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We study three-dimensional A/ = 2 supersymmetric Chern—Simons matter theories on the
direct product of a circle and a two-dimensional hemisphere (S! x D?) with specified boundary
conditions by the method of localization. We construct boundary interactions to cancel the
supersymmetric variation of the three-dimensional superpotential term and the Chern—Simons
term and show inflows of the bulk—boundary anomalies. We find that the boundary conditions
induce two-dimensional A" = (0, 2)-type supersymmetry on the boundary torus. We also study
the relation between the three-dimensional-two-dimensional coupled partition function of our
model and three-dimensional holomorphic blocks.

Subject Index B04, B16, B34

1. Introduction

After the prominent work by Pestun [ 1], various supersymmetric gauge theories on curved spacetimes
have been investigated and rigid supersymmetries on these backgrounds have been constructed. By
evaluating fixed point sets of supersymmetric transformations combined with the method of local-
ization, one can calculate exact partition functions of these supersymmetric theories. For example,
a round sphere 3 [2—4] and an ellipsoid Sg [5] were investigated as suitable backgrounds of three-
dimensional (3d) supersymmetric theories. The superconformal indices on S! x S? were studied in
[6,7], which count the number of Bogomol’nyi—Prasad—Sommerfield (BPS) operators. These func-
tions play important roles in studying M5-branes, infrared (IR) dualities among supersymmetric
theories, and the anti-de Sitter / conformal field theory correspondence.

It is widely believed that these supersymmetric theories have interesting properties of the factor-
izations with fundamental building blocks. For example, in 3d cases, it was conjectured in Ref. [§]
that A/ = 2 supersymmetric partition functions on Sg’ and the superconformal indices on S x S?
can be expressed as bilinear forms of two identical building blocks B* (x, ¢):

ZSg orsSixs2 = ZBa(x, QB (X, ). (1)
o

The authors of Ref. [8] proposed some general rules to write down these universal blocks B%(x, g),
called holomorphic blocks. By analogy with pure Chern—Simon theory [9] and topological/anti-
topological fusion in two dimensions [10], it is expected that holomorphic blocks should be partition
functions of 3d Chern—Simons matter theories on a solid torus (Melvin cigar). In order to clarify
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the relation between their partition functions (indices) and holomorphic blocks, it is interesting to
construct explicitly N' = 2 supersymmetric Chern—Simons matter theories on a solid torus. When
the spacetime has boundaries, one may introduce physical degrees of freedom on the boundaries
and classify what types of BPS boundaries are allowed in supersymmetric Chern—Simons matter
theories.

For example, half-BPS boundary conditions have been studied in A/ = 1 supersymmetric pure
Chern—Simons theory [11] and supersymmetric Chern—Simons matter theories [12,13]. Theories
on the boundary studied so far are realized as super Wess—Zumino—Witten (WZW) models, and
it is natural to ask whether or not other types of boundary interactions exist. For example, in
two-dimensional (2d) N/ = (2,2) theories, the boundary interaction is described in terms of the
matrix factorization so that the effect of the supersymmetric variation of the superpotential [14,15]
is cancelled. Higher-dimensional analogues of the matrix factorization have not yet been studied
much.

In this article we investigate 3d N' = 2 supersymmetric Chern—Simons matter theories on the
direct product of a circle and a 2d hemisphere (S' x D?) toward understanding the properties of
the building blocks and the factorization. We impose suitable boundary conditions for N' = 2
multiplets consistent with the supersymmetric transformations. Under the boundary conditions, the
super Yang—Mills action and the kinetic action of the chiral multiplet are written as O-exact forms
without surface terms, and these actions are invariant under the supersymmetric transformations. On
the other hand, in the presence of the boundary, the Chern—Simons term is invariant under neither
the supersymmetric transformation nor the gauge transformation. Thus, we have to introduce some
boundary term to compensate for these two variations. Here we propose two possible ways to make
the theory gauge invariant. One is to lift gauge parameters to physical fields on the boundary and treat
them in a chiral gauged WZW model. The other is to introduce N/ = (0, 2) theories on the boundary
with chiral fermions. They induce gauge anomalies which compensate non-invariant terms coming
from the 3d bulk theory under the gauge transformation.

Next, we evaluate the 3d-2d coupled indices on S x D? in terms of the supersymmetric localization
and try to relate the 3d-2d indices to holomorphic blocks. In the cases of Abelian gauge theories,
we find that the 3d—2d indices reproduce holomorphic blocks with a choice of the fugacity.

This paper is organized as follows. In Sect. 2 we study the super Yang—Mills action and the kinetic
action of the chiral multiplet, and introduce consistent boundary conditions for the " = 2 multiplets.
In Sect. 3 we discuss BPS boundary interactions for the superpotential term (the 3d analogue of
matrix factorization) and the Chern—Simons term. We also show that the restriction of the N' = 2
supersymmetric transformation to the boundary torus leads to an N = (0, 2) supersymmetric theory
in two dimensions. In Sects. 4 and 5, we evaluate the one-loop determinants of 3d N = 2 (vector
and chiral) multiplets and 2d boundary N' = (0, 2) (vector, chiral, and Fermi) multiplets to study
the relation between the 3d—2d indices on S! x D? and holomorphic blocks in three dimensions.
In Sect. 6 we study properties of indices from several viewpoints. First, we consider a 3d analogue
of the N' = (2,2) hemisphere partition function of the CPY-model on D? and point out that the
index of this model is related to the K-theoretic J-function of CPV and the ¢g-deformed Whittaker
function. Second, we study the structure of the index of U (V) super QCD (SQCD) and its connection
to K-theoretic vortex partition functions and surface operators. Third, we study the gauge/Bethe
correspondence. We also analyze a domain wall on S! x 2 and evaluate the 3d index with a domain
wall. The last topic is the action of Wilson loops and vortex loops on the 3d index. The last section
is devoted to summary and discussion.
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2. N =2 supersymmetric theory on S' x D?

In this section we will construct supersymmetric gauge theories on S' x D? and introduce super-
symmetric boundary conditions for the hemisphere. The construction of the supersymmetry and the
Lagrangian is parallel to the S! x S case [7].

The hemisphere D? with radius 7 is specified by the coordinates (¥, ), with 0 < ¢ < 7,.0<¢<
27; the boundary of the hemisphere is defined by ¢ = 7. The circle S !is also parameterized by
the coordinate T with 0 < 7 < Br, and Br is the circumference of S'. We can write the metric of
S! x D? as

ds? = r*dv? + r? sin? 19a7(,02 + d7?. (2)

In the following, we use u (u = 1,2, 3) for superscripts and subscripts in the curved space, with
1 =9,2 = ¢, and 3 = 7. On the other hand, we take the symbol a (a = 1,2, 3) for variables in the
local Lorentz frame.

Now we construct supersymmetry in the curved space that is realized by conformal Killing spinors
€, €. These spinors should satisfy

1 1

V€= ;Vu)@e, V€= —meé- (3)

The solutions of these equations are given by
i,2 i3 i 2,2 i3
€ =eve 2V Vo2 ‘peéz), E=e TrerV Ver ‘pé((f), 4)

where we choose the constant spinors e( ) = )/3652) (€,,0)T and 6(2) = —m éé ) = (0,&,)T so
that the component of the Killing vector €y *¢ along the ¥ -direction vanishes.

With the set of Killing spinors in Eq. (4), the supersymmetric transformation of the vector multiplet
in Eq. (A.4) is expressed as

84, = é(ém — AYue), (5)
So = %(EA — %é), (6)
SA = —%y‘“’Fw,e — De +iy"*Dyoe + ;a)@e, (7)
SA = —%VWFW@ + Dé — iy"D, o€ + ;aygé, (8)
8D = —ééy“Dﬂ)\ — %D,J\y“e + %[Ex,a] + %[ie,a] + i(ém — Ay3€). 9)

The Lagrangian density Lyec of super Yang—Mills theory is written in the O-exact form:
1 1
2£VCC = E(SQSGITI’ 5)\.)\.
| S 1 v | 2
=Tr 2F FW—i—D O’DMO'-i-D +—o —€ F Dpo—;e F,wa-l—;aDyf

+ Tr|:iAy“DM)_» ik, o] — 2iiy3,\]. (10)
s
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Here, 8., withi = 1,2 denotes the supersymmetric transformation with € = 0 and € = ¢;. We impose
the following boundary condition for this vector multiplet at ¥ = 7

=0, A41=0, 04,=0, 0143 =0, D](D—iDiJ)z(),
M=—2=0, A —22=0, (A +r)=0, (s +Ar)=0, (11)

withA = (A1, A2)Tand X = (A1, A2)T. This boundary condition is compatible with the supersymmet-
ric transformation in Egs. (5)—(9). When we impose the above boundary condition, induced surface
terms vanish and the supercurrents have no components in the normal directions to the boundary.

Next, we consider the chiral multiplet (¢, i, ). The supersymmetric transformation of the chiral
multiplet is given by

S = &y, (12)

8¢ = e, (13)

8¢ = iy"eDy¢ +icop + %méd) + €F, (14)
oo AL

Sy =iy"eD ¢ + ipoe — T¢y3e + Fe, (15)

8F = e(iy" D,y — oy — irg) + 2%(2A — Deysy, (16)

8F = é(iy"Dyy — ivro + iph) — 2%(2A — Déysy. (17)

Here, A is the R-charge of ¢. The kinetic term of the chiral multiplet is also given in the O-exact
form:

1 _
ﬁchi = aaezaﬂ (¢F)

- - oz - —2A - A— A%
= —¢D"Du¢p + ¢0°¢ +ipDo + FF + ——¢D3¢ + —5—¢¢
7 -z i(1-2A) - .
= WyEDuY + Yoy + —— Y3y +ivie — igry. (18)

We can introduce the Neumann boundary condition for the chiral multiplet at ¥ = 7
dp=0 9p=0, F=0, F=0,
Yi+v2=0, Y1+v2=0, 01(Y1—¥2) =0, W1 —v2) =0, (19)

with ¢ = (Y1, 92)" and ¢ = (Y1, ¥2) ™.
The Dirichlet boundary condition is given by

¢=0, ¢$=0, d(ere?d;p+F)=0, e re ¥dp+F) =0,
Y1—v2=0, Y1—-v2=0, qW1+¥2)=0, 81(Y1+92) =0. (20)

The Neumann (Dirichlet) boundary condition in Eq. (19) (Eq. (20)) is the 3d analogue of the Neumann
(Dirichlet) boundary condition in 2d N = (2,2) theories on D? [16,17], and different from the
boundary condition imposed in Ref. [18].
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3. BPS boundary interactions on the torus

Under the boundary conditions in Egs. (11) and (19), the Lagrangians in Egs. (10) and (18) are
invariant under the supersymmetric transformations generated by d.,d:. On the other hand, the
supersymmetric transformations of the supersymmetric Chern—Simons term and the superpotential
term do not vanish and we have to introduce supersymmetric boundary interactions to cancel surface
terms coming from these terms.

3.1. Three-dimensional analogue of matrix factorization
In the presence of the boundary, the supersymmetric variation of the superpotential does not vanish.
In 2d NV = (2,2) theories, the boundary term for the superpotential is cancelled by the boundary
interaction, which satisfies the matrix factorization [14,15]. The 3d analogue of the matrix factor-
ization was first pointed out in Ref. [19]. In this subsection we study the matrix factorization for the
3d NV = 2 theories on S! x D?.

The supersymmetric transformations of the superpotentials /¥ and ¥ induce the following surface
terms on the boundary:

) ow - _ - W
8SW=/T2 Jgd x?(eyil/flﬂ—i—eyil/f]@). 1)
Here, 72 is the boundary of § '« D?, and I in the sum labels the chiral multiplets with the Neumann
boundary condition in the theory. We have to introduce boundary interactions which compensate for
the above boundary terms. Now we restrict the supersymmetric transformations of the 3d N = 2
multiplets to the boundary (¥ = 7) in order to construct the BPS and gauge-invariant boundary
interactions. First of all, we will consider the vector multiplet in Eqgs. (5)—(9) restricted on the
boundary. Under the condition in Eq. (11), associated supersymmetric transformations are given by

i _ _ -
8A§ = E(E)/ﬁ)\‘ — )\,]/jf) = 6/)\41 - )“16/’

843 = 5 @Evsh = Ayze) = i@ = i),
83 = —iFs3€ — De, (22)
8k = —iFs3€ + DE,
A 2i
§(=D — iFs3) = 28/ (D3 + DAt — —&h,
r

8(—=D +iF

_ 21 —
53) = —2€' (D5 + iD3)A1 — 76//\1.

T T N}
A . Ter - el - . .
Here we defined D := D — iDjo and €’ := ¢ re2 €, € 1= ¢ re2 €,. The commutation relations

of these transformations are summarized in Appendix B. In the flat space limit » — oo, the above
transformation set becomes that of the 2d N/ = (0, 2) vector multiplet. We shall call this multiplet
a boundary NV = (0,2) vector multiplet. A Lagrangian can be expressed as a §-exact form and
invariant under the supersymmetric transformations in Eq. (22):

¢ LNZOD = 5. Tr(—D + iFs3)h

\(SY

o - 2i -
=¢ (Fﬁzﬁ +D2 + 2)»1(D§ + iD§))u1 — 7k1)»1). (23)
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When we take the Neumann boundary condition, the supersymmetric transformation of the chiral
multiplet on the boundary is given by

Sp =ey =&y,
rR—
A
5 = y3e(Ds + Dy + ZT)/3E¢, (24)

- _ . - IA-
8¢ = y3€(D5 + iD3)¢p — 745)/36,

where we defined ' 1= y; — ¥, ¥’ := 1 — Y. When we take the limit » — oo, the above
transformation becomes the A/ = (0,2) supersymmetric transformation of the boundary chiral
multiplet (¢, ¥'). Then we introduce the Lagrangian as a §./-exact form:

€Ly =50 (%J&(DQ — Dy Y’ + iéms)
_ 1 -
= e/<¢(D§ —iD3)(D5 + iD3)¢ + 51//(02 — iD3)y’
A B ) . X
+ 17¢(DQ — iD3)¢ + ipr1y’ + i1 hi¢ + ¢ (Fy3 — iD)¢)- (25)

If we take » — o0, Eé\};:(o’z) is reduced to the Lagrangian for the N' = (0,2) chiral multiplet in
the flat space. These N' = (0,2) boundary (vector and chiral) multiplets are constructed through
restriction of the bulk supersymmetry on the boundary. In addition, there are new multiplets in the
N = (0,2) theory characterized by holomorphic functions E(¢), namely Fermi multiplets, and we
can construct the boundary interactions which cancel the variation of the superpotential term. We
shall introduce the Fermi multiplet (¥, G) on 72 coupled to the boundary A = (0,2) (vector and
chiral) multiplets in the supersymmetric way. The supersymmetric transformation of the boundary
Fermi multiplet is given by

W = 2E€ +2¢G, (26)

8W =2EE +2€'G, (27)

5G = —c'Yg + € (D3 + D)W + —(A — e'W, (28)
r

8G = —&ip + € Dy + D)W + ~(1 — A&, (29)
r

Here, g 1= ) ; agq(;f)l/f/l, VE =Y, %Jf}, and the (¢, ¥';) are N' = (0,2) boundary chiral
multiplets. ), runs over the N’ = (0, 2) chiral multiplets in £(¢), and we also require the relation
YA = A. One can show that commutators of these supersymmetries generate a translation,
R-symmetry, and gauge transformations.

Next, we study the Dirichlet boundary condition. We remark that the supersymmetric transfor-
mations in Eqgs. (12)—(17) with the Dirichlet boundary condition on the boundary torus lead to
Egs. (26)+(29) with E(¢) = 0 by the following redefinition:

G .= i€%€i¢Di¢ + F, G = ie_TIe_i(ﬂDi(ﬁ +F,
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Ui=vyy, W:=vy;, A=2A. (30)

This is the special case of the N' = (0, 2) boundary Fermi multiplet.
Now we return to the boundary Fermi multiplet, the Lagrangian of which can be constructed as

€ LA=0D = 5, (VG +EV)

= (—\D(Di +iD3)¥ 4+ 2GG + 2EE — YpV — Wyp + 5(1 — A)xfnp). (31)
r

We can also introduce the potential term for this multiplet,

1
Ly=)_ (GaJ“ — Ewawa) + (c.c), (32)
a
which induces the following terms on 7' through the variation:
A(EJ?
f Jgd*x8L; = / NEZEDY (—e/i//[ (Eal") + (c.c.)> . (33)
T2 72 I d¢r

Here, (c.c.) denotes the complex conjugate. By comparing this with the term in Eq. (21), we find
that cancellation between Eqs. (21) and (33) occurs when the relation ), E,J¢ = W is satisfied.
We further require that each monomial in E,J/“ has R-charge 2 so that the relation ), E,J¢ = W
can be regarded as the 3d matrix factorization.

3.2.  Supersymmetric Chern—Simons term

In this subsection we consider NV = 2 supersymmetric Chern—Simons theory and investigate bound-
ary terms induced by variations of the bulk action. The boundary effect was first studied for V' = 1
Chern—Simons theory [11], and the A/ = 2 Abelian case was studied in Ref. [12].

We first treat the Chern—Simons term with the gauge group G and construct consistent boundary
interactions. Later we treat gauge—flavor mixed Chern-Simons terms. The N' = 2 Chern—Simons
theory has a gauge field 4,,, bosonic fields D and o, and fermions A and . These fields take values
in the Lie algebra of the gauge group G and transform in the adjoint representation. This model has
a coupling constant « called a Chern—Simons level, and the Chern—Simons action is written by

Scs = —ZK /d3x Lcs,
4
2i _
Los = €Ty (aﬂAvAp + éAMAUAp) + JETr(=ia + 20D), (34)

where ¢/'P is an antisymmetric tensor density. The supersymmetric variation of this term is evaluated
as

8Lcs = %auTrs’“p (EyUAAp - vaeAp) — iauTrJg(Ey“ka + Xy“ea). (35)

On S' x D? with the boundary condition in Eq. (11), the second term in the above equation can be
dropped and the first term leads to the following boundary term:

iK 2 - by
Scs =~ /ﬂ Je@d>x Y Tr[du eyt e — ayte)], (36)

n=2,3
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where /g® is the measure of the 2d boundary and is related to the bulk 3d one by /g = ry/g®.
By introducing a boundary Chern—Simons term

Shos = — > / gD d’x Tr(4,,4"), (37)
8 =23 T2

we find that Scs + Sp.cs preserves the supersymmetry generated by 8./, Sgr. But Scs + Sp.cs still
breaks gauge invariance in the presence of the boundary, and we have to resolve this problem. There
are two choices to recover the gauge symmetry:

(i) Introduce some boundary N = (0, 2) multiplets to induce anomaly inflows.
(i1) Treat the gauge degrees of freedom as physical fields on the boundary and couple them with
a chiral gauged WZW model.

We first explain choice (i). The gauge non-invariant term of Scs + Sp.cs is compensated by gauge
anomalies from the boundary N = (0, 2) chiral and Fermi multiplets when the following condition
is satisfied:

kTr(TT?) = Y Trg, (T°T") = Y Trg, (T°T"). (38)

m:chiral n:Fermi

The left-hand side comes from an infinitesimal gauge transformation of Scs + Sp.cs, and the sym-
bol “Tr” denotes the trace over the Lie algebra of G. On the right-hand side, Trg,, (T9T by, (resp.
Trg, (T°T b)) comes from the gauge anomaly coefficient of the chiral (resp. Fermi) multiplet in the
representation R, (resp. R,). The sums D, piand D pori
chiral and Fermi multiplets, respectively. This means the classical gauge anomaly (the left-hand side)

run over the number of boundary

and the one-loop gauge anomalies (the right-hand side) cancel each other. This type of cancellation
has also been considered in the context of an V' = (0, 2) gauged WZW model [20].

But there is a subtle point. In the case of A/ = 2 theories in three dimensions, the bare Chern—
Simons level is shifted by one-loop effects of 3d dynamical fermions. This implies that the coefficient
of the boundary term, i.e. the mass term of the 2d gauge field, is also shifted. In two dimensions, it
is known that the gauge field acquires a mass term by the quantum effect [21], and the coefficient of
the boundary Chern—Simons term is also shifted by the one-loop effects of 2d fermions. Then, the
left-hand side of Eq. (38) is expected to be replaced by some effective Chern—Simons level. We will
observe how this level shift appears in the context of the localization computation in Sect. 5.

Next, we shall consider quiver Chern—Simons theories, where gauge fields are not necessarily
dynamical. In fact, there are possible mixing terms between the dynamical gauge fields and the
background flavor gauge fields, namely, mixed Chern—Simons terms. For simplicity, we assume the
group is Abelian, but it is straightforward to generalize to non-Abelian cases. We take the gauge and
flavor groups as U (1)% x U (l)gf, with the dynamical gauge group U (l)z and the flavor symmetry
group U (1)]}’*". Further, there are other possible mixings, for example the dynamical gauge symmetry
and the U(1)g R-symmetry, or the flavor symmetry and the U(1)gr R-symmetry. We will discuss
such mixed Chern—Simons terms in Sect. 5.

N = 2 Abelian quiver theory is described by the action

N+Nr .
_ IKst 3 1V () 4( _3()4 (@ () (@)
Ses= ) E/SIXDde[s Iy’ Ay + Jg(=AAY + 20 DY) | (39)

s,t=1
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The x5 with s, = 1,..., N + Nr are the gauge—flavor mixed Chern—Simons levels. We will collect
these levels into one symmetric (N + Nr) x (N + Nf) matrix k. Aff) represents the collection of
uQ )]g dynamical gauge fields and U (1 )gf background gauge fields. As in the case of the non-Abelian
theory in Eq. (37), the supersymmetric boundary term is given by

N—+Nr

—Kst 2 ®
Shcs= Y 2; . J2d*xA® 4. (40)
s,t=1

Here, we defined 4, := (42 — i43)/2 and 45 := (4> + i43) /2. The infinitesimal U(l)](\é X U(l)gf
transformation of the mixed Chern—Simons term leads to non-invariant terms on the boundary:

N+N¢

K
SulSes + Soes) = 3 52 [ Fa0. 41)
T

s,t=1

The gauge—gauge and gauge—flavor mixed parts in Eq. (41) can be cancelled from corresponding
mixed anomalies in the boundary N' = (0,2) (chiral and Fermi) multiplets when the following
conditions are satisfied:

Kst = Z Q5454 — Z 054,054, (42)
m:2d.chiral n:2d.Fermi
Here, Q% . denotes the charge of the sth U(1) in U (HY x U (l)gf for the mth V' = (0, 2) chiral

multiplet. di, , denotes the charge of the sth U(1) in U (1)% x U (I)JILYf for the nth N = (0, 2) Fermi
multiplet. The sum of each term runs over the N' = (0, 2) chiral and Fermi multiplets respectively. If
the bare Chern—Simons levels « are replaced by the effective Chern—Simons levels, Eq. (42) matches
with the condition of Chern—Simons levels in the context of the holomorphic blocks [8] (see also
Ref. [19]).

Next, we explain the second choice (ii). Under the finite gauge transformation Ai =10y gg !+
gd, g~ ! (g € G), the Chern—Simons term and the supersymmetric boundary term transform as

2i g 1
eMP Ty <aﬂAvAp + éAMAVA p) - 8””pTr(—§8Mgg_1avgg_lapgg_l + iaﬂ(Avg_lapg))
2i
+ T (8,404, + T4 pAvdp ), (43)

Tr(4:4z)¢ = Tr(—azgg—1 d:g¢ " +ig 109z +idg sg + AZAE).

(44)
Then, the transformation of the combined action is given by
(Scs + Sb.cs)® = Scs + Sv.cs — Se.awzws (45)
with
Seawzwlg, 4] = —— f Tr(o.g8 ' drgg ™) + " Tr (9,88 dugg ™ 0,887")
' 2w Jr2 127 Jsiup2 " ?
ik _
+— | Tr(g '.g4z). (46)
T )72
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The first line in Eq. (46) is the action of the G WZW model, and the second line is the chiral
G/G gauged term with a right G-action. The supersymmetric transformation trivially acts on the
G elements, and Eq. (46) is invariant by the supersymmetric transformation, since the fermionic
superpartner of the chiral G/G’' gauged WZW model takes values in the subspace orthogonal to
Lie(G’) in Lie(G). It is this combination of gauge fields A: that is invariant under supersymmetric
transformations.

The combination Scs + Sp.cs + Sc.gwzw is also gauge invariant because we have identities under
the right g’-action with g — g¢’ (g,¢’ € G):

(Scs + Sb.cs)? = Scs + Sp.cs — Seawzwlg's 4z], 47)

Scaowzwlgg', 42 1 = Scawzwlg, 4z] + Sc.owzwlg', 4z]. (48)

This is called the chiral gauged WZW model. When we treat the gauge degrees of freedom as physical
fields, we find that Scs + Sp.cs + Sc.gwzw is fully invariant under the G gauge transformation. The
partition function of this WZW model with the background gauge field is known as the holomorphic
wave functional Wcs[4;] in the pure Chern—Simons theory [22].

It is possible to consider more general boundary interactions by gauging subgroup H of G and
considering a left H-action: g — h~'gg’ (g,g’ € G,h € H). Although the chiral gauged WZW
model is anomalous under the left - and right G-actions, we can cancel the gauge anomaly for H
by introducing appropriate N' = (0, 2) (chiral and Fermi) multiplets coupled to the Lie(H)-valued
gauge field. Namely, when these A/ = (0,2) multiplets satisfy some suitable relations to cancel
the anomaly, the theory becomes consistent. It is interesting to study these boundary interactions in
detail and evaluate such 3d-2d coupled partition functions. However, in the rest of this article we
mainly consider case (i).

4. Index on S' x D? and localization
In this section we evaluate the partition function (index) on S' x D? via localization. On S! x S2,

the supersymmetric variation parameters ¢, € cannot be periodic along the S! direction [7], so we
impose the twisted boundary condition along this S! direction:

D(t + fr) = THTRARBLEL FM () (B = B + B2). (49)

Here, @ is a field in the supermultiplets, J3 is the generator of a rotation along the ¢-direction, R
is the U(1) R-charge, and the F; are charges of global symmetry groups; 81, B2, and the M; are
fugacities for these charges. Under the twisted boundary condition, the partition function on S! x §2
defines a superconformal index:

Tgi 52 = trys2) [(_I)Fefﬁl(DfRfJg)efﬂz(DJsz)ef D FzMz]' (50)

Here, D is the generator of the translation along the S!-direction. The superconformal index counts
the number of BPS operators which saturate the bound D — R — J3 > 0 and does not depend on the

fugacity .
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Similarly, the partition function on S x D? with the boundary conditions in Egs. (11), (19), or (20)
defines the following index:

Zsl xD2 = trH(DZ) [(—I)Fe_ﬂl (D_R_JS)e_ﬂz(D+J3)€_ ZIFIMZ]

= try ) [(_I)Fefﬁz(RJers)e* > F1M1:|. (51)
We will show that all the one-loop determinants on S' x D? do not depend on S;, which means that
Eq. (51) counts the number of operators saturating the bound D — R — J3 > 0 on S' x D?.

Recently, the indices on S' x Sg and S' x RP? were studied in Ref. [23]. These are trigonometric
deformations of the partition functions on the 2d squashed sphere Sg [24] and on the real projective
space RP? [25] by the Kaluza—Klein modes of S'. The index on S! x Slf does not depend on the
squashing parameter b and agrees with the ordinary superconformal index. At least, the (3d) bulk
part of the index on S! x D? is also expected to be independent of the squashing deformation of the
2d hemisphere. Moreover, the index on S' x D? does not explicitly depend on the radius » of the
2d hemisphere, since the radius of the hemisphere enters in the index on S! x D? only through the
matrix integral variables when the localization method is applied. When the boundary interactions
are absent, the index on §!' x D? is expected to be independent of both the squashing parameter and
the radius of the hemisphere. Then, the index on S! x D? can be identified with an index on the circle
times the 2d flat space, Zg1, p2 >~ Zg1 ypo:

Isl xD?2 — ter(RZ) |:(—1)Fe_'32(R+2J3)e_ ZZFIMI]. (52)

This is a BPS index of 3d A = 2 supersymmetric theory. Our 3d-2d index should be thought of as
a 3d BPS index with boundary interactions.
In the calculation of the localization of the super Yang—Mills Lagrangian in Eq. (10), we find that
the zero locus (saddle point) of the Q-exact action is given by
N
A3 = constant = a = Zach, (53)
c=1
and the other fields are trivial. {H° }?’:1 denotes the set of generators of the Cartan subalgebra of
Lie(G), and N is the rank of Lie(G). The boundary Chern—Simons term at the saddle point in Eq. (53)
is given by

exp (Sp.cs) = exp <—%Tr(i,3m)2>. (54)
Note that Eq. (54) is not invariant under the large gauge transformation ifra — ifira +
2mi YN d°H® with d, € Z.

As another possibility for a O-closed form, we have the Fayet—Iliopoulos term (FI term)

Lrr = i¢Tr <12 — D) (55)

r

In fact, the supersymmetric transformation of this FI term does not have surface terms and becomes
a Q-closed form under the boundary condition in Eq. (11). This FI term has a contribution at the
saddle point:

—Sr1 = / L1 = 2nr¢ Tripra. (56)
StxD?
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In the calculation of the localization, we deform the action by adding a O-exact form Q- V' and take
the limit  — o00. In general, it is possible to add boundary N = (0, 2) vector multiplets which are
independent of the bulk /' = 2 vector multiplet, but we treat boundary N = (0, 2) vector multiplets
which have originated from the A/ = 2 bulk vector multiplets. Then, the 3d-2d coupled index on
S! x D? can be evaluated by the one-loop calculation around the saddle point:

Teiom = lim DD DDoge S PI193aV3al P1=12024-V2al P]
§°xD 11,lp—>00
1 d" (Bra) _ipra(@ \ g 34 o4
=5 | @ Hsth e Z%00pZ1 Joop: (57)

a#0

Here, the right-hand side of Eq. (57) is as follows. ®34 (resp. ®,q) is the collection of 3d (resp.
2d) fields in the models, and S[®] := Spr — Scs — Sh.cs. NV is the rank of the gauge group G, and
|[Wg| is the order of the Weyl group W of G. Since the values of Sra related by the large gauge
transformation are identified, the integration region for Sra in Eq. (57) is taken as [0, 271V, [l £0
runs over the roots of Lie(G), and «(a) is the pairing of a root o and a Cartan element « in Eq. (53).
S.1 1s the saddle point value of S[®]. We perform the path integrals for the 2d boundary fields, except
for vector, chiral, and Fermi multiplets which are obtained by the restriction of the 3d bulk vector
and chiral multiplets. The factor “sinh” comes from the additional gauge-fixing condition of 4.

For the closed manifolds S! x $% and Sg, the Chern—Simons terms are O-closed but not O-exact
and have contributions in the classical level. On the other hand, in our case of S! x D?, we will
see that the Chern—Simons term contributes to one-loop determinants of the boundary N = (0, 2)
(chiral and Fermi) multiplets through anomaly inflows. We summarize the results of the bulk and
boundary one-loop determinants. The derivation is given in Appendix D.

© The one-loop determinant of the 3d ' = 2 vector multiplet:

. s 2 )
1_[ sinh pro(a) z3dvee — l_[ exp —re(@) @@ %) e (58)
2 P 862
a#0 a#0
Here, we defined g := e P2 (a; Qoo = H?,io(l —aq"), and included the “sinh” factor coming
from the additional gauge fixing.
© The one-loop determinant of the 3d A/ = 2 chiral multiplet with the Neumann boundary

condition:
Zfﬂfgg'N — l—leé‘(iﬁrp(a)-i-Aﬁz-‘rFlM[) (e—i[ﬁrp(a)—F/MlqA;qZ)gol, (59)
P
with
:32 1 2
Ex) = —= — — 60
(=15~ T g,” (60)

Here, p runs over the weight of the representation of the gauge group for the chiral multiplet.
The factor £(x) comes from a zeta function regularization of zero-point energies.

© The one-loop determinant of the 3d A/ = 2 chiral multiplet with the Dirichlet boundary
condition:

73d.chiD _ 1—[ ¢~ EIBrp@+Q= D) pa—FiMy) (oifrp(@)+FiMy

1-loop qz_A;qz)OO' (61)

o
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© The one-loop determinant of the 2d N = (0, 2) vector multiplet:

- 2
zids = TTow |- foee: g, (©2)
a0 2

© The one-loop determinant of the 2d N = (0, 2) chiral multiplet:

. . . —1
sz.Chl — l_[eZE(zﬁrp(a)+Al32+F1M1)9(e—lﬁrp(a)—FlMlqA’q2) (63)

1-loop 00 *
P

© The one-loop determinant of the 2d N = (0, 2) Fermi multiplet:

le_‘};,i%““i - 1—[ e~ Bro@+ABr+FaMa) g (p=iBro(@—FaMagh. o2y (64)

P

We find that all the one-loop determinants do not depend on the fugacity B; explicitly. Unless
specifically mentioned, we call the one-loop determinants without the anomalous terms simply the
one-loop determinants.

Here, it is worth making several remarks on the properties of these one-loop determinants. First,
when 2d NV = (2,2) gauge theories flow to nonlinear sigma models where the target spaces are
Calabi—Yau three-folds, partition functions on the hemisphere compute central charges of a D-brane.
In this case, we recall that there are two equivalent descriptions to express fluctuations along the
normal directions to D-branes [16, 17]. One is to impose the Dirichlet boundary condition for 2d
chiral multiplets whose lowest components label coordinates along the normal directions of D-branes.
The other is to impose the Neumann boundary condition for the 2d chiral multiplets and introduce
one-dimensional boundary interactions, which effectively transmutes the one-loop determinant with
the Neumann boundary condition into that with the Dirichlet boundary condition. For the indices on
S! x D?, although the direct connection to D-branes is not known, we have a similar relation between
the boundary conditions for 3d multiplets and 2d boundary interactions. That is, if we combine a 3d
Neumann-type chiral multiplet and a boundary N = (0, 2) Fermi multiplet with the common weight
p and R-charge A = A, the boundary Fermi multiplet transmutes the Neumann boundary condition
to a Dirichlet boundary condition as

BAIINGN = ZH ©

When we consider the product of the Neumann-type and the Dirichlet-type chiral multiplets in
three dimensions, we can construct a one-loop determinant of a chiral multiplet without magnetic
charge m = 0 on S! x S%:

iBro(a)+FiM; 2—A. 2
73d.chiN73d.chiD _ (e g 254 00
i

-loop I-loop — (e*’.ﬁ”p(a)*FlMlqA;qz)oo . (66)

Next, we comment on the 2d limit of these determinants. When the size of S! goes to zero

(B ~ B2 ~ 0), the one-loop determinants of the 3d (vector and chiral) multiplets tend to the
asymptotic forms, up to exponential factors,

o.¢]
zi5aee ~ T [ [Gretas) +j+ 1),
a0 j=0
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00 -1
. A
Z9EN ~TTT (—irp(azd) — Fibbai+ = +j> : (67)
P

j=0

o0
~ A
sz}ggg‘) ~ 1_[ 1_[ (ir,o(azd) + FiMaa; — 5 +1 +J')'
p j=0
Here, we defined ayq := aB /28, and M»q; := M;/2B;. These reproduce the one-loop determinants
of the V' = (2,2) vector and chiral multiplets on the 2d hemisphere D?. In this limit, fugacities of

the flavor symmetries become the twisted masses in two dimensions.

5. Relation to holomorphic blocks

In this section we study the relation between the 3d—2d coupled partition function Zgi, > and the
holomorphic block B, in three dimensions [8]. We assume that the boundary multiplets couple to
the boundary gauge fields which have originated in the bulk vector multiplets.

First, we consider a single chiral multiplet. Up to the anomalous contribution £, the one-loop
determinant with the Dirichlet boundary condition is expressed as

i A —p_ —F
ZAD = (P A5 oo (68)

where we defined s? := e~ #"?(@)_ Equation (68) is precisely the same formula as the contribution
of the chiral multiplet in the holomorphic block.

Next, we discuss the condition to cancel the anomalous terms. As we have seen in Eq. (54), there are
anomalous contributions which break the single-valuedness under the large gauge transformation.
First, let us study anomalous terms for dynamical gauge fields, i.e. the quadratic terms of the gauge
fields around the saddle point. The condition for cancellation of the anomalous term is given by

et D <—12(Ad) + > (—1>f'12(Rl~))

2
'32 i:3d.chiral

:é< Y bRo- Y 12<Rm)), (69)

n:2d.Fermi m:2d.chiral

with

(1l = { —1 (ith chiral = Dirichlet) .

+1 (ith chiral = Neumann).

Here, I>(R) is the quadratic index of a representation R of the Lie algebra of the dynamical gauge
group and is defined by the relation Trg(7¢T by = L(R)Tro(TT?). The symbol [ (resp. Ad in
Eq. (69)) denotes the fundamental (resp. adjoint) representation.

The left-hand side of Eq. (69) is the contribution of the boundary Chern—Simons term in Eq. (54),
the one-loop anomalous term of the vector multiplet in Eq. (58), and the one-loop anomalous terms
of the chiral multiplets in Egs. (59) and (61), respectively. The right-hand side in Eq. (69) is the
contribution from the anomalous terms £ of the boundary multiplets in Egs. (63) and (64). The sums
run over the 3d chiral multiplets, the 2d Fermi multiplets, and the 2d chiral multiplets, respectively.
If we set B, = B, the left-hand side of Eq. (69) reproduces the effective Chern—Simons level for the
gauge group G, and the right-hand side reproduces the gauge anomaly coefficient of the boundary
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= (0,2) theory. Then, Eq. (69) is the anomaly inflow condition that describes the one-loop shift of
the classical Chern—Simons terms in Eq. (38). A similar phenomenon is known in four-dimensional
(4d) supersymmetric theory. In the localization computation of the 4d N' = 1 superconformal
index, there exist anomalous terms which are not invariant under large gauge transformations. It
was observed in Ref. [26] that the anomalous terms in the superconformal index are proportional to
anomalies in four dimensions.

If there is a pair of a fundamental and an anti-fundamental chiral multiplet, we have an accidental
cancellation. That is, we take a Neumann (Dirichlet) boundary condition for the fundamental (anti-
fundamental) chiral multiplet respectively, then anomalous terms cancel out. Moreover, if we include
an adjoint chiral multiplet, the contribution from the adjoint chiral multiplet cancels the anomalous
factor coming from the vector multiplet. This means that the Chern—Simons level on S x D? cannot
be shifted in V(> 3) supersymmetric cases, and the condition in Eq. (69) for N' > 3 cases matches
with Eq. (38). This observation is similar to the level shifts on the flat space [27].

Next, we consider the cancellation of anomalous terms for the mixed Chern—Simons terms between
the ath central U (1) gauge symmetry and the /th U (1) flavor symmetry:

_Ka[+ﬁ Z (— l)llQ”Flﬂz( Z deaFZdl Z Q;”d,angi’,) (71)

2 i:3d.chiral n:2d.Fermi m:2d.chiral

Here, we used the fact that the background gauge field for the /th flavor symmetry is A(l) =

(0,0, —iM;/Br). Q' is the ath central U (1) gauge charge for the ith 3d chiral multiplet. Q2 d (resp.
o da ) denotes the ath central U (1) gauge charge for the 2d Fermi (resp. chiral) multiplet. 7 d ; (resp.
F5 l) denotes the /th U (1) flavor charge for the 2d nth Fermi (resp. mth chiral) multiplet.

In addition to the gauge and flavor mixed CS terms, we have the R-symmetry mixed Chern—Simons
levels ks g. Here, the subscript “R” means the R-symmetry and “s” runs over the center of the gauge
symmetry and the Cartan of flavor symmetries. Then, the mixed Chern—Simons terms are given by

S = Xk / A9dA®, (72)
SixD?

Here, A,(LR) is the background gauge field coupled to the R-symmetry current. As in the cases of
the gauge—gauge or gauge—flavor mixed boundary Chern—Simons terms of Eq. (40), these boundary
terms are expected to contain quadratic terms of the gauge field:

R
/T 2 ADAP. (73)

Since the twisted boundary condition in Eq. (51) on S' x D? is the same as the condition in Eq. (50)
on S' x §2, the background gauge field A,SR) on S x D? is given by the one on S x S2. When we
put B> = B, the background gauge field [28] is written as

D — (o, 0. _i). (74)
r
Then, the condition for the cancellation of anomalous terms including the gauge and R-symmetries
is given by
IS ~ -
—kar+ Y —Qa A== Y 0 A== > O (An—1), (75
i:3d.chiral n:2d.Fermi m:2d.chiral
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Table 1. Left: The charge assignments of the scalar in the 3d chiral multiplet. U (1) is the dynamical gauge
group and U (1), is the topological flavor group. Right: The set of mixed Chern—Simons levels.

i Ule U1), Ul

Ul UM, Ul Uhe 1 T 1
¢ 1 0 0 U(l), 1 0 0
U()g —1 0 0

Table 2. The charge assignments of the scalar in the 2d boundary chiral multiplet and the fermion in the Fermi
multiplet.

Ul Ud), Ur

o 1 1 0
U0 1 -1

and that for the flavor and R-symmetries is given by

(=Dl A

—K F/(A—1) = Fl o (A, —1) — FJ (A — 1). 76
" tz&%h:iral 2 l( l : n:2dZFe:rmi Zd,l( ’ : m:Z%I:nral 2d’l( ; : ( )
When we take Abelian gauge groups and put 8, = B, the conditions in Egs. (69), (71), (75),
and (76) agree with the decomposition rule for the effective mixed Chern—Simons levels proposed in
the holomorphic blocks [8]. Let us study several examples of 3d—2d indices and compare holomorphic
blocks with our 3d—2d indices in the following subsections. We take mixed bare Chern—Simons levels
and charges for gauge, flavor, and R-symmetries as in Ref. [8].! Since 2d multiplets are chosen to
cancel the anomalous terms of 3d bulk theory, we call the one-loop determinants without anomalous

terms simply the one-loop determinants.

5.1. Mirror of Ty

As a first example, we take G = U (1) with a bare dynamical Chern—Simons level kgg = —i—% and
consider a single chiral multiplet with charge 4 1. This model is the 3d mirror dual of the tetrahedron
Ta. The charge assignments and the effective mixed Chern—Simons levels? are listed in Table 1.
Then, the one-loop determinant of the 3d bulk chiral multiplet is given by

.chi. —1.
ZP = (@°s 7147 oo (77)

where s := e~ _In order to satisfy the conditions in Eqs. (69), (71), (75), and (76), we introduce a
boundary chiral multiplet and a Fermi multiplet, whose lowest components are denoted by a scalar
¢’ and a fermion W, respectively. The charge assignments of these boundary multiplets are listed in
Table 2, and the one-loop contribution of the boundary multiplets is given by

! As mentioned in Sect. 4.2 of [8], the holomorphic blocks are not uniquely determined. In our case, this
ambiguity is equivalent to adding the anomaly-free boundary multiplets. When two holomorphic blocks are
glued into a partition function (index) on a closed three-manifold, it is not clear whether the ambiguity is
cancelled out.

2 The effective Chern—Simons level is related to the bare Chern—Simons level through the equation & =

st
bare 4 3", 3sign(m;)QL0!. In Ref. [8], signatures of fermion masses are taken as sign(m;) = +1.

KS[
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Table 3. The set of mixed effective Chern—Simons levels for the Neumann boundary condition.

K Ul UMd), Uy

st

U()g 0 1 0
U(l), 1 0 0
U()g 0 0 0
” 0(x; q%)
Z = (78)

From Egs. (77) and (78), we obtain a 3d-2d index of this model 77\ mirror dual to the tetrahedron
theory Ta:

/ ds 0(x; qz) _
T'A > 2. —1. 2
1 7 . 79
SIXDZ / 27TiS9(Sx; qz) (q § 7q )OO ( )

Equation (79) is exactly the same as the holomorphic block of 7”4.3 That is to say, in our language,
the contribution of the chiral multiplet in the holomorphic blocks [8] corresponds to the one-loop
determinant of 3d chiral multiplets with the Dirichlet boundary condition.

Next, we consider the Neumann boundary condition and study the relation between our 3d-2d
index and the holomorphic blocks. At least when the gauge group is Abelian and the superpotential
is absent, we can reproduce the homolorphic blocks from the 3d—2d index. To see this, we take the
Neumann boundary condition for the chiral multiplet in 7. The one-loop determinant of the 3d
chiral multiplet is given by

Zi9mN = (s:47) (80)

In this case, the level shift from the 3d anomalous factor has the opposite sign to the Dirichlet boundary
condition. Then, the dynamical Chern—Simons level is shifted by —%. The effective Chern—Simons
levels for the Neumann boundary condition are listed in Table 3. In addition, we have to satisfy the
conditions in Egs. (69), (71), (75), and (76) for the anomaly cancellation and introduce appropriate
boundary multiplets. The charge assignments of the boundary multiplets are listed in Table 4. Then,
the one-loop determinant of the boundary multiplets is given by

0(s; ¢*)0(x; ¢%)

Z8 o = 81
1-100p Q(Sx; qz) ( )
The 3d-2d index with the Neumann boundary condition,
, ds 1063401 47)
LA =/ G IR 2, 82
StxD? 2mis (514 ) 0 (sx; g%) (82)

gives the same result as the 3d—2d index with the Dirichlet boundary condition in Eq. (79).

5.2. XYZ model

As a second example, we consider the XYZ model that consists of three chiral multiplets in bulk
three dimensions (Table 5). When we impose the Dirichlet boundary conditions on the bulk chiral

3 The convention of the theta function is 6 (x; g) (here) = G(q%x; ¢)([8]). The normalization of the fugacity
q is different from that of Ref. [8]. In addition, an extra sign difference comes from (—1)® which is used in the
holomorphic blocks instead of (—1). Then, the identification becomes g(here) = —q%([8]).
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Table 4. The charge assignments of the scalar in the 2d boundary chiral multiplet and fermions in the Fermi
multiplets.

Ul UM, Ur

@ 1 1 0
v, 1 0 ~1
v, 0 1 -1

Table 5. Left: The charge assignments of scalars in the 3d chiral multiplets. Right: The set of mixed Chern—
Simons levels.

um, u@), Uy it u, U@d), Ux
o 1 0 0 U(l), 1 1 ~1
¢ 0 1 0 U, 1 1 —1
;-1 -1 2 Uz -1 ~1 1

Table 6. The charge assignment of the scalar in the 2d boundary chiral multiplet.

uil, U@d), Ul
o 1 1 0

multiplets, the one-loop determinant is given by

Z3d‘chi — (A2

L = (0" 14D @147 00 (1 4o (83)

Next we introduce a boundary chiral multiplet ¢ to cancel the bulk-boundary anomalies (Table 6).
Then this multiplet has the contribution at the one-loop level:

2o = 0003 ¢) ™" (84)

From Egs. (83) and (84), the 3d-2d index on S! x D? becomes

2 2.,—1.

XL d) 00 (@7 4P 00 (0 P00
6 (xy; 4°) '

This matches with the holomorphic block of the XYZ model.

XYZ (¢
ISlxDZ -

(85)

5.3. SQED

In this subsection we consider the SQED model. From Table 7, the one-loop determinant of 3d chiral
multiplets ¢1, ¢, is given by

2oy = 67 0% )00 ). (86)

A pair of boundary multiplets should be introduced to cancel anomalous terms. It is a pair of a bound-
ary N' = (0,2) chiral multiplets and a Fermi multiplet whose lowest components are respectively
a scalar ¢’ and a fermion W. Their charge assignments are listed in Table 8. Then, the one-loop
contributions of the boundary multiplets are given by

‘ SRS)
2d.chi »2d.Fermi __ >
Zl-loopzl-loop - Q(Sy; qz) : (87)
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Table 7. Left: The charge assignments of scalars in the 3d chiral multiplets. Right: The set of effective mixed
Chern—Simons levels.

k' U UM, UWM), Uy

U UM), UWd), Uk U(l)g 1 0 1 _1

o 1 0 0 0 ul, 0 0 0 0
b -1 1 0 0 Uiy, 1 0 0 0
U()g —1 0 0 0

Table 8. The charge assignment of the scalar (resp. fermion) in the boundary chiral (resp. Fermi) multiplet.

Ul)g UM): Ud)y, Uy

¥ 10 1 0
v 0 0 1 0

Thus, the 3d—2d index of this model becomes

0(v;4%)
0(sv;q%)
This has the same expression as the result in the holomorphic block for the SQED. The holomorphic

block for the SQED also matches that in the XYZ model. Thus, 3d—2d indices for these two models
produce identical results. We make a comment here: the SQED and XYZ models flow to the same IR

SQED

ds  _ _
Iorsp2 =/%(s % )00 (587 4o (88)

fixed point, and a pair of these models is the simplest example of the A/ = 2 mirror symmetry in three
dimensions [29]. The half-BPS boundary conditions for the SQED and XYZ models were studied
in Ref. [30], where it is shown that the NV = (0, 2)-type BPS boundary condition in the SQED is
mapped to the N' = (0, 2)-type supersymmetry in the XYZ model. Our result is consistent with their
analysis of the boundary conditions because the 3d-2d index on S' x D? preserves the boundary
N = (0,2) supersymmetry. This situation is different from two dimensions. For a mirror pair in two
dimensions, the A-type boundary supersymmetry is mapped to the B-type boundary supersymmetry
[31-33].

5.4. A remark on non-Abelian gauge theories

For non-Abelian gauge theories, there is a difference between the one-loop determinant of the vector
multiplet in Eq. (58) and the contribution of the vector multiplet in the holomorphic blocks. In our
calculation, up to the anomalous term, the contribution of the vector multiplet is given by the one-loop
determinant:

[ T6% @007 6P)oo. (89)
a>0
On the other hand, the holomorphic block in Ref. [8] leads to the contribution of the vector multiplet
with a non-Abelian gauge group,

1

I (5%4P) 00 (@157 ¢P) o0

. 90
(4%5% 4% oo (q7257% ¢ oo ©0)

a>0

In general, we expect that our indices for non-Abelian gauge theories are different from the holo-
morphic blocks for non-Abelian gauge theories. We will see later that our index for 3d V' =4 U(N)
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gauge theory without boundary degrees of freedom agrees with an index on S! x C proposed in
Ref. [34].

6. Several models

In this section we study properties of indices in several examples. Unless specifically mentioned,
we choose the bare Chern—Simons levels to cancel the anomalous terms coming from the one-loop
determinants.

6.1. q-deformed Whittaker function and K-theoretic J-function for CPY

In this subsection we explain the mathematical aspects of the index of G = U(1) with N + 1 chiral
multiplets with gauge charges +1:

ds S—an{
I = f . 91
SlxD? 2Tis HN+1 1—[1020(1 —qujZ]) ( )

Here, s = e~ if1a, qg= e P2 zp=e M andtheM; (I=1,....N+1) represent the set of fugacities
of SU(N + 1) flavor symmetry. Since Sra € [0, 2], the integration contour for s is the unit circle.

First, let us recall the mathematical aspects of the hemisphere partition function. In two dimensions,
the partition function on the hemisphere D? is related to the (equivariant) J-function of the CPV
model in the large-volume regime. In order to clarify the geometric data in our model, we evaluate
the above integral explicitly. When we assume |z;| = 1 and |¢| < 1, the pole of s inside the unit
circle is the origin. The residue at the origin is rewritten as the sum of the residues outside the unit
circle: s = q_Zklel (k=0,1,2...,I'=1,...,N + 1). Up to the overall sign, Eq. (91) is given by

N+T o0 g—2mrg q471r{k

xDZ—ZZ}£

N+ —
/=1 k=0 V5= 27ns1_[ [T20(1 — szig% %)

N+1

ds —2nre
= Z f_z,l 2Tis HN+1 Hfio(l _ sz;qzj)

r=1
o0 k
x (Z N1 gk ¢ "y ) 92)

k=0 11/=1 Hj:1(1—SZlq 2])

Here, we defined Q := ¢*¢. The region for { > 0 corresponds to the Higgs branch in the 2d limit.
The third line in Eq. (92),

o0

k
J(0.5.2.q) = 0 , 93
(©n2 ,;)HN“H};l(l—szzq—% 2

agrees with the equivariant K-theoretic J-function of CPV [35] by rescaling parameters appropriately.
This function JCP" is reduced to the ordinary K-theoretic J-function in the limit z; — 1. In order

to compare our model to 2d cases, we take the 2d limit in Eq. (67). Then, the index in Eq. (91) is
reduced to the hemisphere partition function of the 2d model where the moduli space of the Higgs
branch is CPV:

N+1

. dy o
lim 7 ~ | == [ | Ty — M)). 4
S Lstp2 / 7 l|_| =M (94)
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In other words, this has the same formula as the 2d hemisphere partition function for the N' = (2, 2)
U (1) theory with N 4 1 chiral multiplets with gauge charges +1 and twisted masses M;.

In Refs. [36,37], an eigenfunction of the Hamiltonian of the g-deformed gl |-Toda chain is con-
structed, that is, the g-deformed Whittaker function. This g-deformed Whittaker function \Ilfl.[N (n, k)
has the contour integral representation

N N+1

Wi (k) = (]‘[zf) f S 1_[(218 Do - (95)

=1

When we set n = 27¢ and replace ¢ — ¢ in the above equation, the index in Eq. (91) on S' x D?
agrees with this g-deformed Whittaker function v, W+ (n, k) up to an overall constant (]_[5\[:1 z;‘ )
Here, the contour is chosen to enclose all the poles except for the pole at the origin. We can also
include the factor (]_[5\[: 1 Z;‘ ) in the index on S' x D? by turning on the FI term in Eq. (55) for

the flavor gauge field with the FI parameter -. The geometrical interpretation of \IJg M(n, k) was
conjectured in Ref. [37] as

N
(]‘[ ) I, = / Chg (Lx ® O(n))TdG (T QMoo (CPY)). (96)
11 QMoo (CPY)
Here, QM (CPV) is the space of the degree-oo quasimaps CP!' — CPV, and Chg and Tdg are
the G = U(1) x GL(N + 1)-equivariant Chern character and Todd class, respectively.

Remarkably, it was also conjectured in Ref. [38] that the g-deformed Whittaker function is related
to the partition function of an equivariant A-type twisted model on S' x D?. A 3d version of the A-
type twisted Chern—Simons matter theory was also constructed in Ref. [39], but the supersymmetry
considered in this paper is not topologically twisted supersymmetry. It would be interesting to reveal
the precise relation among the 3d—2d index studied in this paper, quasimaps, and the A-type twisted
theories in three dimensions.

6.2. Vortex partition function and surface operator

The vortex partition functions [40—42] are vortex counterparts of the Nekrasov instanton partition
functions [43]. It was shown in Refs. [44—46] that the partition function on S g (S' x S?)is respectively
factorized into a pair of vortex and anti-vortex partition functions. From the viewpoint of Higgs
branch localization in three dimensions [47,48], we can also construct some (Q-exact term whose
saddle points admit point-like vortices at the north pole of the hemisphere. Thus, we expect that the
index on S' x D? contains contributions from vortex partition functions.

Here we consider a U(N) SQCD; the gauge group is G = U(N) and the flavor symmetry is
SU (Nr) xSU (Nf) with Ny > Nf. We have Ny fundamental chiral multiplets with the Neumann bound-
ary conditions and Ny anti-fundamental chiral multiplets with the Dirichlet boundary conditions. The
index of this model is given by

N 2j+25—1
1 dsa —271r;“ -1 2/ l_[m 1(1 — Saq / )
Isixp2 = ﬁfl_[ mis, 84 l_[ l_[(l —5aSp, ¢ )l_[ N1, ZJZ) .97
a=1 1<a#b<N j=0 a=1 =1 aq™Z]
Here, sp = e 1P g = P2 z; = M and the M; (I = 1,..., Nr) represent the set of fugacities

of the SU (Ny) flavor symmetry. Also, we put z,,, := e Mn_and the Mm m=1,... ,Nf) denote the
set of fugacities of the flavor symmetry SU (Ny).
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When we take residues at poles s, = q_zf,uleI (e=1,...,Np;a=1,...,N;j/, =0,1,2,...),
then the partition function is written as a combination of classical terms, one-loop terms, and vortex
partition functions:

. (I Ay vortex,{l'}
Isiyp2 = Z Z Zl loopZK theory ° (%)
{I"}yc{Ne}
with
N
I —1
Zé] } = H(Zl/a )27”/{, (99)
a=1
o0 N 225
/ 1 —g97z, Z )
() [T I
Zl—loop = 1_[ ; N ; P (100)

—1 _
j=0 (11— qzj+2)N Ha=l Hl¢{l’}(1 - ZlZl’a qzj) !
vortex {1y ka
K theory Z QZu !

[T, TIY, = g 2%2 1501
X =17 =1 la . (101)

(nga,bsN [Ty (A —zr,z, 4% 2k“)><1_[a 1 gy 1_[] (1 =2z, g 2’)>

Here, we defined {/'} = {1,bh,..., Iy}, with1l < [} < L < -+ < Iy < Nf and {N;} =
{1,2...,Ng}. Also, the sum is defined by ) vy = va: | Zﬁio. In three dimensions, BPS vortices
are particle-like objects and the K-theoretic vortex partition functions contribute to the BPS index.
The appearance of the K-theoretic vortex partition functions in Eq. (98) is also consistent with the
observation that the index on S' x D? is related to the 3d AV = 2 BPS index on S' x R?. This is
analogous to the fact that instantons on S' x R* are particle-like objects and the K-theoretic instanton

partition functions [49] contribute to the BPS index in five dimensions.

Next, we study the vortex partition function in Eq. (101) from the viewpoint of instanton counting
with surface operators. In the geometric engineering, instanton counting with surface operators in
five dimensions is expected to be encoded in partition functions of open-closed (refined) topological
strings. Vortex partition functions of U (1) gauge theories arise in a certain limit of topological string
partition functions [41]. The correspondence between vortex partition functions and topological
strings has been extended to non-Abelian gauge theories [46]. On the other hand, it has not been
studied how vortex partition functions of non-Abelian gauge theories appear in the instanton partition
functions with surface operators. We will show that the vortex counting for non-Abelian U (N) gauge
theory with N¢ fundamental chiral multiplets arises in the sector of vanishing instanton number.

We consider a five-dimensional A" = 1 pure SU (Nr) gauge theory on S x C2. We take the surface
operator specified by a Levi subgroup L. = S(U(N) x U(Ny — N)) C SU (Nr). Then, the instanton
counting with the surface operator is replaced by instanton counting on the orbifold C x C/Z, [50].*
By the orbifold action (z, w) — (z, —w), the set of Atiyah—Drinfield—Hitchin—Manin (ADHM) data
(B1,B2,1,J),

B, B; € End(V), I e Hom(W, V), J € Hom(V, W), (102)

4 Also, H. Kanno, Lecture at Saint Paul’s University (In Japanese) (2012).
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is divided into two groups with Z,-grading indices “i” (i = 1, 2),
V=V &/, W =W ® W, (103)
and
4;=B|, €End(Vy),  B;=Ba|, € Hom(V;, Viy1),
I = I|m e Hom(W;, V;), J; = J|Vi € Hom(V;, Wiy1). (104)

The dimensions of V;, W; are dim V; = k;, dim W = N, and dim W, = Nr — N. Here, the instanton
number is k> and the vortex number is k; — k. Then, the moduli space is defined by a quotient:

Mty = { i Bis 1) [ Ais1By = Bidi + lindi =0} [ T] 6Lk, €1, (105)
i
with some stability condition. The equivariant character for the tangent space of M, 4, 4, is evaluated
as
2 o
AT Mgy i) = D[ x WX (V) + 2 (VW)
ij=1
2
—A=ea—eDmxon], (106)
Zp-even
with

N Nr—N

£ /

Xy =e2 > My = > M,
b=1

a=1

N Nf—N
& . . / . -1
x (V1) = 672 § eMa § e~ (=Dei=(-Dez E M E e—(l—l)gl—(l—z)é?z’

a=1 (i,2j—1eY, b=1 (0.2))eXp
N Ny—N 1
& . . ’ . .
x(V2) =e?2 ZeM” Z e~ =Dei=(=De2 4 Z M Z e~ (=Dei=(—3)e, (107)
a=1 (i,2))€Y, b=1  (i2j—DeX,

Here, the Y, and X, are Young diagrams. The collection (M, ... ,MN,M{, ... ,M]/Vf_N) is the set
of Coulomb branch parameters and the &; are Q2-background parameters. In the above equation
for the equivariant character, the symbol “Z,-even” means that we remove terms expressed as e’*2

r = %, %, ...). The non-negative integers k; are related to the number of boxes by the following
equations:
N Ne—N
k=Y #@2—DIG2Y— 1) € Yo+ Y #{.2)1G,2)) € X3}, (108)
a=1 b=1
N Ne—N
k=Y HG2)IG2) € Yah+ Y #{G.2 — DIG,2 — 1) € Xp), (109)
a=1 b=1

with i,j € N. Here, #{- - - } expresses the cardinality of the set.
Now we put the instanton number k&, = 0. Then the ADHM data on C x C/Z, is reduced to 41,
I, and J;:

Ay € End(Vy), Iy € Hom(Wy, V), J1 € Hom(Vy, W»). (110)
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This (41, I1,J1) is precisely the same as the data of the moduli space of the k1 -vortex ofthe G = U (N)
gauge theory with the SU (Nr) flavor symmetry [51]. Moreover, from the relation in Eq. (109), we
findthat Y, = {(i,1) | i =1,...,k{} with Zﬁ,vzl k{ = ki, but the X}, are absent. Thus, the equivariant
character x (T, My k, k,) is reduced to

X (Tp My ky=0) = €€1+872X(W2)X(ka) +x(VxWP) — (1 — egl)X(Vl)X(ka)

Z oMa— M/Ze(k“ +1-i)e +NEN§:€MI, Maze“'fl (111)
ad'=1 b=1 a=1

with
k (a)

N Nr—N
Xy =eT S My =Y Mo, () =e* Ze aZe (=ber (112)
a=1 b=1

X (Ty MLk, k,=0) does not depend on the equivariant parameter ¢, and is precisely the same as the
equivariant character of the tangent space of the k;-vortex moduli space of the G = U (V) gauge
theory with N¢-fundamental chiral multiplets. The latter has the fixed point p labeled by (k! ..., k{v )
under the equivariant action. In the context of the 3d theory on S' x C, the Coulomb branch parameters
correspond to real masses or fugacities associated to the SU (N¢)-flavor symmetry.

The K-theoretic vortex partition function can be obtained from the equivariant character ) _, +e®i»
by the replacement }_; £e“» — > T[;(1 — e®»)F! as in the case of the K-theoretic instanton
M X UDg-
equivariant action and the w; , denote the equivariant weights at the point p. Then, from the equivariant

partition function. Here, p = (kl,.. kN ) denotes a fixed point under the U(1),,

character in Eq. (111), the vortex partition function with vortex number k; is written as

N Ny—N N kf
a _ / _ . _
Zkl-vortex = E | | (1— M” —My+(k +1- ’)81) 1 | | | | | |(1 Mb Ma+l€1) 1.
Yo ki=hky a,a’=1 b=1 a=1i=1

(113)

When we identify the parameters as ¢! = g2, My = z7(b+N =0D,and M = zp (a = 1),
Eq. (113) agrees with the vortex number ; sector of Eq. (101) with Ny = 0.

6.3. Calabi—Yau model and 3d matrix factorization

So far, all the models we have considered do not have surface terms of superpotentials. In this section
we will consider a simple model which has a nontrivial 3d analogue of the matrix factorization and
study its 2d limit.

In this section we consider an analogue of an A/ = (2, 2) gauged linear sigma model which flows in
the IR limit to some nonlinear sigma model whose target space is a Calabi—Yau (N — 2)-fold CYy_2
defined by a degree-N homogeneous polynomial f'(x1,...,xy) = 0 in CPV~!in the large-volume
regime. As a setup, we consider an Abelian model with G = U (1) and take a set of chiral multiplets
P,¢r I =1,...,N) with a superpotential

W(P,¢r) =P-f(¢r). (114)

Here, f(¢7) is the homogeneous polynomial of degree N. The charge assignments of the chiral
multiplets are listed in Table 9. We impose the Neumann boundary conditions for these chiral
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Table 9. The charge assignments of scalars in the 3d chiral multiplets.

UM U(l)g
P —-N 42
b+l 0

multiplets. Then, the one-loop contribution of the bulk 3d chiral multiplets is given by

2y = P Y @V (115)

In addition, we have another contribution from the 2d boundary, and the corresponding boundary
theory is characterized by functions £, and J¢. This boundary effect is correlated to the bulk 3d
theory through some kind of 3d matrix factorization. We choose £, and J¢ with E,J¢ = W in order
to realize this factorization:

EP,¢p) =P,  J(P,¢r) =f(91). (116)

Then, the boundary contribution in the partition function comes from the one-loop determinant of
the Fermi multiplet coupled to E (P, ¢7) and is given by

Zio™ = 0P ). (117)

We can also include the FI term and write down the expression of the partition function of the model:

7CYN-2 _ / d(Bra) o—SF1 73d.chi.N 72d Fermi

Slyp2 — 27 1-loop “1-loop
_ / dBr9) rreira) 0P g% ¢%)
21 (e g5 (eMNPrig?; ) o
21 (e=iPrasgh), -
In the 2d limit 8 — 0, keeping fpq := 277 B¢ finite, Eq. (118) is reduced to
: CYn-2 ~ dy tay _ N iNmy _ —iNmy
lim T3 / 5 @H (1= NP )Y @V — )
r N
_ /dyew W~ (119)
I'(Ny)
Here, we also defined y := ira. The first line in Eq. (119) agrees with the partition function on

D? with a loop operator wrapping on S' = 9D? associated with a matrix factorization, where the
Neumann boundary condition is imposed for the chiral multiplets. The boundary condition of a
one-loop determinant changes from the Neumann type to the Dirichlet type by the effect of the loop
operator. Then, we obtain the second line in Eq. (119), which is related to the I"-class of the Calabi—
Yau (N —2)-fold CYy—_». Thus, Eq. (118) is thought of as a 3d extension of the hemisphere partition
function for CYy_j, and the ratio of the g-Pochhammer symbols in Eq. (118) can be regarded as a
g-deformation of the I'-class of CYy_3.
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Table 10. U(1); x U(1)r R-charge assignments for the N = 4 vector multiplet.

A, » o D o XN D
Ul 0 1 0 0 1 0 -1
Ul 0 0 0 0 1 1 1

Table 11. U(1); x U(1)r R-charge assignments for the N" = 4 hypermultiplet.

°
<
I P
<

=

NI—N|._.

6.4. Three-dimensional N' > 3 models and the gauge/Bethe correspondence

In this subsection we study 3d N > 3 supersymmetric theories and the Bethe ansatz for quantum
integrable models. We consider the G = U (V) theory with N¢ fundamental hypermultiplets. In the
language of the AV = 2 multiplets, an ' = 4 vector multiplet consists of an ' = 2 vector multiplet
(Au,0,D, %, ) and an N = 2 adjoint chiral multiplet (¢/, 2/, D’). On the other hand, an N = 4
fundamental hypermultiplet consists of an A/ = 2 fundamental chiral multiplet (¢, ¥, F) and an
anti-fundamental chiral multiplet (qNS, 1}, F ).

The R-symmetry group of the N’ = 4 supersymmetric theory is SU(2); x SU(2)g, and the
Cartan generator of SU(2), (resp. SU(2)g) is J, (resp. Jg). The U(1)g R-symmetry in the N' = 2
supersymmetry is generated by a generator R, which is related to the SU (2), x SU (2)r generators by
R = J; — Jg. On the other hand, the combination /' = J; + Jg defines another global charge which
commutes with U (1), and we introduce the fugacity ¢ for U (1)r. The R-charge assignments for the
N = 4 multiplets are given in Tables 10 and 11. Now we impose the Neumann boundary conditions
on the adjoint chiral multiplet (¢’,A’, D) and on the fundamental chiral multiplet (¢, ¥, F). We
impose the Dirichlet boundary conditions on the anti-fundamental chiral multiplet (¢, ¥, F). In this
choice, all the anomalous terms from the 3d multiplets cancel each other, and thus the Chern—Simons
levels are not shifted from the bare ones. If we introduce the Chern—Simons term, the supersymmetry
is broken to N = 3. When we take the bare Chern—Simons levels as zero, the 3d index is well defined
without introducing any boundary multiplets. Then, the V' = 4 index on S' x D? is given by

£~V ds, ~1. 2 Ny N , 31120
Tyt = B0 /H y St e TIT] S 1)

2isa |, ;«éb<N (Sas}, ' 14; 9*)o0 1) a=1 (Sat~ 2q725 ) o

This equation has the important property that the one-loop determinant of the 3d N' = 4 vector
multiplet is expressed by the Macdonald measure and agrees with the index for the ' = 4 theory
on S x C computed in Ref. [34] by some redefinitions of the fugacities.

Let us study the relation to integrable spin models. First, we examine the relation between N' = 4
SQCD and the spin-% XXZ quantum spin chain. It is shown in Ref. [52] (see also Ref. [53]) that
the saddle point equation of the twisted effective superpotential for mass-deformed N' = 4 SQCD
corresponds to the Bethe ansatz equation for the spin-% XXZ model. We recall that the partition
function on the 3d ellipsoid Sg depends on the squashing parameter b. In the limit b — 0, an effective
twisted superpotential appears. Similarly, we will see that the effective twisted superpotential appears
in the limit ¢ — 1, keeping the other parameters finite. This is different from the 2d limit. In the
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Abelian case (the rank of the gauge group N = 1), semiclassical behaviors of the holomorphic blocks
correctly reproduce the Bethe ansatz equation for the XXZ spin chain [54] (see also Ref. [55]). Then,
we expect the Bethe ansatz equation to also appear in the limit ¢ — 1 of the 3d index in Eq. (120)
for the generic rank N. To see this, we take the limit ¢ — 1 and look at the behavior of the index:

dsq =
S1><D2 ~ Nl / 1_[ 27”5a (2[3Weff ) (g— 1D, (121)
with
Nf N 1 1
WA =3 (Liz(sas,;l) _ Liz(tsasb_l)> +3 3 <L12(saﬁz,) _ Liz(sat—zzl)). (122)
a#b I=1 a=1

The saddle point equation exp (sa BsaWeff ) = 1 gives

ﬁ sinh(vp — yg —¢) ﬁ sinh(va + § + M;/2)
+ Lsinh(y, —yp —c) 1 Lsinh(y, — § 4+ M;/2)
b#a

(123)
=1

Here, we deﬁned 2y, = logsg, 2¢ := logt. This is equivalent to the Bethe ansatz equation for the
sl(2) spm—— inhomogeneous XXZ quantum spin chain by some redefinitions of the parameters.

The parameters in the gauge theory are related to those of the spin chain as follows. The rank of
the gauge group N corresponds to the number of excitations, and the number of hypermultiplets
Nt corresponds to the number of sites of the spin chain. So far, the periodic boundary condition is
imposed in the spin chain system. The twisted boundary condition in the spin chain is reproduced by
introducing the FI term. Also, the generalization to the s[(K) case is straightforward by considering
a quiver gauge theory.

The correspondence between mass deformations of NV = 4 SQCD and the XXZ model is already
known in the context of the gauge/Bethe correspondence. But we will propose a new example for
the gauge/Bethe correspondence: the “gauge” side is the pure N = 3 Chern—Simons matter theory;
namely, we take Ny = 0 in Eq. (120) and introduce a dynamical Chern—Simons term with level
k. The “Bethe” side (quantum integrable model) is the g-boson hopping model [56]. The existence
of the gauge/Bethe correspondence for Chern—Simons (matter) theories was first pointed out in
Refs. [57,58]. The boundary Chern—Simons terms are evaluated at the saddle point as

N
&5 = exp ( Z @(log Sa) ) (124)

Thus, we can read off the effective twisted superpotential,

Wi == Zlog () + Y (LinGsasy ) = LiaGsas; ), (125)
a#b

and obtain the set of saddle point equations,

(126)

.':]2
<
~
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S|
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This reproduces the Bethe ansatz equation for the g-boson hopping model in the N-particle sec-
tor with the periodic boundary condition. The number of sites corresponds to the Chern—Simons
level k.

6.5. Domain wall index on S' x S?
In four dimensions, 4d—3d coupled partition functions or superconformal indices were introduced
in Refs. [59,60]. In this section we briefly mention a 3d—2d domain wall index on S' x S2.

The N = (0,2) domain wall theory lives on 7% = S! x Séz% c S! x §? and couples to two
different theories, each of which lives on a northern part S' x D%I(ﬁ < %) or a southern part
St x D%(z? > 7). Let Gx and Gs be gauge groups of the N = 2 theories on S1 X D2 and ' x D%,
respectively. Let Z I- 100p (s) and Z I- 1O°p (s) be the one-loop determinants of the AV = 2 theories on

ST x DIZ\I and S! x Dé. Here, the s, and Sp label Cartan parts of exponentiated holonomies of Gy
and Gs along the S'-direction. On the boundary torus, the multiplets of the N = (0, 2) theory have
charges associated with the gauge groups Gy X Gs, and its partition function Z;;IOOP(S, s) is given
by the one-loop determinant of the A" = (0, 2) theory. By collecting these functions, we can write
down the domain wall index:

rk(GN) rk(Gg) dSb

1 loop 1-loop 1- loop
Zp Z 127
o= [ Il ] I sz oa™eonine. a2

The matter contents and two bare Chern—Simons levels have to be chosen to cancel the total bulk—

boundary anomalies.

6.6. Wilson—vortex loops and the g-shift operator

In this subsection we study properties of flavor Wilson loops and vortex loops on the 3d index
Isiyp2 (¢%,z). When we turn on the /th flavor background gauge field AD = (0,0, —iM;/Br), an
associated flavor Wilson loop with a charge Q is defined by

W = exp (iQ / Ag”dr). (128)

(l)) =z QISlxDZ

Then, the expectation value of the flavor Wilson loop is given by using the index (W,
with z; = eM. The localization computation of vortex loops was studied in Refs. [61,62] for S> and
S! x §2. The vortex loops are defined as some defect operators specified by line singularities similar
to 't Hooft loops. This means that the boundary conditions for the component fields in 3d theories
are modified near the vortex loops. Since the appropriate equivariant index theorem for the manifold
with the boundary is not yet known, it is difficult to directly evaluate the effects of the vortex loops
on the manifold with the boundary, for example S' x D?. Instead of direct computation, we apply
the method studied in Ref. [61] to our model. That is, the vortex loop is obtained by acting an

S-transformation on the flavor Wilson loop:
i) =s-'wils,  SeSLQ,Z). (129)

Here, the S-transformation is defined by adding an FI term for the /th flavor background gauge field
and by gauging this background field,

(S Tst )@t 0) = / dM, Tt po 250 (130)
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The transformation S~! is also given as the inverse transformation of S, and the vortex loop acts on
the 3d index as

S WS) - Tgi, pe(g.2)) = / diy e~ 27 M8 27108 / dM; T o 7 6M

= g1, 2 (4%, 2199). (131)

Thus, we obtain the expectation value of the vortex loop for the /th flavor gauge field by shifting
the /th flavor fugacity (VF(I)) = T, p2(q?,21g9). As a result, the flavor vortex loops are regarded as
g-shift operators. The successive actions of Wilson vortex loops on the 3d index do not commute,
but they satisfy the commutation relations

) k — k) -1
I wy = o P vy, (132)

7. Summary and discussion

We have evaluated the partition functions of the N/ = 2 supersymmetric Chern—Simons matter
theories on S' x D? in terms of localization techniques. In the particular choice of the fugacity
B2 = B, we find that the conditions to cancel anomalous terms are reduced to the decomposition rule
for effective mixed Chern—Simons levels in the holomorphic blocks for Abelian gauge theories. In
these cases, our 3d-2d indices reproduce the holomorphic blocks. On the other hand, in non-Abelian
gauge theories, there might be a mismatch in the sector of the vector multiplet and effective Chern—
Simons levels. One possibility for mismatch comes from the difference in the metrics of S' x D? and
the Melvin cigar. Both spaces have the same topology as the solid torus, but have different metrics.
It is desirable to study this point further to reveal the origin of this discrepancy. We postpone this
problem to future work.

We have also studied the connection between our indices on S' x D? and several topics: the K-
theoretic J-function for the CPY model, vortex partition functions and surface operators, the 3d
analogue of matrix factorization, the gauge/Bethe correspondence, and loop operators.

We have constructed boundary interactions which can be regarded as a 3d analogue of matrix
factorization. Although the boundary interactions in three dimensions (the N = (0, 2) superpotential
term in EQ. (33)) have quite different expressions from 2d ones (roughly speaking, Wilson loops
for superconnections), after the localization computation is performed, the partition functions can
reproduce the 2d partition functions on the hemisphere by dimensional reduction.

We have not studied the boundary interaction described by the G/G chiral gauged WZW model
in detail. It would be interesting to study the 3d-2d index with this boundary interaction.

In Ref. [19], the 2d-4d correspondence was proposed. The 2d side describes the N' = (0, 2)
flavored elliptic genus [63,64] and the 4d side is related to the Vafa—Witten partition functions [65]
on four-manifolds. In this paper we have realized ' = (0, 2) theories as the boundary interactions
of 3d V' = 2 supersymmetric theories. The 3d-2d coupled index is expected to be related to some
Vafa—Witten partition function with degrees of freedom on the 3d boundary, which is realized as the
asymptotic boundary of the four-manifold. It will be interesting to explore the connection between
the 3d-2d indices and the partition functions of the 3d—4d coupled systems.
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Appendix A. Conventions of 3d A/ = 2 theory on S' x D?

We use gamma matrices y; in the local Lorentz frame:

0 1 0 —i 10
yi=<1 o)’ Vﬁ:(f ol>’ J/3=<0 —1)' @D

In curved spaces, one can define y;, = ez y; by using a dreibein e:’;. The charge conjugation matrix
is expressed by

, 0 -1
Cop = —iy; = (1 0 ) , (A.2)

which satisfies Cy*C~! = —(y")T. With this C, the spinor product is defined by
€V 1= €YYy = € Cop? = €TCY. (A.3)
The supersymmetric transformation of the N = 2 vector multiplet is given by
i _
84, = E(eyuk — AYueE),
8 ! (EX — Xé)
0 = —(Ex — Xe),
2
1o - 2i 4
Sh = —Ey Fyve —De +iy"Dyoe + ?UV Dye, (A4)

i 1 2i
0k = —Sy"'Fyé + DE — iy"Dyoé — oy DyE,

i

iy sy
5D=—§€y DMA—EDMAy e+2

[Eh, o] + %[Xe,a] — é(Dﬂéy“A +2y"Dye).
For the N = 2 chiral multiplet, the supersymmetric transformation is expressed as
S =€y,
8¢ = ey,
. . 2iA _
8¢y =iy"eD ¢ +icop + Ty“DMeqb + €F,
- == 2IA - _ =
8y =iy eD ¢ + ipoe + Tqﬁy“Dﬂe + Fe, (A.5)
SF = e(iy "Dy — ioy — ing) + %(m — DDuey™y,

OF = &iy" Dyl — 1o +ig7) + 528 — DD, ey .
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Here, the covariant derivative is defined by D), = V), + id, T, with the vector boson 4, = 4}, T
in the representation R.

Appendix B. 2d A/ = (0,2) supersymmetry on the boundary torus

The generators of the supersymmetric transformations are defined by the restriction of the 3d Killing
spinors €’ and €’ on the boundary torus:

(D5 + iD3)e’ = ;e/, (D5 — iD3)e’ =0,
(D5 + iD3)é = _Tié/, (D5 — iD3)& = 0. (B.1)
The set of commutators of the supersymmetric transformations of the vector multiplet is given by
[81,821(A45 — id3) = a(—20)F33,
[61,02]A1 =« |:—2(D§ +iD3)A1 + %M},
[61,82]01 =« |:_2(Dj +iD3)A1 — %)—»1}
(81,0210 = e [2(D5 + iD5)D . (B.2)

Here, we defined o = &€’y — €[€’2. Next, the set of commutators of the supersymmetric
transformations of the chiral multiplet is expressed as

iA
[61,82]¢p = « [Z(DQ +iD3)¢ + 2705}
2i
[61,81¥" =« [—2(D§ +iDy)y’ — (A= 1)1#'],
- - iA -
[61,82]¢ = & [2(DQ +iD3)¢ — 274,
- -, 20 -
[61,81Y =« [—2(D§ +iDy) Y’ + 7(A - 1)1,0/]- (B.3)
The set of commutators of the supersymmetric transformations of the Fermi multiplet is given by
- hi
(61,8210 = @ | 2(Ds + iD3)W + (A — 1)\1:],
r

2i -
[61,02]G = & [ 2(D5 +iD3)G + —l(A -2)G
r

[81,82]W = o | 2(D5 + iD)V + ?(1 — AU ]

_ [~ - 2i ~ =
[61,81G = a | 2(D5 + DG + — 2 — A)G
r

(B.4)
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Appendix C. Definitions of functions
The dilogarithm function is defined by

o xn
Lio() =),
n=1
and an integral representation of this dilogarithm function is given by

Lip(x) = —/xdt log =1
0 t

Next, the g-Pochhammer symbol is defined by

n—1

(@@ =[] —ag),

i=0

and the g-theta function is defined, for |¢| < 1, as

o0
0piq) =[]0 -y (1 =y'g"h,  yeC* gl <l

n=0
The quantum dilogarithm function is defined by

o n

. X
LIZ(X;q):Zn(l——q")’ Ix], gl < 1.

n=1

The g-Pochhammer symbol is expressed by the quantum dilogarithm as

(x; @)oo = exp(—=Liz(x; 9)),

and the semiclassical limit is given by

1
Liz (x; €2y ~ —ﬁiLiz(x), h— 0.

Appendix D. Derivation of one-loop determinants
D.1. Three-dimensional vector multiplet

(C.1)

(C.2)

(C.3)

(C.4)

(C.5)

(C.6)

(C.7)

In this subsection we evaluate one-loop determinants of super Yang—Mills theory, Eq. (10). The

evaluation of the one-loop determinant on S! x D? can be performed in the similar manner to

Refs. [16,17]. Because we treat bosonic fields on S! x D?, we introduce scalar harmonics Yy and
vector harmonics (Cﬁn),- on S? labeled by sets of (j,m) withj < |m| G = 1,2,3,...). Each field
in the multiplet is expanded by these harmonics and generators £, associated with roots « in the

Cartan Weyl basis (Cartan parts for the fluctuations are omitted):
/
o= 3" 0"Yimky + (hc),
j m a>0

oo J

A=Y Y Y S AN iEa+ (o) (=12,

A=1j=1 m=—j a>0
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00 J
A3 =37 3" AL YimEy + (b)) (D.3)
a>0j=1 m=—j
Jj—m=even

Here, the symbol “(h.c.)” denotes the Hermitian conjugate, and the sum Y’ runs over the following
modes under the boundary condition in Eq. (11):

Yim :j —m = even (Neumann), (D.4)
Yim :j —m = odd (Dirichlet), (D.5)
lem :j —m = even, Cjzm :j —m = odd. (D.6)

Next, we turn to the ghost fields (c, ¢). The theory has gauge symmetry and we need to introduce
ghost terms for fixing the symmetry:

. |
Lghost+et. = —¢V'Dic + E(V’A,-)z. (D.7)

We take the Neumann boundary condition for the ghost fields (c,c) and expand them by the
harmonics:

=YY" & Vinku. (D.3)
J

m  a#0

One can express the ghost part Lgpost and the bosonic part Lyec 1, of super Yang—Mills at the quadratic

order as
1 / _ _
[ oo = 575 30 57 T - <17+ D&
o jm
1 /
/D Luer =55 300 THE WEg) Vil MV, (D)
a>0 j,m
with
V= (AL A A o )T,
£ j(i+1) — DDy 0 ViG+1) - rDs 0
M= 0 JjG+1) —r*D’D; 0 —viG+1
—/iG+ 1) -rDs 0 JG+1D 0
0 —JjG+ 1 0 JjG+ 1 +1—rDD;

(D.10)

Then, one-loop determinants of the bosonic and the ghost parts respectively become products of
the modes (j, m):

Zeer=[] [l UG+DI

a#0 j—m=even

x [T T 16+1+mD3)G—rDs)G +1—rD3)G +rD3) "2, (D.11)

a#0 j—m=odd
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Zgos = [[ ] UG+DI (D.12)
a#0j—m=even
Here, Zgnost is cancelled by the first line on the right-hand side of Eq. (D.11).
Next, we shall evaluate eigenvalues of the operator D3. Let O, ,, be an operator (field) with an
R-charge R and a flavor charge F;, which satisfies

2mwin
atOn,m = Won,ma J3On,m = mOn,m- (D‘13)

Then D3 acts on O, , as
BrD3Opm = [2rwin +ifrp(a) — (R+m)B1 +mPa + FiMi] Op . (D.14)

For example, the R-charge for the gauge field is 0 and that for the fermion A (resp. A) is —1 (resp.
+1). Then, the one-loop determinant of the bosonic part is given by

oo j—l1

TTTIIT [ @rin+ipra@ +G—m+ DB+ G+m+1)p)™"

a#0neZ j=1 m=—j+1
j—m=odd

x 2rin + ifra(a) + G +m)pi + G —m)B) "

We make a remark here. We have fixed the gauge symmetry with Vid; = 0, but there is a residual
gauge symmetry 64; = D« with parameter « (7). In order to fix this symmetry, we impose a
condition d;w = 0 with w := m f 2 A7 and introduce a set of a ghost and an anti-ghost. When
we integrate these ghost fields, they induce a contribution det D; to the partition function. It is
evaluated up to an overall constant:

N o L Bra)
detD; = 1_[ 1_[ (27‘[15 —I—we()»)) ~ 1_[ 202 sin T (D.15)
n#0 o a>0
where A; (i = 1,2,...,N) is the set of eigenvalues of the matrix w and « is the root. The

measure of the matrix integral is expressed by do = [[;dA; [[,-0@(M)? and dw - detD, =
- 2
[1;dxi [1,- sin’ %
Next, we shall consider the contribution of the fermions to the one-loop determinant. We consider
the fermionic part of the Yang—Mills Lagrangian and evaluate the fluctuations around the saddle
point at the quadratic order. We expand the gaugino in terms of the spinor harmonics Xﬁm(ﬁ, ©):

=Y 333 sy B, (D.16)

a£0s=% j m

Here, the sum Y’ runs over the following modes under the boundary condition in Eq. (11):

. 1
ry3y'Dixy, = £ <J + 5) X
ij;l :j —m = even, Xjm 2] —m = odd. (D.17)

By using this spinor harmonics, we can write down the fermion part of the Yang—Mills Lagrangian,
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S

VCC

—mtiTa,— . —a,+
/&zz— > g

m:;j—m=even

LY U G b | TEE )
m:j—m:odd

and calculate the one-loop determinant as

[l [l DetG+rDs) [] DetG—rDs+1). (D.18)

j_l mij—m=even mij—m=odd
First, we can evaluate the factor Det(j — D3 + 1) withj =" + %, m=m + %:

Det(B(j + 1) — BrD3)
j =1

_HHH 1_[ Qrin+ifra(a) + G +m + D1+ G + 1 —m)B).

n€Za#0j'=0 py/=—j'—1
Jj'—m’=o0dd

Similarly, the other factor Det(j + rD3) is evaluated with j = ;' — %, m=m + %:

j =1
Det(8j + rD3) = [ | [ H [ @rin+iprat@ + G —m)pi+ (' +m)pa).

neZa#0j'=1 p/= —/'+1
j'—m’'=o0dd

Then, the one-loop determinant of the vector multiplet results in the product formula

g3dvee _ 1_[ ei(lﬂgg;a)) 2 —iﬁm(a);q2). (D.19)

1 -loop —
a#0

Here, we adopted the zeta function regularization used in Ref. [23]. In the evaluation of the one-loop
determinant in the following subsections we use the common regularization scheme. As expected,
the one-loop determinant of the vector multiplet does not depend on the fugacity ;.

D.2. Three-dimensional chiral multiplet

D.2.1. Neumann boundary condition

We first evaluate the one-loop bosonic determinant for the chiral multiplet. When the Neumann
boundary condition in Eq. (19) is imposed, ¢ can be expanded as follows:

00 J
6=2.0 > $ulim@.0)Ep. (D.20)
p j=0 m=—j
J—m=even

Here, p runs over the weight of the representation R of the Lie algebra Lie(G). At the quadratic
order of fluctuations, the action of the chiral multiplet is expanded in terms of the scalar harmonics:

(2)
Chl

22 fslz Z Z‘f’fpm(/+A+VD3)(/+1— — rD3) ¢, (D.21)

m=—j
Jj—m=even

bos
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Under the twisted boundary condition of Eq. (49), the factor (f + A + »D3) in Eq. (D.21) contributes
to the one-loop determinant of the bosonic fields as

j
[T T[] Det+2)8+prDs)""

00
j=0 m=—j
j ven

00 J
[T T1 []erin+iBre@ +G—mpi+G+a+mps+FMy~". (D.22)

nezj=0 m=—j |

Jj—m=even

Similarly, the other factor (j + 1 — A — rD3) contributes to the one-loop determinant of the bosonic
fields as

oo ]
[T [1W+1-88-prD3)!

j:()n —J
J—m=ev

en

1‘[1‘[ 1‘[( 2tin — iBrp(@ + G+ m+ D1+ G+ 1 — A —mpy — M)~ (D.23)

neZ j=0 m=—j
—m=even

Next, we evaluate the one-loop determinant of the fermions. We expand v by the spinor harmonics

N
Xjm a8

Mg

J
Z Vi (D% 9)Ep. (D.24)

=3
P s::l:] —j

¥
I\)\'—‘

Here, the sum Y’ runs over the following modes under the boundary condition in Eq. (19):
ij;l :j —m = odd, Xjm :J —m = even. (D.25)

Then, the action of the chiral multiplet in Eq. (18) can be expanded at the quadratic order as

fS]ZZ . UG =Dy 1= Myl (=)

Jj myj—m=even

/SIZZ > LG rDs A A YL (=), (D.26)

o j my—m=odd

(2)
ch1

fer

The factor (j — D3 + 1 — A) contributes to the one-loop determinant of the chiral multiplet with
Jj=J+5m=m+3

[ [Det (G — A+ 1B — BrD3)

J=3
00 J
=[TIT IT Tl2rin—ipro@+G +m'+Dpi+ G +1—A—m)py—FiMy).
l

(D.27)
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The other factor (j + »D3 + A) contributes to the one-loop determinant of the chiral multiplet with
j:j/_lam:ml—i_%

[ [ Det (G + A)B + BrDs3)
J=3

HH H [ [@rin+irp@ + (' —m)B1 + (' + A +m)a+ FiMp).  (D.28)
€Lj =

m :—j 1
j'—m'=0dd

Then, the one-loop determinant of the chiral multiplet with the Neumann boundary condition is given
by

o
N =TTT 1T 1] J@rin+iBre@ + @j + &) + FiMp~!
p neZj=0 1
— l_[ Heg(iﬂrp(a)-i—Aﬁz-i-F;M/) (e—iﬁrp(a)—FlMlqA; q2)—1. (D.29)
o

The one-loop determinant of the chiral multiplet also does not depend on the parameter ;.

D.2.2. Dirichlet boundary condition
Next, we evaluate the bosonic one-loop determinant for the chiral multiplet with the Dirichlet
boundary condition of Eq. (20). At the quadratic order, the bosonic part of the action is expanded as

(2)
ch1

T 27 /S1 Z Z Z¢me0+A+rD3)(/+1— —rD3) ¢, (D.30)

m=-j
j m=odd

bos

The factor (j + A + rD3) in Eq. (D.30) contributes to the one-loop determinant of the bosonic fields
as

oo Jj—1
[T [T Det(+a)8+prDs)~"
j=1

m=—j+1
Jj—m=odd

oo Jj—1

=TIIT T1 Tlerin+ipre@ + G —mpi+ G+ A+mpy + Fidp ™

neZj=1 m=—j+1 |
Jj—m=odd

The other factor (j + 1 — A — rD3) contributes to the one-loop determinant of the bosonic fields as

I H [T]W+1-28)p8—prDs)~

j=1 m=—j+1 |
Jj—m=odd

oo Jj—1

=[1IT I 2rin—ipro@ +G+m+Dpr+G+1—A—mpy—Firp~".

nez j=1 m=—j+1
Jj—m=odd
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Next, we evaluate the one-loop determinant of the fermions. In this case, the sum }_" in Eq. (D.24)
runs over the following modes under the boundary condition in Eq. (20):

X;,;l :j —m = even, Xjm 2] —m = odd. (D.31)

The action of the chiral multiplet in Eq. (18) can be expanded at the quadratic order:

fsl ZZ Yo G =Dy L= Ayl (—1ym

J  my—m=odd

fZZ > LG Dy A YL (=)
S

P j mj—m=even

(2)
ch1

fer

Then, the factor (j — D3 + 1 — A) contributes to the one-loop determinant of the chiral multiplet
as

[ [Det (G — A+ 1B — BrD3)

j:2

oo Jj -1
= 1_[ ]_[ l_[ [[(-27in—iBrp@ + (' +m' + D1 + (' + 1 = A —m) By — FiM)),
€Zj'=0

G/—1 1
=odd

where we defined ;' = j — %, m =m— % The other factor (j + »D3 + A) contributes to the one-loop
determinant of the chiral multiplet as

[ [ Det (G + A)B + BrD3)
J=3

]‘[ ]‘[ ]‘[ 1_[(2711'}1 +iBrp(a) + (G —m)B1 + (G + A +m') By + FiM)).
€Zj'=1

:/+1 l
j/—m’'=odd

Here, we defined j/ = j + %, m =m— % Thus, the one-loop determinant of the chiral multiplet
with the Dirichlet boundary condition is given by

Z9m P =TT11 ]_[ [[(-27in—irp(@) + 2j +2 — &) — FiM))

p neZj=0 1
— l_[ 1_[ 6—5(—iﬁrp(a)+(2—A)/32—FlMl)(eiﬂrp(a)—Fle

o1

2P o (D.32)

D.3. Two-dimensional N = (0,2) chiral multiplet

We have boundary theories with the N' = (0, 2) supersymmetry. The Lagrangian for the N = (0, 2)
chiral multiplet is given by

_ 1 -
LN=0D — §(Ds — iD3)(Ds + iDy)$ + SV (D3 — D3y’
N B ) ) )
+ 17¢(DQ — D) + gy + A + B(Fss — D). (D.33)
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The one-loop determinant of the bosonic part is given by
: iA .
Det| D5 +iD5 + P (D5 —iDy)

=TIT1T]]]@rin+iBret@ + @m+ &)y + FiMy)

p | meZner

x ]_[ ]_[ ]_[ H(Znin +iBrp(a) — (A +2m)B1 + FiM)). (D.34)

p | meZner

The one-loop determinant of the fermionic part is given by

Det(D; — iD3) = ]‘[ ]‘[ l_[(2m'n +iBp(a) — (A +2m) B + FIM)). (D.35)
P m'eZ nel

Then, the one-loop determinant of the chiral multiplet can be written by

. . . —1
2123(:)01’11; — ]_[l_[e2€(1ﬂrp(a)+Aﬂ2+F1Ml)0(e—zﬁrp(a)—FlMlqA;qZ) . (D36)
P

D.4. Two-dimensional N' = (0,2) Fermi multiplet

Next, we evaluate the one-loop determinant of the Fermi multiplet on the torus 72:

Fermi

LN=0D - _§(Ds +iDy)W + 2GG + 2EE — g ¥ — Uy + (1 — A) D,
r

At the quadratic order, the one-loop contribution comes from the determinant of the fermion:

Z34Femi = Det[ ~(D3 + 1Dy + (1 - &)
=TI ]1 [T@rin+ @' +2)p +iBrp(@) + FaMa)

a p meZneZ

— 1—[ 1—[ e~ Bro@+AB+FaMa) g (p=iBrp(@)—FaMag . o2y (D.37)
a p

References

[1] V. Pestun, Commun. Math. Phys. 313, 71 (2012) [arXiv:0712.2824 [hep-th]] [Search INSPIRE].
[2] A. Kapustin, B. Willett, and I. Yaakov, J. High Energy Phys. 1003, 089 (2010) [arXiv:0909.4559
[hep-th]] [Search INSPIRE].
[3] D. L. Jafferis, J. High Energy Phys. 1205, 159 (2012) [arXiv:1012.3210 [hep-th]] [Search INSPIRE].
[4] N. Hama, K. Hosomichi, and S. Lee, J. High Energy Phys. 1103, 127 (2011) [arXiv:1012.3512
[hep-th]] [Search INSPIRE].
[5] N.Hama, K. Hosomichi, and S. Lee, J. High Energy Phys. 1105, 014 (2011) [arXiv:1102.4716
[hep-th]] [Search INSPIRE].
[6] S.Kim, Nucl. Phys. B 821, 241 (2009); 864, 884 (2012) [erratum] [arXiv:0903.4172 [hep-th]] [Search
INSPIRE].
[7]1 Y. Imamura and S. Yokoyama, J. High Energy Phys. 1104, 007 (2011) [arXiv:1101.0557 [hep-th]]
[Search INSPIRE].
[8] C.Beem, T. Dimofte, and S. Pasquetti, J. High Energy Phys. 1412, 177 (2014) [arXiv:1211.1986
[hep-th]] [Search INSPIRE].
[9] E. Witten, Commun. Math. Phys. 121, 351 (1989).
[10] S. Cecotti and C. Vafa, Nucl. Phys. B 367, 359 (1991).
[11] N. Sakai and Y. Tanii, Prog. Theor. Phys. 83, 968 (1990).

39/41


http://dx.doi.org/10.1007/s00220-012-1485-0
http://www.arxiv.org/abs/0712.2824
http://www.inspirehep.net/search?p=find+EPRINT+0712.2824
http://www.inspirehep.net/search?p=find+EPRINT+0712.2824
http://dx.doi.org/10.1007/JHEP03(2010)089
http://www.arxiv.org/abs/0909.4559
http://www.inspirehep.net/search?p=find+EPRINT+0909.4559
http://www.inspirehep.net/search?p=find+EPRINT+0909.4559
http://dx.doi.org/10.1007/JHEP05(2012)159
http://www.arxiv.org/abs/1012.3210
http://www.inspirehep.net/search?p=find+EPRINT+1012.3210
http://www.inspirehep.net/search?p=find+EPRINT+1012.3210
http://dx.doi.org/10.1007/JHEP03(2011)127
http://www.arxiv.org/abs/1012.3512
http://www.inspirehep.net/search?p=find+EPRINT+1012.3512
http://www.inspirehep.net/search?p=find+EPRINT+1012.3512
http://dx.doi.org/10.1007/JHEP05(2011)014
http://www.arxiv.org/abs/1102.4716
http://www.inspirehep.net/search?p=find+EPRINT+1102.4716
http://www.inspirehep.net/search?p=find+EPRINT+1102.4716
http://dx.doi.org/10.1016/j.nuclphysb.2009.06.025
https://doi.org/10.1016/j.nuclphysb.2012.07.015
http://www.arxiv.org/abs/0903.4172
http://www.inspirehep.net/search?p=find+EPRINT+0903.4172
http://www.inspirehep.net/search?p=find+EPRINT+0903.4172
http://dx.doi.org/10.1007/JHEP04(2011)007
http://www.arxiv.org/abs/1101.0557
http://www.inspirehep.net/search?p=find+EPRINT+1101.0557
http://www.inspirehep.net/search?p=find+EPRINT+1101.0557
http://dx.doi.org/10.1007/JHEP12(2014)177
http://www.arxiv.org/abs/1211.1986
http://www.inspirehep.net/search?p=find+EPRINT+1211.1986
http://www.inspirehep.net/search?p=find+EPRINT+1211.1986
http://dx.doi.org/10.1007/BF01217730
http://dx.doi.org/10.1016/0550-3213(91)90021-O
http://dx.doi.org/10.1143/PTP.83.968

PTEP 2020, 113B02 Y. Yoshida and K. Sugiyama

[12]
[13]
[14]

[15]
[16]

D. S. Berman and D. C. Thompson, Nucl. Phys. B 820, 503 (2009) [arXiv:0904.0241 [hep-th]] [Search
INSPIRE].

M. Faizal and D. J. Smith, Phys. Rev. D 85, 105007 (2012) [arXiv:1112.6070 [hep-th]] [Search
INSPIRE].

A. Kapustin and Y. Li, J. High Energy Phys. 0412, 005 (2004) [arXiv:hep-th/0210296] [Search
INSPIRE].

M. Herbst, K. Hori, and D. Page, arXiv:0803.2045 [hep-th] [Search INSPIRE].

D. Honda and T. Okuda, J. High Energy Phys. 1509, 140 (2015) [arXiv:1308.2217 [hep-th]] [Search
INSPIRE].

K. Hori and M. Romo, arXiv:1308.2438 [hep-th] [Search INSPIRE].

S. Sugishita and S. Terashima, J. High Energy Phys. 1311, 021 (2013) [arXiv:1308.1973 [hep-th]]
[Search INSPIRE].

A. Gadde, S. Gukov, and P. Putrov, Prog. Math. 319, 155 (2016) [arXiv:1306.4320 [hep-th]] [Search
INSPIRE].

P. Berglund, C. V. Johnson, S. Kachru, and P. Zaugg, Nucl. Phys. B 460, 252 (1996)
[arXiv:hep-th/9509170] [Search INSPIRE].

J. Schwinger, Phys. Rev. 128, 2425 (1962).

S. Elitzur, G. Moore, A. Schwimmer, and N. Seiberg, Nucl. Phys. B 326, 108 (1989).

A. Tanaka, H. Mori, and T. Morita, Phys. Rev. D 91, 105023 (2015) [arXiv:1408.3371 [hep-th]]
[Search INSPIRE].

J. Gomis and S. Lee, J. High Energy Phys. 1304, 019 (2013) [arXiv:1210.6022 [hep-th]] [Search
INSPIRE].

H. Kim, S. Lee, and P. Yi, J. High Energy Phys. 1402, 103 (2014) [arXiv:1310.4505 [hep-th]] [Search
INSPIRE].

B. Assel, D. Cassani, and D. Martelli, J. High Energy Phys. 1408, 123 (2014) [arXiv:1405.5144
[hep-th]] [Search INSPIRE].

H.-C. Kao, K. Lee, and T. Lee, Phys. Lett. B 373, 94 (1996) [arXiv:hep-th/9506170] [Search INSPIRE].
C. Closset, T. T. Dumitrescu, G. Festuccia, and Z. Komargodski, J. High Energy Phys.

1305, 017 (2013) [arXiv:1212.3388 [hep-th]] [Search INSPIRE].

O. Aharony, A. Hanany, K. A. Intriligator, N. Seiberg, and M. J. Strassler, Nucl. Phys. B 499, 67 (1997)
[arXiv:hep-th/9703110] [Search INSPIRE].

T. Okazaki and S. Yamaguchi, Phys. Rev. D 87, 125005 (2013) [arXiv:1302.6593 [hep-th]] [Search
INSPIRE].

H. Ooguri, Y. Oz, and Z. Yin, Nucl. Phys. B 477, 407 (1996) [arXiv:hep-th/9606112] [Search INSPIRE].
K. Hori and C. Vafa, arXiv:hep-th/0002222 [Search INSPIRE].

K. Hori, A. Igbal, and C. Vafa, arXiv:hep-th/0005247 [Search INSPIRE].

M. Aganagic, N. Haouzi, C. Kozcaz, and S. Shakirov, arXiv:1309.1687 [hep-th] [Search INSPIRE].

A. Givental and Y.-P. Lee, Invent. Math. 151, 193 (2003) [arXiv:math/0108105 [math.AGT]].

A. Gerasimov, D. Lebedev, and S. Oblezin, arXiv:0803.0145 [math.RT].

A. Gerasimov, D. Lebedev, and S. Oblezin, Commum. Math. Phys. 294, 97 (2010) [arXiv:0803.0970
[math.RTT]].

A. Gerasimov, D. Lebedev, and S. Oblezin, Lett. Math. Phys. 96, 285 (2011).

K. Ohta and Y. Yoshida, Phys. Rev. D 86, 105018 (2012) [arXiv:1205.0046 [hep-th]] [Search INSPIRE].
S. Shadchin, J. High Energy Phys. 0708, 052 (2007) [arXiv:hep-th/0611278] [Search INSPIRE].

T. Dimofte, S. Gukov, and L. Hollands, Lett. Math. Phys. 98, 225 (2011) [arXiv:1006.0977 [hep-th]]
[Search INSPIRE].

Y. Yoshida, arXiv:1101.0872 [hep-th] [Search INSPIRE].

N. A. Nekrasov, Adv. Theor. Math. Phys. 7, 831 (2003) [arXiv:hep-th/0206161] [Search INSPIRE].

S. Pasquetti, J. High Energy Phys. 1204, 120 (2012) [arXiv:1111.6905 [hep-th]] [Search INSPIRE].

C. Hwang, H.-C. Kim, and J. Park, J. High Energy Phys. 1408, 018 (2014) [arXiv:1211.6023 [hep-th]]
[Search INSPIRE].

M. Taki, arXiv:1303.5915 [hep-th] [Search INSPIRE].

M. Fujitsuka, M. Honda, and Y. Yoshida, Prog. Theor. Exp. Phys. 2014, 123B02 (2014)
[arXiv:1312.3627 [hep-th]] [Search INSPIRE].

F. Benini and W. Peelaers, J. High Energy Phys. 1405, 030 (2014) [arXiv:1312.6078 [hep-th]] [Search
INSPIRE].

40/41


http://dx.doi.org/10.1016/j.nuclphysb.2009.06.004
http://www.arxiv.org/abs/0904.0241
http://www.inspirehep.net/search?p=find+EPRINT+0904.0241
http://www.inspirehep.net/search?p=find+EPRINT+0904.0241
http://dx.doi.org/10.1103/PhysRevD.85.105007
http://www.arxiv.org/abs/1112.6070
http://www.inspirehep.net/search?p=find+EPRINT+1112.6070
http://www.inspirehep.net/search?p=find+EPRINT+1112.6070
http://dx.doi.org/10.1088/1126-6708/2003/12/005
http://www.arxiv.org/abs/hep-th/0210296
http://www.inspirehep.net/search?p=find+EPRINT+hep-th/0210296
http://www.inspirehep.net/search?p=find+EPRINT+hep-th/0210296
http://www.arxiv.org/abs/0803.2045
http://www.inspirehep.net/search?p=find+EPRINT+0803.2045
http://www.inspirehep.net/search?p=find+EPRINT+0803.2045
https://doi.org/10.1007/JHEP09(2015)140
http://www.arxiv.org/abs/1308.2217
http://www.inspirehep.net/search?p=find+EPRINT+1308.2217
http://www.inspirehep.net/search?p=find+EPRINT+1308.2217
http://www.arxiv.org/abs/1308.2438
http://www.inspirehep.net/search?p=find+EPRINT+1308.2438
http://www.inspirehep.net/search?p=find+EPRINT+1308.2438
http://dx.doi.org/10.1007/JHEP11(2013)021
http://www.arxiv.org/abs/1308.1973
http://www.inspirehep.net/search?p=find+EPRINT+1308.1973
http://www.inspirehep.net/search?p=find+EPRINT+1308.1973
https://doi.org/10.1007/978-3-319-43648-7_7
http://www.arxiv.org/abs/1306.4320
http://www.inspirehep.net/search?p=find+EPRINT+1306.4320
http://www.inspirehep.net/search?p=find+EPRINT+1306.4320
http://dx.doi.org/10.1016/0550-3213(95)00641-9
http://www.arxiv.org/abs/hep-th/9509170
http://www.inspirehep.net/search?p=find+EPRINT+hep-th/9509170
http://www.inspirehep.net/search?p=find+EPRINT+hep-th/9509170
http://dx.doi.org/10.1103/PhysRev.128.2425
http://dx.doi.org/10.1016/0550-3213(89)90436-7
http://dx.doi.org/10.1103/PhysRevD.91.105023
http://www.arxiv.org/abs/1408.3371
http://www.inspirehep.net/search?p=find+EPRINT+1408.3371
http://www.inspirehep.net/search?p=find+EPRINT+1408.3371
http://dx.doi.org/10.1007/JHEP04(2013)019
http://www.arxiv.org/abs/1210.6022
http://www.inspirehep.net/search?p=find+EPRINT+1210.6022
http://www.inspirehep.net/search?p=find+EPRINT+1210.6022
http://dx.doi.org/10.1007/JHEP02(2014)103
http://www.arxiv.org/abs/1310.4505
http://www.inspirehep.net/search?p=find+EPRINT+1310.4505
http://www.inspirehep.net/search?p=find+EPRINT+1310.4505
http://dx.doi.org/10.1007/JHEP08(2014)123
http://www.arxiv.org/abs/1405.5144
http://www.inspirehep.net/search?p=find+EPRINT+1405.5144
http://www.inspirehep.net/search?p=find+EPRINT+1405.5144
http://dx.doi.org/10.1016/0370-2693(96)00119-0
http://www.arxiv.org/abs/hep-th/9506170
http://www.inspirehep.net/search?p=find+EPRINT+hep-th/9506170
http://www.inspirehep.net/search?p=find+EPRINT+hep-th/9506170
http://dx.doi.org/10.1007/JHEP05(2013)017
http://www.arxiv.org/abs/1212.3388
http://www.inspirehep.net/search?p=find+EPRINT+1212.3388
http://www.inspirehep.net/search?p=find+EPRINT+1212.3388
http://dx.doi.org/10.1016/S0550-3213(97)00323-4
http://www.arxiv.org/abs/hep-th/9703110
http://www.inspirehep.net/search?p=find+EPRINT+hep-th/9703110
http://www.inspirehep.net/search?p=find+EPRINT+hep-th/9703110
http://dx.doi.org/10.1103/PhysRevD.87.125005
http://www.arxiv.org/abs/1302.6593
http://www.inspirehep.net/search?p=find+EPRINT+1302.6593
http://www.inspirehep.net/search?p=find+EPRINT+1302.6593
http://dx.doi.org/10.1016/0550-3213(96)00379-3
http://www.arxiv.org/abs/hep-th/9606112
http://www.inspirehep.net/search?p=find+EPRINT+hep-th/9606112
http://www.inspirehep.net/search?p=find+EPRINT+hep-th/9606112
http://www.arxiv.org/abs/hep-th/0002222
http://www.inspirehep.net/search?p=find+EPRINT+hep-th/0002222
http://www.inspirehep.net/search?p=find+EPRINT+hep-th/0002222
http://www.arxiv.org/abs/hep-th/0005247
http://www.inspirehep.net/search?p=find+EPRINT+hep-th/0005247
http://www.inspirehep.net/search?p=find+EPRINT+hep-th/0005247
http://www.arxiv.org/abs/1309.1687
http://www.inspirehep.net/search?p=find+EPRINT+1309.1687
http://www.inspirehep.net/search?p=find+EPRINT+1309.1687
https://doi.org/10.1007/s00222-002-0250-y
http://www.arxiv.org/abs/math/0108105
http://www.arxiv.org/abs/0803.0145
http://dx.doi.org/10.1007/s00220-009-0917-y
http://www.arxiv.org/abs/0803.0970
http://dx.doi.org/10.1007/s11005-010-0407-3
http://dx.doi.org/10.1103/PhysRevD.86.105018
http://www.arxiv.org/abs/1205.0046
http://www.inspirehep.net/search?p=find+EPRINT+1205.0046
http://www.inspirehep.net/search?p=find+EPRINT+1205.0046
http://dx.doi.org/10.1088/1126-6708/2007/08/052
http://www.arxiv.org/abs/hep-th/0611278
http://www.inspirehep.net/search?p=find+EPRINT+hep-th/0611278
http://www.inspirehep.net/search?p=find+EPRINT+hep-th/0611278
http://dx.doi.org/10.1007/s11005-011-0531-8
http://www.arxiv.org/abs/1006.0977
http://www.inspirehep.net/search?p=find+EPRINT+1006.0977
http://www.inspirehep.net/search?p=find+EPRINT+1006.0977
http://www.arxiv.org/abs/1101.0872
http://www.inspirehep.net/search?p=find+EPRINT+1101.0872
http://www.inspirehep.net/search?p=find+EPRINT+1101.0872
https://dx.doi.org/10.4310/ATMP.2003.v7.n5.a4
http://www.arxiv.org/abs/hep-th/0206161
http://www.inspirehep.net/search?p=find+EPRINT+hep-th/0206161
http://www.inspirehep.net/search?p=find+EPRINT+hep-th/0206161
http://dx.doi.org/10.1007/JHEP04(2012)120
http://www.arxiv.org/abs/1111.6905
http://www.inspirehep.net/search?p=find+EPRINT+1111.6905
http://www.inspirehep.net/search?p=find+EPRINT+1111.6905
https://doi.org/10.1007/JHEP08(2014)018
http://www.arxiv.org/abs/1211.6023
http://www.inspirehep.net/search?p=find+EPRINT+1211.6023
http://www.inspirehep.net/search?p=find+EPRINT+1211.6023
http://www.arxiv.org/abs/1303.5915
http://www.inspirehep.net/search?p=find+EPRINT+1303.5915
http://www.inspirehep.net/search?p=find+EPRINT+1303.5915
http://dx.doi.org/10.1093/ptep/ptu158
http://www.arxiv.org/abs/1312.3627
http://www.inspirehep.net/search?p=find+EPRINT+1312.3627
http://www.inspirehep.net/search?p=find+EPRINT+1312.3627
http://dx.doi.org/10.1007/JHEP05(2014)030
http://www.arxiv.org/abs/1312.6078
http://www.inspirehep.net/search?p=find+EPRINT+1312.6078
http://www.inspirehep.net/search?p=find+EPRINT+1312.6078

PTEP 2020, 113B02 Y. Yoshida and K. Sugiyama

[49]
[50]
[51]

[52]

[63]
[64]

[65]

H. Nakajima and K. Yoshioka, Transform. Groups 10, 489 (2005) [arXiv:math/0505553 [math-ag]]
[Search INSPIRE].

H. Kanno and Y. Tachikawa, J. High Energy Phys. 1106, 119 (2011) [arXiv:1105.0357 [hep-th]]
[Search INSPIRE].

A. Hanany and D. Tong, J. High Energy Phys. 0307, 037 (2003) [arXiv:hep-th/0306150] [Search
INSPIRE].

N. Nekrasov and S. Shatashvili, Prog. Theor. Phys. Suppl. 177, 105 (2009) [arXiv:0901.4748 [hep-th]]
[Search INSPIRE].

H.-Y. Chen, T. J. Hollowood, and P. Zhao, J. High Energy Phys. 1207, 139 (2012) [arXiv:1205.4230
[hep-th]] [Search INSPIRE].

A. Gadde, S. Gukov, and P. Putrov, J. High Energy Phys. 1405, 047 (2014) [arXiv:1302.0015 [hep-th]]
[Search INSPIRE].

F. Nieri, S. Pasquetti, F. Passerini, and A. Torrielli, J. High Energy Phys. 1412, 040 (2014)
[arXiv:1312.1294 [hep-th]] [Search INSPIRE].

N. M. Bogoliubov, R. K. Bullough, and G. D. Pang, Phys. Lett. B 47 11495 (1993).

S. Okuda and Y. Yoshida, J. High Energy Phys. 1211, 146 (2012) [arXiv:1209.3800 [hep-th]] [Search
INSPIRE].

S. Okuda and Y. Yoshida, J. High Energy Phys. 1403, 003 (2014) [arXiv:1308.4608 [hep-th]] [Search
INSPIRE].

N. Drukker, D. Gaiotto, and J. Gomis, J. High Energy Phys. 1106, 025 (2011) [arXiv:1003.1112
[hep-th]] [Search INSPIRE].

D. Gang, E. Koh, and K. Lee, J. High Energy Phys. 1210, 187 (2012) [arXiv:1205.0069 [hep-th]]
[Search INSPIRE].

A. Kapustin, B. Willett, and I. Yaakov, J. High Energy Phys. 1306, 099 (2013) [arXiv:1211.2861
[hep-th]] [Search INSPIRE].

N. Drukker, T. Okuda, and F. Passerini, J. High Energy Phys. 1407, 137 (2014) [arXiv:1211.3409
[hep-th]] [Search INSPIRE].

F. Benini, R. Eager, K. Hori, and Y. Tachikawa, Lett. Math. Phys. 104, 465 (2014) [arXiv:1305.0533
[hep-th]] [Search INSPIRE].

A. Gadde and S. Gukov, J. High Energy Phys. 1403, 080 (2014) [arXiv:1305.0266 [hep-th]] [Search
INSPIRE].

C. Vafa and E. Witten, Nucl. Phys. B 431, 3 (1994) [arXiv:hep-th/9408074] [Search INSPIRE].

41/41


http://dx.doi.org/10.1007/s00031-005-0406-0
http://www.arxiv.org/abs/math/0505553
http://www.inspirehep.net/search?p=find+EPRINT+math/0505553
http://www.inspirehep.net/search?p=find+EPRINT+math/0505553
http://dx.doi.org/10.1007/JHEP06(2011)119
http://www.arxiv.org/abs/1105.0357
http://www.inspirehep.net/search?p=find+EPRINT+1105.0357
http://www.inspirehep.net/search?p=find+EPRINT+1105.0357
http://dx.doi.org/10.1088/1126-6708/2003/07/037
http://www.arxiv.org/abs/hep-th/0306150
http://www.inspirehep.net/search?p=find+EPRINT+hep-th/0306150
http://www.inspirehep.net/search?p=find+EPRINT+hep-th/0306150
http://dx.doi.org/10.1143/PTPS.177.105
http://www.arxiv.org/abs/0901.4748
http://www.inspirehep.net/search?p=find+EPRINT+0901.4748
http://www.inspirehep.net/search?p=find+EPRINT+0901.4748
http://dx.doi.org/10.1007/JHEP07(2012)139
http://www.arxiv.org/abs/1205.4230
http://www.inspirehep.net/search?p=find+EPRINT+1205.4230
http://www.inspirehep.net/search?p=find+EPRINT+1205.4230
http://dx.doi.org/10.1007/JHEP05(2014)047
http://www.arxiv.org/abs/1302.0015
http://www.inspirehep.net/search?p=find+EPRINT+1302.0015
http://www.inspirehep.net/search?p=find+EPRINT+1302.0015
http://dx.doi.org/10.1007/JHEP12(2014)040
http://www.arxiv.org/abs/1312.1294
http://www.inspirehep.net/search?p=find+EPRINT+1312.1294
http://www.inspirehep.net/search?p=find+EPRINT+1312.1294
http://dx.doi.org/10.1103/PhysRevB.47.11495
http://dx.doi.org/10.1007/JHEP11(2012)146
http://www.arxiv.org/abs/1209.3800
http://www.inspirehep.net/search?p=find+EPRINT+1209.3800
http://www.inspirehep.net/search?p=find+EPRINT+1209.3800
http://dx.doi.org/10.1007/JHEP03(2014)003
http://www.arxiv.org/abs/1308.4608
http://www.inspirehep.net/search?p=find+EPRINT+1308.4608
http://www.inspirehep.net/search?p=find+EPRINT+1308.4608
http://dx.doi.org/10.1007/JHEP06(2011)025
http://www.arxiv.org/abs/1003.1112
http://www.inspirehep.net/search?p=find+EPRINT+1003.1112
http://www.inspirehep.net/search?p=find+EPRINT+1003.1112
http://dx.doi.org/10.1007/JHEP10(2012)187
http://www.arxiv.org/abs/1205.0069
http://www.inspirehep.net/search?p=find+EPRINT+1205.0069
http://www.inspirehep.net/search?p=find+EPRINT+1205.0069
http://dx.doi.org/10.1007/JHEP06(2013)099
http://www.arxiv.org/abs/1211.2861
http://www.inspirehep.net/search?p=find+EPRINT+1211.2861
http://www.inspirehep.net/search?p=find+EPRINT+1211.2861
https://doi.org/10.1007/JHEP07(2014)137
http://www.arxiv.org/abs/1211.3409
http://www.inspirehep.net/search?p=find+EPRINT+1211.3409
http://www.inspirehep.net/search?p=find+EPRINT+1211.3409
http://dx.doi.org/10.1007/s11005-013-0673-y
http://www.arxiv.org/abs/1305.0533
http://www.inspirehep.net/search?p=find+EPRINT+1305.0533
http://www.inspirehep.net/search?p=find+EPRINT+1305.0533
http://dx.doi.org/10.1007/JHEP03(2014)080
http://www.arxiv.org/abs/1305.0266
http://www.inspirehep.net/search?p=find+EPRINT+1305.0266
http://www.inspirehep.net/search?p=find+EPRINT+1305.0266
http://dx.doi.org/10.1016/0550-3213(94)90097-3
http://www.arxiv.org/abs/hep-th/9408074
http://www.inspirehep.net/search?p=find+EPRINT+hep-th/9408074
http://www.inspirehep.net/search?p=find+EPRINT+hep-th/9408074

