ha |¢"*blkbmlkb)

I, +3/2
Vit Vs, ) a3/

1y, +3/2
_ (2 /vnpavnpb)ﬂa " (2
Y, + Vg, Vn,, T Yy,

27

3 Numerical results and discussions
3.1 The orbital excitations of 2., and 2pp. baryons

All of the interaction parameters in the Hamiltonian in Eq.
(11) are presented in Table 1. These parameters are taken as
the same values as those in our previous works [70,72] where
the experimental masses of singly heavy baryons were well
reproduced. The orbital excitations of heavy baryons are usu-
ally classified into different modes according to the orbital
angular momentum [, and /. For P-wave baryons, they have
two excitation modes which are called A- and p-mode with
(lp,1,)=(0, 1) and (1, 0), respectively. For D-wave baryons,
there exist three types of excitation modes with (/,, [;) = (0,
2), (2, 0) and (1, 1), which are called the A-mode, p-mode
and A-p mixing mode, respectively. For higher orbital excited
states, their situations are similar to D-wave baryons which
also have three excitation modes. By changing m ¢y from
0.1 ~ 5.0 GeV for Q¢ system, and m, from 0.1 ~ 2.0
GeV for Qppy, we illustrate the quark mass dependence of
excited energy for different excited modes in Fig. 2. For Q.¢o
system, it is explicitly shown that the A-mode appears lower
in excited energy than both the p-mode and X-p mixing mode
withm g > 4 GeV. This means that the lowest states of Q.
baryons are dominated by the A-mode. As for the 2554 sys-
tem, their excitations are dominated by p-mode, which are
opposite to Q..o system. That is to say, the orbital excitation
with the lowest energy is always associated with the heavier
quark in the triply heavy baryons. This characteristic is con-
sistent well with our previous conclusion which was named
as the mechanism of heavy quark dominance [73].

For Q.. with A-mode and 2, with p-mode, we obtain
their r.m.s. radii and mass spectra with quantum numbers up
ton = 4 and L = 4. The results are listed in Tables 9 and
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10 in the Appendix. In order to further investigate the inner
structure, we also analyze the radial density distribution of
these triply heavy baryons. The radial density distributions
are defined as,

w(rp) :/w(rp,rk)ﬁdrkdszp

o) = / |W(r,, 1)) 2dr,d2 (28)

where Q,, and €2, are the solid angles spanned by vectors
r, and ry, respectively. Some of the results about the radial
density distributions of baryons .., and Q. are shown in
Figs.3,4 and 5.

For Q.p states with the same radial quantum number 7,

their ,/ (r%) becomes larger obviously when the orbital angu-

lar momentum L increases (see Table 9). However, (rg)

increases a little with L increasing. The situation is opposite
to Qppe States whose values of |, / (r%) increase more quickly

with the orbital angular L than those of m (see Table
10). Figures3 and 4 also show similar characteristic about
the radial density distribution. It is shown that the r2w(r;)
peak of Q.. states shifts outward more evidently than that of
rza)(rp) with L increment. However, the situation is oppo-
site to 2pp baryons. These above phenomenons can be well
explained by .., and 25, baryons having different orbital
excited modes. Because dominant orbital excitations is A-
< 2

mode for .., baryon, this makes its ,/(r;) increase faster

and rzw(rx) peak shift outward more quickly. As for Qpp¢
system, its situation is exactly opposite to the former. For
these states with the same angular momentum L, Tables 9

and 10 show that both _/ (rg) and ,/ (r)%) increase with radial

quantum number n. We can also see this feature from Fig. 5,
where the peak of radial density distribution becomes lower
from 1S ~ 38 states and the peak position shifts outward
slightly. Theoretically, the larger the r.m.s. radii become, the
looser the baryons will be. We hope these results can help to

4 5 01 04 07 1 13 1.6 19
m (GeV)

(b)

estimate the upper limit of the mass spectra and to search for
the Q¢¢p and Qpp. baryons in forthcoming experiments.

3.2 Mass spectra of Q2.5 and 2. baryons

Based on the mechanism of heavy quark dominance, the ener-
gies of Q. baryons with A-mode and €25, with p-mode
are good approximations to their mass spectra. However, all
possible assignments of the angular momenta with the same
quantum number J ¥ should also contribute to the mass spec-
tra of the triply baryons. For .., as an example, all of the
possible assignments for 1P(%7) and 1D(%+) are listed in
Table 2. From this table, we can see that the energies of the
single configuration with A-mode are truly lower than the
other configurations. For example, the configurations (I, [
Lsj)=01111),(01112)for 1P(%_) state and (0 2 2

12),(02213) for 1D(%+) state are lower states in energy
than the others. We also calculate the eigenvalues and mix-
ing coefficients by considering the configurations mixing.
The results are shown in the last two columns in Table 2. It is
shown that the lowest energy for 1 P (%_) state is 8311 MeV
without considering the mixing effect. This value becomes to
be 8302 MeV after considering the configuration mixing. For
1D(%+) state, this value changes from 8527 MeV to 8518
MeV. That is to say, the lowest energy for each J” state is
slightly lowered if the configuration mixing is considered.
Basing on these above analyses, we obtain the complete
mass spectra of Qccp, QLppes Lece and Qppp baryons with
quantum numbers up to n = 4 and L = 4. The results
are listed in Tables 3, 4, 5 and 6. Many collaborations have
focused on the mass spectra of these baryons with lower
orbital excitations or radial excitations, which results are also
listed in these two tables. In Ref. [21], Yang et al. predicted
the mass spectra of the triply baryons with quantum num-
bersupton = 2 and L = 2, where the non-relativized quark
model was adopted. In Ref. [24], Silvestre-Brac employed
the Faddeev formalism to predict the ground-state and lower
excited state energies of triply baryons. From these tables,
we can see that there is about 10 ~ 30 MeV differences

@ Springer
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Fig. 5 Radial density 0.7 0.7
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Table 2 Predlcte;i_rn asses (in Single configuration Configuration mixing
MeV) of the 1 P(5 ) and L L " i : M pop p
t.
1D( % +) Qee heavy baryon nL(J") ol Lsj ass igenvalues ixing coefficients (%)
1P(%7) 01111 8319 8302 (349, 64.1, 1.0)
01112 8311 8327 (65.0, 33.8, 1.2)
10101 8370 8370 (1.1,0.8, 98.1)
1D(%+) 02212 8532 8518 (39.7, 60.0, 0.1, 0.1, 0.1)
02213 8527 8541 (59.8,39.9,0.1,0.1,0.1)
11202 8585 8585 (0.5,0.5, 98.6,0.2,0.2)
20212 8629 8615 (0.1,0.1, 0.4, 0.4, 99.0)
20213 8615 8629 (0.1, 0.1, 0.3, 99.0, 0.6)

The bold numbers in the table indicate the main configurations of the eigenstates

between our results and those in Refs. [21,24] for Q.. and
Qppe system. As for the excited states of Q.. and Qppp,
the differences reach about 50 ~ 60 MeV. Actually, if the
dependence of results on model is considered, this mismatch
is reasonable and acceptable. A similar study was performed
in Ref. [57], where they applied the model of renormalization
group procedure for effective particles (RGPEP). It is shown
that the differences between our results and their predictions
for Qppe, QLece and QLppp are 10 ~ 30 MeV. However, devi-
ations reach more than 100 MeV for Q.. baryons. Qin et
al. also reported their theoretical values which were obtained

by Faddeev equation [56]. It is obvious that their predicted
masses are much lower than the results of other collabora-
tions. In Ref. [30], the authors adopted the A-shaped and
Y -shaped potentials to investigate the ground state masses of
triply heavy baryons. Their results are also presented in the
last two columns in Tables 3, 4, 5 and 6. It is indicated that the
masses obtained from Y-shaped potential are 30 ~ 50 MeV
higher than our results and those calculated by A-shaped
potential. Aa a verification, it will be interesting to study
the excited state masses of the triply heavy baryons with A
and Y-shaped potentials, which can also help to shed more
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3:\',‘;ifgee‘gccidb‘:§s§§§ (in nL(JP)  Thiswork [21]  [24]  [57]  [32,44] [56]  [30]  [30]
S-wave  1S(3T) 8025 8004 8019 8301  8005(13) 7867 8018 8058
254" 8422 8455 8450 8600 8337
3s(ATy 8522
4sd™y 8731
15G™) 8046 8023 8056 8301  8026(13) 7963 8046 8087
253%) 8438 8468 8465 8600 8427
353" 8563
4s3%) 8145
P-wave  1P(17) 8303 8306 8316 8491  8360(130) 8164
2P(57) 861l 8663 8579
3P(3T) 8738
4P(37) 8881
1PG7) 8302 8306 8316 8491  8360(130) 8275
2P(37) 8609 8663 8579
3P3T) 8738
4P(37) 8878
1PG7) 8321 8311 8331 8491
2P(37) 8637 8667 8589
3P(3) 8749
4P(37) 8919
D-wave ID(L") 8524 8536 8528 8647
2p(tty 8798 8838 8762
3ptT) 8914
4Dy 9076
1ID3") 8525 8536 8528 8647
2p3") 8788 8838 8762
3p3T) 8914
43Ty 9045
Ip3") 8518 8536 8528 8647
2p3") 8758 8838 8762
3p3T) 8912
4p3") 9020
Ipd") 8532 8538 8528 8647
2plty 8802 8839 8762
3pd") 8918
4pd™) 9106
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Table 3 continued nL(J®)  Thiswork  [21]  [24]  [57]  [32.44]  [56]  [30]  [30]
F-wave  1F(37) 8748
2F(37) 9009
3F(AT) 9089
4F(1T) 9270
1IF37) 8707
2F(37) 8941
3FG3T) 9071
4F(37) 9272
1F(37) 8705
2F(37) 8902
3F(37) 9070
4F(3) 9267
1F(7) 8704
2F(37) 8899
3F() 9070
4F(37) 9270
Table 4 Predicted masses (in MeV) of the €. baryons
Il Lsj nL(J?) This work [21] [24] [57] [44] [56] [30] (30]
S-wave 154 11217 11200 11217 11218 11500(110) 11077 11214 11247
254 11604 11607 11625 11585 11603
3541 11700
45t 11888
153 11236 11221 11251 11218 11490(110) 11167 11245 11281
253 11617 11622 11643 11585 11703
353™) 11709
453 11899
P-wave 1P(A7) 11492 11482 11524 11438 11620(110) 11413
2P(37) 11798 11802 11820
3P(3) 11900
4P(37) 12046
1P(37) 11506 11482 11524 11438 11620(110) 11523
2P(37) 11809 11802 11820
3P(37) 11900
4P(37) 12057
1P(37) 11562 11569 11598 11601
2P(37) 11881 11888 11899
3P(37) 11909
4P(37) 12138
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Table 4 continued

Il Lsj nL(JT) This work [21] [57] [44] [56] [30] [30]
D-wave D4 11690 11677 11718 11626
2p(L™) 11960 11955 11986
3D 12090
4Dt 12209
1D 11688 11677 11718 11626
2p3") 11959 11955 11986
3p3" 12100
4p3 ™ 12208
1D 11688 11677 11718 11626
2D ") 11959 11955 11986
3D 12100
4p3") 12211
10 11713 11638 11718 11626
21" 11979 11963 11986
3D 12123
4pd™ 12237
F-wave 1F(3) 11920
2F(3) 12146
3F(3) 12259
4F(3) 12420
1F37) 11921
2F(37) 12147
3F37) 12260
4F(37) 12422
1F(3) 11854
2F(37) 12097
3FG3T) 12250
4F(37) 12380
1F(37) 11875
2F(3) 12114
3F(3T) 12265
4F(1) 12403

light on the nature of the confinement potential in the baryon
sector.

From Table 4, another interesting characteristic about the
orbital excited state of 2,5, baryon is shown. We can see
that the mass of 1P(%_) state is 11,562 MeV. This value is
40 ~ 60 MeV higher than the other P-wave states. Besides,
there also exist the similar feature for 1 F (%7) state whose
mass is 11,921 MeV. It is 50 ~ 70 MeV higher than the
masses of other F-wave states. However, this phenomenon

@ Springer

for Q.. baryon is not so obvious as that of Q. system. The-
oretically, baryons with the same orbital excitations should
not have too much difference in there energies. To inves-
tigate this characteristic, all of the possible configurations
about IP(%_) and IF(%f) are listed in Table 7. We can see
that there only exist configuration with A-mode (/,, /) = (0,

1) for 1P(%_) state in the allowed assignments of angular

momentum. As for 1 F (%_) state, only A-mode and X-p mix-
ing mode with ({,,, [;)) = (0, 3), (1, 2), and (2, 1) are allowed,
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Table 5 Predicted masses (in MeV) of the Q... baryons
nL(J) This work [21] [24] [57] [44] [56] [30] [30]
S-wave 153 4805 4798 4799 4797 4759(6) 4760 4799 4847
253 5219 5286 5243 5309 5313(31) 5150
3537 5317
453 5569
P-wave 1P(A7) 5083 5129 5094 5103 5116(9)
2P(37) 5425 5525 5456 5608(31)
3P(3) 5515
4P(3) 5745
1P37) 5091 5129 5094 5103 5120(13) 5027
2P(37) 5426 5525 5456 5658(31)
3P3T) 5514
4P(37) 5750
1PG37) 5114 5558 5494 5512(64)
2P(37) 5453 5846 5705(25)
3P3) 5529
4P(37) 5775
D-wave DA 5313 5376 5324 5358 5395(13)
2D 5620 5713
3D 5706
4ap(A™) 5887
1D 5330 5376 5324 5358 5426(13)
2p(3") 5629 5713
3p3 1) 5723
4pi3™ 5911
D3 5329 5376 5324 5358 5402(15)
2D 5602 5713
3p3 " 5721
4p3") 5917
10 5353 5376 5324 5358 5393(49)
2pd"h) 5648 5713
3p(1") 5727
4ap1™) 5947
F-wave 1F(37T) 5545
2F(37) 5837
3F(3T) 5899
4F(37) 6079
1F(37) 5548
2F(37) 5825
3F37) 5902
4F(37) 6082
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Table 5 continued

nL(JF) This work [21] [24] [57] [44] [56] [30] [30]
1F(37) 5534
2F(3) 5738
3FG3T) 5902
4F(3) 6079
1F(37) 5535
2F(37) 5758
3F() 5902
4F(37) 6083
Table 6 Predicted masses (in MeV) of the €, baryons
nL(JF) This work [21] [24] [57] [44] [56] [30] (30]
S-wave 153" 14394 14396 14398 14347 14371(12) 14370 14398 14424
253 ™) 14782 14805 14835 14832 14840(14) 14980
353 14873
453 15079
P-wave 1P(37) 14682 14688 14738 14645 14706(9) 8164
2P(37) 14984 15016 15052
3P0 15053
4P(37) 15218
1P(37) 14683 14688 14738 14645 14714(9) 14771
2P(37) 14982 15016 15052
3P30) 15052
4P(37) 15217
1P(3) 14693 15038 15078
2P(37) 14992 15284 15402
3P(3) 15058
4P(3) 15233
D-wave 1Dt ") 14873 14894 14944 14896 14938(18)
2D 15138 15175 15304
3D 15215
4Dt 15357
1D ") 14900 14894 14944 14896 14958(18)
2p(3™) 15147 15175 15304
3p3" 15223
4D 15332
1D 14896 14894 14944 14896 14964(18)
2D ") 15135 15175 15304
3D 15222
4p3") 15297
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Table 6 continued
nL(J?) This work [21] [24] [57] [44] [56] [30] [30]
1D(3") 14904 14894 14944 14896 14969(17)
2p(2 ") 15163 15175 15304
3p1") 15225
4p1™) 15359
F-wave 1F(3) 15075
2F(37) 15317
3F(3T) 15375
4F(3T) 15544
1FG3T) 15069
2F(37) 15313
3FG3T) 15371
4F(37) 15486
1F(37) 15068
2F(3) 15300
3F(37) 15371
4F(3) 15486
1F(37) 15067
2F(37) 15304
3F(3T) 15371
4F(37) 15487
Table 7 Predicted masses (in MeV) of the 1P(%_) and 1 F( %7)
Configuration Qech Qbbe
nL(J P ) I, 1, Lsj Mass Eigenvalues Mixing coefficients (%) Mass Eigenvalues Mixing coefficients (%)
1P(37) 01112 8321 8321 (100) 11562 11562 (100)
IF(37) 03312 8707 8707 (99.9,0.1, 0.0, 0.0, 0.0,0.0,0.0,0.0) 11992 11921 (0.0, 0.0, 0.0, 88.9, 10.6, 0.1, 4.9, 0.0)
12101 8752 8752 (0.1,99.8,0.1,0.0,0.0,0.0,0.0,0.0) 11993 11926 (0.0, 0.0, 0.0, 10.8, 89.1, 0.0, 0.1, 0.0)
12202 8801 8773 (0.0,0.0,0.0, 98.2,0.2,0.0,0.6,0.0) 12020 11936 (0.0, 0.0, 0.0, 0.0, 0.0, 0.4, 0.2, 99.4)
21111 8773 8779 (0.0,0.0,0.0,1.5,98.2,0.0,0.3,0.0) 11922 11973 (0.0,0.0,0.0,0.3, 0.3, 14.7, 84.6, 0.1)
21112 8779 8793 (0.0,0.0,0.0,0.0,0.0,0.4,0.4,99.2) 11925 11975 (0.0,0.0,0.0,0.1, 0.0, 84.8, 14.5, 0.6)
21211 8843 8801 (0.0,0.2,99.5,0.0,0.0,0.0,0.0,0.3) 11975 11992 (86.3,13.5,0.1,0.1, 0.0, 0.0, 0.0, 0.0)
21212 8843 8842 (0.0,0.0,0.0,0.1,0.1,48.7,51.1,0.0) 11973 11993 (13.5, 86.5, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0)
21312 8793 8844 (0.0,0.0,0.0,0.0,0.1,51.1,48.7,0.10) 11936 12020 (0.2, 0.0, 99.8, 0.0, 0.0, 0.0, 0.0, 0.0)

The bold numbers in the table indicate the main configurations of the eigenstates

while p-mode (/,, ) = (3, 0) is forbidden. It has been indi-
cated in Sect. 3.1 that the orbital excitations for ;. baryon
are dominated by p-mode. Because of the disappearance of
this orbitally excited mode, the lowest energies of 1P(%_)

and 1F (%_) Qppe baryons are much higher than those of
other P-wave and F'-wave states, respectively.

As for the uncertainties of the relativized quark model,
it is very difficult for us to determine its exact value. It was

claimed in Ref. [60] that the uncertainties of constituent quark
model depend on the quenched approximation and relativis-
tic corrections. Considering these two effects, they claimed
that the average accuracies are 25 MeV for light and heavy-
light mesons and 10 MeV for heavy mesons, respectively.
In our previous work [70], the mass spectra of single heavy
baryons were obtained by the relativized quark model. It was
indicated that the deviations between predicted masses and
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Fig. 6 Parent and daughter(J,
M?) Regge trajectories for Qccp 851 85 1
baryons with natural (a) and
unnatural (b) parities g0l
o~ 80
2 3
Q751 o
= = 75 1
70f
65 70 1
1/2+ ‘ 3/‘2— ‘ 5/2-%— ‘ 7/‘2— 1/2— ‘ 3/2+ ‘ 5/‘2—
hid hit
(a) (b)
Fig. 7 Same as in Fig. 6 but for 155

Qppe baryons
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12+ 3/2— 5/2+ 72— 1/2— 32+ 5/2—
7’ i’
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Fig. 8 Same as in Fig. 6 but for
Q¢ baryons 36

34

M%(GeV?)
MA(GeV?)
B ®

512+
JP

(a)

measured ones are almost less than 20 MeV except for a few
excited states. For doubly heavy baryons, the predicted mass
for ECC(%JF) is 3640 MeV [71] which is about 19 MeV higher
than experimental data 3621.4 MeV. Basing on these previ-
ous analyses, we expect that the uncertainties of predicted
masses of the triply heavy baryons are limited in 30 MeV.

3.3 Regge trajectories of triply heavy baryons
The Regge theory which was first proposed by Regge [79,

80] in 1959 is very successful in describing mass spectra of
the hadrons [81-90]. In our previous work, we successfully

@ Springer

3/2+
P

(b)

52—

constructed the Regge trajectories for the single and doubly
heavy baryons [70-72]. In the present work, we successfully
obtain the complete mass spectra of the 1S ~ 4S5, 1P ~ 4P,
1D ~ 4D, and 1 F ~ 4F state for triply heavy baryons. This
makes it easy for us to construct their Regge trajectories in
(J, M?) plane. The triply heavy baryons can be classified
into two groups which have natural parity P = (—1)’ -3
and unnatural parity P = (—1)’ +2 . The Regge trajectory in
the (J, Mz) plane is defined as,

M? =alJ +ag (29)
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Fig. 9 Same as in Fig. 6 but for
Qppp baryons

!

32— 5/2+

where o and «g are slope and intercept. Using this above
equation, we obtain the Regge trajectories of Qccp, Qpbes
Qccc and Qppp baryons which are shown in Figs. 6, 7, 8 and
9 respectively. In these figures, the predicted masses with
quark model are denoted by squares. The ground and radial
excited states are plotted from bottom to top.

The straight lines in these figures are obtained by linear
fitting of the numerical results. The fitted slopes and inter-
cepts of the Regge trajectories are listed in Table 8. It can
be seen that all of the predicted masses in the present work
are fitted nicely into linear trajectories on the (J, M?) plane.
These results can help us to assign an accurate position in
the mass spectra for experimentally observed .., and Qppc
baryons in the future.

4 Conclusions

In this work, we have systematically investigate the mass
spectra, the r.m.s. radii and the radial density distributions of
the Q.cp with A-mode and Q5. With p-mode in the frame
work of relativized quark model. All parameters used in
present work such as quark masses and inter-quark poten-
tials in the Hamiltonian are consistent with those of our pre-
vious work[70]. According to analyzing the excited energies
of different orbitally excited modes, we find that the domi-
nant orbital excitations are associated with the heavier quark
in charmed-bottom baryons. This characteristic is consistent
well with our previous conclusion which is named as the
mechanism of heavy quark dominance [73]. In addition, we
also find that the lowest energy level is further lowered by
configuration mixing of different angular momentum assign-
ments. Basing on these analyses, the complete mass spectra
of the ground, orbitally and radially excited states (15 ~ 4.5,
1P ~ 4P, 1D ~ 4D, 1F ~ 4F and 1G ~ 4G) of triply
heavy baryons are systematically studied (Tables 3, 4, 5, 6).

72— 1/2— 3/2+ 52—
JP

(b)

Finally, with the predicted mass spectra, we also construct
the Regge trajectories in (J, M?) plane.

Up to now, no experimental data related to Q.cp, QLppe,
Qcce and Qppp triply heavy baryons are reported. For most
theoretical researches, only masses of the ground state, lower
radially and orbitally excited states are explored. If model
uncertainties are considered, our predicted results are com-
parable with some of the results [21,24]. In summary, we
hope these analyses will be helpful to search for triply heavy
baryons in future experiments.
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Table 8 Fitted parameters o and a for the slope and intercept of the (J, M?) parent and daughter Regge trajectories for triply heavy baryons

Trajectory o (Gev?) o (Gev?) o (Gev?) oo (Gev?)
Qeer(3 ) Qeer(37)
Parent 3.81£0.81 62.96£2.70 3.32£1.10 67.55+4.12
1 daughter 3.01£0.75 69.71£1.50 2.77+£0.90 73.15£2.15
2 daughter 3.22+40.75 71.31£1.70 2.95+0.45 75.00+£0.63
3 daughter 3.29+0.15 74.6£0.35 3.33£0.36 77.754£0.52
he(37) Qbe(3)
Parent 5.0241.82 124.0044.52 4234232 130.10£4.17
1 daughter 4.02£0.95 133.00£2.55 3.57+1.83 137.50£3.20
2 daughter 4.48+1.58 135.30£3.59 3.77£1.95 140.70£3.54
3 daughter 4.16£0.22 139.20£0.50 4.08£1.14 143.00£1.90
Qecc(37) Qeec(37)
Parent 2.36+0.95 22424232 2.39:£0.83 24.70+2.13
1 daughter 1.8620.65 26.68+1.63 1.7543.62 28.73+6.81
2 daughter 2.2240.82 27.1242.07 2.21£0.98 29.35+1.62
3 daughter 1.9740.16 30.10:£0.48 2.00+£0.50 31.98+0.62
Qp(37) Qubp(3 )
Parent 0.19£0.15 14.4040.40 0.19£0.18 14.5940.37
1 daughter 0.1620.06 14.7440.15 0.160.04 14.91£0.05
2 daughter 0.16+0.08 14.8240.42 0.16:0.08 14.9840.16
3 daughter 0.14£0.21 15.0041.52 0.13£0.87 15.1440.27
Table 9 Predicted masses (in MeV) and r.m.s. radii (in fm) of the A-mode 2., baryons for different configurations
Iyl Lsj nL(J") (r2) (r?) M Iy, Lsj nL(J") (r2) (r?) M
00011 154 0.387 0.285 8025 02212 1D 0.455 0.572 8528
254 0.527 0.509 8422 2p(3") 0.486 0.872 8798
3541 0.664 0.450 8522 3p31) 0.813 0.624 8914
45t 0.583 0.710 8731 4p3"h) 0.594 0.938 9104
00011 153™) 0.393 0.297 8046 02212 1D 0.456 0.577 8532
253" 0.527 0.525 8438 2p(3") 0.486 0.876 8801
353 0.673 0.454 8563 3p3 1) 0.815 0.627 8918
453 0.579 0.719 8745 4p3™ 0.595 0.939 9105
01110 1P(37) 0.434 0.440 8317 02213 1p3" 0.455 0.572 8527
2P(37) 0.498 0.710 8633 2p(3") 0.486 0.872 8798
3P(5T) 0.757 0.533 8746 303 ) 0.813 0.624 8914
4P(37) 0.546 0.808 8915 4p3™ 0.583 0.923 9098
01111 1P(37) 0.433 0.437 8313 02213 11" 0.456 0.577 8532
2P(57) 0.498 0.706 8630 2p(1") 0.486 0.876 8802
3P(3) 0.755 0.532 8744 3p(1") 0.815 0.627 8918
4P(3) 0.545 0.805 8911 4pd™h 0.596 0.941 9106
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Table 9 continued
I, Lsj nL(JP) (r2) (r?) M I, Lsj nL(J?) (r2) (r?) M
01111 1P(37) 0.435 0.441 8319 03312 1F37) 0.466 0.699 8707
2P(37) 0.497 0.712 8635 2F(37) 0.483 0.992 8942
3P30) 0.758 0.533 8747 3FG3T) 0.849 0.734 9071
4P(37) 0.546 0.810 8917 4F(37) 0.837 1.049 9273
01112 1P37) 0.433 0.435 8311 03312 1F3T) 0.466 0.702 8709
2P(37) 0.498 0.704 8629 2F(37) 0.483 0.992 8943
3PG37) 0.754 0.531 8742 3FG3) 0.850 0.737 9073
4P(37) 0.544 0.804 8908 4F(37) 0.847 1.050 9275
01112 1P(37) 0.435 0.443 8321 03313 1F(37) 0.466 0.699 8707
2P(37) 0.497 0.714 8637 2F(3) 0.483 0.992 8942
3P3) 0.759 0.534 8749 3FG3T) 0.849 0.734 9071
4P(37) 0.547 0.812 8919 4F(37) 0.837 1.049 9273
02211 1Dt 0.455 0.572 8527 03313 1F(37) 0.466 0.702 8710
2D 0.486 0.872 8798 2F(37) 0.483 0.992 8943
3D(L ) 0.813 0.624 8914 3FG3) 0.850 0.737 9073
4p(i™) 0.583 0.923 9098 4F(37) 0.847 1.050 9275
02211 1D 0.456 0.576 8531 03314 1F(17) 0.466 0.699 8707
2p(3™) 0.486 0.875 8801 2F(37) 0.483 0.992 8941
3D 0.815 0.627 8917 3F(3) 0.849 0.733 9071
4p3" 0.594 0.938 9104 4F(37) 0.837 1.049 9272
Table 10 Predicted masses (in
MeV) and r.m.s. radii (in fm) of Iy Lsj nL(J") (r2) (r?) M
the p-mode 2, baryons for
different configurations 00011 15({3 0.272 0.297 11217
254 0.506 0.391 11604
35(5 ) 0.346 0.584 11700
45 0.722 0432 11888
00011 153" 0.275 0307 11236
253™) 0.512 0.398 11617
3531 0.345 0.593 11709
453 0.724 0436 11899
10101 1P 0.420 0.329 11492
2P(37) 0.672 0.396 11798
3P(5T) 0.485 0.627 11938
4P(3) 0.771 0.438 12046
10101 1P(37) 0.423 0.337 11507
2P(37) 0.679 0.403 11809
3PG37) 0.485 0.635 11946
4P(3) 0.771 0.443 12057
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Table 10 continued _

I, 5, Lsj nL(JP) (r2) (r?) M

20211 1D 0.543 0.355 11690
2D 0.832 0.421 11960
3p(T) 0.610 0.650 12107
4p(i™ 0.786 0.455 12209

20211 D3 0.547 0.363 11700
203" 0.838 0.429 11969
3p3 1) 0.610 0.658 12114
4p3h 0.788 0.461 12219

20212 1D3 " 0.545 0.353 11688
2p(3") 0.834 0.419 11959
303 0.612 0.648 12106
4p(3™) 0.786 0.454 12208

20212 13 0.550 0.366 11706
2p3") 0.843 0.431 11973
303 ") 0.612 0.661 12118
4p3™) 0.789 0.465 12226

20213 1D37) 0.547 0.351 11688
2p(3 ) 0.838 0.418 11959
303 ) 0.616 0.646 12107
4p(3™) 0.787 0.455 12211

20213 12" 0.555 0.369 11713
201 0.849 0.434 11979
3p1") 0.615 0.664 12123
4p(1™) 0.794 0.471 12237

30303 1IFGT) 0.655 0.373 11854
2F(3) 0.980 0.441 12097
3F(3) 0.727 0.665 12250
4FG7) 0.865 0.531 12380

30303 IF(37) 0.662 0.390 11875
2F(37) 0.984 0.456 12114
3P0 0.729 0.681 12265
4r") 0.891 0.562 12403
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