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1. Introduction

In Refs. [4-6] A.H. Chamseddine constructed topological actions
for gravity in all dimensions. He found in the odd-dimensional
case the action given by SGntD — k fston, £2D (4) where

ChS
c'(22hnS+1) (A) corresponds to a (2n + 1)-Chern-Simons form. All the

dynamical fields are components of an algebra-valued, one-form
gauge connection A = AAMTA ® dx*, and the (2n + 1)-Lagrangian
form is given by [7]

1
£ (A) = (4 1) / dt (A (tan+24%)"). (1)
0

Under off-shell gauge transformations, E(czhnsﬂ) (A) only changes

by a closed form, and therefore the theory is described as ‘quasi-
invariant’ in the literature. Perhaps the best-known example of this
kind of theories is three-dimensional gravity,

28 (A= e (R + et ) )
because of the famous quantization of the system due to Witten
[8,9]. However, the construction can be performed in every odd
dimension, and to be extended to the case of superalgebras. In
higher odd dimensions, the theory has a very complex dynamics,
with propagating degrees of freedom (although the proof of renor-
malizability hasn’t been extended to this case). In the last decades,
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these kinds of systems have been thoroughly studied; see for in-
stance Refs. [10-15] and a comprehensive review in Ref. [16].

In the even-dimensional case, a similar construction using as
only field a 1-form gauge connection is not possible. As a matter
of fact it is necessary to use in addition to the gauge field A, at
least a O-form multiplet ¢ in the fundamental representation of
the gauge group. It is because the n-product of the field strength
<F ”) is a group invariant 2n-form, but also it is a topological invari-
ant density which doesn’t provide equations of motion. But when
the scalar field ¢? in the fundamental representation is included,
it is possible to construct a 2n-dimensional action as

g@m) [A, ] =k / €ar....ams ¢01 F®203 ... FAnfonit (3)
Man

where F = dA 4+ AA. This action (even-dimensional topologi-
cal gravity) was obtained by Chamseddine in [4] from an odd-
dimensional Chern-Simons Lagrangian using a dimensional reduc-
tion method. This kind of action principles have attracted some
attention recently. They can provide interesting cosmological dy-
namics, with non-vanishing torsion (see Ref. [17]).

Besides Chamseddine’s dimensional reduction, topological grav-
ity has other deep links with Chern-Simons forms. For instance, in
Ref. [18] it was found that even-dimensional topological gravity ac-
tion arises from odd-dimensional Chern-Simons gravity using non-
linear realizations of the Poincaré group ISO (d — 1, 1). The field ¢
was identified with the coset field associated with the non-linear
realizations of the group.

Further explorations were developed in Ref. [19]. There it was
shown that even-dimensional topological gravity actions, invariant
under the Poincaré group, correspond (up to a multiplicative con-
stant) to a gauged Wess-Zumino-Witten term (see also Ref. [20]).

0370-2693/© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by

SCOAP3.


http://dx.doi.org/10.1016/j.physletb.2015.10.030
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/physletb
http://creativecommons.org/licenses/by/4.0/
mailto:pacatalan@udec.cl
mailto:fizaurie@udec.cl
mailto:pasalgad@udec.cl
mailto:sesalgado@udec.cl
http://dx.doi.org/10.1016/j.physletb.2015.10.030
http://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog/?doi=10.1016/j.physletb.2015.10.030&domain=pdf

206 P. Cataldn et al. / Physics Letters B 751 (2015) 205-208

In the current article, we will analyze the relationship between
Chamseddine’s even-dimensional topological gravity and a partic-
ular case of Chern-Simons structures developed by Antoniadis and
Savvidy in Refs. [1,2].

The plan of the article is as follows. In Section 2, a short re-
view on Chern-Simons-Antoniadis-Savvidy forms is presented. In
Section 3 the relationship between this construction and Chamsed-
dine’s even-dimensional topological gravity is presented. In Sec-
tion 4 some examples of the construction are studied for the case
of AdS, conformal and so(D — 1,1) @ so(D — 1, 2) algebras [21,22].

2. The Chern-Simons-Antoniadis-Savvidy forms

In this section, we briefly review some examples of the
Antoniadis-Savvidy generalization of Chern-Simons polynomials
including algebra-valued, higher-order gauge fields.

In order to clarify ideas, let us consider the gauge invariant
(2n + 3)-form given by

Tonys = (F'H), (4)

where H =dB + [A, B] is the 3-form ‘field-strength’ tensor for the
generalized gauge field 2-form B. By direct computation of the
derivative we can see that I'yp4+3 is a closed form: dI'zp43 = 0.
According to the Poincaré lemma, this implies that I'y,43 can be
locally written as an exterior differential of a certain (2n + 2)-form.
This potential (2n 4 2)-form is given by [2], (see also [23])

2n+2
Tan3 = (F'H) = d€Gers (5)

where the (2n + 2)-form Q(Czh';ré) is given explicitly by

1

caH2 (A, B) = / dt(AF"'H; +---+ F*'AH, + F'B).  (6)

0

From eq. (6), we have for the case n =1

1
ngl)SAS:/dt(AFr‘f'FtB>=(FB). 7)
0

It seems remarkably similar to the original expression for
Chamseddine topological gravity, although in the eq. (7) case B
is a 2-form. This is not an accident; in Section 3 it will be shown
that topological gravity [4] does correspond to a 2n-dimensional
Chern-Simons-Antoniadis-Savvidy (ChSAS) form.

Depending on the dimensionality, it is possible to construct
other invariants, with a richer structure. For instance, in Refs. [3]
and [24] the invariants I'y;46 and I'zp4g are constructed as

Tonts = (F"Hg) +n(F"1H2) = deXed,
and
Tonts = (F"Hg) +3n(F""'HaHe) +n(n—1)(F""2H3) = de2 7

respectively.
3. Topological gravity and ChSAS invariants

In this section we analyze the case of O-forms in the context
of the Antoniadis-Savvidy construction and its relationship with
Chamseddine’s even-dimensional topological gravity.

Following the same procedure from Refs. [2,3,24], it is possible
to construct the invariant (2n + 1)-form density

Tong1 = (F"Hy), (8)

where Hi = D¢ = d¢ + [A, ¢] is a 1-form ‘field-strength’ tensor
for the O-form ‘generalized gauge field’ ¢. Since I'y;41 is a closed
form, dI"yp+1 = 0, from the Poincaré lemma we know that locally
must exist a potential 2n-form

Tont1 = (F"H1) = d€(czf,';),\s- 9)

The 2-form and 1-form ‘curvatures’ satisfy the Bianchi identi-
ties,

DF =0, DH+[¢,F]=0, (10)

and under gauge transformations behave as

S§F =D(§A), 6H1 =D(8¢) + [8A, ¢]. (11)
Using (11) we find

8Ton41 =d(BAF" 'Hy 4 -+ F" 1§ AH| + F"5¢). (12)

Following Ref. [25], we introduce a one-parameter family of po-
tentials and strengths through the parameter t, 0 <t <1, A; =tA,
Fy =tF + (t2 — t)A2, ¢y =tp, Hir =tH1 + (t2 — t)[A, ¢], and from
eq. (12), we find
S(FM'H1) = d(SAFF "Hye + - + FI18AHy + Fl'Sy).  (13)

Since § = (9/0t)St and §A; = §tA, S¢r = 5tep we get
Ton1 = (F"H1) = d€cps,

where the 2n-form @%’QSAS, is a Chern-Simons-Antoniadis-Savvidy
form given by

el (A, ¢) =

ChSAS dt<AF;1_1H1t+"'+F:—1_1AH1t+de’)

o _

= (F"9). (14)

In Refs. [4-6] A.H. Chamseddine found that to construct even-
dimensional topological actions for gravity it is necessary to use,
in addition to the gauge fields, a scalar multiplet ¢¢ in the fun-
damental representation of the gauge group and that for even-
dimensional spaces there is no natural geometric candidate such
as the Chern-Simons form. The gauge group is ISO(2n — 1,1) or
SO(2n, 1) or SO(2n — 1, 2). To form a group invariant 2n-form, the
n-product of the field strength is not enough, but will require in
addition a scalar field ¢? in the fundamental representation.

In Ref. [18] it was shown that the action (3) can be obtained
from the (2n + 1)-dimensional Chern-Simons gravity genuinely
invariant under the Poincaré group with suitable boundary con-
ditions, and in Ref. [19] was found that it correspond (up to a
multiplicative constant) to a gauged Wess-Zumino-Witten term
for the Poincaré group case.

From Eq. (14) we can see that the Chern-Simons-Antoniadis-
Savvidy form Q:E:ZhHS)AS permit to construct even-dimensional topo-
logical actions for gravity for the ISO2n — 1,1) or SO(2n,1) or
SO(2n — 1, 2) gauge groups as well as another gauge groups such
as the SO(D —1,1)®S0(D — 1, 2) group from Ref. [21]. For exam-
ple, when the gauge group is the AdS group, the form Q:(Czhns)AS does
corresponds to

(Fnd)) — 8a102"'a2n+1 Fhaz .. FGZn—1a2n¢02n+l , (15)

which coincides with Chamseddine’s Lagrangian for even-dimen-
sional topological gravity from Ref. [4].

4. Topological gravity as four-dimensional
Chern-Simons-Antoniadis-Savvidy form

In this Section we construct explicitly the four-dimensional ac-
tions for topological gravity for the AdS group, conformal group
and SO(D —1,1) ® SO (D — 1, 2) group.
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4.1. Topological gravity for AdS algebra

The conmutation relations of the five-dimensional AdS algebra

[Jabs Jed] = Nvc Jad + Mad Joe — Nac Jbd — Mbd Jac,
[Jab: Pc] = NbcPa — Nac P,
[Pa, Pp] = Jab,
where
Nap = diag (—, +, +, +, +) .

The connection A and the scalar field ¢ valued in the SO (4, 2)
algebra are given by

1 1
_ 4A w_ _1a - ab
A= A} Tadx _e—l—a)—ze Pa+2w Jab,

1 1
p=¢"Ta=p+p= ;9" Pat Eﬁabfab-

From eq. (14), we have that eW_  for the AdS algebra is given

ChsAS
by
4
Schsas = /(F2¢)=/8abcde1‘"abFCd¢e, (16)

M4 M4
which coincides with the four-dimensional action for the four-

dimensional topological gravity found by Chamseddine in Ref. [4].
Since in this case the curvature can be write as

1 1 1
F=dA+A>=T+R=-TPa+ - [ R® + —e%" ) Jup.

£ 2 £2
we have that the Chern-Simons-Antoniadis-Savvidy form is given
by €tsas = (T +R) (T +R) (¢ + B)), so that the corresponding
Chern-Simons-Antoniadis-Savvidy action can be written explicitly
as

4 K 2 1
SEJSAS = /8abcde (R“bRCd + 7 RbeCed 7 eaebeced> ¢,
(17)

where, for simplicity we have considered the case T? = 0. This re-
sult is valid for a four-dimensional manifold which correspond to
the boundary of the five-dimensional manifold where the invariant
I's is defined.

The fields e® and w®, with a,b=0,1,2,3,4, in (17) are one-
forms pulled baked in 4 dimensions. Using the decomposition
el = (el,e%), w® = (0¥, w* = re) with i =0,1,2,3, the cur-
vatures R® and T® can be written as RY = R — A2elel, T! =
Ti + refet, R4 = A(de' + ijel) = AT T4 = de* + Aejel, with
RV =dw + @ik, T =de' + ' je/ and we find

)
Schsas = / (E(p4 + C‘pi) )

where
K A A ~ s PR
Lys= Egijkm (R”ka +aRUeke™ + ﬂele]ekem) o,

k(A2 =1 s DN
Ly = %&jkm (R” -‘1—)/6’6]) Tk(/)m, (18)

witha:,%—Z)»z,ﬂzll‘l—zl%z,gozqfl,y:llz—)»z and where

we have used the condition T? = 0. From this Lagrangian it is ap-
parent that neither the | —> oo nor the | — 0 limit yields the
Brans-Dicke term alone [26,27]. Rescaling x properly, those limits
will lead either to Gauss-Bonnet like term or to the cosmological
like constant term by itself respectively (with T! = 0).

4.2. Topological gravity for conformal algebra

Let us consider the algebra Confy = s0 (4, 2) expressed in terms
of the canonical base

[Map, Mcd] = NbcMad — NbdMac — NacMpd + Nad M,

with the range of indexes a,b,c,d,... =0,1,2,3,4,5 and a
Minkowskian metric left invariant for the group

Nab :dlag(_1’ +17 +]7 +13 +13 _1)'

One of the symmetric invariant tensors of rank three of this
algebra is provided by

(MachdMef> = Eabcdef -

In order to separate pieces with different physical meaning
from a four-dimensional point of view, let us perform the stan-
dard change of basis defined trough

Jij = Mij,
K; = Mi4q + M;s,
Pi=Mis — M;s,
D = Mys,

with the range of indexes i, j,k...=0,1,2,3
1 1; 1 ij
A:aD—I—zh Ki + Ze Pi+iw hi;,
1 i i 1 ij
= Z(pD—i—V Ki+u Pi+5'3 hi;.

So that when the gauge group is the conformal group, the
Chern-Simons-Antoniadis-Savvidy action is given by

4)
Schsas = / (Lo + Ly +Lp+ Lu),
with

1 ~iin 2 .. 4 . .
Ly = Eijkm (ﬂRUka + Z—3R”h"em + E—Shlhfekem> ®,
2 v 4 s
Ly = 7 Sl [R” + e—zh’el] [Tk - eka] v,

1 1Ta 4 . 2 Tr . .
Eﬁ = Zsijkm {E |:Rl] + e—zhle]] |:da — Z—thEfi| - Z I:Dthh]

— TiTJ 4+ 2DH'TJ + 2¢'aDh! +2hfaff] },3’“", (19)
2 ~is 4 . .
Ly = — 7 Eijkm [R” + ﬁhlef} [Dh’< +hka] u™,

being RY the Lorentz curvature, 7! the torsion and D the standard
Lorentz covariant derivative in the spin connection.

5. Topological gravity for so (D —1,1) @ so (D — 1, 2) algebra

The so(D—1,1) & so(D —1,2) algebra was proposed in
Ref. [21]. This algebra was re-obtained in Ref. [22] from AdS alge-
bra using the so-called expansion procedure and in Ref. [28] from
Maxwell algebra through a procedure known as deformation of
algebras. The corresponding generators satisfy the following com-
mutation relations,
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[Jab, Jeal = Nbe Jad + Nad Joc — Nac Jbd — Mbd Jac,
[Jabs Pc]l = NbcPa — Nac Pp, [Pas Pp]= Zap,
[Jabs Zed] = Nbc Zad + Nad Zbe — NacZbd — Nbd Zac,
[Zap, Pc] = NbcPa — NacPp.,
[Zab, Zcal = NbcZad + Nad Zbc — NacZbd — Mbd Zac- (20)

In order to write down the Chern-Simons-Antoniadis-Savvidy
Lagrangian L{k,e = €huc (A, ¢) = (F2¢) for the so(D —1,1) &
s0(D —1,2) algebra, we start from the corresponding-valued two-
form curvature

1 1
F = ERab.]Clb + 7 (Ta +kabeb) Pa
1 1
+5 (Dwk“b + kIckP - ﬁeaeb> Zap. (21)
and the O-form
1 ef 1., 1 ef
¢ = §¢ Jes + 7(/) Pe + Eh Zes - (22)

Using the invariant tensor for the so(D —1,1) ®so(D —1,2)
algebra [29]

4 3

(JabJcdPe) = gall Eabcde >
4 3

(ZapZcdPe) = 5“11 Eabcde (23)
4

(JabZcaPe) = §a1138abcdea

where o4 is an arbitrary constant of dimensions [length]™3, we
find

2
4 aql 201
[’éh)SAS (A, ¢) = gabcdeRabRCd¢e + Tgabcde Rabeced¢e
+ 3 Cabcaee’e’e e’
where (i) R® =dw® + @%@, with a,b,c,d =0,1,2,3, 4, (ii) e
and w® are one-forms pulled baked in 4 dimensions, (iii) we have
considered, for simplicity, k% =0 and T =0. A
Using the same decomposition from Section 4, e = (e’, e4),
o® = (oY, 0 = rel), ¢ = (¢',¢*) with i =0,1,2,3 and rotat-
ing the basis in such way that in each point of space the field ¢*
has components ¢* = ¢ and ¢' =0, we find

o
12

o1 TN oA IO

L:(ci)s;\s (A, @) = ?q)e,-jkm [lzR”ka +aRUekem + ,Be’efe"em} .
(24)
with @ =2(2-222), g = liz — 422 + 2. This Lagrangian corre-

spond to the Brans-Dicke Lagrangian with cosmological term for
small value of 2.

6. Concluding remarks

In Refs. [1-3] the idea of using forms of higher degree as
non-abelian gauge fields was used to construct gauge invariant
Lagrangian forms which are independent of the metric. In the
present work we use the formalism introduced by Antoniadis

and Savvidy to construct metric-independent topological invari-
ant on (2n+ 1)-dimensional space-time. This construction allow
us to find a ‘Chern-Simons-Antoniadis-Savvidy’ form in 2n di-
mensions given by Eq. (14). This equation permits reobtain the
even-dimensional topological actions for gravity from Refs. [4-6]
and to construct topological gravities for another gauge groups
such us SO(D —1,1) SO (D —1,2) group from Ref. [21]. These
results together with those of Ref. [19] allow us to conjecture that,
at least for the case where the gauge group is the Poincaré group,
the gauged Wess-Zumino-Witten term corresponds to a Chern-
Simons-Antoniadis-Savvidy form.

The actions (18), (19), and (24) can be understood as a gener-
alization of the action (6) from Ref. [17]. In this context the tor-
sion free condition on the 4-dimensional torsion is not valid. This
fact has the consequence that the torsion becomes a new source
for the metric curvature, which can give rise to very interesting
cosmological solutions different from the known four-dimensional
Friedmann-Robertson-Walker solutions. A detailed study, for a
particular case of the Lagrangian (18) (case ¢" = 0) can be found
in Refs. [17] and [30].
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