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Abstract

The main purpose of this thesis is to better understand how the Faddeev-Kulish method
works in a theory that contains two massless gauge fields. We begin with a review
of infrared divergences associated with soft particles. Subsequently, we consider as a
model the Einstein-Maxwell theory coupled to a scalar field, for which the Lagrangian
and the asymptotic potential are constructed. It turns out that theories, for which the
cancellation of soft divergences with the Faddeev-Kulish method is already known, can
be partially investigated within this model. The dressing of photon states with soft
gravitons and the cancellation of the corresponding divergences, is studied as another
partial case. The dressing of scalar asymptotic states with both soft gravitons and
photons is studied as well, with some interesting features appearing at second and higher
order corrections. On the contrary, we show that if hard photon legs are also included,
the method seems to provide a series of possibly divergent operators that did not appear
in the previous cases. We close with a discussion on how infrared divergences are realized
in string theory and point some steps that might lead to the extension of the Faddeev-

Kulish method within the framework of string field theory.
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Chapter 1

Introduction

This Chapter is the building block of this thesis and aims to introduce the reader to
the topics discussed in the following chapters. We begin in Section 1.1 by motivating
how the study of infrared divergences has given new insights in physics, followed by
the main research questions that we aim to investigate in the present work. Details on
the structure of the current document are given in Section 1.2, while in section 1.3, we

provide the various conventions that were employed in this thesis.

1.1 Motivation

Infrared divergences appear in physical theories involving massless particles, typically
originating from regions in integrals where the energy or momentum of a particle becomes
zero; translating into a particle being soft. Usually, to avoid them, one defines an infrared
cut-off as the minimal value of momentum/energy (equivalently the maximal value of the
wavelength) to be taken into account in the calculations. However, there are processes in
which soft particles play an important role and can therefore not be avoided. An example
of such a process is the emission and absorption of low energy photons by an electron
which undergoes acceleration. This process is known as Brehmsstrahlung or breaking
radiation. In such cases, one has to find a systematic procedure that automatically

removes them from the theory.

Such a procedure was proposed in 1937 by Bloch and Nordsieck [1]. It is known as the
”inclusive formalism” and is the one exclusively discussed in standard quantum field
theory (QFT) textbooks [2-5]. The main consideration in this procedure is that the
infinite range interactions vanish at very large time (asymptotically). In other words,

the asymptotic dynamics is governed by the free Hamiltonian and the physical states live
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in the standard Fock space. Then, infrared divergences can be dealt with by summing
over all physically indistinguishable cross sections, order by order in perturbation theory.
However, the S-matrix itself remains ill-defined. The standard way to avoid this subtlety
is to consider that the S-matrix itself is not physical, since its elements are not observable.
Instead, what is considered physical, is the total probability for a process to occur. This

is measured by the cross section, which should always be finite.

In 1970, a different method giving finite results was proposed by Faddeev and Kulish [6]
within the frame of quantum electrodynamics (QED). They built upon the argument
that the range of massless field’s is infinite. Therefore, in the presence of an elecromag-
netic field, the electrons scattered by it would still feel an interaction potential, even
at very large time. This means that the original consideration of Block and Nordsieck
that the electron fields are asymptotically free is in fact faulty. The way to remove
infrared divergences by modifying the asymptotic states had already been shown by
Chung [7]. Faddeev and Kulish showed that Chung’s construction of the asymptotic

states is connected to the non-vanishing asymptotic potential they computed.

The picture that was formed is that in the presence of infinite range fields the asymptotic
states (past and future ones) are not free anymore, but rather dressed by clouds of soft
photons. Taking into account the contribution from these clouds leads to finite S-matrix
elements at every loop order. This method was recently extended [8] to the case of
perturbative quantum gravity (PQG), where scalar field states get dressed by a cloud

of soft gravitons.

Despite the fact that this method works and provides finite S-matrix elements, it was left
aside for many years. Recently, it captured the interest of many physicists due a series of
papers by Andrew Strominger et al. [9-13], in which a close relation among Weinberg’s
soft theorem, asymptotic symmetries and the memory effect was demonstrated. The
pairwise connection among them is depicted in Figure 1.1, adopted from [13]. For
the case of PQG, the asymptotic symmetry group is the group of the so-called BMS
supertranslations [14, 15], for which a connection with the Faddeev-Kulish amplitudes!

was recently discovered [17].

A natural question to be asked, is whether and how this procedure for removing soft
infrared divergences can be applied in string theory. It is well known that string theory
suffers from infrared divergences [18], similar to those appearing in usual QFTs. Since
in the standard worldsheet string theory there is no systematic way known to deal
with infrared divergences, it might be considered reasonable to establish this question

in string field theory (SFT). This is the second quantized formulation of string theory,

Tn the case of QED the corresponding group is the one of Large Gauge Symmetries. We refer the
interested reader to [16] for more details.
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which allows one to treat it as a QFT. In that sense and similarly to how particles are

promoted to fields in the standard QFT, the strings are promoted to string fields.

MEMORY
EFrFECT

SOFT IDENTITY 'ASYMPTOTIC
THEOREM SYMMETRY

FIGURE 1.1: The ”infrared triangle” , indicating the connection among Weinberg’s soft
theorem, asymptotic symmetries and the memory effect.

Therefore, a string field consists of infinitely many massless modes. It is expected that
these massless modes will contribute in the dressing of the asymptotic states. Investi-
gating a model which contains two interacting massless gauge fields might be beneficial
to determine how these interactions affect the dressing of the Fock states [19]. In this

thesis, we aim to explore the Einstein-Maxwell-Scalar (EMS) field model.

1.2 Structure of the thesis

This thesis is organised as follows. In Chapter 2, we review some basic elements of
worldsheet string theory. This aims to serve as a warm-up for Chapter 3, in which
we introduce string field theory. It also serves to maintain this thesis as self-contained
as possible. Next, in Chapter 4, we derive Weinberg’s soft theorem for soft gravitons
attached on (hard) photon legs. This derivation relies on the Lagrangian for the EMS
model, constructed within the framework of PQG in Chapter 5. Apart from the con-
struction of the aforementioned Lagrangian, we also use this chapter in order to calculate
the various terms in the asymptotic potential. The outcomes of Chapters 4 & 5 will be
implemented in the following chapters. In particular, in Chapter 6, we study the part
of the asymptotic potential involving photon and graviton interactions and discuss how
the Faddeev-Kulish method deals with IR divergences in such processes. Following that,
on Chapter 7, more complicated processes, involving all kinds of interactions based on
the total asymptotic potential, are discussed. In Chapter 8, an approach to a set up
of how the Faddeev-Kulish method can be possibly extended to string field theory, is
investigated. Finally, in Chapter 9, the outcomes of this thesis are displayed and dis-
cussed, followed by our suggestions for future research. Several Appendices have also
been included in order to preserve the main chapters as clear as possible. The list of the

references that were used can be found in the last pages of the document.
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1.3 Conventions

In this thesis we work with a mostly plus metric of the form (—1,1,...,1). Hellenic
letters are used for Lorentz indices and Latin letters otherwise. We use bold characters
to denote 3-vectors. Contracted indices, for example A, B*, will be ususally denoted by
a dot product, i.e. A- B. The Einstein summation convention is employed throughout
the thesis. We will mainly work with natural units, that is & = ¢ = 2xk? = 87G = 1.
Finally, the propagators and interaction vertices given in Appendix C carry factors
(27)~* and (27)?%, which we have omitted to write. When one propagator is combined
with exactly one vertex, these will automatically cancel, however, one has to be aware

of their appearance in different cases.



Chapter 2

Elements of worldsheet string

theory

In this chapter, we aim to review some basic elements and notions of worldsheet string
theory, with a greater purpose to motivate the construction of a string field theory in
Chapter 3. We focus on the closed bosonic string only. We begin with a short description
of the Polyakov action and the string spectrum, in Section 2.1. Subsequently, in Section
2.2, we discuss string theory as a Conformal Field Theory. Finally, in Section 2.3, we
introduce the Polyakov path integral and comment on how interactions are incorporated
in string theory. We will not provide any detailed analysis, assuming that the reader
is already familiar with the various concepts discussed. A more complete and detailed

study of the worldsheet string theory, we refer the reader to [20-25].

2.1 The Polyakov action and dynamics

Consider a closed string propagating in a D-dimensional Minkowski space-time. Analo-
gously to the worldline swept out by the motion of a point-particle, the moving string
sweeps out a two-dimensional surface, called the worldsheet. Points on the worldsheet
are parametrized by two coordinates (0° = 7,0! = ¢), with o € (0, 27]. The propagation

of the string in the worldsheet is described by the Polyakov action:

SplX,g] = —T/ o/ =99 """ 9 X0 X, (2.1)
M

where T := ﬁ denotes the tension of the string and we have defined d?c = drdo.

The parameter o’ in the definition of the string tension is known as the Regge slope.
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The worldsheet geometry is encoded in the metric ¢®?, with g = detgy, and o, 5 =0, 1.
The scalar fields X*, with u = 0,..., D — 1, describe the embedding of the string in
the target (Minkowski) spacetime, for which the metric is denoted as n*”. The action

of Eq.(2.1) possesses three main symmetries:

1. It is invariant under the global symmetry of the Poincare group, under which the

worldsheet fields transform as

OXF =al' XV +b, 69 =0 (2.2)

2. Tt is invariant under the local (gauge) symmetry of worldsheet diffeomorphisms,

under which

ofY Ofd
o = [(0) = 0 gas(o) = g o) (23

3. There is another local symmetry called Weyl symmetry. Under this
Jap — eas(o,f)gaﬁ, SXH =0 (2.4)

Using the gauge invariance of Eq.(2.3) and Eq.(2.4), one can choose to fix the worldsheet
metric to be g®® = . The most general solution such that dxSp[X,g] = 0 can be
written as a sum of left- and right-movers, which in turn can be expressed in terms of

the string oscillating modes af;, @y, as

1
X = 530“ lsp“ T—0) l Z —ale —2in(r— 7) (2.5a)
n;éO
Iz 1 1 2 —2in(t+0o
X} = gat+ SLp" (7 + o) fz Z —ate ) (2.5b)
n;éO

where x* is the center-of-mass position of the string and p* := \/%ag denotes its total
momentum. We have also introduced the string length scale parameter, as I = v2¢/.
Requiring that the functions X g and X! are real implies that z/ and p# are real, while

positive and negative modes are conjugate to each other

—n n

aZ, = (ap)*, al, = (ah)” (2.6)

The solutions given by Eq.(2.5a) and Eq.(2.5b) are subject to the constraints
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(0; X)) =(0_X)>=0 (2.7)

where we have defined 04 = %(87 + 0,). These constraints come from the equation of
motion obtained by requiring 6,5p[X, g] = 0, upon relaxing the condition go3 = 7as-

By defining stress-energy tensor

2 08

TV 509 29

Tog =

this equation of motion is simply 7,5 = 0. Recovering g* = 7*#, one obtains Eq.(2.7).
Replacing Eq.(2.5a) and Eq.(2.5b) in it, leads to

(0-X)* =0/ Lpe ™) =0 (2.9a)
(04X)* =0/ Lpe ™) =0 (2.9b)
where we have defined
L, = EZ Un—m@m, Lp = 12 Gn—miim (2.10)
2 < 2 <

Of primary importance are the constraints Ly = Ly = 0, since they include the square
of the spacetime momentum p*, for which p? = —M?2. This means that they can be

used to read off the mass of states in the closed-string spectrum
o/M? =4 anapn=4) ani_pn (2.11)
n>0 n>0

At the quantum level and for the first two mass levels, the physical states are:

1. The ground state |0; k), which is a tachyon with

4
M? = —— (2.12)

O[,
2. A set of 242 = 576 massless states of the form

QYY) = a' @’ [0 k) (2.13)
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corresponding to the tensor product of the massless vectors associated with the
left-moving and the right-moving sector. This can be decomposed into three parts.
The part of |Q2¥) that is symmetric and traceless in i and j transforms under
S0(24) as a massless spin-two particle, realized with the graviton G, (X). The
part carrying trace, dij\Qij ) , corresponds to a massless scalar, called the dilaton
®(X). There is a last part, which transforms under SO(24) as an anti-symmetric
rank-2 tensor. This is known as the Kalb-Ramond field B,,, (X).

2.2 Connection with conformal field theory

The discussion of Section 2.1 is based on the convention that the worldsheet metric
carries Lorentzian signature. This convention is the appropriate one in order to describe
a physically evolving string. It is convenient though, to consider a worldsheet metric
with Euclidean signature. This can be achieved by performing a Wick rotation 7 — —ir.

Then, introducing complex coordinates

5= 62(7——2'0)7 7= 62(7’—}-2’0) (214)

one can define a map from the worldsheet cylinder to the complex plane. This map is
depicted in Figure 2.1, adopted from [23], and is related to the concept of conformal

transformations on the worldsheet.

R

N A

M~ T ) Ti Tg
4 T

~

FI1GURE 2.1: Conformal map from the cylinder to the plane.

By definition, a conformal transformation is a change of coordinates o® — 6%(o) such

that the metric changes as

9as(0) = *(0)gas(0) (2.15)
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Then, a Conformal Field Theory (CFT) is defined as a field theory which is invariant

under these transformations. Examples of 2-dimensional conformal transformations are:

e Translations:

z—=z+a (2.16)
e Rotations (for |(| = 1) and dilatations (for ¢ # 1):

z—(z (2.17)

CFTs in 2 dimensions are important in string theory, since one can transmit the analysis
from the cylinder to the complex plane, which is easier to handle. In the rest of this

section, we present how the CFT analysis is employed in string theory.

At the quantum level we are interested in correlation functions. These involve products
of local operators. A statement about what happens as local operators approach each
other is given by the operator product expansion (OPE). The idea is that two local
operators inserted at nearby points can be closely approximated by a string of operators
at one of the two points. Denoting by O; all the local operators of the CFT, this is

written as 2

0i(2,2)0;(2,2) = Y _ Cfi(z — w, 2 — ) Ok (w, 0) (2.18)
k

The OPE’s have singular behaviour as z — w. It turns out to contain the same infor-
mation as commutation relations, as well as telling as how operators transform under
symmetries. If we know the OPE between an operator and the stress-tensor 7'(z) and
T(2)3, then we immediately know how the operator transforms under conformal sym-
metry. By definition, an operator O is said to have weight (h, B) if, under dz = ez and

0z = €z, O transforms as

50 = —€e(hO + 200) — € hO + 200) (2.19)

where dz = ez describes translations for z = 1 and rotations for z # 1. The terms hO

and hO are special operators which are eigenstates of dilatations and rotations. Consider

2Such expressions are always to be understood as statements which hold as operator insertions inside
time-ordered correlation function.
3Expressions of T for bosonic matter and ghosts can be found in Appendix E.1.
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now the OPE of an operator with the energy-momentum tensor T or 7. If the OPE

2 2

truncates at order (z —w) ™ or (Z — w)~~, respectively, that is

. hO(w,w n 00(w, w)

T(2)O(w,w) w2 po— + non-singular (2.20a)
T(2)O(w,w) = }E(Zl)—wz;f)? + 8(2@0;5) + non-singular (2.20b)

then we call O a primary operator. A primary operator transforms, in general, as

0z

~ 0Z. _p,
(=
0z

O(22) > O(2,2) = () ) oz, 2) (2.21)

The energy-tensor itself is a primary operator, since its OPE with itself expands as

T(z)T(w) = e c_/i)4 (51:(:2;2 + ZT_(w) + non-singular (2.22a)
T(2)T(w) = € 6—/36)4 + (;1;(3;2 + 82_(1;) + non-singular (2.22b)

The constants ¢ and ¢ are called the central charges. For the bosonic string theory, they

are equal to ¢ = ¢ = 26.

2.3 The Polyakov path integral and interactions

Consider the string propagating in a Euclidean target space. The Polyakov action then,

reads:

Sp=-T / 2o/ —gg*P " 8, X .05 X, (2.23)

The path integral is obtained by integrating over all degrees of freedom, that is, over all

embedding coordinates X* and all worldsheet metrics g,g:

1
7= s / DygDX e Pl (2.24)

Notice the presence of the term Vol G. As we mentioned in Section 2.1, the Polyakov
action possesses two local (gauge) symmetries, namely, diffecomorphisms and Weyl trans-

formations. When integrating over all possible metrics and embeddings, without gauge
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fixing, one cannot distinguish among the ones that are physically equivalent. This will
give us a divergent factor, equal to the volume of the group G of these equivalent de-
grees of freedom. By dividing with Vol G, we are able to cancel this factor. A procedure
to completely fix the gauge and proceed to quantization was invented by Faddeev and
Popov [26]. This procedure involves the introduction of two anti-commuting ghost fields
b,c. These ghost fields do not correspond to real degrees of freedom. Their role is to
cancel the unphysical degrees of freedom, leaving only the D — 2 transverse modes of

X*#. The path integral is then written as

Zlg] = / DX DbDce 5P X:al=5gnlbeg] (2.25)

with the ghost action Sy, given by

Sy = QL / d?2z(bdc + bOC) (2.26)
T

The (b,c) ghost system has its own stress-energy tensor and the discussion of CFT of
the previous section can be further extended to it. The ghost action given by Eq.(2.26)

possesses a U(1) global symmetry, which infinitesimally reads:

ob= —ib, dc=ric, O6b=—ib, 6c¢c=ic (2.27)

According to Noether’s theorem, every global symmetry is generated by a conserved

7

current. In our case, this current is called the ”"ghost current” and is given by:

Jj(z) =—=:b(2)c(z):, J(z2) =—:b(2)e(z) (2.28)

This current, in turn, is associated to a conserved charge, which we will call "the ghost

number”. It is defined as

Ngh = Ngh,r. + Ngh,r (2.29)
with
dz
Nop= ¢ —j 2.
pi=§ oo (2:300)

Ngh,r = ]{ “ 5z) (2.30D)

2mi”
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We now pass to the concept of interactions in string theory. The interactions of particles
in perturbative string theory are summarized by a set of scattering amplitudes, known
as the string S-matrix [27]. The external states, are the physical states of the theory
are the primary states of the CFT with weight (41,41) and are represented by infinite
semi-tubes attached to the surfaces. Under a conformal mapping, these semi-tubes can
be mapped to points called punctures on the worldsheet. The prescription for computing
amplitudes via the Polyakov path integral is to insert one vertex operator V;(o) into the

gauge-fixed path integral for each external particle:

Va(ki) :== | d*o\/g(0)Valk;o) (2.31)

The integration over the entire worldsheet is justified, since under the conformal map-
ping there is no preferred point on the worldsheet for the vertex to sit. The resulting
space, at g loop, is a Riemann surface X, of genus g with n punctures. Then, for n
vertex insertions, the amplitude can be organized as a sum over worldsheets of different

topology:

<V1 B Vn> = Z g;X / /DX,Dgeisp(X’g)Vl(pl) s Vn<pn) (2'32)

topologies

This perturbative expansion of the amplitude in terms of Riemann surfaces is in Figure
2.2, adopted from [22]:

lp ‘ + . :"”7"‘\/\ J"/ ® ‘

\& - y \\@ R “ s

FIGURE 2.2: The string perturbative expansion is a sum over Riemann surfaces (n=4).

The space of all Riemann surfaces X, is called the moduli space and is as the quotient

of the space of metrics, denoted as Met(X,,,), by gauge transformations [28]:

Mgy = Met(S,,)/G (2.33)

The Riemann surfaces that belong to the moduli space are parametrized by the so-called

moduli parameters t;.



Chapter 3

Closed String Field Theory

In Chapter 2, we reviewed some general results of string theory based on the worldsheet
formulation. However, this formulation encounters three main issues [29]. The first one
is that the theory is defined only perturbatively with respect to the coupling constant.
Moreover, it only allows the computation of on-shell scattering amplitudes, while off-shell
quantities are not well-defined. Finally, since string theory is independently defined for
each consistent background, it is not clear whether there is a universal set of degrees of
freedom describing different backgrounds. One possible approach to the aforementioned
issues? is the construction of a field theory of strings, which we will call String Field
Theory (SFT). A very elegant SFT for the open bosonic string has been constructed by
Witten [33]. This formulation has already given some results, with the most important
being the explanation of the instability of the tachyonic vacuum of the bosonic string
[34, 35]. Recent advances have managed to extend the formalism to closed bosonic
strings. We wish to review part of these advances in this chapter. In Section 3.1, we
introduce the concept of the string field. The free and interacting SF'T are discussed in

Section 3.2 and Section 3.3, respectively. This chapter is a review of [19, 36].

3.1 Introducing the string field

The idea in order to construct a String Field Theory, is to first introduce a string field,
subsequently to find an action and the appropriate gauge symmetries and then to recover
the perturbation theory from a gauge-fixed path integral [37]. The string field is the
dynamical variable of the SFT. The starting point is to realize that since a string is a

1-dimensional extended object, then the string field, which we will denote as W, must

“Complete proofs of background independence can be found in [30] for closed superstring field theory
and [31] for closed bosonic string field theory. Off-shell amplitudes are discussed in [32].

13



Chapter 3. Closed String Field Theory 14

depend on the spatial positions of each point of the string, collectively denoted as X* (o).
Hence, the string field is a functional W[X#(o)]. Roughly speaking, a string field, after
quantization, is an operator which creates or destroys a string at a given time. To make
contact with the path integral quantization, we could take the string wavefunctional and
elevate it to a field operator (second quantization). A different and more rigorous way
to proceed to the quantization of the string field is to introduce a BRST (Becchi-Rouet-
Stora-Tyutin) symmetry®, by adding a gauge fixing term in the path integral given by
Eq.(2.25). This reads

. v o =,
Sg.rl9.9,B] = —47r/d2UB B (V=990 — V/—G0as) (3.1)

where B®? is an auxiliary field. Varying the action of Eq.(E.1) with respect to BB will
procude the gauge fixed action Sp[X, g] + Sgn[b, c,g]. In this approach the string field
will also depend on the ghosts: W[X (o), c(0)]®. However, it turns out to be complicated
enough to find an explicit expression for the string field as a functional of X (o) and
¢(o). Tt is often more convenient to work with the representation independent ket |¥),
defined as

V[X(0),c(0)] = (X(0),¢(0)¥) (3-2)

We can then define a string field as a vector in the Hilbert space of the worldsheet
CFT, which we denote, together with the ghost insertions, by H. Given a basis of states
{|#a)}, we may write a string field as an arbitrary linear superposition of the basis states
[38] as

|\Ij> = Z¢a|¢a> (3.3)

Here each target space field v, is the component of the vector |¥) along the basis vector
|¢a). In momentum space, this basis can be chosen to be first-quantized off-shell states
ba(k) = Va(k;0,0,0)|0), such that one can write

D - -
v =3 / (jm’;mmwa(k» (3.4)

SBRST summetry is briefly discussed in Appendix E.1
5Notice that there is no dependence on the b ghost, since it is the conjugate momentum of the

c-ghost: b(o) ~ %.
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where k is the D-dimensional momentum of the string and a denotes a collection of

discrete quantum numbers.

3.2 Free BRST string field theory

Having introduced the string field, we would like to have an action for the theory. Since
the fundamental structure of the string field is not known, the only reasonable way
to derive it is from the equations of motion. In this section we will focus on the free
theory, for which we need to find the kinetic term. To this end, we need an equation
of motion and an appropriate inner product on ‘H. Employing the BRST quantization
on the worldsheet theory, one finds that the string physical states |¢)) obey the BRST

condition

@plY) =0 (3.5)

Considering the string field ¥ to be a linear combination of all possible one-string states

|1), as Eq.(3.3) indicates, the BRST condition applies to the string field itself:

Qp|¥) =0 (3.6)

Next, we need to find an inner product (-, -) on the Hilbert space H. A natural candidate

is the BPZ inner product

(4, B) := (Al¢y | B) (3.7)
where (A] = |A)! is the BPZ conjugate of |A). Notice the presence of the ¢y insertion
in Eq.(3.7) and recall the ghost symmetry of Eq.(2.27). This symmetry is known to be

anomalous in curved spaces [20]. For the case of closed bosonic string, the cancellation

of the ghost number anomaly requires that the action has ghost number

Nyn(S) = 2xg0 = 6 (3.8)

Without ¢y, the total ghost number would be’

Ngn(Q) + 2Ngn(¥) =5 (3.9)

"Ghost numbers are provided in Appendix E.
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Therefore, the insertion of the ¢y ghost® is necessary for the ghost anomaly to cancel.

Using the properties of the BPZ inner product? one obtains the action

1 1 _
Stree = §<\IJ,QB\IJ) = §<\I»'|c0 QB|Y) (3.10)
which is equivalent to a 2-point correlation function on the sphere. The problem, how-
ever, is that the presence of ¢, annihilates some part of the string field and renders the

kinetic term non-invertible. Nevertheless, one can overcome this problem by imposing

additional constraints on the string field:

by | ) = Ly |¥) =0 (3.11)

In writing the action, only the condition that the states are BRST closed has been used.

One needs to interpret the condition that the CFT states are not BRST-exact, that is,

) ~ [¥) + QBlx) (3.12)

Uplifting this condition to the string field, the most direct interpretation is that it

corresponds to a gauge invariance of the form:

[U) = [U) = [T) +64¥), dr[¥) = QpA) (3.13)

This gauge invariance can be fixed in the Siegel gauge [39]:

i) =0 (3.14)

After gauge fixing and upon using the decomposition of the BRST operator, given by
Eq.(E.8), the action reduces to

1 _
Sfree = §<\I"Co CS_L8_|\I]> (315)

The propagator is then obtained by inverting Eq.(3.15). It reads

_ b

A — 0
L§

(3.16)

8For the c-ghost, we have Ngn = 1.
9See Appendix E.2
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3.3 Feynman diagrams & closed interacting SFT

In Section 3.2, we wrote down the string field propagator. We would like to give it some
meaning in terms of Riemann surfaces. To this end, it is convenient to express it in the

Schwinger parameter representation:

1 oo
— = / dse=*Lo (3.17)
0

Since Lg is the generator of dilatations for the closed string, the integrand may be seen
as a piece of worldsheet; more precisely, a tube of length s and twisting angle 6. One can
then use this tube in order to glue together parts of Riemann surfaces'®. This operation
is known as the plumbing fixture and is commonly denoted by #. An example of how
this operation works is presented in Figure 3.1, adopted from [19]. In this example, a

4-punctured sphere is produced by the gluing of two 3-punctured spheres.

OO T=0-C

F1GURE 3.1: A 4-punctured sphere obtained by the gluing of two 3-punctured spheres.

The plumbing fixture is defined as an operation on moduli space by considering the
plumbing fixture of all possible pairs of surfaces, permutations of punctures and s €
[0,00),8 € [0,27]. The space obtained by gluing 3-punctured spheres together is called
the propagator region of the moduli space and is denoted by Fj 4:

Foa = Mog#Mos C Moa (3.18)

Notice that not all 4-punctured spheres can be obtained from the plumbing fixture
of 3-punctured spheres. There is a remaining region of the moduli space, called the
fundamental region, which cannot be reached this way. It is denoted by V4 and defined

as

Vo = Moa — Fou (3.19)

One can extend this construction to higher dimensional moduli spaces, yielding a series of

fundamental regions V, ;,, and propagator regions F ,, for all g,n > 0. An interpretation

10T hese parts can belong to the same or different surfaces.
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of string amplitudes in terms of Feynman diagrams can then be reached; Feynman
diagrams containing propagators are connected to the region F,,. Since elements of
the region V, , do not contain propagators, they can be nicely interpreted as interaction

vertices. It turns out that the gauge-fixed SF'T action can be written in the form

g2972+n

g,n>0

where U" := U®". The kinetic term in Eq.(3.20) is realized as Vj 2, while the rest of V ,,
represent contact interactions of all orders. The coupling constant gs is determined by
the tree-level cubic interaction. Terms with g > 1 are associated to quantum corrections
of order indicated by the power of . The action of Eq.(3.20) can be written in the

momentum space as

S = —/dean(k)Kaﬁ(k)q/ﬁ(k)
(3.21)

-y / dPky...dPka VW o (Kiy.e ko) Way (k1) - W, (Kn)
n>0

One can then use Eq.(3.21) to read off the Feynman rules. The propagator is represented

as an infinite length tube and is given by

_ iMo5(k)
CO=Kuuk) ' = -2 0 (k 3.22
)7 = g Qalk) (322
where M,z(k) is a finite-dimensional matrix'! giving the overlap of states of equal mass

and @, a polynomial in k. The interactions are obtained by plugging the basis states

{¢o} inside the vertices V,,, given by Eq.(3.4):

= VI (ke ) = DV (Ga (B1), - s b (kn))
(3.23)

In Eq.(3.23) t denotes collectively the moduli parameters t; and P(,,} is a polynomial

in k.

A definition of M, (k) using arbitrary basis and dual basis states is given in Appendix E.



Chapter 4

Infrared divergences in

perturbative Quantum Gravity

In this chapter we study the appearance of IR divergences in scattering amplitudes as
a result of the addition of extra soft graviton lines to the photon external legs of an
already finite scattering amplitude. In section 4.1, we derive Weinberg’s soft theorem
[3, 40], associated with real soft graviton attachments to external photon legs. The effect
of attaching virtual soft gravitons to the external legs is explored in Section 4.2. Finally,

in Section 4.3, we explore the phase divergences associated to the virtual attachments.

4.1 Weinberg’s soft theorem

In this section we study the effect of attaching soft real gravitons to the external legs
of a scattering process. In general, such attachments must be taken into account when
computing any scattering process. This is because there is no possibility to experimen-
tally distinguish the process in which an arbitrary soft zero charge particle is emitted
from the one without such a particle [41]. Consider the diagrams of Figure 4.1, where
a soft graviton line is attached to either external or internal'? photon legs. We assume
that the incoming and outgoing momenta are p; and ps, respectively. Consider initially
the case where the incoming line emits a soft graviton of momentum k (Figure 4.1b).
The contribution to the S-matrix element then comes from the photon-photon-graviton
vertex and the internal photon propagator of momentum p; — k. The situation is similar
if the emission takes place on the outgoing leg (Figure 4.1a), with the difference that

the contributing internal propagator carries momentum po + k.

2Here by internal we refer to legs inside the blob B.

19
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To distinguish the two scenarios it is convenient to define:

{ n=+1 outgoing

n=—1 4incoming

T
P p—k
b1
(a) Soft gravitOJ.fl attached to the (b) Soft graviton attached to the
outgoing leg. incoming leg.

N

Bk:

(c) Soft graviton attached to an
internal leg.

FIGURE 4.1: Real soft graviton attachments.

The photon propagator and photon-photon-graviton vertex are given in Appendix C'3.
It is more illuminating for our analysis to label the photons and graviton in the diagram
of Figure 4.1a with their polarization indices. We mark as (p) the edge where the photon
of momentum py + k attaches to the blob and by () the edge connected to the vertex.
For the external photon, the point connected to the vertex is labelled by the index
(7) and its free endpoint by the index (o). For the emitted soft graviton we mark its

endpoint indices as p and v. Therefore, the contribution of this diagram reads

po "B % '

? Vpo vpo
B ZW §(Iup p2(p2+k)+A“ P ) (41)

with Ig,,,, and Ag,, given by Eq.(D.10) and Eq.(D.11), respectively. In the limit & — 0,
the propagator is

'lp5 ~ o8 (4.2)
p3+k242py-k—ie  2py-k—ic

where pg vanishes on-shell. For similar reasons, the first term in the vertex parenthesis

vanishes, while A*"?? becomes

13The Feynman rules are obtained from the Lagrangian we construct in Chapter 5.
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AHPPT = 2 plpS — P phyps + 0P phps — M7 phps — 30 7 phph + 1 phph — 20" psps

Then, Eq.(4.1) reduces to

1
ok (20" papps — 05phPS + 205ph s — 0/ pagps — 30" papphy — 204p5ps)  (4.3)

Contracting Eq.(4.3) with the polarization vectors'® ¢ and ¢? and using that etp, =0,

we obtain

1
V. (4.4)
p-k—1e
The evaluation of the diagram of Figure 4.1b is analogous and gives a factor of
i (4.5)
p1 -k + e '

The contributions of the two diagrams are to be summed over and we can elegantly

write it as

Mo v
D; D;
| . 4.6
Zz-:mpi'k_“ﬁf (4.6)

Apart from these two contributing diagrams, there is also the process represented in
Figure 4.1c, in which the soft graviton is attached to an internal line. However, internal
lines are off-shell, meaning that the condition p? = —m? does not hold anymore. Hence
the denominator is dominated by p? +m? and the factor p-k can be ignored in the limit
k — 0. The contribution generalizes to diagrams that involve more than one external
legs. Consider, for example, an arbitrary diagram such that of Figure 4.2, which contains
n external legs, with corresponding momenta pi,...,p,. Then, the result of Eq.(4.6)

becomes!?

VarG iimpgpiy (4.7)
T — p; -k — ie '

1 Notice that there are two options
5Notice that we have recovered Weinberg’s factor: 2x? = 1 = k = V81G
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where the sum is running over all external lines. It is indicated that the effect of attaching
real soft gravitons to a scattering amplitude that did not initially contain any, turns out
to multiply the initial amplitude with the factor given by Eq.(4.7). This is known as
the gravitational soft Weinberg’s theorem. The result we obtained is exactly the same
as the one computed by Weinberg for external scalar legs, verifying the statement that
it is does not depend on the spin of the external legs and endorsing the universality of

the IR structure of gravity.

FIGURE 4.2: Real graviton emission in a diagram with n external legs.

Before we close this section, we should note that according to Weinberg, when the

external leg is massless, there is another type of divergences, the so-called collinear

1
pk’

to k. However, these divergences cancel for the case of soft gravitons [8, 42], so they will

divergences. These occur from the denominator which diverges when p is parallel

be ignored in the rest of our study.

4.2 Virtual infrared divergences

In the previous section, we studied when and how the insertion of a soft graviton in
the case of photon external legs can contribute to divergent S-matrix elements. In this
section, we wish to study the divergences that arise from the soft part of a virtual
graviton attached to the external photon legs. The virtual graviton can connect either
to the same leg, or to different legs as illustrated in Figure 6.2. The addition of one
virtual soft graviton line to an external leg, results in multiplying the matrix element a

pair of factors of the form of Eq.(4.6), connected by a graviton propagator!'6

i I
— T 4.8
2(2m)* k2 — de (48)
and then sum over polarization indices and integrate over k. The total contribution can

be put in the form

1

3 / i d*kB(k) (4.9)

16Notice that we have brought back the factor (27)~*.
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with B(k) given by

B(k) _ —i87G ﬁnﬁmpnpnpmpm(nupnw + NpoMvp — nuynpa)
2(2m)4 (k> — ie) (Pn -k — inne)(=pm - k — inme)
—i8nG 5 MnTim ((pn - Pm)? — %p%p%) (410
—(2m)A (k2 —ide) “ (pn - k — i1n€)(—pm - k — inme) '
___ 8nG 3 T (P - Pm)?
(2m) (k2 —i€) &~ (pm - k — inpe)(pm - k + i1me)
(a) Virtual graviton attached to the out- (b) Virtual graviton attached to the in-

going leg. coming leg.

(c) Virtual graviton connecting the in-
coming and outgoing legs.

FIGURE 4.3: Virtual soft graviton corrections.

The S-matrix can thus be written in terms of the initial, divergence-free S-matrix S9,

as

1A e
Sga = e:cp{z/ d4k:B(k)}Sga = e:np{ 2n) Z(pn .pm)2nnnmJnm}Sga (4.11)

nm

where all the divergences are now carried by the term

1
nm = 1 d4k
/ Z/ (k2 —i€)(pn - k — in€)(Pm - k + inme)

(4.12)

The real part of J,, is directly associated with IR divergences and will be used in
Chapter 6 to compute the total virtual soft graviton contribution to a single photon
scattering by an external gravitational field. For the time being, we will focus on the

imaginary part of J,.,,, which contains phase divergences.



Chapter 4. Infrared Divergences in perturbative Quantum Gravity 24

4.3 Phase divergences in photon-graviton scattering

In this last section, we study the phase divergences associated to soft virtual gravitons,

following the approach of [8]. The integrand in Eq.(4.12) has its poles on

e k2 —ie=0= —(k")? = k> —ie=0= Kk = £\/k|]?2 —ic = K =~ |k| — i or
kY ~ —|k| + ie , and

0

m

opm'k—inm6202>k‘0%ppL%;k—l—i’nmEOl“k‘O% — iMmE

Before performing the k’-contour integration, we notice that if n,, n,, are opposite,
that is we have an incoming and an outgoing particle, the poles lie on the same side
of the real axis and can both be avoided by integrating on the other half-plane. As a
consequence, J,,, will be real. However, in the case of the particles being both incoming
or both outgoing, the poles lie on opposite sides of the real axis and thus cannot both
be avoided. Considering the case n,, = n,, = +1 and closing the contour in the upper

half-plane, we pick up the contribution from the poles at —|k|+ ie and v, -k + i€, where

— Pm
P

we have defined v,, Applying the residue theorem we get

—|k|+ie (kZ - ie)(pn : k)(pm : k)

+  lim H o ki )
kO— v -k—ie (k?2 — ie)(pn : k)(pm : k)

A
1
=i [ d’k(2mi
]k ™) e * P T

2 A 0 .
. . , ) : k° + k| — e
Inm = 270 E Res[Jum(j)] = z/ d3k(2m)<k0 lim k]
Jj=1

TR = (v 102 (=00 (P - K — vk — i€)>
(4.13)

The second term relates to the imaginary part, providing us the phase divergence. This

can be written as

k-p, —ovin -k =p%(k- v, —k-vin) =k (Vo — Vi) (4.14)

Expressing the inner products as k - v; = |k||v;| cos6; , where 6; is the angle between

the vectors k and v;, this becomes

p2|k|(|vn| cos by, — [Vip| cosby,) = PC |||V — Vin| cosy (4.15)
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where v is the angle between the vectors k and v,, — v,,. Thus we can write

o [ 1
R nm — d3k
o =~ | PN o oo
1
(|k[|Vim — V| (cos by, cos B — sin Oy, cos b, sin 3) — ie)
(4.16)
since
cosy = cos O, cos 8 — sin 6, cos 0, sin 3 (4.17)

with 8 the angle between v,, and v,,. The result must be Lorentz invariant and therefore
can be transformed to a more convenient frame of reference. Since the photons have
no mass, it does not make sense to consider a center of mass frame. However, the
photons have non-vanishing momenta, so there will be a unique frame in which the
total momentum of the system vanishes. In this frame, the velocities are back to back,

meaning that § = m, thus one is left with

o /A 5 1
T 000 v — v | d'q 2 cos 2 '
pgp?n‘vn - Vm‘ |q‘3(1 - ‘Vm| COS Qm)(COS em - 26)

(4.18)

Choosing v, to be along the first axis, the integrand is independent of the angles

01,...,0,—1 [43]. Carrying out those integrals yields an overall factor of
(2m)> 273! /A 1 /” s 1
dqq" " — dfsin"°0
PPve —val TG =1 ) @y T (T vl cos?6)(cosf — ie)
(4.19)
Making the variable change z = cosf in the -integral, we have
dr = — sin 0df (4.20)
o = 1,271 =-—1 (421)
s = sin?(372) 9 = (1 — »2)(52) (4.22)

such that the integral takes the form

/1 g (1772 1 (4.23)

1 (1= |vm|?2?) © — e
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From Eq.(4.23), it is derived that on the one hand is odd and integrates to zero, while
on the other hand the imaginary part iwd(x) of the pole integrates to iw. To regulate

the IR divergence in the k-integral, we should take n > 4, so

A An—4
/0 dkk" ™ = p— (4.24)

Altogether, we have

96—n - 5—ﬂ - A4

4.25
P90 |V, —Vm|I‘( —1)n—4 ( )

Recovering the factor

1
0,0
PpPm|Vn — V| = 4.26
| | (pn : pm) ( )
we read off the phase divergent factor from Eq.(4.11)
4rG
exp { (pn <) N, %(J)nm}
S Y
4G 213 2
e pmv*q
(2m) (Pr - Prn) € (4.27)

= {Gan Pm)=
exp{2iG }

In the last equality we multiplied with a factor of 2, since the sum counts the pairs (nm)

and (mn) separately. Restoring the factor 2G = siw the divergent phase reads:

o _ Lo\ 4.8
mn 87T(pn pm)e ( )



Chapter 5

The Einstein-Maxwell-scalar field

model

In this chapter we study the EMS model. More precisely, in Section 5.1, we construct
the Lagrangian within the framework of Perturbative Quantum Gravity (PQG). The
asymptotic potential is calculated in Section 5.2. We close this chapter with Section 5.3,
in which the asymptotic operators are briefly introduced. We will not enter into deeper
technical details on PQG than the ones necessary for the purpose of this chapter. For

further information on the topic the reader is referred to [44-48].

5.1 The Lagrangian for the EMS model

In this section, we wish to derive the gravitational Lagrangian for a graviton scattering
with a massive scalar field, to which we associate a U(1) symmetry, in the presence of

the electromagnetic field. In the absence of gravity, the scalar QED Lagrangian reads

1 * *
Loup = = FuF" = (D) (D) = m*¢"¢ + Loy (5.1)
where F,, = 0,A, — 0, A, is the electromagnetic field tensor and D,, = 9, +1ieA, is the

covariant derivative . To simplify the calculations, we choose to work in the Feynman-’t

Hooft gauge:
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Within the frame of linearized gravity, we want to couple this Lagrangian to the Einstein-

Hilbert term

1 4
with R being the Ricci scalar and x? = 8?—4G the Einstein gravitational constant!”. To
this end, we follow the Gupta procedure [49], according to which, one introduces a

symmetric tensor field h,, describing fluctuations around the Minkowski space-time

Juv = Nuv + h,uzz (5.4a)
g =" = (5.4b)
1

The Christoffel symbols'® up to linear order in h are given by

1
F@:ﬂmm+@@—wm» (5.5)
Since the Christoffel symbols are linear in h, terms involving multiplication of I'’s in
the Riemann tensor definition are of second order in A and can thus be ignored. The

remaining ones give

Ruvpe = = (0p0uhpue + 050,y — 05 0yhyy — 0p0,hue ) (5.6)

N

The Ricci tensor is obtained by contracting over the u,p indices. We obtain

1 1
Rys = §nupRuqu = i(apavhg + 808ph5 — 050yh — 62hl"7) (5'7)

where we defined h = n*?h,, = hY. Contracting again over v and o yields the Ricci

scalar

R=g" Ry, = 0,0,h" — 8°h (5.8)

"n the following analysis we will take 2x? = 167G = ¢ = 1.
18We refer the reader to Chapters 3 and 7 of [50] for a review of notions of curved space-time.
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Assuming that the fields ¢ and A, couple minimally to gravity, the Lagrangian takes

the form

1 1
L= V=g(R~ FuF" — (Du) " (Dyo) —m?¢" 6 — (V- A)°) + Ly, (5.9)

where the gauge fixing term for the gravitational field is chosen to be

1 1
Igf - 502, C'u - ayh’“’ - iﬁuh (510)
Notice that under the assumption of minimal coupling, the electromagnetic field tensor

does not change, since the Christoffel symbols are symmetric under exchange of the two

lower indices:

Fup = VA, =V Ay = 8,A, —T0,A, — 9,4, + T8, A, = 0, A, — 8,4, (5.11)

The Lagrangian of Eq.(5.9) can be further simplified and rewritten in terms of the fields
Puws Ay ¢ and ¢*. We will perform it for each term separately. The term (V - A)?, is
treated in Appendix A.1. Expanding then /=g = 1+ h and using Eq.(A.9), we obtain:

- %\/TQ(VMA“)2 = —%(&A)Z —(- Z(&A)Z +h" A,0,(9- A) — gAl,a”(@-A)) (5.12)

For the term —%FWF‘“’, we have

]' vo 1 vo
- 1(8MAV — 00 A" 9" (0pAc — 05 4p) = _Z(BMAV — Oy AN (0pAe — 05 4p)
+ i(@MAV — 0, A NP7 (0,A — 0,4,) + %((%Al, — 0,A,)N" WP (0,As — 05A,)
(5.13)

Therefore, upon multiplying with \/—g and expanding it, this term becomes

1
—Z\/—ngg“pg”"Fpa = ——(0,A, — 0, AN 1" (0,A0 — 05 A))

+ = (0uAy — By AN R (9, Ay — 0, A,)
(5.14)
+ =044y — B AN R (D, A — Dy Ay)

— =" h(0, A, — 0y AL) (0, A6 — 0,A))

I RN S
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In Eq.(5.14), the second and third line are equal upon some index renaming, so that we

actually need only one of them. Next, we expand the covariant derivatives as

—(Dud) g™ (Dy¢) — m*¢* ¢ = —(0), + ieA,) ¢ g" (8 — ieAy)p — m*¢*
= —0u0* 9" 0y — € AP g Ay —mP¢*¢  (5.15)
+ 09 g"ie A, —ieA,d*g" O,

The terms of Eq.(5.15) are expressed in terms of h in Appendix A.2. Replacing them in
the Lagrangian of Eq.(5.9) together with Eq.(5.14) and Eq.(5.12) allows us to express it

as

L= —iaahwaahw + éaah(‘?"‘h — 0y Dy — PP — i(auA,, — 0y A) (9" A” — 87 AM)

1
- 5(8 ) A)2 - V;fot
(5.16)
where
h 2 v 1 v
Vier = =5 (9- A + 1" 4,0,(9 - A) = ShA,0"(2- A)
1 vo 1 vo
- 5(77Mph - Zhn“pn )(8“141, - 8VAu)<apA0 - aoAp)
1 1 . v *
- h'uya,ugb* ud) + inuyha,uﬂs* ng + §m2h¢*¢ - Ze"?“ (a,uqb AV¢ - Au¢* u¢)
(5.17)

In Eq.(5.17) we have only kept cubic vertex interactions. For scalar QED it has been
shown in [51] that the four point interaction does not survive asymptotically. Despite
that something similar has not been shown for other kinds of interactions appearing, we
can simply assume that the argument still holds and simply ignore them. If one wants
to take them into consideration, then it is possible that terms of order h? in the original
expansion are also kept. However, the entire process becomes extremely complex and it

is not clear if there is something to be achieved by doing so.

5.2 Calculation of the asymptotic potential

Having expressed the interacting part in terms of the fields h,,, A,, ¢ and ¢*, we would

like to study the interactions at large time, working in the interaction picture. This can
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be accomplished by first expanding the fields in Fourier space:

By (%, ) = / (;il;g 21k0 (4 ()™ + a,, (K)ei*) (5.182)
Au(x,t) = / (;i; ;po (bu(P)e™™ + b, (p)e ") (5.18Db)
b(x,1) = / (:j;g \/;TO(c(r)eiT'x—i—dT(r)e_"'x) (5.18¢)
¢"(x,1) = / (jj?g ;SO (c'(s)e™™ ™ + d(s)e™™ ™) (5.18d)

In order to simplify the analysis, it is convenient to split the interaction potential as a

sum of three individual potentials

Vvtot = ‘/gs + ‘/})s + Vgp (519)

where

Ve 1= —h" 0,00, + %nﬂ”ham* V6 + %m2hq§*¢ (5.20)

describes the interactions among gravitons and scalars and

Vps = ien"” (Au¢"0u¢ — 90,6" Avg) (5.21)

characterizes the interactions among photons and scalars. The interactions among gravi-

tons and photons are captured by

1 vo 1 vo
Vop = _5(77uph - Zhn“pn )0 Ay = 0y Au)(0pAs — 05 A)p)

; . ) ) (5.22)
— (04 + WV A,0,(0- A) = ShAD(D - A)

We may study the asymptotic behavior of each individual potential and then simply

gather the contributions.
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5.2.1 Graviton-Scalar interaction potential

We start from the potential Vs and in particular the mass term. Using the Fourier
space expansions of Eq.(5.18a), Eq.(5.18¢c) and Eq.(5.18d), we have

d3k d3 d3s 1 : :
h y k ik-x + T k —ik-x
v = / % (277)% 2ko2rp2sg (au (k)e a’“/( Je )

X (C(r)cT(S)e‘(rfs)-x + C(r)d(s)ei(T‘FS)i + dT(r)CT(s)e*’L’(’I"‘FS)-{l‘ _i_dT(r)d(s)ef@'(rris).z)
Two types of terms appear:

1. Terms that contain two scalar creation or two scalar annihilation operators.

2. terms that contain one scalar creation and one scalar annihilation operator.

Terms of the first kind carry time dependence

o i(rO+sO£kO)t _ e—i(\/rQ—m2+\/(r+k)2—m2:|:k0)t (5.23)
while terms of the second kind have time dependence

—i(r? —sO:tkO) —i(vrZ—m?—/(r+k)2—m2+k0)t (524)

e

19 one can argue that terms of the first kind become

Using the Riemann-Lebesgue lemma
highly oscillatory for large t, such that they average to zero when integrating over the
momenta p and k. For terms of the second kind, the oscillatory behavior is suppressed
in the limit k ~ 0, due to the presence of the minus sign. Therefore, only terms of this

kind may be taken into consideration leaving us with

d3k d3 d3s 1 : (0 0 1.0
h(b b= / a,, (k el(rfs+k)-xefz(r —sV+E9)t

+ aLV<k>e@<r*8*k>*eff<’”°*5“'““”) (c(r)el(s) +d!(r)d(s))

19See Appendix D. Notice that there is no integration over time so far, such that the Riemann-
Lebesgue lemma applies. This comes later. It is convenient though to apply this argument here in order
not to carry terms that will eventually vanish.
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Integrating?® over the spatial volume [ d3x yields the delta functions?! 6@ (r —s+k)

and 6 (r —s —k) for the exponential factors of a,, (k) and a,, (k), respectively.

These delta functions kill the s-integral such that we are left with??

* kd’r ei%tcrcTr f(r)d(r —
9% = [ o e (w1 el e 10+ d o 0) -

+al, (K)e ™0 (c(r)e! (v — k) + d ()d(r + X))

which in the approximation k =~ 0 becomes

P = d3 dr kei:éet—i—aJr k)e "0 1) (e(r)ct (r) 4 d (r)d(r
(5.27)

If we define py(r) = cf(r)e(r) + df(r)d(r) and multiply by the pre-factor containing the

mass, we obtain

1 5, 1, / d3kd’r ik _irky
“m2 hy ¢t = —mPn | —————(auw(k)e' O+ al (k)e "0 r) (5.28
o = g [ w09l 100 H ) (329

The same approach is to be employed for the second term in Eq.(5.20). First we note
that

* d3 1 —15'T 18-
Bad* = —isa / (27;’3 = (cf(s)e d(s)e™) (5.292)
(oS e d3I' 1 T —ir-x
%% = ir /(%)g 2ro( d'(r) ) (5.29h)

Following the computations performed for the mass term, we obtain:

577Wh;w8a¢ 9% = 57)“ /WT2(CLW(k)e rot—f-ajw(k)e rOt)pb(r) (5.30)
™ TovV 4R0

20Recall that we are working in the interaction picture.
21The delta function definition in Fourier space is given by Eq.(D.5)
221n order to pass from Eq.(5.25) to Eq.(5.26), we made use of Eq.(D.6).
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Then, combining Eq.(5.30) with Eq.(5.28), we observe that the contribution of these two
terms vanishes on-shell (72 +m? = 0). Therefore, the only contribution comes from the
term —h"0,,¢*0,¢ in Eq.(5.20), for which we find

1 dPkd>r ek ke
Visgo = = / ¥ (ag (K)e' ™" + af, (K)e "0 5.31
as,gs (271_)% QTO\/%T r (au ( )6 a’;w( )6 )pb(I‘) ( )

5.2.2 Photon-Scalar interaction potential

The same strategy is to be applied for V), given by Eq.(5.21). We find

dp &r 1
G - T
(27)2 (21)3 270v/2po

ien™ A,6*0,6 = —e / B(bu(p) !+ bl (p)e p(r)  (5.32)

which turns out to be equal to —ien*”0,,¢* A, ¢, such that

d3 d3r i TP —3 P
szs,ps = _26/ §p—ru<b,u(p)e ot + bL(p)e r0 )pc(r) (533)
(27)22r0\/2p0

where we have defined p.(r) = cf(r)c(r) — d(r)df(r).

5.2.3 Photon-Graviton interaction potential

Having seen how the existence of non-vanishing asymptotic interaction potentials occurs
for scalar fields in the presence of gravitational and electromagnetic forces, we now wish
to apply the same techniques for the interactions among photons and gravitons. In
contrast to the previous cases, two massless fields are now involved. We thus have
to decide what the external states are and which field is to be considered soft in our

approximation. We can distinguish the following cases:

1. The two external legs correspond to photons and the soft particle corresponds to

the graviton.

2. The one external leg corresponds to a graviton, the other to a photon and the soft

particle is the photon.
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We will focus only on the first case. The potential in Eq.(5.22) is already in the proper
form??, so we can proceed and follow the same steps as in Section 5.2.1. All but two of
the terms are of the form ~ hdAOA, so instead of calculating each of them separately,
we may compute the most general expression and then extract the information of a
specific term of Eq.(5.22) by a simple substitution. The most general expression, after

expanding the fields in Fourier space as in Eq.(5.18a) and Eq.(5.18b), reads

&Pk EPp dBq 1
(2m)2 (2m)2 (2m)2 V2P02k02q0

X ipa (bs(P)e™* — by (p)e ™" )ig, (bs(a)e™™ — bi(a)e ")

d3k dgp d3q 1 7 -
— _/ (27)2 (27)2 (27)2 N (apw (k) (blg(p)b(;(q)e (p+a-+k)

— ba(p)b () PTT — bl (p)bs(q)e’ IR 4 b}g(p)b}(q)e”(“”_m)

+ a1, (6) (ba(p)bs(@) TP — by (p)pl(@)eP-a

Py Oa Ap0y As = / (au(k)e™* + aLl,(k)e_ik'“f)

— bL(P)ba(q)ei(q_p_k)'x + b}'g(p)bg(q)e—l(q+p+k)x)>

Again, following the same arguments as in Section 5.2.1 for large t and in the limit
k =~ 0, we can neglect terms containing two photon creation or annihilation operators.

Repeating the same lines, we obtain

1 d*pd®k 25t —iLgt
_ zp t zp -ph
e ds = o5 [ gt (0067 a0 ) 30

where we have defined jgg(p) = bTﬁ(p)bg(p) + bﬁ(p)bg(p). Having computed the most
general expression, it is now easy to come back and compute (almost) everything. It
turns out that most of the terms of this form in Eq.(5.22) will produce terms involving
either p? or p® - by(p). These vanish by virtue of the on-shell and Lorentz conditions
for photons and thus do not contribute to the asymptotic potential?*. The only non-

vanishing contribution comes from the term —%n“ph” ?0,A,05A, and reads

1 d*kd®p ik y —iky
1 _ t 4 v ph
Vel = ot / 2/l (e a, (k)e ) p" " (p) - (5.35)

25What we mean with the phrase ”proper form” is that no derivative acts on the gravitational field.
This is important so that no vanishing occurs when the momentum of the graviton is taken to be soft.
24The corresponding vanishing expressions can be found in Appendix A.6
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where we have defined pP"(p) = bL(p)ba(p) as the photon density. As we have already
mentioned, there are two more terms in Eq.(5.22) that have a different form ~ hAJIA.

Nevertheless, one can still repeat the process and find:

Pkd®p

1 a nt iy a
— 5hAa0%0"A, = 2/(277)321)2143(%”(1{)6 "+ al, (ke ) ppP bk (p)
0V 2ko
(5.36)
and
d3kd? iBk —ipk
s, = - [ B 0005 a0 s ) 30
)2 4pPo 0

By virtue of the Lorentz condition, these contributions also vanish.

5.3 The asymptotic interaction picture

In the present section, we want to demonstrate how the non-vanishing asymptotic po-
tential can be used in order define the asymptotic interaction picture [6]. First, re-
call that the ordinary interaction picture is an intermediate representation between the

Schrodinger picture and the Heisenberg picture. The Hamiltonian is split up as

H = Hy+V(t) (5.38)

where Hy describes the free Hamiltonian of the system and Vg, captures the interacting
part. Time dependence is carried by both operators and states. The time dependence

of generic operators®® and states is governed by Hy and V(t), respectively:
.d
1@@@) = [p(t), Ho] (5.39a)

.d
iz (01 = VIO(D)s (5.390)
The standard assumption is that the interacting part vanishes asymptotically, that is
I . 71 I
Vg = t1_1>mOOV (t) —0 (5.40)

The solutions of Eq.(5.39a) and Eq.(5.39b) are then the standard free fields and free Fock
states. However, if Eq.(5.40) does not hold, one has to modify them. In other words,

2 corresponding to fields
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one has to define an asymptotic interaction picture. The dynamics in this asymptotic
interaction picture is governed by the operator U,s(t). This obeys the Schrodinger-like

equation

dUqs()

i— = HI (t)Uqs(t) (5.41)

where HL (t) = Hy + VL (t). To proceed, one might choose to split the free evolution
operator from the part due to the non-vanishing asymptotic interactions. We make the

ansatz

Ugs(t) = e~ 1ot Z(¢) (5.42)

Upon substitution in Eq.(5.41), one obtains

i =VIit)z(t) (5.43)

The formal solution to Eq.(5.43) is a time-ordered exponential [52] of the form

Z(t) = Tea:p{ — / t dtlvafs(t)} (5.44)

In the cases of photon-scalar and graviton-scalar interactions the asymptotic potentials
are such that VL(t) commutes with Q(t1,t2) for any t1,t2,t, where we have defined
Q(t1,t2) == [V.L(t1), V.L(t2)]. This property allows us to write the solution of Eq.(5.43)

’ v as

as

t 1 t t1
Z(t) = eacp{ — Z/ dtlvas(tl) — 2/ dtl/ dtQQ(tl,tg)} (545)
The asymptotic operator U,s(t) can be written as
Ugs(t) = e~ ot i) R() (5.46)

by defining
t
R(t) = —i / dt, V5L (t1) (5.47a)

O % / ity / " d0(t. 1) (5.47b)
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The operators defined by Eq.(5.47a) and Eq.(5.47b) turn out both to contain IR di-

vergences. Both are particularly used in order to dress the Fock states. The so-called

R(t)

radiation operator e turns out to play a primary role in the cancellation of the IR

divergences coming from the soft part of the virtual photon/graviton corrections to the

(1)

S-matrix. The so-called phase operator e on the other hand, is used to cancel the

phase divergences associated with these virtual soft particles.



Chapter 6

Finite S-matrix in

Einstein-Maxwell theory

In the previous chapter we found explicit expressions of the asymptotic interaction po-
tentials for the three types of interactions appearing in our model and wrote the total
asymptotic potential for a scattering process involving external scalar and photon legs
as a sum of these partial asymptotic potentials. A particular scattering process can be
chosen from this general theory under the appropriate considerations. For example, the
absence of an electromagnetic field amounts to setting A, = 0. The theory reproduces
the scattering of a scalar field by a gravitational field, for which the cancellation of in-
frared divergences at all loop orders, has been shown [8]. Similarly, switching off the
gravitational field by setting h,, = 0, reproduces the scattering of a scalar field by an
electromagnetic field, for which the S-matrix has also be shown to be IR finite [6, 53].
In this chapter, we want to study the scattering of a hard photon in an external grav-
itational potential, which simply means to set ¢ = 0. If this theory also turns out to
be IR finite, the next question to be asked, is whether the FK method can remove IR

divergences from the general theory (EMS model) involving all kinds of interactions.

6.1 Photon scattering in an external gravitational poten-

tial

Setting ¢ = 0 reduces the EMS model to pure Einstein-Maxwell theory. In this case, the
asymptotic potential is given by Eq.(5.35). Remarkably, the asymptotic potential has
the same form as the one a scalar field would have if scattered by the same gravitational
potential. Therefore, many properties of V.. () will also hold for V.. (t) and the

as,gs as,gp

39
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entire analysis for the cancellation of infrared divergences will follow the same steps
to that of [8]. For this purpose, we will consider the scattering of a photon by some
gravitational potential, represented in Figure 6.1a. The first important property is that

%8 gp(t) commutes with its own commutator at different times t1, 12, i.e.

[Vals,gp( )’ Qgp(t]_; tQ)} =0 (61)

Therefore, the solution of Eq.(5.43) acquires the form of Eq.(5.45) which allows us to
write the asymptotic operator as in Eq.(5.46), i.e

Uas,gp(t) = eiiHOtng(t) = ¢ HoleiPor (D) ¢ Rar() (6.2)

with

1 d3kd*p ivky
Rgp(t) = L ()™ " = hoc)pp” " (p) (6.3a)
P ems ) V- k
1 3. 73 h(= ph

Dy(t) = g [ @pda-q) : PP @) 1) (6.3b)
The expression for Ry(t) is calculated straightforwardly by the substitution of V., ap(t)
in Eq.(5.47a), while the expression for ®,,(t) will be derived in Section 6.2. Up to that

point we will focus on R, (t) only. The interaction operator may be written as”

y t
Vaelt) = =[xt Tisie), T = [ @B )60 (x= ) (6

We want to calculate the asymptotic field

AP (t,x) = ZT(t)AF(t,x) Z(t) (6.5)

The operator Z(t) includes contributions from the operators eftsr(®) and e!®sr(t), We will

first focus on the former. We have

Vie(t) = ‘ﬂﬁwwwwwx /hWW%MMW() (6.6)

26In the case of QED, the interaction operator is written in the interaction picture as the spatial
integral of the photon gauge field coupled to some current, i.e. V = —efdnguA”. In PQG we know
that the gravitational field should couple to energy and the most natural choice is the energy-momentum
tensor, which carries precisely two Lorentz indices.
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The commutator of Eq.(6.6) with a photon creation operator is

3
[Vaal), b1 (@)] = — / Z;}’h%p/po)pupu (" (), b} (@)

- — / @h“”(tp/po)pupubl(pﬁ(?’) (p—q) (6.7)
2po

v q qI/
= " (tp/po) 5“0l (a)
qo

where we used Eq.(B.6). Moreover, since

Vas,gp(1), P (@)] o< [0”" (), o (q)] (6.8)

which vanishes upon integration over p, we can write using Eq.(D.8)

n

e—Rgp(t)b:fT(q)eRQP(t) = Z i [Rgp(t), ) [Rgp(t)a bl—(q)} e ]

= n!
> 1 . t v q ql/ n .
=t (i [ dnn /%) (O
n=0
t
. v quqv
= eacp{ —’L/ dt ht (tp/po);iqo}b:r,(q)

A similar computation applies for b,(q), such that we can collectively write

e Farpf (q)effor®) = exp { — i / drh™ (ta/q0) 22 Lo (a) (6.10a)
2qo
e Rar®p_(q)eltor® = exp {z / dTh“”(tq/qo)q;i}bg(q) (6.10Db)
q0

For the phase operator, we have

: 0 (p)p™ (q) 1,0 (r)] = bl (p) " ()0 (x — p) + bl (@) (p)dP(x —q)  (6.11)
such that

7

(=i (1), b5 ()] = b ()3

1) / Pp(p - )™ (p) (6.12)
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Performing a similar calculation to that of Eq.(6.9) for the phase operator, gives us

1

—i®gp() T (p)eiPar(t) — pt
e bl (r)e bl (r)exp { Ton

[ e @) (6.13a)
e PO, (1) ® = exp { - ﬁ / d*p(p - 7)o" (P)I(1) }bs (x) (6.13b)

Putting everything together and since [Rgy(t), ®4p(t)] = 0, we find

3
AL (tx) = 2O A" 1.5)2(0) = | <:7:>13 J;T (exp {i [ artiras Ok

X eXp{ - LI(t) /d3p(p : q)p(p)}ba(q)ei‘”’ + h.c.)

j

(6.14)

In Eq.(6.14), the first exponential contains contributions from the soft component of the

gravitational field, while the second exponential the ones from the phase operator.

6.1.1 Construction of the Chung states

Using the operator of asymptotic dynamics Ups(t) = e~ Z(#) in place of the free time

evolution operator, we may define the asymptotic S-matrix as

Sa = lim Z1(t)SpZ(t) (6.15)

The matrix elements of Eq.(6.15) can be viewed in two equivalent ways; either as the
matrix elements of the asymptotic S-matrix S4 between the standard (“free”) Fock
states, or as the matrix elements of the standard Dyson S-matrix between the states
of the asymptotic space Hqs = Z(t)Hpock- Notice that Z(t) does not define a unitary
transformation in the Fock space, since the operator eflar() creates unbounded number

of low-energy gravitons. Instead of Rgy(t), we can use the operator Rgp, given by

=1 d3pd®r L of e .
fin= o5 [ G U7 el e ut) (6:10

This operator is characterized by an IR function f*”(k,r), which can be used as long as
it does not modify the space of asymptotic states H,s. From the BCH formula, given
by Eq.(D.7), we have
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eégp — eRgp(t)+Rgp_Rgp(t) — eRgp(t)eRgp_Rgp(t)e%[RgPaRgp(t)] (6‘17)

We observe that if the last two factors in Eq.(6.17) are well-defined and unitary within
the Fock space then, indeed, an equivalent description of the space of asymptotic states

is given bngp:

eRgP’HF — eRgp(t)eRgp_Rgp(t)e%[RgP:Rgp(t)}’HF — eRgp(t)'HF — Hus (6.18)

The requirement of unitarity imposes some constraints on f,,, (k,p). We will first inves-

tigate the commutator factor. We have

1 - 1 Ekd’p [ dld3q
~[Ryp, Ryp(t)] = W (k, p)a, (K) — h.c.) pP"(p),
q°q° ik '
ﬁ(apa(l)e " — h.c.)pph(q)]
Upon computing the commutator?”, Eq.(6.19) turns out to contain the integral
/ X, L g (6.20)
Qko . q ’ '

Choosing f,, to be real suffices to render this integral convergent. This is the first
constraint imposed on f,,,. The other one arises from the requirement of unitarity of

Rgp_Rgp ()

the factor e . Using again the BCH formula, we can extract the factor

d3k Pubv —ikpy 1
[ B (1t )~ B g ) 621

the convergence of which will determine the low-energy behavior of f,,. In the Fock

space, the physical states satisfy the Gupta-Bleuler condition [49] :

(K (F) — %kyag(k‘)) W) = 0 (6.22)

We want this condition to also hold on Has. If we find an operator of the form eftor

that commutes with Eq.(6.22), then the physical asymptotic states can be obtained by

a transformation of the physical Fock states. This requires that

2TNotice that the l-integral is killed by a delta function
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1 1
(W = Sk @, [P aas]) = K [agu, alys] = Sk £ (age, alg)
wrof 1 po paf
= KL (et + Nustiva = Muwtlag) = 5kont” F (apllop + Naotlps = Napnpo)

1 1 1
= kﬂfuu + k"ufl/,u - kufg - §kl/f§ - ikufaa + iku4fg = 2k#f,u1/ =0

The convergence constraint of Eq.(6.21), requires f,,,, to have a singularity that will

cancel against %, so we might choose

) = (07 + e ) A ) (6.23)

for some smoothing function A(k,p), with A = 1 for small k. The functions ¢, are

chosen to obey three constraints

ktep = —pu (6.24)
1

e’ — 5(05)2 =0 (6.25)

e, =0 (6.26)

The first constraint comes by taking a contraction of Eq.(6.23) with k#, in combina-
tion with the requirement that k*f,, = 0. The second constraint is necessary to avoid
additional singular terms, while, the last one, helps us express f,,, as a linear combi-
nation of graviton polarization tensors, e:\w(k), which subsequently allows us to write
a one-photon asymptotic state |¥) = eRngI,(p)|O> in the Chung form [7]. This can be

accomplished by making use of the residual freedom?®

S — f;w = fu + kvvy + kv, — (k- 0)nu (6.27)

This residual freedom allows us to choose f;/w to be traceless and purely spatial and

write it as a linear combination of graviton polarization tensors

_ 1 V1o 2 2) /1
Fo (e, p) = FO (e, p)e) (k) + FO (k, p)e'?) (k) (6.28)

from which we extract

ZEven if we used a gauge fixing term in Eq.(5.9), this does not completely fix the gauge. In fact, it
only cancels longitudinal degrees of freedom. There is still a remnant symmetry to be exploited.
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1
=22 o \(k p) (6.29)

by normalizing the polarization tensors as €, """ =1 and using that k*e,, = ey, =

n" €. The asymptotic state for a photon is

> 1 d3k wv
) = et (p)0) = exp { >3/ 5o k)t (00) — ) [l (p)0)  (6:30)

Using the BCH formula to normal order, we can write Eq.(6.30) as

31 13
9= e { = sy | symag? 0.

<or (i favaat o)

r—"\

X exp

3
ot/ Qj%f;; (1) }br(0)]0)
= ow{ - g [ B Ul ~ 157} (6.31)
3
xexp{( 7 s it 09 oo )0

eXp /Bko Z' n’}

xexp{< 13/ 2o 5

where in the second equality we have omitted the third term, since after expanding the

exponential, terms beyond zeroth order will give graviton annihilation operators that
commute with b, (p) and annihilate the vacuum. For the first term we simply expanded

the commutator [a,,(1), aLy(k)]. In the last equality, we used Eq.(6.28) and that

2’flw‘2 |f/,u|2 — 2ZFnFn 26” ,Lw 2ZFnFn ! = 22 ‘Fn|2 (6.32)

n,n’ n,n’

It is convenient to define

Si = an(pi) (6.33)
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such that the initial and final states can be written, to lowest order, as

i) =(1- / kY IsP) (1+ / d* Y Spen,at (k) )b (p;)]0) (6.34a)
(f] = (Obs (D) (1—/d kZ\S" )( /dSkZS" Mg (k ) (6.34D)

6.1.2 Cancellation of the infrared divergences

After the construction of the dressed asymptotic states, we wish to demonstrate how
they can be used to cancel the IR divergences associated to the soft part of the virtual
graviton corrections to the tree level diagram of Figure 6.1a. We will work to one loop
order corrections, that is to order k2 on vertex. The corresponding contributions are

displayed in Figure 6.2.

(a) Tree-level diagram (b) Cloud-to-cloud contribution

FIGURE 6.1: Photon scattering in a gravitational potential.

As discussed in Chapter 4, one virtual soft graviton contributes a factor
1 4
3 d*kB(k)

with B(k) given by

B = 5o

(271') Z nnnm(pn : pm>2Jnm(k>

The IR divergences are carried by J,.,, which as we have already seen is complex. The
imaginary part contributes to phase divergences given by Eq.(4.28). For the real part

we have

3
§R/d4k:Jmn(k) N _W/dk(j{ (pnl' k) (pml' k) (6.35)

Thus, the total contribution from the real part is
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1 d? K 0 1m (Pn - pm)
g [ OMRB) = g S [ G (6.30

ko pn

For one incoming particle with momentum p; and one outgoing particle with momentum

po, this gives?”

1 d’k pi 3 2(p1 - p2)?
643 / k’io((pl .lk)z + (p2 ,Qk)2 T - F) (s - k)) (6.37)

Notice however, that the first two terms in Eq.(6.37) vanish on-shell, so that we are left
with

1 &k (p1 - p2)?

M. — _ =M e .
virtual 3973 k’O (p1 : k‘) (p2 ) ]{3) (6 38)

(a) Virtual graviton attached to the out- (b) Virtual graviton attached to the in-
going leg. coming leg.

(¢) Virtual graviton connecting the in-
coming and outgoing legs.

FIGURE 6.2: Virtual soft graviton contributions up to order x>

The contribution of Eq.(6.38) is precisely what we want to cancel out. Next, we explore
how the dressing of states as in Eq.(6.34a) and Eq.(6.34b) leads to this. Consider
first tree-level diagrams with one real soft graviton attached in either the initial or
the final state. These diagrams are displayed in Figure 6.3. Using the results of the
previous subsection, we can compute the factors corresponding to each of these diagrams.
Consider for example, the diagram 6.3d, in which the internal photon propagator carries
momentum py — k. This is to be thought of as the diagram evaluated in Chapter 4, with
the difference that the open edge of the soft graviton emitted is now attached to the soft
graviton cloud of the asymptotic state, thus providing another vertex . Let us denote

with M,, the amplitude computed in Chapter 4, where the free indices p and o belong

2Recall that n = —1(+1) for an incoming (outgoing) leg.
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to the open edge of the soft graviton. This graviton is now to be attached to the soft

cloud. We need to propagate its open edge to a point in the cloud, carrying indices pu

and v.
(a) Incoming leg’s soft graviton, (b) Incoming leg’s soft graviton,
attached to the the initial state’s cloud. attached to the the final state’s cloud.

(c) Outgoing leg’s soft graviton, (d) Outgoing leg’s soft graviton,
attached to the the initial state’s cloud. attached to the the final state’s cloud.

FIGURE 6.3: Real soft graviton contributions at order x?2.

The diagram is evaluated as

IHP7 M po (p, ko) (6.39)

Z/d3 \/2;)—321{:

P o
pp—g p;; Contracting this with I#"?? will provide a

factor of 2, such that in total we obtain

In the limit £ — 0,we have M*’ =

n M v

€ Yy
9 dBkST 71— / kST S? 6.40
Z/ =R M R (040

where the equality is obtained by virtue of Eq.(6.33) and Eq.(6.29), with the smooth
function A(k,p) — 0. The contributions coming from the rest of the diagrams of Figure
6.3 can be calculated in a similar way. Consider for example the diagram of Figure 6.3a,
in which the soft graviton is attached to the incoming line. This is the analogous of
Figure 4.1b. The minus sign is already included in the definition of S}, so since it will

appear twice, this contribution is overall positive and equal to

2y / d3kSrSr (6.41)
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The contribution of the diagrams 6.3b and 6.3c connects the soft graviton of the incoming
state to the soft cloud of the outgoing state and vise versa. These are equal to one another
and will come with an overall minus sign, since S; appears only once, in each case. We

obtain

= / A’k S} S} (6.42)

Summing up the above contributions gives in total®”

1 d3k (py pi)?
Msoft - - 1673 /ko (pf ; k‘)(pl ; k‘) (643)

Notice that the divergences do not cancel yet. We need to take into account two more
contributions. The first one comes from the tree diagram, with no external gravitons, but
with the x2-order term in the normalization of either the initial or the final state. This
is identified with the second term in the first parenthesis in Eq.(6.34a) and Eq.(6.34b).
It gives

Myorm = — Z/dgk(’SZn‘Q + ‘S}LP) (644)

The other contribution at order x? comes from the cloud-to-cloud propagating graviton

of Figure 6.1b. This diagram contributes?!

Mcloud—cloud = 2Z/d3kSZnS? (645)

These two extra contributions give in total

. 1 [d’k - pi)?
v X fins st =g [0 G s 6

Putting all contributions together, we find that

Mvirtual + Msoft + M = 0 (647)

that is, the IR divergences are canceled out.

39The calculation can be found in Section A.7
31The calculation for the cloud-to-cloud contribution and M’ can be found in Section A.8
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6.2 Phase divergent factor for the Einstein-Maxwell sys-

tem

The phase divergent factor associated with the asymptotic potential Vg, (t) can be found
by making use of Eq.(5.47b). In Appendix A.5, we find that

1 cPkd’pdiq , , o .. p q
Qgp = n)? / PP’ q%q°2isin <k (Etl — q—otg))

2p02qo2ko
X (Taugn + Ngptlar — Nuvas) ™ (@) PP () (6.48)
i [ d’kd’pd’q 2 phy oy ph p q
_ . in (k- (L4, — Ly )
1677 | g @07 (@ (o) sin (k- (1~ o)
Using Eq.(D.3) to perform the k-integral, we obtain a term proportional to i. Inte-
grating over to, the asymptotic phase operator becomes
1 3. 13 h h bt
Pgp(t) = ——— [ &’pd’ap-q): P (P)P™" (@) : | (6.49)
167 |t1]
The asymptotic phase operator involves the integral
bt
It = [ == (6.50)
|t
which diverges as t — co. By making use of the relation [54]
2m3sm
/ M f(t) = 2 / dr f(r)rm! (6.51)
I'(3m)
for f(t1) = ﬁ, we can rewrite the integral®? as
271_%(77,—3)
I(t = o00) = 22 / dry" = (6.52)
I(5(n—3))

In this case, to regulate the divergence at the upper limit, we should take n < 4, which

gives:

n—3

or"7 1 2
- IR finit 6.53
D(58)n 4 a4_n RSt (6.53)

32Note that m = n — 3 in our case



Chapter 6. Finite S-matriz in Einstein-Mazwell theory 51

Then, as t — oo, Eq.(6.49) gives

1 1
By(o0) = - [ Epdalpa): " E)0" (@) s
where e = 4 —n > 0. This will produce, for each pair of particles (m,n) in the state it

acts on, the phase factor

i 1
= g (P Pn)Z = =i, (6.54)
which exactly cancels out the phase divergent factor of Eq.(4.28) calculated in Chapter
4.



Chapter 7

Extension to the EMS model?

In Chapter 6, we have shown that the FK method also works for the Einstein-Maxwell
theory. This means that the EMS model can reproduce three independent theories with
finite S-matrix elements. It is then natural to ask, if the total asymptotic potential
of Eq.(5.19) can also be used to obtain finite S-matrix elements for more general pro-
cesses involving external scalar and photon legs interacting with both gravitational and
electromagnetic potentials. We try to answer this question in section 7.1. Only the
results of the calculations are present. We find some subtleties when trying to write the
asymptotic operator in the form of Eq.(5.46). However, as we show in section 7.2, these

subtleties are not present if one considers only scalar external legs.

7.1 The EMS model for photon and scalar external legs

The asymptotic potential for the EMS model is

1 d3kd3r y ik ik
Vals,tot = _(27T)% /QTO\/%TMT (a(k)e k0t+aLy(k)€ kot)ﬂb(r)

1 d3kd3p v izky Ry
en? | s 0 H el 00 ) ) (a

2e d3pdir iy rp
_ o v t i t
(2m)2 / aragaie Gu(@)e T4 b R)e ) pe(r)

All of the individual theories possessed the important property that Va{s’i(t) commutes
with its own commutator Q;(t1,t2) for all times ¢,¢1,%2. Because of this property, we
were able to write the solution Z(t) in the form of Eq.(5.45) and then distinguish the

divergences associated with the radiation operator ef!® and the phase operator e!®®),

52
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It is then natural to start our investigation by asking if the general EMS model also

satisfies this property. The operator Q(¢1,t2) now reads

Q(th t2) = [Vas Jtot (tl) as tot( )] [ as,gs (tl) Vals,gs (tQ)] [Vals,gs (tl) VaIs ,PS (tQ)]
[Vals gs( ) as gp( 2)] [ as,ps (tl) VaIs ,gs (t2)] [VaIS DS (tl) VaIs,ps (t2>]
[VaIS ps( ) as gp(tz)] [ as,gp(tl) Vals ,g5s (t2>] [Vals,gp(tl) Vals DS (t2)]
[Vals gp( ) as gp(tQ)]

We aim to calculate explicitly the various commutators in Eq.(7.2). The results for the

graviton-scalar and photon-scalar systems are already known [6, 8]:

Qgs,gs (th t2)

7 / BPkdPrd3s

39,3 (2(r - 5)* — m?) sin (k : (Ltg — itl))pb(s)pb(r)

koroso 70
(7.3)
ie? d3pd3rd3s . r s
st’ps<t1,t2) = @ / W(r . 8) S1n (p- (%tg — %t1)>pc<1‘)pc(s) (7.4)

For the graviton-photon system we have found that3?

) dkd®>pdiq
Qop.gp(t1,t2) = /

1673 kopoqo

(- 0" (@ (p) sin (k- (51— 52) ) (75)

Moreover, as we show in Appendix A.4

Qgs,ps(tla t2) [VaIs gs( ) Vas gp(tQ)} 0 (76)

Similar calculations give us3*

i ABkd3pd®r
167‘(‘3 ko?“opo

Vit gu(11), Vit gp(82)] = (r-psin (k- ([t1 = - 02) ) " (D))

33Notice that we have replaced the operator Q,, computed in Section 6.2 by Qgp.4p- There is nothing
mysterious with that, we simply do it to distinguish of which interaction potentials are involved.
340nly the final results are presented from now on since the calculations become lengthy enough.
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Since

[VaIs gp( )’ Vas gs(tz)] [VaIs gs( ) Vas gp(tl)] (77)
we may write
Qpegpltr ta) = ——— [LRLRLr (o (k- (Sto = Za)) —sin (k- (=t = 21))
N T S koropo ro . po o po
x (r-p)* o™ (p)py(r)
(7.8)
where we have defined
QQS,gp(th t2> - [Vas ,g5s (t1)7 Vas gp(t2)] [Vas ,g5s (t2) Vas gp(tl)] (79)

Finally

o\
=
~~
=
+
3
S
>
=
<
~
=~
S~—
=
Q
~~
T
N—

e Bkd3pd®r
[Vals gp( )7 Vas DS (t2)] /

w, v,.o —ity
Opp’l” —€e P

3273 ) poroy/pOk
e T 0y, (18] (p) — T ()b (p)
iE r
I (198 (b)) pe(r)
Again, using that [V,L ps(t1)s VI gp(tg)] —[vL gp( 2)s Valsyps(tl)] and defining
Qp57gp(t1,t2) = [Vas gp(tl)v Vas ps(tl)] [Vas gp(t2)7 Vas ps(tl)] (710)
we obtain
Qe o1, t2) = — e /d3kd3pd3 vy (eip%-(ktl-i—rtg) _eip%-(ktg-I—rh))a (K)bo (p)
Tl RN i S

+ (e’pfo'(ktr”l) - eip%'(ktlfrtz))auu(k)bf&(p)

(e TR of (b, (p)

bS]

—i P (ktodrt —i B (kty+rt
X <€ po( a+rt1) e po( 1+ 2)>aLy(k)bzf7<p) pc(r)

(7.11)
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We have managed so far to write

Q(th t2> = Qgs,gs(tly tQ) + st,ps (tla t2) + Qgp,gp(tla tQ) + Qgs,gp(th t2) + st,gp(th t2)
(7.12)

We observe that since the asymptotic potential V,, does not commute with Vs and Vj,,
two more terms will contribute to the phase operator. Since now the various contribu-
tions to Q(t1,t2) are known, it is possible to check whether [V..(t), Q(t1,t2)] = 0. We

may write

[VaIs (t)v Q(tlv tQ)] - [VaIS,gs (t)? Q<t1? t2)] + [Vajs,ps (t), Q(tl, t2)] + [VaIs,gp(t)7 Q(th t2)] (713)

and check each term separately. Starting with [V..  (¢), Q(t1,t2)], we find that

as,gs

[Vals,gs (t), Qgs,gs(tb t2)] =0 (7.14)
[Va{s7gs (t), st ps (th t2)] =0 (7.15)
[Vals,gs (t), Qgp,gp(tla t2)] =0 (7.16)
[Vals,gs (t), Qgs,gp(tla t2)] =0 (7.17)
while there is a non-vanishing contribution
ECkd>pdPrd3s
v (¢t s.ap(t1,t2)| = — € / .p)25% t1,42)bs
Vats(8): Quuap(tn.t2)] = =g [ Tt st s (o1, 12} ()
+ ap(tr, t2)b ()€™t — (as(tr, t2)be (P) + aa(t1, t2)bL(P))€_ik0t> pe(s)pp(r)
(7.18)

In Eq.(7.18) we have for the sake of simplicity defined

al(tl,tg):(:’p —€er
a2(t1 t2) _ C’Lp% (kta—rt1) . C’L’p%-(k’hfrtz)
)
az(t1,t2) = ¢ i ktmrte) i (ktarty)
a4(t1,t2) _ 672% (kta+rt1) 7Z'p%-(kt1+7‘t2)

Repeating the computations for [Va{q,ps(t), Q(t1,t2)], we find
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[ as,ps(t) QHS 95( )] =0 (719)
[ as,ps(t) QPS,PS( )] =0 (720)
However
I L e BpdPkd®rd®q 2 . (9, P
[Vas,ps( )7Qgp7gp(t17t2)] = (27T)% /Tokoqopo\/g( (Sln (k (q0t2 p0t1)>
+ sin (k : (]%tQ . Ssotl))>rﬂ (ei%tbu(p) - e*i%tbp(p)) PP (@) pe(r)
(7.21)
while

ie BpdkdPrd>s s P
Vi sap(t1,t2)] = . in (k- (—t2 — <t
Vas.ps (£); Qos.gn(f 12)] 2(2m)% / koporosov/2po p-s) Sm( (30 20 1))

p
sin(k-(;tllim))>r“(bu<p> = b@)e ) pols)pe()

and

P (s (" (@11, 12)a, (0

§ PPpd®kd? d3
Vi s(8), Qps.gn(tr, t2)] = —— / pdkdsr

4(271')% 7"010050\/ﬁ
+as(ty, t2)al, (k) — (az(t1, t2)auw (k) + aa(ts, tQ)GLV(k))e_ipOt> pe(s)pe(r)
(7.23)
Finally, for [V.[ (), Q(t1,t2)], we find

[VaIs,gp(t)a Qgs,gs (tla tQ)] =0 (7.24)

[Vafs,gp(t)7 st,ps(tly t2)] =0 (7.25)

[Vieop(t), Qgpgp(ti,t2)] = 0 (7.26)

[Va{s,gp(t)a Qgs,gp(tl, t2)] =0 (727)
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while

k~p

”po‘p’BTU < Ttaw(k)

e? Ekd3pdldir
[Vals gp( )7 st,gp(tlth)] == 9 /

p'p
8(2m) Prov2poloko
¢ al, 00) (@160 (p) — aabh (B))aas (1) + (asbo (p) + asb (p))al 51 ) e(r)
e? / BkdPpdPrd®q
4(2m)z J pogokoroy/2go
~ (asbo(@) + asth(@)e 1) po(r)? (p)

Ak.pt

() ((azbl(q) + aibs(q))e” »°

(7.28)

We therefore conclude that for the EMS model, [V.L(¢), Q(t1,t2)] # 0, since there are 5
non-vanishing contributions, which also do not cancel each other. Therefore, we cannot

write the solution in the form of Eq.(5.45), but instead we will have

t1
Z(t):exp{ /dtﬂ/I t1) /dtl/ dtaQ(t1,t2)
1 t t1 to
—’iﬁ/ dtl/ dtQ/ dth(tl,tg,t:;)—l—...}

where we have defined W (t1,t2,t3) = [V.L(t1), Q(t2,3)]. It is not clear whether these

terms include divergences or even, if they do, that these divergences can be canceled.

(7.29)

Even worse, it is not even clear to what order in the Dyson series such terms disappear,

since the computations become pretty cumbersome to be carried even for the next order.

7.2 The EMS model for scalar external legs

We found that in the presence of both scalar and photon external legs, we have more,
possibly divergent, terms in the Dyson series expansion than those we had in the indi-
vidual cases. The origin of these subtleties is unclear, so it would not make sense to
continue this study without first having an answer of what they mean. Nevertheless,
we might be able to address the same question by considering only scalar external legs.

This amounts to setting p”(p) = 0 in Eq.(5.19). The asymptotic potential then is

Vals tot( ) VI ( ) + VI

as,gs as pS( )

(7.30)

Because of Eq.(7.6), we have that
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Q(tla t2) = [Vas,gs(tl) + Vas,ps (t1)> Vas,gs(tQ) + Vas,ps (t2)]
— [Vas,gs(tl)a Vas,gs(t2)] + [Vas,ps(t1)7 Vas,ps(t2)] (731)
— Qgs,gs(tb t2) + st,ps(tla 752)

where we have defined

<

Qgs,gs (tb t2)
st,ps (tla t2)

[Vas,gs (tl)a as,gs (t2>]
[Vas,ps (tl)a Vas,ps (t2)]

FIGURE 7.1: Soft contributions at order x? (black loops) or e? (red loops).

The property

[Vals(t)v Q(tl, t2)] =0

is then straightforwardly recovered and the solution can be written as

Z(t) = efte®M) = oRos (D) oi®0s(t) Bos (V) oi®os () — 7 (1) 7, (t) (7.32)

since all terms commute. Consider the scattering of a scalar particle first by a gravita-
tional potential and subsequently by an electromagnetic potential. Then at order x? or
e?, the virtual soft gravitons and photons that carry IR divergences, are represented in
Figure 7.1 , where the virtual photon (red) and graviton (black) loops have been put
together for the sake of space. We now focus on how the dressing takes place. Because

of Eq.(7.32), the asymptotic scalar field is
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¢ (t,5) = Z}, Z} 0 (t, %) Zys(t) Zps(t) = Z},(t) bas(t, %) Zps(t) (7.33)
=@as (t,x)

In this sense, we dress with soft photons the already soft graviton-dressed states. Because
of Eq.(7.6), we could have equivalently done the reverse. Similarly, the S-matrix element

is written as

S = 2}, Z1,SpZys(t) Zps(t) = Z,(1)S 4 Zps(t) (7.34)
S

=S4

For the case of scalar-photon interactions, an analogous construction of the Chung states

is known. We can conveniently define [53]

. pHet
F" = EX(p, q 7.35a
"\ pea) (7.35)
SZ" x F”(pz) (7.35D)

in analogy to Eq.(6.33) and Eq.(6.29). Again, A(p, q) represents a smoothing function,
to be taken equal to 1, in the limit p — 0. Since, as we have seen, the dressing occurs
independently, we expect that the initial state |i) given by Eq.(6.34a), is now modified

as

= (1= [ isr) (14 [ap XSt m)
< (1= ey isE) (1 | kY Sl (9)e (a0

(7.36)

A similar modification applies to the final state |f).



Chapter 8
A string field theory perspective

In the previous chapters we have studied how the FK method is employed in PQG and
how one arrives at finite S-matrix elements. The present chapter aims to examine these
concepts in string theory. First, we review how IR divergences are realized in string
theory. We then try to understand how analogous statements, based on the elements of
Chapter 3 may be employed in order to carry out the procedure. We focus again only

on the closed bosonic string field.

8.1 Infrared divergences in string theory

One might worry whether IR divergences are generally incorporated in string theory am-
plitudes. Intuitively, seeing a string as loop of non-zero size, divergences are expected to
arise when long distances in space-time are involved [55]. As we have seen in Chapter 2,
the worldsheet formulation of string theory provides an elegant expression for scattering
amplitudes, with the perturbative expansion expressed as a sum over Riemann surfaces

of all genera. The space of all Riemann surfaces is called the moduli space.

In general, divergences in QFT's arise from the integration over the Schwinger parame-
ters. It is therefore illuminating to express the string theory amplitudes in the Schwinger

parameter representation [18]. The propagators read

! / " dsgemsi@Hm?) (8.1)
-5 = sje” T .
p? +m? 0 '

One can distinguish two types of divergences; the ultraviolet (UV) and the Infrared
(IR). The former arises from regions of integration, where loop momenta become large,

while the latter comes from regions of integration where propagators have vanishing

60
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denominators. In the Schwinger parameter representation, UV divergences arise from
the region where Schwinger parameters s; vanish. In contrast, IR divergences come from

regions where Schwinger parameters become infinite.

Since string theory amplitudes are written as integrals over the moduli parameters, one
concludes that the divergences from the integral over the moduli spaces of Riemann
surfaces typically arise from the regions where the Riemann surface becomes singular,
that is, degenerate. Two types of degeneration can be distinguished. These are depicted
in Figure 8.1, adopted from [56]. The first one is the separating type degeneration Figure
8.1a in which a Riemann surface breaks apart into two parts. The second one is the
non-separating type degeneration presented in Figure 8.1b in which a Riemann surface

reduces to a lower genus surface with two extra punctures.

7

(a) Separating type degeneration (b) Non-separating case

FI1GURE 8.1: Degeneration of Riemann surfaces.

In both types of degeneration, the Schwinger parameter s; is taken to infinity. A direct
comparison with QFT indicates that these are to be considered as IR divergences®®. The
connection to the soft divergences that have been extensively studied in this thesis, is

realized in the region:

si = o0, m;=0, p;=0 (8.2)

and for D=4 non-compactified spacetime dimensions. However, there is no known pro-

cedure in the worldsheet string theory that can remove these divergences.

8.2 Faddeev-Kulish in string field theory

In Chapter 3, we studied how string theory can be expressed in its second quantized for-

mulation as a usual, more complicated though, QFT. The soft IR divergences discussed

35There are more types of IR divergences, for example, tadpole and mass renormalization divergences.
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in the previous section can be addressed in this language. Before a possible set up for
this problem is discussed, it would be constructive to first refer to what we have learned
for the FK method. The main steps followed are actually two. The first one is the
construction of the asymptotic potential. This is achieved by assigning a soft momen-
tum to the massless particle®® involved in the cubic interaction and subsequently study
the behavior of the interaction potential at large time. This is done in the interaction

picture.

The second step is to construct the Chung states. The cancellation of IR divergences
associated to virtual soft photon/graviton particle corrections is achieved by picking up
suitable diagrams, as indicated by the dressing of the states. It is also important to
consider real photon/graviton contributions to make use of the appropriate Weinberg’s

soft theorem. But how does this all work in SFT?

A first question is, what is the analog of a virtual soft massless particle in SFT. Since the
string field is defined3” as a collection of infinitely many string modes, we can define a soft
massless virtual string field as a collection of infinitely many off-shell soft massless modes.
In the case of closed bosonic SFT, there are three massless modes in the spectrum,
identified with the graviton G, the dilaton ® and the Kelb-Ramond field B,,. In
Chapter 7, we found that photon and graviton dress scalar external legs independently.

This indicates that this might also be the case in SFT.

An extension of Weinberg’s soft theorems in SFT was recently published by Ashoke Sen
[57], for Type II superstring field theory, with external states belonging to the NS-NS
sector. A task in our case would be to derive Weinberg’s soft theorem, based on the
interaction vertex of Eq.(7.11). Notice however that its form is far more complicated

than anything we had to deal with in PQG.

The form of the interaction vertex however, might be useful in order to obtain the asymp-
totic potential. Again the expression might look complicated, however it is possible to
obtain it by a suitable choice of the basis states {¢,}. The most challenging part seems
to be the construction of the Chung states for the string field. Of course, this is because

we have no idea about the asymptotic potential yet.

Despite the aforementioned challenges, string field theory has already been successful
in dealing with IR divergences arising from mass renormalization [58, 59], so we expect
that the FK method can also be successfully extended. It is useful, however, to first
consider more simple string field scattering processes, for example, a cubic interaction

involving one soft graviton and two massive scalars.

36or to one of the massless particles if more are involved.
37See Section 3.1



Chapter 9

Closing Remarks

This is the last chapter of this thesis. In Section 9.1, the findings of this thesis are
presented and discussed. A more extended discussion based on our findings, as well as

on other research advances takes place in Section 9.2.

9.1 Conclusions

In Chapter 4, we have derived Weinberg’s soft theorem for gravitons attached to photon
external legs. The result is exactly the same to the one we would obtain if the external
legs were scalar particles or electrons etc. This is in complete accordance with Weinberg’s
statement [40] that soft theorems are universal and do not depend on the spin of the

external particles.

In Chapter 5, we considered the EMS model, in order to apply the Faddeev-Kulish
method in the presence of three cubic interactions, namely, scalar-graviton, scalar-
photon and photon-graviton. The Lagrangian for this model was constructed and the
asymptotic potential was found as a sum of the asymptotic potentials of each type of

interaction.

Since the cancellation of IR divergences has been successfully carried out for scalar-
graviton and scalar-photon interactions, we also investigated it for the scattering of a
photon in the presence of a gravitational potential. This was discussed in Chapter 6.
Since the form of the asymptotic potential in this case is the same as the one that external
scalars would feel, the cancellation of IR divergences should follow the same lines. It
turned out that this is the case, verifying the statement of [8], that their construction is

also universal and does not depend on the spin of the external particles.
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The Faddeev-Kulish method turns out to work for all individual types of cubic interac-
tions. The next question we wanted to investigate, was whether it still works for more
complicated scattering processes, involving scalar and photon external particles in the
presence of both electromagnetic and gravitational potentials. This was done in Chap-
ter 7. We found that a very crucial property that allowed us to write the asymptotic
operator in terms of the radiation and phase operator in all individual cases does not
hold in this general case. This property can be recovered if one only considers external
scalar legs, in the presence of the aforementioned potentials. Due to the commutation
relations, the dressing of the states occurs independently and one can work out the

cancellation to all orders in s and e.

Finally, in Chapter 8, we investigated how IR divergences arise in worldsheet string
theory and tried to sketch how the Faddeev-Kulish method could be employed to remove

them, working in its second-quantized formulation, string field theory.

9.2 Discussion

As mentioned earlier, we found some subtleties when trying to employ the FK method
to a theory with both photon and scalar fields, in the presence of both gravitational and
electromagnetic potentials. In the individual theories, for example the Einstein-Maxwell,
the operator governing the asymptotic dynamics is found to precisely carry information
about the radiation and phase divergences. These operators are used to cancel the two
types of IR divergences associated with the virtual soft gravitons (see Chapter 4). The
fact that this can be done relies on the property that the asymptotic potential commutes
with its own commutator for all ¢, ¢1,ts. However, as we have shown in Section 7.1, this
is no longer true for these more general scattering processes. Therefore, the asymptotic
operator given by Eq.(5.46), has to be modified by the insertion of at least one extra
operator, which is not clear if it is divergent or not. If it is not, then maybe these
subtleties can be surpassed and one might be able to carry the Faddeev-Kulish method
in the standard way. However, if it is divergent, then one might worry what the origin
of these divergences is. The careful reader might have noticed that in the calculation
of Eq.(7.11), the commutation relation on photon fields enforced the momentum of a
hard external photon to vanish. Therefore, these divergences might be an indication
that we are asking the wrong question. Or there may be a deeper reason behind their
appearance. Since the origin of these extra operators and whether they diverge or not

remains unclear, we propose it as a question for further investigation.
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Another interesting question that has arisen, has again to do with the presence of the
two potentials, but only with scalar external legs considered®®. Consider the diagram
of Figure 9.1. In this diagram, the outgoing leg emits a soft graviton, which in turn
decays into two soft photons, which are absorbed by the same leg at some later time. A
similar scenario involving three soft gravitons is not taken into consideration in the proof
of cancellation of IR divergences. This is justified by the statement that the effective
coupling for the emission of a soft graviton from another soft graviton of some energy
E, is proportional to E. Then, an IR divergence is prevented by the vanishing of this
coupling [41]. It is not clear however, whether this statement also holds in the present
case. Moreover, from Eq.(7.36), as well as the very similar one for the final state, which
we have not written down, it looks possible that the double-dressed states might be able

to deal with divergences from such diagrams. We also leave this as an open question.

FIGURE 9.1: Soft photon-graviton interactions attached to a scalar external leg.

Closing with the EMS model, let us briefly refer to another case to be investigated.
When studying the asymptotic potential related to the photon-graviton interactions, we
only considered external photon legs and soft graviton attachments. However, since all
three particles involved in the cubic interaction are massless, one could instead consider
Eq.(5.22) and try to calculate the asymptotic potential for a soft photon field. A simple
example, in close analogy to the one we studied in Chapter 6, is the scattering of a gravi-
ton in an electromagnetic potential under which it transmutes to a photon. However, in
our theory, described by Eq.(5.9), cubic interactions of order h? and A% are prohibited.
This means that the dressing of the states with soft photons is not possible in such a
scenario. Therefore, the asymptotic potential is expected to vanish completely. The

proof (or disproof) of this statement is also left as an open question.

The question on if and how the FK method might be extended to SFT has already been
discussed in Chapter 8, so we will not state more here towards this direction. We will
only point out the necessity of studying simplified models before we address the more

general problem.

38See Section 7.2.
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So, do we finally have an IR finite S-matrix for QED and PQG that can be possibly also
obtained within the frame of SFT? The answer to this question turns out to be slightly
obscure. At this point, we remind the reader the IR triangle of Figure 1.1. As we have
already mentioned in Chapter 1, a connection of the FK states to the BMS group of
supertranslations has already been found, while the connection to soft theorems has
been extensively studied. The last corner of the triangle is the top one, related to the
gravitational memory effect. This predicts the spatial displacement of pairs of masses
due to the passing of a gravitational wave [60]. States with memory are unavoidable
in gravitational scattering processes. The connection with IR divergences comes when
one tries to represent them in the standard Fock space. But what about the asymptotic
FK space of states? During our research, a recent paper of R.Wald et al. came to our
attention [61]. In this paper it is clearly stated that in quantum gravity, these states are
unphysical. The argument is that the FK dressing procedure would attempt to produce
a Hilbert space of eigenstates of supertranslation charges at spatial infinity, while as

they prove, only the vacuum can be such an eigenstate.

As we see, the construction of the FK states, despite its success on curing IR divergences
and providing finite S-matrix elements, encounters issues when it comes to the memory
effect corner. Whether this construction works successfully by coincidence or whether

there are deeper reasons that have not yet been discovered, this remains to be seen.
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Various calculations

A.1 Derivation of Eq.(5.12)

We wish to express (V- A)? in terms of partial derivatives. First, we notice that

g'rg"T = (" — hHP) (1" — hY7) = a7 — PR — "R O(h?) (A1)

Using the above expression and the definition of the covariant derivative, we have

(V- A)? = g'Pg" "V, AV o Ay = g9 (0,A, — T, A7) (0- Ay — T, Ay)
= [Tt — PR — 0V R (0, Au0s Ay — T, Ar0s Ay — 0, AT, Ar)

(0 A — (D, An0s Ay + Dy AT, ) — (7P 4 70, 4,0, A,
(A.2)

up to linear order in h. Substituting the Christoffel connection in the terms of the second

parenthesis,we obtain

vo 1 vo
—PnYT), , A\Os Ay = —57 P (Ophyy + Ol — 0 hyupAnOs Ay
1
= —i(aphﬂA + 0 — 9 R)AN(D - A) (A.3)
1
= —0,h"A,(0-A) + 58’%141,(8 - A)
where in the last step we renamed the indices p — p and A — v. The same computation

applies also to the other term giving exactly the same result (again upon renaming

indices), such that in total they sum up to
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— 20,k A, (D A) + 0" hA (D - A) = —2(9,h" — 9"h) A, (D A) (A.4)

Finally, the terms in the last parenthesis of Eq.(A.2) give,respectively
—n"Ph"70,A,0,A, = h"705A,(0- A) (A.5)
— 0" ht"P0,A,,0,A, = hW"*0,A,(0 - A) (A.6)
which upon some index renaming, sum up to

— 2h 9, A, (0 - A) (A7)

Performing a partial integration on the terms of Eq.(A.4) and adding to Eq.(A.7), gives

us

21 (D Ay — 0y A,) (D - A) + 21 A0, (D - A) — h(D - A)® — hA,D"(D - A)

(A.8)
= 2" A,0,(0 - A) — h(D - A)2 — hA,0"(0 - A)

Therefore,Eq.(A.2) acquires the form

(V- A)?2=(0- A +2h" A,0,(0 - A) — h(d - A)* — hA,0"(- A) (A.9)

A.2 Computation of Eq.(5.15)

1
V9997906 = —(1+ Sh) (" 0, ¢" 0 ¢ — 110,470, 9)

| (A.10)
= 777/“/8#@5* O+ h'uyauﬁb*aud) - inlwha,ud)*auﬁb + O(h2)

while the second one gives

1
—VIE AL I A = —(1+ Sh)(EN Aud A — 2 Ay ™ h Ayg)

=~ AP Ay + 2 ALt Ayd — %eZn#”hAm*qua + O(h?)
(A.11)
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The third term is

V90 g e A, == (1 + %h)(aﬂﬁn"”ie/lygb — O WM ie A, )

1
= ien' 0,¢* Ay ¢ — ied, ¢ R Ay + iien’wh@#gb*qub + O(h?)
(A.12)

while for the fourth term we get

1
— Vi€ A, 89" 0,8) = —(L+ Sh) (e A, 10,6 — ie A, W D,0)

1
= —ie A, " 0, ¢ + ie A P h™ O, ¢ — §iehAu¢*77“”8,,¢ + O(h?)
(A.13)

Finally,the last term is

G0 = —m6 6 — LmPhe*o (A.14)

A.3 Computation of Eq.(6.20)

The integral of Eq.(6.19) involves the commutators:

q°q°

8. = [ (k, )y (1) 7 (B), %L (Ve o1 ()]

£ TP (e p)agn (K) P (9), 2L abo (e ot ()]

From the 15 commutator we have

[al,, (k) 0" (D), ape (1) 0" (@)] = al,, (k) [0 (D), ape (1) o™ ()] + [a,, (), apa<1>pph<q>]pph< )
= —al,, (K)ape (D" (), " (p)] — [aps (1), al, (k)] (@) " (p)
= —a,, (K)ays (1) (b5(@)b (p

) = 0(p)6" ()3 (p ~ a)
- (np,uncrl/ + NovNop — nuunpa)pph( )pph( )5(3)( )

Notice that the first term in the last line will vanish when integrate over q’s. We are

left with
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fuu(k>p) (A.15)

1 /d3kd3pd3q i%tq“q”
e
4(27r)3 2k0 k- q

The 2" and 3" commutator vanish, while a similar calculation for the 4" one gives

1 [ Pkdpdiq —itaigte” ,
/ PA°A LT e (g ) (A.16)

4(2m)3 2kq "k q

Putting these together, one arrives at Eq.(6.20)

A.4 Computation of Eq.(7.6)

We have

2e d*kd’r d3pd3s
Qgs,ps (tla t2) = 3
(2m) 2rov/2ko J 250v/2po

% [(a0 ()T + al, (K)e 50 gy (), (bo (P)e' 12 + B] (D)e 512 po(s)]

This involves the commutators:

Tk

r-k 1
2. [¢"0 " ap, (K)pp(r), e 0 2b% (p) pe(s)]
r-k:t 5P

Let’s compute the 15 commutator (neglecting the time-dependence for the time-being).

We have

[auw (K)pp(T), b (P)pe(s)] = auw (k) [o6(r), be(P)pe(s)] + [auw (k), bo (P)pe(s)]pb(r)
= 1) (0 (P) e (8). ()] + b (P () ()
=~y (K)bo () (cl(8)e(x) = et (x)e(3) + dl (5)d(x) - d'(¥)d(s) )6V (x — )
where in the second and third equality we used that commutators of different fields

commute, as well as Eq.(B.4) of Appendix B. When substituting back in the integral,

the delta function will kill the s-integral and everything that contains s will be evaluated
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at r. Therefore, the parenthesis automatically vanishes. It is very straightforward to

show that the same argument holds for the rest of the commutators.

A.5 Computation of Eq.(6.48)

We have:

1 d*kd®p d3ld3q
t 7t V ! , L t / /"‘ voa B
Qgp( 1 2) [ as gp( ) as gp( 2)] ( ) 2]?0\/%2(]0\/7 P qq

% (a5 + al, (K)e ™) o (p), (aas(De' s + al, , (e %) Pl (q)]

The commutators to be computed are

¥ (0,0, (1097 (), a0 VP ()
)[4y ()97 (), af s 0" ()]
3. ¢ (F580) of, (1) (0), 10 (167" (@)
1. (@) o (0 (), o, 00 (@)

For the 15 commutator we have

(0 ()7 (9), s (DA™ (@] = 0, (1) [0 (P), s V" (@)] + [0, (K), s (D" ()] ™ ()
= —a (k) (a0 (@), 7 (B)] + aas (1), " (B)]0"" (@)
~ (aas WP (@); 1 ()] + a5 (1), a0 ()]0 ) 07" ()
=~ (K)aas (o (@), 7" ()]

where we used that commutators of different fields vanish, as well as the relations given

in Appendix B. However,

(@), " (9)] = (@b’ (p) (@) (@) )6 (p ~ a)

Therefore, this will vanish upon integration over p’s. The same is also true for the 4"

commutator. For the 2" commutator we have
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(a4, ()" (B). af s (WP (@] = (1[0 (P): 0l 5 (D" (@)] + [ (K) . af s (D ()] " (p)
= —a,, (1) (al s [ (@), " (P)] + [l (1), 7 (P (@)
~ (al s (@): 40 ()] + [l 50, 0, (0™ (@) ) 7" (P)
= a0, (). af 5 (1] ()™ (p)

= (Muatlvp + MusTva — Muwnap)d® (k — 1) (q)p"" (p)
(A.18)

_i(tay, _Ep
with the time dependence e l(qo 270 tl). Similar computations for the 3" commutator

give

[a,lw(k)pph( )7 aﬁ( )pph( )] = _(nuanuﬁ +nuﬁ77ua nuvnaﬂ) ( - l)pph( )pph(p)
(A.19)

i(La¢, kP
with the time dependence €' ( 02750 tl) . Replacing these two commutators in Eq.(A.17),
killing the l-integral and using that

(MuaTlvp + NuaTva — NuwNas)P'p"a*d" = 2(p - q)? (A.20)

one can easily obtain Eq.(6.48)

A.6 Vanishing contributions to V;fs gp( )

From the most general expression given by Eq.(5.22), we can calculate the contributions

to the asymptotic potential of the various terms appearing in Vy,. We find:

1 1 cPkd’p ipky —iBEL o
—"PhY 0, A,0,A, = — / a (k)e'»° " +al " (k)e )P (p
e =t ) v e el

This term vanishes on-shell. We also have

P

. Prd®p pk wa i
PR 8, A,y A P 4 af (k) ) 2k (p)

- y = ppp P (k
2 g g 2(2%)% 2pov/ 2ko ﬁ( ( )
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and
1 1 d*kd3p ieky —i2Ee o
—n*Ph?9,A,0,A, = / pap” (a®P(k)e' "+ al “B(k)e P ) P (p
: s = o [ (0 19 )70m)

Both these terms vanish by virtue of the Lorentz condition p* - € (p), since b,(p) =
€, (P)b" (p), with €),(p) denoting the polarization vector of the external photon. We also

have the contributions:

1 1 n [ d®kd 3 —ipk
B b0, Ay Oy Ay = = — / P 12 (ags(k)e' @' +al 4 (K)e "3 ") 54 P (p)

8 S(2m)s J 20v2ke” of

1 1 nb d3kd? ok 2k

S B o 19, AL0, A, = = / 2(ans(k)e ' 1 al (k)e' w0 h)j1 ph
1 1 no# d3kd3 ek _ipk

_ —ap vo _ = n 1=t i 155\ ph
7B A = o ;[ it ¥ (aas 0l 000 )

Brd3p s
P (agz(K)e' P
e mp P” (aap(k)e

1 1
— By 58, A0y Ay = — = n*’ /
877 nen afYu o1p 8(271—)%

which vanish for the same reasons. A last contribution comes from the term —h(9-A)?,

which, however, vanishes as well:

1 1 nocﬁ d3kd3 ok, ink,
—Zh(H- A2 =_—_= / as(k)e P t Kk o1\ ph
"0 4 (2m)3 2p0\/ﬁp P (aask)e ™+ ags(k)e ) jE(p)

A.7 Total real soft contribution

We have

MsoftZQZ/dgk(Sf - 5)°
n
2
_ 22 / Pk PPy _ vt
2m) 32kg pr-k pi - k
Z / PipipFenens
327r3

(pf - k)?

Nupo*nn

P; P P; P €1v€po
(pi - k)?
pipipivi e, %)

_l’_

(pi - k) (py - F)
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Using the polarization completeness relation given by Eq.(D.1), we obtain:

1 1,
ipl;p?p?p?luupa = ipf

and similarly

1 1
51951%” pfpf Lo = 519?

These terms vanish on-shell. The last term gives:

1 i 1
=25 PPFPID] Lwpo = =2((pi - py)* = 5pipy) = =2(pi  py)”

Therefore

[V /d3k (pi - py)”
M= 1673 | ko (pi- k) (pr - )

A.8 Normalization & Cloud-to-cloud contribution

For the cloud-to-cloud contribution, we have:

Mepua. doud—z / dPKRdK S et (0]aP (K )at (K)[0)

= Z / dPkd®k'SP ST exmen 6 (k — k) 1Pom

= Z / dPkSPSY exmen 1071
= Z/d3k5’"5’f 2e5 P7en
=> / Ak S S 26,

= Q,Z / d°kS]' S}

where in the first equality we used the commutation relation for graviton creation and

annihilation operators given by Eq.(B.2) and in the fourth one we the polarization tensor

PUn

normalization e}, €po

= Oy If we sum Myorm and M ioud-cioud, We obtain:
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M = Myorm + Mcioud-cloud = — Z/dgk(s}l - Szn)2
n

This is exactly equal to what we calculated in subsection A.7, multiplied by the factor

—%. Thus, we directly get

wie b [ tp)
327T3 k() (pi . k)(pf . k)
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Commutation Relations

The only non vanishing commutators for the complex scalar field creation and annihila-

tion operators are

§®(r - q)
5P (s —q)

The commutation relation for gravitational field operators is

(2 (K), aby (D] = Lpo 0™ (k — 1)

while for the electomagnetic ones:

[bu(P), bl (@)] = 7, 6@ (P — @)

Other important commutation relations are

)
o
—
wn
N—
)
o
—~
=
~—
/N
o
d,
—
wn
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(o)
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|
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=
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QL
—
wn
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Feynman Rules

Scalar Propagator:

Graviton Propagator:

Photon Propagator:

Scalar-scalar-photon vertex:

Photon-photon-graviton vertex:

Scalar-scalar-graviton vertex:

1
> pr+m?—ie
p
v e
p
1
1% v n pQ—iG
p

k4 »
pl/, \pz =ie(p1 +p2)u

k4
pﬁ\\pz (I"P7py - py + AFP7)

k4 :
pl/, \pQ p2p1 +p2p1 - 77 (p2 P —m ))
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Formulas & more

From [44]:
*n _n' 1
€uw€po = ) (77up771/0 + NuoMvp — Uuuﬁpa)‘sn,n’
n,n’
) eu;ﬁ _ e—i(b
sing = 2
From [6]:
d*k q p 2 q p 2
—sin(k(—m — — =2r°0((—m — — o(m —
5705 (qoﬁ pofz)) T ((qoﬁ pOTz) )6(11 — 72)
1
r (2) =vm, T'(1)=1
1 [ ;
5@ (p —q) = / Bxe~x(P—a)
2 J_
From [62]:
k -k
VPRt m?—/(p K2+ m? ko~ B =27
bo bo

For two operators A,B:

BCH formula: eAeB — A+B+35[ABl+15[A[AB]+...
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(D.1)

(D.2)

(D.3)

(D.6)
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n

:>eABe_A:Z%[A,...,[A,B]...] (D.8)
n=0

Lemma D.1 (Riemann-Lebesgue lemma [63]). If the Lebesgue integral of a function |f|

1s finite, then its Fourier transform satisfies:

F(k) :/ drf(x)e™™*® -0 as |k| — oo (D.9)
R
In the Feynman rules of Appendix C we have defined

Lupe = 10”7 00" — i (D.10)

and

APPT = popT — P phpT + 0P phpy — 0Py — 0 phpk + 0P psph — nPtpsp]

1 v 1 v 1%
+ 5" (Pips + i) + o (vt + pops) — 0”7 (pipf + pip?)
(D.11)



Appendix E

SF'T supplement

E.1 BRST quantization of the string

The symmetries of a Lagrangian dictate the possible terms to be considered. However,
if the path integral is gauge fixed, the original symmetry is not manifest. One can
introduce BRST quantization either by the standard QFT process, or within the frame
of CFT. Here, we will review the former, following a mixed treatment of [20, 36]. The
CFT treatment will not be discussed. Only some important results will be presented. In
the worldsheet path integral of Eq.(2.25), There is however a global symmetry remnant
of the local symmetry. This can be recovered by adding in the path integral the gauge

fixing action

. 1 o <.
Sy.1.19,9,B] = —47r/d203 P (V=99a8 — V/—0Gap)

where B®? is an auxiliary field. The path integral is then written as

Zlg] = / DXDgDbDBee 571X~ Sanlbed)=54.1.19.9.5] (E.1)

One can then show that the total action

S:SP[ng]+Sgh[bacvg]+5g.f.[gvgu3] (E2)

is invariant under the infinitesimal BRST transformations:

5BX“ic8X“, (53[) = Bab-; (5BC = icé‘c, (5BBQB =0 (E3)
80
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By Noether’s theorem, the global symmetry of Eq.(E.3) is generated by a conserved
current j%, the so-called BRST current. A conserved charge, called the BRST charge®’

is associated to this current, given by

Qp = / d*ojp(0) (E.4)

One can show that @p is nilpotent, that is @% = 0 and has ghost number N, (Qp) = 1.
Physical states |¢)) are elements of the BRST cohomology and obey

QB‘¢> = 07 (E5a)
1) ~ [¢) + @Blx) (E.5b)

As we have already mentioned, the BRST procedure can also be carried out on the

complex plane. The conserved current takes the form

. 1 3
JiB(2) = c(2)T™(2) + ic(z)Tgh(z) + 5820(,2) (E.6)
where the stress-tensors for bosonic matter and ghosts are
1
T =——:0X0X : (E.7a)
@
1
T9" = —2:bdc: — : dbe —i—iazc(z) (E.7b)

respectively. The BRST charge can be decomposed as following:

Q = coLo — boM; + Q (E.8)

In Eq.(E.8), Lo, by and ¢y are.. and M, Q are given by

M, = Z NC_pCp, (E.9)
n#0
A 1
Q= Z cp Ly — 5 Z (m —n)c_mCnbmin (E.9Db)
n#0 mTﬁZéO

39or BRST operator
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E.2 Properties of the BPZ inner product

The BPZ inner product satisfies*’

(A, B) = (—1)MIBI(B, A) (E.10a)

(@A, B) = —(—1)"I(4,QpB) (E.10D)

It is non-degenerate, meaning that

VA: (ABY=0=|B)=0 (E.11)

Let {|¢s)} be an arbitrary basis in some Hilbert space H, supplied with the BPZ inner
product. The dual basis {|¢¢)} defined by the BPZ inner product is:

<¢$|¢s> = 57‘,5 (E'12)

Note that

<¢T‘¢§> - <_1)‘¢T‘5r,s (E.13)

E.3 Useful formulas for SFT

We define
+ 1 _
cy = 5(00 + ¢p) (E.14a)
b = (bo + bo) (E.14b)
LE = (Lo + Lo) (E.14c)

The ghost numbers:

Ngh(c) =1, Ng (b) =-1, Ngh(é) =1, Ngh(b) =-1, Ngh(Q) = 17Ngh(\p) =2
(E.15)

49We denote with |C| the Grassmann parity of the operator C. It takes values 0 or 1 and the operator
is called Grassmann even or Grassmann odd, respectively. Notice that if both A,B in Eq.(E.10a) are
Grassmann odd, then the inner product (viewed as a binary operation) is anti-commutative.
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Euler characteristics:
Xgn =2—29—n (E.16)
Mixing matrix:
Moy (k) = (¢5,(k)|bg by |¢5(—k)) (E.17)
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