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Abstract
The performance of quantum technologies that use entanglement and coherence as a resource is
highly limited by the effects of decoherence due to their interaction with some environment. In
particular, it is important to take into account situations where such devices unavoidably interact
with surrounding. Here, we study memory effects on energy and ergotropy of quantum batteries
in the framework of open system dynamics, where the battery and charger are individually allowed
to access a bosonic environment. Our investigation shows that the battery can be fully charged as
well as its energy can be preserved for long times in non-Markovian dynamics compared with
Markovian dynamics. Moreover, the non-Markovianity increase makes it possible to extract the
total stored energy as work and the discharge time becomes longer. Our results indicate that
memory effects can play a significant role in improving the performance of quantum batteries.

1. Introduction

Quantum batteries (QBs) are energy-storage quantum systems that make it available for future purposes. In
fact, well-known examples of classical batteries are electrochemical devices converting chemical energy to
electrical ones. They can be disposable or rechargeable using electricity and so on. Therefore, batteries are
very comfortable for their multiple-use, and their presence in everyday life has transformed them into
essential elements. The role of quantum effects on the issue of energy storage has been extensively studied in
the last years [1–8]. On the other hand, studies over the past few decades show that many modern-day
technologies are based on the principles of quantum mechanics [9–11] can be more efficient than their
classical ones. Then, we believe that quantum mechanical effects can be useful for miniaturized batteries at
the quantum realm. In recent years, the study of QBs has attracted much more attention (there is
worldwide interest in exploiting QBs) as small quantum systems used for temporary energy storage and
transferring it from production centers to consumption centers [1].

As mentioned above, the research on QBs and the investigation of the stability of stored energy are very
important. Recently, there have been many efforts to design protocols whose main purpose is to control
charging or discharging processes (such as the ability to conserve energy and the stability of quantum
batteries) in order to achieve more operational quantum batteries [12–15]. In most research, QBs are
considered as closed systems, that do not interact with external environments. However, quantum systems
are open systems where they undoubtedly interact with their surroundings. Also, open system dynamics can
be characterized by either the Markovian approach or non-Markovian one [16]. In general, Markovian
approximation is based on the assumption that the coupling between the system and its environment is
weak and the initial total state is factorized. Ignoring each of these conditions leads to non-Markovian
dynamics and implies the presence of memory effects [17–29]. Since the charging process of QBs has been
considered in the Markovian regime [7, 30], in the case where non-Markovian effects are present is yet a
point to be addressed. Hence, it is worthwhile investigating the quantum memory effects to counteract the
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energy dissipation in the process of charging or discharging and the maximum extractable work from QBs
in such scenarios.

In this paper, we study the role of dissipation and the information backflow on the energy, ergotropy,
and discharge time of QB. For this purpose, we consider a battery B connected to a charger A, where each of
them interacts separately with its environment. The battery and the charger are two-level systems. We
accurately obtain the time evolution of the total system and then we analyze the charging process efficiency
(power) and the amount of work that can be extracted from the QB for both Markovian and
non-Markovian dynamics. Specifically, we study the different ways in which the dissipation of the
environment and coupling with the charger contribute to the process. In particular, the non-Markovian
dynamics plays a substantial role in the underdamped regime by increasing the energy transfer power from
the charger to the battery. Moreover, non-Markovian dynamics may provide a charging performance near
to the ideal case (without decoherence effects). To end, we study an important phenomenon called
self-discharging, which limits the performance of QBs in storing the energy for long times [12]. We show
how non-Markovian dynamics and its consequent memory effects allow for increasing the self-discharge
time of the battery.

Our paper is structured as follows. In section 2 we describe all important concepts from the quantum
batteries. We present our physical model and we derive the exact equations governing the time evolution of
the QB-charger system coupled to two independent reservoirs in section 3. In section 4 we outline the
Markovian and non-Markovian effects on the charging process of quantum batteries. A detailed description
of the Markovian and non-Markovian self-discharging of quantum batteries will then be discussed in
section 5. Finally, section 6 contains a brief summary and our main conclusions. One can be found some
further technical details in the appendix.

2. Quantum batteries

In this section, we briefly introduce the system we will use throughout this paper. A QB is a physical
quantum system that stores energy, where the advances in stored charge and charging process of such
devices are associated with quantum mechanical phenomena. For this reason, it is not possible to say that
any system with discrete energy spectrum can therefore be considered as a QB. The performance of QB does
not emerge from the discrete spectrum, but the usage of quantum correlations and/or coherence [13]. In
order to define the energy scale of the QB we start by considering a time-independent reference
Hamiltonian H, where the Hilbert space of the battery is assumed to be finite. In general, the available
energy that can be extracted from a QB is not given by the difference of the internal energy of the system.
Such amount of energy is well defined from the ergotropy of the system given by

W = tr(ρH) − max
U∈U

tr([UρU†]H), (1)

where ρ is the initial system state and we maximize over the set of all accessible unitary operations U . In
particular, in cases where ρ is a pure state we can show that the optimal U is so that UρU† = ρgs, where ρgs

is the ground state of the reference Hamiltonian H [12, 13].
From the above discussion emerges an important element for quantum batteries called passive states.

Passive states were originally introduced in reference [31], with recent reviews and a detailed discussion on
its relation with the equation (1) given in references [32, 33]. In summary, passive states are associated with
a state where no amount of work can be extracted from the QB in a cyclic unitary process, so that the
uniqueness of passive states are not possible in general [33]. Then, consider a reference Hamiltonian H and
a given state ρ, we can write both of them in their respective eigenbasis (increasing for H, decreasing for ρ)

H =
∑

j

εj|εj〉〈εj|, εj+1 � εj ∀j, (2)

ρ =
∑

j

rj|rj〉〈rj|, rj+1 � rj ∀j. (3)

Then, we say that the state ρ is passive with respect to H if and only if (i) ρ and H are diagonal in the
same basis being valid the commutation relation [ρ, H] = 0 and (ii) ρ contains no population inversion,
i.e., εi < εj ⇒ ri � rj. We have denoted passive states by σρ, thus it takes the following form [32, 33]

σρ =
∑

j

rj|εj〉〈εj|. (4)

The understanding of passive state is important to define the empty battery state, since no work can be
extracted from a passive state we therefore say the battery is empty when the battery state is passive.
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Figure 1. Sketch of the system considered here, where the charger and the battery are considered as two-level systems. Initially
the system is composed of the charger that it will transfer its energy to the battery. Along the evolution losses are considered and
it can affect the charging performance of the battery. In the ideal case, all energy is transferred and the battery ergotropy is
maximum. After the charging process, whenever possible, some amount of available energy (ergotropy) in the battery can be later
used to some consumption hub and this extractable energy by unitary operations is evaluated by equation (1).

Intuitively, non-passive states are called active states because energy can be extracted from the QB [2]. In
this sense, it is evident that the charging process of a battery does not mean increase the system energy, it
means we need to increase its ergotropy. Of course, in some cases we can have simultaneously both
increasing ergotropy and system energy. However, it is not the case here because the charging (discharging)
processes are not necessarily unitary and the quantum system may interact with its surrounding. For this
reason, it is important to define the ratio between the extractable work and the energy value of the battery
as

L(t) =
W(t)

ΔE(t)
, (5)

with W(t) and ΔE(t) = tr[Hρ(t)] − tr[Hρ(0)] being the instantaneous ergotropy and energy variation,
respectively. In addition, its instantaneous charging power is defined here from available work in the battery
as

P(t) = lim
Δt→0

W(t +Δt) −W(t)

Δt
=

dW(t)

dt
. (6)

In fact, how fast can a battery charged (or discharged), it depends on its power. In the next section, we
introduce the model of open QB used here by assuming that its performance may be affected by a
dissipative environment.

As sketched in figure 1, the charging process of our battery is considered as a non-unitary process, since
we want to study the decoherence effects on such process. On the other hand, from equation (1) we can see
that to compute the ergotropy we need to consider unitary processes. Therefore, the non-unitary evolution
cannot here be viewed as a work extraction process, but it is an ergotropy transference phenomena (or a
charging process of a QB). The energy extraction from the QB, as given by the ergotropy, needs to be done
for later unitary process when we couple the QB to some consumption hub.

3. The model

Here, we consider a model consisting of four components: two two-level systems (two qubits) interacting
with each other at a given time interval, such that one is considered as a quantum battery B and another as
charger A, and each qubit is locally contacted with an independent amplitude damping reservoir E (see
figure 1). So, the total Hamiltonian is given by (with � = 1)

H = H0 + Hint, (7)

where
H0 =

ω0

2
σA

z +
ω0

2
σB

z +
∑

k

ωA
k a†kak +

∑
k

ωB
k b†kbk, (8)

in which the two first terms indicate the free Hamiltonians of the charger and the QB, respectively, as well as
two last terms denote the free Hamiltonians of the independent environments coupled to the charger and
the battery, respectively. In our system ω0 is the transition frequency of the battery and charger, where
σ

j
z ( j=A, B) represents the Pauli operator in z-direction of the systems A and B, respectively. Also,

ω
j
k ( j=A, B) is the frequency of the kth mode of the environments A and B, respectively, a†k and b†k (ak, bk)

are the creation (annihilation) operators corresponding to the kth mode of the environments.
To study the energy transfer from the charger to the battery, we consider the interaction Hamiltonian

defined as

Hint = κ(σA
+σ

B
− + σA

−σ
B
+) +

∑
k

(gA
k σ

A
+ak + g∗A

k σA
−a†k) +

∑
k

(gB
k σ

B
+bk + g∗B

k σB
−b†k), (9)

3
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where the first term describes the interaction between the two qubits with the coupling constant κ, and two
last summations show the coupling between the charger and the battery to their respective environments,
that g j

k ( j=A, B) is the coupling constant between the jth qubit and the kth mode of its corresponding

environment. Here, we are denoting σ
j
± = (σ j

x ± σ
j
y)/2 as the raising and lowering Pauli operators of the jth

qubit.
In this work, we exactly obtain the time evolution of the total system. For this purpose, we work in the

interaction picture defined by
HI

int(t) = eiH0t Hint e−iH0t , (10)

in which the Hamiltonian takes the form

HI
int(t) = κ(σA

+σ
B
− + σA

−σ
B
+) + HI

1(t), (11)

where

HI
1(t) =

∑
k

(gA
k σ

A
+akei(ω0−ωA

k )t + h.c.) +
∑

k

(gB
k σ

B
+bkei(ω0−ωB

k )t + h.c.). (12)

As shown in appendix A, the total system dynamics can be written as a superposition given by

|ψ(t)〉 =
[
μ(t)|e, g〉+ ν(t)|g, e〉

]
S
⊗ |0, 0〉E + |g, g〉S ⊗

(∑
k

ηA
k (t)|1k, 0〉+ ηB

k (t)|0, 1k〉
)

E

, (13)

with μ(t), ν(t), ηB
k (t) and ηA

k (t) being functions to be determined. We are using the notation
|ψ,φ〉S = |ψ〉A|φ〉B for the system and |n, m〉E = |nA〉|mB〉 for the Fock basis of the reservoir.

Therefore, we analytically solve the system dynamics under the initial condition |ψ(0)〉 = |e, g〉S ⊗ |0, 0〉E

with μ(0) = 1 and ν(0) = 0, a situation in which the QB is empty and the charger has maximal energy, the
dynamical equation for μ(t) and ν(t) are obtained from respective inverse Laplace transform of (see
appendix A)

μ̃(s) =
s + k̃(s)

[s + k̃(s)]2 + κ2
, ν̃(s) = − iκ

[s + k̃(s)]2 + κ2
, (14)

with k̃(s) being the Laplace transform of k(t), with k(t − t′) being the correlation function given by
k(t − t′) = (γ/2)λe(−λ+iΔ)|t−t′| [20], where the parameter γ is an effective coupling constant which is
connected to the relaxation time of the qubit τR ∼ γ−1, λ is the width of the Lorentzian spectrum that is
linked to the environment correlation time τ E ∼ λ−1 and Δ is the detuning of ω0 and the central frequency
of the environment.

The Markov approximation takes into account the two relevant time scales τ E and τR, where the
standard condition for such approximation is identified as τ E � τR [17, 20]. This condition implies that, in
Markovian regime, the evolution of an open system depends only on its current state, rather than past
states. By defining the dimensionless positive parameter R = γ/λ to distinguish the weak coupling regime
from the strong coupling regime, the Markov condition can thus be written as

R =
γ

λ
=

τE

τR
� 1. (15)

It has been demonstrated that for R � 1 the dynamics is completely-positive-divisible (Markovian), while
for R 
 1 it becomes noncompletely-positive-divisible (non Markovian) [18–20, 23–30]. See for example
[17, 22] for more details on Markovianity and non-Markovianity in the system under consideration
throughout this work.

In the following, ergotropy and instantaneous energy of the QB and the charger is computed from
reduced density matrix for each system, then according to equation (13), the reduced density matrix of the
QB and the charger are respectively as follows

ρB(t) = |ν(t)|2|e〉〈e|B +
[
1 − |ν(t)|2

]
|g〉〈g|B, (16a)

ρA(t) = |μ(t)|2|e〉〈e|A +
[
1 − |μ(t)|2

]
|g〉〈g|A, (16b)

so that it is straightforward to show that the internal energy EA/B(t)= tr[ρ(t)HA/B
0 ], with HA

0 = (ω0/2)σA/B
z ,

for the battery and the charger can be obtained as, respectively,

EB(t) = �ω0|ν(t)|2, EA(t) = �ω0|μ(t)|2. (17)

As previously mentioned, the above equations do not represent the available energy that can be
extracted from the QB after the charging process. To find the ergotropy of the QB we can use the
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equation (16a), where it is possible to see that for |ν(t)|2 � 1/2, no amount of energy can be extracted from
the QB by unitary processes so that WB(t) = 0 for all t with |ν(t)|2 � 1/2. However, when |ν(t)|2 > 1/2,
then we have available energy because the ergotropy is given by WB(t)||ν(t)|2>1/2 = �ω0

(
2|ν(t)|2 − 1

)
.

Therefore, by using the Heaviside function Θ(x − x0), which satisfies Θ(x − x0) = 0 for x < x0,
Θ(x − x0) = 1/2 for x = x0 and Θ(x − x0) = 1 for x > x0, we can write the

WB(t) = Θ
(
|ν(t)|2 − 1/2

)
WB(t)||ν(t)|2>1/2. (18)

In the following, by using the above equation we can study the charger-mediated charging process of the
battery under Markovian and non-Markovian dynamics. In appendix B we give more details on the effect of
the the system-environment interaction on the the dynamics of coherence and populations of the battery
and the charger in both the strong and weak coupling regimes. Moreover, we discuss about a merit figure
for studying the Markovian and non-Markovian effects in our system, as considered in references [21, 22].

4. Markovian and non-Markovian effects on battery charging

Now we investigate the amount of available energy transferred from the charger to the QB after the charging
process under Markovian and non-Markovian effects. As a first assumption, in our calculations we consider
the case where both charger and battery are in resonance with the reservoir modes by putting Δ = 0. As we
shall see, it would be worth to consider Δ �= 0, but Δ �= 0 means a non-maximum effective coupling
between the system and the reservoir. For this reason, we consider the case where we have maximum
coupling in order to provide a good approach to the charging and discharging process in the worst
decohering scenario. As mentioned in the previous section, in order to discriminate the strong coupling
regime from the weak coupling regime, we can define the dimensionless positive parameter R = γ/λ. It is
important to emphasize the ratio between γ and κ plays a significant role in energy transfer. Hence, we
display two distinct regimes where we have (i) an underdamped regime occurring for κ 
 γ, that means
the coupling between the QB and the charger is stronger than the interaction between them and their
corresponding environments and, conversely, (ii) the overdamped regime obtained for κ � γ. As a third
situation, we also consider (iii) an intermediate coupling regime with κ ∼ γ (for example, κ = γ).

By driving the system (QB and charger) without interaction with the baths, one finds the required time
τ ch to fully transfers the energy from charger to QB and such parameter works as a natural time-scale for
the charging process. By definition, the time τ ch is obtained from WB(τch)=Wmax, where Wmax = �ω0 is
the maximum ergotropy that can be stored in the QB. Since the excitation present in the charger will be
transferred to the QB in absence of surroundings interacting with the system, we can solve the Schrödinger
equation and find that the probability of transferring the excitation from the charger to battery is

p(t) = |〈g, e|ψ(t)〉|2 = |〈g, e|e−
i
�
κ(σA

+σB
−+σA

−σ
B
+)t |ψ(0)〉|2 = sin2(κt), (19)

so that p(t) = 1 when τ ch = π/2κ. In this case, it is possible to define the average power to energy transfer
given by

Pav =
WB(t) −WB(t0)

t − t0
=

�ω0

τch
=

2�κω0

π
, (20)

for a non-decohering process. Now, when we consider the decohering effects on the system the above
quantities can be drastically changed, as shown in figure 2.

In figure 2, we consider the coupling regimes from underdamped (left-hand graph) to the overdamped
case (right-hand graph) for different values of R. In the underdamped regime it is possible to see that the
smaller the parameter R (R = 0.01 and R = 0.1), the worse will be the charging performance of the battery.
On the other hand, by increasing the parameter R (R = 10 and R = 100) we can achieve the regime of
maximum power charging of the battery given in equation (20), since the first maximum peak of the
dashed-dot-dot black and the magenta curve happens for t = τ ch. More precisely, at t = τ ch we have
p(τ ch) ≈ 99.995% for both cases R = 10 and R = 100, so that it means we transfer 99.995% of the
maximum energy (�ω0) to the battery. Therefore, the non-Markovian dynamics of the system allows for an
optimal energy transfer in the underdamped coupling regime. In order to get a direct comparison with the
Markovian case, at instant t = τ ch we have p(τ ch) ≈ 87.057% and p(τ ch) ≈ 95.948% for R = 0.01 and
R = 0.1, respectively. More drastically, for the cases where we have intermediate (γ = κ) and overdamped
(γ = 10κ) coupling regimes, the battery is not charged for the cases R = 0.01 and R = 0.1, with the best
charging process obtained for R = 100.

It is worth mentioning here that the value zero and constant for some time intervals Δt does not mean
the system energy is zero. The energy in the QB is computed from the quantum mechanics postulates as

5
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Figure 2. Ergotropy WB(t) (in multiple of Wmax) as a function of the dimensionless quantity κt for different values of the
parameter R. We consider effects of the coupling strength for (left) underdamped regime with γ = 0.05κ, (middle) intermediate
regime with γ = κ and (right) overdamped case where γ = 10κ. Numerically we can show that in case where γ > 100κ we get
WB(t)=0 for all t ∈ [0, 4π].

Figure 3. Instantaneous energy EB(t) in the battery (as multiple of �ω0) as a function of the dimensionless quantity κt for
different values of the parameter R. We consider effects of the coupling strength for (left) underdamped regime with γ = 0.05κ,
(middle) intermediate regime with γ = κ and (right) overdamped case where γ = 10κ.

EB(t) = Tr[H0ρ
B(t)] − Egs, where Egs = �ω0/2 is the ground state energy for our battery and ρB(t) is the

battery reduced density matrix. As we can see from figure 3, the energy flux in the charger-battery system is
continuum along the system dynamics. However, such energy may be stored in the battery as a
non-extractable amount of energy. In fact, for example, if the charger-battery system state is maximally
entangled |ψbell〉= (|e, g〉+ |g, e〉)/

√
2 with μ(0) = ν(0) = 1√

2
, we have some energy in the battery but it

can not be extracted from the battery by unitary processes because its reduced density matrix reads
ρB
ψbell

=𝟙. This result allows us to clearly see the main difference between the energy of the system and
system ergotropy.

5. Markovian and non-Markovian self-discharging of quantum batteries

In classical batteries we have a phenomenon known as self-discharging of batteries associated with undesired
effects that compromise the storing performance of the battery [34–37]. The self-discharging process is
characterized by a loss of charge in the battery, even when the battery is not coupled to some consumption
hub. In the quantum realm, the self-discharging mechanism has been introduced as a consequence of the
inevitable coupling of the QB with some external reservoir [12]. Here we are interested in investigating the
role of Markovian and non-Markovian in the self-discharging of a two-level quantum battery, since such
mechanism has been considered in a tree-level QB [12].

To this end, first we consider the system as composed by the QB and its reservoir. This system can be
considered by taking the limit κ→ 0 and starting the QB at state |e〉B and the reservoir in state |0〉E. Under
these assumptions, the evolved state of the system QB-reservoir is described by

|ψsd(t)〉 = νsd(t)|e〉B ⊗ |0〉E +
∑

k

ηsd
k (t)|g〉B ⊗ |1k〉E (21)

where the subscript ‘sd’ means self-discharging. Again, it is possible to show that the reduced density matrix
of the QB is given by the equation (16a) but now the coefficient is obtained from the inverse Laplace
transform of

ν̃sd(s) =
1

s + k̃(s)
, (22)

which can be obtained from equation (A.17b) of the appendix A with κ→ 0. Then, the solution to the
above equation provides

|νsd(t)| = e−
tλ
2

∣∣∣∣cosh

(
1

2
tξ

)
+

λ− iΔ

ξ
sinh

(
1

2
tξ

)∣∣∣∣ , (23)

6



New J. Phys. 22 (2020) 083007 F H Kamin et al

Figure 4. Ergotropy WB(t) in the battery (as multiple of Wmax) in the function of the dimensionless quantity γt for different
values of the parameter R. Here we consider the influence of Δ by choosing (left) Δ = 0, (middle) Δ = 0.5γ and (right)
Δ = 2γ.

where ξ2 = (λ− iΔ)2 − 2γλ. As a first result, let us consider the case where Δ→ 0, so that the above
equation becomes

lim
Δ→0

|νsd(t)| = e−
tγ
2R

∣∣∣∣cosh

(
tγ
√

1 − 2R

2R

)
+

1√
1 − 2R

sinh

(
tγ
√

1 − 2R

2R

)∣∣∣∣ , (24)

where we already used R = γ/λ. Now, notice that the parameter R allows us to provide different
self-discharging processes, so that it is evident that such process depends on the Markovian and
non-Markovian regime. Due to the quantity 1 − 2R, here we can highlight three important regimes (i)
R < 1/2, (ii) R = 1/2, and (iii) R > 1/2. Therefore, in figure 4 we present the ergotropy as for different
values of R, including the case R = 1/2. However, regardless of the regime we consider the battery becomes
fully discharged in limit tγ →∞, then the question here is how this discharging process happens.

By comparing the curves in graphs of the figure 4, as already mentioned, by increasing the value of
Δ �= 0 we decrease the effective coupling of the system with the reservoir and the self-discharging becomes
slower than in the cases where Δ = 0. As for the role of the Markovianity and non-Markovianity, in
summary the self-discharging of the QB follows the same behavior as the charging process, where the bigger
R, the better the performance of the QB performance against its self-discharging process. Therefore, in this
case, the non-Markovian processes are preferable regarding Markovian ones.

6. Conclusion

In this paper, we provided a model for robust quantum batteries, inspired by the inevitable interaction of
quantum systems with their environments. In the charging process the quantum battery interacts with the
charger, while each of them is in contact with independent environments. Our results show that the
memory effects due to non-Markovian dynamics are beneficial for the charging process of our battery,
where we can approximately achieve the maximum charge of the battery. Therefore, this energy can be later
used and transferred to consumption hubs. Moreover, we studied the phenomenon related to the
self-discharging of the battery. Such a study is motivated by its classical counterpart, where these undesired
effects limit the performance of classical and quantum batteries in storing energy [12]. We showed that the
self-discharge time of the battery in non-Markovian dynamics is longer than the Markovian dynamics, as a
consequence the stored energy can be preserved for a long time in the presence of non-Markovian
dynamics. Our results suggest that memory effects can play an important role in improving the
performance of quantum batteries in the framework of the open system approach.
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Appendix A. Solution for dynamics

To solve the dynamics of the system considered here we use the fact that the number operator is a constant
of motion i.e; [H, N] = 0, where

N =
∑
j=A,B

σ
j
+σ

j
− +

∑
k

a†kak +
∑

k

b†kbk. (A.1)
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Therefore, if we assume that the initial state of the system is a combination of the ground (|g〉) and
excited (|e〉) states of the battery and the charger such that the total initial state given by
(|μ(0)|2 + |ν(0)|2 = 1)

|ψ(0)〉 = [μ(0)|e〉A|g〉B + ν(0)|g〉A|e〉B] ⊗ |0A〉|0B〉, (A.2)

with |ψ〉A and |φ〉B denoting the charger and the battery states, and |0j〉 being the vacuum state of the
corresponding environment, then we can write the general dynamics of the system in basis spanned by a
single excitation subspace as

|ψ(t)〉 = [μ(t)|e, g〉+ ν(t)|g, e〉]S ⊗ |0, 0〉E + |g, g〉S ⊗
[∑

k

ηA
k (t)|1k, 0〉+ ηB

k (t)|0, 1k〉
]

E

, (A.3)

in which from now on we are using the notation |ψ,φ〉S = |ψ〉|φ〉 for the system and |n, m〉E = |nA〉|mB〉 for
the Fock basis of the bath. Here |1k〉 characterizes a state of the corresponding environment with one
excitation in the kth mode. Now, by putting the above ansatz in Schrödinger equation one can find the
following differential equations for the probability coefficients μ(t), ν(t) and η

j
k(t)

μ̇(t) = −i(κν(t) +
∑

k

ηA
k (t)gA

k ei(ω0−ωA
k )t), (A.4a)

ν̇(t) = −i(κμ(t) +
∑

k

ηB
k (t)gB

k ei(ω0−ωB
k )t), (A.4b)

η̇A
k (t) = −iμ(t)gA∗

k e−i(ω0−ωA
k )t , (A.4c)

η̇B
k (t) = −iν(t)gB∗

k e−i(ω0−ωB
k )t . (A.4d)

Now, by using the two last differential equations in equation (A.4) with the initial conditions
ηA

k (0) = ηB
k (0) = 0, the probability coefficients η j

k(t) can be written as

ηA
k (t) = −igA∗

k

∫ t

0
μ(t′)e−i(ω0−ωA

k )t′dt′, (A.5a)

ηB
k (t) = −igB∗

k

∫ t

0
ν(t′)e−i(ω0−ωB

k )t′dt′. (A.5b)

By applying above equations, the differential equations for μ(t) and ν(t) can be obtained as

μ̇(t) = −iκν(t) −
∫ t

0
kA(t − t′)μ(t′)dt′, (A.6a)

ν̇(t) = −iκμ(t) −
∫ t

0
kB(t − t′)ν(t′)dt′, (A.6b)

where the kernels kA(t − t′) and kB(t − t′) are given by

kA(t − t′) =
∑

k

|gA
k |2ei(ω0−ωA

k )(t−t′), kB(t − t′) =
∑

k

|gB
k |2ei(ω0−ωB

k )(t−t′). (A.7)

For simplicity, we suppose kA(t − t′) = kB(t − t′) = k(t − t′). In continuum limit, the correlation
function k(t − t′) can be expressed as

k(t − t′) =

∫ ∞

0
dωJ(ω)ei(ω0−ω)(t−t′), (A.8)

in which J(ω) is the spectral density of the environments. In order to give a discussion from an
experimentally feasible discussion in atom-cavity system [38, 39] and/or superconducting two-level atom
interacting with light [40, 41], for example, we consider the spectral density for bosonic reservoirs given by
the Lorentzian spectral density [42, 43]

J(ω) =
γ λ2

2π[(ω0 − ω −Δ)2 + λ2]
, (A.9)

where γ is an effective coupling constant which is connected to the relaxation time of the qubit τR ≈ γ−1

and λ is the width of the Lorentzian spectrum that is linked to the environment correlation time τE ≈ λ−1

8
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and Δ is the detuning of ω0 and the central frequency of the environment. By some calculations, one can
obtain the correlation function as k(t − t′) = 1

2γλe(−λ+iΔ)|t−t′| [20].
At this step, let us define

z(t) = μ(t) + ν(t), w(t) = μ(t) − ν(t). (A.10)

Then, by regarding equation (A.6), one can write the following equations

ż(t) = −iκz(t) −
∫ t

0
k(t − t′)z(t′)dt′, (A.11a)

ẇ(t) = iκw(t) −
∫ t

0
k(t − t′)w(t′)dt′. (A.11b)

Applying the Laplace transform, the above equations becomes

sz̃(s) − z(0) = −iκz̃(s) − k̃(s)z̃(s), (A.12a)

sw̃(s) − w(0) = iκw̃(s) − k̃(s)w̃(s), (A.12b)

in which z̃(s), w̃(s) and k̃(s) are the Laplace transforms of z(t), w(t) and k(t − t′), respectively. To solve the
dynamics, we begin with first equation of (A.12) in the main text

sz̃(s) − z(0) = −iκ z̃(s) − k̃(s)z̃(s), (A.13)

the above equation takes the following form

z̃(s) =
z(0)

[s + k̃(s) + iκ]
. (A.14)

Similarly, starting from the second equation in (A.12), one can get the following equation for w̃(s)

w̃(s) =
w(0)

[s + k̃(s) − iκ]
. (A.15)

On the other hand, by following definitions

μ̃(s) =
1

2
[z̃(s) + w̃(s)], ν̃(s) =

1

2
[z̃(s) − w̃(s)], (A.16)

and some straightforward calculations, they can be written as

μ̃(s) =
[s + k̃(s)]μ(0) − iκν(0)

[s + k̃(s)][s + k̃(s)] + κ2
, (A.17a)

ν̃(s) =
[s + k̃(s)]ν(0) − iκμ(0)

[s + k̃(s)][s + k̃(s)] + κ2
. (A.17b)

From equations for μ̃(s) and ν̃(s), with the initial conditions μ(0) = 1, ν(0) = 0, we apply the inverse
Laplace transform to get

μ(t) =
exp

[−(λ+i(κ−Δ))t
2

]
2

[
λ− i(Δ+ κ)

α
sinh

(αt

2

)
+ cosh

(αt

2

)]

+
exp

[−(λ−i(κ+Δ))t
2

]
2

[
λ− i(Δ− κ)

β
sinh

(
βt

2

)
+ cosh

(
βt

2

)]
, (A.18)

ν(t) =
exp

[−(λ+i(κ−Δ))t
2

]
2

[
λ− i(Δ+ κ)

α
sinh

(αt

2

)
+ cosh

(αt

2

)]

+
exp

[−(λ−i(κ+Δ))t
2

]
2

[
−λ+ i(Δ− κ)

β
sinh

(
βt

2

)
− cosh

(
βt

2

)]
, (A.19)

with α =
√
−(Δ+ κ+ iλ)2 − 2γλ and β =

√
−(Δ− κ+ iλ)2 − 2γλ.

9



New J. Phys. 22 (2020) 083007 F H Kamin et al

Figure B1. Decoherence function as a function of λt in weak-coupling regime (black lines) with R = 0.3 and strong-coupling
regime (dashed red lines) with R = 3 for (a) overdamped regime, κ = 0.01γ and (b) underdamped case κ = 2γ. Here we
consider Δ = 0 and μ(0) = ν(0) = 1√

2
.

Figure B2. The population of excited (solid lines) and the ground (dashed lines) levels as a function of κt in weak-coupling
regime (red lines) with R = 0.01 and strong-coupling regime (black lines) with R = 100 for (a) quantum battery and (b)
charger. Here we consider Δ = 0, γ = κ (intermediate regime) and μ(0) = 1, ν(0) = 0.

Appendix B. The reservoir effects on the system dynamics

In this appendix we give more details about the reservoir effects on the system. As already mentioned, the
open system evolution can be described by either Markovian or non-Markovian dynamics. In recent years,
many methods have been proposed to determine the degree of non-Markovianity according to two different
approaches: completely-positive-divisibility (CP-divisibility) and information backflow [19–25]. In the first
case, an evolution is called non-Markovian if it is not CP-divisible and in the second case the information
flows back from the environment to the system. Since a measure for the distinguishability of two different
states is trace distance, hence, the time variation of distinguishability can be considered as a witness for the
information flow. Therefore, a measure is introduced respect to the trace distance for an arbitrary mapping
E as following form [23, 24]

N (E) = max
ρ1,2(0)

∫
σ>0

dt σ(t, ρ1,2(0)), (B.1)

where σ(t, ρ1,2(0)) = d
dt D(ρ1(t), ρ2(t)) and ρ1,2(t) = Et,0ρ1,2(0). In addition, the trace distance of ρ1(t) and

ρ2(t) is defined as

D(ρ1(t), ρ2(t)) =
1

2
‖ρ1(t) − ρ2(t)‖1, (B.2)

where the trace norm of an operator A is ‖A‖1 = Tr
√

A† A [23]. Reducing the amount of σ indicates the
flow of information from the system into the environment, while an increase of it detects a backflow of
information from the environment to the system. Hence, in non-Markovian dynamics the information
flows from the environment to the system for some interval of time, where σ > 0. As discussed in details in
the references [20–23], for R � 1 the dynamics is CP-divisible (Markovian), while for R 
 1 it becomes
non-CP-divisible (non-Markovian).

Now, to investigate the effect of the system-environment interaction on the dynamics of coherence and
populations of the system we define the decoherence function via the off-diagonal elements of the
batterry-charger density matrix ρAB(t) in the following form [16]

D(t) = ln

∣∣∣∣ μ(t)ν∗(t)

μ(0)ν∗(0)

∣∣∣∣ . (B.3)

The figures B1(a) and (b) illustrate the time evolution of decoherence function D(t) for strong-coupling
(dashed red lines) and weak-coupling (black lines) regimes with R = 3 and R = 0.3, respectively. We have
considered the initial conditions μ(0) = ν(0) = 1/

√
2. As can be seen, the decoherence decreases uniformly

for Markovian dynamics while we see revivals of coherence in some time intervals under non-Markovian
dynamics, which leads to better performance of quantum batteries. Moreover, we observe that the
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decoherence occurs more slowly in the underdamped regime than in the overdamped case. In other words,
the dissipation effects of the environment are stronger than the coupling strength between the battery and
the charger in the latter.

In addition, as can be seen in figures B2(a) and (b), at the beginning of the charging process the
population of the excited level of the battery is increasing in an intermediate regime κ = γ under both
Markovian and non-Markovian dynamics, where it is decreasing for the ground level. While we are dealing
with the inverse behavior for the charger by similar conditions. In ideal terms, this dynamic behavior
implies a trade-off between the battery and the charger, as expected. We remark here the striking revival of
the population in the ground and the excited levels for the battery and charger, respectively, due to the
information backflow from the environment in the strong-coupling regime. Consequently, the
time-dependent behavior of the population of these levels affects the energy and the maximum extractable
work of the open quantum batteries.
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