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In this paper, we study a particular deformation of the Jackiw-Teitelboim gravity recently considered by
Maxfield, Turiaci, and independently by Witten. We will compute the partition function of this model as
well as its higher order correlators to all orders in genus expansion in the low temperature limit for small
perturbations. In this limit, the results match with those obtained from the Airy limit of a Hermitian random
matrix ensemble. Using this result, we will also study the free energy of the model. One observes that
although the annealed free energy has pathological behaviors, under certain assumptions, the quenched free
energy evaluated by replica trick exhibits the desired properties at low temperatures.
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I. INTRODUCTION

Unlike our general expectations from the AdS/CFT
correspondence, it was argued by [l] that Jackiw-
Teitelboim (JT) gravity [2,3] is dual to a Hermitian random
matrix model. As a result, the dual of JT gravity is not a
specific quantum theory but rather a random ensemble of
quantum mechanical systems on the asymptotic boundary.
In this case, the Euclidean gravitational path integral should
be thought of as computing the ensemble average of the
corresponding quantum mechanical systems.

To be concrete, let us denote the partition function of a
member of this ensemble by Z(B), then one has

(Z(B)) = / DgeS. (L.1)

that is the gravitational path integral over all geometries
with a fixed boundary given by B. Here, (- -) denotes the
ensemble average.

An important question to consider is whether such a
partition function for the gravitational path integral
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factorizes when computed for geometries with discon-
nected boundaries. To be precise, consider a gravitational
path integral over geometries with boundary B™ =U", B;

1

(Z(B)™) = /UB' Dge~S. (1.2)

Then, it is not clear whether (Z(B)™) = (Z(B))™. Indeed,
recent progress in the context of black hole information
paradox indicates that these two quantities are not equal
due to contributions of Euclidean replica wormholes
[4,5]. In this case, a better definition of gravitational path
integral with multiple disconnected boundaries may be
given in terms of an ensemble average [6]. Actually, in the
context of black hole information paradox, the contribu-
tions from replica wormhole saddles were crucial for the
fine-grained entropy to get the Page curve as is expected
from unitarity [7-11].

Dealing with ensemble averages, it is important to note
that in general a function of an averaged value is not equal
to the average of the function, i.e., f((x)) # (f(x)), for a
given function f. In our context, this distinction becomes
more significant when the contributions from the Euclidean
wormbholes are taken into account too. In particular, the free
energy (which can be thought of as a function of partition
function) may be computed in two different ways

Fan = _T1n<Z(ﬂ)>’ Fque = —T(an(ﬂ)>, (13)
where f is the circumference of the boundary circle by
which the temperature of the system is given by 7 = 1.
Note that since in the model we are considering the
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boundary is a deformed circle, the inverse temperature may
be identified with the renormalized length of the boundary.
We can see that due to the contributions of the Euclidean
wormholes, the annealed free energy, F,,,, is not equal to
the quenched free energy, Fqy.

To further explore the role of Euclidean wormholes, the
authors of [6] have studied the contribution of Euclidean
wormholes to the quenched free energy for JT gravity and a

variant of the CGHS model [12], denoted as the CGHS
model [13], by making use of the replica trick in JT gravity

and CGHS model. To do so, one should consider the
gravitational path integral on m copies of the boundary B,
then it should be analytically continued to m = 0 [6]

Fe = ~T(nZ()) = ~Tlim L (Z(p)") ~1).

(1.4)

From the above expression, it should be clear how the
Euclidean wormholes contribute to the free energy.
Actually, using the fact that

Zpm)
= (Z(p))™ + contributions of connected topologies,
(1.5)

one finds that if the dominant contribution is given by the
disconnected topology, i.e., (Z($)") ~ (Z(f))™, then the
annealed and quenched free energies are the same.
Otherwise, there is a big difference between annealed
and quenched free energies.

Indeed, as was shown in Ref. [6], while the annealed free
energy exhibits pathological behaviors at sufficiently low
temperatures, the quenched free energy has a much better
behavior at low temperatures, even though the quenched
free energy is still not monotonic in this limit at least up to
the finite order of truncation considered in their numerical
computations. We will come back to this point later.

The aim of this paper is to further explore the role of the
replica wormholes by computing quenched free energy of a
two dimensional gravity obtained by deformations of JT
gravity [14-17]. To do so, we will first suggest a matrix
model based on “minimal strings” as a possible dual to the
deform JT gravity which could capture certain nonpertur-
bative information about deformed JT gravity. Using this
dual description we will compute the quenched free energy
at low temperatures where we find that it exhibits the
desired behavior.

This paper is organized as follows: in the next section, we
shall study deformed JT gravity considered by Maxfield,
Turiaci, and Witten. We will compute the partition function
of this model as well as its higher order correlators to all
orders in genus expansion in the low temperature limit for
small perturbations. We will also propose a matrix model
dual based on the minimal string theory by which we could

reproduce all previously obtained results. In Sec. III, we will
study the annealed and quenched free energies of the
deformed JT model using the proposed matrix model where
we see that nonperturbative effects play an important role.
Finally, the last section is devoted to discussions.

II. DEFORMATIONS OF JT GRAVITY

In this section, we shall consider a two-dimensional
model obtained by a deformation of JT gravity studied in
[14-17]." The most general action consisting of two
derivatives may be written as follows

1=-; [ exerewe). @

where W(¢) is an arbitrary function of ¢. Setting W(¢) =
2¢ + U(¢p), for parametrically small U, this model may be
thought of as a perturbation of JT gravity. Since the JT
gravity is proposed to provide a gravity description for a
random ensemble of quantum systems rather than a
particular quantum system defined at the asymptotic region
¢ — oo, it is natural to expect that the corresponding
deformation of the JT gravity given by the above action
would also be dual to a random matrix ensemble with a
different spectral density than the original JT gravity.

Indeed, it was argued in [16,17] that the deformed model,
(2.1), is dual to a hermitian matrix model that is obtained
from the double-scaling limit of a matrix model with the
measure e~ VT"V(H) where V is an arbitrary function of the
Hamiltonian, H, of the dual quantum system.

The density of eigenvalues of the ensemble, p(E), can be
obtained from gravity partition function as follows

@ = [ aep()er”,

0

(2.2)

where f is the circumference of the boundary circle and E,
is the threshold energy. Given a potential, W(¢), one could
in principle compute the gravitational path integral and
then plug the result into the above equation and find the
density of eigenvalues by which one may compute any
other observables. It was, however, noticed in [16] that the
correspondence between the potential and the spectral
density depends on the renormalization scheme. To make
the deformed model more tractable, the author of [16]
considered the following perturbation

U(p) = 2281'6_(1"(/’, r<aq <2z (2.3)
i=1

For this particular perturbation, the gravitational path
integral can be evaluated perturbatively and the result is

ISee also [18] where the classical solution of the correspond-
ing deformed gravity has also been studied.
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given in terms of the Weil-Petersson volumes of moduli
spaces of Riemann surfaces with conical singularities.

More precisely, to evaluate the gravitation path integral
with the perturbation (2.3), following the procedure in JT
gravity, one first performs the integration over the scaler
field ¢ resulting in a constraint saying that R +2 =10
everywhere except at k conical singularities located at x;
with deficit angle a; for i =1,...,k, in kth level of
perturbation.

The space of metrics satisfying this constraint, modulo
diffeomorphisms, is the moduli space of Riemann surfaces
of genus g with k marked points denoted by M ;. In other
words, M, parametrizes a family of hyperbolic Riemann
surfaces with k conical singularities of deficit angles
((Xl, ...,ak).

The same argument as that of JT gravity [1] can be
applied in the present case leading to the fact that the
gravitational path integral computes the volume of M,
with a modification due to a Schwarzian mode at asymp-
totic anti—de Sitter (AdS) boundary. The main technical
procedure utilized in [1] was that any complicated hyper-
bolic Riemann surfaces may be constructed by joining
certain building blocks along suitable geodesics. In the case
of JT gravity there are two elementary building blocks that
are a trumpet, with an asymptotically AdS boundary and a
geodesic boundary, and a three-holed sphere with three
geodesic boundaries. In the present case one has two extra
building blocks which can be obtained by three-holed
sphere with replacing one or two geodesics with conical
singularities (see Fig. 1).

Following the earlier work of Mirzakhani [19], the Weil-
Petersson volumes we are interested in were studied in [20].
Indeed, the Weil-Petersson volumes of the moduli space of
hyperbolic Riemann surfaces of genus g with m geodesic
boundaries of lengths (b, ..., b,,) and n conical singular-
ities with deficit angles (ay, ..., a,) are given by [20]

Vg,m.n(bb ~--7bm;a1v ...,Otn)
=Vymin(bro by, i —ay), ... i(27 — @,)).

ba
: : : b by E
bs

(2.4)

FIG. 1.

Here

2 2\¢
Lb)= Y 2|df('dﬂ') b
|d|+£=3g+¢-3 It R

£, d
X/_ Ky g

99

2d,
q
Vg,q(bl7 . q

(2.5)

is the Weil-Petersson volume of the moduli space of
hyperbolic Riemann surfaces of genus g with ¢ geodesic
boundaries of lengths (b, ...,b,) [21]. In this expression
W, is the first Chern classes associated to the holes and
d| =", d;. M, is the Deligne-Mumford compactifica-
tion of M, , and « is the first Mumford-Morita-Miller class
on the Mg_q (see [16] for a quick review). It is then clear
that the volume Vg,q(bl, bq) is a polynomial in b% of
degree (3g—3+ q).

Now, we have all the ingredients to compute the
gravitational path integral over surfaces with m boundaries.
As we already mentioned, to evaluated the corresponding
integrals one needs to consider two contributions. The first
one comes from the Schwarzian modes associated to the
asymptotic AdS boundary and the second part comes from
the Weil-Petersson volumes. In the present case, and with
the deformation (2.3), the contribution of the Schwarzian
modes are given by [16]

2 (27-a)?

ZDisk(ﬂ) = #;3/2’ ZD(CI)(:H) = ;\;:;_ﬂ’

2
e ¥

2Vap

Here we have assumed that the asymptotic boundary is a
deformed circle with a renormalized length . With this
notation, one may compute the gravitational path integral
for a connected geometry with m boundaries which, in
turns, corresponds to evaluating the connected part of the m
correlator

b2
i aq
b1 «Q b a9

Ztrumpet(b’ /B) = (26)

Elementary building blocks to construct any hyperbolic Riemann surfaces with conical singularities. When the corresponding

surface has no AdS boundary, it can be constructed by three-holed spheres (with or without conical singularities) and the trumpet is
needed to have asymptotic AdS boundary. The red circles represent the geodesic boundaries while the black one is asymptotic AdS
boundary. The geodesic boundaries’ lengths and deficit angles are denoted by b; and «;, respectively.
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COIIH Z e_SO 2g+m 2 m(ﬁ)’ (2'7)
where S is the (renormalized) ground state entropy and (see also [16])
ZO,I(/))) ZDISk(ﬂ)+ZEZD (a;) ﬁ)+z Z "%‘,,A dbetrumpet(b’ﬂ>V0,l;n(b;ail7‘”7“1',1)’
n=11iy,..., i,=
/.2
Zo2(h) = A dbbZ g ymper (b, ) + Z Z g, A (H dbjb,»ztmmpet(b,,m) Voou(br, by i, .. a;,),
n=11ip,..., i, Jj=1
Znl#) = [ (H ;b Zompe b,ﬁ)) Voulbis o by)
o r 1 0 m
+Z Z }’L‘el] Ein A (H dbjbjztrumpet(ijﬂ)> gm; n(bl’ m,a,»l, ...,ain). (28)
n=1ij, iy=1""" j=1

Here the first line of each expression represents the
contribution of JT gravity whereas the second line is
the contribution of the deformation of JT gravity. See the
Fig. 2 for visual inspiration of how to write these
expressions. Note that the factor of 1, comes from
the fact that the location of conical smgularltles are
indistinguishable® [16]. Since the Weil-Petersson vol-
umes are polynomials in b;, one can perform the inte-
gration over b in the expressions of Z,,, to find Z,,, as a
function of fj.

<Z(ﬂ)>g:0 = e%Zy1(p)

A. Gravity correlation functions

In this subsection we would like to compute the
gravitational path integral using the above procedure. To
proceed we shall first compute the disc partition function
from which one may read the density of eigenvalues of the
dual double-scaled random matrix model (assuming there
is such a dual matrix model).

The first few geometries contributing to the disc partition
function are depicted in Fig. 2. The corresponding partition
function is [16]

50 ( % . Zﬁ i (Zn';;i)z 42 (i >2ﬁ2 n 4 (i >3ﬂ3
= e ge £; Py &
4\/zp i=1 i 3\5

1

4 ) r r 5 r 2 5
+§<4727 Zei—3Zei(2n—ai)><Zei>ﬂ 4+ (2.9)
which at low temperatures (large ) and small perturbations can be written in the following suggestive form
(Z(8)) < (14p 22 4o 22 oyl 22 i
L = € —_ 8 —_ 8 .. N
0 4\/np - 2\ 3! '
e
~ ~eVOF . (2.10)
4/mfp

where U(0) =27 | &. Assuming that there is a dual
double-scaled matrix model, its corresponding density of

2When conical singularities come with different “flavors” (i.e.,
dlfferent deﬁcit angles and strength), the symmetry factor is given

by i L where n; is the multiplicity of each flavor and N s
the total number of flavors.

eigenvalues can be obtained by making use of an inverse
Laplace transformation [16]

E+U(0)

p(E) ~ &% , (2.11)
2r
which is consistent with the general near threshold behavior

of a Hermitian matrix model if one identifies the threshold
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energy by E, = —U(0). Taking other terms into account
one gets the same expression, though with a threshold
energy with higher order correction [16].

It is also found useful to compute the contributions of
higher genus terms to the partition function. Of course, in
general this would be a very hard task. Nonetheless, for
small enough perturbations, one could still make a progress
in evaluating the corresponding quantity. Indeed, in this
case one needs to compute the partition function given by
(see also [22] for JT gravity)

(Z(B)) = ™ Z, (2.12)

B+ ez, (),
g=1

where

Zg,l(ﬂ) = #ﬂ_ﬂ[)

Here using Eqgs. (2.4) and (2.5) one has

(27%)”
Vg-l(b) = zdd'l/p‘ 2 _
d+¢=3¢-2 s My,

Voin(boa; - ;) =

(=D)?(2*)"

Zo1( O ai+ @Z+ R
b i,
iy
Zo2( + +
by bo

FIG.2. Avisual representation of how to compute, for example,

Zo1(f) and Zy,(f). The red circles represent the “suitable”

geodesics.

© 2 r 1
dbbe % ( V,,(b) +Z Z 1€ g Vorn(bray .o . (2.13)

Ky,

q+d+£=3g+n-2

with ¢ =>" | ¢g;. Although it might be difficult to
compute these volumes exactly, it is a relatively easy task
to compute the leading order term in the low temperature
limit by choosing the maximum value for d in the above
expressions—i.e., d =3¢g—2 for the first volume and
d = 3g+ n — 2 for the second one. Doing so, one gets3

® Ibbes _ L)y
A dbbe Vg,l(b) = ﬁ g‘ ey
(¢S] b2 3 3
/0 dbbe'WVg_Ln( ) = (2p)"" 1 g/ ) (2.15)

It is now straightforward to perform summations over n and
genus ¢ appearing in Eqgs. (2.12) and (2.13) to arrive at

€SO

T

which should be compared with (2.10). One observes that
the summation over n results in ¢V factor, while the
contribution of summing over all genus yields to the factor

3
e U

(Z(p)) ~ . (2.16)

o2 — 1
il 24991

*Note that we have used the fact that f
k=20,1--- (see for example [23]).

244 q1 1) -

n
i [T@r-a ) /M Kyl ey, (214)
n- j:1 g14+n

|

of Exp[} #°¢~%%]. Since we are working in the large § limit,
summing over all genus may not be convergent. Note,
however that since we are working in the semiclassical
gravity limit, and in order to be able to trust the gravity
description, one should work in the large S, limit too.
Therefore, to have control over the model, we will be
working in the double scahng limit; in which both 8 and e%
are large while keeping e~ fixed.

It is also interesting to study the connected part of m
correlators, (Z(/)) o using Eq. (2.7). To do so, one needs
to evaluate Z, ,, () given in Eq. (2.8), which in turn requires
us to evaluate the Weil-Petersson volumes for arbitrary m*
Of course, since we are interested in the low temperature
limit of the m-point function, in the expression of Weil-
Petersson volumes given in Eq. (2.5), one may set £ =0

1 2d 2d
Vg,m(blv”wbm) = 72|d\d | X I 1 ...bm"’
|d|=3g+m—3 1 %me

d d,,
X/_ Wll"'WM'
M(

g.m

(2.17)

“We note that asymptotic behavior of Weil-Petersson volume
has been studied in [24,25], which could be used to compute
partition function at large genus limit.
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Similarly, for the case of n conical singularities, the powers of (27 — a;) factors should also be set to zero in addition to #.
Therefore, in this case the corresponding volumes do not depend on «;s. More explicitly, one has

1 2 2d,, d dy,
Vomn (b1, by, ..oa,) = Z mb' Lo [yl (2.18)
\d|=3g+m+n—3 1 m gm+n

Plugging the above expressions into Eq. (2.8) and performing the integrals over b;s and, moreover, taking into account the
following identity (see for example [26])

m
/ wf‘---w%”ZZ/ ASRERL R (2.19)
MgAmH k=1 Mg.m
one gets
7 _ ﬂ 2 2 3g+m-3 d d,, - 2" npan 2 3g+m—3 d; dy,
gm(B) = . Z (2p)* |y Z PYRURRLALY Z (2p)* R SUN A B
|d|=3g+m-3 g.m iyeey=1"" ‘d|:3g+m—3 Mf!vln
(2.20)

Inserting this expression in Eq. (2.7) one arrives at

m

259
m /}e_T ’ m - - i
e o RO DD N | () MRS (21)

9=0 |d|=3g+m—3 i=1

where t; = 2ﬁe‘2% for all is. Actually, the summations over all genus and all possible partitions of d; appearing in this
expression have been evaluated in [27] that may be written as follows

> X th/ wi"---wf«ié”_@_f)? )3 (=D E(my, ...omy)

9=0 |d|=3g+m-3 i=1 Mym all possible & partitions of m
2n

= (T)%(é'l(m) —mEm—=1,1)+-+ ()" (m=-1)E,(1,....1)), (222

where &, is

E :-"’? 3 25,
1 ﬂ 67 0

P <esﬂ)ke 3
my,...m)=(—=| —
k( 1 k) \/J_T ﬁ‘gnlemf

k (xj=xj_ )2
/ 0 [ djedimbitsimb .~ it (2.23)

© j=1

Note that in the summation over all possible k partitions of m, one should also take into account the symmetric factor for each
term as indicated in the second line of (2.22). Plugging this expression into (2.21) one finds

(Z(B)™) com = > (=1 Z(my, ...omy), (2.24)

all possible k partitions of m
with
Z(ml,...,mk) = emU(O)ﬂgk(ml,...,mk). (225)

Note that in this summation the proper symmetric factor for each term, as mentioned, should be also taken into account.
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B. Matrix model description

In this section, assuming that the deformed JT gravity
(2.1) is dual to a double-scaled random matrix model, we
would like to study a possible dual matrix model that
reproduces the desired results of the gravity computations.

It is worth mentioning that the main technical reason of
having a duality between a double-scaled matrix model and
JT gravity shown in [1] was that upon a Laplace trans-
formation Mirzakhani’s recursion relation [28] maps to the
recursion relation of a double-scaled matrix model [29].
The corresponding recursion relation could fix all corre-
lators in all orders in genus expansion in terms of the
inverse Laplace transformation of disc partition function
(the leading order density of eigenvalues). So that, to all
orders in e~ expansion the arbitrary correlation functions,
(Z(B1) - Z(B,)), of JT gravity coincides with that of a
double-scaled random matrix ensemble. Since the model
we have been considering in this paper is a deformation
of JT gravity one would naturally expect that a similar
procedure could also work for the deformed JT duality [17].

It was also argued that the double-scaled matrix model
relevant for JT gravity has a certain similarity with minimal
string theory [1]. The connection with minimal string
theory and its possible relation with the old version of
matrix model of two-dimensional gravity has also been
studied in [22] and [30-32]. An advantage of working with
minimal string theories is that one may have a better control
of nonperturbative effects of gravity in this context.

Following [30] in this subsection we shall explore the
above procedure for deformed JT gravity. To proceed, we
note that in this context the partition function of desired
matrix integrals may be viewed as the partition function of a
one dimensional quantum system with the following
Hamiltonian [33-35]

H = —¢2%%

+ u(x), (2.26)

Ox?

where u(x) is a potential to be determined for the model of
interest. Indeed, the corresponding potential satisfies a
nonlinear ordinary differential equation known as a string
equation [36]5

2 e—ZSO " €_2SO N2
(u—Eq)R* — > RR" + 4 (R')*=0, (2.27)
where
R= Z feRy[u] + x (2.28)
k=0

’In general one could consider the case in which the right-hand
side of this equation is nonzero, given by eI with I being a
constant [30,31]. It would be interesting to study this model too.

Here Ry [u] is a kth polynomial of u(x) and its derivatives
with respect to x defined in [36]. In particular in our
notation

Ry[u] = u(x),

! e 250" (x). (2.29)
To find the coefficients #;s for the deformed JT gravity one
may use that the fact that for x = 0 setting R, = E then
R = 0 reduces to an algebraic equation from Wthh one
could find the exact threshold energy E,.

To find the corresponding algebraic equation we note
that at low temperatures the leading order density of
eigenvalues is given by py(E) ~ /E — Ej, which, in turn,
fixes the general form of the disc partition function for large
p as follows [16]:

e:(;ﬁﬂzo {e/}EU e/x +2ﬁz€ 62 4;;1
+2(§::8,~> B +§ (2::8[) p
+g <471'2 zj: & -3 z:: g2 — a,»)2>
X (Zr: Ei)2,52> +

i

(Z(B)) g0 =

} (2.30)

with a constraint that coefficients of the positive powers of
p in the brackets should vanish. In particular from vanish-
ing of the coefficient of # one gets [16,17]

ﬂll(Zﬂ\/E)) + zr:eilo((Zn —a;)\/Ey) =0, (2.31)

where /) and I, are modified Bessel functions. Using the
series expansion of the modified Bessel functions, one can
read the coefficients #;s as follows

1 71'2"_ N (2r—-a;)?
t, = —
K= 5 (k — 1 | Z

22k k' ’
(2.32)

In general, using the string equation, one could find the
potential associated to the Hamiltonian of the quantum
system (2.26). Then, one could in principle find the
spectrum of the Hamiltonian from which one may evaluate
the spectral density nonperturbatively.

Of course, in general it is a very hard task. We note,
however, that at low temperatures one could find the
potential perturbatively. Indeed, this is exactly the Airy
limit in which the corresponding matrix model is controlled
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by the universal behavior of the edge of the classical
density of eigenvalues [37].

The potential we are interested in can be obtained by
the solution of R = 0, which at leading order results in
u(x) = =2Cx + E,, with

22 U(0) + zU(0)U'(0) + % U0)U"(0),
(2.33)

where
U'0)=-2) e, U"(0)=2) ga?. (2.34)
i=1 i=l1

It is then clear that the Hamiltonian gets a shift with Ej.
Therefore one arrives at the following equation for the wave
function

E-FE

< 0 235
_ - E = E .
|: 2C 92 x:|lp< ’x) 2 W( ,)C), ( )
which could be solved to find

w(E.x) = (20 Ai(€),  with
25, | E — EO

= —¢73 (2C)3 . 2.36

e=-etao)(x+E2R). o)

Using this wave function, the corresponding density of
eigenvalues,

s 0 B E_E
Pairy(E) =e@(2C)§/ dxAi? [—eZSTO(2C)%(x+ 0)],

- 2C
(2.37)
reads
paiy(E) = €20 (A2 () — nAR(y)),  with
S E—-E
n=—e2(20) e (2.38)
In particular, at leading order in e~ it is
%o
pAiry(E) N/ E - E07 for E > Eo, (239)
/4

reproducing (2.11). It is worth noting that although the
above leading order expression for energy density is
valid for E > E, the full expression (2.38) has a nonzero
support on the entire real axis. In fact, in what follows, in

order to compare the results with those obtained from the
geometrical computations we will take all integral over the
entire real axis, though in general one should be careful
about the spectrum below the threshold energy [30,32]. We
will come back to this point in the next section where we
shall compute the free energy.
Plugging the energy density (2.38) into Eq. (2.2) one gets
(see below for more details)
e
3

:zﬁz

which is the same as that obtained from gravity compu-
tations (2.16).

In what follows we will compute (Z(f)") o to all
orders in genus expansion for arbitrary m in the low
temperature limit using the Airy wave function of the dual
matrix model considered above. To proceed, we note that
the connected m point function consists of several terms
given by [38] (see also [39,40])

136250, pF,
e}ﬂ e e / 07

(Z(p))

(2.40)

(Z(B)™ ) comn
= Tr(e"PH P) — mTr(e~("-VPH pe=PH p) 4 ...
+ (=1)"Y(m = 1)Tr(e PHPePHP ... Pe™PHP),
(2.41)

where P is the projection operator

P /_‘; dxlx) (.

To evaluate this connected m point function, one generally
needs to compute the following quantity

(2.42)

Z(ml, ceey mk) — Tr(e—WH/}HPe—mzﬂHP .. Pe—mkﬁHP)’

(2.43)

with the condition Y%, m; = m. By making use of the wave
function H|y) = Ely) and the fact that [dE|y)(y| =1,
one could rewrite the traces in terms of integrals in order to
arrive at

Z(ml,...,mk)
0 k k [+
:/ dejH/ dEe " PEy (E; xi )y (E;. x;),
=0 ] =1/~
(2.44)
where

E, —E
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Here we have used a notation in which xy = x;. Plugging this
wave function into the above equation and using a proper
change of the coordinates, one gets

Z(my, ...,my)

_ ﬁ2é k —mpE, 0o £ d
=(e323) e H x;
o0 ]

T 4 ot ps . 2
X H dEiee mif iAl(El' —e3 23x,-_1)
i1 J—0

x Ai(E; — ¢ 324x,). (2.46)
By making use of the following identity
/ " e Ai(x + a)Ai(x + b)dx
e (- h-). ew)
one may perform the integration over E;s to get
Z(my,....my) = e ™EE (my,...,my), (2.48)
where E(my, ..., my) is given by (2.23). Therefore, one

gets the same expression for connected m correlators as
given in Eq. (3.18). Clearly, for k = 1 this reduces to that
of (2.40).

It is worth noting that the connected m point function at
low temperatures decays as f~>/> while the partition
function of fully disconnected topologies with m bounda-
ries goes as #~>"/2_ It indicates that at low temperatures the
physics is dominated by the connected topologies.

III. FREE ENERGY FOR DEFORMED JT GRAVITY

In the previous section, we have considered a particular
deformation of JT gravity whose dual theory is shown to
be a Hermitian random matrix model [16,17]. We have
also computed the partition function of this model at low
temperatures to all orders in genus expansion for small
perturbations. We have observed that the resultant partition
function (in the low temperature limit) is in agreement
with that obtained from the Airy limit of a Hermitian
matrix model.

Having found the partition function, it is then natural to
proceed to study other relevant quantities. One of the most
fundamental quantities one may study is the free energy.
Thus, in what follows, we will study free energy following
the procedure considered in [6]. Of course, since the
computations are very similar to that of the mentioned
paper in the first part of this section, we will be very brief
and the reader is referred to the paper for more details.

0.02

00— oo
g? 002} ’/' ..... R . T
= { R MJT
Wy -0.04F . ~
NQ) "l

-0.06 - '-‘.

-0.08 - ';

0 1 2 3 4 G
e250/3

FIG. 3. The annealed free energy for Sy = 7 and U(0) = 1/50.

Apart from the divergence for > 1, the local maximum is still
present even by the inclusion of higher genus corrections (doubly
nonperturbative effects).

An immediate way to compute the free energy is to
consider the logarithm of connected partition function that
computes the annealed free energy

Fan = =Tlog(Z(p)) = ~Tlog(Z($)), ~ (3.1)
which, using Eq. (2.16), is given by
T Lo
Fann :_TSO_TIOgm_ﬁe O—U(O) (32)

Using the full expression for the partition function, given in
Eq. (2.7), one can numerically evaluate the annealed free
energy and the result of this computation is depicted in
Fig. 3. To compare this result with that of JT gravity, we
have also plotted the corresponding free energy for
this model.

It is worth mentioning that this figure cannot be trusted
for high temperatures. Indeed, we should emphasize that
the main lesson one can learn from this figure is that the
annealed free energy diverges and also exhibits a maximum
at low temperatures. Therefore, the annealed free energy is
not a useful quantity to be considered for the system since it
is both nonmonotonic and divergent. Indeed, as it is well
known in condensed matter physics literature, a better
quantity one may define is the quenched free energy which
we shall study it in what follows.

To compute the quenched free energy for JT gravity, the
authors of [6] have used a certain replica trick.’ In the
present case, we will consider the same method to compute
the quench free energy. To proceed, one should consider the
gravitational path integral on m copies of the boundary B
and then the analytical continuation to m = 0 should be
performed

%The quenched free energy for Gaussian matrix model has
been studied in [41] using a direct computation of ensemble
average of the logarithm of partition function.
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~T{log Z(p)) = ~Tlim - (Z(B)") - 1).  (3.3)

que m—-0m

Although the above expression is a concrete statement, in
practice it is very hard to implement. The main point in this
calculation is that since the Weil-Peterson volumes are only
well defined for integer m, it is not clear how to extend their
definition to the case of noninteger m. Therefore, the
analytical continuation for general m, and in particular
the limit m — 0, might not be well imposed.

The way the authors of [6] proposed to circumvent this
difficulty was to define a “truncated free energy” by
evaluating the gravitational path integral over geometries
which include only topologies that connect up to M
boundaries. More precisely, one may define (Z()"),, as
follows

and then the truncated free energy is defined by

Fyy = ~Tlim — ((Z(8)")y — 1).

m—-0m

(3.5)

For more detail the reader is refereed to [6]. Following this
paper, let us considered the following analytic continuation
of m factorial

(o]
m! = dte™'t",
0

1 1

=5 dzez=(m+), (3.6)
m: 2mi C=Hankel contour
Then, the truncated free energy is found to be [6]
0.5
0.0
-0.5]
= - M=1
|LK| -0/ M =2
2 M=3
G s cM=4
) ~M=5
M=6
=2.0)
-2.5

0.0 05 10 15 2.0

e2S()/3T

Fy = —TRe/(Aﬁ du tszk)) 1\;' El:

Jj1=0
x Z 1Og Ji- ]M 1 {tk’zk}) (37)
Ju-1=0
where
du(ty. zx) / dt,
M)
Aﬁ] Jm- 1({tk’zk}) connl(ﬂ)
2z (ﬂ) >c0nn
+ Z & Jk— < k!Zk_l tk—] .
(3.8)
Therefore, the quenched free energy is defined as
Fue = lim Fy. (3.9)

It is worth mentioning that the resultant free energy
depends on the choice of contours, C;, of which the
integration over z;s is performed [needed for the analytic
continuation of the I'(m + 1) = m!]. Although, using this
definition of analytic continuation makes it possible to
compute the quenched free energy numerically, in practice
it is very time consuming (if not impossible) to evaluate
large M limit of the truncated free energy. The numerical
results for few Ms are depicted in the Fig. 4.

As it is clear from Fig. 4, the replica wormholes have
significantly changed the low temperature behavior of the
free energy, although it still has its undesirable feature of
being nonmonotonic. One reason for this odd behavior
could be that the quenched free energy, by definition, is
supposed to be computed in the large M limit. Therefore,
even though the plots get smoothed already in small M's, we
should not expect to have the correct behavior for small Ms.

e230/3 FM

0.0 05 1.0 15 20

e250/3

FIG. 4. Left: the (first order perturbation) quenched free energy F; for Sy = 7,¢ = 1/100 and & = 371_/ 2 using topologies with genus
up to one and various M = 1, 2, 3, 4, 5, 6. Right: the (first order perturbation) quenched free energy F,, for S, = 7, ¢ = 1/100, and
a = 3x/2 using topologies with genus up to two and various M = 1, 2, 3, 4.
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Of course, one could still doubt about the analytic
continuation of m and the way the replica trick is used
in the case. This issue has been extensively explored in [6]
where the results were interpreted as an evidence for the
necessity of replica symmetry breaking. We note, however,
that since the observation is based on the numerical
computations, the results may not be conclusive enough.
It would be interesting if one could have a better under-
standing of low temperature behavior of the free energy and
in particular if one could do some analytic computations.
This is, indeed, the subject of the next subsection.

A. Free energy at low temperatures

As we have seen in the previous section, the deformed JT
gravity at low temperatures could be described by a matrix
model in the Airy limit, in which the corresponding matrix
model is controlled by the universal behavior of the edge of
the classical density of eigenvalues. Using this observation,
in what follows we would like to compute the quenched
free energy of this model at low temperatures by making
use of the Airy wave function.

To proceed, one needs to compute the gravitational path
integral on geometries with m boundaries, (Z($)™). In
general, the gravitational path integral involves a sum over
all topologies connecting m boundaries and the resultant
quantity should be interpreted as being dual to an ensemble
average (at least in two dimensions). In particular, for
m =1, this is actually ensemble average of partition
function studied in the previous section.

The obtained partition function may be used to compute
the annealed free energy that is essentially the same as that
in (3.1), showing pathological properties for free energy at
the low temperatures. This, in turn, would indicate the
necessity of using replica trick to include the connected
topologies.

For m disconnected boundaries, there are different
topologies contributing to gravitational path integral. If
the gravitational path integral was computed for the fully
disconnected topology, one had (Z(f)") = (Z(j))". We
note, however, that in the gravitational theory we are
considering, this is not the case. Therefore, we will have
to sum over all topologies. The sum starts from the fully
disconnected geometry and will end up with the fully
connected one. Schematically, one may write

(ZBm) = ZB)" +(Z(B)" > Z(B)?) comn

+o+ <Z</})m>conn' (310)
The first term is just the mth power of the partition function
we have computed in the previous section that decays
as f3"/2 for large B. The fully connected term is also
computed in the previous section where one observed that
at leading order it decays as /2 at low temperatures.

For fixed m > 1 the connected topologies dominate at
low temperatures while at high temperatures, the fully
disconnected one plays an important role. The temperature
in which the role of connected and disconnected topologies
gets exchanged is given in terms of the extremal entropy
e%. In fact, the situation is very similar to that of the island
formula for fine-grained entropy of evaporating black holes
[4,5]. Indeed, in our study, p! plays the role of the matter
degrees of freedom in that context.

We note, however, that since we are interested in using
replica trick to evaluate free energy in which one needs to
analytically continue m for noninteger numbers and in
particular taking m < 1 limit, the situation might be more
involved. At this point, all we would like to emphasize is
that taking the m — 0 is tricky and one should keep track of
how to implement this limit.

In the previous section, we have computed the connected
part of the gravitational path integral with m boundaries at
low temperatures. In principle, one could plug the result
into the equation (3.3) to find the quenched free energy.
Doing so, one gets

que ™ m—0m
]
~ lim (— De™ e g-mpty +Z>. (3.11)
m—0 Tm2 m

The above expression seems divergent and leads to an ill-
defined quantity. Keeping in mind the above discussions on
analytic continuation, our understanding of this undesired
result is that the naive replica trick and m — 0 limit we
have used are not precise enough.

To further explore this point, we will follow the
procedure which has been recently considered by [39] in
the remainder of this section. To begin, let us note that the
spectral density in the Airy limit, (2.38), is nonzero at the
threshold energy:

250 1
e3 23

F (3.12)

PAiry (EO) =

Note that nonzero energy density at threshold energy
should be generated by nonperturbative quantum effects.
In particular, looking at the leading order (g = 0) expres-
sion for the spectral density, (2.39), one observes that it
vanishes at the threshold energy.

Having a finite and nonzero density, it is natural to study
the thermal properties of this model around the threshold
energy (specially if one wants to work in the low temper-
ature approximation). Being at a thermal state, an appro-
priate way to identify the state is to give its spectral density
which is defined in (2.37). This expression can be written in
the following form
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Z%eT
Pairy (. E) = 62?2%/ ﬂ dxAi?[x — 3@2_%@ = Eo)l;
0
(3.13)

where p > 0 is a cutoff whose significance will be become
clear latter. It is worth mentioning that pa;y(Ey) =
lim,,_, o, pairy (4, Ep). Of course, in what follows we shall
consider the opposite limit, 4 — 0, in which one has
Pairy(, E) ~ p. The reason for taking small x4 limit is that
in order to maintain the validity of our approximation for
expression of the wave function around the threshold
energy the range of x should be small.

As we have already mentioned in the previous section,
although the energy density defined in the Airy limit (given
in terms of the Airy function) may be defined along all real
axis, in order to compute the partition function one needs to
truncate the energy for E > E. In fact, motivated by that of
the JT gravity [1] one would expect that there are non-
perturbative instabilities that could be connected to the fact
that there are nonperturbative contributions to the spectral
density for E < E,. In the context of JT gravity, a remedy to
avoid the instability was proposed in [30,32] that essen-
tially enforces us to work with the Airy function with the
spectrum truncated at £ = 0. Following this observation in
what follows we will consider the case where the spectrum
is truncated for £ > E|,.

It is important to mention that restraining ourselves to
E > E, limit, the truncated spectrum would change the

|

leading order behavior of the partition function signifi-
cantly. To see this, let us compute the partition function
around the threshold energy as follows

® ir P E
@) = [ B iy ) :%ﬁ

0

(3.14)

On the other hand, since we are at low energies, one should
also take y — 0 limit

2 %%

e
iy Eg) ® ——=u, for u=0. 3.15
Pa y(ﬂ 0) 331“(%)2'“ H ( )
so that
2; 45
ooes i
4 ~ e Pk, 3.16
@)~ (3.16)

Note that, unlike Eq. (2.10), the leading order of the above
partition function decays as ! at low temperatures. It is
also useful to evaluate Z(my, ..., my) in this limit:

_ p]/giry (# Eo) e~MPEo

Z(ml,... _ﬂk k lm.
1= l

L) (3.17)

Then, it is straightforward to compute the gravitational path
integral over geometries with m boundaries (3.10)

gy = { (Pl g =) (pz;; (0. E0) 0y (1. o)

ﬁm

Zﬂm_l ﬂm > +

pZAiry<H’E0) p3Airy(/lﬂE0) e leiry(iquO)
(G~ n = DR aymn 2y PR
2 m
+ (p A“y’:; Eo) _? ﬂf*;zyng” ’_b;(’)) + (=)™ (m - 1)!pAiry/(3ff[ EO)) }e-mﬂEo. (3.18)

Here, the first term corresponds to the fully disconnected
piece while the last one comes from the fully connected
term. The other terms are a mixture of the connected
and disconnected components. In particular, the two other
terms that are explicitly written in the above equation, are
associated with the following terms

ZB)Y"HZB) deom:  AZBNZB)™ ™ )com-

Now, the aim is to use the replica trick to find the free
energy. To do so, we note that from Eq. (3.18) one finds that
taking m — 0 in the following equation is rather tricky

(3.19)

(log Z(B)) = lim - (Z(By™) 1) (3.20)

m—-0m

Indeed, since we are interested in the low temperature limit
(in which S is very large), one essentially needs to take two
limits: f — oo and m — 0 and, in fact, the order in which
the limits are taken is very crucial. In order to find a finite
result, taking into account (3.15), it turns out that one needs
to consider the large £ limit at first,” then one finds

7Actually our main insight to take the limit of f — oo first
comes from the details of calculations. In particular one would,
generally, expect that at low temperatures the main contribution
to the correlation functions comes from the connected part. The
ordering we have considered here is consistent with this expect-
ation. It is worth noting had we considered the limit of m — 0
first, we would have lost the main contribution of connected part
at low temperatures.
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P Airy (ﬂv EO) —mp
Z(p)m) v —= emPEo, 3.21
(o)) P2 e (3:21)
Moreover, the cutoff 4 should be set to m?. Doing so one
arrives at

Red 11

(log Z(p)) :3%1_‘7(2)25—%. (3.22)
A3

Interestingly enough the main contribution to the quenched
free energy that leads to a finite result comes from (Z(mf3))
term that is the most symmetric one. Namely, we have a
boundary with the length mf. This might indicate that the
replica symmetry is respected in this procedure of finding
quenched free energy. Of course, there is a subtlety to this
conclusion as one has nonzero spectral density at zero
temperature. It would be interesting to understand this point
better.

Another issue worth exploring is the % divergent term
appearing in the expression of the ensemble average of the
logarithm of partition function. Actually, the origin of this
divergent term should be traced back to the way we took
large f limit and the way we have thrown away different
terms. In other words, it has to do with the regularization of
the partition function. Indeed, there could be a term that
might vanish at large f limit though remains finite in the
m — 0 limit. Therefore, in general, one could expect to
have an extra term in the expression of (3.21) that although
it might be small in low the temperature limit, it could grow
to be of order one as we are taking the m — O limit. This
extra piece could regularize the 1 term appearing in the
replica trick leading to an extra constant in the expectation
value of the logarithm of partition function. More precisely,
one should have

2 4%

25e3 1

<10gZ(/})> = 3%1_‘7(2)254—20 (323)
A3

This is also consistent with the fact that the model in this
limit can be obtained by double scaling limit of a matrix
model as explored in [39]. The extra constant term may be
fixed by evaluating entropy of the system from logarithm of
the partition function

23e3 1
S(B) = (1 = poy)(log Z(B)) = Z, +3%F7(%)ZB (3.24)

which results in Z, = §, that is the extremal entropy.
Therefore, the quenched free energy is found to be

Z%e@
Foe = —T(log Z(p)) = —472)2712 - SoT.

e (3.25)

The above expression exhibits the desired properties for a
free energy at low temperatures. It is important to remind
ourselves that this result is valid for extremely low temper-
ature limit. It is interesting to note that, at leading order, the
threshold energy does not appear in this expression and

moreover the leading term is proportional to (Te@)2 as
expected from replica wormholes [6].

IV. DISCUSSIONS

In this paper we have studied certain features of a
particular deformation of JT gravity considered in
[16,17]. This particular deformation, being in an exponen-
tial form, keeps the model tractable. Indeed, the effect of
the deformation could be studied perturbatively using a
geometric description for the gravitational path integral in
terms of the Weil-Petersson volumes with a number of
punctures. Such volumes have been already studied in the
literature following the novel work of Mirzakhani.

Based on this description for the corresponding defor-
mation of the JT gravity, we have evaluated the partition
function as well as its higher order correlators to all orders
of genus expansion in the low temperature limit and for
small perturbations.

The results have been compared with those obtained
from a matrix model in the Airy limit, in which the
corresponding matrix model is controlled by the universal
behavior of the edge of the classical density of eigen-
values, that are in complete agreement. This observation
is in favor of the conjecture that this particular deforma-
tion of JT gravity has a dual description in terms of a
Hermitian random matrix model. We have also seen that
this particular deformation leads to a shift in the partition
function given by Exp[—fE,| where at leading order the
threshold energy is Eq = —U(0). Our results show that
inclusion of higher genus contribution and higher order
perturbation leave this pattern unchanged, though one
should consider the threshold energy with higher order
corrections.

Using this result, we have also studied the free energy of
the model. The dual theory, being a random ensemble of
quantum mechanical systems rather than a specific quan-
tum theory, requires to evaluate the physical quantities
while taking an ensemble average. It is then important to
distinguish between the logarithm of ensemble average of
the partition function and the ensemble average of the
logarithm of the partition function. While the first one
computes the annealed partition function, the latter should
be interpreted as the quenched free energy.

Following [6], we have computed the annealed and
quenched free energies for the deformed JT gravity using
numerical methods to compute the Weil-Petersson vol-
umes. We have observed that the annealed free energy has
pathological behaviors at low temperatures. More precisely,
it results in a nonmonotonic free energy which could yield
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to a negative specific heat. Therefore, the quenched free
energy is a better quantity to be considered.

In order to compute the quenched free energy, one may
utilize a replica trick by which the replica wormholes may
contribute to make the obtained free energy well behaved.
Indeed, adding the replica wormholes will smooth the
behavior of the free energy at low temperatures, though it is
not enough to fully remove the pathological behavior.
Actually, the situation is exactly the same as that of JT
gravity itself without deformation, studied in [6] where it
was argued that this undesired behavior should be related to
the analytic continuation to m = 0. Therefore, in order to
have a clear understanding, one needs to study this analytic
continuation in more details.

In order to explore this point, we have utilized the fact
that the deformed JT gravity at low temperatures could be
described by a matrix model in the Airy limit. Thus, we have
used an analytic computation to evaluate the free energy at
low temperatures by making use of the Airy wave function.

Our analytic considerations were based on two crucial
points. First of all, due to nonperturbative effects the energy
density at threshold energy is a finite nonzero number.
Therefore, we have studied the quenched free energy
around the threshold energy. Moreover, we have truncated
the energy spectrum to consider just E > E;, even though
the Airy density is nonzero for all energies. As a result of
this truncation, the obtained partition function at low
temperatures has a leading order that decays as B~!.
This should be compared with the leading order term of
the partition function obtained from a fully geometric
computation given in terms of the Weil-Petersson volumes
that decays as 5=3/2.

In this approximation, we have computed the gravita-
tional path integral for geometries with m boundaries by
which one could compute the free energy using the replica
trick. We have seen that it was very crucial to take the
m — 0 limit while we are interested in the low temperature

limits. Going through the detailed computations, we have
found that the main contribution to the quenched free
energy comes from the fully connected topologies. Indeed,
it is even more interesting that among all of the connected
topologies, the most dominant contribution is coming from
the most symmetric one, i.e., (Z(m/f})). This means that we
are dealing with a geometry with just one boundary with
length mp. Therefore, one might conclude that the analytic
continuation and the limit of m — O in the replica trick
preserves the replica symmetry. And the resultant free
energy exhibits the desired properties at low temperatures.

Of course, there are still a few points which have not
been fully understood yet. In particular, we have seen that
the ensemble average of the logarithm of the partition
function needs to be regularized in order to get a finite
result that required to produce the extremal entropy. We
should admit that our argument in favor of this point is not
rigorous enough.

Another point worth mentioning is that the numerical
results based on the truncated free energy obtained from the
Weil-Petersson volumes seem unable to fully reproduce the
correct free energy even though if we compute it for large
enough M. The point is that partition function obtained
from the Weil-Petersson volumes (even at all orders in the
genus expansion) does not contain nonperturbative effects
that seem important to find the desired result. In other
words, it seems that the geometric partition function based
on the Weil-Petersson volumes is not capable of producing
the quenched free energy correctly.

It would be interesting to further explore this point which
in turn could result in a deeper understanding of the
analytic continuation to m = 0.
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