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Scientific abstract

In this Thesis we investigate higher homotopy structures arising in ordinary classical field
theory, as well as in string and M-theory. First, we review L. -algebras and we discuss their
homotopy Maurer—Cartan theory. Our perspective is adapted to an application towards higher
gauge theory from the outset. We observe that homotopy Maurer—Cartan theory always allows
for a supersymmetric extension by auxiliary fields, just as ordinary Chern—Simons theory does.
Then, we review in detail the Batalin—Vilkovisky formalism for Lagrangian field theories and its
mathematical foundations, with an emphasis on higher algebraic structures and classical field
theories. We explain that, with the help of this formalism, any classical field theory admitting
an action can be fully described by an L..-algebra, encoding its symmetry structure, the field
contents, the equations of motion, as well as the Noether identities. Moreover, the classical
action is given by the homotopy Maurer—Cartan action of its L..-algebra. We employ the L -
perspective of the Batalin—Vilkovisky formalism, with an eye to gauge theory and twistor theory.
In particular, we show how quasi-isomorphisms between L .-algebras correspond to classical
equivalences of field theories. As examples, we explore Yang—Mills theory and we discuss
in great detail higher (categorified) Chern—Simons theory, providing some useful shortcuts in
usually rather involved computations. Moreover, we employ the fact that the ideas of higher
gauge theory can be combined with those of twistor geometry to formulate self-dual higher
gauge theory. We propose a twistor space action for non-Abelian self-dual tensor field theory
in six-dimensions in terms of holomorphic higher Chern—-Simons theory for a Lie 2-algebra.
We explicitly show how both the Abelian and non-Abelian twistor space actions descend to
six-dimensional Euclidean space-time and we comment about possible advantages of the L -

perspective in this setting.
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Lay summary

Gauge theory is a very profound concept at the core of modern theoretical physics. Interest-
ingly, the idea of gauge symmetry does not reflect a true property of Nature, but rather a
redundancy in our description of Nature itself. Yet, such a redundancy turns out to be very
useful, endowing the physical theories that enjoy it with incredible richness and complexity. In
geometrical terms, gauge theory is about the parallel transport of point particles along curves.
The pivotal role of gauge theory emerges when we consider it in the context of quantum
physics. Quantum gauge fields are the building blocks governing the Standard Model of Ele-
mentary Particles, a physical theory describing three of the four fundamental forces in the
universe. However, a quantum theory of gravity is still missing. In the long sought attempt of
unifying all fundamental interactions of Nature in the same framework, String Theory is our
most promising candidate. However, such theory comes with some tricky mathematics. For
instance, it is not formulated in terms of point-like objects, but in terms of higher dimensional
ones, known as strings and branes. Hence, a mathematical description of the dynamics of
these objects requires a generalisation of ordinary gauge theory. This generalisation is known
as Higher Gauge Theory and describes the parallel transport of extended objects along sur-
faces. The underlying language is that of category theory, which brings into the game new
mathematical structures, that are more complex compared to their field theoretic counter-
parts. Investigating these kind of structures might contribute to a deeper understanding of
String Theory. Also from a purely mathematical point of view, Higher Gauge Theory is a very

interesting topic which is worth further investigation.
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Introduction

1.1. Motivation

Nowadays, string theory arguably provides the most promising approach to quantum gravity.
At the heart of string theory lies the problem of its full non-perturbative completion, that is,
the proper formulation of M-theory [1] (see [2, Section 12] for exposition). Working within
string theory and M-theory one faces the problem of dealing with higher homotopy structures,
or higher structures for short. These emerge naturally as a consequence of the gauge principle
and appear as higher degree objects, which are the categorification of their field theoretic coun-
terparts. In this context, ordinary geometric and algebraic notions such as smooth manifolds,
Lie algebras and principal fibre bundles need to be generalised. Making use of higher category
theory, the formalism of higher gauge theory [3-8] allows to incorporate higher degree gauge
potentials in a systematic and geometric fashion. For instance, the bosonic string couples to
the Kalb—Ramond B-field, which is part of the connective structure on a gerbe [9]. This is the
higher degree-2 version of the coupling of the charged particle to a Maxwell gauge potential,
the latter being a connection on a principal circle bundle. In particular, higher algebraic struc-
tures become fundamental in string field theory [10]. Explicitly, homotopy algebras encode the
structure of Hilbert spaces of both closed and open classical string field theory. Hence, if one
believes in the fundamental nature of string theory in physics, it is hardly surprising to find out
that these categorified structures make their appearance in several other physical contexts.
In particular, they also play a relevant role in ordinary quantum field theory. This is made
manifest by employing the classical part of the Batalin-Vilkovisky formalism [11-15]. Such
formalism, that represents a general procedure for quantising a classical field theory, manifestly

relies on higher algebraic structures. Much of the current research activity in string theory



2 1.1. Motivation

focuses on the so-called (2,0)-theory [16]. This is a superconformal theory in six dimensions
whose field content comprises a two-form potential with self-dual field strength. A deeper
comprehension of such theory would largely improve our understanding of M-theory, as many
features of string theory can be understood from the perspective of the (2,0)-theory. A nat-
ural setting for describing self-dual theories is provided by the geometry of twistor theory [17].
In particular, the combination of the ideas of higher gauge theory and twistor theory in this
framework appears very promising.

The aim of this Thesis is twofold. First, we investigate how homotopy algebraic structures
arise in ordinary field theory, with applications towards Yang—Mills theory and (higher) Chern—
Simons theory. Secondly, we study an application of the language of higher gauge theory in
the context of string and M-theory, by using the ideas of twistor geometry. In the remainder
of the Introduction, we shall provide a brief review of the main frameworks underlying this
Thesis, namely higher gauge theory and twistor theory. The Chapter ends with a description

of the various chapters and appendices.

1.1.1. Higher Gauge Theory

Higher gauge theory (HGT) provides the natural framework for describing the parallel transport
for extended objects along higher dimensional surfaces, generalising what ordinary gauge theory
does for point-like objects along one-dimensional paths. The transition from ordinary gauge
theory to higher gauge theory is realised by a ‘categorification’ of the kinematical data of gauge
theory, such as gauge groups and connections on principal fibre bundles. Under this operation
such notions are, roughly speaking, replaced by their category-theoretic counterparts with the
result that the original structure equations hold only up to isomorphisms. This procedure
results in higher extensions of the concept of Lie groups, known as Lie 2-groups [18,19], as
well as categorified notions of principal bundles known as principal 2-bundles [20,5,6].1 Hence,
ordinary connections on principal bundles generalise to connective structures on principal 2-
bundles, containing differential forms of degree greater than one. Higher categorifications lead
to the notion of principal n-bundles [23].

Besides being an appealing mathematical subject, HGT finds immediate applications in
string theory and M-theory, where point-like particles are replaced by higher dimensional objects

such as strings, M2-branes and M5-branes. As already mentioned, the Kalb—Ramond B-field

1The notion of principal 2-bundle also includes the non-Abelian version of gerbes [21,22] as special cases.
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that generalises the ordinary electromagnetic potential to strings, belongs to the connective
structure of some topologically non-trivial gerbe. This is a particular higher bundle with a
categorified Lie group as its structure group. Exploiting this point of view, the Freed—Witten
anomaly cancellation [24] in superstring theory, governed by the B-field, is understood as
the principal 2-bundles version of the Dirac charge quantisation. Another physically relevant
class of higher structures in this context is provided by the so-called string structures [25, 26].
These are higher generalisations of spin structures for spinning particles and arise from lifting
the spinor group Spin(n) to the string group String(n), in the same way as the former is a lift of
the special orthogonal group SO(n), as required by Dirac's theory of the electron. For instance,
the Green—Schwarz anomaly cancellation mechanism [27], which plays a key role in heterotic
string theory, requires to consider string structures [28,29]. Moreover, these higher structures
appeared [30] in the formulation of the non-Abelian version of the self-dual string soliton [31].
Similarly, going one step higher in the homotopy Whitehead tower of the orthogonal group,
fivebrane structures [32,29] have been used in the interpretation of the magnetic dual Green—
Schwarz mechanism [33, 34]. While M-theory is well-known, its underlying principles are not
well-understood yet. The path to a better understanding of M-theory goes through a deeper
insight into its fundamental ingredients, namely M2-branes and M5-branes. The description of
single M2-branes or single M5-branes have been already known for quite a long time. M2-branes
are now relatively well-understood and the world-volume theory of multiple coincident M2-
branes is described via three-dimensional Chern—Simons superconformal field theories [35-38].
However, M5-branes remain still mysterious. The low energy dynamics of multiple M5-branes
is described by the aforementioned six-dimensional superconformal field theory with N' = (2,0)
supersymmetry, known as the (2, 0)-theory. This theory plays a central role in M-theory, similar
to the one that A/ = 4 SYM serves in string theory, rendering its understanding of utmost
importance. For instance, it provides a unifying picture in the intricate web of string theory
dualities. There are rather clear indications suggesting that the (2, 0)-theory is a higher gauge

theory, see e.g. [39] for a review.

Higher algebraic structures also appear in several other contexts within string theory. In
particular, when considering the formalism of string field theory, they become omnipresent.
Closed string field theory [10] is fundamentally based on homotopy Maurer—Cartan theory,
the vastly generalised analogue of Chern—Simons theory to strong homotopy Lie algebras, also

known as L..-algebras. These are L., -categorifications of the notion of a Lie algebra, in which
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the Jacobi identity holds only up to homotopies. Similarly, the construction of open string
field theory is based on other higher homotopy algebras, known as A..-algebras [40,41], that
are generalisation of associative algebras. Because of the basic role that string field theory
is believed to play in physics, it is quite natural to expect that the relevance of homotopy
algebras also extends to ordinary field theory. As already mentioned, the connection between
Lagrangian field theories and homotopy algebras is realised by the Batalin—Vilkovisky (BV)
formalism. Mathematically, this connection is immediate. The natural framework in which
HGT is formulated is that of higher differential geometry, where differential geometry and
homotopy theory are combined. As we shall see, this is indeed the very ambient theory where
the BV formalism is rooted. Essentially, any BV quantisable theory can be described by an
L..-algebra encoding both its kinematics and its dynamics, and the original classical action
is reproduced by the corresponding homotopy Maurer—Cartan action, see e.g [42,43]. This
result invites to adopt a purely algebraic point of view on field theory. This is the very
perspective examined along this Thesis. For instance, minimal models of L. -algebras encode
tree-level scattering amplitudes of the corresponding field theory. This can be also extended to
loop scattering amplitudes considering quantum versions of L..-algebras, namely L..-algebras
satisfying the quantum master equation in the BV formalism. Recently, many results have
appeared discussing recursion relations and S-matrix in the L..-language. See e.g. [44] for a
condensed review of the subject and pointers to references. In the second part of the Thesis,

we shall also see how these ideas can be combined with those of twistor theory.

This brief overview of the role of higher dimensional structures in the realm of string and
M-theory already suggests that the investigation of HGT is of great interest and worthy of
further explorations. As one can easily imagine, its relevance goes far beyond this context.
For instance, higher degree differential form fields arising naturally in supergravity theory are
part of the connective structure of higher principal bundles, having categorified Lie groups
as their structure groups. Similarly, in the context of generalised geometry, the Courant
algebroid underlying T-duality is better understood within higher symplectic geometry [45].
This is the higher analog of symplectic geometry, where symplectic forms of degree greater
than two are introduced. We shall refer the interested reader to the recent review [46] (and
references therein) for a concise overview of the applications of higher structures in theoretical
physics. For completeness, we just mention that the language of higher gauge theory has been

applied to several other branches of theoretical physics, such as loop quantum gravity and
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condensed matter physics. The interested reader may consult the review [8] for an exhaustive
introduction to the beautiful world of higher gauge theory and its applications, as well as

pointers to references, which is well beyond the scope of this work.

1.1.2. Twistor Theory

Twistor theory was first introduced by Roger Penrose in the late 1960s [17] as a new math-
ematical framework for unifying the description of quantum field theory and gravity. In the
following years, twistors played a fundamental role in the exploration of gauge and gravity
theories, particularly integrable ones. At the heart of twistor geometry there is the idea of
replacing space-time as a background for physical processes by an auxiliary complex space,
called twistor space. lIts principal role consists in setting up a general correspondence which
translates certain important data on space-time into data on twistor space. The motivation for
finding such a correspondence, in general, is the attempt to bypass the equations of physics by
deriving them from the rigidity of complex geometry. Explicitly, via this correspondence, dif-
ferentially constrained data on space-time correspond to differentially unconstrained complex
analytic data on twistor space. Concretely, solutions to field equations translate into elements
of cohomology groups. This allows for an elegant picture representing physics by complex geo-
metry. The prime examples capturing this picture are provided by the following classic results.
Via the Penrose transform [17,47-49], zero-rest-mass fields on four-dimensional space-time
are encoded into cohomology groups on a complex three-dimensional auxiliary space, usually
called Penrose’s twistor space [17]. This integral-geometric method represents a cornerstone
of twistor theory. As an extension of this construction, Ward [50] proved that all solutions to
the non-linear self-dual Yang—Mills equation [51] on flat space-time have a natural interpret-
ation in terms of holomorphic principal bundles, subject to certain triviality conditions, over
Penrose's twistor space. One often refers to this approach as the Penrose—Ward transform.
This construction is both valid in Minkowski and Euclidean space, where it has yielded strik-
ing results [52]. Moreover, self-dual Riemannian oriented four-dimensional manifolds, that is,
manifolds with self-dual Weyl tensor, were mapped to integrable complex structures on twistor
space (the non-linear graviton) [53]. For a generalisation to the curved setting see [54-56].
In addition, solutions to the full ordinary Yang—Mills and supersymmetric Yang—Mills equa-
tions have been also described in terms of holomorphic data using twistor methods [57-59],

by replacing Penrose’s twistor space by the so-called ambitwistor space [57,58]. The same
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setting allowed also to capture the full non-linear second-order Einstein equations and their
supersymmetric extensions [60-63]. We invite the reader interested in detailed expositions on
twistor theory and its applications to consult, for example, the textbooks [64—68] or the recent
reviews [69-72].

However, despite many interesting initial achievements, twistor theory has fallen well short
of its original aspirations. Indeed, its next contributions have been mainly limited to the context
of pure mathematics, where twistors have been used as tools for the study of integrable systems
and geometry, see e.g. [67,73-75]. One of the most significant setbacks' was represented by
the difficulty to use twistor theory to compute physical observables in quantum field theory, like
scattering amplitudes or cross-sections. Such scenario dramatically changed in the early 2000s.
In 2003 Witten realised [77] that the tree-level scattering amplitudes of planar maximally
supersymmetric Yang—Mills theory in four dimensions (N = 4 SYM) could be computed
by combining string perturbation theory with twistor geometry. This result established a
meaningful connection between twistors and quantum field theory, stimulating a renewed and
broader interest in twistor theory. Twistor string theory led to new powerful approaches to
Yang—Mills theory such as worldsheet formulae for all tree-level amplitudes in N' = 4 SYM [78-
80], the MHV formalism [81] and the Britto—Cachazo—Feng—Witten recursion relations [82].
See e.g. [83] for a review. In the meanwhile, a twistor space action functional for Yang—
Mills was introduced in [84,85]. This led to a proper derivation of twistor string theory
and constructive proof of related formulas, such as the MHV diagram formalism [86,87] and
scattering amplitude/Wilson loop duality [88, 89, 70]. Moreover, it yields perturbative Yang—
Mills theory without the unwanted contributions from conformal supergravity [90], allowing
to compute physical observables to all orders in perturbation theory. Twistor actions have
been also introduced for many field theories, including for instance conformal gravity [84,91],
self-dual (super-)gravity [92,93] and (super-)Yang-Mills-Higgs theory in three dimensions [94].
See e.g. [95] for a review and for more references.

Considering the great success of M2-brane models [35,37,38], it appears natural to wonder
about the role of twistor theory in the description of solutions of more general gauge theories.
In the context of M-theory, a crucial role is played by the (2,0)-theory arising on the world-
volume of parallel M5-branes. Besides its relevance in the web of string dualities, such a

theory reduces to V' = 4 SYM after compactifying down to four dimensions. Moreover, the

L Another long-standing issue is represented by the so-called ‘googly problem’. See e.g. [76].
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self-dual string equation in four-dimensions [31], a BPS equation describing configurations
of M2-branes ending on M5-branes, can be obtained reducing the six-dimensional theory of
self-dual three-forms. We have already seen that an appropriate language for describing M5-
branes is provided by higher gauge theory. It turns out that a promising approach towards
finding a classical description of the (2,0)-theory is to combine the ideas of higher gauge
theory and twistor geometry. In particular, a twistorial description of self-dual tensor field
theories can be obtained along this line. The relevant twistor space in this context is given by
the complex six-dimensional twistor space considered in [96-99]. Such a space encodes the
description of six-dimensional self-dual 3-forms in terms of holomorphic Abelian gerbes [97,98].
Moreover, solutions to the field equations for the non-Abelian N' = (2,0) tensor multiplet in
six dimensions, taking value in some categorified Lie group, have been obtained via a Penrose—
Ward transform of certain higher holomorphic principal bundles over this twistor space [99-
103]. This identification is lifted to the level of an L.-quasi-isomorphism. Interestingly,
this description also yields a twistor space actions, as shown in [97-99] for the Abelian case.
These might represent the twistor space version of the space-time action of Pasti, Sorokin
& Tonin [104-107] or Sen [108,109]. Moreover, a non-Abelian extension in terms of higher
holomorphic Chern—Simons theory on twistor space has been constructed in [43]. Higher
holomorphic Chern—-Simons theories can be of use even in the case of ordinary field theories.
In [110], an on-shell equivalence between N' = 4 SYM in four-dimensions and holomorphic
higher CS theory for a Lie 3-algebra on the ambitwistor superspace of [77] was obtained. This
would allow, at least in principle, for computing N’ = 4 SYM scattering amplitudes within
twistor string theory. We believe that the application of the homotopic algebraic perspective
at the level of twistor space might help to shed some light on particular aspects of certain

physical theories.

1.2. Outline and main results

Here, we shall briefly expose the contents of the Thesis, trying to facilitate the reader for a
better comprehension of the manuscript. It is our intention to be highly self-contained in the
exposition. In this perspective, each chapter shall start with an introductory section, explaining
the motivation behind it and its structure. However, this Section may provide some further
help. Chapters 2-5 are based on [42,43], while Chapter 7 is based on [43] and [111]. This

Thesis is organised as follows:
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Chapter 2. This Chapter consists of a detailed review of L. -algebras. These objects arise
as a particular categorification of the notion of a Lie algebra that is described in terms of
graded vector spaces and higher brackets. Much more directly, L..-algebras are introduced
by means of certain geometric structures called ()-manifolds. In this approach, one defines
L..-algebras by generalising the equivalent definition of a Lie algebra via its differential graded
algebra (dga), known as the Chevalley-Eilenberg algebra. In addition, the Batalin—Vilkovisky
formalism can be formulated in the same language. In order to formulate physical theories,
we shall focus on L..-algebras endowed with an inner product, which are called cyclic L.-
algebras. After that we define L.,,-morphisms and, in particular, the very important notion of
quasi-isomorphisms of L..-algebras, arguing that quasi-isomorphisms induce equivalences on
the space of L..-algebras. Then, we recall some relevant structural theorems of L ..-algebras.
These results come in handy in the homological algebraic approach to field theory. In particular,
the minimal model theorem basically tells us how to restrict from the kinematical data of a
certain gauge theory to its physical states. We shall make extensive use of it in Chapter 5. We
conclude by defining a representation of an L..-algebra, a concept needed in order to define

higher supersymmetric field theories with matter content.

Chapter 3. Here, we discuss homotopy Maurer—Cartan theory by using the language of
Loo-algebras. Ordinary gauge transformations and their higher versions are derived. Then,
for cyclic L..-algebras, the homotopy Maurer—Cartan action is constructed. We show that
quasi-isomorphisms of L. -algebras induce isomorphisms of moduli spaces of Maurer—Cartan
elements. We further observe that homotopy Maurer—Cartan theory, just as ordinary Chern—
Simons theory, always allows for a supersymmetric extension by auxiliary fields. This is import-
ant if one wishes to compute path integrals via supersymmetric localisation techniques. Most
importantly, our perspective is adapted to an application towards higher gauge theory. We
see how, given an L..-algebra, the kinematical data of the corresponding higher gauge theory
can be immediately derived. Interestingly, by considering the cyclic L..-algebra given by the
tensor product of a gauge algebra and the de Rham (Doulbeault) complex, we can directly
make contact with ordinary (holomorphic) Chern—Simons theory in d = 3. In this setting, the

higher dimensional generalisation is then immediate and makes use of Lie n-algebras.

Chapter 4. The generalities of the Batalin—Vilkovisky formalism together with its application
to homotopy Maurer—Cartan theory are discussed in this Chapter. The first part is dedicated
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to a detailed analysis of the classical BV formalism for ordinary field theory along with its
formulation in the language of symplectic Q-manifolds. Such a formalism allows for the
quantisation of classical field theories with open gauge symmetries. Readers familiar with the
formalism may just skip this part. Then, we explain how this framework provides the natural
connection between Lagrangian field theories and L .-algebras, even for theories without gauge
symmetries. Mathematically, the BV formalism consists of a two-step resolution of the algebra
of classical observables. This procedure yields a differential graded commutative algebra, called
the BV complex, that is one of the equivalent descriptions of an L..-algebra. Moreover, the
action of such a theory can be recast as a Maurer—Cartan—Batalin—Vilkovisky action. Hence,
any variational field theory is a homotopy Maurer—Cartan theory. We also see how the BV
formalism is applied to homotopy MC theory and observe that, at least formally, the homotopy

MC action satisfies the quantum master equation.

Chapter 5. This Chapter is devoted to some concrete examples, analysing the L. -structure
underlying classical field theory, with a particular focus to Yang—Mills and (higher) Chern—
Simons theory. In the L..-framework, an equivalence of classical field theories is given by a
quasi-isomorphism of L. -algebras. Firstly, we discuss scalar field theory, providing an example
where the L..-structure underlies a field theory without gauge symmetry. Secondly, we con-
sider Yang—Mills theory in its first and second order formulation. We construct their minimal
models, yielding a minimal representation of the classical dynamical data and we show that
the corresponding L.-algebras are quasi-isomorphic, providing an explicit quasi-isomorphism.
In particular, we construct higher Chern-Simons theory for a Lie n-algebra and we perform
detailed computations for the d = 3, 4 cases. We develop the BV formalism and we construct
the minimal model of the corresponding gauge L..-algebra. Finally, after a brief summary of
the AKSZ construction, we discuss supersymmetric extensions of higher CS theory and YM
theory in the L..-framework and, because of its relevance to M-theory, we also briefly review

the Bagger—Lambert—Gustavsson model in this setting.

Chapter 6. Here we present an example where the ideas of higher gauge theory have been
proficiently combined with the language of twistor theory. In particular, we review how cer-
tain conformal gauge theories in six dimensions can be reformulated in terms of holomorphic
categorified principal bundles over an appropriate twistor space. First, we briefly discuss zero-

rest-mass fields by using the six-dimensional spinor-helicity formalism. Then, we review the
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geometry of the relevant twistor space, P%, and we discuss Euclidean reality conditions. We
proceed by reviewing the Penrose transform, mapping cohomology groups on twistor space to
certain chiral zero-rest-mass fields on space-time. Finally, the Penrose-Ward transform is also
discussed, both in the Abelian and non-Abelian setting. The former associates Abelian self-dual
3-forms in six dimensions to certain holomorphic Abelian gerbes over PS. The latter estab-
lishes a correspondence between certain higher groupoid bundles over P and six-dimensional

non-Abelian self-dual tensor field theories.

Chapter 7. This Chapter is based on the ongoing work [111]. Here, we discuss twistor space
actions on P® for chiral two-form fields in six dimensions, both in the Abelian and non-Abelian
case. In particular, the non-Abelian twistor space action comes from higher gauge theory. We
are interested in establishing an off-shell correspondence between these actions and space-time
actions such as the PST action or the Sen action. In particular, we provide a pedagogical review
of Sen's mechanism. Indeed, such a formalism emerges naturally from homotopic algebraic
considerations and it looks particularly promising for our purposes. Explicitly, we show how
the twistorial actions descend to Euclidean six-dimensional space-time. This is done in three
steps. We first impose Euclidean reality conditions on twistor space, we expand the fields in an
adapted basis by using non-holomorphic coordinates and finally we integrate along the fibres
of the twistor fibration. This lays the groundwork for a further analysis by using the language

of L..-algebras that we plan to conduct in the near future.

Appendices. The Thesis ends with several appendices. We use them to collect many com-
putational proofs, in order to avoid them cluttering our discussion, together with definitions
and conventions which are not introduced in the body of the text.

Appendix A describes L..-algebras in the codifferential graded coalgebras perspective,’
where the higher products are packaged in a single codifferential and we discuss morphisms
between [L..-algebras as coalgebra morphisms. In Appendix B we briefly discuss cochain
complexes underlying L..-algebras and abstract Hodge—-Kodaira decomposition. Appendix C
contains some rather technical computational proofs related to homotopy Maurer—Cartan the-
ory. Frequently, these results are provided in more than one of the possible descriptions of

L.-algebras, as sometimes one picture is more illuminating than the others. In Appendix D

1This is the proper picture for performing perturbation theory.
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we introduce some basic notions of category theory and sheaves. We also summarise recent
developments in quasi-groups with regard to higher gauge theory with Lie quasi-groupoids
as gauge structure. In Appendix E we collect a few basic notions of complex geometry and
we review important concepts behind twistor theory, such as Cech-Dolbeault correspondence
and the Penrose transform. Finally, Appendix F collects calculations on twistor space. We
introduce local coordinates on PY, rewriting useful quantities and we discuss some aspects of

fibre integration.






L..-Algebras

2.1. Motivation

Mathematically, the local description of gauge theories is based on Lie algebra-valued differen-
tial forms. Let M be a manifold and g a Lie algebra, then a corresponding gauge theory has a
gauge potential A € Q'(M, g) := Q'(M)®g and a curvature F := dA+[A, A] € Q*(M, g).
Moreover, gauge parameters, Bianchi identities, Noether currents, and equations of motion

also involve elements of Q°*(M, g).

To obtain a natural (i.e. category theoretical) description of gauge theory, we should
therefore bring together differential forms and Lie algebras in a common framework. This
framework was provided long ago by Henri Cartan [112,113], by moving from a Lie algebra to
its dual differential graded algebra, known as the Chevalley—Eilenberg algebra. In particular,
the differential graded algebras in which we are interested arise as functions on particular
graded manifolds. On these manifolds we have a vector field () that induces a differential on

the algebra of functions. Henceforth, they are referred to as (Q-manifolds, cf. [114].

Formulating gauge theories using differential graded algebras arising from ()-manifolds has
several advantages. Firstly, one can define vast generalisations of ordinary gauge theory [7]
which appear naturally in string and M-theory in various contexts. Secondly, because of its
mathematical naturality, it is not surprising that a powerful framework such as the Batalin—-
Vilkovisky (BV) formalism is best formulated in this language [115]. Thirdly, this is how
they appear directly in the Alexandrov—Kontsevich-Schwarz—Zaboronsky (AKSZ) construc-
tion [114].

In this Chapter, we shall provide a few mathematical tools. We shall introduce graded

13
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manifolds, (Q-manifolds and finally L..-algebras and morphisms between them. Our perspective
will be oriented towards discussing applications in higher gauge theory and follows faithfully [42,
43].

2.2. Differential graded algebras

To set up the stage, we shall first review some definitions about graded structures. For more

details on this topic, see e.g. [116,117].

Z-graded vector spaces and shifts. By a Z-graded vector space we mean a direct sum
V = @y Vi of vector spaces over a field of characteristic zero.! The V, are called the
components of V of degree k and the degree of a homogeneous element v € V is denoted
by |v| € Z. In the following we shall make intensive use of the degree-shift operation. For a

Z-graded vector space V, we define the degree shift by | € Z according to

V[i] = @WNVI)r with (V[I]))y = Vi for | € Z. (2.1)
keZ

This convention (which is one of two commonly used ones) indicates the shift of the coordinate
functions and the opposite direction of the shift of the vectors themselves. For example, given
an ordinary vector space V, the degree-shifted vector space V[1] consists of vectors v of
degree —1, since only (V[1])_y = V is non-trivial. Moreover, we define the dualisation by
flipping the signs of the shifts. Explicitly, we shall denote the dual of a Z-graded vector
space V by V* = @z (V*)g, with homogeneous subspaces (V*), := (V_;)*, for all k € Z.
Let V, W be two Z-graded vector spaces. The direct sum V @& W is a graded vector space
defined by V& W = Pz (V & W)g, where (V & W) := Vi @ W,. Similarly, the tensor
product V ® W is again a Z-graded vector space whose degree k component is given by
(V@ W), == @, Vi ® W,. Both constructions are associative. Note that (V ® W)[l] =
V[I] @ W =V ®W][l] and (V[I])* = V*[-]] for all [ € Z. Finally, a morphism of Z-graded
vector spaces f : V — W is a linear map which preserves the degree of homogeneous elements:
f(Vi) € Wy, for all k € Z. The category of Z-graded vector spaces is a symmetric monoidal

category. The symmetric monodical structure is inherited from the category of ordinary vector

'Here and in the rest of the Thesis all the algebraic structures have to be considered over a field K of
characteristic zero. We always have in mind K = R or C.
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spaces. In particular, the symmetric braiding, for any 7Z-graded vector spaces V and W, is

given by the the graded linear isomorphism By w : V@ W — W ® V, defined by
v@w— (=DM v, (2.2)

for v, w homogeneous elements. The choice of the sign pre-factor in the definition of the

braiding takes the name of Koszul convention.

A note about coordinates. Let us already now stress an important point for our whole
discussion. With respect to a basis 7, of degree —1 of the above example V[1] of a grade-

shifted ordinary vector space V, the coordinate functions £* : V[1] — R are of degree 1,

€ V1] = R with &) = £*(vP75) = 07 €%(r5) = v* . (2.3)

There is now much room for confusion between the coordinates v and the coordinate functions
€% Nick Woodhouse [118] coined the term first fundamental confusion of calculus for this
phenomenon. While in the ungraded case, this confusion is usually reasonably controlled, it
can get out of hands in the graded case, since the degree of the object and the coordinate
functions acting on it will be inverse to each other.

In the context of both the Becchi-Rouet-Stora—Tyutin (BRST) and the BV formalisms,
this problem with degrees is exacerbated by the fact that there is an additional, implicit shift in
degree by —1. For example, consider a gauge parameter ¢ € 2°(M, g) and a gauge potential
A € QY (M, g), where, as before, M is a manifold and g a Lie algebra. These fields belong to

the graded vector space
V = VooV, = Q"M,g) o QY(M,g) . (2.4)

The corresponding BRST complex, however, is that of V[1] = V[1]_; @ V[1]. Consequently,

we obtain coordinate functions of degrees 1 and 0,
(z) : Q°(M,g)[1] - R and Al(z) : Q' (M,g)[1] - R, (2.5)

with 7, and dz* are bases' of g and Q!(M), respectively. For convenience, we shall often

contract the coordinate functions with the basis of V to arrive at the contracted coordinate

INote that dz* is a basis of Q'(M) regarded as a module over €’>°(M). More appropriately, we should
be using the infinite-dimensional basis of Q!(M) regarded as a vector space over R. To avoid the related,
potentially distracting technicalities, we are slightly sloppy here.
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functions, which we denote by the same letters ¢ and A as customary in the discussion of
BRST/BV quantisation. These contracted coordinate functions are always of total degree 1.
Whether we mean vectors or their coordinate functions should always be clear from the context,
and we hope that no confusion will arise. The degree of the vectors ¢ and A in V will be called
the L..-degree, while the degree of the (uncontracted) coordinate functions c*(z) and A (x)

will be called the ghost degree. The latter agrees with the general nomenclature.

Commutative dg-algebras. A differential graded commutative' algebra (or a dg(c)-algebra
for short) is an associative unital commutative algebra A which is simultaneously a Z-graded
algebra and a differential algebra in a way that all structures are compatible. Specifically, the
Z-grading means that we have the decomposition A = @7 Ai and non-zero elements of Ay
will be called homogeneous and of degree k € 7. In addition, the product A x A — A'is

graded commutative,

a1y = (—1)'”1”“2‘@@1, (26)

for a;» € A of homogeneous degrees |a; 2| € Z. Being differential means that A is equipped
with differential derivations dy : A — Ag,1 of homogeneous degree 1, which we collectively
denote by d. Specifically, d satisfies d> = dod = 0 < d4; o d;, = 0 and obeys the graded

Leibniz rule

d(a1a2> = (dal)ag + (—1)|a1‘a1(da2) (27)

for a;» € A and a; of homogeneous degree |a;| € Z. We shall write (A,d) in the following

to indicate a dg-algebra.

Cochain complexes. Notice that d gives A the structure of a cochain complex,

S oA, SHa a5 (2.8)
and its cohomology H*(A,d) is a graded algebra. For convenience, we shall use the cochain
convention and use the terms cochain and cohomology versus the slightly more common chain
and homology, see the remark at the beginning of Appendix B. More abstractly, we can define

a dg-algebra also as a monoid object in the monoidal category of (co)chain complexes.

1We shall only be concerned with commutative algebras and hence drop the adjective ‘commutative’ in
the following.
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de Rham complex. The prime example in view of applications to gauge theory is the
differential graded algebra given by the de Rham complex (Q2*(M),d) on a d-dimensional
manifold M,

QM) -5 o' () L (M) (2.9)

with the wedge product being the multiplication and d being the exterior derivative.

Dolbeault complex. Let now X be a complex manifold of dimension d.! The Dolbeault

complex of X is the cochain complex

Q00(X) 9, QO1(X) 9, ... 9, Q%(X) | (2.10)
where 2%°(X) is the graded vector space of smooth antiholomorphic forms over X and d is
the antiholomorphic part of the de Rham differential given by the complex structure. Hence,
(Q%*(X), 0) is naturally a (commutative) dg-algebra. See Appendix E for details.

Another fundamental example is that of the Chevalley—Eilenberg algebra described in Sec-

tion 2.4..

Morphisms of dg-algebras. A morphism f : (A,d) — (A’,d’) between two dg-algebras
(A,d) and (A’,;d’) is a collection f of degree 0 maps fi : Ax — A}, for all k € 7Z, which respects
the differential in the sense that fod =d o f & fi1 0dg = dj, o fx. An isomorphism of
dg-algebras is an invertible morphism. This notion of isomorphism will turn out to be too strict
for our purposes, mainly due to our interpretation of dg-algebras as categorified Lie algebras.
More appropriately, we should use quasi-isomorphisms of dg-algebras. We shall return to this
point and explain it in detail in Section 2.5.. We shall exhaust the subject by providing a useful

example.

Tensor algebras and shift isomorphism. The (real) tensor algebra of a graded vector

space V is defined by?

®'V = RaVae(VaV)s - = PRV. (2.11a)

k>0

1\We shall always use sans serif capital letters, such as X, Y, M to denote complex manifolds.
2Note that ®®V is a bigraded vector space on which the tensor product naturally describes the unital
algebra structure that is compatible with both gradings.
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It has two totally graded symmetric and graded antisymmetric subalgebras,

OV = RaVe(VoV)e --- = POV,
k=0 (2.11b)
AV = ReVa(VAV)® - = PAV,
k>0
while their reduced counterparts are’
OV = Va(VoV)e = POV,
h=l (2.11c)
AV = Va(VAV)a - = PAV.
k>1
We introduce the notion of a shift isomorphism
s:V—=V[], (2.12)

which lowers the degree of every element of V, that is s : Vi — (V[1])x_1. It induces an

isomorphism of graded algebras,

s* AV — O°VI[1],

i1 (2.13)
s AL A e (D)2 gy o o sy,
for vq,...,v; € V. The sign arises from the usual Koszul sign rule,
(s®8)(v1 @vy) = (=1)"svy @ sy (2.14)
for v, v, € V. The inverse map is given by
(s%)71 = (=1)2 (s, (2.15)

This shift isomorphism will be crucial in treating Lie algebras and higher Lie algebras as

differential graded algebras.

Differential graded Lie algebras. We define a graded Lie algebra to be a graded vector
space g° endowed with a bilinear degree 0 bracket [—,—] : g x g — g, satisfying graded
skew-symmetry and graded Jacobi identity, that is

[0, w] = —(=1)""w, 0], (=)Mo, [, 2]]+(=1)" o, [z, )]+ (=) e, [o, w] = 0,
(2.16a)

LOther common notations are (O°V and A V.
2In the following, with g we shall denote a Lie algebra as well as the graded vector space underlying a
graded Lie algebra or a dg-Lie algebra. It will always be clear by the context which one we are referring to.
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for homogeneous elements v, w,z € g. A differential graded Lie algebra (dg-Lie algebra) is
the data of a graded Lie algebra g together with a differential d, such that

d[v, w] = [dv,w] + (=1)""I[v, dw] , (2.16b)

for homogeneous elements v, w € g. The graded Leibniz rule (2.16b) implies that the bracket
induces the structure of a graded Lie algebra on the cohomology H*(g) of g. A morphism
of dg-Lie algebras is a morphism of the underlying graded vector spaces that is compatible
with brackets and differentials. Dg-Lie algebras assemble into a category called DGLA. As we
shall see in Section 2.4., L..-algebras can be seen as generalisation of differential graded Lie
algebras in which the Jacobi identity is satisfied only up to homotopies. The following result
holds. Let g be a dg-Lie algebra and A a dg-algebra. The tensor product g ® A is a dg-Lie
algebra and it is functorial in both arguments. In particular V® A is equipped with the bracket

[v®a,web] = (=1)"y w @ ab, (2.17)

for v,w € g and a,b € A. We shall come back to this examples later in this Chapter. We just
mention here that dg-Lie algebras are fundamental objects in deformation theory. According
to a general paradigm in mathematics, adopted by Quillen, Deligne, Drinfeld, Kontsevich and
others, every deformation problem in characteristic 0 is naturally governed by a dg-Lie algebra
via the Maurer-Cartan equation modulo gauge action. See e.g. [119, 120] for details on the

subject.

2.3. Q-Manifolds

L.-algebras are most straightforwardly introduced by means of ()-manifolds. Here, we shall
review the language of ()-manifolds and their relation to differential graded algebras and L-

algebras.

Motivation. To motivate the notion of ()-manifolds, let us recall the fact that differen-
tial forms Q°*(M) on a d-dimensional smooth manifold M can be regarded as the smooth
functions €>°(T[1]M) on the degree-shifted tangent bundle T'[1]M/. Indeed, working loc-
ally with coordinates z*, = 1,...,dim(M), on M and coordinates " on the fibres of
T[1]M, functions on T[1]M are simply polynomials in &, that is, they are of the form
f(@,8) = fo(z) + & fulz) + 3E°E" f(m) + -+ € €>(T[1]M). Identifying & with daz*
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amounts to the identification €°°(T'[1]M) = Q°*(M). Under this identification, the de Rham
differential d becomes the vector field Q : €>°(T'[1]M) — €>(T[1]M), defined by Q = "2
and satisfying Q? = 0. The manifold T[1]M, together with ), forms an important example
of a @Q-manifold [115,121,114]. These ()-manifolds provide a very efficient way of encoding a
categorified Lie algebra in the form of an L.-algebra or a categorified Lie algebroid in the form
of an L..-algebroid, as we shall see later. Moreover, such a geometrical point of view brings
significant simplification when considering morphisms between L ..-algebroids or L..-algebras.

Let us first recall some preliminary notions.

Z-graded manifolds with body R?¢. Consider R as a manifold. Furthermore, let V be
a 7Z-graded vector space. We may enlarge the ring of smooth functions €>(R¢) on R? by
considering the tensor product ©O® V* @ €*°(R?), where O° denotes the graded symmetric
tensor algebra (2.11b). We call the result the algebra of functions

E>*(M) = OV @€ (RY) (2.18)

on the Z-graded manifold M and the underlying ordinary manifold R? is called the body M°®

of M. By coordinates on the Z-graded manifold M, we mean a set of ordinary coordinates

on M° together with a set of generators of O°® V*, say £* with a € I for some index set [.
Elements of €>°(M) are clearly polynomials in the generators £* whose coefficients are

functions on M°,

f@,8) = fo(x) + & fa() + 567 fap(x) + - (2.19)
with f° fo, fag, ... € €°(M°). We shall make extensive use of the natural decomposition

T>(M) =~ @DEE(M) (2.20)

keZ

where €,°(M) are the homogeneous functions of degree k. These are spanned by the monomi-
als of Z-degree k, i.e. monomials %' --- €% f,, ..o, (2), where fo, . .4, (x) € €°(M°) and
j€1] 4+ ]gon| = k.

For most of our purposes, the above local picture (2.18) of the ring of functions is sufficient.
For some aspects, as e.g. the correct definition of morphisms between Z-graded manifolds,

however, the full mathematical definition! can be helpful. We therefore recall it in the following.

1 This definition also resolves naive paradoxes concerning super and graded manifolds.
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General Z-graded manifolds. The proper definition of ()-manifolds requires the machinery
of locally ringed spaces. A ringed space M is a pair (|M|,-%rr), where |M| is a topological
space and .¥); a sheaf of rings on |M|, called the structure sheaf of M.' A locally ringed
space is a ringed space (|M]|, %)) such that all stalks of .%), are local rings, that is, they
have unique maximal ideals.

A morphism of (|M|, ) — (|M'|, ) of locally ringed spaces is defined to be a pair
(f, %), where f : |[M| — |M’| is a morphism of topological spaces and f* : .7y — f..%u
a comorphism of local rings, that is, a map that respects the maximal ideals. Here, f..%ys
is the zeroth direct image of .y, under f, that is, for any open subset U’ of |M’| there is a
comorphism f(ﬁ], c Sl = Ful 1wy If the structure sheaves carry extra structure such

as a Z-grading, then we require the morphism to respect this structure.

For instance, an ordinary smooth manifold M can be defined as a locally ringed space
(|M|,Sp) for a topological manifold |M| such that for each = € |M]| there is an open
neighbourhood U > x and an isomorphism of locally ringed spaces (U, %u|v) = (U, 6)
where 67 is the sheaf of smooth functions on the open set U’ C R¢. The stalk of .y, at

a point x € |M]| is the set of all germs of smooth functions at x € |M]|, and the maximal
ideal of the stalk are the functions vanishing at = € |M|. Furthermore, if f : |M| — |M’|
is a continuous function between two topological manifolds |M| and |M’| for two smooth
manifolds (|M|,.#y) and (|M’|,.%y) and if there is a comorphism F' : %y — f..%y of
local rings, then f must also be smooth and F' = f*. See Appendix D for details.

A smooth Z-graded manifold is then defined to be a locally ringed space M = (|M|, %),
for | M| a topological manifold, such that for each x € |M]| there is an open neighbourhood

U > z and an isomorphism of locally ringed spaces,

(UJ yM|U) = (U/7®. U*’ ® Lof?) ) (221)

where U’ C R? open, €% the sheaf of smooth functions on U’, and ¥ a locally free Z-
graded sheaf of €;57-modules on U’. Hence, we require the sheaf of functions to look locally
like (2.18). We shall denote by €7 the sheaf of smooth functions on |M| (which is a subsheaf
of the structure sheaf .#)), the body of M = (| M|, ;) and denote it by M°. We shall also
write € (M) :=T'(|M|, .#u) for the global functions on M.

1See Appendix D for details about sheaves.
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Examples. A convenient way of obtaining Z-graded manifolds is by degree shifting the fibres
of a vector bundle. We already mentioned the simplest example of the degree-shifted tangent
bundle T'[1]M. In general, it can be shown [122,123] that any smooth real Z-graded manifold
must take the form of a vector bundle £ — M° over an ordinary smooth manifold M ° with the
typical fibre being a Z-graded vector space.! The resulting manifolds are usually called globally
split. Note, however, that complex Z-graded manifolds are not globally split in general, which

is basically due to the non-existence of a holomorphic partition of unity.

Vector fields and differential forms on Z-graded manifolds. A vector field V on a Z-
graded manifold M is a graded derivation of the sheaf of functions, V' : €°°(M) — €>°(M).
That is, for homogeneous V' of degree |V | € Z and homogeneous f,g € (M), we have

V(fg) = V(Hg+ (=) rv(g). (2.22)

As in the ordinary case, we define the tangent bundle T'M of a Z-graded manifold M to be
the disjoint union of the tangent spaces which in turn are the vector space of derivations at
particular points of M.

A particular example of a vector field is the Euler vector field T which is defined by its
action Tf := |f|f on any homogeneous f € €>°(M) of degree |f| € Z. The Euler vector
field itself is homogeneous and of degree 0.

Note that the definition of differential forms on an ordinary manifold M as functions on
the degree-shifted tangent bundle, Q°*(M) = €>°(T'[1]M), as discussed above, generalises
straightforwardly to Z-graded manifolds. That is, we may define

QO (M) = E>(T[1]M) (2.23)

also for M a Z-graded manifold. The shift in the degree-shifted tangent bundle may now be
regarded as an additional grading, extending that of the Z-graded manifold to a bi-grading.
Since we are not interested in any further generalisation of this grading, we simply use the
ordinary notation for differential forms on manifolds to Z-graded manifolds and write again d

and V _ for de Rham differential and interior product on a Z-graded manifold,

) ) 9
d < guﬂ and V“TA e Vli, (224)

1This is essentially due to the existence of a partition of unity and the fact that any smooth Z-graded
manifold can be smoothly deformed into said vector bundle.
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where the x* are now local Z-graded coordinates on M and £ local 7Z-graded fibre coordinates
on T[1]M.
In the following, we shall also make use of the Lie derivative which is now defined by the

graded version of Cartan's formula
Lyw =V odw+ (=) d(V 2 w) (2.25)

for w € Q*(M) and V' a homogeneous vector field of degree |V| € 7Z. Note that [Ly,d] =
0, which implies Lydf = dLyf = |f|df. Consequently, Ly extracts the 7Z-degree of a
differential form while ignoring its form degree. We say that w € Q*(M) is of degree k € 7.
if and only if Lyrw = kw.

Z-graded vector bundles. The tangent bundle of a Z-graded manifold as introduced above
is an example of a Z-graded vector bundle. Generally, a Z-graded vector bundle over a 7Z-
graded manifold M = (|M|, %)) is defined to be a locally free sheaf &), of Z-graded .%)-
modules over M. In addition, for a morphism (f, f*) : (| M|, %) — (|M'|, %) of locally
ringed spaces, the pull-back of a 7Z-graded vector bundle &, over M’ to M is the locally free
sheaf f*&y := Sy @p-19,, [~ Enr over M1

Q-manifolds. We now have introduced all the ingredients necessary to define a (-manifold.
A @Q-manifold is a pair (M, Q), where M is a Z-graded manifold and @ is a homological vector
field, that is, a homogeneous vector field () of degree 1 which satisfies Q2 = 0. Note that
the homological vector field induces a differential on the algebra of functions and the pair
(€>=(M),Q) is a dg-algebra®. Moreover, if the Z-grading reduces to a non-negative or N-
grading, then we also speak of an NQ-manifold. A morphism of ()-manifolds (M, () and
(M',Q') is a smooth map f : M — M’, inducing the homomorphism f# : C®(M') —
C>(M) of differential algebras, that is the usual chain property holds: Qo f# = f# o Q'. As
a composition of two morphisms is apparently a ()-morphism, we have a well-defined category
of ()-manifolds.

Historically, the term ()-manifolds has its origin in physics, in particular in the study of
supersymmetry, where the letter () was a standard notation for a super-charge. These ob-

jects played a key role in the seminal work of Alexandrov—Kontsevich—Schwarz—Zaboronsky

lHere, f~1.%) denotes the inverse image of %, (and likewise for &y/). See c.f. Appendix D for a
definition.
2The action of @ is naturally extended from C°°(M) to the whole tensor algebra of M.
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(AKSZ) [114], while Kontsevich has shown the link to deformation quantisation [119]. Homo-
logical vector fields were studied by Vaintrob [124,125], but even before they were formalised

as a mathematical notion, they had existed in physics parlance as BRST symmetries.

Examples. The simplest example of a ()-manifold is any ordinary manifold M together with
@@ = 0. Another simple but more interesting example is the degree-shifted tangent bundle
T[1]M, with the canonical vector field turning into the de Rham differential on the algebra
of functions given in the motivational paragraph. We shall encounter many more examples in

Section 2.4..

2.3.1. Symplectic Q-manifolds

A graded symplectic structure of degree k on a Z-graded manifold M is a closed non-
degenerate differential two-form w € Q?(M) of degree k. The non-degeneracy means that
V _w =0 is equivalent to V = 0 for vector fields V.

A symplectic Q-manifold of degree k is a (Q-manifold (M, () equipped with a graded
symplectic structure w of degree k for which @) is symplectic, that is, Low = 0. It is rather
straightforward to see that w must be exact for £k # 0 and @ Hamiltonian for k # —1,
respectively [45]. Indeed,

kw = Lyw = T odw+d(Y ow) = dY vw) = w = d(%T#L{)) . (2.26)

Likewise, to verify that ) is Hamiltonian, we first note that d(Q) — w) = 0 since @) is symplectic.
Then,!

—Q-w = [QT]-w = Q-d(T-w) —d@Q-T -w)

(2.27a)
= kQ4w+d(T_nQ_nw) ,
where in the second step we have used (2.26). Consequently,
Q-ow = dS with § = %_HQ_IT_IW. (2.27b)

1Cartan’s formula (2.25) together with the fact that the Lie derivative is a graded derivation that commutes
with the contraction, Ly (W —w) = [V, W] 2w + (=D)VIWIW _ Lyw, imply that [V, W] 2w =V W &
dw+V 2d(W s w) — (=D)VIIWHDY _d(V —w) 4+ (=DVId(V W Zw).
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Poisson structure. As on ordinary manifolds, a symplectic structure on a )-manifold in-
duces a Poisson structure. Concretely, let (M, @, w) be a smooth symplectic degree & manifold.

For any f € €°°(M) let V; be the corresponding Hamilton vector field given by
Vi sw = df . (2.28)

For homogeneous f € €°°(M) of degree |f| € Z, this equation implies |V}| = | f| — k because
|V ww| = |V + |w| and |df]| = | f|. We then define the graded Poisson structure

{f,g} =VioV,0w = Vg (2.29)

For homogeneous elements f,g € €°°(M) of degrees |f|, |g| € Z, we have that |{f, g} =
|f] + |g| — k. Using Cartan’s formula (2.25), we immediately find the standard result
Virgr = (=1)I=F[V; V], Furthermore, the Poisson structure is graded antisymmetric,

{f,9} = —(=)WI=Pl=R{g 1, (2.30a)
satisfies a graded Jacobi identity,

{f.{g,h}} + (=) WI=RglHrD+FI=k g g o 1Y 4

(2.30Db)
(=) ARAS DRk gy g Ay —
as well as a graded Leibniz rule,
{f.9h} = {f.abh+ (=) Wlg{f,n} . (2.30c)
Using (2.27b) and the fact that |S| = k + 1, we find
Q = {5 —-}. (2.31)

The Jacobi identity then implies that Q% = 1{{S, S}, —}. Consequently, {S,S} = QS must
be locally constant for @* = 0. Since |{S, S}| = 2+ k, we may conclude that for k # —2 the

condition Q% = 0 is equivalent to saying that
{S5,8} = 0. (2.32)

For S the (classical) Batalin—Vilkovisky action, this is called the classical master equation. In
this special case, the Poisson bracket is of degree 1. General Poisson algebras of degree 1
are known as Gerstenhaber algebras. We shall return to the Batalin—Vilkovisky action in

Section 4.3..
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Examples. The following examples were first given in [126], see also [45] and [116] for
further details. A symplectic NQ-manifold of degree 0 is simply a symplectic manifold. A
symplectic NQ)-manifold of degree 1 is in one-to-one correspondence with a Poisson manifold.
Such a manifold can be shown to be symplectomorphic to T*[1]M with canonical symplectic
structure. A compatible homological vector field () corresponds to a bi-vector field on M and
the condition (> = 0 amounts to this bivector being a Poisson tensor. Similarly, symplectic
N@-manifolds of degree 2 are Courant algebroids. These objects arise in string theory when
studying the geometry underlying T-duality and features prominently in generalised geometry
and double field theory. As a last, more involved, example we mention T™*[n|T[1]M, a shifted
cotangent bundle of the shifted tangent bundle of an ordinary manifold M. This is a class
of NQ-manifolds containing the Vinogradov algebroid TM & A" 'T*M, see [127,128] for
details. Here, the cotangent functor 7™ gives extra coordinates with opposite degree to the
fibers in T'[1]. For n = 2 the Vinogradov algebroid is an exact Courant algebroid' and one has
local coordinates (z#, &€, p,), with = 1,...,dim(M) of degree (0,1, 1,2), respectively.

A canonical choice of the homological vector field reads () := 5“&% —i—p#%.

2.4. L .-algebras and L.-algebroids

2.4.1. Motivation

The previous example of a Courant algebroid as well as the )-manifolds 7'[1]M and T™[1]M
connect ()-manifolds to Lie algebroids. This connection can be vastly generalised as we shall
see in the following.

Firstly, let us see what happens for a ()-manifold M with body M° a point. In that case,
we simply have a Z-graded vector space V. Let us further simplify V such that it is non-trivial
only in degree —1, i.e. V = g[1] for an ordinary vector space g. Let £ be local coordinates
on V of degree 1. Then, the most general degree 1 vector field () is necessarily of the form
9

567 (2.33)

Q - _%faﬂvgagﬁ

for some constants f,3” = —fs.”. It is straightforward to check that the identity Q% = 0 is

1The data specifying a symplectic structure on T [2]T[1]M are equivalent to the data specifying a Courant
algebroid structure on the bundle TM & T* M, [45].
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equivalent to requiring the f,3” to satisfy the Jacobi identity

Ja’ f16° + [3y" fas® + fra’ fa5° = 0. (2.34)

Therefore, the constants f,z” are, in fact, the structure constants of a Lie algebra structure
on g. We conclude that a ()-manifold with body a point and concentrated in degree —1 is
therefore a Lie algebra g.

The latter generalises to the following statements, which we shall explain in more detail
in the remainder of this Section. A ()-manifold with body a point is an L..-algebra. If the
only non-trivial coordinates are of degrees 1,...,n we shall speak of a Lie n-algebra. These
algebras are expected to be the correct infinitesimal symmetry structure for gauge theories of
extended objects. Similarly, a @)-manifold with non-trivial body and coordinates of degrees

0,...,nis a Lie n-algebroid and a general ()-manifold is an L.-algebroid.

Chevalley—Eilenberg complex and ()-manifolds. Let us now link the above discussion to
standard mathematical nomenclature, introducing the language that is natural for describing
BV quantisation. The differential graded algebra® (A®g*,dcg) = (¢°°(g[1]),Q), for some
finite dimensional® Lie algebra g, is called the Chevalley—Eilenberg algebra CE(g) of g and the
differential dcg, induced by the homological vector field @, is identified with the Chevalley—
Eilenberg differential. Similarly, we have the identification CE(T'[1]M) := (Q°*(M),d), defin-
ing the the Chevalley—Eilenberg algebra of the grade-shifted tangent bundle T'[1]M as the de
Rham complex of some manifold M. This language is well-known from Lie algebra cohomology
and it allows a natural extension to the case of L..-algebras.

The Chevalley—Eilenberg algebra is a special case of the Chevalley—Eilenberg complex for

a g-module &,

0 —— Hom(A%, &) = & 225 Hom(Alg, &) —22E5 Hom(A2g, &) —So&s

(2.35)

1Strictly speaking, they are n-term L..-algebras, but for all intents and purposes, they can be regarded
as (categorically) equivalent to Lie n-algebras. The categorical equivalence has been proven for Lie 2-algebras
and 2-term L.,-algebras [4]; the extension to Lie n-algebras and n-term L.-algebras should be very involved,
but ultimately a mere technicality.

2The isomorphism is the shift isomorphism s® defined in (2.13). See Appendix A for details. Moreover,
homomorphisms of a Lie algebra g are in one-to-one correspondence to chain maps of the complex CE(g).

3Special care has to be taken in the infinite-dimensional case. See e.g. [129] for details on this point.
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with Chevalley—Eilenberg differential
dCE : H0m</\pg’(ga) — Hom(/\p-i-lg’(gz’) )
(dCEF)(Xla"-aprrl) =

p+1
= Y (D)X > F(Xy, . Xy, X)) + (2.36)
=1
+ Y (CDMR(XL X X X X X )
1<i<j<p+1

We now explain that in the case of the trivial g-module & = R, we recover the Chevalley—
Eilenberg algebra and the action of d¢g is essentially that of (). First, note that a function

F € Hom(A\*g, R) corresponds to an element in 4°(g[1]) according to

1
F(to, N oo i NTay) = Fopoap, <= Efal--f"‘kFal...ak. (2.37)

Under this isomorphism, the Chevalley—Eilenberg differential is indeed mapped to ). Con-

cretely, we have that

(dCEF)(Tal/\.../\TakH) = Z (—1)i+jF([Tai,Taj],Ta1,...,7A'ai,...,7A'aj,...,7'k+1)
1<i<j<k+1
(k+1)!
= —mf[alaaﬁfwﬂas...aw]
(2.38)
corresponds to
1 a1 ag 1 a1 Qi1 B
ng te 5 Fal"'ak = _mg te £ fa1a2 FBOKS"'CYIC+1 : (239)

Remark. This is exactly the language used by Cartan to describe local connection forms on
principal fibre bundles, as mentioned in the introduction to this Chapter. Let M be a manifold
and g a Lie algebra with basis 7, and structure constants fg.. Morphisms of differential graded

algebras
A : CE(g) — CE(T[1]M) , (2.40)

preserve the graded algebra structure and therefore are fixed by the image of £, A(£*) =:
A~ € QY(M), that defines a Lie algebra-valued differential form or local connection 1-form
A = A%7, on M. Compatibility with the differentials of CE(g) and CE(T'[1]M), that is
(do A)(*) = (Ao Q)(£™), enforces flatness of this connection

dA = A(—3f5.6°) = =1f5 AP NAY = F:=dA+1[AA]=0. (241
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Gauge transformations are encoded in partially flat homotopies between two morphisms of
type (2.40). Moreover, to describe non-flat connections one needs to enlarge the Chevalley-
Eilenberg algebra and construct the so called Weil algebra, [130,7]. We shall not discuss
this approach further, which in its full extent is due to [7] . The interested reader may also
consult [131] for a review of the subject. Along this Thesis, we shall use a different approach

to describe kinematical data of higher gauge, as explained in Chapter 3.

Contracted coordinate functions I. We now come to an important technicality which,
however, will greatly simplify our notation. Relying on basis dependent equations as Q% =
—%fm%ﬁ@ is both inconvenient and inelegant. We can, however, contract both sides of the

equation by the basis vector 7,, obtaining the basis independent version

Q¢ = —%[f,ﬂ with ¢ = &4 ® 71, . (2.42)

Note that & is not an element of g[1] but rather an element of (g[1])* ® g which, in turn, is a
subset of gy := €>°(g[1]) ® g. We thus extended the Lie bracket from g to g¢. Since [—, —]
does not carry any degree, this extension by linearity is unique. This is similar to the extension
of the Lie bracket from g to Q°*(M, g), the set of Lie algebra valued differential forms, which
is often used in gauge theories. In the general case of L..-algebras, however, we will have to

be more careful.

2.4.2. L.-algebras

As stated above, the differential graded algebra (C*°(g[1]), @) provides an alternative descrip-
tion of the Lie algebra (g, [—, —]), with [—, —] the Lie bracket via the identification with the
Chevalley—-Eilenberg algebra CE(g) := (A® g*,dcg) of g. This statement readily generalises
to categorised structures. Considering a (Q-manifold’ M concentrated in degrees 1,---,n
we declare the pair (4°°(M), Q) to be the Chevalley—Eilenberg algebra CE(L) of an n-term
Lo.-algebra (L, u;) over R, with u; being the higher brackets generalising the ordinary Lie
bracket. Indeed, such a @-manifold is necessarily of the form M = L[1], for a Z-graded vector
L.

Defining £“ to be local coordinates of degree [€%| € {1,...,n}, then the vector field (2.33)

space L = @)_

—n

!Recall, that we here are considering Q-manifolds with body a point.
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generalises to
5 0

Q= aeh -

7

76‘11 .. .gaifaynozi

n (_1)%i(i+1)
3 . (2.43)

1
Note that the f, ..,/ are constants, but not all them are non-zero because of the requirement
of the vector field () being of degree 1. These constants encode totally graded anti-symmetric

multilinear maps!

piobxo-xb =L, (2.44a)
—
i copies
of degree 2 —i. Indeed, letting 7, be a basis of L with |7,| = —|¢.| +1 € {—n,...,0} we
may write
Mi(Tal? e 77—111’) = fal---aiﬁTB ' (244b)

The nilpotency condition Q? = 0 amounts to requiring that the higher maps satisfy the higher

or homotopy Jacobi identities,

Z Z X(Uu ‘617 s 7£i>(_1>kuk+l(uj(€a(l)7 s 7€U(j))7 ga(j-‘rl)a s 7‘€U(i)) =0 ’ (244C)
j+k=i ceSh(j;7)

for ¢1,...,¢; € L and i € Ny, as a straightforward but lengthy calculation shows. Here, the
sum is taken over all (j; ) shuffles o which consist of permutations o of {1, ...} such that the
first j and the last i — j images of o are ordered: o(1) < --- < o(j)and o(j+1) < --- < o(i).
Moreover, x(o; {1, ...,¢;) is the graded Koszul sign defined via the equation

fl AN /\El = X(O’;El, . ,Ez) 60(1) VANPIN /\EJ(Z) (244d)

in the graded exterior algebra for homogeneous elements. More generally, a Z-graded vector
space L together with the i-ary multilinear totally antisymmetric products p; defined above
satisfying (2.44c) is called L..-algebra or strong homotopy Lie algebra [10,132-134]. The

homotopy Jacobi identities (2.44c) for ¢ = 1 and i = 2 can be written as

pa(pa(€1)) =0,

(2.45)
g (pia (€1, €)) =pa(pin (1), €) + (= 1)y (4, pa (62))

where |¢|| denotes the L..-degree of ¢ € L. The first identity tells us that the unary product

(1 is a differential, making L into a cochain complex, while the second identity shows that 1,

!Please note that our notation differs from another commonly used one, where higher products are denoted
by l; or £;. For us, the latter are often elements of the L.,-algebras.
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is a graded derivation which is compatible with the binary product p5. In addition, the corres-
ponding relation for © = 3 captures the failure of the binary product p to satisfy the standard
Jacobi identity. We just mentions here that L..-algebras and their homotopy Jacobi relations
can be also elegantly described in the codifferential graded coalgebras perspective, which is due
to [133,134]. The interested reader may find the translation between the differential graded
algebra, coalgebra and higher brackets pictures in Appendix A.

Note that in the same sense as L..-algebras generalise Lie algebras, the higher analogue of
an associative algebra is an A, -algebra or strong homotopy associative algebra, as introduced
in [40,41]. Roughly speaking, while an L.-algebra generalises the commutator in a matrix
algebra to a structure violating the Jacobi identity, an A..-algebra generalises the matrix
product in a matrix algebra to a non-associative structure. These A.-algebra come with
higher homotopy associative products and antisymmetrising these products yields the L..-
algebra products p; on the underlying graded vector space. A unifying description of all the
homotopy algebras' and their cyclic structures is provided by the formalism of operads, where
A .-algebras and L..-algebra are defined as homotopy algebras over the associative operad
and the Lie operad, respectively. For our purposes, we are not interested in reaching this level
of abstraction. See e.g. [136, 137].

Special cases. It is useful to introduce some nomenclature. We call the L..-algebra
L=+ —0—0— - (2.46)

where 0 denotes the zero-dimensional vector space, the trivial L..-algebra. An L..-algebra
is called minimal whenever 11; = 0. For example, ordinary Lie algebras form minimal L
algebras, while differential graded Lie algebras are not minimal in general. Furthermore, a
linearly contractible L..-algebra is one in which the only non-trivial higher product is the
differential 1, and the corresponding cohomology vanishes. For example, the L..-algebra
V(1] 45 v with (1 = id and all higher products trivial is linearly contractible. Also the trivial
pairs introduced later for gauge fixing in the BV formalism are linearly contractible. Similarly,
Loo-algebras for which p; = 0 for ¢ > 3 are called strict L.,-algebras. Such L..-algebras are

the same as differential graded Lie algebras. Finally, we recall that when an L..-algebra is

1The term homotopy algebra generally refers to either a Lo.-, Aso- or Cuo-algebra, that is, an A, -algebra
that also satisfies homotopy commutativity relations, see [135] for details.
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non-trivial only in particular degrees, we say that it is concentrated in these degrees. L..-
algebras concentrated in degrees —n + 1,...,0 corresponds to an n-fold categorification of a

Lie algebra (with morphisms up to degree n — 1).

2.4.3. Cyclic L..-algebras

The appropriate notion of an inner product on an L..-algebra L is a graded symmetric non-
degenerate bilinear pairing
<—, —>|_ LxL —- R (2473)

which is cyclic in the sense of
o pti(Cay o ) = (—1) A OHGnl X o Wl ey ) (2.4Tb)

for all i € N for homogeneous /1, ..., ¢;11 € L with |/;|, the L..-degree of ¢; € L, cf. [138,139]
for the original introduction of cyclic structures.

Whenever an L-algebra is equipped with such an inner product, we shall call it a cyclic
L.-algebra. When a cyclic L..-algebra is Hilbert (i.e. complete), the non-degeneracy of the
inner product induces the isomorphisms L = (L[k])* = L*[—k] where k := [(—, —).|L.

In the ()-manifold picture, a cyclic inner product corresponds to a symplectic form and
the cyclicality is encoded in the requirement of the vector field to be symplectic with respect
to the symplectic form. Let us again illustrate this starting form the simple example of a
Lie algebra g. Let £* be coordinates on g[1] with respect to a basis 7, of g. As we have
seen above, the homological vector field is then given by () = —%f,m”{afﬁ%. A symplectic
structure on L[1] is necessarily of degree 2 and thus takes the form w = %wagdfa A d€P with
Wap = Wpa € R. The fact that @ is symplectic implies Low = —d(Q —w) = 0 which,
together with ) = d&* = Q& leads to

Lwas (A(QE) AP —de* Ad(QE7)) = 0 = wsals,’ = 0. (2.48)

This is precisely the cyclicity condition for the symmetric inner product (7., 75)y = Waps on the
Lie algebra g,
(Tar [T8: 75} = (7 [Tas T8])g - (2.49)
Finally, note that the Hamiltonian (2.27b) for @ is given by S = £2¢PEwso f5,). It
is not difficult to see that this treatment generalises to L[1] with L = @,c; Lx. That is, a
smooth symplectic )-manifold of the form (L[1],Q,w) encodes a cyclic L..-algebra L.
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2.4.4. L -algebras from tensor products

An important observation which we shall heavily rely upon is that the graded vector space
obtained from the tensor product of an L..-algebra and a differential graded commutative
algebra carries a natural L.-algebra structure, see e.g. [102]. As we shall see in the rest of
the Thesis, this concept is crucial in describing the kinematical data of a higher gauge theory
having some L.-algebra as its structure group.

Let (A,d) be a differential graded commutative algebra and (L, u;) be an L..-algebra.

Then we have a new L.-algebra Lo with underlying graded vector space

La = DAL with AL, = @ AsL (2.50a)
keZ i+j=k
so that the homogeneous degree in La is given by |a ® ¢|, = |a|a + |¢|L for homogeneous

a € A and ¢ € L. The higher products fi; on L read as

L= (2.50b)

d®id+id®,ul iZl,
m; @ else ,

where m;(ay,...,a;) == ay - - - a; is the commutative, associative product on A.
Applied to (a1 ® ¢4, ...,a; ® £;) with homogeneous ay,...,a; € Aand ¢1,...,¢; €L, we

obtain

fa(a ®4y) = dag @ 4y + (—1)|al‘Aa1 ®@ () ,

fi(ar @by, ... 0, @46;) = (—1)i22:1 laslatd "y lagla S0 77 Ml X (2.51a)

X (al"'ai)®ﬂi(£17-"a£i)

for i > 2, and they extend to general elements by linearity. It is shown in Appendix C that
these products satisfy the homotopy Jacobi identities (2.44c).
In addition, if both A and L come with inner products (—,—)a and (—,—)_, then Lp

admits a natural inner product defined by
(a1 ® b, a0 @ lo), = (—1)lazlall g ag)a(ly, €)1 (2.51b)

for homogeneous aq,as € A and /(1,05 € L. Clearly, this inner product is graded symmetric

and its cyclicity is shown in Appendix C.
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Remark: L -algebra structures on graded modules. Let us remark that our previous
discussion of L..-algebra structures on graded vector spaces translates to the case of graded
modules. This is particularly important for the application to field theory, as here the field
of real numbers is essentially always replaced by a ring of functions or, more generally, by a
ring of sections of some vector bundle. In the following, a (cyclic) L..-algebra will have an

underlying graded module.

Example: Contracted coordinate functions Il. Another fundamental example is the
following. Let (L, ;) be an L..-algebra. Recall that to use the simplifying notation in Equa-
tion (2.42), we introduced the contracted coordinate functions £ := {* ® 7, of total degree
|€] = 1, extending the Lie algebra g to the tensor product gy := €*°(g[1]) ® g. In the case

of L the analogue extension is
Ly == €°(L[1]) ®L, (2.52a)

where we regard €°(L[1]) as a differential graded algebra with trivial differential. This leads
to higher products obtained by linearly extending

(G ®b) = (=19 @ (),

ﬂz(CI ® 61, o 7@ ® gz) — _1)12321 Ki|gh+2§-:2 |Cj‘gh Zi;ll Mle(Cl - Cz) ® ;ui(€1> o ’ez)
(2.52b)

for homogeneous (; € €*°(L[1]), of degree |(;|sn € Z, and ¢; € L. These give the Z-graded

—~

vector space (2.52a) an L..-structure.
For L a cyclic L..-algebra with cyclic inner product of degree k, we also define a non-

degenerate graded symmetric pairing Ly x Ly — €°°(L[1]) given by

(G®0,6 g2>|_(g = (_1)k(|C1\gh+|C2\gh)+\41|L|C2|gh (G1G) (U, o)1 (2.52¢)

for homogeneous (; o € €>°(L[1]) and 415 € L.
This tensor product L..-algebra now allows us to write the action of () in a very compact
form, extending formula (2.42). We introduce again the contracted coordinate functions

£ =E*® T, € Ly with |] = 1, where 7, is a basis for L. As shown in (A.25), we then have

Q¢ = — X e 8. (253)

i>1 v
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This formula should be interpreted as acting on elements of O°L[1]. The p;(&,...,¢&) act
non-trivially only on elements of ®"L[1] and when moving ¢ past elements in L[1], one should
insert Koszul signs accordingly.

Such a construction, together with the one discussed in the next two paragraphs, will be

central in the BRST/BV formalism analysed in Chapter 4.

2.4.5. L -algebroids

It remains to discuss the case of a )-manifold (M, Q) with non-trivial body M°. As stated
above, these correspond to L..-algebroids. We call the dg-algebra (4>°(M), ) the Chevalley—
Eilenberg algebra of an L, -algebroid.

The (Q-manifolds underlying ordinary Lie algebroids are simply degree-shifted vector bundles.
Let £ — M° be a vector bundle over an ordinary manifold M°. On the degree-shifted vector
bundle M = EJ[1], we introduce local coordinates x*,£* with |2#| = 0 and [£%] = 1, the

homological vector field () must be of the form

0 0
Q = Pg(x)ﬁa% - %faﬂv(x)faﬁﬁai@ .

The condition @? = 0 then amounts to requiring that the f.3” encode a Lie bracket on the

(2.54)

space of sections of E satisfying a Leibniz rule and the p” encode a Lie algebra morphism
E — TM°.

Example: action Lie algebroid. An important example of a Lie algebroid is the action Lie
algebroid. To define it, let M° = (| M|, €}y) be an ordinary manifold together with an action
p:Gx M°— M?° of a Lie group G. We are then often interested in the orbit space M°/G.
This space is can be badly behaved and hard to get under control. For example, the action
of G may not be free (i.e. it contains fixed points) which leads to singularities when trying to
regard M°/G as a smooth manifold. But even if this is not the case, it may be hard to find
an explicit and useful description of the quotient space M°/G.

One way to circumvent this problem is to use the derived quotient instead. This is just
modern terminology for considering the action Lie groupoid.® The morphisms of the latter are

the maps transforming © € M° by a group element g € Gto g >z € M°,

RN g> . (2.55)

1See Appendix D for a definition of the Lie groupoid. Recall that a Lie group is a Lie groupoid with the
base manifold being a point and similarly a Lie algebra is a Lie algebroid with the base manifold being a point
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The action Lie groupoid is thus the category G x M° = M?°. The structure maps are rather
obvious. The identity map id, : M° — G x M° is simply z — (1g,2) and composition of
morphisms (go, g1 > x) and (g1, ) is given by (g2,91 > x) o (g1, ) = ((9291) > x,z). The
inverse of a morphism (g, ) is (g,2)"' = (g7, g > x).

Just as a Lie group differentiates to a Lie algebra, a Lie groupoid differentiates to a Lie
algebroid and a very general prescription for the Lie differentiation of L..-groupoids is found
in [140], see also [103] for all details. The action Lie algebroid is now the trivial vector
bundle g x M° — M?°, where g is the Lie algebra of G. The corresponding ()-manifold is
M = g[1] x M° with local coordinates z* and £* of degrees 0 and 1, respectively, and the
homological vector field reads as (2.54). Here, p" is given by linearising the Lie group action
p:Gx M°— M°and f,3"7 are the structure constants of g.

As we shall see in Section 4, when dealing with gauge field theories, the groupoid per-
spective turns out to be a much more refined approach than the naive gauge orbit space
perspective. In particular, the action Lie algebroid is the mathematical structure underlying
the Becchi-Rouet-Stora—Tyutin (BRST) complex. Finally, also note that this construction

generalises to actions of L..-algebras on manifolds.

Comments on generalisations. Our treatment of L. -algebras and L.-algebroids as par-
ticular (Q-manifolds extends to cases where the Z-graded vector bundles become infinite-
dimensional. Here, however, care needs to be taken in the dualisation from the dg-algebra
picture involving the Chevalley—Eilenberg differential () to the coalgebra picture with codiffer-
ential D.!

Also, the cyclicity condition for L.-algebras (2.47b) can certainly be extended to bilinear
maps on a module A over a ring R to that ring R, just as in the case of Lie algebras. Recall that
such maps are used e.g. when defining Lagrangians, where A are representation space-valued

differential forms and R is the ring of functions (or even densities) on a manifold.

2.5. Morphisms of L_.-algebras and quasi-isomorphisms

Morphisms between L. -algebras, also known as L..,-morphisms, generalise the notion of Lie
algebra morphisms, which are maps preserving the Lie bracket. Because of the higher categor-

ical nature of L., -algebras, it shouldn't be surprising that the former are much richer than

1See e.g. [141] and [142] for discussions on the subject.
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the latter. The notion of morphism of L..-algebras is naturally induced by their description in
terms of differential graded algebras. In the following, we shall translate this notion to the mul-
tilinear maps ; and clarify the appropriate notion of isomorphism, called quasi-isomorphism.*
A key references for this Section is [143], where corresponding definitions and results are found

in the more general case of A..-algebras.

2.5.1. L,.-morphisms

L.-morphisms are most straightforwardly understood via the description of L..-algebras in
terms of (-manifolds or via their interpretation as codifferential coalgebras, where there is an
obvious notion of morphism.The technical details of the derivation are found in Appendix A,
which we summarise here as follows. In the ()-manifold picture an L.-morphism is described
by a degree-0 morphism (f, f#) : (M,Q) — (M’,Q’) of Z-graded manifolds, preserving the
homological vector fields in the sense that Q o f# = f# o ()'. In the L..-picture, this can be
rephrased as follows. A morphism between two L..-algebras (L, 11;) and (L', }) is a collection

of mutlilinear totally graded anti-symmetric maps
Gi:Lx--xL—L", (2.56)

of degree 1 — i for © € N, which obey
S>3 (Dol )1 (18 Loty - s Lo))s LoGn)s - - -5 Loti))

Jj+k=i o€Sh(j;i)

= zz:l > > X(o; by, 0)C (o3 b, ... ) X (2.57a)

Jj=1 j! k14-4k;j=i 0€Sh(k1,....kj_1;i)
X IL(/; (¢k1 (go'(l)a s 7€J(k1))7 B >¢kj (ga(k1+-"+kj,1+l)a s 7€U(i)>> .

Here, x(0; ¢4, ...,¢;) is the Koszul sign and ((o;(q,...,¢;) for a (ki,..., kj_1;1)-shuffle o is

defined as

i— ) ' ORI
0l 1) = (1) Srsmenss bt Ti kom0 (k) TR gl

(2.57b)
An L,.-morphism for which ¢; = 0 for i > 2 is called strict. Clearly, L.,,-morphisms concen-

trated in degree 0 are of this type and for those the relation (2.57) reduces to

O1(pa(lr, €)= pa(@1(r), d1(la)) (2.58)

1They are most appropriate from a co-categorical point of view. For example, all definitions of the gerbes

governing the higher form fields work up to quasi-isomorphisms.



38 2.5. Morphisms of L..-algebras and quasi-isomorphisms

that is, the expected relation for a morphism of Lie algebras. The notion of a weak morphism
between 2-term L.-algebras was derived in [4], where also many more details on 2-term
L..-algebras can be found. Morphisms of L.-algebras are composable, and the formulas
for the composition map can be derived using the coalgebra picture in Appendix A in which
composition is evident. As we shall see, there are two notions of isomorphisms between L .-

algebras.

L .-isomorphisms. An L.-morphism is (strictly) invertible if and only if the map ¢, is
invertible. This is already suggested by (2.57), which shows that the higher products on
either (L, ;) or (L', i) can be reconstructed from the respective others if ¢; ' is known. In
this case, the map ¢; : L — L’ is an isomorphism, and, correspondingly, we call such L-
morphisms isomorphisms of L.-algebras or L..-isomorphisms. They allow us to formulate the

next theorem.

Decomposition theorem. Any L_-algebra L is L..-isomorphic to the direct sum of a
minimal L..-algebra (that is, an L..-algebra with p; = 0) and a linearly contractible L.-
algebra (that is, an L..-algebra with p; = 0 for ¢ > 1 and trivial cohomology), see [143] for
the more general case of A..-algebras.

Because an L.-isomorphism is in particular a cochain map, it follows that the minimal
Loc-algebra in the decomposition should have the cohomology complex (H} (L),0) of the

complex (L, 111) as its differential graded vector space. Thus, we have in general
(L) = (L) = HY (L) @ L/HS (L) (2.59)

and L/H} (L) is the linearly contractible part.

2.5.2. L,.-quasi-isomorphisms

Often, L..-isomorphisms do not yield the physically relevant equivalence classes; see e.g. Sec-
tion 3.1.. Instead, one should consider the following weaker notion of an isomorphism: a
quasi-isomorphism is a morphism that induces an isomorphism on the level of cohomology.
Explicitly, a quasi-isomorphism of L.-algebras is a L.,-morphism (L, 11;) — (L', 11;) for which

¢1 induces an isomorphism H} (L) = H;,I(L’) of graded vector spaces.! We will argue below

1We observe that the condition (2.57) for i = 1 reads ¢1(u1(¢)) = pi(¢1(¢)), for £ € L. Hence, ¢; is a
cochain map between (L, u1) and (L', i) and thus descends to a homomorphism on cohomology.
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that L..-quasi-isomorphy indeed induces an equivalence on the space of L..-algebras. Since
a Lie algebra is isomorphic to its cohomology, the difference between quasi-isomorphisms and
L.-isomorphisms is a new feature of L., -algebras, which is not present in the case of Lie
algebras. We also call two differential graded algebras (¢*°(L[1]), Q) and (€*>(L'[1]), Q")
quasi-isomorphic, if they form the Chevalley—Eilenberg algebras of two quasi-isomorphic L-
algebras L and L'.

Besides the decomposition theorem, there are two additional structure theorems, which
generally hold for homotopy algebras and are useful for the homological algebraic perspective

on field theories.

Strictification theorem. It can be shown [144,145], that any L.-algebra is L.,-quasi-
isomorphic to a strict L..-algebra. Recall that a strict L..-algebra is a differential graded Lie
algebra because only the differential and the binary product are non-vanishing. This result is
known as strictification' of an L..-algebra. Whilst this is a crucial result for making general
statements about L..-algebras, in practical applications, however, it often turns out that
the transition to the strict model of an L..-algebra is either hard to begin with or not very
convenient and too restrictive for further computations. We just mention here the relevance of
this result by saying that the strictification theorem implies that any field theory is equivalent
to a field theory with only cubic interaction terms. See [146] or [42] and 5.2.2. for applications

to physical theories.

Minimal model theorem. Here, we present another crucial result, companion to the above
one. It states that any L.-algebra (L, ;) is quasi-isomorphic to an L.-algebra (L', 11;) with
w1y = 0, that is a minimal one. This result follows from the decomposition theorem [143] that

guarantees that there are L.,-quasi-isomorphisms

p: L = H: (L) L/H (L) 5 He (L),

L ” (2.60)
e Hy(L) <5 HS(L)oL/HS (L) = L.

Here, 7 : H} (L) © L/H? (L) - H} (L) is the projection and ¢ : H} (L) — H3 (L) ®
L/H} (L) the inclusion. Both 7 and ¢ are strict, but neither p nor ¢ are, in general. The

existence of the second L..,-quasi-isomorphism in (2.60) is indeed known as the minimal

ln the mathematical literature it is often used the term rectification.
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model theorem [147,143], which historically predates the decomposition theorem. The L.-
structure on H} (L) is also called a minimal model, i.e. a minimal representative of the quasi-
isomorphism class of L. We note that minimal models are unique up to L..-isomorphisms.

Roughly speaking, the restriction to cohomology L — H} (L) is the restriction from the
kinematical data of a gauge theory to its physical states, and we shall come back to this
in Section 5. Hence, as we shall see, quasi-isomorphisms constitute the correct notion of
equivalence of physics theories [42,43]. In particular, the minimal model of a classical field
theory describes precisely the tree-level scattering amplitudes, as it corresponds to a field
theory that is equivalent to the original field theory, but without any propagating degrees of
freedom [148,143,42,43]. In [42] we constructed these minimal models for Yang—Mills and
higher Chern—Simons theory. We shall see this in Chapter 5.

The construction of a minimal model for (L, 11;) amounts to computing the L..-structure
given by the brackets on the cohomology ring H} (L) =: L'. Explicitly, let (L, ;) be an
L.-algebra and write dj, : Ly — Ljyq for py. Consider the complex (L,d) and denote its
cohomology complex by (Hg),0). The minimal model theorem then tells us that we have

cochain maps p and e
p
n(Cle=——= Hy, (2.61a)

with poe = 1 and h is a contracting homotopy. Specifically, h is a collection of maps
hk : Lk — Lk,1 such that
dk = dk @) hk+1 o) dk . (261b)

It follows that we can construct the three projectors
P, = exopr, hgpiody, and dy_iohy (2.62a)

with
1 = Pk -+ hk+1 e} dk + dk:—l o hk > (262b)

that is, they allow for the decomposition
L = im(P) ®@im(hod) ®im(doh) with im(P) = Hiy, . (2.63)

This decomposition is also known as the abstract Hodge—Kodaira decomposition, see e.g. [143]

as well as Appendix B for more details.
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Explicit minimal model. Let us see how the homological perturbation lemma translates to
the dual picture. To write down the Lo-structure on Hg ), let us set L' := Hg ) and p; := 0.
Following [143], we define totally graded anti-symmetric multilinear maps ¢; : L' x---xL" — L

of homogeneous degree 1 — i recursively by setting

¢1(6h) = e(l)
G2(l,6y) = —h(pa(e(ty), e(63)))

, (2.64)
L |
Gl l) = =25 Y Y X0l B0 ) X

|
J=2 ) byt itk =i ceSh(ky, k1)

8 h{“j(% CATIRERR AT IR 1 (ATSNTT fw')))}’

where ¢},...,0; € L’. Here, h and e are again the maps from (2.61), x(o;¢},..., ;) is the
Koszul sign defined in (2.44d), and ((o; ¢}, ..., ;) the sign factor introduced in (2.57). Recall
that e is a cochain map and thus so is ¢;. The maps ¢; provide an L.,-quasi-isomorphism

from L’ to L provided the higher products p; on L’ are constructed recursively as

pi(ly) =0,
o0y, 05) = pluale(ty), e(t3)))

| (2.65)
!¢ p! / - 1 / / / /
(0, . ) = ZF > > X(o; 0. (o3 0, ..., 0) X

j=2J" ki+-+kj=i UESh(kl,...,kjfl;’L')

X p {Mj <¢k1 (%(1)7 - 7€;(k1))7 o O <€;(k1+-..+kj_1+1)7 - 75:7(1'))) } -

Using the identities po ¢y = poe =1, pou; =pod =0, and py(e(¢")) = d(e(?)) = 0 for
all ¢/ e ' = H§, together with the decomposition (2.62b) and the higher homotopy Jacobi
identities (2.44c) for the products pu; on L, it is rather straightforward to see that (2.64)
together with (2.65) satisfy the definition (2.57) of an L,.-morphism.!

Weak inverses of L. -quasi-isomorphisms. Using the decomposition theorem, any L.-
quasi-isomorphism ¢ : (L, ;) — (L', u) can be weakly inverted by going through the corres-

ponding minimal models. Specifically, using the L..-quasi-isomorphisms (2.60), we obtain an

1The calculations are much simplified if one instead works with the contracting homotopy i := h—hohop,
in (2.64) since then hohopu; =hohod =0. See [146] for details.
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L.-isomorphism
G Hy (L) — L = U — Hy (L) (2.66)

which can be inverted and composed to give the inverse L.,-quasi-isomorphism,
-1
oL — Hy (L) 2 HL(L) — L. (2.67)
For instance, the quasi-isomorphisms (2.60) are trivially weakly inverses of each other. Since
L.-quasi-isomorphism can be weakly inverted, L..-quasi-isomorphy induces an equivalence

relation on the space of all L..-algebras.

Examples. Note that linearly contractible L..-algebras, such as V[1] d, V', have trivial
cohomology and therefore they are quasi-isomorphic to the trivial L..-algebra. The decom-
position theorem therefore implies the minimal model theorem.

It is always possible to extend an L..-algebra with underlying graded vector space

L= 20—20—=1L % Ly & Loy — -, (2.68)
to an L..-algebra structure on
' = -+ — 0 — ker(uy) = Ly 5 L 2 Lisg — -+ . (2.69)
Note, however, that L’ is L.,-quasi-isomorphic to an L.-algebra structure on
l” = -~ — 0 — 0 — coker(jy) = Liyt 2= Lo — -+,  (2.70)

effectively reducing the L..-algebra L to L” by extending it to L’. It is therefore important to
distinguish between the L..-algebras L and L'.

Morphisms of cyclic L..-algebras. The definition of a morphism of cyclic L..-algebras is
induced from the description in terms of a differential graded algebra: it is simply a morphism
of symplectic differential graded manifolds. However, such a morphism ¢ : (M,Q,w) —
(M',Q),") would imply that w = ®*w’ which, due to the non-degeneracy of w implies
that @ is injective. This is often too restrictive, and one usually switches to Lagrangian
correspondences, see e.g. [149]. For our purposes, however, this is not necessary.

Moreover, we shall restrict our morphisms a bit further with an eye to homotopy Maurer—

Cartan theory, which we shall discuss in Section 3. In this context, we are dealing with constant
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symplectic forms and we wish that morphisms of cyclic L..-algebras preserve the homotopy
Maurer—Cartan action. Following [143], we thus define a morphism of cyclic L..-algebras
¢ (L, iy (—, =)L) = (L', ul, (—,—)1r) as an Lo-morphism ¢ : (L, p;) — (L', 1) such that
in addition

(@1(61), p1(2)) = (b, )L (2.71a)

and for all i >3 and ¢4,...,0; € L,

S (650, 0), kL, G = O (2.71b)
jt+k=i
Jik>1

As before, for the sake of brevity, we shall also refer to such morphisms as cyclic L..-morphisms.

Decomposition theorem for cyclic L.-algebras. As shown in [143] for cyclic A..-
algebras, the decomposition theorem extends to cyclic L..-algebras. That is, any cyclic
L..-algebra is isomorphic to the direct sum of a minimal cyclic L..-algebra and a linearly

contractible cyclic L..-algebra.

Quasi-isomorphisms of cyclic L.-algebras. We indicated above that quasi-isomorphisms
allow us to describe an equivalence between data that is the same up to some gauge symmetry.
To extend this notion to action principles, we need a preservation of the cyclic inner product on
the relevant parts, which are the cohomology. We therefore define that a quasi-isomorphism
of cyclic L..-algebras is a morphism of cyclic L..-algebras ¢ : L — L', which descends to an

isomorphism of cyclic L.-algebras between H} (L) and H} (L').

2.5.3. Representations of L -algebras

To define (higher) supersymmetric field theories with matter content, we need to specify what
we mean by a representation of an L..-algebra. The first ingredient is a higher analogue of
a vector space carrying the representation. There is a variety of definitions in the literature
already for the simplest case of a 2-vector space. Fortunately, supersymmetry requires us to
use the same type of categorified vector space that underlies our L..-algebras. We can thus
restrict ourselves to dg-vector spaces. Note that these can be regarded as Abelian L..-algebras

with all higher brackets p; trivial for i > 2.
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L .-representations. There are now (at least) three evident ways of defining a represent-

ation of an L.-algebra (L, i1;) on a dg-vector space (V,d):

(i) Via an action of elements of L on V' with compatibility relations as done in [134, Defin-

ition 5.1], see also [150];
(i) As an L.,-morphism of L..-algebras from L to End (V), cf. e.g. [151, Definition 4.3];

(iii) As a semidirect product of L..-algebras L x V, which can be regarded as a short exact

sequence of L..-algebrasV < L x V — L, cf. e.g. [152, Definition 11.1.1.1].

Theorem 5.4 of [134] shows that (i) and (ii) are equivalent, and we choose to work with
the latter. Recall that any dg-vector space (V,d) comes with a dg-algebra (End (V), dend (v)),
which is defined by

End (V) := @End;(V) with End;(V) := ] Hom(V;,V,.,) (2.72a)
€7 JEZ
together with
denaoyT = doT — (=1)T1Tod (2.72b)

for T € End (V). Together with the commutator [S,T] := S o T — (—=1)TI5IT o S for
S,T € End (V), End (V) becomes a dg-Lie algebra.

An L. -representation of an L..-algebra (L, ;) on a differential graded vector space (V,d)
is an L..-morphism, as defined in (2.57), from (L, z1;) to (End (V), dgna (v))-

Example. As an example, let us consider the case of a representation of a Lie 2-algebra, that
is, an L.-algebra (L, ;) = (L_1 ® Lo, it;) concentrated in degrees —1 and 0 on the differential
graded vector space (V,d) = (V_; @ Vo, d). We note that

End (V) = (Hom(Vo,V_1) 5 End (Vo) & End (V_1) = (Hom(V_y, V)
(2.73)
and therefore a representation of (L, 11;) on (V,d) consists of a cochain map ¢;
Ly < Lo - 0
sz’l J,d)l Jqﬁ (2.743)

dEnd (v) dEnd (v)

Hom(Vo,V_1) End (Vo) ® End (V_;) Hom(V_1, Vo)



2.5. Morphisms of L-algebras and quasi-isomorphisms 45

together with a map
¢2 . LQ X LQ — Hom(VQ,V_l) (274b)

such that

1Y) = dena(v)d1(y) = dodi(y) +di(y) od,
1 (pa(z1,22)) = [1(21), 1(22)] + dend (v)P2(21, T2)
= [¢1(x1), P1(x2)] + d o pa(x1, x2) + ¢o(x1,22) 0 d , (2.74¢)
O1(p2(z,y)) = [P1(x), o1(y)] + da(x, 1 (y))
O1(ps(w1, 2, 23)) = dalpa(ar, 22), w3) — [¢1(21), Pa(w2, w3)] + cyclic

for al 123 € Lo and y € L_4, see (2.57).
As examples of concrete applications, let us specialise to the case ¢ = 0. For (V,d) =
(L_1&@ Lo, 1) and ¢q : L1 — Hom(Lg, L_1) trivial, we recover the representations underlying
the models of [153]. For a suitable choice of L, V_; = 0 and V|, the tensor fields on a manifold,

we obtain the representations relevant in generalised geometry and double field theory, see the

discussion in [154].






Homotopy Maurer—Cartan theory

Homotopy Maurer—Cartan theory was first developed in [10] in the context of the second
quantisation of string theory, known as string field theory. In the same paper also L.-
algebras were defined for the first time!, taking inspiration from the older definition of A.-
algebras [40, 41]. Explicitly, the structures of the Hilbert spaces of string field theories are
encoded in higher algebraic structures: L..-algebras in the case of closed string field theory
and A..-algebras in the case of open string field theory?. At the classical level, the relevant
action is simply the canonical action associated with an L..-algebra (or A..-algebra), which
is known as the homotopy Maurer-Cartan action. As mentioned in the Introduction, this
structure is somehow reflected in ordinary field theory. This is anything but unexpected if
one believes in the fundamental role that string theory, and therefore string field theory, is
supposed to play in physics. We shall explore this connection in detail in Chapters 4 and 5.
Given an L..-algebra L, we shall see how to construct the kinematical data of a cor-
responding higher gauge theory®> from the homotopy Maurer—Cartan equation of a certain
L..-algebra. As mentioned in the Introduction, such a higher gauge theory should indeed
describe higher connections taking values in categorified Lie algebras and living on a higher
principal bundle, see Appendix D. That is, following [102] we shall see how to specify notions
of gauge potentials, curvatures, (higher) gauge transformations and Bianchi identities. In par-
ticular, homotopy Maurer—Cartan theory turns out to be a vast generalisation of Chern-Simons

theory, which contains higher Chern—Simons theories as special cases. Here, the discussion

lalready together with their quantum variants.

2The construction of open-closed string field theory is based on a combination of both.

3There are several different ways of doing this, generalising the usual definition of connections on principal
bundles.
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follows the detailed review [42].

3.1. Homotopy Maurer—Cartan equation and action

Along this Section, we show how any L.-algebra comes naturally with an associated homotopy
Maurer—Cartan theory. In the following, some results require quite technical and tedious
computational proofs, which we collect in Appendix C, in order to avoid them cluttering our

discussion.

Differential graded Lie algebras. We start by recalling the Maurer—Cartan theory for a
differential graded Lie algebra (g,d,[—,—]). A Maurer-Cartan element a is an element of
degree 1 satisfying

da—i—;[a,a] =0, (3.1)

which is called Maurer—Cartan equation. This reduces to dw + w A w = 0, for a matrix Lie
algebra valued differential one-form w. Let us assume that g is endowed with an invariant
inner product compatible with the differential, that is a bilinear, graded symmetric, and non-

degenerate map (—, —) : g X g — R such that
(day,as) + (=1)"Nay, dag) =0 and  ([ay, asl, as) + (=142l (ay, [ay,a35]) =0, (3.2)

for ai,as,a3 € g. Then, the equation (3.1) is the equation of motion of the Maurer—Cartan
action
1 1

Smc = §<a,da) + 5(&, la,al) . (3.3)

As L.-algebras are generalisations of differential graded Lie algebras this construction naturally

generalises.

Gauge potentials and curvatures. In the following, let L be an L.-algebra with higher
products p; and define || € 7 as the L-degree of a homogeneous element ¢ € L. We call an

element a € L, a gauge potential, and we define its curvature f € L, as

f o= Zil!,ui(a,...,a). (3.4)

This terminology originates from particular choices of L in which a and f indeed reduce to the

gauge potential and the curvature of (higher) gauge theory.
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A gauge potential a € L, is called a Maurer—Cartan (MC) element provided it satisfies the

homotopy Maurer—Cartan equation
f = ma)+zp2(a,a) +--- = 0. (3.5)

This equation describes an abstract form of flatness of the gauge potential and general-
ises (3.1).

As can be easily seen, due to the higher homotopy Jacobi identities (2.44c), the curvature
satisfies the Bianchi identity
;?ui+1(f,a,...,a) =0. (3.6)
We invite the interested reader to consult Appendix C for detailed proofs, one using direct but

tedious computation and another, shorter one using the evaluation map ¢ and formula (2.53).

3.1.1. Gauge transformations

Elements of L_j for k > 0 are the gauge parameters of infinitesimal gauge transformations
(also called level 0 gauge transformations for & = 0) and infinitesimal higher gauge trans-
formations (also called level k gauge transformations for £ > 1). Mathematically, level 0
gauge transformations between two gauge potentials, are encoded in partially flat homotopies
between them. These homotopies are captured by gauge potentials for the tensor product
Lyo.-algebra Q°*(7,L) := Q°*(]) ® L with I := [0,1] C R, where the tensor product is as
defined in Section 2.4.. We can decompose Q}(/,L) = €>(I,L,) ® Q' (I, Ly) and an element
a € Q3(/,L) takes the form

a(t) = a(t)+dt®c(t) , (3.7)
with t € I, a(t) € €°(I,L,) and ¢(t) € €>°(1,Ly). Moreover, since Q3(1,L) = €>(1,L,) &
QNI,L,), the curvature f € Q3(7,L) reads as

() = X (e, ...a(0).2(0)

(3.8)

2 Z.l!ﬂz'ﬂ(a(t), oo a(t), c(t))} ’

= fiO)+dt® {gta(t) -

where the higher products j; are agnostic about the form degree of their arguments. Partial

2]

5 = f =0 or, equivalently, f € €°°(I,L;), leads to the differential equation

2 0(t) = X penn(alt), - alt),e(t) = 0, (39)

>0 7°

flatness
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which describes the changes of a(t). At t = 0, we can read off the gauge transformation
a — a + 0. a of the gauge potential a := a(0) parametrised by the gauge parameter ¢; :=
C(O) S Lo,

0

1
5 a(t) = > 5/1@4,1(@, Ce,Q,C) (3.10)

t=0 1>0 7"

0ee@ 1=

Furthermore, the curvature transforms under gauge transformations as

gt ft)y = > (_.'1)2112‘+2(f, a,...,a,¢c) , (3.11)

t=0 i>0 b

500f =

the proof of this equation is found in Appendix C .
Always in Appendix C, it is also demonstrated that the commutator of two successive

gauge transformations with gauge parameters ¢y, ¢, € Ly is given by

1 .
[0c, 0t Ja = dpa+ 5(—1)Z,ui+3(f, a,...,a,co,Co) (3.12a)
>0
with
1
o= Eui+2(a, ey 0,0, Ch) (3.12b)
i>0

where we have made repeated use of the higher Jacobi identities (2.44c). This shows that
for general L..-algebras, gauge transformations only close up to terms proportional to the
curvature f. For instance, the standard gauge transformations always close for strict L.-

algebras, for which only the differential and the 2-product are non-trivial.

3.1.2. Higher gauge transformations

It is important to stress that, in general, the gauge parameters ¢y € Ly may enjoy a gauge
freedom themselves which is mediated by next-to-lowest gauge parameters ¢_; € L_;. Like-
wise, the next-to-lowest gauge parameters c_; € L_; may enjoy gauge freedom that is medi-
ated by next-to-next-to-lowest gauge parameters c_5 € L_5, and so on. These are known
as the higher gauge transformations. Mathematically, they are described by homotopies
between homotopies. In particular, consider a level 1 gauge transformation between two
level O gauge transformations. These are captured by gauge potentials on the tensor product
Q°(I%,L) with I? := [ x [ and I := [0,1] € R. This time, we have the decomposition
O3(I%, L) X €12, L) ® QY(I% Lo) & Q*(I?,L_;) and hence, a € Q$(I?,L) takes the form

a(t,s) = a(t,s)+dt @ cV(t,s) +ds @ cP(t,s)ds + (At Ads) @ a(t,s),  (3.13a)
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where (t,5) € I?, a(t,s) € €°(1% L), cM2(t,s) € €=(I? L), and o(t,s) € €=(I%,L_,).

The fact that a is a homotopy between homotopies is reflected in the boundary conditions
a(0,5) = a and cM(t,0) = c(t) . (3.13b)

The geometric shape underlying this homotopy between homotopies is not a square but a bigon
with a coordinate degeneracy in s at t = 0 and ¢ = 1. Therefore, we have to supplement the

above boundary conditions by
@(0,5) = @(1,5) = 0. (3.13¢)

Moreover, Q3(72,L) decomposes as Q3(12,L) = €><(I% Ly) & Q'(1?, L) & Q*(I?%, L), and
upon imposing the partial flatness condition f € €*°(I% L,), we obtain the level 0 gauge
transformation (3.10) with the gauge parameter ¢y := ¢V (0,0) € L, together with the level 1

gauge transformation

0
de €0 = 95 Z /~bz+1 ,a,c_1) , (3.14)

t=s=0 >0t
where c_; :=0(0,0) € L_;.
The derivation of level k gauge transformations from certain components of a partially flat
curvature on I*"! makes it clear that this can be iterated further by considering Q®(7%*1 L)
for £ > 0. Ultimately, we obtain the level £ + 1 gauge transformation,

C k— 1 Z /"LZ-"-l ;a'7 C—k}—l) 9 (315)

1>0

for c_p € L.
It is important to point out that, as for gauge transformations, the condition f = 0 is also
a sufficient condition for the higher gauge transformations to close. Indeed, computing the

commutator of two successive gauge—of—gauge transformation we have

5071<660a) = Z /~LZ+1 7a7607100)
z>0
= Z Mz+2 . ,CL,C_I) )
=N (3.16)
5c_k_2(5c_k_1c—k) = Z Hz—i—l . 50 k—2C—k— 1)
Z>0

= Z :u’LJrQ -, a, C*k*Q) )

z>0
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for all £ > 0, as is demonstrated in Appendix C. Hence, for MC elements (3.5), this vanishes
identically and gauge transformations of level k gauge parameters leave the outcome of level k

gauge transformations unchanged (as expected).!

Covariant derivative. Given an L.-algebra (L, z1;), consider now ¢ € Ly, for some k € 7Z

and require that, under infinitesimal gauge transformations, ¢ transforms adjointly, that is,
deolp 1= —%;MHQ(Q,...,(L, Co, P) (3.17)
for ¢y € Ly. We define the covariant derivative V : L — Liy1 of ¢ by
Vo = ; Z,lluiﬂ(a, A, P) (3.18)

for @ € Ly. Under the gauge transformations (3.10) and (3.17), V¢ behaves as

1 —1)
5CO(VSO> = _ZEMH*Q(G’?"'?G’;CO?VQO) +Z( Z') /l’i+3<f7a‘7"'7a7 CO;QO) (319)

>0 7° 1>0

as is demonstrated in Appendix C. Hence, V¢ transforms adjointly? up to terms proportional

to the curvature f. Furthermore, in Appendix C is also shown that we have the standard result

Vip = Z (_Z_!DZ,uHQ(f, ay...,a,p) . (3.20)

>0
3.1.3. Homotopy Maurer—Cartan action

Let L now be a cyclic L..-algebra with an inner product (—, —)_ of degree —3. Then the

Maurer—Cartan equation is variational.

Action. The MC equation (3.5) describes the stationary locus of the action functional

1

Suclal = ; m(a, pila, ... a)) . (3.21)

Using the cyclicity (2.47b), it is a straightforward exercise to show that the extrema of Sy
are given by solutions to the MC equation (3.5). We shall refer to the action (3.21) as the

homotopy Maurer—Cartan action.

IStrictly speaking, it is only in this case that the geometric shape underlying the homotopy between
homotopies becomes a bigon.
21t will always transform adjointly in case of strict L..-algebras.
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The homotopy MC action (3.21) is invariant under the gauge transformations (3.10).

Indeed, we have

susvclal = (Fromar = =3 e s (frar. . a)h = 0. (3.22)

I
i>0 b

where we have used graded symmetry and the cyclicity (2.47b) of the inner product as well as
the Bianchi identity (3.6).

Further bosonic symmetries. Whilst gauge transformations themselves do not close off-
shell in general, their action on the action functional (3.21) does. This is due to an additional

invariance of Syic[a] under transformations of the form

80y, 0,0 = Z lj",uiﬂﬂ(f, ay. .. a,ly, ... 0), (3.23)

>0
for (1,...,4; € L with X', |;|L = i—2 and 7; € R. The invariance follows directly
from cyclicity of the inner product (2.47b) and the fact that u;o(f, f,...) = 0fori > 0.
Since these symmetries vanish on-shell and therefore do not affect classical observables, they
are referred to as trivial symmetries. They are of no physical significance. In particular, they

neither lead to conserved quantities nor do they prevent perturbation theory.

3.1.4. Maurer—Cartan elements and L_,-morphisms

Let us now study the behaviour of Maurer—Cartan elements and gauge transformations under
Loo-morphisms ¢ : L — L’ as introduced in (2.57). Here, we just present the results, leaving
the technical details of the computations in the Appendix C.! We just point out that, even one
may be led to assume that ¢ should act on a gauge potential a as @’ = ¢1(a), this however
turns out not to be the case, as it does not give the desired compatibility with the L..-algebra
structures. Instead, one gets the following.

Let (L, ;) and (L', 1i;) be two L..-algebras. For any L..,-morphism ¢ between (L, ;) and

(L', i) there is a natural morphism of gauge potentials,

arrad =) Z,1|gbi(a, co,a) (3.24a)

i>1 Y

1See also [148] for a similar discussion in the case of A..-algebras.
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for a € L; and @’ € L';. Correspondingly,

—1)¢
f — f, = Z (Zw)gbi_;'_l (f, a,... ,a) s (324b)
i>0 b
for the curvatures
1 ! ]' ! ! li !
f = ﬁui(a,...,a)ELQ and f' = Zﬂui(a,...,a)eLg. (3.24¢)
i>1 v i>1 v

Therefore, we may conclude that, under L.,-morphisms (2.57), MC elements are mapped to
MC elements.

In addition, let us see what happens at the level of gauge transformations. A gauge
transformation a +— a + d.,,a of a MC element a € L;, mediated by a gauge parameter
¢o € Lo, is transformed under an L.,-morphism to a’ — a’ + 5c(r)a’, where a’ € L'y is given
by (3.24a) and

1
co ¢y = Zaqbiﬂ(a, .,a,c) €L . (3.25)

i>0 v
Consequently, the gauge orbits of MC elements a are mapped to the gauge orbits of MC
elements a’ under L..-morphisms. In other words, gauge equivalence classes of Maurer-Cartan
elements are mapped to gauge equivalence classes of Maurer-Cartan elements.

The above can be extended so that whenever ¢ is a quasi-isomorphism of L..-algebras L
and L/, we have an isomorphism

ML = My (3.26)

between the moduli spaces of MC elements in L and L". Explicitly, the spaces of solutions to the

homotopy Maurer-Cartan equation modulo gauge transformations in L and L’ are isomorphic.

3.1.5. Supersymmetric extension

To close the Chapter, we comment about supersymmetric homotopy Maurer—Cartan theory.
A useful property of Chern-Simons theory in three dimensions is that it is trivially NV = 2
supersymmetric, cf. [155]. That is, it can be extended to an N' = 2 supersymmetric action
such that all superpartners of the gauge potential are auxiliary fields. The latter come with
algebraic equations that can be integrated out and one is left with the usual Chern—Simons
action. The supersymmetries can be linearly combined into the odd symmetry required for
computing path integrals of Chern—Simons theory via supersymmetric localisation techniques,
see e.g. [156].
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It was shown [42] that a similar supersymmetric extension exists in general homotopy
MC theory. Hopefully, this feature shall allow to exactly compute path integrals and other
physical observables by making use of (higher) supersymmetric localisation techniques. To
avoid introducing the spinors involved in a true supersymmetric extension, we consider here an
example of, roughly, an analogue of a topological twist with only one real supercharge (which
would be sufficient for localisation).

We introduce superpartners (g, V) € Ly @ Ly for £ = 0,...,3, where II is the
GraBmann-parity changing functor, which transform under gauge transformations (3.17). These
fields are thus a generalisation of matter fields transforming in the adjoint representation of

some gauge Lie algebra. A gauge invariant action functional is then

Ssmcla, ¢, 9] = Sucla] + (Do, Vs)L + (V1,Y2)L + (@0, p3)L + (@1, p2)L (3.27)

with Syc the homotopy MC action (3.21). Note that gauge invariance follows directly from
the cyclicity (2.47b) and the graded symmetry of the inner product (—, —).. Since the extra
fields ¢ and ¥4 appear only algebraically and do not mix with the gauge potential, the two
actions Ssye and Sy are clearly equivalent. We stress that the new fields are auxiliary, but
physical. They are not to be regarded as ghosts or antifields for any value of k.

The action Sgyic is also invariant under the following fermionic transformations:

Qa = vy,
Qp1 = V1,
— 2y
Q@g = 1v191+ Z 70,“7,—1—2( ,017’191,301)‘}'
>0 .
i copies
Z wﬂi—w‘-{—i’)(aw"aa'aﬁlvsplw"vspl) ) (3283)
=0 Mj+2)! T~ s
= i copies j+2 copies
Qﬁg = f—‘—QOQ—%V(Pl‘l‘% LT)M¢+2(&>---,079017901)+
>0 A —
= i copies
Yij+1
+ 7, oy Mty Q,...,a, Yty
MZ;O z!(] n 3)!M +]+3( ¥1 901)
= i copies j+3 copies
and
QQOO = Q@g = Q’Lg() = Q’l91 = Q’(93 =0 ; (328b)
for
L and s+ ! (3.25¢)
0 = — an 414 0§ - 5 - -£0C
Yio 3 Vi1 T Vig+1 Ji+3
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Here, V is the covariant derivative defined in (3.18), f is the curvature (3.4) and it is easy to

see that Q> = 0. We shall see an explicit example in Section 5.3..

3.2. Kinematical data of higher gauge theory

Via the above construction, given an L..-algebra L, the kinematical data of a corresponding
(very abstract) higher gauge theory can be naturally constructed. Here, we shall introduce
some concreteness on the subject by providing some examples. Let us consider the L..-algebra
L = Q°*(M), given by the de Rham complex of some d-dimensional manifold M. Homotopy
Maurer—Cartan theory for 2*(M) provides us with the kinematical data for the topologically
trivial sector of an ordinary Abelian gauge theory. Moreover, considering the degree-shift of
the de Rham complex L, = Q’*k(M), for £ > 1, one obtains the kinematical data of higher
Abelian gauge theories on topologically trivial higher principal bundles. The restriction to
the topologically trivial higher principal bundles! is due to our restriction to global differential

forms and therefore to the topologically trivial sector.

3.2.1. Non-Abelian higher gauge theory

The generalisation to non-Abelian higher gauge theory is quite straightforward. Recall from 2.4 4.
that the tensor product of an L..-algebra and a differential graded commutative algebra carries
a natural L..-algebra structure. The key example regarding higher gauge theory is discussed

in the next paragraph.

Q°(M,L). Let L be some L..-algebra and M a smooth manifold of dimension d. The
tensor product of L and the de Rham complex (Q2°*(M), d) yields the graded vector space
O(M,L) = @ M,L) (3.29a)
ke
with
QOLL) == P oLy & VM) Sy & - & X(M)® Ly
= @ FWM)eL;. (3.29b)
i+j=k

0<i<d
jez

!For topologically non-trivial higher principal bundles, one would have to consider local gauge potentials
on patches of the manifold and provide gluing prescriptions on overlaps of the patches. The general discussion
can be found e.g. in [7].
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The total degree is the sum of the individual degrees, |a ® ¢

el = |fqear) + |0 for
homogeneous o € Q*(M) and ¢ € L. This graded vector space carries an L..-algebra

structure which is the linear extension of the higher products
fi(ar ®4) = da; @ 6 + (—1)|a1‘9'<M>OZ1 ® p(lr)

i i—2 i—j—1
fi(ag @y, .. 0 @4) = (—1)ZZJ=1 lecjlae () +22 5 levi=jlas (an 202yl o (3:29¢)
X (al/\/\az)@)uz(fl,,&)

fori > 2, aq,...,0 € Q*(M) and ¢y,...,¢; € L (with obvious linear continuation to
inhomogeneous elements).

Let now M be a manifold of dimension d and L a Lie n-algebra. For the L..-algebra
(Q*(M, L), f1;) as defined in (3.29), one obtains the potentials and curvatures of non-Abelian
higher gauge theory on topologically trivial higher principal bundles, cf. also [102,42]. We

shall use this case to illustrate our constructions throughout the remainder of this Section.

Case d = 3. As a concrete example, let L be an ordinary Lie algebra' g. Here, a gauge

potential is a g-valued one-form a = A € Q'(M, g) and its curvature is simply

f=F with F = dA+Ls(A,A) = dA+ 1[4, 4] (3.30)

2
The Bianchi identity reads as VF' = 0 and the homotopy MC equation reduces to the ordinary
MC equation dA + 1[4, A] = 0. The formulas for gauge transformations (3.10) and (3.11)
reproduce the familiar transformations,
A~ A+5C0A = A—f—dCo—'— [A,Co] ,
(3.31)
F — F+,F = F+|[F,c) .

Since 3 = 0, the gauge algebra closes also for F' # 0. The same is true in the case of higher

gauge theories corresponding to Q°*(M, L) for L an L..-algebra with y; = 0 for i > 3.

Case d = 4. As a second concrete example, let L be a Lie 2-algebra?, i.e. an L.-algebra
concentrated in degrees 0 and —1: L = L_; ®Ly. The gauge potential a is a degree 1 element

in Q'(M, L) and decomposes as

a = A+ B with A€ Q'(M,Ly) and BeQ*(M,L_,). (3.32a)

1Recall that every Lie algebra is a differential graded Lie algebra concentrated in degree 0.
ZNote that any Lie 2-algebra is categorically equivalent to one with y; = 0 [4].
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It represents a higher connection on a topologically trivial principal 2-bundle with structure

algebra L, see Appendix D for details. The curvature reads as
f = (a)+ 300(a,a) + 50s(a,a,a) = F + H | (3.32b)

with
Fi= dA+ (A A) + i (B) € Q*(M, L) , (3.32¢)
H :=dB+ ps(A, B) — Sps(A, A, A) € Q3(M, L) .
Here, the higher products u; only see the gauge algebra, not the degree of the differential
forms in the arguments, yielding sign factors e.g. jiz(a,a,a) = fi3(A, A, A) = —u3(A, A, A).
All components of f except for the form of highest degree are usually called fake curvatures,
in the context of non-Abelian gerbes [21,22]. In the case of a Lie 2-algebra, there is only
one fake curvature, F. We shall further discuss the meaning of the fake curvature F later
in this Section and in 3.1.. The MC equation is simply total flatness, 7 = 0 and H = 0.
Moreover, the components of the curvature satisfy each a Bianchi identity, which can be readily
computed, together with gauge transformations of the components of the gauge potential and
the curvature. We will need these explicit expressions in the second part of the Thesis.
Since any homogeneous degree 0 element of 2°(M, L) decomposes into ¢ € Q°(M, L)
and A € QY(M,L_,), the gauge transformations (3.10) and (3.11) reduce to

Sond = det pa(A,c) + m(A)

(3.33a)
5C,AB = _M2(67 B) +dA + ,UQ(Av A) + %/,63(6, A7 A)

and
6C,Af == —IMQ(C, F) )

6C,AH = _MQ(QH)—'—M?(IvA) —M3(I,A,C) :

(3.33b)

To conclude the example, we look at the covariant derivative. For ¢ € Q*(M, L) the equa-

tion (3.18) takes the form

Vo = do+ ui(e) + pa(A, ) + pa(B, ) + sus(A, A, p) (3.34)

It is clear now how to this generalises to any dimension d > 4. In this manner, we can
in principle compute the kinematical data for the topologically trivial sector of any higher
gauge theory. In Chapter 5 we shall also see the homotopy MC description behind certain

supersymmetric field theories.
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(Higher) Chern-Simons actions. Note that the homotopy MC action is a vast generalisa-
tion of the Chern—Simons action functional. We shall come back to this point in Section 5.3.
and we limit ourselves now to the following observation. Let L be a cyclic L..-algebra and
M a compact, oriented manifold without boundary. Then, the L.-algebra Q°*(M,L) admits

a natural cyclic inner product,
(a1 @ L1, a0 @ La)ae () = (—1)lezlasanlél /M ar A ag (01, ly)L (3.35)

where a5 € Q°(M) and ¢ 5 € L.
Indeed, if M is a compact oriented three-dimensional manifold and L = Q°(M, g) with g
a metric Lie algebra endowed with the obvious cyclic structure given in 2.4.2., then one has

the gauge potential a = A € Q'(M, g) and the homotopy Maurer—Cartan action for L reads

Sucla] = [?{;¢4¢ngg+;¢4JAﬂADg}. (3.36)

We thus recover the ordinary Chern-Simons action. We shall return to higher Chern—Simons

theory in 5.3., when g will be replaced by a general Lie n-algebra L.

Holomorphic (higher) gauge theory. This construction can be generalised to Calabi-Yau
manifolds to define higher holomorphic Chern-Simons theory [110]. Let X be a complex
manifold, with dimg X = d. In this case, we consider a gauge L.-algebra (L, ;) and tensor
it with the Dolbeault complex (Q%*(X),d), resulting in homotopy Maurer—Cartan theory for
the L..-algebra Q%*(X,L). The higher non trivial products on Q%*(X, L) trivially follows as
in (3.29¢), that is

fi(a®0) == 0a @ 0+ (1) xva @ u (0) (3.37)

for a € Q%*(X), £ € L and similarly for higher products. We shall see concrete examples along
the rest of the Thesis. Here, we just see how to make contact with ordinary holomorphic Chern—
Simons theory. Given a;, € Q%*(X) and /15 € L the cyclic structure (2.51b) specialised to
Q%*(X,L) reads

<Oé1 & 61, g @ €2>Qoa'(X,L) = /XQd’O Naqg A CY2<€1, €2>|_ N (338)

where Q4 is the holomorphic volume form on X. Hence, specialising to d = 3 and L = g
being a metric Lie algebra, one has a = A%! € Q%!(X, g) and the homotopy MC action (3.21)

gives the holomorphic CS action, as desired.
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We shall discuss these theories more in detail in Chapters 6,7. Explicitly, we shall seen how
to formulate holomorphic higher gauge theory by making use of the ideas of higher geometry

and twistor geometry.

Vanishing curvature and kinematical data. It is now worth to take some time to comment
about the observation regarding the formula (3.12). Explicitly, the fact that general gauge
transformations only close if the condition f = 0 is satisfied. In particular, this can now be
interpreted in two possible ways. Firstly, we could regard the condition f = 0 as a dynamical
equation, i.e. an equation of motion and postulate that the condition (3.12) indicates that the
gauge algebra is an open algebra, namely one that only closes on-shell. As we shall discuss in
the next Chapter, these gauge symmetries require using the BV formalism in the quantisation
of the theory. Secondly, we could regard f = 0 as a constraint on the kinematical data of the
higher gauge theory and therefore as an equation that is also imposed off-shell.

We should note that the approach to the kinematical data of higher gauge theory presented
above fits the interpretation of higher connections as a way of capturing a higher-dimensional
parallel transport!. From this perspective, the second interpretation is favoured and the fake
curvature should indeed be part of the kinematical data. Beyond equations (3.12) and (3.16),
there are a number of crucial points observed in the literature. Firstly, for the kinematical
data (3.32) of a Lie 2-algebra, it was shown that a consistent, reparametrisation-invariant par-
allel transport along surfaces requires the fake curvature F defined in (3.32b) to vanish? [5].
Secondly, it was observed [102] that for semistrict Lie 2-algebras with non-trivial p3, infinites-
imal gauge transformations can only be concatenated if the fake curvature vanishes. This is
simply a special case of equation (3.12). Thirdly, equation (3.11) shows that the curvature
appears itself in gauge transformations of the curvature, which makes it essentially impossible
to write down covariant equations of motions beyond f = 0 in the general setting.

We stress that, however, there is an alternative approach to defining higher potentials,
curvatures and their gauge transformations that has been worked out for the special case of

(twisted) string structures in [7,29]. In this approach, things become significantly simpler, and

'For a consistent higher dimensional parallel transport in the context of higher non-abelian principal
bundles see [21,22] and e.g. [157].

2This fake flatness condition also arises from a higher Stokes' theorem, guaranteeing invariance of the
induced higher parallel transport under reparametrisations. This fact locally renders the connection gauge
equivalent to the connection on an abelian gerbe, as pointed out in [158,159]. See [159] for an alternative
definition of curvature by using special gauge algebras.
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the resulting structures have been applied in the context of self-dual strings and six-dimensional
superconformal field theories e.g. in [160, 30]. See also [131]. The precise relation between

both approaches has not been fully worked out yet.






Batalin—Vilkovisky formalism

The Batalin-Vilkovisky (BV) formalism was developed in the late 70ies, early 80ies as a very
general approach to the quantisation of classical field theories with complicating symmetries,
such as gauge theories. It generalises the Becchi—-Rouet—Stora—Tyutin (BRST) quantisation
method which, in turn, is the cohomological and manifestly gauge invariant version of the
Faddeev—Popov approach. This is also known as the BV /BRST formalism, the antifield form-
alism or it is included in the term BRST formalism. The main references are represented by
the series of papers [11-15,161] as well as [115], where deeper explanations of the geometry
and the meaning of the classical part of the BV formalism were given and the famous [114] in
the context of topological field theories. Here, the discussion follows the papers [42,43]. For
more detailed reviews, we refer the reader to Section 8 of [162] as well as the papers [163-167]
and [168-170].

This Chapter starts with an outline of the Batalin—Vilkovisky formalism in the context
of ordinary gauge theory. We try to highlight its conceptual origins and its formulation in
terms of the language of symplectic Q-manifolds introduced in Chapter 2. Then, we proceed
explaining how this formalism applies to the much more general example of homotopy Maurer—
Cartan theory. The fundamental papers [10, 115] established the link between L.-algebras
and BV formalism, which, in turn, provides the bridge connecting Lagrangian field theories and
homotopy algebras, via homotopy Maurer—Cartan theory. As we shall see in Chapter 5, at the
classical level any BV quantisable field theory can be rewritten as a homotopy Maurer—Cartan
theory [42,43].
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4.1. Motivation and outline

The BV formalism is commonly used in the quantisation of classical field theories with open
gauge symmetries, i.e. gauge symmetries that only close on-shell. This was also the histor-
ical motivation for its development. The corresponding setup of a classical field theory for
quantisation, however, exposes much of the theory’s internal structure in a way that is math-
ematically very precise and useful at the same time. The underlying language is mostly that
of homological algebra, i.e. that of cochain complexes and differential graded algebras. The
result is a cohomological description of the algebra of gauge-invariant functions on the critical

locus of a classical action functional.

Classical field theories. We start by introducing the setup for the BV formalism. Classical
field theory is a formalism for describing a physical system in terms of objects called fields.
Given a space-time manifold M, the space of fields § is generally considered to be a space
of sections of some sheaf over M. For instance, it is given by a space of connections on a
principal G-bundle over M, in the case of gauge theories with structure group G.! In the
Lagrangian approach, a classical field theory is specified by defining a (usually real or complex

valued) functional on the space of fields
S:F—=R (or C), (4.1)

called an action functional. This is usually required to satisfy a locality criterion, meaning that
it is of the form
S[@] = / L(®, 0D, 8%, ---) . (4.2)
M

Here, £ is the Lagrangian density?, i.e. a density on M depending on the value of the
field ® € § and only finitely many of its derivatives at the point of integration on M. For
definiteness, mathematicians often drop the action and work with the Lagrangian instead. The

classical physics of such a system is completely captured by the critical locus of .S, that is

Crit(S) = {® € § | dS[®] = 0} . (4.3)

lIn mathematical parlance, a classical gauge theory is a classical field theory whose space of fields is not
modeled by a set, but rather by a stack.

2Mathematically, given some vector bundle E over M, one constructs the bundle of co-jets J(E). The
space of Lagrangians on E then is given by the algebra of functions O(J(E)) \ R. See e.g. [171] for an
exhaustive explanation.
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Using the calculus of variations, this defines the space of solutions to the classical equations
of motion or Euler-Lagrange equations. However, if the functional S is not sufficiently well-
behaved, this space can be highly singular, even in the finite-dimensional case. We shall see
how the classical part of Batalin—Vilkovisky formalism addresses this problem by considering
the derived critical locus [172,173].

Classical BV structure. The classical part of the BV formalism applied to a gauge field
theory consists essentially of a two-step resolution of the space of classical observables. The
first one is the usual starting point of BRST quantisation! [174,175], which expresses the
symmetries® of a field theory as the action Lie algebroid introduced in Section 2.4.. Such
interpretation may seem at first unnecessarily abstract, but it clarifies the mathematical origin
of the fermionic ghosts as well as the generalisation to arbitrarily complicated gauge theories.
Concretely, starting from classical field theory data, the BRST formalism yields a complex
(8BRsT, @BRST). The Z-graded vector space §prst is known as minimal set of fields, while
differential operator Qgrst, the BRST operator, is nothing but the Chevalley—Eilenberg dif-
ferential encoding all the information about the Lie algebra of gauge symmetry (and higher
gauge symmetry) and its action on §. Such a complex can be extended to the set of fields
SesrsT needed for gauge fixing in the BRST formalism.

In many cases, the latter complex exists only on-shell, and therefore needs to be lifted
before quantisation. This is true in particular in higher gauge theories if one regards the
vanishing of fake curvatures as a dynamical instead of a kinematical condition, recall the
discussion in 3.1.2.. The off-shell lift is provided by a Koszul-Tate resolution, cf. 168, 169],
which amounts to introducing antifields and, if necessary, anti-ghosts and higher anti-ghosts.
Moreover, these two steps are combined by homological perturbation theory to obtain the
relevant algebra of observables as the cohomology some differential. Explicitly, we extend the
set of fields Fgrst further to Fpv := T*[—1]FBrsT, which is endowed with the differential
(v given by a derived bracket Qpyv := {Sgv,—}. Here, Sgy is the classical BV action
satisfying the classical master equation {Sgv, Sgv} = 0. The fact that, under some reasonable

conditions, Spy exists and is unique for a general k-th stage reducible theory (that is, k-th

1We shall always distinguish between the BRST formalism, which involves ghosts and where antifields
only enter when gauge fixing, and the BV formalism, which involves antifields from the outset.

2Usually, one is only concerned with the local symmetries, as these are the ones complicating the quant-
isation.
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level gauge invariance) was proved in [176] using homological perturbation theory.

The result is then an L..-algebra' that encodes the fields, the gauge structure, gauge
invariant observables, field equations, Noether identities and consistent deformations of the
theory; in short, everything one needs to know about a classical theory. The minimal model
of this L..-algebra yields a minimal representation of the classical dynamical data and an

equivalence of classical theories is a quasi-isomorphism of L.-algebras.

Quantisation. To quantise a classical field theory (§,S) means to make sense of the path

integral

2(9) = | ns(®) e (44)
where 11 is a parameter of the quantisation, uz(®P) is a measure on the space of fields §
and S is the action functional defined above. Unfortunately, such a quantity is in general
very difficult to compute, in particular we have to make sense of an integration over an
infinite-dimensional space of functions. Path integrals of quantum field theories on spaces M
with Minkowski signature are oscillatory functional integrals. Such functional integrals can be
computed perturbatively by the stationary phase formula (see [167, Section 1.2.4] for details).
This, however, requires the stationary points of S to be isolated or, equivalently, the Hessian
to be non-degenerate at the stationary points.

This is not the case in gauge theories due to the large degeneracy arising from gauge
orbits. Let G be a Lie group inducing a group & of gauge transformations® acting on the
space §. Gauge symmetry of S implies that the Hessian in any stationary point is degenerate
and the perturbative expansion is not well-defined. One could in principle remedy the problem

of degenerate critical points by restricting to gauge orbits,

Jus@) e o [ (@) el (45)

where 1i5/6(®) is the measure induced on §/& by 115(®). However, there are various reasons
why a restriction to the orbit space is not feasible in practise, chief of all the fact that the

orbit space is not well-behaved in general.

lor L.o-algebroid in the most general setting.

2In our notation we will always identify the gauge group G and the gauge Lie algebra with the structure
group and structure Lie algebra of the (higher) principal bundle underlying the (higher) gauge theory. The
gauge group is thus different from the resulting group of gauge transformations &.
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The classical BV formalism provides also the starting point for a very convenient gauge
fixing procedure!. As observed above, introducing antifields in the Koszul-Tate resolution
corresponds to extending the space of fields and ghosts §grst to its cotangent bundle gy :=
T*[—1]FsrsT- The original action functional corresponds to evaluating the BV action for
the zero section, but we can choose a different Lagrangian submanifold. This can be done
such that the resulting restricted BV action functional has isolated stationary points and that
corresponding functional integral equals? the original functional integral. The choice of section
is encoded in a functional known as the gauge fermion. Very roughly speaking, this procedure
is analogous to the computation of a real integral by going to the complex plane: one doubles
the number of variables and extends the original integrand to the new variables. The final
integral is still taken along a half-dimensional contour.

Clearly, expectation values should be independent of the choice of gauge fermion, which is
tantamount to the quantum master equation, a deformation of the classical master equation
in O(h). This requires, in general, to deform the classical BV action to a formal power series
in fi, the quantum BV action. The latter action is then the starting point for all further,

e.g. perturbative computations.

4.2. Becchi—-Rouet—Stora—Tyutin quantisation

4.2.1. Gauge Lie algebroid

As stated above, we shall focus on the example of ordinary gauge theories, but we shall present
the steps in a way that allows for a straightforward extension to higher gauge theory. Such
a discussion will show how Z-graded vector spaces and homological vector fields discussed in
the first Chapter enter naturally into the description of a gauge field theory. For a detailed
discussion along traditional lines, see also [177] and in particular [163] for the case of open

algebras, i.e. gauge algebroids where the gauge symmetries close only on-shell.

Action Lie algebroid. As already mentioned, quotient spaces as e.g. §/® appearing in (4.5)
are often badly behaved and a useful way to circumvent this issue is to consider the derived

quotient® [F/®], which amounts to considering the corresponding action Lie groupoid as

!Meaning the problem of constructing the perturbatively well-defined functional integral for a gauge theory.

2after applying heuristics generalised from ordinary integration to functional integration

3or model for the homotopy quotient
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discussed in Section 2.4..

Let § and & be again the space of fields and the group of gauge transformations, respect-
ively. Then the action Lie groupoid has objects § and morphisms & x §. A morphism (g, D)
is of the form

(9,9)
P —= g o (4.6)

with the obvious concatenation and identity morphisms, cf. Section 2.4..

For many purposes, and in particular for the BV formalism over contractible manifolds or
with trivial principal (gauge) bundle, the infinitesimal picture in terms of Lie algebra actions
is sufficient.! The corresponding action Lie algebroid is most readily described in terms of

(Q-manifolds, as seen in Section 2.4., and looks like
SersT = Lie(®)[1] x F , (4.7)

where Lie(®)[1] is the Lie algebra Lie(®) of the group of gauge transformations &, whose
underlying vector space is degree-shifted by —1, cf. Equation (2.1). The group product and
the action of the gauge transformation are now encoded in the homological vector field QggrsT,

whose form is determined by actions on the contracted coordinate functions on Fgrsr,>
QBRST(I) = 5C(I) and QBRSTC = —%[C, C] . (48)

Here, 0.® denotes an infinitesimal gauge transformation of ® parametrised by ¢ € Lie(®)[1]*®
Lie(®) and [—, —] is the Lie bracket on Lie(®). Hence, together with Qgrsr, the algebra of
functions on §grsT forms a dg-algebra.

Let us stress here the important distinction between elements c of Lie(®), which paramet-

rise gauge transformations via
A~ A = A+0A with 0A := de+[A, (] (4.9)

and the corresponding coordinate functions ¢ € €*°(Fprsr) appearing in (4.8), which is of
degree 1. Nevertheless, we follow the common convention of using the same letter for a
vector and its (contracted) coordinate functions. The degree shift is due to the )-manifold

description of the gauge algebroid Fgrst in which the degree of Lie(®) is shifted by —1 and

LA framework to discuss global aspects of gauge theory in the BV formalism is provided by derived algebraic
geometry [178-180].

2Recall our remark about the first fundamental confusion of calculus in Section 2.2.. For instance, here
¢=c"®T,, for ¢ : Lie(&)[1] = R and 7, a basis for Lie(&).
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therefore the coordinate function on Lie(®)[1] has degree +1. The coordinate functions ¢ are
known as ghosts and the degree shift is the origin of their fermionic character. In general, we
call the natural degree of functions on §grst the ghost number.

If we are dealing with a higher action Lie algebroid encoding gauge symmetries between
gauge symmetries, as will be the case for higher gauge theory, then we also have ghosts for
ghosts, which are functions of homogeneous degree greater than one in §grsrt. In this case,

Q%rst = 0 only on the proper kinematical data which we shall discuss later.

QsrsT-cohomology. Note that the functions on Fgrst form a cochain complex with dif-

ferential )Rrst:
0 —— %" (Tprsr) _QeRet €7° (SBRST) _@eRsT 7 (4.10)

where €°(§grst) are functions of ghost degree i. Gauge invariant functionals F'[®] € €*°(F),
such as the action S[®], satisfy

QprsTF[®] = 0 (4.11)

because ()grsT encodes the action of gauge transformations on §. The analogue of restricting

to the isomorphism classes in the derived quotient [§/®| therefore corresponds to restricting

to the Qprsr-cohomology H°(Fgrsr),

¢°(F/®) = H°(Fprst) - (4.12)

We shall return to this point below.

Note that the idea that cohomological considerations should play a key role in functional
integration is motivated by the following heuristics: let M be a smooth compact manifold
with volume form p. We thus obtain a map €' (M) — Q"(M) by F' — Fp, for an observable
F € €°(M). Then, the expectation value of F' is computed as

(F)u = UTTL IOy (4.13)

N

where [—] denotes the cohomology class of a differential form and we used Stokes theorem and
the fact that dpu = 0. Thus, the computation of the expectation value of an observable can
be reduced from an integral to a comparison of cohomology classes.! The isomorphism (4.12)

is also a first step into this direction for the case of path integrals.

1To our knowledge, this point of view was first emphasised in [181].
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QBrsT-complex. Let us briefly consider the above from a mathematical perspective. Recall
that we replaced the naive quotient §/® by the derived quotient [§/®], where §/& equals
the isomorphism classes of objects in the action Lie groupoid [§/®]. At the infinitesimal level,
this corresponds to considering the cohomology of the Chevalley—Eilenberg (cochain) complex
for the Lie(®)-module €°°(§F), which is given in (4.10).

Recall from Section 2.4. that the p-cochains of the Chevalley—Eilenberg complex for a Lie
algebra g and a g-module & are given by Hom(A? g, &), and the differential arises from the
action of g on & as well as the Lie algebra structure on g. In our case & = €*°(§), and we

have
Hom(/\lee(Qﬁ),‘foo(S)) = (gpoo(SBRST) s (414)

which indeed reproduces the complex (4.10) in the case of ordinary gauge theory. Note also
that the Chevalley—Eilenberg complex of a Lie algebra has a straightforward generalisation for
modules of L..-algebras.

This complex allows us to characterise the gauge invariant functionals as a certain co-

homology, since we can extend the Chevalley—Eilenberg complex on the left to
0 —— G°(F/6) ¥ HF/6) —— E°(Fprsr) —251,5 .. (4.15)

Note that two other low cohomology groups have an interesting interpretation. Firstly,

H'(Fsrst) is the set of derivations modulo inner derivations. Here, a derivation is a map
0 : LIG(@) — CKOO(G'BRST) (4163)

so that
§([e,d]) = e ()= >d(e) for ¢, € Lie(®) (4.16b)

and inner derivations are derivations of the form d;(c) = ¢ > f for some f € €<(5F).
Secondly, H2(SBRST) is isomorphic to the equivalence classes of Lie algebra extensions
Lie(®) by €°°(5§), i.e. short exact sequences
0 — E°(F) — Lie(®) — Lie() — 0. (4.17)
Further details are found, e.g., in [182].
To summarise, gauge-trivial observables are functions on field space which are ()grsT-exact
and gauge invariant observables are functions which are Qgrgr-closed. In the next Section we

shall reduce H'(FprsT), via a (projective) resolution, to the classical observables, which are
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obtained after taking the quotient by the ideal of functionals vanishing on classical solutions.

First, we discuss gauge fixing in the BRST formalism.

4.2.2. Gauge fixing

If the symmetries of a classical theory close off-shell, which amounts to Q3zgr = 0 without any
further restriction on the fields §grst, then the BRST formalism is sufficient for quantisation.

We briefly outline this approach in the following.

Gauge fixing and Faddeev—Popov determinant. The gauge fixing itself is encoded in
the gauge fixing function, which is a map F' : § — Lie(®) such that each point in F'~*(0)
represents a different orbit of &. We can restrict to F~'(0) by inserting a factor of §(F(®))
into the functional integral (4.18) with 0 the functional analogue of the J-distribution. This
also requires the insertion of the Faddeev—Popov (FP) determinant det(Mgpp(®)) to render

the construction invariant under deformations of F'. Schematically, we obtain
/#s(@) er® /us(q)) det(Myp(®)) 5(F(®)) ersl]. (4.18)
S §

BRST quantisation. Instead of dealing with these two insertions as they are, we can encode
them in an extended action functional on an enlarged field space. Since the action must be of
total homogeneous degree 0, this requires an extension of Fprst by fields of negative degrees.
It turns out that an appropriate choice is §.grsT Which contains the fields ® and ghost ¢ as

well as the Lagrange multipliers b € Lie(®)[0] and the antighosts ¢ € Lie(®)[—1], that is,
SeBRST = (LIe(@)[l] ©® LIE(®)[O] & L|e(®)[—1]) X 8" . (419)
The homological vector field (Jgrst is extended to the homological vector field

QeprsT® = 0:P, Qeprsrc = —3lc,c], QeprsrC = b, Qersrd = 0. (4.20)

Note that the antighosts and Lagrange multipliers form the dg-subalgebra Lie(®)[—1] d,

Lie(®)[0] of FeprsT. The corresponding L..-algebra is linearly contractible, and therefore the
action algebroid §egrsT is quasi-isomorphic to Fgrst. In this sense, we have not extended

the data of the theory.

!More appropriately, one should speak of the graded ring of functions on the action Lie algebroid and
extending it by generators of negative degree.
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Using elements of §egrsT, We now rewrite (4.18) as

/ ps(®) er® / ptesrsT (D, b, ¢, &) enSEHOL@)+HEMep(@)e) (4.21)
5 SeBRST
Here peprsT(®P, b, ¢, €) is a natural extension of uz(®P) to FeprsT and (—, —) is an appropriate

pairing between Lie algebra valued fields, including the integral over space-time. We thus
achieved our goal of replacing a functional integral with degenerate Hessian at stationary
points by a technically equivalent, non-degenerate functional integral over a larger function
space.

Moreover, there is a function® U € €*°(Fe.prst) of homogeneous degree —1, called the

gauge fixing fermion, such that

/ NeBRST((I), b,c, E) ei‘ﬁs[@]+<b7F(¢)>+<E7MFp(<I>)c> _
SeBRST

A (4.22)
- / pprsT(®, b, ¢, €) en(SPHQensT)
SBRST
and the measure pieprsT(P, b, ¢, ¢) is compatible with Q.grst in the sense that
/ tteBrsT(®, b, ¢, €) Qeprsrf = 0 (4.23)
SeBRST

for all reasonable test functions f € €*°(FeBrsT)-

Just as before gauge fixing, we have again a cochain complex (¢°°(FeprsT), @eBrsT)- Its
cohomology encodes potential observables: because of (4.23) and QeprsTS = 0, QeBRST-
exact terms vanish under the functional integral. Also, only the expectation values of Q).grsT-
closed functions are independent of the gauge fixing. Thus, equation (4.22) shows that the

BRST approach to quantisation renders gauge invariance manifest.

4.3. Batalin—Vilkovisky complex and classical master equation

Above, we have seen how gauge-invariant observables were contained in the cohomology of
the BRST operator. However, the BRST formalism is not suitable for the general treatment of
gauge theories. In the case of open symmetries, which are symmetries that are only satisfied
on-shell, the BRST complex is only a complex up to equations of motion. For many purposes

including quantisation, however, we require an off-shell description. This can be obtained by

1\We shall describe this function in more detail in Section 4.3.1..
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a further extension of the BRST complex, and this extension is known as the BV formalism.

The idea is to double the field content and to construct the ()-manifold

Sev = T*[—1]8BrsT , (4.24)

which allows for a homological vector field Qgy for which Q%,, = 0 off-shell. The functional

integral is then performed over a Lagrangian submanifold of §gy which extends §grsr.

Symplectic structure. Since §py is a cotangent bundle, we have a natural symplectic
structure wgy of degree —1. Let ®“ be local coordinates on Fgrst (i.e. the fields) and let CI>;§
(i.e. the antifields) be fibre coordinates on Fgy — §prsT, Where A, B, ... are multi-indices
running over fields, ghosts, and their antighosts as well as all their labels such as momenta,
tensor and gauge labels. In terms of these Darboux coordinates, the canonical symplectic form
reads as’

wpy = (—1)Pal5d4 A 507 (4.25)

where 0 is the exterior differential on Fgy. This symplectic form wgy, in turn, induces a Poisson
bracket {—, —}gv and we have |{ F, G}gy| = |F|+|G|+1 for homogeneous F, G € €*°(Fpv).
As seen in Section 2.3., {—, —}pv is graded antisymmetric and obeys a graded Leibniz rule
and a graded Jacobi identity. This Poisson bracket is also known as the antibracket. It is of

degree 1 and therefore €"*°(§gv) forms a Gerstenhaber algebra.

Batalin—Vilkovisky complex. We now wish to extend the homological vector field ()grsT

to a homological vector field gy such that

@BVsprsr = @BRST (4.26a)
and (Ygv is Hamiltonian with respect to the symplectic structure wgy, that is,
Qv —wpy = 0Spy with Spy € Cgoo(ng) (426b)

or, equivalently,?
QBV = {SBV7_}BV . (426C)

!Note, that here we are implicitly summing over the multi-index A, i.e. summing when the indices are

discrete and integrating when they are continuous.
2Recall that Qpy is acting on (O°F5y, which is the symmetric tensor algebra (over R) of the space
Hom(§pv,R) of continuous R-linear functionals on Fpv. See e.g. [141,171] for further details.
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This makes (Fpv, @pv,wsy) a symplectic @-manifold of degree —1. Recall from Section 2.3.

that the Hamiltonian condition is equivalent to requiring that Q)gv is a symplectomorphism

on symplectic ()-manifolds of degree k except for k = —1, which is the case at hand.
Equation (4.26c), together with the Jacobi identity of the Poisson bracket, provides the

equivalence between Q%,, = 0 and the classical master equation,

{Sov, Sev}, = 0. (4.27)

Solutions to the classical master equation. We have some freedom in choosing a solution
Spy to equation (4.27), and we use this to impose a boundary condition beyond (4.26a). We
require that

SBV|SBR,ST =S5, (4.28)

where S € €>°(F) is the original action of our field theory. Thus, Sy encodes simultan-
eously our action and the gauge structure of the fields. One important consequence of the

choice (4.28) is that the classical equations of motion are now encoded in Qpy via

{Sgv, @j}\%m = 69485 . (4.29)

A solution Sy also defines a Lagrangian subspace £g,, of §gy through its stationary
points. It is called proper provided the rank of the Hessian of Sy on £, equals the number
of fields ®“. For such a proper solution, one finds that Sgy has precisely the gauge invariance
required to eliminate all auxiliary fields. It can be shown that a proper solution always exists,
see [164] and references therein for details.

A proper solution can be written as a power series in the antifields,
Spy = S+ @} R ®% +O((0})?) (4.30)

where the coefficients R4 5 vanish unless the ghost number of ®4 is one less than that of ®% so
that the total ghost number of Sgy indeed vanishes. From the power series expansion, we can
iteratively determine the relevant proper solution for a given action S and gauge symmetries

QBRST-

Koszul-Tate resolution. Let us briefly look at the BV complex induced by Qpy on € (Fgv)
from a more mathematical perspective. Given a field theory with a set of classical fields §,

the classical states are given by the subset (4.3) that solves the equations of motion of the
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theory. The functionals which vanish on solutions to the equations of motion form an ideal J
of €>°(F), and the classical observables are given by €>°(F)/J. In the first step of the classical
BV formalism, the space of gauge invariant functionals on § have been characterised by using
the Chevalley—Eilenberg complex!, the quotient €>°(F)/J shall be replaced by a resolution
encoded in a suitable differential graded algebra. In the language of algebraic geometry, this
corresponds to finding the derived critical locus [172,173] of the action functional S.? This is
precisely what the BV formalism does.

Consider first the case of a general field theory with action S, ignoring potential gauge
symmetries. Let €°°(F) be the functionals on the fields § and J the ideal induced by the

critical locus of S. We then have the cochain complex of functions on T%[—1]F,
C B e (TUR) - S(TT1R) ¥ 6F) —— 0, (431)

where Qv = {Spv, —} with a BV action Sgy satisfying (4.28). Because € (T*[—1]F)
consists of functionals linear in the antifields, equation (4.29) implies that the ideal J is simply
the image of Qv

Qev(¢HR(T7[-1]5)) = T (4.32)

Thus, the cohomology group H(T*[—1]F) consists of the desired quotient €>°(F)/J. We
can extend the above cochain complex by the projection onto the latter, which leads to the

resolution
C I @ (TH[-1]F) Y G (TH-1)5) = HY(T*[-1]3) —— 0, (4.33)

and this is the Koszul-Tate resolution of €>(F)/J. In the absence of ghosts, functions on
field space differing by (Jgy-exact terms are on-shell equivalent.
To incorporate gauge symmetry, we replace § by $grsT and construct a new homological

vector field Qpy satisfying the boundary condition (4.26a). The result is the complex

LIV 0 (Bhy) —EY 0(Fmy) —2Y °(Fmy) —2Ys .. (4.34)

In the language of homological algebra the space of functionals on F/® is replaced by the space of
derived Lie(®)-invariants of functionals on §, which is given by (Hom((®°Lie(®)[1]*, O(F)), @Brst). See
e.g [141] for further details.

2Recall that if S is a function on M, the derived critical locus is the derived intersection of graph(dS)
with the 0-section of the cotangent bundle of M, Crit(S) = graph(dS) xp«pr M. Derived algebraic geometry
suggests to replacing the tensor product in O(Crit(S)) = O(graph(dS)) ®or-ar) O(M) with the derived
tensor product. For a complete discussion of the BV formalism in this setting see e.g. [178,179].
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The image of Qpy in 65°(Fpv) are now the functionals vanishing on the equations of motions
(for fields, ghosts, etc.) and the kernel of Qv in €5°(FBv) are the gauge invariant functionals.
The cohomology of the BV differential therefore contains in particular the classical observables:

classical states which are gauge invariant.

Classical L..-algebra structure. We note already here that the BV formalism assigns to
any Lagrangian field theory an L..-algebra structure on the graded vector space Fpv[—1].}
The question now is clearly to determine the structure of this L.-algebra dual to the Batalin-
Vilkovisky complex. As we shall see in detail in Chapter 5, such an L. -algebra captures the

essence of a classical (gauge) field theory.

4.3.1. Quantum master equation

Gauge fixing. Having constructed the BV action, we now need to implement gauge fixing
in the BV formalism before we can quantise the theory. To this end, we return to the gauge
fixing fermion ¥ € €>°(§pyv), a field of ghost number —1 which we have already encountered

in Section 4.2.. The idea is then to eliminate all antifields by imposing the equation [14]

)
+
o7 = (5<I>\I]’ (4.35)

which defines a Lagrangian submanifold £ in §gv. The restriction Sgy|g, is then the gauge-
fixed BV action, i.e. its Hessian it is not degenerate.
In a functional integral, gauge fixing would be implemented by a delta functional, and we

would define expectation values of an observable F' € €*°(Fgy) as
) ;
(F)g = / ppy(®, 1) 0 (@1 — — | F[®, d] ensvI®®7] (4.36)
SBV 0P
Here, SE, is the quantum generalisation of Sgy with the boundary condition
Shiln—o = Spv . (4.37)

Moreover, pupy(®,®") is the functional measure on Fpy compatible with the symplectic

structure wgy, i.e. coordinate transformations between Darboux charts are measure preserving.

1This conversion reflects the duality between differential graded commutative algebras and L.-algebras
discussed in Chapter 2.
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Quantum master equation. Clearly, for physically meaningful statements, we would want
(F')y to be independent of the gauge fixing fermion W. We observe that besides the canonical
symplectic form (4.25), one may also define a canonical second-order differential operator on
C>®(Fpv), called the Batalin-Vilkovisky Laplacian; see e.g. [164] for details. This is defined
by

g g
By = (D) (4.38)

and satisfies!

A2, = 0, Apy(FG) = FABVG+(—1)|G‘(ABVF)G+(—1)‘G|{F,G}B

V7 (4.39)
ABV{F’G}BV - {F’ ABVG}BV B (_1)‘GI{ABVF’G}BV

for F,G € €>(Fpv). Such an object, plays a key role in the path integral quantisation. It
turns out that that the expectation value (F')y is invariant under deformations of U if and

only if
Apy (F[®, &) erSivi®@7) = ¢ (4.40)

This can be easily seen by imposing® Fy sy = Fy in (4.36).
For F' =1, the condition (4.40) reduces to

ApyerSv®®] = 0 = {8, Shytey — 2ihApySEy = 0, (4.41)

which is known as the quantum master equation. Using this equation and the boundary
condition (4.37), one can compute constraints on the coefficients of the power series expansion
of SB, in h. A solution to the quantum master equation can then be found iteratively.

In many cases, and in particular in Chern—Simons theory, it turns out that a solution Sgy
of the classical master equation satisfies AgySgy = 0 (at least formally, before regularisation)
and therefore also solves the quantum master equation. We shall comment this fact in the

next Section for Maurer—Cartan theories.

!Note that the BV Laplacian is ill-defined on local functionals. However, the property in the second line
of (4.39) implies that it is well-defined on the subalgebra generated by those local functionals which are killed
by Agy. We shall come back to this point later.

2The space of gauge-fixing fermions ¥ (whose Hessian may not be invertible) is contactable, so Fy is
globally independent of W.
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Quantum L_-algebra structure. It is now an interesting question to ask what survives of
the classical L..-algebra structure noticed in Section 4.3. and discussed further in Section 5.

We may define the nilquadratic differential operator!
dgv = —ihApy + {Spv, —}tsv with 9%, = 0. (4.42)

Just as the homological vector field Qv = {Spv, —} v induces a classical L.-algebra struc-
ture on Fgy, so Oy induces a quantum L., -algebra or loop homotopy Lie algebra on the
same graded vector space. For more details, see [10] and [183-189]. In particular, the de-
composition theorem can be proved and the minimal model constructed explicitly, e.g. by a
direct application of the homological perturbation lemma. This approach also leads directly
to a homotopy between a quantum L..-algebra and its minimal model.

Finally, let us mention some further highly relevant papers addressing closely related issues:
the fibre BV integral and its relation to the homotopy transfer of quantum L.-structures is
subject of [184-186,188], see also [190] and references therein. BV canonical transformations
as isomorphisms of homotopy algebraic structures are discussed in [184-186, 188]. The fact
that the propagator is the chain homotopy is explained in [184, 186, 188], see also [190] and

references therein.

Gauge fixing and trivial pairs. Since the gauge fixing fermion W is a function of degree —1
and because we wish to use it to eliminate the antifields via (4.35), we have to introduce
additional fields of negative degree to construct such a ¥, and these fields must be trivial
in a certain sense. For this to be consistent, these fields have to have an interpretation as
coordinate functions on a symplectic ()-manifold of degree —1.

We note that one can always add trivial pairs ¢ € V]l] and b € V[l + 1] for V' some
vector space and [ € 7 and consider the @-manifold V[I] & V[l + 1] with Q¢ = b. For
example, V' = Lie(®) and [ = —1 are used in BRST quantisation, cf. Section 4.2.. The
corresponding L..-algebra has trivial cohomology and it is therefore quasi-isomorphic to the
trivial L..-algebra, cf. Section 2.5.. Adding trivial pairs therefore does not affect the data of
the classical theory.

To use a trivial pair in the BV formalism, we have to minimally extend it to a symplectic

()-manifold of degree —1. This is simply done by adding corresponding antifields ¢t and b™,

INote that contrary to the classical version, the quantum version (4.42) is no longer a derivation, but it's
still a differential.
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which yields
Fip = T7[~1)(Lie(®)[] & Lie(®)[l + 1]) (4.43)

with symplectic structure
wyp = (—=1)de,0¢T) + (—1)1(6b, 6bT) (4.44)

of degree —1 and Hamiltonian

Sep = —(b,&) (4.45)

of homogeneous degree 0. The resulting homological vector field Qi, = {Stp, —}ip is still a

shift isomorphism,

Qtpé = ba Qtpé+ - 07 Qtpb - Oa Qtpb+ = (_1)l5+ . (446)

Consequently, the resulting cyclic L..-algebra is still trivial by quasi-isomorphism.

It is now rather straightforward to see that all structures add up properly when adding

trivial pairs to the outcome of the BV formalism. We define wepy := wpv +wip, {—, — }eBv :=
— — &

{—,—}sv +{—, —}ip and Ay := Apy + (—1)l+1<%, 5%> + (—1)l<%, 6%‘>' If an action

functional Sf,; satisfies the quantum master equation for {—, —}gv and then S%,, := SA, +

Sip satisfies the quantum master equation for {—, —}.gv and Agpy.

4.4. Batalin—Vilkovisky complex of homotopy Maurer—Cartan theory

Let us now discuss how the BV formalism is adapted to the context of L.,-algebras and the
Maurer—Cartan action (3.21).

4.4.1. Batalin—Vilkovisky formalism and L -algebras

To this end, let us consider a cyclic Ly.-algebra (L, ;) with inner product (—, —) of L-
degree —3 and ghost degree 0. As before, we start with the BRST complex. The action of
infinitesimal gauge symmetries on the gauge potential a and the gauge parameters c¢_; and
their symmetry structure are captured by the elements of the L..-algebra L of degree i < 1

as displayed in Figure 4.1.
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Becchi—Rouet—Stora—Tyutin complex. The BRST complex therefore corresponds to a

truncation of L,
I—trunc = @LZ ) (447)

i<1
which we endow with the higher products pu; of L, but putting all x; with images outside of

Lirunc to zero.

alcy|cq |- | cg

Lo-degree | 1| 0| —1|--- | —k

Figure 4.1: Becchi—-Rouet—Stora—Tyutin fields

In the case where L is concentrated in degrees 0 and 1 (e.g. in the case corresponding to
ordinary Chern—-Simons theory), as well as in many other special cases of L..-algebras, the
truncated higher products still satisfy the homotopy Jacobi identity (2.44c). The truncated
Loo-algebra Li,un. forms then an action L..-algebroid and the BRST complex is the Cheval-
ley—Eilenberg algebra of this L..-algebroid as discussed in sections 4.2.1. and 4.2.. In general,
however Li,unc is not an L..-algebra, as we shall explain now.

We still can switch to a graded manifold description underlying Li,unc, performing the usual

shift by 1 to obtain
Ferst = Luwnc[l] = PLI[1], (4.48)

i<1
where the higher brackets p; yield a degree 1 vector field Qgrst. The fact that Li.u,e is no
longer an L.-algebra amounts then to Qpgrgr being no longer homological, that is, Qe = 0
is no longer guaranteed.

To simplify our notation, we again combine the coordinate functions on §grst with the

basis on Li;une to form the contracted coordinate functions

I—trunc,‘zo” = (KOO(SBRST> & I—trunc (449)

with higher products fi; as defined in (2.52b). Objects in Liyunc# Now have a bi-degree, and
we refer to the one from Ly, as the L..-degree and the one from €*°(Fgrst) as the ghost
degree. The latter indeed matches the usual nomenclature. We use here the same letter for
both the elements of L;,..c and their contracted coordinate functions, hoping to avoid the first
fundamental confusion of calculus.

We see that the field type is determined by the parity of the ghost degree, i.e. by the field

regarded as a contracted coordinate function, as expected.
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alcy|cq || cp
L.-degree 110 —1/)... —k
ghost degree |0 | 1 | 2 | .-+ | k+1
field type b| f| b |---| f/b

Figure 4.2: Becchi-Rouet—Stora—Tyutin fields; a ‘b’ stands for boson and an ‘f’ for fermion.

The action of the BRST operator (Jgrst on elements of §grst is then described using

formula (2.53), combining all contracted coordinate functions into a single object,

a = a+)y cy. (4.50)
k>0
We then have
(Brsra = —Z a,...,a) . (4.51)
z>1

Let us briefly look at the individual components of a. First of all, we have

()BrsTa = —Z ,uH—l ., @, Co) Z ,uH—l ., a,c) (4.52a)

1>0 1>0

where the p; only respect the L.,-degree of the arguments and they are agnostic about the
ghost degree. This explains the additional sign in going from fi; 1 to p;11: we need to move
the coordinate function in ¢y, which is of degree 1, past the degree 1 basis vectors of the i

arguments a and the bracket fi;;. Similarly, we have

(QBRSTC—k =
= Z Z 'an( ey @y COy ey €Oy Cy ey Cqy ey Cf 1y e ey Cf1)
2,m>0 Y
;_;_7:131 7 no ni Nk+1
= Z Z |/1“L+n( "')a’ch)"'?CU)c—l)"'70—17"‘ac—k—lv"‘7c—k—1)a
>0 ! ™ Y
z1+7;1>1 " ¢ o n1 Tk+1

(4.52b)
with the sum over 7, running over all weighted partition 7, of n with n = ng + -+« + ngy 1.

The sign

X(’]rn) — ( )Zk+1znk+l j+1) (nj m+z;€+]1+1 ) (452C)

arises again by moving all coordinate functions past the basis vectors and the higher product

Hi+n-



82 4.4. Batalin—Vilkovisky complex of homotopy Maurer—Cartan theory

We note that (JgrsT governs the gauge transformations of fields and ghosts,

QBRSTG = 50()@ and QBRSTC—k = 5c_k_1c—k+"' 5 (453)

and it also incorporates the symmetry structure of the ghosts themselves.

As shown in Appendix C, we have

(=1

1!

Q2BRSTG = Z

1
|: - :ui+2(f7 Ay eovy Ay C*l) + 5/%43(]% a,...,a,Co, CO) (454)
i>0 :

and similar equations for c_j. This reflects the fact that the truncation from L to Ly, breaks
the homotopy Jacobi relation on the truncated higher products. We see that for ordinary Lie
algebras and, consequently, ordinary gauge theory, we have neither p; for ¢ > 2 nor the higher
ghosts c_; with k > 0 and so, Qs = 0. Therefore, the BRST formalism is sufficient for
ordinary gauge theory. In the general case, however, we would have to impose f = 0 to close
the gauge algebra, which is usually phrased as the gauge algebra only closes on-shell.

To obtain an off-shell formulation, e.g. for a quantisation of the field theory, we need to
extend the BRST formalism. In the case of homotopy MC theory it is very obvious what this
extension should be. Instead of truncating the original L..-algebra L to Li;un yielding the
BRST complex, we should have simply kept all of L and put §gy = L[1]. This is indeed what

the BV formalism does.

Batalin—Vilkovisky fields. As discussed in Section 4.4., to cure the problem we need to

double the space of fields!, by adding an antifield for every field and ghost, so that
G'BV = T*[_l]SBRST . (455)

Note that in the case of homotopy MC theory, an inner product (7,, 73)L = wap of degree —3
with respect to some basis 7, of L induces a symplectic form w = %wagdga A d€P on L[1] of
degree —|7,| +1 —|73| + 1 = —3 4+ 2 = —1. Non-degeneracy of (—, —)_ therefore implies
that T*[—1]|§BrsT = L[1] as claimed above.

For clarity, let us summarise the L.,-degrees and ghost degrees again in Figure 4.3.

Note that the above does not yet include the additional trivial pairs needed for gauge

fixing; we shall come to these later.

1 As shown, ghosts appear as Chevalley—Eilenberg generators and antifields arise as Koszul generators.
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cty chlef lat |alcl|le || cp
L..-degree oo | 34k |- | 4 3 2 110 —=1]--| =k
ghost degree | --- | =k —2|--- | =3 | -2 | —-1|0] 1 2 |- | k+1
field type f/b e | f b f |b|f| b |---] f/b

Figure 4.3: Batalin—Vilkovisky fields; a ‘b’ stands for boson and an ‘f’ for fermion.

Since §pv = T*[—1]§BrsT, it comes with the canonical symplectic structure (4.25)

wpy = (da,da®) + > (=1 (de_g, dety ) . (4.56)
k>0
Note that wpy is of degree —1 precisely when (—, —) is of degree —3 after exchanging

coordinate functions for the actual fields. We can conveniently combine all fields, ghosts and
all their antifields into the superfield (contracted coordinate function)*
a = a+a"+ ) (c_p+cty). (4.57)
k>0

In terms of the superfield a the symplectic form simply reads as
WRvV — —%<da,da>|_<€ . (458)

Recall that Ly = ¥*(L[1]) ® L and (—, —)L., denotes the naturally induced inner product on

L. In terms of a, this symplectic form induces the Poisson structure

*

53
{F,G}BV = F<,> G, (4593)
da’ da Ly

where F,G € €>°(Fpy) and (—, —)_ denotes the dual BV pairing.” Here, the left and right

functional derivatives satisfy

— —

F;a = (—1)FL<€+15(1F. (4.59b)
It remains to construct the BV action Sgy satisfying the classical master equation
{SBv,Sev}Bv = 0 and which induces the homological vector field Qgy := {Spv,—}
on §Bv.

LExplicitly, a = a* ® epn = @4 ® e4 + @} ® e?, where the index A runs over all fields, ghosts, higher

ghosts and the corresponding anti-fields, as well as Lie algebra and space-time indices.

BA

2Explicitly, (;S—a = ﬁ ® e”. Here, we have used e® := egwPB? with w"B being understood as the inverse

of wag of the symplectic form (4.25) written as wpy = 3da* A wagda®.
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Batalin—Vilkovisky action. We could follow the construction of Sgy discussed in Sec-
tion 4.4., but for homotopy MC theory, there exists a significant shortcut. Recall that we

require Sgy to agree with Syic after all ghosts and antifields are put to zero. Also, we require

{S8v, = }Bvlgaper = @BRST , (4.60)

where Qprst has the action (4.51). An obvious ansatz is therefore given by the superfield

version of the homotopy Maurer—Cartan action

1

Spyla] = g m(a, fi(a,...,a))L., (4.61)

with a defined in (4.57). Note that Sgy|a] is still a function on gy and we compute’

{SBVa SBV}BV = —(f,f)L, , (4.62a)
where f is the curvature of a,
1
f = ,—'ﬂi(a,...,a) . (4.62b)
o ¢!

By virtue of the identity (C.62) proved in Appendix C, the expression (f,f).. vanishes identic-

ally. Consequently, Sgy satisfies the classical master equation

{Sov. Sev} = 0. (4.63)

Defining the homological vector field

Qev = {Ssv,—}, (4.64)

the triple (§Bv, @Bv,wpy) is the data of a symplectic ()-manifold of degree —1. We note
that?

Qpva = —f and Qpyf = 0. (4.65)

From (4.65), we can derive the action of Qgy on the individual contracted coordinate functions

on SBV-

—

IRecall that £ Sgy[a] = f. The minus sign in (4.62a) comes from (4.59b).
2Relations (4.65) are shown in C.2.. Note that by using such relations and the definition of Qpv, the
result (4.62a) again easily follows.
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Example. As an explicit example, consider the L.-algebraL=L_1 &Ly ® L; & Ly with the
only non-trivial higher brackets being i1, 2 and ps. The superfield reads

a=a+a +eo+tciteq+ct, (4.66)

with

/li<aa s 7a>>|-<g

= Sucla] = {eo, pu(a™))L + {e-1, palcg ) +
+ {a, pa(c1, g )L + (a, pa(a™, co))r + 5{a™, paa™, ca)) +
+ 3{cq s palco, co))r — {cXy, pale—r, co) )i +
+5{a, paa,a™, o)) + 5@, pa(a, e, coa))e + 5a, pa(a™ a® coa)h +
+ 3{a, pa(co, cos ) — (a, palco, e, X)) — 55{a™, pa(a™, e, co)) +
—{a", ps(cos cg, co1)) — 5{a’t, pa(emr, eon, ¢y +
1

E] (co, p3(co, co, Ct1)>L + @@, M3(CS_7 C_1,C 1)L -
(4.67a)

Here, the higher products p; are agnostic about the ghost degree of the enclosed fields, and
the signs arise again from moving coordinate functions past graded basis vectors and the ji;.

Moreover, Syic is the homotopy MC action for L,
SMC[G] = %<a7 Ml(a»L + %<av MQ(a7 CL)>|_ + %<av :u3(a7 a, a)>|- : (467b)

The homological vector field induced by Sgy acts as follows on the individual contracted

coordinate functions on L:

Qeva = pi(co) + pala, co) + sps(a, a, co) + pa(c_y,a™) —

— ps(a,a®,coq) — ps(co1, co, cf) + Spa(co, co,a™) + Sps(cy, coq, cty)
Qevey = —pi(c—1) — pala,cy) — sps(a, a,c—1) — Spa(co, co) —

— 3us(a, co, co) + ps(co, o1, a™) — Sus(c_y, e, ¢f)

Quve_1 = pa(c_q, o) + psa, c_y1, co) + 3:13(co, Co, Co) + sps(c_1,co1,a™)
(4.68)
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Qpva” = —pi(a) — %Mz(a, a) — %ug(a, a,a) — pia(co, a®) — pa(c_, ¢f) +

+ ps(a, co,a™) — psla, co1,¢f) — 2#3(0 at,at) —

- %M:’)(Co,coacar) — ps(c—1, CoaCJ_rl) )
QBVCS_ = Ml(a+) + :U2(a> (L+) + %NS(av a, a+) NQ(CO’ Co ) + /LZ(C 1,C + )

_:u3(a 007CO>+:LL3<G C-1,C_ 1) +M3(a’ Cc— 1,C+1)+ (469)

+ 2M3<a+ CL+ ) - ﬂ3(c—17a+7cg) + *(Co,Co,Ci— ) )

QBVCil = —H (CO ) - 5:“2(&7 C(J)r) - %,LLg(CL, a, CE)F) ,u?(a+ CL+) /’L2<607 Cirl) -

tat) -

~ lpgla,ata ) -

/‘L3( CO7CO)+/4L3( yC-1,C_4

- 5:“3(0*1’ CSF’ CE)'_) - /LS(a’ Co, Ci_l) :

Quantum master equation. Following (4.38), we introduce the BV Laplacian by its action
onan F € € (Fpv),

RN
AgyF = —fF . 4.70
Y <6a 5a> (4.70)
Since the inner product (—, —), .. is graded symmetric and since the higher products fi; for

1 > 2 are graded anti-symmetric, it follows immediately from the cyclicity of the inner product

that
Apy (a, fu(a,...,a), = 0, (4.71a)
fori > 2. We also have
Apy (a,f1(a)), = 0, (4.71b)

since both the L-degree and the ghost degree of (a,/i1(a))... are zero so that a field and its

Le

antifield cannot pair up in (a, fi1(a))L,. Hence, the BV action (4.61) obeys
ApySpy = 0. (4.72)
Altogether, we conclude that Sgy satisfies the quantum master equation
{Sov.Sov} — 2 ApySpy = 0 <=  Apyer™ = 0. (4.73)

It is important to stress, however, that this is only true formally since the BV Laplacian is

singular and regularisation needs to be taken into account in general.® Furthermore, the above

!Regularisation and renormalisation in Euclidean signature were addressed in [171] via a heat kernel
approach.
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observation, namely that the two terms in the quantum master equation vanish separately,

was made earlier in the context of BF-theory [191].

4.4.2. Gauge fixing

We shall conclude the Chapter by briefly summarising the gauge fixing procedure, although
quantum computations are beyond our purposes, and adding an outlook on the quantum

master equation for homotopy MC theory.

Additional fields. To gauge-fix the BV action (4.61), we will have to expand the field
space further by introducing trivial pairs, that is, antighosts ¢, ; and Lagrange multipliers b; ;,
together with their antifields, the antifield antighost Eifj and the antifield Lagrange multiplier
bi;, as encountered in sections 4.2. and 4.3.1..

In the L..-algebra picture, the necessary extension is given in Figure 4.5. In general, we
have additional quadruples of fields for all # < 0 and i — 1 < j < —i — 1 as displayed in

Figure 4.4.

= —+ +
Cij | bij Ci j b7
takes values in a copy of L; L, Ls_; Ls_;

which is added to L in ghost degree i j+1 | —=j—1|—=5—-2

or, equivalently, in L.-degree 1—j5 | —j 247 | 743

Figure 4.4: L..-degrees and ghost degrees of the trivial pairs and their antifields.

Put differently, we extend L to

L.=Lo @ (Ll — o L] @ Lsi[—j — 2 @ Ls i[5 — 3]) (4.74)

and the BV complex §gy correspondingly reads as

SeBV = I—e[l]

> T*[—1] | Fersr @ 62 (LljleLli+1]) (4.75)

i—1<j<—i—1

~ geve P (LbleLl+lelul—i-Uel-i-2).
<0
i—1<j<—i—1
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Figure 4.5: L..-algebra picture of the Batalin—Vilkovisky fields including trivial pairs
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A diagram of the additional fields is found in Figure 4.5.

The reason for introducing families of antighosts and Lagrange multipliers for each level k
can be understood as follows: the lowest level antighosts and Lagrange multipliers are needed
to fix the gauge symmetries of the fields and ghosts, the next-to-lowest level antighosts and
Lagrange multipliers are needed to fix the gauge symmetries of the lowest level antighosts,
and so on [11]. Reducing to merely the antighost of each quadruple of new fields, one obtains

the so-called Batalin—Vilkovisky triangle [11,42] displayed in Figure 4.6.
a

~

CO_

e

\,
/\
NS

C— 2,

\/\

\
N

C_2,-3

N

N\

C_2

NN

—

\/\
/L

Figure 4.6: Batalin—Vilkovisky triangle.

Symplectic Q-manifold structure. The graded vector space §.gyv comes with the canon-

ical symplectic structure

wepy = (da,da™) + Z(—l)iﬂ(dci, def ) +

i<0
—i—1 (476)
+>> { Hdey;, def )+ (—1)7 7 (db g, db; )0 } .
1<0 j=i1—1
Also, the extension of the BV action to a solution of the classical master equation is given by
—i—1
Ser[CL,Ch...,Ei,j,...] = SBVa CZ,... Z Z 6,55 z] > (477)

<0 j=i—1
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as discussed in Section 4.3.1.. We set again Q.pv := {SeBv, —}ev and its action on all the

fields is (4.65) together with
QepvCij = bij, Qevbij = 0, QeBV(_?;fj =0, Qerij = (—1)j5i+,j- (4.78)

Note that the new fields ¢; ;, etc., denote contracted coordinate functions here.
As before, it is convenient to combine the additional fields arising from trivial pairs into

superfields ¢; and b; such that

QevC = b; and Qevb; = 0. (4.79)
We can put
E' —1 jél','yi i— for i <0
¢ = J>°(. >+ e | (4.80a)
Y2001 for © > 1
and
S iso(—1)bijipim for 1 <0
by o | T e (4.80b)

Yo=Y for = > 1
To obtain the component fields, as before, one simply projects onto the corresponding ghost

degree.

The symplectic form (4.76) and the extended BV action (4.77) then read as

WeBY = —%(da,daﬁ(g + Z (dbj, dc;)L,. »
i+ji=1
, 481
Ser[a,b] = SBv[a] - Z (—1)1+1<biabJ>Le<g : ( )
z'fi'zg
i<j

Quantum master equation. The fact that the BV action satisfies the quantum master
equation is preserved after the extension by trivial pairs. In particular, the BV Laplacian A.gy

on L. annihilates S.gy and we have altogether
{SeBv, Sev}eev = 0 and AgySepy = 0 (4.82)
so that
{Sepv,Sev} |~ 2N ApvSeny = 0 4= AgyerS® = 0. (4.83)

As before, this is only true formally as regularisation needs to be taken into account.
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Gauge fixing. To gauge-fix the extended BV action (4.77), we introduce a gauge fixing

fermion

U = ) (¢, Gi(a, o, o1, )L (4.84)

i<0
such that %\If for any field ¢ € L. takes values in the same homogeneously graded vector

subspace of L, as its antifield, 1. The gauge fixed quantum BV action is then given by

SqBv[CL, C,C, b] = er[a, b} — . (485)
pt=22T






Classical L..-structure of field theories

5.1. Interpretation of the BV L. -algebra

Outline. As we have seen in the previous Chapter, the classical part of the BV formalism
maps the data of a classical field theory (F,S) to a set of BV fields gy together with a BV
action Spy. As explained in Section 2.4., via the BV bracket, the BV action defines a homo-
logical vector field (Jgv, which in turn encodes an L.-algebra structure on the graded vector
space §pv. This L..-algebra encodes all relevant classical information about the field theory
in question. It captures the field content and its gauge symmetry structure, the equations of
motion, as well as the Noether identities. Moreover, the original action is recovered by the
homotopy Maurer—Cartan theory of that L.-algebra. At the classical level, Lagrangian field
theories are thus equivalently described by cyclic L..-algebras [42,43]. This is not a new fact
and it is certainly well-known by experts on the BV formalism, see [176, 192-205] for earlier
and partial accounts. However, the structural advantages of this description, have not been
yet fully exploited, as pointed out in e.g. [42,43,206, 146].

At the classical level, two physical theories are equivalent if they have an isomorphic
space of observables. In the L..-framework this should translate to L..-algebras which are
isomorphic in some sense. In particular, this appropriate notion of equivalence is given by
quasi-isomorphisms and physically equivalent classical field theories have quasi-isomorphic L.-
algebras, see e.g. [42].1 Hence, two equivalent field theories have a common minimal model.
Recall that this corresponds to a field theory equivalent to the original, but without any

propagating degrees of freedom and where the non-triviality of the action is fully absorbed

lat the classical level; however equivalence of quantum field theories is more involved, cf. e.g. [44].

93



94 5.1. Interpretation of the BV L .-algebra

in the higher products. The minimal model and its higher products encode precisely the
tree-level scattering amplitudes of the original field theory [148, 143,42, 43]. The explicit
application of this idea is rather recent. Quasi-isomorphisms induce useful recursion relations
for the computations of S-matrices at tree level [146,207-209]. This has also been extended to
obtain the full scattering amplitudes of quantum field theories by computing minimal models of
the corresponding quantum algebras' via the homological perturbation lemma [189,206,210].

This Chapter is devoted to analyse the L..-structure underlying classical field theory, with
a particular focus to Yang—Mills and (higher) Chern—Simons theory and follows [42]. Be-
fore discussing explicit examples, let us make a few more observations about the L..-algebra

structure which we expect.

L.-algebra structure. The vector space §py is graded in particular with respect to the
ghost degree, §py (= @z SiBV. The usual correspondence between ()-manifolds and L -
algebras suggests that we need to shift the degree by one and invert it, for an L..-algebra

with higher products p; of degree 2 —¢. We thus arrive at the L.-algebra

M1 -1 M1 0 M1 1 H1 2 M1
’ 313\/ ; SBV } SBV SBV e (51)
~—~— ~—~— ~—~— —~—
=:Lo =:1 =:Lo =:L3

That is, Lo is given by the ghosts, L; by the fields, Ly by the antifields and L3 by the antighosts.
This extends in an obvious manner to cases with ghosts-for-ghosts and trivial pairs.

The map p; is encoded in the linear part of the action Qv := {Sgv, —}sv on the field
corresponding to the image of p;. Explicitly, p; : Ly — L; is encoded in the linear part of the
explicit expression for (Qgyv A and therefore encodes the linearised gauge transformations. The
map p; : Ly — Ly is obtained by linearising Qv A™, which yields the linearised variation of
the classical action with respect to the field and therefore the linearised classical equations of
motion. The map p; : Ly — L3 is the linearised part of the action of gy on ¢ and these
encode precisely the Noether identities as we shall explain below. This is all the structure
necessary to describe a classical (gauge) field theory; for higher gauge theories, one obtains
an extension beyond the homogeneously graded vector subspaces L; with 0 < j < 3.

The higher brackets then fulfil the task of making the linearised expressions covariant and
to allow for higher interaction terms. In general, an interaction term of nth order in the fields

will be encoded in a higher product p; with i =n — 1.

!Recall that L..-algebras can be generalised to quantum L.-algebras, corresponding to solutions to the
quantum master equation in the BV formalism.
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From our discussion in Chapter 3, it is also clear that the homotopy Maurer—Cartan ac-
tion for L reproduces the original action S and the homotopy Maurer—Cartan action for Ly

reproduces the BV action Sgy.

L, Lo L, Ly L Ly
gauge-of-gauge | gauge | physical | equations of | Noether | higher

transf. transf. fields motion identities | Noether

Figure 5.1: Summary of the structure of the L..-algebra of a classical field theory. While the
labels under L; for ¢ < 1 describe the spaces, the meaning of the labels changes for i > 2: L,
for instance, is not the space of the equations of motion, but the element ¢ of L that is forced

to zero by the equations of motion ¢ = 0 takes values in L.

Noether identities. Here, we discuss Noether identities as done in [42]. In particular, we
are concerned with Noether's second theorem, generalising the more familiar first one. In this
picture, also gauge symmetries give rise to Noether identities.

The motivation for considering Noether identities is twofold. First of all, they are at the
heart of the BV formalism: they correspond precisely to the degeneracies of the Hessian which
make the application of the stationary phase formula in the interpretation of the path integral
impossible. Secondly, they are an important part of the classical structure of a field theory
and also contained in its L..-algebra.

Let M be a manifold with local coordinates z*. Consider an infinitesimal group action on

a set of fields @ on M parametrised by infinitesimal parameters ¢ = (¢7) as
604 (z) = R}N®)e!(2) (5.2)

where R7(®) are field-dependent differential operators, possibly containing terms of order 0.

Alternatively, we can write

504a) = [ ny)R .y, ) () | (5.3)

where (1 is a suitable measure on M. If this action is a symmetry of an action S[®], then we

have the Noether identity

55(@] 50 (z)
Ju ) sy ey = © 54
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or
0S[P] 14
) = 0. :
If we vary this equation with respect to d®5(z) and restrict ® to the stationary surface,
we have 25(a
0°S|P A
o) = :
5(I)B(Z)5(I)A(I)R[(x’z’ ) 07 (5 6)

which implies that the R4 encode degeneracies of the Hessian, that is, they are the eigenvectors
of the Hessian with eigenvalue zero.

The Noether identities also imply that the vector fields ()gyv decompose as

Quv = Qur+-- (5.7)

where Qkr is the part purely responsible for the Koszul-Tate resolution acting non-trivially
only on the antifields of fields and ghosts, with Q% = 0. In the BV picture, the symmetry
transformation (5.2) is encoded in Qpy®“, which contains the operators R7. Since Qpy®*
is related to the variation of Spy with respect to %, we have a term in the BV action of the
form (@7, Ré&'cl), where the inner product is usually given by an integral over some space-time.
This implies that the adjoint of R#' appears in the Qpyc; = £(R1)4®%, which is the variation
of Spy with respect to ¢/. Here, R denotes the adjoint of R with respect to (—, —). The
Noether identity then implies that Q% = 0, at least when acting on the antifields of ghosts:

55[®]
5PA

Qkref = £Qxr®A(RN7 = + (RN = 0. (5-8)

For more details on Noether identities, see e.g. [164,169,211,162].

5.1.1. Scalar field theory

As an introductory example illustrating the construction of an L..-algebra for a classical field
theory, let us consider scalar field theory on Minkowski space R'¢ as a simple example. This
is mainly to stress the point that the BV formalism also provides the L..-algebra structure
underlying classical field theory without gauge symmetries. Further examples will follow below.
As another unusual point, let us include global symmetries into the BRST formalism. This
is clearly not necessary for the quantisation of the path integral, and it is usually not even
desirable, as it reduces the space of solutions to globally symmetric ones. It will, however,

allow us to obtain the usual Noether identities in the L.,-algebra picture.
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Let o € € (RY?) be a real scalar field with action functional

S = o d e {é((?#(p)Q — imPp® — ;\1904} : (5.9)

We extend the field space § = ¢*°(R"9) to the action groupoid for the Poincaré group,
(SO(1,d) x RM) x #°(R") = €>(R") , (5.10)
which differentiates to the action algebroid
Ferst = (s0(1,d) x RM) x €°(R") . (5.11)

In addition to ¢, we have also ghosts ¢ = ¢/ = ¢, +c* € s0(1,d) x R, Those are not fields
but rather constants on Minkowski space R"¢. The actions of the BRST operator Qgrst on

¢ and ¢ capture the Poincaré Lie algebra as well as its action on the field ¢ and read as

Qprst(c, + ) = o, + (5.12)
QBrsTy = c> o = O+ 00 .

We now perform the Koszul-Tate resolution by including antifields ¢ and ¢*. The BV

bracket is induced by the canonical symplectic form,
wpy = —de! Adef + / , Aty {590(:1:) A 5<p+(a:)} (5.13)
RL
and the BV action functional reads as

Spy = cf[e, ]t + o Ay {;(@@2 —im*e® — 2p* + 0T (e > gp)} : (5.14)

from which the action of Qpy is read off as Qpy = {Sgv, —}Bv.

The differential graded vector space underlying the L..-algebra is

—9,,0F —m?2
so(l,d) x RM 2y goo(Rld) —%2 ¢>(R") %5 (so(1,d) x RM)* (5.15a)
—_———
=:Lg =:L1 E P =:L3
and the non-trivial higher brackets take the form
po(ci,ca) == e ca) s paler, 1) == a > oy,
MQ(Clagoir) = ab SDJF ) M2(0170f> =ab Cl+ ) (515b)

p3(@1, P2, 03) = —Ap1P2p3
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for ¢; € Lo, p123 € L1, pf € Ly and ¢f € Ls.
One sees that the homotopy MC action (4.61) of this L..-algebra is indeed the BV ac-

tion (5.14). In addition, we note that the Noether identities follow. For example, we have

05 oL

Qkrc, = Qr(p O +cfe,) = %3u<p+-~ = 0, <8((‘3V<,0)> Oup+---, (5.16)

where the ellipsis denote ghost terms. We thus see indeed the emergence of the usual Noether

identities.

5.1.2. Equivalence of classical field theories

Finally, let us comment a bit more on the role of quasi-isomorphisms. In 2.5., we have seen the
mathematical reasons for using them rather than ordinary isomorphisms, but there is a deeper,
physical, reason. Classically, equivalent physical theories have the same observable and can be
related by field redefinition, factoring out symmetries, integrating out fields, etc. Now, con-
sidering what we have learnt about the BV formalism, this implies that classically equivalent
physical theories have isomorphic (Jgy-cohomology. In the dual picture, we have the corres-
pondence between classical field theories and L..-algebras. Such a correspondence implies
that physical equivalence of classical field theories amounts to equivalence between (cyclic)
L..-algebras, whose appropriate mathematical notion is indeed that of quasi-isomorphisms.
We note that a related notion of equivalence was discussed in [212].

To clarify this point, let us see an example of field theories that are related by integrating
out auxiliary fields. Consider two classical field theories with actions

S = o Ay {égp(—@,ﬁ“ —m?)p — ;\!304} ,

i (5.17)
§ = [ ae {$p(-0,0" — m¥)p + 1x2 4 13xet

where ¢ and X are real scalar fields on Minkowski space R"?. The equations of motion read
as
(—0.0" —m?)p — 50> = 0,

(5.18)
(—8u8”—m2)g0+\/§Xg0 =0 and X+3/3¢° =0

S
S
and S clearly arises from S by integrating out the auxiliary field X

Following the BV formalism and introducing antifields (which amounts to the Koszul-Tate
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resolution), leads to two L..-algebras L and L given by

0 — E°RY") — F°R") — 0 ,
~— —— —— —
=:Lo =L =:Lg =:ls
5.19a
pa(pr) = (—8M8“—m2)901, ( )
M3(<P17902,903) = —Ap1P2p3
and
0o — %W(Rl’d)@%oo(Rl’d) — %M(Rl’d)@‘foo(lfil’d) — 0
~ ~
=:Lo =0 =L =:ls
(5.19b)

fu(pr + X1) = (=0,0" —m)p1 + X1,
fia(p1 + X1, 02 + Xo) 1= \/5(()(1%02 + Xop1) + @1@2) :

The identity map contained in ji; makes it obvious that the graded vector spaces underlying

L and L have the same cohomology and we define a cochain map ¢ : L — L by setting

o1 L, — L, with di(p+X) = o,

) (5.20)
¢1 : I_2 — I_2 with ¢1(C+Y) = C,

that is, we obtain a quasi-isomorphism of cochain complexes. To extend this to a quasi-
isomorphism between L and L, we note that all higher products are of the form fi; : Ly x - - - x
I:l — I:g and p; : Ly x --- x Ly — Ly. Thus, we are only interested in the defining equation
of Le,-morphisms, (2.57), for all arguments in L,. Upon reducing to the non-trivial higher

products and truncating the morphism at the level 2, we obtain

i =1 (ol +X1)) = d1(fin(pr + X1)) ,
i =2 (a1 + X1, 02+ Xo)) =
= ¢1(fta(p1 + X1, 02 + Xo)) —

(5.21)
— G2(fir (1 + X1), 02 + X2) — @a(fir (02 + X2), 01 + X1)
i = 3 : p3(d1(er + X1), d1(p2 + Xa), 01(03 + X3)) =
= —[pa(fi2(1 + X1, 902 + X2), 3 + X3) + cyclic] .
These equations are fulfilled by setting
do i Ly x Ly — L with éo(pr + X1, 00+ Xs) == 0, (5.22)

gbg . |:1 X |:2 — LQ with ¢2(Q01+X1,C1+}/1) = \/ggﬁlifl .
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Hence, we may conclude that the L..-algebras L and L corresponding to classically equivalent
field theories are quasi-isomorphic, as mentioned. We shall see more examples in the next few

sections.

5.2. Yang—Miills theory

We start our discussion about gauge theories by studying Yang—Mills theory. In the following,
let M be a smooth compact Riemannian manifold without boundary and real dimension d.
In addition, let G be a Lie group with metric Lie algebra (g, [—, —|, (—, —)4). We define L to
be Q*(M,g) := Q°*(M) ® g, the differential graded Lie algebra of g-valued differential forms
on M. Furthermore, let d be the exterior derivative and d' its adjoint with respect to the
standard inner product {ay, ) = [3; a1 Axag for a5 € QF(M), with x the Hodge operator

for the given metric.

5.2.1. Yang—Mills theory: second-order formulation

The field content of plain Yang—Mills theory in second-order formulation (YM,) consists of
a gauge potential A € Q'(M, g)[0] with curvature F' = dA + 1[4, A]. We add a ghost ¢ €
Q°(M, g)[1] and complete thus the BRST complex, the differential graded algebra description
of the gauge algebroid, as explained in Chapter 4.! Recall that [k] for k& € Z indicates the
ghost degree of the object.

BV action and BV operator. To complete the BV complex, we also add the antifield
At € Q4 Y(M, g)[—1] as well as the antifield of the ghost field, ¢c™ € Q¢(M, g)[—2]. On this

space of fields §ym,Bv, we have the canonical symplectic form
yM,BY = / [(54,64%)g — (c,8¢)g} (5.23)
M

as introduced in (4.25).
The BV action for Yang—Mills theory is derived to be

[ /M{;<F,*F>g_<A+,Vc>g+;<c+,[c,c]>g}, (5.24)

!Recall that A and c denote contracted coordinate functions. For instance A = S AG(2)®To®@drH @ 54,

where 7,, dz* and s, are basis vectors on g, T*M and €°°(M), respectively.
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cf. e.g. [14]. Denoting by {—, —}va,Bv the Poisson bracket induced by (5.23), it is a straight-

forward exercise to show that Syy,py satisfies the classical master equation

{SymaBv, SymaBv Fymosy = 0 . (5.25)
Hence, we may define the homological vector field
QvveBy = {SYMQB\/'a _}YMQBV with QQYMQBV =0, (5-26)
whose action on a functional F' € €*°(Fyu,Bv) reads as’
Q F—/ _ 55]3\/5£ *_ 5SBV OF *_
YMBYES T AT GA ) 0A T OAT ]
(5.27)

(98w OF\" [5Sey F\’
det 7 e . dc et . ’

On the contracted coordinate functions on §yu,py, We have

Qym,BvC = —%[C, C] )
QYMQBVA = Ve = dC+[A,C],
Qvm,BvAT = —VxF —[c, AT
THREY e 4] (5.28)
= —dxdA+idx[A A+ [A*dA] + LA A[A A]] — [, AT] |
Qvausvet = VAT —[¢,¢]

= dAT +[A, AT = [e,cT] .

L .-algebra structure. The differential graded algebra (¢*°(Fym,Bv), @ym,pv) is dual to

an L..-algebra structure on the graded vector space’

(M, g) =5 Y (M,g) 2 0 (L) 2D Qd(MLg) . (5.299)
L L L L
=:Lo =L =:L2 =:L3

'Recall that the inner product on Q°*(M,g) is [,,(—, —)g. Here and in the following, the notation
Jar(=>—)% shall denote the dual BV pairing as discussed in Section 4.4.. In (5.27) for instance, 2=

ﬁ ®e* ® 0, for e* and 0, dual bases of 7, and da* respectively and similarly for the other fields.

2In principle, one may apply the natural isomorphisms Q¢=%(M, g) = Q¢(M, g) to be able to identify the
second p1 with the Hodge Laplacian. This, however, is somewhat unnatural from the BV perspective, as it
will modify the canonical symplectic structure (5.23) on Fym,pv. It would also make our computations below
less straightforward.
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We call this complex the second-order Yang—Mills complex. Note that the higher products p;
are read off the action (5.28) of the homological vector field on the fields using formula (2.53):
{1 is given by the linear part of the right-hand side of (5.28), s by the quadratic part, etc.
The coordinate functions on Ly, L;, Ly, and L3 are, respectively, ¢, A, A", and c¢*. The

L..-algebra is then defined by the non-vanishing higher products

p(er) = der, pu(A) = dxdAr, m(A)) = dA],
pa(cr,c2) = e, ¢a] , paler, A1) = e, Ad]
pa(er, A7) = e, A3],  palereg) = e a],
pa(Ar, A7) = [A, A3
pa(Ar, Ag) = dx[Aq, Ag] + [A1, xdAs] + [Ag, xdA4] |

ps(Ar, Ao, As) = [Ay, %[Ag, As]] + [Aa, *[As, A1]] + [As, #[A1, As]] ,

(5.29b)

for elements ¢; € Ly, A; € Ly, Af € Ly, and ¢ € L. We shall denote this L..-algebra by
Lynm,. Note that as expected from the formalism, Ly, is cyclic with cyclic structure induced
by the components of the symplectic form (5.23). This L..-algebra has been rediscovered
several times in the literature. It was first given in [195,196] in its dual formulation as a
differential graded algebra. The same L..-algebra was then rederived from string field theory

considerations and further discussed in [197,199].

We stress again that the L.-algebra Lyy, encodes all classical information about Yang—
Mills theory: it contains the field content, the gauge symmetries, the equations of motions as

well as the Noether identities.

We note that in the case of classical gauge theories with Abelian gauge group, for which
L is concentrated in degrees 0, ..., 3, the underlying complex has been studied under the
name of detour complex [213,214]. The non-abelian detour complex differs from the complex
underlying L by terms covariantising the ;. This relation was explained in [201], where also

the homotopy algebra structures underlying the complex (5.29a) were studied.
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Homotopy Maurer—Cartan action. Let us now plug Lyy, into the homotopy MC ac-
tion (3.21). With a = A we have

Ha (@), = 5 [ (d4,%dA), .

A (@), = b [ (4444, A)),
M (5.30)
= 4] {UA AL ad)g + (A 1A, Ay
Hla a0, @iy, = 3 [ (A AL A4 A,
Consequently, the homotopy Maurer—Cartan action becomes the Yang—Mills action,
3 1 .
Swe = 3 gl = 3 /M<F, F), . (5.31)
In addition, the Yang—Mills equation translates into the flatness condition
s 1
*VrkF=d«F+[A*F] =0 — Zﬂui(a,...,a) = 0. (5.32)
=1 "

We can also reproduce the BV action (5.24) from the BV action (4.61), see also (4.67a),
usinga=cy+a+at +cg =c+ A+ A" +ct. Indeed, we find

3
1
Spv = Z (Z + 1)' <6L, :ui(av s ’a’)>|-YMQ - <CO’ Ml(a+)>LYl\/12 + <a’7 MQ(a+7 CO)>LY1V12
i=1 :

(5.33)

= SYMQBV .

In summary, we have obtained a reformulation of Yang—Mills theory as a homotopy MC

theory, which is closely related to Chern—-Simons theory.

Minimal model. Above we observed that the structures of classical Yang—Mills theory are
fully captured by the L.-algebra Lyy,. As explained earlier, the appropriate isomorphisms,
namely the quasi-isomorphisms, are supposed to lead to theories which are physically equivalent
at the classical level. A particularly interesting quasi-isomorphic L..-algebra is certainly a
minimal model of Ly, in which all possible equivalences have been divided out.

Recall that the minimal model can be constructed recursively by using the homological
perturbation lemma [215-217]. In particular, to compute the minimal model Ly,;, of Ly,

one needs to find a contracting homotopy

p (]
n( Ly, =2, Loy, 1= Hd(LYMQ) . (5.34)
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Explicitly, we shall make use of the Hodge decomposition
"M, g) = Q(M,g) ®dQ" (M, g) ® 'O (M, g) (5.35a)

together with the projectors

P, QF(M,g) — QE(M,g), P.:QM,g) — dQ*(M,g),

. o (5.35b)
P, QF(M,g) — d'Q*(M,g),

which extract the harmonic, exact, and coexact parts, respectively. The cohomology complex
Lym, = Hp, (Lva,) (5.36)

of the second-order Yang—Mills complex (5.29a) is then given by

1:=0 =0 _ 1:=0
. L/ . L/ . L/ . L/
=bo =L =iy =ik3

as we shall now argue. First, L, and L} are obvious; note also that Q) (M,g) = g.! On
QU(M, g), we have ker (d x d ) 2 ker(d'd) = P.Q4(M, g) and so, H} (Lyw,) = Hlp(M,g) =
QL (M, g) using the Hodge theorem. Moreover,

ker(d) = Qf (M, g) ®dQ'*(M, g)
~ 1M, g) @ ddTQ1 (M, g) (5.38)
~ QF(M,g) ®im(—d*d)
using the Hodge decomposition and Hodge duality, and therefore H> (Lyw,) = Q4 (M, g).
As discussed in Section 2.5., the complex Ly,;, admits an L.-structure. To construct

the higher products j; for i > 1 on Ly,;,, we first note that the second-order Yang-Mills

complex (5.29a) is split in the sense of (2.61). To see this, set
do = d R d1 = dxd , and d2 =d. (539)

Next, we need to find a contracting homotopy hy : L, — L;_1, thatis, dj, = dg o hpyq o ds

for k =0,1,2. Using the Green operator G defined in (5.92), we can put

hy = d'G, hy = (=1)'Gx, and hy = d'G . (5.40)

1This condition holds if M is connected.
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This is seen using the identities (5.94). Furthermore, setting (d_1, hg) := (0,0) and (ds, hy) :=
(0,0), we have the projectors P, defined by

1 = Pk + hk+1 e} dk + dk—l e} hk 3 (541)

which are the compositions of the projections p; : Ly — Hl’jl(LYM2) and the injections ¢y, :
H} (Lym,) < Li. That is, the Py form a projector B, : Q*(M,g) — Qf(M,g) onto the
harmonic forms using the Hodge decomposition. Using the contracting homotopy (5.40)
it is now easy to adapt the formulas (2.64) for the quasi-isomorphism between Ly, and
Lya, = Hp, (Lym,). For the sake of clarity, we shall again only display the formulas in

homogeneous degree 1. We obtain

¢1(a’) = e(d),
po(d’,a) = —Gd'[e(d)),e(d)], (5.42)

Hence, the higher products on Ly,;, = H} (Lyw,) defined in (2.65) are then given for degree 1

elements by

(5.43)

where we have used the projectors (5.35b).
Altogether, we note that the simplification of the configuration space in the quasi-isomorphism

induced a much more complicated structure in the interaction terms. See [206,146] for details.

5.2.2. Yang—Mills theory: first-order formulation

It is well-known [218] that Yang—Mills theory in four dimensions admits an alternative formu-
lation which only makes use of first-order rather than second-order differential operators and
has only cubic interactions. Again, it can be formulated in L..-language [204,42].
Hence, let us consider d = 4. The metric on M induces the decomposition of differential
2-forms
Q*(M,g) = Q2 (M,g)® Q% (M,g) (5.44)
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into self-dual and anti-self-dual parts. Letting Py := %(1 + %) be the corresponding projectors
where « is, as before, the Hodge operator associated with the given metric, we may write
Qa:(Mag) = P:EQ2(Mag)

BV action and BV operator. The field content of Yang—Mills theory in first-order formu-
lation consists of a gauge potential A € Q'(M, g)[0], with usual curvature F' = dA+ 1[4, A],
together with an additional Lie-algebra valued, self-dual two-form B, € Q% (M, g)[0], subject

to the gauge transformations
0.A == Ve, 6By = —[¢,By], and 0.F = —[c, F] (5.45)
for c € QY(M, g). The action reads as

S = [ {UF B+ 5B Bua) (5.46)

where the parameter ¢ is a positive real number. Note that the Yang—Mills equation VxF' = 0
is equivalent to VF. = 0 due to the Bianchi identity VF = 0. Hence, the equations of
motion following from (5.46), By = —§F+ and VB, = 0, imply the Yang—Mills equations so
that (5.46) is classically equivalent to Yang—Mills theory.

The action (5.46) is extended to a BV action by adding ghosts ¢ € Q°(M, g)[1] as well
as the antifields AT € Q*(M, g)[-1], Bf € Q% (M,g)[-1], and ¢" € Q*(M,g)[—2]. The

canonical symplectic form on the space of BV fields §gy is
WyMBY = /M {{0A,6A% )y + (5B, 6BT)g — (3e,5¢7 )y} (5.47)

and the BV action reads as

Sy = [ {(F B+ 5(B. Bu)y -

(5.48)
— (A%, V)g = (BL, [By, e + 3" le.af

Hence, we may define

Qvvipv = {Symipv, —tvmipv  with QY gy = 0, (5.49)
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where {—, —}ym,Bv is the Poisson bracket induced by (5.47). We then obtain

Qvapve = —3lecf,
Qvwyev(By +A) = —[¢,By]+ Ve = de+[By + A, ],
Qympy(Bf + AY) = —(Fy+eBy+ (¢, Bf]) = (VB4 + [¢, AT])

— —¢B, — P,dA—dB, — (5.50)
— 3 P+[A Al = [A,Bi] = [e, B{ + AT]
Qvmve™ = VAT +[B,, Bf] - [¢,¢"]
— dAT +[A A+ [By, Bf] — [, '] .

L.-algebra structure. Note that (5.46) is only cubic in the interactions and hence the
corresponding equations of motion are at most quadratic. The L..-algebra Lyy;, has now the

underlying graded vector space [219]

QM. g) 2252 Q2 (M, g) @ Q(M,g) L=
T =
—iho =h R (5.51a)
1:=
Qi(Mu g) EBQB<M79) E— Q4<M7 g) )
=:Lo =:L3

that we call the first-order Yang—Mills complex, together with the non vanishing higher products
pi(er) == dey, i (Byi+A) = (eByy + PodA) +dByy,  w(AY) = dAT
pa(ci, c2) = [ci,¢2] , paler, Bor+ A1) == o, B + [c, A
pocr, By + AT) = e, Bl + e AT, paler,c3) = [a, ],
pa(Bir + Ar, Bio + Ag) i= Pi[Ay, Ao] + [A, Bio] + [A2, Bi]

/,L2(B+1 + Al, BIQ + A;) = [Al, A;] + [Bl, BiQ] s
(5.51b)
which are read off the action of the homological vector field Qyn,pv on Fev = Lywm,[1] as
given in (5.50). Here, ¢; € Lo, (Byi+ A;) € Ly, (B, + A7) € Ly, and ¢ € L3 fori = 1,2.

Moreover, an inner product on Lyyy, is induced by the symplectic form (5.47) and reads as
<Oél ® tl, (0%)] ® t2>|—YM1 = /M aq A (0%)] <t1,t2>g . (552)
Homotopy Maurer—Cartan action. Again, let us briefly check that the homotopy MC

action (3.21) for the L.-algebra Lyy, reproduces the classical action (5.46) and, after ex-

tension to shifted copies, the BV action (5.48). For degree 1 elements a € L; we have
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a= DB+ A€ (M, g)0] & Q' (M, g)[0] and so

50, 1 (a))yy, = /M{<dA,B+>g+§<B+,B+>g}’ 55
Sapn(@, )iy, = 3 [ (A4 B,

Consequently, the homotopy MC action (3.21) becomes (5.46).
Furthermore, the BV action (5.48) inducing the transformations (5.50) is obtained from
the BV action (4.61), see also (4.67a), using a = cp+a+a"+cg = c+B,+A+BI+AT+c".

Minimal model. As in the second-order formalism, it is a rather straightforward exercise to

compute a minimal model of the L.-algebra Lyy,. We start from the cohomology complex
LIYM1 = H;:l(LYMl) (554)

of the first-order Yang—Mills complex (5.51a) using the Hodge decomposition and the Hodge

theorem. We obtain the complex

Q(M.g) S5 Qh(M.g) 5 Qh(M.g) 5 Qi(M.g).  (5.55)
—_——— ———— —_——— ———
=l =:11 =:1} =:L4
which is the same as the complex (5.37). Indeed,
Hy (Lywy) = Q(M,g) and  Hp (Lyw) = Q(M, 9) (5.56)
follow trivially. Furthermore,
ker(Prd + (e +d)) = ker(d'd|oiarg) (5.57a)
so that
H) (Lya,) = ker(dfd|oig)/im(d) = Qf (M, g) (5.57b)
as was already shown in the previous Section. Since
oz gy = (Bh+2ProP)laz g = (Ph+2Ps o Fo)loz () (5.58)

where B, P,, and P, were introduced in (5.35b), we obtain

ker(d) = (M, g) ®dQ* (M, g) ® Q7 (M, g) ,

(5.59a)
im(Pyd+ (e +d)) & Q2 (M,g)®dQ*(M,g) .
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Hence,

Hy (Lyn,) = Q3(M,g) . (5.59b)

To complete the quasi-isomorphism, let us again construct a contracting homotopy h;, :

L, — Li_1. We set

0 9 P+d
dy = , dy = , and dy := (0,d) . 5.60
e R (i) RIS (U R

Then, we wish to find hy such that dy = di o hyyq o di for £ = 0,1,2. Using the Green
operator (5.92) and (5.58), we obtain

ip 2p.diG 0
b = (0.d'G), hy = [ =" * . and hy = . (5.61)
2dIG 2edtGAG* '@

Furthermore, setting (d_1,ho) := (0,0) and (ds, hy) := (0,0), we have the projectors P
defined by
1 = Po+ hgypodg +dg_q10hy (562)

projecting Ly onto H} (Lyy;, ). That s, the P, yield the projector B, : Q°(M, g) — Qf (M, g).
Using the contracting homotopy (5.61), we now adapt the formulas (2.64) for the quasi-
isomorphism between Lyy, and Lyy, = Hj (Lya,). As before, for the sake of clarity, we

shall only display the formulas in homogeneous degree 1. We obtain

di(d) = ela)
bo(d, ) = —(LR+2'G) Pufe(a), e(a)] . (5.63)

Hence, the higher products on Ly, = H} (Lyu, ) defined in (2.65) are then given for degree 1

elements by
py(a’) = 0,
po(a’,a’) =0,

5.64
it aa') = =2p([[ela), RPy[ela). @] ). 569



110 5.2. Yang—Mills theory

Integrating out fields. Before showing that both formulations of Yang—Mills theory are
Lo.-quasi-isomorphic, we demonstrate, as a warm up, that both formulations are equivalent

by ‘integrating out fields’ [171,42]. Starting from the action

S, = [ {UF B+ 5B By, ) (5.65)

of Yang—Mills theory in the first-order formulation one can easily integrate out B, as it only

appears algebraically. We obtain

St = —% [ (FeF)y = =& [ ()£ [ (R, (5.66)

that is, we find the Yang—Mills action in the second-order formulation plus a topological term,
which is irrelevant for perturbation theory. Hence, the two formulations of Yang—Mills theory
are equivalent at the level of their equations of motion.

Next, let us recall the BV action (5.48)

Sympy = /M {(F, By)g+ 5(By, By)g—

(5.67)
— (A%, Ve)g = (B, [Brs g + Het el

of Yang—Mills theory in the first-order formulation. Since the ghosts and all the anti-fields
are present, integrating out B, and B is not as straightforward as above even though they
appear only algebraically. Following [42] we consider the symplectomorphism given by the
Hamiltonian?

H = 1 M(c, BT, Bf]), (5.68)

2

for the symplectic form (5.47). Concretely,

A~ A+{H A}ymypyv = A,
By = By +{H,Bi}ywmpv = By — [, BI],
¢ — c+{H, c}ymypy = ¢,
A" = AT+ {H A lympy = AT
Bl — Bl +{H Bl}ympv = B,

CJr — C+ + {H, C+}YMlBV = C+ + é[Bi,Bi] s

(5.69)

ICostello [171] proves an homotopy equivalence of classical field theories by using H := 1 [, (F,Bf)g
instead.



5.2. Yang—Mills theory 111

where {—, =}y, Bv is the Poisson structure induced by (5.47). Furthermore, it is easy to see
that this symplectomorphism preserves the Darboux path integral measure. Upon performing

the transformation (5.69), the BV action (5.67) becomes

Syaypy = Syaysv + Qv v H
— [ { = A Be+ 5By By, - (5.70)
— Pyl By — (A7, Ve + 3" ey
Now we can straightforwardly integrate out B, and B . Indeed, we obtain

SoaBY off = /M{ — L(F,%F) — (A%, V), + 1t [, c]>g} — 1 /M<F, FY,, (571)

that is, we find (5.24) in the second-order formulation plus a topological term. Hence, the

two formulations of Yang—Mills theory are also equivalent in the BV formalism.

L -quasi-isomorphism between the formulations of Yang—Mills theory. L -algebras
for the first-order and second-order formulation are L..-quasi-isomorphic [204,42]. Since Ly,
and Ly, describe equivalent classical field theories, this should not be surprising according
to our general discussion in Section 5.1.. In the following we verify the classical equivalence
by giving the explicit quasi-isomorphism in the ()-manifold language, as in [42].

Clearly, we expect a quasi-isomorphism that is based on an L..-morphism which is an

1 In the dga-picture, this corresponds to a surjection

injective Loo-morphism Lyng, =Ly, -
O F°(FymyBy) = € (Sym,v)- For this surjection to be a cochain map we have to verify

that
Qvvpv 0 ® = @ o Qvapy - (5.72)
Trying to construct such a ®, one is lead to the surjection defined on the coordinate

functions as
P(c) == c, PBy) = —1F,, DA = A,

®(Bf) =0, @A) = A", D(ch) = .
The left-hand side of (5.72) reads as

(5.73)

Qyvm,v®(c+ By + A+ BI + AT 4T =
= Qvwupv(c+A—IF, + AT 4+ ¢") (5.74)
= —3le,d+Ve—1L[F,, 4+ VKF + [c, AY] = VA —[¢, '],

1Obvious|y, here we are considering Ly, for d = 4.



112 5.3. Chern-Simons theory and its higher analogues

while the right-hand side of (5.72) evaluates to

P(Qvmyv(c+ By +A+ Bl + AT +¢")) =
= ®(—ile,d e, B] + Ve (Fi + By +[e, BY]) -

~ VB, = [, A + VA' + By, Bf] — [¢,¢"]) (5.75)

[c,c] +Ve—L[F d+ V(1 +%)F —[c, AT] + VAT — [¢, ¢*]
[c,c] +Ve—L[F, ]+ VkF —[¢, AT] + VAT — [¢,¢"] .

= N

Since both results agree, ® defines indeed a morphism of L..-algebras. Moreover, this iso-
morphism is surjective, and because we know that the cohomologies of Lyy;, and Lyy, agree,
the L..-morphism induces an isomorphism on cohomology. One trivially notes that the sym-
plectic from on Ly, is the pull-back of that on Ly, along ®. Altogether, ® defines a cyclic
quasi-isomorphism, as expected. Hence, the L.-algebra (Lyy,, t;) provides a strictification
of the four-dimensional Yang—Mills L..-algebra (Lyn,, 1)

This short computation shows the power of going back and forth between the bracket for-
mulation of L..-algebras and the dga-picture. The direct construction of a quasi-isomorphism
in the bracket formulation would have been somewhat lengthier, as was showing the equival-

ence of the BV actions by integrating out fields in the previous paragraph.

5.3. Chern—-Simons theory and its higher analogues

Homotopy Maurer—Cartan theory is clearly a vast generalisation of Chern—Simons theory for
Lie algebras and one may derive higher Chern—Simons theories directly by constructing suitable
L.-algebras, cf. [110]. Here, motivated by their prominent role in both quantum field theory
and string theory, we further specialise our discussion in 3.2.1. to the case of (higher) Chern—
Simons theory.

The setup is the following. Let M be a d-dimensional smooth compact oriented manifold
with d > 3 and L := @®)__,.;Ls be a cyclic L-algebra to which we shall refer as the
gauge L..-algebra in the following. The tensor product L..-algebra Q°*(M,L) as defined
in (3.29) then has a cyclic structure of degree —d — (—d + 3) = —3 and we can write down
the corresponding homotopy MC action (3.21). This action defines higher Chern—Simons
theory with trivial underlying principal co-bundles. For instance, in the case when d = 3, the

gauge L..-algebra L is an ordinary Lie algebra and we recover ordinary Chern—-Simons theory,
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see (3.30) and (3.36). In the case when d = 4, L is a 2-term L.-algebra or, equivalently, a
Lie 2-algebra, see (3.32). To obtain the classical Lo-structure, we simply enlarge the space of
fields consisting of the gauge potentials by all ghosts and higher ghosts and then once more

by all corresponding antifields.

5.3.1. BV formalism and L -structure

Let us now review the BV formalism applied to (higher) Chern-Simons theory.

Case d = 3. |In the case of ordinary Chern-Simons theory in three dimensions, we have
additional ghosts ¢ € Q°(M, g)[1] and antifields A* € Q?*(M, g)[—1] and ¢t € Q3(M, g)[—2].
Hence, with a = ¢+ A+ AT 4 ¢, the symplectic form wgy on §pyv defined in (4.58) becomes

WRy = /M{<5A,5A+>g—<5c,5c+>g} . (5.76)

Thus, the induced the Poisson bracket (4.59) reads explicitly as

AN 58\
{F.Glay = /M{F<5A+’5A>QG_F<6’5+>QG_

— = * — =k (5'77)
L d 9
<5+75 > Grr 55+>G}
for F,G € € (Fgv). The BV action (4.61) reads as
SBV—/{ (A, dA), + (A, [A, A]), -
(5.78)

~ (e, dA)g = (e [, ATy + e e f

which is the Hamiltonian for the vector field gy, which acts on an element ' € € (Fgv)

according to

QpvF = {Ssv, F}sv
_/ B 5SBV‘LF*_ 5SBV£*_
= ) \Garsa A GAT (5.79)

55}3\/ OF 5513\/ OF
Sct b ] Sc et ] ’
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For the coordinate functions, we obtain explicitly

QBVC - _%[Ca C] ) QBVA = dC—f—[A,C] )

5.80
CQBVJ4Jr = —dA- %[Av A] - [07 AJF} ) C)BVCJr = dA" + [Aa AJr] - [Ca C+] : ( )

Note that we can also specialise the extended BV action (4.77), which is suitable for
gauge fixing. Here, the above field content is further extended by the trivial pair (¢,b) €
QN(M, g)[—1]® Q' (M, g)[0] together with a trivial pair of corresponding antifields (¢*,b%) €
O*(M, g)[0] ® Q*(M, g)[—1]. The extended BV action (4.77) then reads as

Sawv = [ {564 a0+ (A, [4, 4, -

(5.81)
— (e, dAT )+ (A LAY g+ et ey = (8,
resulting in
QeBVC - _%[67 C] ) QeBVA = dec+ [A7C]7
QeBVA+ = —dA - %[Aa A] - [67 A—W ) QeBVC+ = dA+ + [Av A+] - [Ca C+] ) (582)
Qesvé = b, Qevé™ = 0, Qevb™ = —¢", Qevb = 0.

Case d = 4. Next, let us discuss the simplest higher case d = 4 in detail. Here, the
gauge algebra is a Lie 2-algebra' whose underlying graded vector space is of the form L =
L_; @ Lo. The inner product identifies (L_;)* = Ly so that L_; and Ly must be of the same
dimension. We have the decomposition Q$(M, L) = QY(M, Ly) ®Q*(M,L_) of homogeneous
degree 1 elements in Q°(M,L). Consequently, we obtain a 1-form gauge potential A €
QY(M,Ly)[0] and a 2-form gauge potential B € Q?(M,L_;)[0], respectively. The homotopy
MC action (3.21), with a = A+ B, is then higher Chern-Simons theory on a four-dimensional
manifold M,

Sme = /M {<B,df4+ sH2(A, A) + S (B))L + L(/,Lg(A,A,A),Aﬁ} , (5.83)

and the curvature (3.4) reduces to f := F + H where F, H given in (3.32c). As previously

mentioned, in these and the following formulas, the higher products p; will not see the form

INon-trivial examples of Lie 2-algebras relevant for physical applications are not easy to find. We mention
here the string Lie 2-algebras (corresponding to the string Lie 2-group String(n)) introduced in [4] and we
refer to the papers [7,30, 160] (and references therein) together with the T-duality Lie 2-algebra [220] for
applications in string theory. The interested reader may also consult c.f. [7,221] for further pointers to the
physics literature on Lie 2-algebras and the recent review [222] for more geometrical applications.
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degree of the various fields. Since any homogeneous degree 0 element of 2*(M, L) decomposes
into ¢ € Q°(M, Lo)[0] and A € Q' (M, L_;)[0], the gauge transformations of the components
of the gauge potential and the curvature reduce to (3.33a) and (3.33b), respectively.

To write down the BV action (4.61), see also (4.67a), we recall that one needs to add

antifields leading to the decompositions

— A+ B e Q'(M,Ly)[0] ® Q*(M,L_,)[0]

(5.84a)
at = AT+ B € Q3(M,L_))[-1]® Q*(M,Ly)[-1],

while for the ghosts we obtain

co = ch+ecy € QUM L)1 @ QY (M, L_)[1],
g = et € QM L)[=2] @ (M, Lo)[-2] (5.84b)
cqp € QUM L)[2], <t € QY M, Ly)[-3].

The full BV action (4.61) is then Spy = Swuc + Sen With Syic given by (5.83) and

Sen = /M{<dA D+ (BT )L+ (e (AT + (ot deb” o+ ()
pa(cg® eor) + pa(BY, ) + pa(AT, g), A) + (B, (BT, ) —
— (B ), B + LT el ) — Gualed ) b )
palehe-1)s E )+ Sl B ), A = Ss(A, bt ), At
4 a(ed, 8, ), A+ o (o (BY by ), B+

+ 3l<#3(60’68>c+ )768>L} :

(5.85)

- w\._. <

It induces a homological vector field Qgy on §pyv acting on F' € €°°(Fpy) as
6Spy OF 6Spy OF §Spy OF\~
QovE" = /M{_<5A+ ’6A> < 0A 5A+> <5B+ ’5B>L_
<5SBV OF > <(5SBV 5F> <5SBV OF >*
0B 6Bt St Toch /| oc) o)t/
§Spy OF §Sgy 6F \" /6Spy O6F \"
aca+’acO>L <acs’aca+>ﬁ<acwc_l>ﬁ

3
i)

(5.86)
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Explicitly, we have

QevA = dcg+ pa(A, cp) — pu(cp)
QevB = —pa(cy, B) + deg + pa(A, ¢5) + 3p3(co, A, A) —
— (B, c1) + 3pa(BT, e, cp)
QevAT = —dB — (A, B) + gu3(A, A, A) — pa(A*, cg) — p2( BT, ) +
+ pa(cor,¢0") + pa(A, BT, ) + 3p3(cg, 0, 607)
QuvBY = —dA— jua(A, A) — i (B) — p2(BT, cp)
Qpvcy” = —dA" + pp(A, AT) + pa(B, BY) — pa(cg, o) + palcg, egt) (5.87)
+ pia(co1, ¢5y) + (A, A, BY) + gus(BY, B, )

- :U’3<A7 687 C(l]+) + %:ufi(cgﬂ 687 Ci—l) )

Qpv ¢ = —dey — pa(A, c1) — pa(cy, cg) + 5pa(A, g, ¢p)
Quvey” = —dB" — m(AY) + pa(A, BY) — pa(cg ™)
Qpve 1 = —pa(cg, c1) + 513(c5, ¢, )
Qpvely = —deg™ — mleg®) + pa(A, ") — %MZ(BJF,BJF)—M(CJ—FDCg);
cf. (4.68).
The extension (4.77) of Sgy by trivial pairs requires the introduction of the additional
quadruples
Go1 =8 140 4 € (M L)@ (MLy))[-1]
bo1 = B +b5 4 € (M L) ®Q"(M,Ly))[0] (5.855)
Co_1 = Gotqgtagty € (93(1\/[ Lo) @ Q*(M,L_ 1))
b = BT B € (QF(M,Lo) @ Q*(M,Ly))[~1]
and
c1.9 € QML )[-2], b1 o € Q(M,L)[-1],
et _, e @ (M L[], bfy , € @ (M, L4)[0], (5.58b)

C_10 € Q( )[O , b_170 € QO(

]
]
] M, L)

cty € (M Ly)[-1], bhy € @ (M, Ly)[-2],

where all Q'(M,L;) are regarded as ungraded vector spaces with elements of degree 0. The
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additional contribution to the extended BV action (4.77) is

Stp = /M { - <b8’_1, Eg+ 1) — <b(1)7_1, 63+ 1>|_ + <b—1,—27 Ei—l’_2>L + <b—1,07 Ct1,0>L} .
(5.89)

Minimal model and L.-quasi-isomorphism. We now construct the minimal model of
the L..-algebra Q°*(M, L) underlying higher Chern—Simons theory following our discussion in
Section 2.5..

We start by noting that the cochain complex underlying the L..-algebra (3.29) is the tensor
product of two cochain complexes: the de Rham complex and the complex arising from the
gauge Lo.-algebra L. Since the cohomology H; (L) of L is evidently free, Kiinneth's theorem,
see e.g. [223], yields the isomorphisms

H (Q°(M, L)) == P H} (Q°(M, L)),
keZ
HE (ML) = @ Hip(M)® Hj, (L), (5.90)
0<i<d
—n+1<5<0

where H'y (M) denotes the i-th de Rham cohomology group.

To construct the Lo.-structure on Hj (Q2°(M,L), we note that another consequence of
the cochain complex underlying the L..-algebra (3.29) being the tensor product of cochain
complexes of vector spaces is that it splits in the sense of (2.61); see also Appendix B. Hence,
we have

iy QQ' M, L) <:>» Hj (Q'(M, L)), (5.91)

where p;, o e, =id and hy, @ Q°(M,L) — Q°*(M, L) with iy = fi; o hy, © fi; a contracting
homotopy of P, := e;, op,. To construct h;, explicitly, we assume that we have already
found! a contracting homotopy h,, : L — L of P,, :=e,, o p,, and construct a contracting
homotopy hq : Q*(M) — Q*(M) of Py := eq o pq. In order to write down the latter, we fix
a Riemannian metric on M and let d' be the adjoint of d with respect to the standard inner
product {ay, ) = [, 1 A*xag for o € QF(M) with x the Hodge operator for the chosen

metric. Using the Green operator

Glin@aim@y = A" and  Gliera)y == 0 with A := dd'+d'd, (5.92)

1See Appendix B for an explicit example.
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we define

he = d'G . (5.93)

Together with the identities
Gd = dG, Gd' = d'G, and G = Gx, (5.94)
it is then easily seen that d = d o hg o d. We thus obtain
1 = Pi+hgod+dohy = P4+AG = PFP3 = 1-AG (5.95)
which is the projector onto the harmonic forms Q2f (M) under the Hodge decomposition
QF (M) = QF(M) @ dQH (M) @ dTQF (M) | (5.96)

cf. Appendix B. Postcomposing the projector with the Hodge isomorphism Q¢ (M) = H3g (M),
we obtain a projector on de Rham cohomology. We now combine the homotopies hq and h,;

as

hi == 5(ha®1+1Qhy,, + Pa® hy, +ha ® P,,) . (5.97)

Using fi1 = d ® 1 + 1 ® pq, it now follows that ji; = fi; o hy, o fi;, as desired.
Using the contracting homotopy (5.97), it is now easy to adapt the formulas (2.64) for
the quasi-isomorphism between Q2*(M, L) and H} (Q2°(M,L)). For the sake of clarity, we shall

only display the formulas in homogeneous degree 1. We obtain
(@) = epd).
0a(as @) = =ty (a3 (@), 01 () )
oaa ) = ~3hy, (a6l a"), e )) B (s (€0 (@): €3 (@), 30 (@) )
Sl a ) = =3, (fa(2(a, ), 6l ) 4hm( (e (@), dslal ') ) -
— 6hy, (ﬂs(%(a) e (a )>
~ g (1 (em(a'),em( s @), e (@)))

(5.98)
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Hence, the higher products fi; on H} (€2°(M, L)) defined in (2.65) are then given for degree 1

elements by

h(d ') = (ﬁ (@), €0, (a) ).
fisl ) = 3pm( Sa(al )1, (@) ) + (s (e (@) e (@), 0 () )
(') = 3o (fa(0a(al, ) 0a(a ) )+ Ap (e, (), (e ) ) +
+6p (is(e30 (@) e (0), 62 (0, 0) ) ) +
0 (e (@) 0, (0), 00, €3, (@) )

(5.99)
We conclude that the resulting classical field theory equivalent to higher Chern—Simons theory
has a much simpler or reduced space of fields, however this is compensated by the interactions

becoming much more involved.

Remark on fake curvatures. To conclude the Section, we briefly consider fake curvatures
in the case of higher Chern—-Simons theories, recalling our discussion on the general role of
fake curvatures in Section 3.1..

For general d > 3, the MC potential a € Q$(M, L) decomposes asa = A;+Ay+-- -+ Ay o
with A, € QF(M,L_,,1) while the curvature f has the decomposition f = Fy+ Fy+- -+ Fy_4
with Fy, € QF(M,L_;.5). The curvatures F} for k = 2,...,d — 2 are known as the k-form
fake curvatures.

Analogously, the gauge parameters of level k£ gauge transformations, c_;, decompose into
forms of varying degrees and ¢_;, € Q°(M,L_3) @ -+ & Q4 3(M,L_4,5). We see that the
formula (3.11) for the gauge transformation of the curvature form F;_; contains a covariant
term of the form uy(Fy_1,a), where a € Q°(M, Ly) is a component of ¢, and all other terms
are proportional to lower curvatures, F; with j < d — 1.

We also note that the successive action of two gauge transformations (3.16) does not
contain the highest form component of the curvature, F; 1: we have k£ < —1, and matching
the L..-degrees makes an appearance of Fj;_; impossible.

Altogether, requiring [, = --- = F;_ 5 = 0 renders the gauge transformations of the
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highest curvature F;_; covariant and allows to close general gauge transformations. The first
point is particularly important for writing down interesting equations of motions, coupling the

higher gauge potentials to matter fields.

5.3.2. Alexandrov—Kontsevich—Schwarz—Zaboronsky construction

As we have seen, in the classical approach to BV, one starts from a classical field theory and
constructs a corresponding BV action. There are, however, more modern approaches to directly
construct (possibly infinite dimensional) classical field theories directly in their BV form. The
most important of these is the Alexandrov—Kontsevich-Schwarz—Zaboronsky (AKSZ) formal-
ism [114]. This method is essentially a way to induce a differential graded symplectic structure
on the space of maps between two graded manifolds, endowed with opportune geometrical
structures. We briefly summarise the AKSZ construction in the following and derive Chern—
Simons theory as an example. For more details and examples, see also [224-227] and in
particular [228] for a modern perspective.! Examples of AKSZ descriptions of non-topological

gauge field theories are found, e.g., in [231,232].

Alexandrov—Kontsevich—-Schwarz—Zaboronsky data. We start from an NQ@-
manifold (X, Qx), which is endowed with a non-degenerate ()x-invariant measure p of de-
gree —n — 1, for some positive integer n. The canonical example here is ¥ = T[1|%, for
a compact oriented (n + 1)-dimensional manifold ¥, without boundary and with Qs the de
Rham differential. The manifold X is called the source and X often corresponds to the world
volume of the described objects (point particles, strings, etc.).

We also define a target (thought of as an extended form of the target space), which is a
symplectic N@Q-manifold (M, Q s, wys) of degree n. As explained in 2.3.1., @y is Hamiltonian
with Hamiltonian function © satisfying {©,©} = 0, where {—, —} is the Poisson bracket
induced by w)y.

The space of fields §gyv is now the space of maps from X to M. This is, in fact, a
very general construction. For example, the mechanics of point particles can be described by
maps from their worldline R into space-time. It also leads to vast generalisations of gauge

theories after appropriate refinement, see [7]. In particular, in the case ¥ = T[1]%, and

1For the AKSZ construction of higher Chern—Simons theories see also [229] and [230] for an earlier
account.
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M = g[1] with Qs the Chevalley—Eilenberg differential of the Lie algebra g, we obtain the
kinematical data of Chern—Simons theory as morphisms of degree 0. Let £“ be again the
coordinate functions on g[1] and let dz* be the generators of 2°(X) over €>°(%,). Then, a

dga-morphism a : €>(g[1]) — Q°*(X0) maps
a:§ v datAf(z) = A? (5.100)

such that a o Q) = Qs o a or, equivalently,
(10 Qu)E® = a(=4fn¢") = —Lf AP AAT = dA" = (Quoa)s. (5.101)

We thus obtain a gauge potential A € Q'(X, g) whose curvature F := dA+%[A, A] vanishes.

Batalin—Vilkovisky structure. Note that §gyv is naturally graded, and the degree will be
the ghost number of the fields. In addition, the structures on ¥ and M endow Fgy with a
homological vector field and a symplectic form. To obtain the symplectic form, note that there
is the evaluation map ev : Fpy X ¥ — M, acting as ev(¢, ) := ¢(x).

We can pull back any differential form « € Q°(M) along ev to Fpy X 2 and subsequently

integrate over Y, leading to the map

pla) = /Eu evia . (5.102)

We can use this map to define the symplectic form

WBvV = p(wM) (5103)

inducing the BV bracket. From the degrees of wy; and p it is clear that wgy is of degree —1.
Also, wpy is non-degenerate if 1 is non-degenerate.

To construct the homological vector field (Jgy, note that diffeomorphisms on both > and
M induce an action on §gy, by pre-composition or post-composition, respectively. Therefore,
the two homological vector fields )s. and (), induce vector fields Qg and QM on §pv and
we can choose any linear combination of these to form QJgy. The compatibility between Qgv
and wpy is readily checked, cf. [224,225]. In particular, one can show that the map p defined
in (5.102) is a symplectomorphism. Thus,

(0,0} = 0 < {p(©),pO)}py = 0, (5.104)
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and therefore p(©) is the Hamiltonian of a homological vector field Q. The contribution of
Qs to the Hamiltonian of Qgy is thus a multiple of p(O).
On the other hand, p is invariant under Q)s;, and so is ev under the simultaneous action on

$Bv and X, which leads to
Logp = Qs =dp+d(Qs—p) = 0. (5.105)

If the symplectic form w,; is exact, wy, = d¢), then the Hamiltonian of Qg is therefore

Qs — p(1). Moreover, if ¥ = 9,(£)dé in some coordinates £ on M, then

Qs =p(0) = [ Va(6)56" (5.106)

where ¢ is the coordinate corresponding to £* on gy under the map ¢ : ¥ — M.
Altogether, the Hamiltonian of Qgy, which is a linear combination of Qx, —p(¥J) and p(0©),

is the classical BV action. For a more precise argument regarding to which linear combinations

are preferable, see [226,228]. The gauge invariant classical action, may be eventually recovered

from a solution of the classical master equation setting to zero all fields with negative degree.

Example: Chern—-Simons theory. As a simple example, consider the case ¥ = T[1]%,
with )y, = d for a compact oriented three-dimensional manifold ¥,. As target, choose
M = g[1] where g is a metric Lie algebra with coordinates £* and metric (7,,73)y = Wags
inducing a symplectic form w, = %waﬁdfa A d€P of degree 2. The Hamiltonian © of Qq) is
O = 35 fap,E2EPET with fop, = fas’wsy and corresponds to the 3-cocycle (—, [—, —]),.

The maps from ¥ to g[1] form the space of g-valued forms on ¥, and we have Fpy =

Q°*(Xo,g8). The symplectic form reads as

wpy = /E Liagd® A 5P = /E (66, 86), (5.107)

for ¢ € Q°*(3y,g). Note that w, is exact (see Section 2.3.) with symplectic potential ¥ =

%g%aﬂdgﬁ, and the two contributions to Sgy from degree 0 maps are

Qn-p(0) = 4 [ (6.d0) and p(©) = & [ (6,[0.9])s . (5.108)

3o " J o

where ¢ € Q°*(X0, g). To see this, note that the pull-back along the evaluation map yields

ev'ié = (x,0%(x)) (5.109)
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and
Os. = p(9) = Os — /Z 0 Lasd®De’ = 1 /E 0 Pwasde? | (5.110)

where D is the de Rham differential on §gyv X X.
If we decompose ¢ into forms of homogeneous degree, ¢ = ¢+ A+ AT +¢*, and linearly
combine both of the above contributions, we obtain the classical BV action of Chern-Simons

theory,

Sov = [ {34+ F(A, 14, 4], -
>0 (5.111)
— (e, dAT )+ (4, [A7, ) + 1T, e, lha

5.4. Supersymmetric Extensions

In the following we shall comment on the supersymmetric extensions of the field theories
examined above, starting from higher Chern—-Simons theory. In addition, due to its relevance
to the description of M-theory, which is ultimately the source of much motivation of higher

structures, we shall also quickly review the Bagger—Lambert—Gustavsson (BLG) model [35-37].

Higher CS theory: topological setting. Let us briefly consider the supersymmetric ex-
tension of the above classical higher Chern—Simons theory along the lines discussed in Sec-

tion 3.1.3.. That is, we introduce the additional fields

pr = Y+¢ € QUML) = QY M, L) d (M, L),
62 = [D—3m(0)] - Z € Q(M,L) = Q*(M,Lo) & Q*(M,L,),
U1 = M+ xe €IOQN(M, L) = TIQNM, Ly) @ HO*(M,L_;) ,
Yy = Ma+xs € TONM,L) = TIQ*(M, L) & I3 (M,L_,) ,

(5.112)

where, as before, II is the GraBmann-parity changing functor. The action (5.83) is then

extended to the appropriate specialisation of the action (3.27),

Sstwc = [ {(BF =SB + fs(A, A, A), A+

(5.113)
+ (x2: M)+ (s AL+ (6 D — L (6))0 — (2, Y>L} .
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The fermionic transformations (3.27) read as

Q>\1:O7 Q)\2:-F+D7

QA = A, QY = A\, (5.114a)
QD = =V +u(x2)
and
Qx2 = 0,

QB = X2, Q¢ = X2,

QZ = —zpa(M, B —0) + jus(M, A, A) = (M, Y A) + (M, YY)
(5.114b)
where the curvatures F and H were defined in (3.32c). As shown in 3.1.3., we have Q% = 0

off-shell.

Higher CS theory: physical setting. The above supersymmetric extension is similar to a
topological twist of supersymmetric higher Chern—Simons theory for the d = 4, N' = 2 tensor
multiplet coupled to the AN/ = 2 vector multiplet. The Abelian part of the action was already
presented in [233,234] and with our framework, we extend the action to the non-Abelian case
on M = R*, as we shall now briefly discuss.

For convenience, we switch to spinor notation and replace the coordinates z* by the
coordinates % with a, v = 1,2. This is possible due to the factorisation of the tangent
bundle TM @ C = S, ® S_ into the tensor product of the chiral and anti-chiral spin bundles
S, and S_. We also use R-symmetry indices i,7 = 1,2. The N' = 2 vector multiplet then

consists of a one-form gauge potential, two pairs of Weyl spinors and 5 real auxiliary fields,
{Aada)‘gaj\idaDij - Djlyyyi\/} 3 (5115)

which all take values in Ly. The NV = 2 tensor multiplet consists of a two-form gauge potential,

two pairs of Weyl spinors and 5 real auxiliary fields,
{Bag = Bga, Bas = Bay Xiar Xon 0" = ¢, Z, 2} | (5.116)

which all take values in L_;. Here, B,s and B, encode the self-dual and antiself-dual parts
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of the two-form B. The curvatures (3.32c) become

«Q

HOCB = €’Y§VQ,YB/35 - 576V,YBBQ5 - %[N‘?)(A? A7 A)]Oéﬁ :

Fa :Fa_ Ba y ‘F":Fd'_ Bd'a
8 5 — t1(Bag) 3 3 pa ( 5) (5.117)

The action functional
Sspmc = /d4 { [ (B*?  Fopg — 2#1(3 gL — (BdB,ng - %NI(BQB»L"‘
+ ot s (A, A A A |+ (F M) + (R Aihu— (5.118)
—ZY N2V = (67, Dy~ () |
is then invariant under the supersymmetry transformations

5SUSYAQB = 625\25 — @lﬁ>\2 s
Osusy Ny = 1€°Fos — 36ja[ DY — p1(¢7)] + &PV Y + el (YY)

Ssusy Nig = iﬁﬂ}_ — 2E[Dij — 11 (i)] — € Vs + Eapa(Y,Y) (5.119a)
(5SUSYDij = € mvag)\])’g +€ mvﬁa)\j)ﬁ + e(muz(Y )\])) + € WMQ( S\Zu) )
SsusyY = €N, dsusyY = %N,
and
dsusyBap = _€éaXi,8)7 5SUSYBd5' = —éz'(af(ig)
SsusyXia = [iH, 38 — Vasdile’ + €iaZ + € pa(Y, ¢35) |
dsusyXa = [iHgac” + Vpad”]e] + €7 — ejapa(V, 07) |
Ssusyd™ = eloxd) —elagd)
OsusyZ = —E0V x + (Y RL) s dsusyZ = —e/VpaX™ + € pa(Y, Yia) -
(5.119b)

As in ordinary Chern—Simons theory, all fields except for the gauge potentials appear merely

algebraically and are therefore auxiliary and can be integrated out.

Yang—Mills theory. We consider the example of N' = 1 supersymmetric Yang—Mills theory
on a ten-dimensional compact Riemannian spin manifold M. The lower-dimensional cases
simply follow by dimensional reduction, see e.g. [235]. The spin bundle decomposes into the

bundles of chiral and anti-chiral spinors S+ and we have S} = S* Letoy : TM®RC — %S,
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and consider the complex

Q°(M,g) =% Q'(M,g) & D(M,1IS, @ g)

—L =:L
=:Lo e =h - (5.120)
A QY (M, g) 9 T(MTIS_ @ g) 4% Q'(M,g)
L L
= 2 = 3

where P is the Dirac operator on M and for any one-form w € Q'(M) we set ¥ :=0_ 2w

with the non-vanishing higher products

,Ul(Cl) = dey Ml(A1+¢1) = d*dA1+2D¢1, #1(A;r) = dA;r>

/L2(Clv 02) = [Clv 02] ) ,u2(617 Al + ¢1) = [Cl7A1 + ¢1] )
MQ(ClvAT +¢;—) = [cl,AT +77Z)i’—] ) :uQ(Clac;) = [Clvc;—] )
,U2(A1 + ¢1a AQ+ + w;) = [Ah A;] + [wl,%ﬂ ) (5'121)

po(Ar + 11, Ag + o) = d*[A;, As] + [A1, xd Ay + [Ag, xdA;] +

+ (o= = (¥1)2 + (A1, 2] — [Ag, ¥
ps(Aq, Ag, Az) = [Aq,x[Ag, As]] + [A2, x[As, A1]] + [As, *[A1, A3]] .

Here, ¢; € Lo, {A; + ¢} € Ly, {AF + 9} € Ly, and ¢ € Ls for i = 1,2,3. Following the
same discussion as in the previous sections, one can check that the MC action (3.21) with
a = A+ 1 becomes
Suc = %/M{<F,*F>g + (), %V )} (5.122)
where Y is the covariant Dirac operator, involving the gauge connection one-form A. We note
that extensions of the Yang—Mills L..-algebra Ly\, by scalars and Dirac spinor fields coupling
to the gauge field were already given in [236].
Finally, we observe that by using these results about N’ = 1 supersymmetric Yang—Mills
theory in ten dimensions the quasi-isomorphism discussed at the end of 5.2.2. also extends to

N = 4 supersymmetric Yang—Mills theory.

5.4.1. Bagger—Lambert—Gustavsson model

Finally, let us review the Bagger—Lambert—Gustavsson model in this setting.! It describes the
effective dynamics of stacks of M2-branes and relies on Lie 3-algebras. A sub-L..-algebra of

the L..-algebra structure of this model was identified previously in [202].

!Note that other Chern-Simons matter theories lead to analogous results.
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Review of the model. Let M = R'"2. It is convenient to describe the gauge structure
of the BLG model using the metric 3-Lie algebra A,. This 3-Lie algebra is a vector space

A, = R* with basis o, and 3-algebra relation and metric structure
[O’a,O'b7O'C] = 5abcd0-d and <0-a70-b>A4 = 6ab . (5123)

This 3-Lie algebra comes with an associated Lie algebra g4, = su(2)®su(2) of inner derivations

acting on A, and the metric (—, —)4, on A, induces a metric (—, —),, of split signature on

g4y
g4,-

The matter fields of the BLG model consist of eight scalars X! € Q°(M, A;) @ R® on M
with I,J,... = 1,...,8 and a GraBmann-odd Majorana spinor ¥ € I'(M,I1S ® A,) on M
in RY19 reduced to 3 dimensions, both taking values in A,. In addition, we have a gauge
potential A € Q'(M, g4,) taking values in the Lie algebra g,, associated with A,. Let us
decompose the gamma matrices I'y; for SO(1,10) as I'y; — (', I'y) with p,v,... =0,1,2
and we shall write I'; k... for the corresponding normalised totally antisymmetric products.
The action of the BLG model reads as [35, 37]

SpLa = /M {;<A,dA>gA4 + 20 LA, A, + HXT VAVXT) 4, + 2T, 1P T) 4, +

+ U AT (X7, X7 W)Y, — 2_13!([XI,XJ,XK],*[XI,XJ,XK]>A4}
(5.124)

with equations of motion

VAVXT + X7 XR X X XE)] =0,
1 J
WA‘IJ+%FIJ[X 7X a\Ij] = 07 (5125)

dA+ LA Al +x(XTAVX + JUATT) = 0,
=F

where, in local coordinates z*, we define I' := da#T',,.
Batalin—Vilkovisky action. The action (5.124) is extended to the corresponding BV action
SBLGBV = SBLG T Sgh ; (5.126)

containing the same ghosts and antifields as Chern-Simons theory, ¢ € Q°(M, g)[1], A" €
O*(M,g)[—1] and ¢t € Q3(M,g)[-2], as well as the additional two antifields
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XT+ € Q3(M, Ay) ® R¥[—1] and U+ € T(M, 1S ® A,)[—1]. Explicitly,

S = [ { = (edag — (o 14,4 + 3t el +
M (5.127)
(X o> X4, +x (T e > \11>A4} :

As always, the BV action Sgigpv is the Hamiltonian function for the homological vector field
with respect to the canonical symplectic form. The latter encodes the L..-algebra structure

of the BLG model, and we directly jump to its description.

L.-structure. The action (5.124) and the equations (5.125) can be re-written in L..-

language. In particular, we consider the complex

QO(M, ga,) =% QYM, ga,) ® Q(M, A) @ RS @ T(M, 1S ® Ay)
—_———

:;LO :ILl
=P 02(M, ga,) @ (M, As) @ R® & T(M, TIS @ Ay) (5.1282)
=:Lo

0 03 (M, ga,)
— s
which we call the Bagger—-Lambert—Gustavsson complex, together with the non-vanishing
higher products
pi(cr) = dep, (A + X1 +0,) = dA; +xdxdX; + DY,
p(AT + X+ 7)) = dA}
pa(er, o) = [e,eo] s paler,c3) = [, e3],
po(er, A+ Xa+ ) = [, A+ > (Xy+0y),
poler, AT + X +U1) = [e, AT+ > (X + 0], (5.128b)
po(Ay + X1 + Uy, Ay + Xo + Uy) =
= [Ay, Ag] + {4y > Wy + 5 dx (A > XT) +
Ay B #dX]) ++(X] AdXS + JULATWE) + (145 2)}
pa(Ar+ Xy + W AL + X5+ 05) = [A AT +0(X, X)) + (0, 03)
pus(Ar+ X+ ¥y, .. A+ X3+ U3) =

= *A; > (%A > X3) + 1T [XT], X5, U] + +X{ A Ay > Xj + cyclic,  (5.128c)
ps(Ar+ X+ Wy, A+ X5+ 05) = X XG0 [XG, X, XS]+ cyclic
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where ¢; € Lo, Aj+ X; + ¥, € Ly, A + X+ U7 €Ly, and ¢ €Lz fori=1,...,5. In
addition, the flavour indices on the X; and X" are contracted with some basis \;, e.g. X; =
XIXrand 0 : Ay x Ay — g maps two elements in A, to the corresponding inner derivation
0(Ta, ) = [Ta, o, —|.

It is rather easy to see that the MC equation (3.5) translates into (5.125). We can endow

the above L..-algebra with the cyclic inner product

<€17€2>L = /M { - <Cl7 C;—>g - <Cii_7 02>g + <A17 Ag—)ﬂ + <Ai~_7 A2>9 +

(X0, X )+ (X Xy (W0, WF ), + 50T, W, |
(5.129)
where (; = ¢; + A; + X; + U, + Af + X + UF + ¢ in the notation used above and spinor
indices are contracted with the Spin(1, 2)-invariant metric on ILS. With this inner product, the
MC action (3.21) for the L..-algebra (5.128) becomes the BLG action (5.124), as expected.






Six-dimensional self-dual fields from twistors

6.1. Motivation and outline

We are interested now in discussing an example where the language of higher gauge theory
can be fruitfully combined with that of twistor geometry. In particular, we shall consider
higher holomorphic Chern-Simons theory. Via an extension of the Cech—-Dolbeault corres-
pondence [237-239], which is discussed for the Abelian case in [97], classical solutions to
the higher holomorphic Chern—-Simons equations of motion correspond to topologically trivial
higher holomorphic principal bundles. Over twistor spaces, the latter can be mapped to solu-
tions of various field equations on space-time via a Penrose-Ward transform. Particularly
interesting in this context is the complex six-dimensional twistor space considered in [96-98],
that is associated with flat complexified space-time in six dimensions. We recall that the
advantage of twistor geometry is that the equations of motion and the gauge transformations
of a certain gauge theory follow directly from complex algebraic data on twistor space. Higher
holomorphic bundles over this space yield solutions to the self-duality equation H = xH, for
a three-form curvature H = dB in six dimensions. Our motivation to better understand these
objects comes from the important role that they play in string theory and M-theory. In fact,
two-forms with self-dual field strength are part of the field content of the (2,0)-theory [16],
a six-dimensional superconformal field theory that plays a key role in the web of string theory
dualities. In particular, Abelian self-dual three forms on six-dimensional space-time can be
represented by certain holomorphic gerbes over the aforementioned twistor space [97,98]. The
twistor description presents several advantages. First, both supersymmetric and non-Abelian
extension of the self-duality equations are found by switching to supertwistor spaces and non-

Abelian higher principal bundles, see the discussions in the papers [99-103]. Explicitly, it has

131
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been shown how twistor theory naturally identifies the moduli space of solutions to the con-
straint system of supercurvatures containing the non-Abelian tensor multiplet with the moduli
space of holomorphic higher principal ¢-bundles, for ¢ a Lie quasi group, over this twistor
space. In fact, this identification is lifted to the level of an L.,-quasi-isomorphism.

The field equations for non-Abelian supersymmetric self-dual strings in four dimensions [31]
can be also easily obtained [97,100] by performing a dimensional reduction at the level of
twistor geometry, in terms of the complex three-dimensional twistor space introduced in [97].
Moreover, in this language the problem of searching for a classical candidate (2, 0)-theory gets
essentially reduced to the search of the suitable higher gauge structure, see [160, 240].

In this Chapter, we shall review the geometry of the relevant twistor space, that we denote
by P% and notational conventions that we will use. As usual in twistor theory, we will always
work in the complex setting, unless otherwise mentioned. In particular, since we are interested
in discussing field theories in six dimensions, we shall start by studying physics on flat six-
dimensional complexified space-time M® := C°® However, we recall that one can recover
results on the desired space-time signature by imposing appropriate real structures at any
stage of the construction. This particular aspect will be discussed in Section 6.3. and then
exploited in the next Chapter. See the paper [97] for more details on this point. Moreover, we
shall review how self-dual tensor field theories in six dimensions, for general gauge structure,
can be described in the twistor approach. In particular, we shall review both Penrose and
Penrose—Ward transforms for the construction of chiral zero-rest-mass spinor fields on six-

dimensional space-time M by using the twistor space PS.

6.2. Spinors and zero-rest-mass fields in six dimensions

First, we provide a brief review of spinors and free fields in six dimensions. See e.g. [241,97,98]
for an exhaustive and pedagogical treatment of the subject. This allows for an immediate intro-
duction of twistor theory, which is naturally defined for complexified space-time and formulated

in terms of spinor variables.

6.2.1. Spinors in six dimensions

The spin bundle of ME is of rank eight and decomposes into the direct sum S @& S of two

complex rank-four bundles. The S and S are simply the bundles of chiral spinors and anti-
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chiral spinors, respectively. In dimension six there exist the natural isomorphisms S 2 S5* and
S 2 S*, between the spaces of spinors and their duals.! Hence, we may identify the tangent
bundle TMS with the antisymmetric tensor product S A S ( = S A 5) of the anti-chiral spin
bundle over the spin manifold M%. Note that a factorisation of this form is equivalent to
choosing a (holomorphic) conformal structure on the spin manifold M®, since the isomorphism
TMS = S A S yields canonically the complex line subbundle det S* := A*S* in TMS ©® T'MS,
see [97, Remark 3.2] for details. Therefore, we shall use (upper) lower capital Latin indices
A,B =1,---,4tolabel (anti-chiral) chiral spinors. This reflects the fact that the complexified
Lorentz group in six dimensions is SO(6, C), which is locally isomorphic to SL(4, C). Here, 54
and S correspond to the two independent Weyl spinors representations that transform in the
fundamental and anti-fundamental of SL(4, C), respectively. Correspondingly, points in M°®
can be parametrised using spinor coordinates by 4% = —254. In particular, we coordinatise

MS by M, for M, N,--- =1,...,6 and we use the identification 42 = 4Pz and 2™ =
1
4
six-dimensional y-matrices satisfying the corresponding Clifford algebra, see [97]. Moreover,

ol a8 where the 4 x 4 antisymmetric matrices o};, 5472 are the off-diagonal blocks in the

the flat metric in spinor coordinates becomes gapcp = %eABCD, where € 4pcp is the Levi-
Civita symbol in six dimensions. Hence, anti-symmetric pairs of spinor indices can be raised and

CD and Q:AB —_ ABCD

€ rop. Accordingly, we introduce partial

lowered by? x4 = jeapcp 3
derivatives with respect to 2% as 94p = 103500 = Leapcp0°P, with 94paxCP = (5&(55’?}.
Here and in the following, brackets denote normalised anti-symmetrisation of the enclosed

indices. Similarly, we shall use parentheses to denote normalised symmetrisation.

6.2.2. Free fields in six dimensions

Our main interest in the following will be discussing six-dimensional zero-rest-mass chiral
fields, as done in [97,98]. We shall start by briefly recalling the spinor-helicity formalism in

six dimensions, as explained in [241]. Let us stress that, here, we are considering complex

1This was shown by Penrose and Rindler [242] and is due to an automorphism of the Clifford algebra
under charge conjugation. Recall that in our notation V* denotes the dual of some given linear space V.

2Note that the four index object € 4pcp is the only non-trivial Spin(6, C)-invariant tensor. Hence, there
is no tensor that can raise or lower a single spinor index. Moreover, we recall that it satisfies relations

SABCD EABCD sABCD 8ABCD

EABCD = 4! y EEBCD = 3'5é s EEFCD = 2'5[’%5?] y EEFGD — 3'5[’%5?58] .
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momenta, for which the associated spinors need not satisfy any reality conditions.

Spinor-helicity formalism. Let us consider a momentum six-vector p = pj;. Similar to
four dimensions, the six-dimensional spinor-helicity provides the spinor representation of null
momentum vectors. In spinor notation, the null condition p?> = 0 implies detpsp = 0 =
det p“B. Hence, the most general solution can be represented either by chiral or anti-chiral
spinors' [241]

pap = kaakme™ PP = A Poe (6.1)

Here, the indices a, b, ..., a,b,--- = 1,2 turn out to be precisely the indices for the little group
SL(2,C) x Sm) inside the stabilizer of the vector pZ under the Lorentz group SO(6, C).
Little group indices will be raised and lowered with the help of the the usual invariant tensors
g = —g" and g, = —ej,, with €' = i3 = 1. In fact, transformations of the form
kaq — MPk 4y and kA — Mfl;:Ab, with det M = 1 = det M, will leave p invariant. It should
be noted that k4, has five independent components and that k4, and k4 are not independent,
as ka kA = 0, since pap = seapcpp®P. Hence, (6.1) constitutes spinor representations of
the null-momentum p,, that transform appropriately under the Lorentz and little groups.
Since we shall make extensive use of differential forms in spinor coordinates, it is useful
to briefly establish a dictionary between vector and spinor notation. In spinor notation, a
differential 1-form A on M® has components A g = —Ap4, while a differential 2-form B
is given by trace-less matrix B,Z. Moreover, a differential 3-form H on space-time in spinor
coordinates is the pair of symmetric bi-spinors H = (Hp, HAP), where H,z = Hp 4 contains
the self-dual part of H, while H4% = HB4 contains the anti-self-dual part. By imposing either
self-duality or anti-self-duality onto H in spinor notation, one of the bi-spinors is put to zero.

Moreover, H = dB takes the form
H = (Hap, H*?) = (0B, 0°“BS”) (6.2)

and transforms as the (3,1) & (1,3) of the little group. We invite the interested reader to

consult [97] where the explicit translation between vector and spinor notation for differential

1This is due to the fact that null momenta are matrices pA% of rank two, due to the antisymmetry of the
spinor indices. Hence,

1 1
P2 = *€ABCDPABPCD = §5ABCD

. ];Aa];Bi;];cedes

ab€ed =0 -
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forms can be found. We just mention here that A p = iU%BAM: while the connection to the
ordinary space-time expression of the self-dual three-form is through Hap = o 3N Hyni,

where the projector o XVE is given by some totally antisymmetric product of sigma-matrices.

Zero-rest-mass fields. Let us discuss now some linear field equations on space-time M.
From the above considerations, the spin label of six-dimensional fields consists of a pair of
integers, corresponding to irreducible representations of the little group. Chiral zero-rest-mass
fields form representations (2h + 1,1), for h € 1Ny, of SL(2,C) x Sm) These are
conformally invariant fields, of helicity h, that carry 2h symmetrised lower spinor indices and

satisfy the free equations of motion

8AA1¢A1_,_A% =0, forh> and Oy=0, forh=0. (6.3)

1
2

Explicitly, we define the sheaf of germs of solutions to zero-rest-mass equations for helicity h,
denoted by Z},, as [97,43]

ker {GAB : @IS @ det S* — (@2MT1S* ® S)p ® @2 det S*} , for h>1,
ker {0):= 10450, : det S* — @ det §*} , for h=0.

T4

Zh =

(6.4)
Here, the subscript zero refers to the totally trace-less part, while the powers of the determinant
of S* are included to render the zero-rest-mass field equations conformally invariant?, in

analogy to the four dimensional case [243,242,66].

Example: ' = (2,0) tensor multiplet. As a motivational example let us consider the
(2,0)-theory, arising on the world-volume of parallel M5-branes. From supersymmetry we know
that the field content is given by the N = (2, 0) tensor multiplet in six dimensions [244]. This
is a chiral multiplet and consists of a self-dual three-form curvature H = d B, which transforms
as the (3,1) of the little group, as well as five scalars ¢!/ = —¢”/!3 with I,J =1,...4, in the
trivial representation (1, 1), parametrising transverse fluctuations of the M5-brane, together

with four Weyl spinors 1% in the (2,1). The zero-rest-mass field equations for the fields in

MNK

MNK ._ 1( .M _N CD_K i —
( opp £ permutations ) = o054

LExplicitly, o} := 3 (cho

2Here, we refer to the notion of conformal weights, as introduced in [66].

3The six scalars ¢’” are constrained by the condition ¢'/Q;; = 0, where Q;; is an invariant form of the
underlying Sp(2)r = SO(5)r/Z2 R-symmetry group, see e.g. [245].
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the tensor multiplet read as’
H*P =0, 0*yYp=0 and Op=0. (6.5)

Recall that, in our conventions, the first equation is nothing but self-duality, i.e. the field H can
be described as the chiral field H4p with symmetric subscripts. Moreover, Hp = 8C(ABB§
implies® the Bianchi identity 04“Hcp = 0, which is equivalent to the field equation for

self-dual three-forms. The corresponding plane waves
HABab = kA(aka)eip.m ) wAa = kAaeip.x and (b = eip-x ) (66)

show, for instance, the three polarisation states of a helicity 1 field H, 5. Moreover, gauge

transformations are mediated by the gauge parameter A ,g = —Ap4 via

Bg' v Bg' +0%“Acp — Opc A9 . (6.7)

Potential formulation. As in four dimensions, there is a formulation of six-dimensional
conformally invariant massless fields in terms of potentials. Here, we closely follow [97], that
generalises the four dimensional case [66]. Let us consider h € %INO. The potential field of a

chiral zero-rest-mass field of helicity h is the spinor field
Bﬁl...Agh, _ Bj(qu.A.AQh) c HO(M67 (®2h718 ®0M6 S*>o ® det S*) 7 (6.8)
Then, one defines the corresponding field strength according to
Ha, . 4y, = OaBy " aAQ,L_lB%_le;;)'B%_I € H'(M®, (®*S) @ det S*)) . (6.9)

Moreover, the equations
HAv-An = gAM pReda) — (6.10)

immediately imply
O H A, ay =0 (6.11)

There is a gauge freedom in the potential (6.8), namely the transformations

Bﬁl.._A% s an...AQh 4 (aCBAC(AAl...AQh,Q) . aC(AAglé~~A2h—2)) (6.12)

0 Y

Here, for simplicity, we have suppressed the R-symmetry indices.
2See Appendix F.



6.3. Twistor space of six-dimensional space-time 137

in terms of the totally trace-less gauge parameter A’} 2> = Afﬁg]"A%_Q), give the same

pair of spinors (HA“"’A%,HALH_A%) . Hence, the spinor field Hy4,  a,, can be regarded
as a section of the sheaf Z,. In the following, we will refer to general theories containing
a self-dual 3-form field strength as self-dual tensor field theories. Via twistor approach, it
is possible to employ the representation of solutions to (6.11) in terms of sheaf cohomology
on the corresponding twistor space. One immediately notice that for 4 = 1 this formalism
reproduces the 3-form field (6.2). Moreover, (6.10) implies the equations of motion for Hap

and (6.12) gives the desired gauge transformations.

6.3. Twistor space of six-dimensional space-time

In the following, we give an overview of the geometry of twistor space P®, underlying the
description of self-dual 3-forms on flat six-dimensional space-time €Y. Such a twistor space
has a long history, see e.g. [246-253, 96, 254-256]. Here, we shall expose its construction
following [96-98], see also [43] for a brief account of the subject. Then, we shall focus our
attention on Euclidean signature by means of an appropriate anti-holomorphic involution on
twistor space that picks the desired real slice on complexified space-time.

In the following, we will make use of the standard notation Ox (k) for the sheaf of holo-
morphic functions on a complex manifold X which are homogeneous of degree k € Z and Q%
for the sheaf of holomorphic differential p-forms on X.! The interested reader may consult
Appendices D and E for a review of the notions of algebraic and complex geometry necessary

to understand the constructions described throughout this Chapter.

6.3.1. Geometry of twistor space

Following a standard approach such space can be constructed as follows. First, we define the
so called correspondence space

FY . =P(S*) = C° x P?, (6.13)
as the projectivisation of the dual of S. This is a nine-dimensional complex manifold, that

can be equipped with coordinates (242, \,4), with A4 being homogenous coordinates on P32

!Notice that we shall freely switch between the notions of vector bundles and their corresponding sheaves
of sections, as we are working with locally free sheaves [97].

2Here, P? is understood as a copy of the projectivised fibres of the dual of the anti-chiral spin bundle,
hence, the chiral (i.e. lower-script) spinor index.
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Then, we consider the vector fields
VA = \gotP (6.14)

on FY and the induced distribution D := span{V4}, called the twistor distribution. Because
of the relation A\,V4 = 0, this is a rank-3 distribution. Moreover, because of the condition
[Va, V] = 0, the twistor distribution is integrable, that is, [D, D] C D. Consequently, there
is a foliation of F? by three-dimensional complex manifolds and the twistor space is defined to
be the the associated six-dimensional leaf space, P® := F/D. Hence, we may now establish

a twistor correspondence, which is captured by the following double fibration®
F9

™ > (6.15)

Po MO

Let (2, A\4) be homogeneous coordinates the complex projective space P7, identified up to
overall re-scalings, i.e. (24, \4) ~ (tz?,t\4), for any t € Cy. Here, we assume (\4) #
(0,0,0,0), meaning that we are working on the open subset P7 := P7\ IP3, where the
removed projective space P? is given by Ay = 0 and 24 # 0. Clearly, the projection 7, is the

trivial projection (x, \) — x, while 7y is given by

w1 (2P 00) = (24 00) = (@PAg, \a) . (6.16)

AB

Since the matrix 27 is skew-symmetric, the constraint 24\, = 0 holds. It follows that the

twistor space PS is the complex quadric hypersurface given by the zero locus
PO = {(z", A1) € PT| 2"X\a =0}, (6.17)

embedded into the total space of the holomorphic fibration? Ops(1) ® C* — P3, with fibre
coordinates z# as well as base coordinates \4. Here and in the following Ops(1) denotes the

dual tautological bundle®* (or hyperplane bundle) over P3. See Appendix E for details.

1See Appendix E for geometrical treatment of the double fibrations appearing in twistor theory.

2Twistor space PS may be seen as a rank-3 subbundle of Ops(1) ® C* — P? or, alternatively, as the
normal bundle of P? inside the hypersurface @ < P7 given by 2*A\4 = 0. See Appendix E and [97] for
details.

3We shall also use the standard notation Ops (k) := ®@*Ops(1) and Ops(—k) := @*Ops(1), k > 0 as
well as Ops(0) := Ops.
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We notice that the relation

A = a4B)\p (6.18)

is a six-dimensional generalisation of the Penrose'’s incidence relation, relating twistor space
to space-time. By virtue of the relation (6.18), a geometric correspondence between M°
and PS is realised. Explicitly, a point z € M® corresponds to a three dimensional subman-
ifold 71 (75 ' (x)) < P® that is bi-holomorphic to IP?, while a point (z,\) in twistor space

corresponds to a submanifold 7, (7! (2, \)) in space-time given by
gAP = B 4 ABCD N | (6.19)

This defines a totally null self-dual three-plane! (as three is the rank of the twistor distribution),
for some arbitrary ;i defined modulo terms proportional® to ¢ and x4 being a particular
solution to the incidence relation corresponding to a reference point in space-time. Hence,
twistor space PS parametrises all totally null three-planes of space-time MS.

As explained in detail in [97], the twistor space P® admits various dimensional reductions.
It has not be a surprise that, upon reducing to four space-time dimensions, P% can be reduced
to the Penrose’ twistor space, the space of all totally null 2-planes in four dimensions, as well
as to to the ambitwistor space, the space of all null rays in four dimensions and the hyperplane
twistor space in three dimensions, the space of all hyperplanes in four dimensions.

Having recalled the basic ingredients, in the next Section we will see how both Abelian
and non-Abelian self-dual tensor fields on M® can be described on twistor space PS. First,
however, we shall review the reality conditions we employ to descend to Euclidean space-time,

that we will make extensive use of in Chapter 7.

6.3.2. Reality structures

Up to now, we have only dealt with complex manifolds. However, in order to deal with gauge
theories, one needs to put certain real structures on twistor space. These, in turn, induce real
structures on all the manifolds appearing in the double fibration (6.22). In the next Chapter,

we shall be interested in six-dimensional Euclidean space-time and its associated twistor space.

1These totally null self-dual three planes are known as a-planes (3-planes being the anti-self-dual ones).

2Transformations of the form uc — pc + pAc, p € C, leave z invariant, so the space of solutions is

ABCD

three-dimensional. Also, ¢ weAp denotes a generic null-vector in six dimensions.
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The twistor correspondence in Euclidean signature. Explicitly, an Euclidean signature
real slice is realised by defining an anti-linear involution on twistor space 7 : P — P%, acting

on spinors as
) =) =M, (2 = () =2 (6.20)

and such that 72 = 1. By virtue of the incidence relation (6.18) we obtain an induced
involution on space-time! explicitly given by

T(2?P) = (¢"P)" = 2ap . (6.21)

This, in turn, induces a reality structure on M%. The fixed point set of this involution, that is,
7(x) = x for x € M5, defines Euclidean space-time R® inside M®. In this setting, the double

fibration (6.15) reduces to the non-holomorphic fibration?
™ :P® 5 RS, (6.22)
since m, ' (R%) = P® and therefore m; becomes a bijection. Hence, there is no need for the

double fibration picture in Euclidean signature. Explicitly, this P3 fibration is given by

9 [A:\B] ABCD 3z _\
(A, A4) o A8 = 22 A HE T F0dD (6.23)
A4

associating a unique point x to every pair (2, ). In other words, the Euclidean twistor space is
isomorphic to RS x P3. Here, 248 is real and det(2P) = §(x, z), with § being the standard
Euclidean metric on R®,

This allows us to work with the non-holomorphic coordinates (4%, A1), with the projective
scaling carried now exclusively by A4, the homogeneous coordinates on the fibres P3. This
helps avoiding a number of technical difficulties. In terms of these coordinates we may define?

the following differential (0, 1)-forms on twistor space P°

. S\Bd.fAB

A _ 2NN
E% |

W (6.24)

€eq

1n the following, with a slight abuse of notation, we shall use the same notation 7 for the anti-holomorphic
involution induced on the different manifolds in the twistor correspondence.

2In Euclidean signature a point on P is specified by fixing a point on R® and a point on the correspondent
P3, giving the identification of Euclidean twistor space with IR® x P3. However, the correspondence remains
non-local, as a full projective space IP? corresponds to the same point on RS,

3The analogous basis of (0, 1) forms on twistor space corresponding to Euclidean four-dimensional space-
time were introduced in [84,257].
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such that Q%1(P®) = span {e4,é4?}. Here, we have chosen to normalise these differential
forms with powers of [A\] := A4A4(> 0) for later convenience and ensuring that they have
holomorphic weight only, i.e. they are independent of rescalings of \. In particular the
differential forms (6.24) have homogeneity (—1,0) and (—2,0), respectively. Analogously, the
vector fields

VY= 50" and  Vip = [AX]A[A(??B] : (6.25)
generate the space of anti-holomorphic vectors, i.e. T%'P% = span {VA,VAB}, determin-
ing the twistor complex structure on Euclidean twistor space. Notice that these have been
chosen to have homogeneity (1,0) and (2,0), respectively. Also, we observe that the vector
fields (6.14) are (0, 1)-vector field in this real setting.

Along this basis, a one-form field A%! on twistor space may be expanded as
A% = E[AAB]AAB + gABAAB , (626)

in a way which is adapted to the description on P% = R® x IP?. Here, we have introduced
coefficients Ay = —Apa and A48 = —ABA which are generally functions of (x,)\,j\). In
particular, g4\ A*F denotes the horizontal component along the base RS, while e A 45 is
the vertical component along the fibres of the fibration (6.22). It is crucial to observe that,
since A,V = 0, the €4 are defined modulo terms proportional to As%. As we will see, this
property is reflected in the expansions of the form fields appearing throughout the rest of the
Thesis.

In addition, the fibration (6.22) allows to express the integrable complex structure on P® in
terms of coordinates on IR®. This is given by the nilpotency of the anti-holomorphic Dolbeault
operator O : QP4(P5) — QP9+1(PY) that can be expressed as’

0= 2.V + & BV,p . (6.28)

t is important to stress that the redundancy introduced by using homogeneous coordinates is reflected
in the fact that the sets (6.24)-(6.25) do not define dual frames.
2The compatibility with the twistor correspondence easily follows from the incidence relation as

9
0= dgAPgaTB +da?

WB’fFA
[r#] -

where (24,7 4) are homogeneous coordinates on P and we have introduced the operator Pg = 5§ —
The easiest way of showing this is to use local coordinates on both P® and RS x IP3. In general, this allows to
shred some lights on relations that may not be manifest by using homogeneous coordinates. See Appendix F
for more details.
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We want to already point out that the choice of Euclidean signature simplifies the mapping
from twistor space quantities to space-time quantities. As we shall see, the basis (6.24) turns
out to be helpful in relating twistor and space-time self-dual actions. We will take advantage

of this fact at several points later on.

6.4. Penrose transform

The essence of twistor theory in any number of dimensions is to encode differentially con-
strained data (solutions to field equations) on space-time in terms of differentially uncon-
strained complex analytic data on twistor space. In four space-time dimensions the basic tool
in this regard is the Penrose transform [48,258], which is an integral geometric method relating
solutions of the zero-rest-mass equations to certain cohomology classes on Penrose’s twistor
space. The Penrose transform also extends to any number of dimensions [96]. Generally, in
higher dimensions it involves higher degree cohomology classes on the relevant twistor space,
encoding solutions to certain field equations on space-time. In particular, in [97,98] the Pen-
rose transform on the twistor space P® has been analysed. Explicitly, it manifests itself in the

following manner [97]:

Theorem 6.1. Let U C MS be an open and convex subset and U := w1 (m; (U)) C P the
corresponding open subset' under the double fibration (6.15). For h € 5Ny, the canonical
isomorphism

P HYU,Op(—2h —4)) — H(U, Z,) , (6.29)

is called Penrose transform.

This tells us that fields of non-negative helicity h, satisfying zero-rest-mass field equations
on a suitable region of space-time U, correspond to classes of the Cech cohomology group
H3(U, O (—2h — 4)), with values in certain holomorphic line bundles over the corresponding
region U. We refer to the papers [97,98] for a detailed and thorough proof. This basically
consists in introducing the relative de Rham complex on the correspondence space of the double
fibration PS <~ F ™ MS and then computing its cohomology by applying the direct image

2

functor with respect to the fibration 75.% It is also shown that, for A < 0, the cohomology

groups H?(U, Oy (—2h — 4)) yield nothing but trivial fields on space-time, see also [96]. We

1Since the maps m; 2 are continuous and open.
2See Appendix E for some general definitions and results in this respect.
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invite the interested reader to consult Appendix E for an overview of the mathematical tools

behind the twistor correspondence in any dimensions.

6.4.1. Integral formulas

The Penrose transform is most easily realised in terms of contour integral formulae. In dimen-

sion six, such formule first appeared in the works by Hughston [248-251].

Cech representation. Let U C M6 be open and convex and U := m(m;'(z)) C PS
the correspondent subset in twistor space. Consider an open Stein covering = {Ua} of U,
a=1,---,4, obtained by lifting the standard 4-patches covering of P? to U. Then an element
of the Cech cohomology group H3(U, Op(—2h — 4)) can be represented® by a holomorphic
function f_op_4 = f_on_4(2, A) on the only quadruple overlap Usgsy := U NU,NUsNU,. Let
us consider 4 > 0. In terms of the Cech cocycle f_o,_4, a zero-rest-mass field v € H(U, Z},)

is given by the contour integral formula?

VA Ay = }{93’0)%1 o Mgy fo2n—aly - (6.30)

Here,
_1

QB,O
4!

eABED )\ jdAp AdAe AdAp (6.31)

is the natural SL(4, C)-invariant, holomorphic measure on P?, with values in Ops(4), while [
is topologically a three-torus® in Usgsa C P3, specified by the cohomology class. Moreover,
the restriction f_o,_ 4|y to Y = IP3 C P®, defined via twistor correspondence, is accomplished
simply by imposing the incidence relation (6.18): f_on_4ly = foon_a(z - A, A) on Uigsa NY.
We stress out that this realises the pull-back part of the Penrose transform as explained

in Appendix E. The second and final step, namely integrating out the fibre coordinates, is

!Note that this is not the general way to represent an element of H3(U, Oy ), for which one needs to use
branched contour integrals, cf. [242].

2Integral formluze for the cohomology groups H3(U,OU(2h —4)), with h > 0, require to thicken (via
infinitesimal neighbourhood) the twistor space PS into its ambient space PY := Ops(1) @ C* in order to make
sense. See the discussion in [97].

3The open sets U, are chosen so that for any submanifold Y, = 7 (m; (z)) in U the intersections
Uax = Ui MY, overlap in a region lA]M N ng N [A]gx N ﬁ4x =~ T3 x R. The contour [ is a three-torus winding
around such region.



144 6.5. Penrose—Ward transform

nothing but the contour integration’. One can immediately check that the integral is well
defined since the respective weights cancel out®. The spinor field ¥4, a,, = Y4, ..4,,) forms
the representation (2h + 1, 1) of the little group and satisfies (6.3), as shown in Appendix F.

Altogether, this shows how the role of twistor theory is indeed transforming the differential

equations (6.4) that on-shell fields satisfy in space-time into pure holomorphy in twistor space.

Dolbeault representation. Alternatively, thanks to the Dolbeault isomorphism (see e.g.
Appendix E), a Dolbeault representative® of the cohomology group H3(U, Oy (—2h — 4)) can
be chosen. Consequently, space-time fields are represented by equivalence classes of certain
(0, 3)-forms on twistor space. Recall that the Dolbeault representative in question is a (0, 3)-
form 7 on U taking values in the holomorphic line bundle Op(—2h —4) and such that 9n = 0,
where 7 is defined modulo 92, with = € Q*2(U, Op(—2h — 4)). A space-time function of
helicity h, for h > 0, is then defined by

¢A1.~~A2h = /YQ&U N )‘A1 T )‘AthY . (632)

As before, n|y indicates the restriction to Y using the incidence relation and the integral
depends only on the cohomology class of 7. It can be easily shown that space-time field
YA, . Ay, is @ 2h-index symmetric spinor field satisfying the zero-rest-mass equations (6.3).
Hence, the integral formula (6.32) realises the isomorphism (6.29) from the left to the right.
Again, we invite the reader to consult Appendix F for a proof. The choice of the Dolbeault

representation will lead to considerably simpler computations in many cases.*

6.5. Penrose—Ward transform

For gauge theories, the right tool encoding solutions to certain field equations on space-time

in terms of holomorphic data on twistor space is the Penrose—Ward transform. On the other

'Here, the contour integral corresponds to the functor of direct image for sheaves. See Appendices D, E
for details.

°Note that this requirement determines the relationship between homogeneity and helicity.

3 Note that working with Dolbeault cohomology allows us to avoid to use the combinatorics of Leray
covers and there is no contour ambiguity involved, unlike in the Cech cohomology setup, most widely used by
twistor theorists, see e.g. [48,258,66]. This choice leads to considerably simpler computations in many cases.

4Given a z.r.m. field on complex space-time M there is not, in general, a canonical way to reconstruct
the twistor representative. However, in Euclidean signature there is a canonical way for some z.r.m. fields due
to Woodhouse [259].



6.5. Penrose—Ward transform 145

hand, the field equations in question and the associated gauge transformations can be naturally

derived starting from algebraic data on twistor space.

6.5.1. Abelian fields

The Penrose-Ward transform discussed in [97, 98] provides a way to associate u(1)-valued
self-dual 3-forms on M° to certain algebraic data over PS. See also [96] for an earlier account
and [99] for a supersymmetric extension. The algebraic data in question are represented by
topologically trivial, holomorphic one-gerbes [’ — PS over the twistor space P%. Moreover,
these objects are required to be holomorphically trivial when restricted to any complex pro-
jective 3-space m(my (7)) — PS, for all x € M®! Following Manin's terminology [65]
in the principal 1-bundle case, we shall refer to such gerbes as MS-trivial. As we will see,
these gerbes on twistor space are parametrised by elements of the Cech cohomology group
HQ(U, Oy (2h — 2)) for h > 0, see e.g. [43]. In a way, such a cohomology group replaces
H3(U, Oy (—2h—4)) for h < 0,2 that, as we have seen, yields trivial space-time fields. Besides
these two cohomology groups, all the other (higher) cohomology groups, namely for O (k)
with k € Z, appear to give trivial fields on space-time, [96,97].> First, we set h = 1 and
consider H2(U, 0p(0)) = HQ(U,Oﬁ). To analyse this cohomology group we consider the

short exact exponential sequence of sheaves* on U
0—Z — Op =% 05 —0. (6.33)

Here O} denotes the subsheaf of non-vanishing holomorphic functions on U, while exp :
Oy — Of; is the exponential map defined by exp(f) := e’™if for f € Op. The corresponding

long exact sequence of cohomology groups yields

A

HYU, 05) 25 HX0,2) — HU,04) — HXU,0%5) 22 HU,Z). (6.34)

LAlternatively (see Appendix E for details on the subject), this means that the pull-back gerbe wff is
trivial on each fibre of 5.

2This is in contradistinction to four-dimensional twistor theory, where fields of any integer helicity can
be obtained from twistor space. Note that the case h = 0 is somewhat exceptional and needs to be treated
differently in both the Penrose and Penrose—Ward transforms. See [97] for a full discussion of the subject,
based on spectral sequence arguments.

3In particular, H2(U, Oy (—2h—2)), for h < 0, yields trivial fields on space-time as the appropriate direct
images vanish.

4See the the discussion Appendix D.
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The group Hl(U, OZ“]) topologically classifies isomorphism classes of line bundles on U, while
the map c; is the first Chern class map' which gives the characteristic class of line bundles
(zero-gerbes). Similarly, DD is the Dixmier-Duady class and H?(U, Oy,) is the moduli space
of holomorphic one-gerbes over U. Hence, Abelian holomorphic gerbes provide a geometric
realisation of classes in H3(U, 7Z.) via their Dixmier-Douady class, analogous to the way that
line bundles provide, via their Chern class, a geometric realisation of the elements of HQ(U, Z)
in lower degree. Since the map c; is surjective and? HS((j, Z) = 0 the above sequence reduces
to

o*U,0p) = HY(U,0}) . (6.35)

Note that in the discussion of the more general case of H*(U, Oy (2h — 2)), with h > 0,
one generally loosely speaks of holomorphic one-gerbes also in this case. Since the restriction
of H*(U,Op(2h — 2)) to my (w5 () = P? < U, vanishes® for all points 2 € U, these
holomorphic one-gerbes are naturally M%-trivial. As mentioned, the Penrose~Ward transforms
provides then a space-time interpretation of such geometrical objects. Explicitly, we have the

following result [97,98]:

Theorem 6.2. Let U C M® be an open and convex subset and U := m (75 (U)) C P®
the corresponding open subset under the double fibration (6.15). For h € 3Ny, there is a

canonical isomorphism
P H*(U,04(2h — 2)) — H(U, 2) , (6.36)
called Penrose—Ward transform.

In other words, this result establishes a bijection between equivalence classes of MS-trivial
holomorphic Abelian one-gerbes over twistor space P® and gauge equivalence classes of solu-
tions of chiral zero-rest-mass field equations on space-time M® . Hence, space-time fields of
helicity h satisfying (6.3) may be also described by H?(U, Op(2h — 2)) on twistor space. For

the particular case h = 1, the group HQ(U, Oy,) describes a self-dual 3-form curvature on

LExplicitly, the image ¢, (E) € H2(U,Z) of a line bundle E € Hl(lA],Ozi]) is the first Chern class.

2This may be seen via singular homology considerations, as IP? and more in general IP" have no odd-
dimensional cells. Hence H?¥(P",Z) = Z, for k = 0,1,...,n and the remaining cohomology groups are
zero.

3The only non-vanishing cohomology groups over IP? with coefficients in the sheaf O (k) are H°(P?, O(k))
and H3(IP3,0(—4 — k)), for k > 0.
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U C MS. Here, we are not interested in going into detail about the technicalities of the trans-
form and we remind the interested reader to the relevant papers [97,98] and to Appendix E
for some mathematical constructions. However, we briefly review some of the main steps, that
highlight some aspects relevant for our future discussions.! As mentioned, the starting point is
the cohomological datum H2(U, Oy ), describing an holomorphic one-gerbe I on PS, subject
to certain triviality conditions. First, we note that a Stein open cover on IP? induces good cov-
ers ¢ = {U,} on the holomorphic vector bundle P® — P? as well as 81’ := {U := n7*(U,)}
on FY (see Appendix E for details). By the Dolbeault isomorphism, the cohomology group
H*(U,Op) can be represented by a globally defined (0, 2)-form B%2 on U, that is 0-closed 2.
The condition of MS-triviality ensures that the pulled-back gerbe Wi‘f will be holomorphically
trivial on the correspondence space F?. Despite this triviality, this object contains non-trivial
information. One can perform a gauge transformation yielding to a holomorphic gerbe on F?
with trivial transition functions and flat, but non-vanishing, relative connective structure. The
final step of the transform consists of pushing the gerbe Wi‘f — FY, together with its relative
connective structure, down to space-time M®. As rigorously shown in [97], this is realised by
computing the zeroth direct images of the sheaf Q2 > Concretely, this consists in ‘integrating
out’ the \-dependence in the B%? stemming from the fibres of 7y : F? — M. Explicitly, one
considers the holomorphic relative de Rham complex, defined as the following exact sequence

of sheaves on F?, see e.g. [97]

dry

dr dr
0—m 'Ops — Opg — QL —5 Q2 "5 Q2 — 0. (6.37)
Here, the holomorphic relative exterior derivative dr, : Q2 — QZ*! is defined as®

dy, 1= 24V . (6.38)

We observe that we are using vector fields and differential forms adapted to the non-holomorphic

coordinates (25, \4). This choice is justified by the fact that, in this Euclidean setting, V"'

1To deal with the h = 0 case one needs some further considerations, as explained in [97].

2In particular, the equation HO3 = §B%2 = (, where H%3 denotes the (0, 3)-part of the three-form
curvature, is the same as the equation of motion of (Abelian) holomorphic CS theory for ordinary holomorphic
vector bundles, but translated in the context of holomorphic one-gerbes.

3See and Appendix E for some definitions.

*We want to point out the different pre-factor in (6.38) with respect to the papers [97,100-103]. The
reason is purely conventional and has to do with the fact that our notation is already adapted to calculations
on Euclidean twistor space. This will become more clear in the next Chapter.
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and €4 are the generators of the twistor distribution and its dual, respectively. The relative

differential form B, € H°(F?,Q2 ) can be expanded in A\, according to
B, =ea NegheeBPB N, (6.39)

where the coefficient field B,® depends only on 248 € ME and it is trace-less. The relative

flatness condition implies
9°UBE =0 . (6.40)

Moreover, the self-dual part of the three-form curvature, that is Hyp := 8C(ABB()1, obeys the

chiral zero-rest-mass field equation
0 Hpe=0. (6.41)

Similarly, the gauge freedom in defining the relative connection form B, — B, + d; A,
for
A, = 2ZepuAg AP € HO(FP, QL) , (6.42)

corresponds to the familiar space-time gauge transformations for two-form potentials
BAB — BAB + 8BOACA — 8A0A0B , (643)

with space-time gauge parameter A p = %5ABCDACD. Hence, via the Penrose—Ward trans-
form (6.36), MS-trivial holomorphic one-gerbes over twistor space are bijectively mapped to

Abelian 2-form potentials with self-dual 3-form field strength on space-time.

6.5.2. Non-Abelian fields

The previous result can be extended to describe non-Abelian fields. Since the Abelian tensor
multiplet in six dimensions contains a 2-form gauge potential described by a U(1)-gerbe, it
is natural to expect that the non-Abelian case requires for a non-Abelian generalisation of
gerbes!, see e.g. [21,22,262]. The cohomology group H2(U, Op) and its identification with
the moduli space of solutions to certain field equations, was generalised to the cohomology

set of principal ¢-bundles for ¢4 a Lie quasi-group. This, in turn, can be understood as a

1Recall that these objects, unlike their Abelian counterparts, are not completely understood. In par-
ticular, in their usual formulation their connections are locally gauge equivalent to Abelian ones, rendering
the construction of local non-trivially interacting Lagrangians ‘problematic’. The interested reader may con-
sult [25,260,7,261], where solutions to this problems are provided, making use of the so-called string structures.
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direct generalisation of the Penrose—Ward transform to higher principal bundles. Explicitly, a
Penrose—Ward transform have been established between certain non-Abelian self-dual tensor
fields in six dimensions' and holomorphic principal ¢-bundles over P%, for & a strict Lie 2-
group [100], a semistrict Lie 2-group [102] and a Lie 3-group [101]. Finally, in [103], this
has been generalised to Lie quasi-groupoids, providing perhaps the most general and concise
framework for formulating self-dual non-Abelian tensor field theories within twistorial higher
gauge theory. The interested reader is invited to consult Appendix D, where an introduction
to (Lie) quasi groupoids by using the language of simplicial geometry is provided. Moreover,
a formulation of higher principal bundles having such groupoids as their structure groups is
given. In particular, we shall consider some reduced (Lie) quasi groupoids, called Lie quasi
k-groups® [140, 264, 265]. The correspondence in question is provided by the following res-
ult [103]:

Theorem 6.3. Let ¢ be a Lie k-quasi-group and consider the double fibration (6.15). There

are bijections between

(i) equivalence classes of MO-trivial principal &-bundles over PS,
(i) equivalence classes of holomorphically trivial holomorphic principal ¢-bundles over F°
that are equipped with a flat holomorphic relative connective structure and
(i) gauge equivalence classes of complex holomorphic solutions to constraint equations on

M® containing a 3-form curvature H that is self-dual, that is, H4? = 0.

For concreteness, we specialise ourselves to the case £k = 2, that is the one analysed
in [111]. A detailed proof of the theorem can be found in [103]. Let ¢ denote a Lie 2-
quasi-group. The associated L..-algebra (L, p;), with graded vector space L =L_; ® Ly and
higher products 1;, is obtained by computing the 1-jet of ¥ (see Appendix E). A holomorphic
principal ¢-bundle over P%, subordinate to a Stein open cover = UaeAUa, is characterised
by a holomorphic simplicial map?® § : N(€({l — P®)) — ¢ [266,263]. Concretely, it comes
with transition functions g, : ﬁa N Ub — 4 and Gupe - Ua N ﬁb N [70 — %, subject to the

IMore generally, the correspondence also holds for some superconformal non-Abelian self-dual tensor field
theories once one considers twistor space P%/?" of chiral superspace M®2" for n = 0, 1,2 [100-103]. We shall
limit ourselves to the bosonic case.

2We just recall here that the categories of Lie quasi-groups and Lie simplicial groups are equivalent, as
was shown in Nikolaus et al. [263, Proposition 3.35].

3Here, N (% (Y — X)) denotes the nerve of the Cech groupoid %(Y — X), known also as the Cech nerve.
See definition (D.32).
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certain simplicial identities. In Appendix D we list the cocycle and coboundary conditions in
the case of a strict Lie 2-quasi-group. The pull-back bundle on correspondence space is the
holomorphic simplicial map ¢ = 7}(§) : N(€(& — F%)) — N(¥), where £ is the induced
open cover on F?. The component maps of ¢’ are annihilated by the twistor distribution, that

is dry glp = dry ghpe = 0, by the definition of a pull-back.

Relative forms. Furthermore, since the pull-back bundle is trivial' (topologically as well
as holomorphically) on all of F?, we may introduce a globally defined holomorphic relative

connective structure on such bundle
(Ary, Br) € HY(F?, QL @ L) ® H(F?,Q2 @ L_y), (6.44)
which is constrained to be flat. Explicitly, the relative curvatures defined by

Fm = dﬂ'lAﬂ'l + %M2(A7T17A7T1) )
) (6.45)
Hm = dﬂ’lBﬂ'l + /JJ2(Aﬂ’UBﬂ'1) - 5”3(‘4#1714#1714#1)

satisfy the conditions
Fryi=Fr +11(Br,) =0 and H, =0. (6.46)

If we now recall our discussion in Chapter 3, we immediately notice that these equations are
nothing but the equations (3.32c) and we recognise F, as the relative 2-form fake curvature.
As final step one has to push the relative connective structure (6.44) down to space-time.
Concretely, taking the direct images of (22 under the projection m, we may expand relative

connective structure (A,,, By, ) as [97]

Am = 2€[A)\B]AAB ,

(6.47)
B7r1 = —€4 /\EB>\06ABCDBDE/\E ,
while the corresponding relative curvatures (F},, H,,) read
F7T1 = —€y4 N éB)\(/fABCDFDE/\E ,
(6.48)

2
Hm = gEA Neg N Ec)\DSABCDHEF)\E)\F .

1Thus, there exists a coboundary transformation trivialising g’. See [103] for details.
2Here, the numerical coefficients are chosen for further convenience. These calculations are suited for the
discussion in [111].
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Since all A\-dependence has been made explicit in the above expansions, the component fields
in (6.47) and (6.48) are fields defined on the space-time M®. Hence, we recall that A48 =
1e4BP Acp, while B, and F,P are trace-less and H*? = HB%  We stress here that
these expansions reflect the property that the differential forms €4 are defined modulo terms

proportional to A 4. The conditions
Fr=0 and H, =0 (6.49)

. . . . . . —A
determine some constraint equations on space-time. Explicitly, upon using d,, = 2e4V" and

the expansions (6.47)-(6.48), we arrive after a few algebraic manipulations at the equations
FP=0 and HAZ =0 (6.50)

on MS. Here, the component fake curvature F and the anti-self-dual part of the three-form

curvature H on space-time are given explicitly by

.FAB = 0BCACA — GCAABC + ,UQ(ABC, ACA) + ,ul(BAB) ,

(6.51)
HAB — aC(ABCB) + ,UQ(AC(A,BCB)) + N3(AC(A7AC’D7AB)D> .

Summarising, the theorem 6.3 tells us that the moduli space of solution to the equations of
motion?
F=0 and H=xH (6.52)

on U C MS, with H and F given by (3.32c), is equivalent to the moduli space of holo-
morphic principal ¢-bundles over U C PS which are homomorphically trivial when restricted to
mi(my H(x)) < PO, for all 2 € M® [100-103]. In the next Chapter we shall see how to lift such

a correspondence off-shell.

1For the explicit gauge transformations see e.g. [100, 101].






Self-dual actions from twistor space

7.1. Motivation

As we have seen in the last Chapter, self-dual higher gauge theory in six dimensions can
be formulated by using categorified principal bundles in the framework of twistor geometry.
Particularly interesting is that a Lagrangian description of the theory exists in this setting.
Twistor space actions on P® for six-dimensional Abelian self-dual tensor fields has been con-
structed [97-99]. It appears rather natural to wonder whether these actions are equivalent to
the actions describing self-dual three-forms in six dimensional space-time, such as the PST
action [104-107] or Sen's action [108,109]. Along this Chapter we shall make some progress
in this direction. By imposing appropriate reality conditions and partially fixing a gauge we
shall see how the twistor action reduces to its six-dimensional space-time counterpart. We
believe that different space-time actions might be obtained by simple operations at the level
of twistor space, such as redefining fields or imposing different gauge-fixings. This idea has
been reinforced by a recent result [159], where it was shown how Sen’s action can be naturally
interpreted by using the language of homotopy Maurer—Cartan theory, developed along the

Thesis. We shall come back to these considerations again in Chapter 8.

In addition, a non-Abelian generalisation of these twistor actions has been proposed in [43]
in terms of higher holomorphic Chern—Simons theory. At least at the classical level, via
the Penrose—-Ward transform 6.3, such a theory reproduces non-Abelian self-dual three form
fields on six-dimensional flat space-time. In Section 7.4.2. we shall analyse how such an action
descends on Euclidean space-time. The computations in this Chapter are based on the ongoing

work [111]. Moreover, Sen's formalism has been recently used [267] to construct a Lagrangian
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whose equations of motion are the one given in [268] for the non-Abelian six-dimensional (2, 0)
tensor multiplet. This may suggest us that a homotopy algebraic analysis on twistor space
could be useful also in the non-Abelian case. Along this Chapter, we shall lay the basis for

this kind of discussions.

7.2. Self-dual actions on six-dimensional space-time

For the sake of completeness we give a brief overview to the problem of constructing a vari-

ational principle for the dynamics of chiral p-forms.

Introduction. p-form gauge potentials naturally appear in theories of fundamental extended
objects. Of particular interest are p-forms whose (p + 1)-form field strength is constrained to
be self-dual*. These fields, usually called chiral p-forms, define the so-called self-dual gauge
field theory or chiral gauge field theory. Such theories have been studied for quite a long time
because of their appearence in various interesting contexts. For instance, they play a central
role in dealing with six-dimensional and ten-dimensional type |IB supergravity, they show up in
heterotic strings as well as in M-theory-five-branes. Unfortunately, the analysis of the dynamics
of chiral fields is a long-standing problem, due to the absence of a natural action principle.
This makes even the construction of a Lagrangian describing the low-energy dynamics of a
single M5-brane a non-trivial problem. The main difficulty lies in the implementation of both
Lorentz invariance and self-duality conditions. Rather extensive literature has been devoted to
the problem of writing down an action for theories of 2n-form fields in 4n+ 2 dimensions. The
initial approach consisted in imposing the self-duality constraint by hand, after deriving the
equations of motion from the action. Various alternative formulations have been suggested,
where self-duality condition arises on-shell. However, any of these option present some trade-
offs. In fact, many of these theories break manifest Lorentz invariance® [270-272] while others
introduce an infinite number of (typically massless) auxiliary fields, [273—-280] or require to
add an extra dimension [281, 282].

1This reduces the physical degrees of freedom in a theory to half of the case without the self-duality
condition.

2The fact that non-manifestly Lorentz-invariant actions may yield to Lorentz-invariant dynamics was first
realised by Floreanini & Jackiw [269].



7.2. Self-dual actions on six-dimensional space-time 155

Pasti—Sorokin—Tonin formalism. There exists a further, more economic and efficient ap-
proach to this problem, called the Pasti-Sorokin-Tonin (PST) formalism [104, 105, 283, 106,
107]. This method provides a manifestly Lorentz-invariant formulation of self-dual gauge field
theory. This is realised by introducing a single scalar auxiliary field that, however, enters the
action in a non-polynomial way (only through its derivatives).! It is naturally compatible with
supersymmetry and kappa symmetry, with the coupling to gravity, and with the functional
integral approach. Moreover, the non-dynamical nature of the auxiliary field is ensured by

gauge fixing one of the extra symmetries of the theory (shift symmetry).

7.2.1. Sen’s mechanism

Inspired by string field theory considerations, Sen [108,109], see also [290], has recently pro-
posed an alternative method to incorporate self-duality by an action principle. This approach
relies on an action for self-dual Abelian fields in 4n + 2 dimensions involving a second auxiliary
2n-form field, which eventually decouples from the physical degrees of freedom. In this ap-
proach, the self-duality condition holds off-shell. Such a construction has the feature that the
coupling to gravity is somewhat non-standard, so that diffeomorphisms act differently from
usual’>. Hence, the action is not manifestly invariant under general diffeomorphisms. Fur-
thermore, Lambert [291] has shown how to implement supersymmetry within this method,
constructing the action of a (2,0) tensor multiplet in six dimensions.?

Keeping in mind our motivation, we shall review the action proposed in [108,109] in some
detail. For definiteness, we shall consider the case of a chiral two-form in six dimensions. Let
M5 be six-dimensional space-time, coordinatised by ™, M = 1,...,6. Given a two-form
field B and a three form field H subject to the self-duality condition H = x,H, the Sen action

reads*

1
Ssen = / “AB A% dB — H AdB + Lin(g, H)| | (7.1)
Mms |4

where Lin(g, H) is some Lagrangian density which denotes the coupling of H to the metric

1See also [284-288] for others actions of the same kind. See also [289] for a recent variant of the PST
method.

2See [267] for a detailed analysis of this aspect.

3Recently, an action for describing the dynamics of an M5-brane in the eleven-dimensional supergravity
background was proposed [292].

*In writing the action (7.1) we are not following the original notation of Sen, but the one of [291], to be
closer to the standard (2,0) literature.
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field g and to external sources. For our purposes, we are not interested in the matter field
part of the Lagrangian. Here, the notation points out that, although in Sen's approach the
background is generically curved, the Hodge star operator %, is defined with respect to the
flat (Minkowski) metric.> Varying the action (7.1) one finds that the equations of motion for

H and B are given by

d(;*ndB+H) =0,
1 (7.2)
§(dB —%,dB)+ R=0,
where R is defined by

St Lins = — /5H AR. (7.3)

Note that the quantity R is a %, anti self-dual 3-form, by construction. It follows that there
are two self-dual three forms: H and (dB + *,dB). The combination

1
H, = H + (dB + %,dB) (7.4)

is free by the first equation of motion and does not contain physical degrees of freedom, due

to the wrong sign of its kinetic term?. Sen considered an interaction term of the form
Linw:=HNP(H) , (7.5)
where ® is a linear map from self-dual three-forms to anti-self-dual three forms, that is,
O(H) = —*,P(H) . (7.6)

This is determined by the following requirements, which are all satisfied at the level of action

itself:
e @ annihilates anti-self-dual forms

O(H')=0, for H =—x, H (7.7)

e It is symmetric in the sense that the condition
Hy N ®(Hy) = Hy N P(H,y) (7.8)

holds for any two self-dual three-forms Hy, Hs.

1Similarly to the PST models, Sen's actions are available only in spaces of Minkowski signature.
2Moreover, after extending the theory to an abelian (2,0) theory, the field H, is a singlet under super-
symmetry transformations [291].
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e Moreover, for a x,-self-dual form H, the following linear combination is a self-dual form
on (M, g)
H—-®(H)=x,H—-®(H)) . (7.9)

There exists an explicit construction of a map with the above properties, which can be found
in [108,109,267]. However, one may immediately notice that the map ® is necessarily aware
of the background metric, even though the (pseudo-)forms themselves are not.

Equations (7.2), now read

1
d(z*ndBJrH) —0,

(7.10)
(1—=%,)(dB—-®(H))=0.
Moreover, in terms of the field
H,:=H—-®(H), (7.11)
the equations of motion can be recast into
dH; =0 and dH,=0. (7.12)

Notice that (7.9) can be rewritten as H, = x,H,. The field H, describes the physics of the
desired free chiral two-form on (Mﬁ,g).1 On the other hand, the field H; is also free, but
decouples, at least at the level of equations of motion, from the physical degree of freedom
carried by H,. A detailed analysis® then shows [109] that this decoupling holds also at the
quantum level. Moreover, H, also decouples from gravity (recall that only ® “sees” g). Hence,
it is completely decoupled from the physical sector and can be properly be considered as an
auxiliary field (it is physically inaccessible). However, there is a minor drawback. One may
notice that the presence of the Hodge star operator «, already suggests that the action (7.2)
is not manifestly diffeomorphism invariant. It was shown [108,267], that the fields B and H

do not behave in standard way under diffeomorphisms® and the non-standard transformations

1Hence, it is self-dual with respect (physical) metric g. It also possesses on-shell the standard transform-
ation properties under diffeomorphisms [267].

2This is done in the Hamiltonian formulation, where the fully quantum mechanical analysis of the action
is performed. It carries the degrees of field IT™ in Sen’s formulation [109]. For our purposes, it is sufficient to
consider the classical aspects of this action.

3They are not standard differential forms and sometimes dubbed as pseudo-forms. The analysis of (7.2)
under diffeomeorphisms is performed in [267].
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which leave these fields invariant are determined. However, one can verify that the action is
indeed invariant under general coordinate transformations, as it should be.

A better understanding of the mathematical origin of Sen’'s mechanism has been recently
given in [159], adopting the language of homotopy Maurer—Cartan theory. In particular, by
using that quasi-isomorphisms of L..-algebras define classically equivalent field theories, the
unphysical field H, has been identified as pure gauge, also in presence of coupling to matter
fields.

7.3. Twistor action: Abelian case

In this Section, we shall consider the twistor space action for Abelian self-dual tensor fields as

in [97-99] and we show that it reduces to its six-dimensional space-time counterpart on RS,

7.3.1. Action and equations of motion

In the previous Chapter we have seen how both the Penrose and the Penrose—~Ward transforms
identify self-dual tensor fields on M® with certain cohomology groups on twistor space PS.

These two isomorphisms, that we recall here for convenience
H3(U, Op(—2h — 4)) = H(U, 2,) = HX(U, Oy (2h — 2)) , (7.13)

allow! for a twistor space action for chiral zero-rest-mass fields. In order to construct such
an action, we must allow the fields to go off-shell. This is most straightforwardly done in the
Dolbeault setting. Hence, we consider the Dolbeault representatives of the cohomology groups
H3(U,Op(—2h — 4)) and H*(U, Oy(2h — 2)) and we lift them to off-shell fields on twistor

space, assuming they are not holomorphic. Then, the twistor action takes the form [97-99]
S = / Q%O A B2, AOCYS, (7.14)
U

for the fields BY , € QO2(U, Op(2h — 2)) and C%3, , € Q03(U, Op(—2h — 4)), where the
subscript denote the respective homogeneity. Here, Q250 is the top degree holomorphic form
of weight (6,0) on P%, defined as the contour integral®

1 [ QM0(z) A QRN
00— ¢ 7.15
2mi Jz 244 ’ (7.15)

1\We stress that this is a peculiar feature of the six-dimensional case.

2The contour integral localising the measure to the quadric P ¢ IP7 \ IP? can be written equivalently in
terms of a holomorphic delta function as Q60 = [Q%0(2) A Q39(X)§(z - ), see e.g. [98,293]
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where € is any contour encircling P inside Ops (1)@C* — P?, while Q*%(\) is given by (6.31)
and

1
QY0 (2) = 5€ABCDdzA AdzB A9 AdRP . (7.16)

We observe that the action (7.14) is globally defined as the respective weights cancel out. We
shall focus on the case h = 1, that is, the action for the differential forms B2 ¢ QO’Q(U, Op)
and C% € Q%3 (U, Oy (—6)), of holomorphic weight 0 and —6, respectively. Such action is

invariant under the obvious (higher) gauge transformations

B%2 — B%2 L 9AOT | AMY 5 AL L HF

_ _ ] (7.17)
OO 5 OO0+ 202, =% 024470l YO 5 Y0l gy,

where the gauge parameters are differential forms on twistor space of appropriate weight.
Explicitly, A% € QONU,0p), f € C®(U,0p) and 2% € Q%(U,04(—6)), T €
QO T, 04(—6)), g € C®(U,04(—6)). The Euler-Lagrange equations arising from the
action (7.14) imply the holomorphicity conditions

dB%? =0 = 0C% . (7.18)

Consequently, by the Cech-Dolbeault correspondence, the differential forms B%?, 09’63 corres-
pond, on-shell, to representatives of the Cech cohomology groups H2(U, Op) and
H3(U, Oy (—6)), respectively. Thus, they describe self-dual three-form fields on space-time
MS. Notice that the action for h = 1 may be considered as the six-dimensional counterpart
to holomorphic Chern—Simons theory (3.38) in the twistor description of self-dual fields on

four-dimensional space-time.

7.3.2. Equivalence to space-time action

Here, we explicitly show the off-shell equivalence of the action
S = / Q80 A BY2 A GO (7.19)
U

with its space-time counterpart on IR®. To validate this claim, we need a three step procedure.
First, one needs to expand the field content (B%2, C%¢) along the basis (6.24) adapted to
the description P® = RS x P3. Subsequently, one has to (partially) gauge-fix the fields to
remove the extra symmetry beyond space-time gauge group. Finally, the space-time action

is obtained by integrating along the fibres of the twistor fibration. We shall be deliberately
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pedantic here as the following calculations also apply to the computationally more involved
non-Abelian case. This derivation follows that of the twistor action for Yang-Mills theory in

four-dimensions [84, 85, 95] and shares many of its features.

Field expansions. We start by picking Euclidean signature, as discussed in 6.3.2.. Along
the line of (6.26), the (0, 3)-form field C”; admits the expansion

MAXB A dXC A dNP Eiatm A NCAAL A dANE
A ! VAN Cy+ ECDEFe[A B] ! CABF
[AAJ* [AAJ?

24 Nepho A MEANFD _
SABCD €sNEp [;\;X]Q Cppr 4 eABCDE  ANep Aeahp C

C% = eaBcp
(7.20)

_|_

Here, the coefficient fields are smooth functions of (x, A, 5\) of appropriate homogeneity as

_(OBAF

shown in the table below. In particular, CAB-F = and CO’D7EF = —CD'D7FE. Analog-

ously, for the (0, 2)-form field B%? we may write

é[A/\B} A S\[Cdj\D]é AB

02 _ _ABCD— A =
B =¢ es NegicBp + [/\5\]2 ch

AU (7.21)
MAAP A dAC

+ €aBCcD P\S\P

Y

where B AP is anti-symmetric in both pairs of indices and again the coefficient fields depend

on (z, A, \). Moreover, we recall the expression (6.28) for the Dolbeault operator.

BA B[C%}B BA O() éAB’C éA,BC é
Homogeneity | (1,0) | (2,0) | (3,0) | (—=2,0) | (—=3.0) | (=3.0) | (—4.0)

Figure 7.1: Coefficient fields weights

Gauge fixing. We immediately notice that the coefficient field BP in (7.21) may be set to
zero thanks to cohomological considerations. Recall that, here, B%2 is part of the connective
structure of a complex (but not necessarily holomorphic) one-gerbe I' — P®, which is homo-
morphically trivial upon restriction to submanifolds Y < P®. Such a condition amounts to
considering the connection (0, 2)-form field B%? as being in a gauge in which the restrictions

B%2|y vanish. Note that a similar argument does not apply to the field C%3, because of its

1See also [94] where a twistor space action for Yang—Mill-Higgs theory in three dimensions is discussed.
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different nature. In fact, it comes from the Penrose transform 6.1 and it carries an holomorphic
weight.!
In addition, following [259, 85], we may exploit the gauge redundancy of the action (7.14)

by restricting to a gauge in which
NB™?y =0, ANC%y=0. (7.22)

This gauge will be referred to as space-time gauge.? Here, dy is the -operator restricted to
all the fibres Y = P3 and & = — % Oy denotes the adjoint operator of dv, with respect
to the Fubini-Study metric on P3. In other words, we require the components of the field
content along IP? to be fiberwise coclosed on each Y, := m (7 }(x)) < P, corresponding to
a space-time point z € MY, This gauge is not a complete gauge fixing on Euclidean twistor
space. Hence, there is still some residual (higher) gauge freedom. In particular transformations
of the form

NNy =0 = dLVE"?y (7.23)

for all fibres Y, and analogous conditions for all the (higher) gauge parameters, leave (7.22)
unchanged. Let us consider the connection form B%2. On top of (7.22) we also require similar

conditions to apply for the gauge parameters, that is

NAMy =0 (7.24)
together with the requirement
0 _
— L ON' =0 (7.25)
o\

This determines for the field A%! an expansion of the form
A =g At (7.26)

where AP denotes a space-time parameter. Residual gauge transformations with parameter

f obey
Ny flz, A =0. (7.27)

This tells that f is harmonic along the fibres and f(z, A, \) = f(x) by the maximum modulus

principle. Hence, in space-time gauge (7.22) on P®, the residual gauge freedom reduces

11t does not admit a potential formulation.
2Sometimes it is also called Woodhouse gauge or harmonic gauge.



162 7.3. Twistor action: Abelian case

precisely to that of ordinary gauge transformations on IRS.*

Because of trivial dimensional reasons (dimgY = 3) the condition (7.22) tells us that
in this gauge the restriction 09’§’|Y is required to be harmonic along the fibres of P% —
RS. Moreover, since P? is compact, the Hodge and Dolbeault theorems® imply that the
restricted component field Cyly is fixed in space-time gauge to be a harmonic representative
of H3(IP?, Ops(—6)). Computing the Cech cohomology group H3(IP?, Ops(—6)) gives the
index structure of Cj, which turns out to have ten symmetric space-time indices [97]. Thus,
the field Cy takes the form

< ANB
Co(z,\,\) = alCABW , (7.28)
where C4p is a symmetric field depending only on the space-time coordinates z4Z and the
numerical coefficient o is inserted for future convenience. However, the other components of

the field C’E’g are not constrained by our gauge condition.?

Integration along the fibres. To integrate, we first observe that the holomorphic volume

form (7.15) on Euclidean twistor space takes the form

AN

6,0 _
Q%> = 273 Al

5ABCD€A N eB A GCS\D A /\Ed)\F N d)\G A\ d/\HéTEFGH y (729)
in terms of the complex conjugates of the differential forms in (6.24).* This is obtained by
performing the contour integration as shown in Appendix F. Moreover, we recall that the
Fubini-Study metric wrs on IP3 in Euclidean signature has a canonical form, induced by spinor

conjugation, and its Kahler form reads

_ 11 apepAadds AdAc Addp A AEANF A X A dNH

IMoreover, by using the Dolbeault representation (6.32) for h = 1 one can show that the gauge parameter
g in (7.17) is a holomorphic function of homogeneity (—6,0) and, hence, must vanish. This argument shall
be elaborated in more detail in [111]. See also Appendix E for some related geometric notion.

2See e.g. [294].

3We just recall here that in Euclidean signature the Penrose transform provides a self-dual three form on

space-time via the Woodhouse construction [259] as shown in Appendix F.
Apdz?B

*Explicitly, we have defined e := A
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The action (7.19) takes the form

2 ACAP 130V,
S:gﬁ s dz A K | Ba)\g <Oz1 [)\)\]2 AB op — 3{)\>\C]'DCAB D>+
X
B o (7.31)
: M AN
+2B[A(EJJ] <5DEFG [)\)\]C VE@GFG.B | (ABEF [;:5\}2 \VerCp ru ] )

as the other components wedge to zero against %Y. Here, we observe that the expression

inside the brackets is weightless. In writing (7.31) we have used the relation!
BdGZE = [/\5\]25ABC’D€A VAN GB A GC}\\D ANer N\ €y A EK/\LEIJKL (732)

as follows from (6.24)-(6.25) and (7.29). The field B,S? appears only linearly, so it can be
considered as a Lagrange multiplier field. Integrating it out enforces the second line in (7.31)
to vanish. Moreover, integrating by parts the second term in the first line, enforces the
condition ;\CVCDBA = (. Hence,? the field B4 must be holomorphic in X. Accounting for its

homogeneity with respect to A (and 5\) this constraint necessary implies

Ba(z,\,\) = B X , (7.33)

AB

The field B,P is trace-less and depend only on x5, This provides the required object on

space-time. Having solved this constraint leaves us with the following integral

S == dSz A Ka 73 0P Cry . 7.34
35 UxP3 “ [AA]2 A 7 ( )

Finally, we need to integrate over the IP3-fibres of the Euclidean twistor fibration, leaving only

Euclidean space integration. This is done by using the general formula

K \B \Ban __ 1 By Bap,
/IPB S e M A = o (7.35)

where ay, :== (2h+3)!/(2h)!3!. This is just a consequence of Serre duality on projective space

IP3, as observed in Appendix F. Therefore, the twistor action (7.19) reduces to the space-time

action
2
— gﬁ/Ud%BACaABOBC , (7.36)

as desired.

1The numerical coefficient 3 is yet to be determined [111]

2 In fact A9VepBa = 0 implies BA =0, since T := )\Aa;\ﬁ is the homogeneity operator which

counts the homogeneity w.r.t \.
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7.3.3. An interpretation from homotopy algebras

Here, we just briefly comment on some work in progress. In order to apply the L..-perspective

we need to employ the BV formalism at the level of twistor space.

Batalin-Vilkovisky field theory on twistor space. Recall that the classical BRST setup
corresponds to a Chevalley—Eilenberg resolution taking care of the gauge equivalences. Hence,
the BRST field content Fgrsr on PY of the theory is given by the field B%2 and C”¢, together

with gauge parameters defined in (7.17). We consider the differential complex!

g B 0,1 B =0,2 B 0,3
0,0 0 0,1 0 0,2 9 0,3
Q_G Q—G Q_G Q—G
L= D b S (7.37)
f 5 AOs1 5 Bo:2
QO,O QO,I QO,2
L_o Ly Lo Ly

The Batalin—Vilkovisky formalism consists of doubling the field space, that is introducing the
anti-fields for each field, ghost, ghost for ghosts, etc. This extends the L..-algebra to one

that encodes the full dynamical information. Hence, the BV space of fields is given by
— + —=0,2 —=0,2+ 0.1 T0’1+ AO1 A0’1+ + + 738
3]3\/—{&,& y— g = ) ) ) ) 7f7f v 9,9 }7 ( )

where we have defined a := B%? + 09’3. The corresponding L.,-degrees and ghost degrees

are summarised in the table below for clarity.

field gt | fAP+YT AT +EY fat |a | A+ZE | f+T | ¢
L.-degree 5 4 3 2 |1 0 —1 -2
ghost-degree | —4 -3 -2 —-11]0 1 2 3

Figure 7.2: BV space of fields of self-dual field theory on twistor space P°

The BV complex is obtained by the shifting the cotangent fibres by 3, that is L’ = T*[—3]L.

'Here, the notation implies that Q%® = QO*'(ﬁ,(’)U) and the subscript —6 denotes forms taking values
on Op(—6).
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Explicitly, we define our relevant L..-algebra via the differential complex
g _yoa =02 003 ~ Bo2t =02+ 0,1+
Qb0 0, QL 0, 2 0, o3 B, g4 D, 03 0, gos
L/ — S @ © 53] S S
B AOL B BO:2 B 00,3+ B A0’1+ B + B g+
QO’O i) QO,l i> QO,Q i> 90,3 i) QO,B i) QO,5 i> QO,G
—~— —~— —~— ~— —— —— ~—~ ~—
L, L, L) L1 L, L, L, L,
(7.39)
The BV space of fields comes with the canonical symplectic structure
Wy = / Q80 A (8B NGB 4 50%0 ASCOT — SAP ASAYTT ) (7.40)
U
of degree —1. Defining the superfield
a:=a+at+20% 4+ 202" 4 YOl L YOIt 4 (7.41)
the BV action reads
SBV = %(a,éa)._/ s (742)
where (—, =)/ is the cyclic structure of degree —3 given by (2.52c). Hence,
Qpv = {SBv, —}BV (7.43)
and the nilpotency condition Q%,, = 0 is equivalent to the classical master equation
{Ssv, Sev}ey = 0. (7.44)

7.4. Twistor action: Non-Abelian case

In the following, we address the question of constructing a non-Abelian action on twistor space

PS. Inspired by homotopy Maurer—Cartan theory, a non-Abelian analogue of the twistor space

action (7.14) has been proposed in [43].

7.4.1. A candidate action from higher gauge theory

Let & be a Lie 2-quasi-group and (L , ;) be the associated 2-term L..-algebra, with L :=

Lie(¢). We remind the reader that L is the graded vector space L = L_; & L, together with
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totally antisymmetric multilinear higher products p; : L — L, i = 1,...,3, of degree 2 — i
satisfying (2.44a). Moreover, in order to have an action principle, we assume that L comes
equipped with a cyclic inner product (—, —) of L.,-degree +1, encoding the dynamics. We
want to extend the action (7.19) to the setting of Section 6.5.2.. As in the Abelian case, to
write down an action principle on twistor space we need an off-shell approach to holomorphic
principal ¢-bundles. We exploit the fact that the Cech-Dolbeault correspondence extends
to higher principal bundles [97, 100-102, 295, 103].> Consequently, a holomorphic principal
¢-bundle can be equivalently described by a complex principal ¢-bundle with a connective

structure locally given by?
A% e QOYU, L)), B*?eQ(U,L_,), (7.45)
and subject to the constraint equations
F'2=0 and H"? =0, (7.46)

where

_ 1 .

FO2 1= 9AN 4 (A0, AN) oy (B2) € Q°3(T1,L) | v
7.47

_ 1 .

HOS .= 9B%2 4 iy (A%, BO?) — §M3<A0,1 JADL A0 e QO3 .

Besides the connective structure (7.45), to write down the action we add to the kinematical

data the fields®

C% e Q¥3(U,04(=6) @ L) and D% e QT,04(—6) L) . (7.48)

Twistor action. Hence, with these ingredients we consider the following twistor action [43]

1
S = Tm /UQES’O N %hcs , (7.49)

lIn these papers, a version of the Cech-Dolbeault correspondence for a relative exterior derivative along
a fibration is proven. However, the arguments are completely analogous for the 9 operator on a complex
manifold X. See also Appendix E.

°Recall that given an L..-algebra one may construct the kinematical data of a corresponding higher
gauge theory. That means, specifying notions of gauge potentials, curvatures, gauge transformations, Bianchi
identities, etc.

3Note that here and in the following we omit to explicitly denote the holomorphic weight of the fields to
ease the notation.
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where
3 = 1
Lincs = (BY?,00%7) + (D™, 0AM ) + §<D0’47M2(A0’1, AN,

+ (D (B*)) — (ua(A™, BY?), C%F), (7.50)

4 31!<,LL3(AO’1,AO’1,AO’1),CO’3>|_ '
This is the most general holomorphic higher Chern-Simons action one could write down
in this setting. As a first consistency check we observe that, since H(U, Op) = 0 and
H (U, 0y(—6)) = 0, this action reduces to (7.14) in the Abelian case. At the infinitesimal
level, gauge transformations are parametrised by a degree zero element 1 € Q(O")(ﬁ, L), which
decomposes as

no= X% 4 A% with X% e C®(U, L), A e (U, L,). (7.51)
Then, the infinitesimal gauge transformations of (A%!, B%?) are read off (3.10). The action
is invariant under the transformations
AP = HXO0 — iy (A1) + iy (A% XO0) |
5B%2 — A% 4 up(B%2, XO0) 4 1ip( A0, DY |
5CO3 — 11y(CO3, XO0) |
5D — (D%, XO0) 4 11y(CO3, A

(7.52)

The curvatures (7.47) satisfy each a Bianchi identity and induced gauge transformations. In

particular, the latter read!
SFO2 = iy (FO2, X00Y | 753
SH®3 = —1y(H®3, X00) — 11, (FO2, AOYY .
The corresponding equations of motion for (A%!, B%?) are nothing but the equations (7.46),
as desired. Modulo gauge transformations, this is equivalent to the statement that the complex
principal ¢-bundle in question is holomorphic on-shell. Assuming MS-triviality, solutions to
the Euler-Lagrange equations of the twistor action (7.49) are in one-to-one correspondence to
moduli space of solutions of solutions to higher gauge theory for a self-dual 3-form curvature,

via Penrose-Ward transform. In the next section we obtain the stronger result that such a

correspondence also holds off-shell. In addition, the action (7.49) gives the equations

OO + 1y (D) = pa( 4™, C°) = 0. (754)
7.54

= 1

8D0’4 4 M2(A0,17 D0,4) 4 MZ(B0,27 CO,S) _ §M3(00,37A0,1’A0,1) =0.

Note that the action (7.49) can be re-written as S = [;; Q60 A {(D%4, FO2) — (HO3,C03) }.
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for the fields C% and D% in the background of A%! and B2, respectively.

7.4.2. Equivalence to space-time action

Here, we follow the same steps as in 7.3.2. to reduce the twistor action to the desired space-

time action on RS.

Fields expansion. The starting point of the analysis consists of considering the Euclidean
structure given in 6.3.2.. Together with (7.20) and (7.21), we consider the following expansion
MNAQ\B) -

01 _ — AB
A —G[A)\B]A + [)\5\]2 Aug , (755)

for the (0, 1) connection form and similarly

eradp A ACAAD A dAE A ANF DAB | ABCD
A
ANEANE A AN = 1 apop@a AEs ABcAp A APAAF B
A A2 |

D0’4 = ECDEF €A /\EB)\CJ\

(7.56)

NEEFGH

for the remaining kinematical field. Here, we have defined the skew-symmetric coefficients
fields A48 and A, of holomorphic weight 0 and +2, respectively. Moreover, DAB, EE and

—DBAand Dyp = —Dpgu. Recall that

at this points the coefficients are functions of (x, \, A).

D a5 have all homogeneity (—2,0) and satisfy D45

>l

Gauge fixing. It is crucial here to remark the different geometric role played by the connect-
ive structure (7.45) and the kinematic fields (C%3 D%%). The MS-triviality of the principal
%-bundle § : N(€(8L — PS)) — & is encoded in the assumption of the existence of a gauge
in which the differential forms both A%! and B2 have no components along the submanifolds

P? < P®. On top of that, as in the Abelian case, we shall employ the space-time gauge®
NA |y =0, B 2?y=0, AC*y=0 (7.57)

and similarly for all the gauge parameters. We remind the this tells us that the field C%3 is
harmonic upon restriction to the fibres of the Euclidean twistor fibration. This means that

the \-dependence of the coefficient field Cy is fixed by (7.28). Moreover, this choice restricts

1Obviously, there are no (0, 4)-forms on Y.
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the remaining gauge freedom to that of the standard space-time gauge transformations, that
is, the freedom of performing gauge transformations on R® x IP? that are the pull-back of

space-time gauge transformations on IR%.*

Integration along the fibres. By wedging the gauge-fixed holomorphic higher Chern-
Simons form against the volume form Q%°, the non-Abelian action (7.49) takes the form
S = Sl + SQ y (758)

where

Sy = / 080 A [(BO’2,500’3>|_ — (n(AD1, BO2), 03y,
U

1
+ gy as(A%, AP A0, 00

2 1
:5/ Bz AK | —=(V*Ba, ColL — = {(us(A*B, By), ColL )\
U xIP3 3 3
1 1 \NVep ~
— T {ma(AM, Aup, A°P), CopApAe — 5 (Ba, M?D 0ABvD>LAB] ,
(7.59a)
and
- 1
Soim [[ 080 A (DM, 0A) 4 2 (DO, a4, AP ) (DO, ()
1
= i Sz A K [—6<DAB, 8CEAEA — aEAACE>|_)\B)\C
1 1 2 — AV
— — (DB 115(AYP  Ap ) A + = (DAB i (Ba)) s + =(D 2, b APy Ap
12 3 9 [AA]
(7.59b)

In deriving (7.59a) and (7.59b) we have made repeatedly use of the cyclicity equation® (2.47b)
together with (7.30) and (7.32). We further observe that the component fields C4%P and

EAB can be treated as Lagrange multiplier fields. Integrating them out enforces the constraints

NVepBa=0,  AVepA*P =0, (7.61)

1The residual gauge symmetry still needs to be fixed further in order to quantise the theory. Any ordinary
gauge choice will do the trick.
2Recall that a cyclic structure on L is a graded symmetric map. Hence, (—, —)_ satisfies

(X, Y) = — (=) XD () IVI=tyy, x) (7.60)
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which, because of homogeneity reasons, yield
Ba(z, M, \) = —BPAg  and AP(z A\ \) = 2448 (7.62)

Here, the fields A“” and B,® denote space-time functions and the numerical coefficients have
been chosen for future convenience. Also, recall that Asp = 364pcpA“P and B is trace-
less. As regards the field D%, the only component surviving in this gauge is DAZ. Taking

into account its homogeneity, it admits the general power series expansion

A XA ACAPAENF
DB (2, M\ A) = Dt (0) s + D¢ () 22 7.63
( ) =De¢p( )[MP per () AP (7.63)

where each of the space-time coefficients is skew-symmetric in AB. Now that the A-dependence
is completely determined we can directly integrate out the IP? degrees of freedom, reducing
the twistor action (7.49) to a space-time action on R®. As we shall see, the fibre integration
will also fix the space-time index structure of the field DAZ. By using relations (7.62), (7.63)
and integrating along the P3-fibres we get

2
Sl = gﬁ/Udﬁgj <CBc,aA(BBAC) +N2(AA(BaBAC)) +M3(AA(B;AAD7AC)D)>L (7.64)
together with
1
Sy = —g&Dﬁ/Ud% (D, (8ACACB — 50314’40) + Mz(AAC, Acg) + m(BBA))L . (7.65)

Here, in the first equation we have used again (7.28), while in deriving Ss we have defined the
coefficient field D ® as

1 1
apD,P = —D. 3+ —D, 5P+, (7.66)
aq Q372

depending only on space-time coordinates. Here, the coefficient ap is yet to be determined,
while the object D is trace-less. Finally, by recalling the space-time curvatures (6.51) and

taking ap := 2 we obtain the expression
2
5 — gﬂ/Ude [(Cap. HAP) — (D Fy'0] . (7.67)

This is consistent with our expectation about the higher gauge theory action (7.49) on twistor
space descending on space-time IR®. In the next Chapter we shall discuss further investigations

we plan to conduct in the next future.



Conclusions and outlook

8.1. Outcomes

We devoted the first part of the Thesis to deepen our understanding of the intimate relation
between L., -algebras and classical field theory. Explicitly, in Chapter 4 we explained how
L.-algebras necessarily arise from the classical master equation of the BV formalism and why
quasi-isomorphisms constitute the correct and very useful notion of equivalence, corresponding
to the classical equivalence of field theories. The aspiration was to present an accessible, self-
contained review of the complete picture with the aim of increasing the interest in the subject
and allowing for further investigation of higher structures in both classical and quantum field
theories. We also presented some new results and observations. In Chapter 3 we observed that
the homotopy Maurer—Cartan theory always allows for a supersymmetric extension by auxiliary
fields, just as ordinary Chern—-Simons theory. We also noticed that homotopy Maurer—Cartan
action, at least formally, satisfies the quantum master equation of the BV formalism, which can
simplify the computation of the quantum master equation. Most importantly, our perspective
is adapted to an application towards higher gauge theory from the outset. As examples,
in Chapter 5 we have explored Yang—Mills theory and higher Chern—Simons theory in this
formalism. In this regard, we have provided a quasi-isomorphism between first and second
order formulations of Yang—Mills theory in the ()-manifolds language. We considered higher
Chern=Simons theory for a Lie n-algebra or n-term L..-algebra in dimension 2 + n, and we
constructed the minimal model of the corresponding gauge L..-algebra.

In the second part of the Thesis we discussed an application coming from the interplay
between higher homotopy structures and twistor theory. In particular, in Chapter 7 we have

explicitly showed how the twistor space actions of [97-99] descend to Euclidean six-dimensional
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space-time. To do so, we have imposed Euclidean reality conditions on twistor space P%, we
have expanded the fields in an adapted basis by using non-holomorphic coordinates (42, \ 4)
and finally we have integrated along the IP3-fibres of the twistor fibration. We have also
proposed a twistor space action for non-Abelian fields in terms of higher holomorphic Chern—
Simons theory. We have performed similar calculations to lift the twistor correspondence
off-shell. Finally, we have commented about the application of the L.,-perspective in this very

context.

8.2. Future directions

We conclude the Thesis with a brief survey of some of the possible future directions for research
in this field. We point out that this is by no means an exhaustive list and there are numerous
projects that one could embark on. We only consider those that, by the opinions and interests

of the author, are the most compelling.

Self-dual actions from twistor space. In order not to interrupt the flow, we start from
the discussion in Chapter 7. As already mentioned, the calculations here are based on the
work in progress [111]. Our objective in this context is to adopt the L..-perspective via the
BV formalism on twistor space P% to see if space-time actions such as the PST action or
Sen's action naturally descend from the same twistor space action. Hopefully, these actions
would emerge by considering L.,-quasi isomorphisms at the level of twistor space, such as
field redefinitions or integrating in and out additional fields. Possibly, the greater freedom in
choosing a gauge on twistor space could allow us to obtain different space-time actions from
different gauge choices.

Always in this setting, it would be interesting to employ the formalism used recently by
Popov in four dimensions [296] to construct a graded extension of P®, by considering a non-

integrable almost complex structure on it.

MSYM theory as Higher Chern-Simons theory. The twistor space of N/ = 3 supersym-
metric Yang—Mills theory is a five-dimensional complex manifold and therefore the relevant
holomorphic bundles cannot be described in terms of an ordinary holomorphic Chern-Simons
action functional. Recently, Saemann & Wolf [110] have proposed twistor space action by

using a higher holomorphic Chern—-Simons theory for a Lie 3-algebraL=L_s & L_; & Ly, see
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also [111]. It would be very interesting to show the off-shell correspondence of this twistor
action to the MSYM action on space-time. This would allow to analyse higher holomorphic
CS theory within twistor string theory and in the computation of the AN/ = 4 SYM scattering
amplitudes. In this case, the calculations turn out to be quite involved because of the six-
fermionic coordinates on ambitwistor space. We have started to tackle this problem in the

past, but most of the work still needs to be done.

Renormalisation group and quasi-isomorphisms. This Thesis is intended also as ground
work for future research on higher structures in the context of classical and quantum BV
formulations of field theories. A particularly interesting topic here is the relation between
quasi-isomorphism and renormalisation group flow, which has been established in some special
cases, cf. [297]. This should be a quasi-isomorphism of quantum homotopy algebras. For some

recent work on the renormalisation in the BV context, see [298,299] and in particular [219,171].

Supersymmetric localisation in higher gauge theory. We have seen how to supersym-
metrise homotopy Maurer—Cartan theory by adding auxiliary fields, similarly to ordinary Chern—
Simons theory. Hence, it would be interesting to apply (higher) supersymmetric localisation
techniques to try and evaluate exactly the path integral of supersymmetric higher Chern-
Simons theory on compact manifolds. Here, besides the computational task, there is still
some conceptual gap to fill. However this definitely represents an interesting topic that is

worth some further analysis.












L..-algebras and L,.-morphisms: a coalgebra

perspective

Below we shall explain the relation between L..-algebras and codifferential coalgebras. In this

perspective, all higher products are packaged in a single codifferential. We also derive the

structure equation for morphisms of L..-algebras from morphisms of codifferential coalgebras.

The following calculations can be found in [42]. The relevant original reference for this material

is [134], helpful may also be the detailed discussions in [300-302].

A.1. Codifferential graded coalgebras

Preliminaries. Given a real graded vector space V', we define the following associative al-

gebras:

tensor algebra :

symmetric tensor algebra :
antisymmetric tensor algebra :
reduced tensor algebra :

reduced symmetric tensor algebra :

reduced antisymmetric tensor algebra :

"V

OnY

A’V
RV
OV :

AV

177

RoVe (VaV)e - = PRV,
£>0
RoVe (VoV)o - = POV,
k>0
ReVae(VAV)® -+ = PAV,
k>0
Ve(VeV)e - = PRV ,
k>1
VoVoVv)a - = Potv,
k>1
Ve (VAV)® - = DAV,
E>1
(A1)
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cf. Section 2.2.. Here, ® and A denote the graded symmetric and antisymmetric tensor

products, with weight one, e.g.
v Oy = U] Q Uy + (—1)'”1‘ V2l @ 0y (A.2)

These tensor products yield embeddings of ©°®V and A*V into ®°*V as well as OgV and A\{V
into ®¢ V. We also have projectors from the reduced tensor algebra @7V to both reduced
symmetric and antisymmetric algebras:

pro(v1 ® - Q) = Z (0301, .., V) VUo(1) © -+ @ V(i)
g€E€S;

(A.3)
pra(v ® - ®@u;) = Z X(0501, . 0) V) A A Vg
og€eS;
where e(o;v1,...,v;) and x(o;v1,...,v;) are the symmetric and antisymmetric Koszul signs
of a permutation . Explicitly, we have
VOOV = (0501, .,0)Vea) @ - O Vo(s (A.4)
and
61 VAP gz = X(O’;gl, . ,gi)gg(l) VAN ga(i) (A5)

for ¢1,...,¢; € V. Using the shift isomorphism s* defined in (2.13), we obtain the identity

i—1,.

x(osly, ... ) = (—1)2j:1(’_j)(|£1‘+|e"(j)|)5(a; sly, ..., sb;) (A.6)

which we shall use later.

Reduced symmetric coalgebra. Consider now the reduced algebras AJV and OfV as

introduced in (2.11c). Together with the reduced comultiplication,

Ay : OV = OVROLV,

VO OU = Y Y elo3vn 1) (Ve) O O Ua(h) @ (Vo(41) © - O Vo))
j+k=i ceSh(j;k)

(A7)
gV becomes a cocommutative coalgebra.

Given functions fi, fo : ©gV — ©Og V', we define the symmetrised tensor product

1O fs = meo(fi® fa) oAy, (A.8)
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where mq (v1 ® v9) == v © vy for v1 2 € V. Explicitly,

(i f)(1 @ Ov) =

= Z Z 6(0’;U1,...,Ui)f1(vg(1) @'..@Ug(j))@fz(vg(j+1)®"'®vg(i)) .
j+k=i c€Sh(j;k)

(A.9)

Formula (A.8) generalises to expressions f; @ - -+ ® f; using shuffles with i ordered subsets.

Codifferentials. A codifferential on a coalgebra (OfV,A) is a linear map D : OjV —

OV of degree 1, which is a nilquadratic coderivation,
AgD = (D 1)Ag+ (1®D)Ay and D* = 0. (A.10)

The first equation is the coalgebra analogue of the Leibniz rule. The second equation is

equivalent to

S5 Dea(D; @) = 0 (A11)

i=1 j+k=i

for all # > 1, where Dy, : OSV — V is the restriction of the codifferential,
Dy = pryoDouigy . (A.12)

Note that we can pull back D), along the projection pr. defined in (A.3) to a map Dj :
®%V — V. The condition D? = 0 then simply translates to

S Dyi(D;®@id®) o 3 e(o,—)o(=) = 0 (A.13)

jtk=t o€Sh(j;7)

for every ¢ > 0, where the sum is taken over all (j;)-shuffles, e(o, —) is the Koszul sign of

the shuffle and o(—) is the application of the shuffle to elements of &} V.

A.2. L.-algebras from codifferentials

The homological vector field () dualises to the codifferential D of homogeneous degree 1 on
OV = AJ L, where the isomorphism is the shift isomorphism s*® defined in (2.13). First, we
note that the codifferential decomposes into a sum

D = ZDz (A.14)

i€EN
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The restricted codifferentials on the coalgebra (©OFV, Ag) now induce a set of totally anti-

symmetric, multilinear products p; on AJL with L = V[—1]. We define higher products
i = (=1)20DH g o o g® (A.15)

with s%% as in (2.13). Here, we note that the homotopy Jacobi identities follow from Q% = 0
< D? = 0. Inserting
id® — (_1)%i(i—1)s®io (s71)® (A.16)
into the conditions (A.11) equivalent to D? = 0 and concatenate with s~! and s® to obtain
0= > s'oDp10(D;® id®*) o > e(o,—)o(—)os¥
k=i oeSh(j;i)
_ Z (_1)%k(l~c+1)+%i(i—l)s—1 o Dji1 0 ®k+1
k=i
o (s7HPE ) o (D; ®1d®) 0% 0 (s 0 Y g0, —)o(—) 0 s
o€Sh(j;i)
_ Z (_1)%k(k-ﬁ-l)—i—k(j—i—l)—&-%i(i—l)S—l o Djyq 0 @k
k=i
o((s7' o Djos™) @ (s)) 0 (id™ @s%) o (s) 0 3 (o, —)o(—)o0 s
o€Sh(j;7)
- ¥ (—1)2 D+ 2iG=DFRG )+ gk(k=1)
k=i

(1; ®id*) o (s 0 Y e(o,—)a(—) 0 s
o€Sh(j;1)

= 3 (~)FEI o (g @id®) o Y x(o—)a(—)

jk=i o€Sh(j3i)

Hik+1©

(A.17)

where we used the identity
()% Y elo,—)a(=)os® = (=1)2N 3 x(o,—)o(-) . (A.18)
o€Sh(j;i) o€Sh(j;i)
Here, o(—) is the application of the (j;i)-shuffle. Hence, the formula
Yo (D) kg0 (i ®@id*) o Y x(o,—-)a(=) = 0. (A.19)
k=i oeSh(ji)
is nothing but an alternative form of the higher homotopy Jacobi identity (2.44c). In fact,
evaluating it /1 ® --- ® £,, € Q" L, we obtain
Z Z <_1)kX<0_7 gla s 7€i)uk+l<ﬂj(€cr(l)7 s 7U0(j))a EU(]'Jrl)a s aga(i)) = 0. (A20)

Jj+k=i 0€Sh(j;i)
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Higher products and the differential graded algebra picture. Let us briefly link the
higher products u; and the differential graded algebra picture of an L.-algebra. Using the
notation of Section 2.4. we consider a graded vector space L with basis 7, and corresponding
coordinate functions €% on L[1] with respect to s7,. The choice of basis defines structure

constants f3,..5,“ via the equation

a —1)l «
Q¢ = 27< k') forp, 5 8% (A.21)
E>1 :
where for each k, |f1] + -+ + |Bk] = |a| + 1. The coordinate functions £* are now maps

L[1] — R, satisfying £¥(X) = £%(XPs75) = X, where X* € R are the coordinates of
the vector X € L[1] with respect to the basis s7,. Correspondingly, £ --- &P is a function
OFL[1] — R, with

k i—1 5118 ,
(€ &) (57, @ @ sm,) = (—1)Zmr IR gk (A.22)
where the symmetrisation of the indices vy, ..., is evidently graded. Note that by precom-

position with the projection DLy Ly P ... €8k becomes a map O L[1] — R.
0

We now contract both sides of (A.21) by 7, from the left and apply the result to (s7.,, ®

-+ ® 8T, ) to obtain

—1)lel
(@) (57, © - @ 5m,) = X )

= K

_1)Zf:2 S5 il

Tafﬁl'"ﬁka(gﬁl e '€Bk><57—71 ORERNO) ST,Yk)

x>

‘Tafvl--%a

k i—1
sTHD(579, ® -+ @ s7y,)) = (—1)2im22gmilhly ¢ o

TafaD(ST’Yl ©-0O ST’Yk) =

—~

(A.23)
Using (A.15), we now compute
Wi(Tayy ooy Tay) = (—1)%i(l_1)s Lo D; 089 (Tays - -+ s Ty
= (=) TR ) (5D (57 57a,))
(A.24)

(
(

= (1) S (g D DAY Gl o 6
(

. 1 . )
_1)2;:2 ?c:l |Taj||7ﬂk‘+zz':1(]+1)|7—&j B .

| T8 oo
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Similarly, we have

_1)lal
Ta(Qfa) _ Z ( Z1'> Tafﬁl---6¢a<€ﬁl .. éﬁz) 7

i>1

(_1)2322 Sy s sy [+ DI, |

(Qf) = _Z il :U’i(TﬁN"wTﬁi)(gBl éﬁl)
i>1 | , : _ A.25
(_1>Z}:2 . I78;1217p,, |+ 1)+ 77 (4175, ( )
_ -y - 6 8)
i>1 :
1
=

where we used the higher products fi; on Ly as defined in (2.52b).

A.3. L_.-morphisms from coalgebra morphisms

An advantage of the coalgebra formulation is that the notion of an L,-morphism results more
natural and transparent. Recall that a morphism of coalgebras from (g V, Ag) to (Of V', Af)
is a map
O : OV — OF V' of degree 0 which satisfies

Alod = (PR D)ol . (A.26)

If ©fV and OV’ are both endowed with a codifferential D and D', respectively, we also
demand that
®oD = D'od. (A.27)

Consider now two codifferential coalgebras (OF V, Ay, D) and (Of V', Af, D’) correspond-

ing to two L..-algebras. We can restrict a morphism
O (OV, A, D) — (OV', Ag, D) (A.28)

to the maps
I = Pr oy © o . (A.29)

Note that @ is uniquely reconstructed from ®! since ® is a morphism of coalgebras, cf. e.g. [300,

Prop. 1.2]. In particular, using the further decomposition

ol = Preyv © ey - (A.30)
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we have explicitly

A 1 1
o] = > Tl kil (Pf, © - @‘I’}cj) : (A.31)

Note that the maps (I>,1€1 ORERNO) <I>,1€j act on the totally graded symmetrised elements of O'V
and the result is then projected onto @6 V’'. The degrees of all the maps &, ®;, @{ and
)

concatenation with projectors.

oiv are zero, since @ is of degree zero, and all other maps originate from restriction and

Condition (A.27) decomposed into the maps ®} and D; reads as

. : 11

k=i G=1 kytethy=i

1

We multiply this equation by factors of s and s, restrict it and rewrite both sides, using the

shifted morphisms!
¢ = (—1)2 0 Ds o dlos® with |¢] = i—1, (A.33)
and the postcomposition with shuffles, cf. (A.13), as

Z (_1>%k(k+1)+§i(z‘—1)s—1 o (I)}lﬁl o s®(k+1) o (8—1)®(k+1) o (Dj ® id®k) 0 5% o
J+k=i

o(sT)o > elo,—)a(=)os™ (A.34)
o€Sh(j;1)
1 _ ; 10 .
— X (IO o (9 o 3 (o -)e(-)
j+k=i o€Sh(j;i)

1The degree of the map ¢; follows from its definition together with |®}| =0 and |s| = 1.
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and
i (—1)zii-D+3iG-1) , , ,
>y i stoDios®o(s7)¥ o (q),lcl®---®<1),lij)os®lo
j=1 ki+--+kj=i :
o(sH®o Y e(o,—)o(—)os
o€Sh(j;i)
i 1 . .
=Y X el e @ s e e))ose
Jj=1 ki+-+kj=i J*
o > xlo,—)a(-)
o€Sh(j;i)
! (-1) s b G=m) / 1 k1 1wl kg
=2 X ;! pyo (s 0Py 08" ®---®s od) 0570
J=1 kit-+kj=i :
o > xlo,—)a(=)
o€Sh(j;7)
i (_1)%(k1+1)kz1+-~-+%(kj+1)kj+2i:=11 Fepn (j—m) /
:Z Z j' :ujo<¢k1®"'®¢kj)o
Jj=1 ki+-+k;j=i :
o > x(o, =)o (=) .
oGSh(kl,...,kj,l;i)
(A.35)
We obtain
Lo~ .
Z (—1)z ( 1)+k¢k+1 o (,uj & ld®k) o Z x(o,—=)o(—)
j+k=i o€Sh(j4)
i (_1)%(k1+1)k1+-~+§(kj+1)kj+21;11 hn(G=m)
- z:1 ke Zk J! Hi® (A-30)
§=1 ky+-tkj=i :
o (¢ ® - ® ;)0 > x(o, =)o(=) .
O'ESh(kl,.,.,kjfl;i)
Applied to {1 @ - - @ £; € L®*, we find
Z Z (_l)kX(U’ _)gbk-‘rl(:uj(go(l)a s vKO(k)%gU(k)Jrlv <. 7€Ui)
j+k=i 0€Sh(j;i)
i > (—1)Zrmenss breknt L0 2 o Gmm)+ 320, 5 (ko) 57 Mg
= : X

|
J=1 kytethj=i J:

X Z X(Ua _)M;(¢k1 (60(1)7 SR 7€0(k1))a s 7¢kj (Ea(ifkj+l)7 s 7£0’(i))) )
O’ESh(k’l,...,kjfl;i)
(A37)

where Koszul signs are inserted to account for the permutation of the {;(,,) past the ¢,,. We
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also used
(—1)336D = (1) X 2Fmm D430 B (A.38)

fork‘1+---+k‘j:i.






Cochain complexes and Hodge—Kodaira decomposition

An L..-algebra L has an underlying cochain complex (L, i1). Morphisms and quasi-isomor-
phisms of L. -algebras are specialisations of cochain maps and quasi-isomorphisms between
the underlying cochain complexes. Here, we merely report the content of [42, Appendix B], a
good reference of which is [223].

A comment on our nomenclature: usually, one would work with the homology of chain
complexes with a differential of degree —1. To avoid as much confusion as possible, and due
to the prominence of the de Rham complex as key example of cochain complexes, we will use

the terms cochains and cohomology with differentials of degree 1.

Cochain complexes. A cochain complex (C, d) over an associative ring R is a family of R-
modules C* for k& € Z and morphisms d;, : C* — C**! of degree 1 satisfying dj,; o d;, = 0.
The k-cocycles of the cochain complex are defined as Z* := ker(d;) € C* while the k-
coboundaries of the cochain complex are defined as B* := im(d;_;) C C*. The cohomology
of the cochain complex is then HX(C) := Z*/B*.

A morphism of cochain complexes ¢ : (C,d) — (C",d’) is a family of maps ¢, : C* — C'¥
of degree 0 such that ¢y, o dy = dj o ¢r. A quasi-isomorphism of cochain complexes is a
morphism of cochain complexes which induces an isomorphism on the cohomologies.

A cochain homotopy between two morphisms ¢ : (C,d) — (C’,d’) and ¥ : (C,d) —
(C’,d’) of cochain complexes is a family of morphisms hy : C**1 — C'* of degree —1 such
that ¢ —x, = hyodg+d)._, ohg. If such a cochain homotopy exists, we say that ¢ and 1) are
homotopic. A cochain homotopy is the correct notion of a 2-morphism of cochain complexes.

A homotopy equivalence between two cochain complexes C' and C’ is a pair of morphisms

187
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¢:C — C"and ¢ : C" — C such that ¥ o ¢ and ¢ o 1) are homotopic to the respective
identity maps. In the special case when 1) o ¢ = 1 and ¢ o 1) is homotopic to the identity, we

call this a contracting homotopy of ¢ o).
Split cochain complexes and Hodge—Kodaira decomposition. Suppose (C,d) is a
cochain complex of vector spaces. Then, we can always choose decompositions

C*/ker(dy) = im(d;) = C%/Z% = B! — (CF = ZFgZF |
HYC) = z¥/B* — ZF = B*e¢ B, (B.1a)
ZF =~ B oand B & HY(C)

since short exact vector space sequences always split>. We thus have
Ch =~ HYC)o B* o BM!. (B.1b)

Consequently, we can define maps hy, : C¥ — C*~1 of degree —1 by the compositions

I

hy : CF — ZF — BF = zZk1 <y O+ (B.2)

C

of the projections C* — Z* and Z¥ — B, the isomorphism B* = Z*=1 and the inclusion
ZF1 s C*1. Since hyy 1 (BFT) = ZF, these maps satisfy dj, = dj, o hyy1 0 dy.

This motivates the following definition. A general cochain complex (C,d) is called split
whenever there is a family of morphisms hy, : C¥ — C*~! of degree —1, called the splitting
maps, such that di = dg o hgyq o dy.

In this case, we then automatically have?

(kg1 0dr)® = hgprody, (dj—10hg)® = dg_y0hy,

(B.3)
(hk+1 o dk) o (dk—l © hk) = (dk—l o hk) o (hk+1 o dk) =0,
which, in turn, yield the decomposition
1 = Pk + hk—l—l o dk + dk—l @) hk: (B4a)

1This is a particular case of a strong deformation retract.

°Note that the same holds evidently true for tensor products of split cochain complexes.

3Whilst (hgy10dg)o (d_10hs) = 0 follows trivially since dy odg_1 = 0, if (dg_1 0hg) o (hry1odg) # 0
one may always re-define h; and set l~1k := hy, — hg o hge1 odg. Then, d =dg o }~Lk+1 od; as well, and it
is easy to check that (dj_; o hz) o (hgy1 0 dy) = 0 and also all other identities hold with hy instead of hy.
Note that we then have the more strict relation Ay o ﬁkﬂ odg =0.
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with

P;? = Py, Biodpr = dgoBp =0,
Pko(dk_lohk) = (dk_lohk)oPk = Pko(hk+1odk) = (hk+10dk)OPk = 0.

(B.4b)
Consequently,
C* =~ im(P) @im(dj_; o hy) @ im(hpyi0dy) = HY¥C)o BX g Z% . (B.5)
N—_——
~HY(O) ~ Bk =:Zk

This decomposition is known as the abstract Hodge—Kodaira decomposition. Furthermore,
the projector Py induces a surjection p;, : C* — HY(C) and an injection ¢, : HY(C) — C*

with p, o e = 1 by means of P, = e o pr. Thus, we obtain the diagram

(O e=—== H3(C). (B.6)

Put differently, a splitting of a cochain complex (C,d) is equivalent to having morphisms
of cochain complexes p;, : C* — H%(C) and ¢, : HY(C') < C* such that p, oe, = 1 and
1—egopr = hgi1odi+di_10hk. In other words, such a splitting is equivalent to a contracting
homotopy hy : CF — C*~1 of P, = e, o pi,. Note that p;, is a quasi-isomorphisms of cochain

complexes between C' and H3(C') and so is e;, between H3(C') and C.

Extension to L.-algebras. Consider the cochain complex (L, p;) underlying an L..-

algebra (L, ;) with a choice of decomposition (B.1)
L~ B&B.®Z with B, = H(L). (B.7)

We can use the inverse of the isomorphism between B. and H} (L) to define a strict L.-
morphism to B.. Composition with an L..-quasi-isomorphism between L and H} (L) then
yields an L..-quasi-isomorphism between L to B.. Thus, any projection L — B, can be
extended to an L.,-quasi-isomorphism L — B.. Consequently, we can use the abstract Hodge—

Kodaira decomposition to find a minimal model. See Section 2.5. for explicit formulas.

Example. Let L be an L-algebra together with decompositions L = ker(u;) &V =
im(py) @ W. We have
pr o ker(p) @V — im(py) @ W (B.8)
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and y is invertible as a map from V' — im(u) with inverse ,u1_1|im(,u1)- Define h : L — L as

the map of degree —1
h = :u1_1|im(#1) oprim(ul) ) (89)

where pr y L= im(py) is the orthogonal projection. Note that the map h satisfies

im (1
fy o hopuy = py and we can use it as a starting point for the abstract Hodge—Kodaira

decomposition.



Lemmata

We are in debt of a few computational proofs of results presented in Chapter 3. In this
Appendix, we aim to settle the debt, proving various formulas involving L..-algebras. The
following material is contained in [42, Appendix C]. In some cases, such results are presented
in more than one of the three possible descriptions of L..-algebras: higher brackets, differential
coalgebra, differential graded algebra. While some of the calculations are slightly involved, they

are illuminating in one sense or another.

Throughout this Appendix, let L be an L-algebra with higher products p;. We shall

occasionally assume that L is cyclic with an inner product (—, —).

Cauchy product. We start by proving a result we will make extensive use of along this

Appendix. Recall that the Cauchy product of two (absolutely convergent) series >, a; and
Zizo b; is

Zaiij = Z CLibj = Ziajbi_j = Z Z Cijk . (Cl)

i>0  §>0 i,j>0 i>0 j=0 i>0 j+k=i
Hence,
1 1 )
>0 - i>0 U k=i \J

Furthermore, note that (C.1) generalises to

Sap > =3 > g a) (C3)

k120 kj >0 i>0 Ky ky=i

191
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for the product of j (absolutely convergent) series and so,

L L)

k1>0 k;>0 Vi

1 ’l_kl 'L._kl_“'_k‘_g (1) ()
N i) I e P )

i>0 U oy othy=i

C.1. Tensor product L. -algebras

Let A be a dg-algebra. We wish to verify the higher homotopy Jacobi identities (2.44c) of
the higher products 1 defined in (2.51) as well as the cyclicity (2.51b) of the tensor product
L..-algebra La. To this end, let us use the abbreviation |; := a; ® ¢; for homogeneous a; € A
and /; € L together with |l;|a := |a;|a and |l;|L := |¢;|.. It is sufficient to consider only those

elements since the result for general elements follows from linearity.

The higher homotopy identities (2.44c) of the higher products (2.51) are

> Xt L) (D e (5 (o), o)) o) s loie) = 0. (C5)
jt+k=i ©

We have

1i(loys - - o) = x(o3br, .. L)y, ..., ) (C.6a)
and

X(Uv Ila R Il) = X(U;ala cee 7ai)X(O-;£17 s 7&1) X (C 6b)
v (_1)22:2 a0yl 34 Mo I+D25—p lasla D240 Mkl '

To prove (C.5), we first focus on the terms containing the differential d. For i = 1, we
have
pi(i(h) = pi(dar @ 6+ (1)1 hay @ i (6))
= (—1)‘a1|A+1dCL1 (29 M1(£1) + (—1)‘a1‘AdCl1 & M1(€1) (CY)
= 0.



C.1. Tensor product L..-algebras 193

For 2 > 1, the relevant terms are

d(,uz +ZX (o |1,..., )( ) /ubl(d<|g(1)),|0(2),...,|U(i)) =

= spd(ar- @) @ pi(l, ... 6)+
+> xloyh, ... 1) s2(0) [(daau))%(z) e ao‘(i)} ®@ i (loqrys - - - Lo(i)

= 51 Z X(U7 agy . .- 7ai)X(U; gla s 761) [(daa(1)>ao(2) T ao(i)} ® Mi(go(l)y B aga(i)) +

+ Z x(osh, .o l) sa(os e k) [(dao(l))acr@) s aa(i)} ® Mi(&r(l), S 750(1'))
(C.8a)
with signs
o1 = (—1)i il e T
82(0'; ... |i> — (_1)i—1(_1>i(\%(1)|A+1+Z;:2 \aa(]‘)lA)—i-Z;:Q lag(jyla va;ll 1oyl (C_gb)
— _(_1)1'Z;:1 001+ s a0 |a Y320 Mo
The expression (C.8a) clearly vanishes since

x(oil, o) sa(osh, o) = —six(osan, ... a)x(o; by, ) (C.9)
due to (C.6b).

The remaining terms in (C.5) combine to

S ssoghi, . l) %

ith=i o (C.10)
X (ar - i) @ prs1 (15 (loys - - - o)) s Lotirtys - -+ Lo(irry) = O
with the sign s3(o; 1, ..., 1;) given by
ss(oily, ..., 1) =
= x(osh, . ) (=) (o5 aq, .. ajyp) X
x (—1) > i lao ) a0 s laotmyla 2o oL o
¢ (—1) D X0 E lamlat 3y laoiem a G305 ol

= (=D)Fx(03 Ly, C) (—1) oz Jaom | o o bt 2205 farmla 3205 Ml

x (—1) an:l o (At D=0 g [aoimyla Y ony o ml 5

x (—1)k+D 2] |am|A+Zm aogemla G+2 T L)
= (DX s ) (S D W I e G 305 ol
=:84

(C.11)
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where we used again (C.6b). Note that s4 contributes an overall sign so that (C.5) reduces

to the homotopy Jacobi identity (2.44c) on L.

Next suppose that L and A are equipped with inner products (—, —)_ and (—, —)a. Let
us verify the cyclicity of the inner product (—, —), defined in (2.51b). Using the definitions
of the higher products 1, given (2.51) we obtain for i = 1

= (a1 ® l1,day ® {5 + (—1)“2|Aa2 ® p11(l2))L
= (_1)H1|L(|I2\A+1)<ahda2>A (01, 05 + (_1)(|I1\L+1)\I2|A<aha2>A (01, pr (€2))0
— _(_1)||1‘L(“Q|A+1)+|l2‘A(“1|A+1)+“1‘A+‘|1|L|l2|L<a2,da1>A (by, 1) —
— (=1) Mt DllatllalzlatlotlH Rl (g, g ) a0 (G, g (64))L
= (=1t Dl At D+ R R R D () @ 0, day ® 0, —
— (=1) et Dlllatllallzlat R )R A (g, @ ¢, a; @ (60,

_ (_1)1+\|1|LA|I2\LA+|I1\LA\|2|LA <|2;M,1(|1)>LA ,

(C.12)
while for ¢ > 2 we find
<|17 /”L;(l% ceey |i+1)>LA -
_ (_1)1'2 sttt D250 la D255 la 320 Il o
X (ar,ag - aip1)a (Cr, (o, .o ligr))L
- (- 1)12”12“ a0 a3 sl Q;QIIkIL
> (_1)i+i(||1|L+|li+1|L)+“i+1|LZ |1 \L+I|z+1|AZ N \A
(C.13)
X (aiv1, a1 a)a Ligr, pi(lry - 0i))L
= (- 1) S Mttt S 15 S sla Y el
> ( 1)Z+l ||1|L+||z+1|L)+\|z+1|LZ N \|_+||1+1|AZ 1A %
X (— 1) 11l \A+“z+1|LZ;:1 ||j‘A+Z;:2||j|AZi;11 el o
X <Z+17 Mz(lh CI) |i>>LA ;
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and therefore

. i+1 +1 i+1 i—1
(_1)123:2||j\A+“1|L ZZ i1a+> 2" 5 ljla i:2|lk|LX
% ( 1>1+z(||1\L+||z+1|L)+\|z+1\LZ Il \LHhﬂlAZ Ly \A

i i i -1
% (_1>%Zj:1||j\A+\|i+1\LZj:1||j\A+Zj:2||j\A pp Ml

_ ( 1)Z+l(||1\LA+||z+1\LA)+||z+1|LZ Il |LA+||z+1|AZ Il \A
SEES) LU IR FUSD D7D Dy HIED DACTITIS ey

_ (_1)i+i(|l1\LA+I|i+1\LA)+|li+1|L 23:1 iles +lit1]a Zj-:l“j\A % (C 14)
% (_1)“1|L(||2|A+"'+“i|A+|Ii+l|A) %
% (_1)||1|L“2|A+(||1|L+|I2‘L)“3|A+'“+(“1|L+“‘+“i71|L)||i‘A X
% (_1)||2|L“3|A+(||2|L+||3‘L)“4|A+“'+(“2|L+"'+“i71|L)||i‘A+(||2|L+"'+“i|L)||i+1‘A

_ ( 1)Z+l(||1\LA+||z+1\LA)+||z+1|LZ Il |LA+||1+1|AZ§=1||1\A %
% (_1>I|i+1\A Z;zl l1jlL+2 Z;;ll Il Zzzjﬂ [k |a

— ( 1)l+l(||1‘LA"'“zH‘LA)H'ZH'LAZ |I ‘LA .

Altogether, we obtain the cyclicity
<|1, M;(b’ cee |i+1)>LA
(C.15)

_ (_1)z+1(\|1ILA+\IZ+1\LA)+\IZ+1\LA ijl IF11N <|i+17 ,Ué(lh o Ii)>LA

for ¢ € IN, as claimed.

C.2. Homotopy Maurer—Cartan theory

Bianchi identity. Let us verify the Bianchi identity (3.6) for the curvature f defined in (3.4).
To this end, recall the homotopy Jacobi identity (2.44c) for a gauge potential a € L;,

) (—1)3'(;)%“(%(@,...,a),a,...,a) ~ 0. (C.16)

J+k=i

Making use of (C.2), we rewrite

> <_Z.,1)iui+1(f, a,...,a) = Y (_1,)iuz+1(uj( .,a),a,...,a)

i>0 b >0 it
—~ ZZ > (= ()um(uk( .,a),a,...,a) = 0.
120 7 j4+k=i
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Let us prove the same statement using the ()-manifold morphism language, and in particular

formula (2.53),
1
QE = — 7Hi(§7"'a§) (C.18)
il
for £ =€*® 7, € (L[1])* ® L. We can evaluate this function on
e® == 14¢”
= 1+ sa+sa®sa+sa®sa®sa+--- (C.19)
= 1+sa+%sa®sa—|—%sa®sa®sa+~-- ,
for a € L. Since sa is even, no Koszul signs appear and we obtain
1
(Qf)(e(s)a> = - Z ﬂui(av s 70’) = _f . (CZO)
i1 v
This equation will prove very helpful. It also shows why the definition of f is so natural.
A first advantage of this alternative perspective is a trivial derivation of the Bianchi identity.

We compute

0 = (—=Q)(e")

- QZﬂMz(gvag)) (ega)

12— (1)
- Z <1)-!+Mi+1(Qf, &, ... ,f)) (e5%) (C.21)

i>0 t

= Z <_2;L)Z,uz+1(f<€)7 57 “ee 76)) (e(s)a)’

i>0

= Z (_ill)zﬂi-i-l(f)aa Tt ,CL) :

>0
Let us also give the coalgebra picture description, which shall be useful later on. Here, we

have
D(e") = Y 4Di(sa,...,sa) ©@e™ = sf®e™, (C.22)
i>1
because
sf = SZ%[%(G,...,G)
i>1
Ligi-1 .
= s s o Dios™(a,. ) (C.23)
i>1

= Z%Di(sa,...,sa) )

1>1
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The Bianchi identity follows here from D? as follows:

0= (s"to Pry iy © Do D)(e")

= (s'o Proip) © D)(sf ©e™) (C.24)
= Z (:;;l)zlui-l-l(fa a, ... ,Cl) .
i>1 b

Commutator of gauge transformations. We wish to prove (3.12). Using (C.2), we obtain

1
Oco0cr @ = Z i!—j!mﬂ(ujﬂ(a,...,a,c{)),a,...,a,cg)
zg>0
= Z Z < >M3+2 uk-ﬁ-l( .,CL,CE)),Q,...,(I,Co)
1>0 ]+k %
1

1—2
=> ‘ > (j_1>,uj+1(,uk(a,...,a,cg),a,...,a,co)

i>2 (1 —2)! k=i

1 1—2
— 27‘ > (k_1>uj+1(,uk(a,...,a,cg),a,...,a,co)

i>2 (i —2)! J+k=i

= 0¢0co0+
(1 —2
+Z Z(_l)J<. 2>Mj+1(,uk(a,...,a),a,...,a,co,cg)—i-
z>2 )]_Hg i -

- Z ) Z (_1)j (;:Z)ﬂjﬂ(uk(a, 0,y C)y Ay, @)

2>2
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1 /
3 (D missg(a @)oo ) + (C.25)

1
+ Z ﬁ#i—i—l(a? cee Q, ,uj+2<a7 -5 @, Co, 66>> )
i.7>0 17

where in the fifth step we have used the homotopy Jacobi identity (2.44c) for the elements

(a,...,a,co,cp),
1—2 ,
Z (_1) 9 /L]Jrl(luk( a)’a>"'va7COvCO)+
k=i J—
1 — 2 ,
— Z 1 /JLJ_’_I(ILL]C(GJ,7@,00),@,,&,00)"‘
Tk . (C.26)
+ Z ( 1>Mj+1(uk<a7"'7a706)7a7"'7a700>+
jt+k=i
1—2 ,
+ Z _9 ﬂ]+1(uk( ,a,CO,CO),CL,...,G) = 0.
jt+k=i
Hence, using the expression (3.4) of the curvature, we find (3.12):
[0cy; OcyJa = depa+ Z D'wirs(f,a,. .., a,co, cp) (C.27a)
’L>O
with
Z ,uH2 ey, Co, Ch) (C.27b)

z>0

A proof via the ()-manifold evaluation map £ is possible, but rather technical and not very

enlightening.

Gauge transformation of the curvature. The gauge transformation of the curvature is
derived using the Bianchi identity (3.6) on Q°*(Z,L),

0 = ¥ C 6020, .0

i>0

_ Z(_i!l)iuiﬂ(f(t),a(t),...,a(t))—l—

i>0

(C.28)

+&®{gﬂw—zf]?mHuwm@wuﬂwm@%

>0

= dt® {fftf(t) - Z (—i!l)z,ui-ﬂ(f(t)’ a(t>’ te 7a(t)7 C(t))} )

1>0
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from which we read off the gauge transformation of the curvature,

deo [ = 9 ft) = Z(_ﬂl)zuiﬁ(f,a,...,a,co). (C.29)

ot t=0 1>0

Alternatively, we can perform the direct computation using brackets. Upon making use
of (C.2), we find

Ocof = Z ,Uz+1 (6cpa, @ ..., a)

7,>0
1
- ijz>o leui—kl(uj—‘rl(aa - @, CO)7 a,... 70’)
= Z Z ( ):LLJJrl ,ukJrl( ,G,Co),CL,...,a)
120 j+k )
1 1—1
= Y . /“L'-i-l(ﬂ’k’(a?"'va?CO)va?'"7a)
NP )
= Z;' Z <i_1>Iuj+1(,uk(a,...,a,co),a,...,a) (C.30)
S -G \k—1
i 2 o (1 el )
= . . Hjr1(fela y @)y Gy ...y @y Co
i>1 (i — 1)!j+k:z J—1 ’
L,
— Z,—' (—1) o pimjra(pia, .. a),a, .. a, )
i>0 Z'jZO =]
_1)i
= Z %uwg(uj(a,...,a),a,...,a,co)
50 !
—1)¢
= (.|),ui+2(f7a7"'7aa CO) )
i>0 1.

where in the sixth step have used the homotopy Jacobi identity (2.44c) for (a,...,a,cp),

Z‘(—1)3'(2.,:Duﬂl(uk(a,...,a),a,...,a,co)+
1 —1 (C.31)
+ Z'(k_1>uj+1(,uk(a,...,a,co),a,...,a) = 0.

Altogether we recover (3.11).

Higher gauge transformations. In particular, consider a level 1 gauge transformation
between two level 0 gauge transformations. These are captured by gauge potentials on the
tensor product Q°(7%,L) with I? :== [ x [ and I := [0,1] € R. This time, we have the
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decomposition Q$ (7%, L) = €>=(1% L) & QY (1% Lo) & Q*(I1%,L_1) and hence, a € Q$(I?,L)

takes the form
a(t,s) = a(t,s) +dt @ cV(t,s) +ds @ P (t,s)ds + (At Ads) @ o(t, s) , (C.32a)

where (t,s) € I?, a(t,s) € €°(1%,L,), c M2 (t,s) € €°(I% L), and o(t,s) € €=(I? L_,).

The fact that a is a homotopy between homotopies is reflected in the boundary conditions
a(0,5) = a and cM(t,0) = c(t) . (C.32b)

The geometric shape underlying this homotopy between homotopies is not a square but a bigon
with a coordinate degeneracy in s at t = 0 and ¢ = 1. Therefore, we have to supplement the

above boundary conditions by
?(0,5) = @(1,5) = 0. (C.32¢)

Moreover, 25(72,L) decomposes as Q8(1%,L) = (12, Ly) & Q'(I%, L) ® Q*(I% L), and
upon imposing the partial flatness condition f € €>°(I% L), we obtain the level 0 gauge
transformation (3.10) with the gauge parameter ¢, := c(V)(0,0) € L, together with the level 1

gauge transformation

0 1
607100 = % C(l) (ta S) = Z 5/%4—1(@7 s @ C—l) ’ (C33)
t=s

=0 >0 7°

where ¢_; :=0(0,0) € L_;.
The derivation of level k gauge transformations from certain components of a partially flat

curvature on I**! makes it clear that this can be iterated further by considering Q°*(7%*1 L)

for k > 0. Ultimately, we obtain the level £ + 1 gauge transformation,

1
Oc o 1Cok = Y Z,—',uiﬂ(a, cey @y C 1) (C.34)

>0 77

for c_p € L.
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(Higher) gauge-of-gauge transformations Let us verify (3.16). Firstly, using (C.2), we
find

1
5C71 (5000‘) = Z 5/'%4*1 (CL, sy @, 507160)

120 7°

—1)¢
= Z( Z') /Li+1<567160,a,...,a)

i>0
(=1)
= Z Tﬂﬂi+1(uj+1(aa S Q, 071), a,... ,a)
3,520 ¢

1 %

i>0 U j=

1

(1
(=1) (j) fjs1(fijyr(as ... a,c1) 0, a)
0

' S (—1) (;: 11>,uj+1(uk(a, ey 0, C1), Ay, Q) (C.35)

i>1 (i —1)! k=i

1 o f1—1
= — —1)7 ; Gy.ooy@),Qy...,a4,C_
= (Z _ 1)| ]g;_z( ) <] _ 1>:u]+1(/~bk( ) 1)
1< i
= ZT (_1) . . Mi_j+2(/,bj(a,...,G),a,...,(l, C—l)
i>0 v j=0 L=

—_
<.

(1)
= i]zzjoi!ﬂMi+2(ﬂj(aa--->a),a7---,CL,C1)
—1)*
= (v')ﬂi-i-?(f?aa"'aaac—l) )
i>0 v

where we have used the homotopy Jacobi identity (2.44c) for (a,...,a,c_1) in the sixth step,

42'(—1)1‘6:11>,uj+1(,uk(a,...,a),a,...,a,c_1)+
Tk o (C.36)
+ > (—1)j<k_1>,uj+1(,uk(a,...,a,c_l),a,...,a) =0.

J+k=i

This establishes the first part of (3.16).

As for the second part, the gauge transformation (3.10) of a (odd degree) and the gauge-
of-gauge transformation of ¢y (even degree) make it clear how to extend this to ¢_;, for all
k € N. Indeed, a straightforward calculation shows that

—1)¢
5C—k—2 (5C—kflcfk) = Z ( il ) :uiJrQ(fv a,...,a, C*k*Q) . (C37)
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Covariant derivative.

definitions (3.10), (3.17), and (3.18) together with (C.2) to obtain
1

500 (V¢) = Z ﬁ Mi+2(660a7 a, . y ¢) ( ) |¢|L+1),Uzi+1 (6CO¢7
>0 7°
1
= Z ZT]' Mi-l—z(:uj-‘rl(a’ . ,CL,C()),CL, ,CL,QS) -
1,720 7J°
- (_1)i(‘¢‘L+l)Mi+1(:uj+2(aa -, @, Co, ¢)7 ..., a):l
= Z Z <>|:M]+2 /‘Lk+1< 7a’00)7aa "7aa¢)_
1>0 ]+k 7

- (_1)](|¢‘L+1)Nj+1 (,Uk+2<a7 -, @, Cp, QS)? a,... ,CL)]

Next, we verify (3.19) and (3.20). For (3.19), we make use of the

a, ..,a)]

1 1— 2
- Y . Hj (,U/k(aa -, a,C ),CL, -'7a7¢)_
; (i —2)! j—%c:—i <-7 - 1) s ’
1 el (¢~ 2
_Zm Z <_1) . /L]'Jrl(:uk(au .,CL,C(),(b),CL,...,CL)
i>2 " k=i J
1 71— 2
= —_— L (,uk(a , CO) >¢>
z<>2()
-2
_Z Z ( 1) (|¢|L+1)< >,u +1(Mk( .,a,co,gzﬁ),a,...,a)
z>2 2) Jt+k=i k=2 !
—2*1 S (0 a0 0) +
= : (2_2)‘j+k:z ]_2 Hj1\pela, ..., a),a,...,a,cCo,
2
+Z 2) Z ( 1)(]+1)|¢|L (k 1)“]4—1(”16( ) 7¢) ) Ay CO)
7,>2 jt+k=i
> g X ()5 w0 5+
= — , wii(pr(a, ... a),a,...,a,co,
i>2 (1 —2)! k=i J—2 T ’
1 Dl [T 2
+Zm Z (_1) _1 ,uj+1(,uk(af7 -~7a’7¢)7a‘7"'7a’700)
i>2 k=i J
1< i
= ZEZ(_D] (,]) /Lj+3(lu'i*j<a7 '7a)?a’>"'7a7607¢)+
i>0 ¥ j=0
+ ( 1)(34_1)'4)"_:“'+2(/“Li—j+1(a’7 <o @, ¢)7 a, -y @y CO>:|
1 .
= Zz‘j'[( D'pivs(pi(a,....a),a,...,a,¢co,¢)+
5,720 77
+(_1)i|¢|LMi+2(Mj+1(a’7'"aa7¢)’a7 .,CL,C()):| )
1
= ¥ | Dnata, 0, aco.0) -
4,520 77
_,uiJrQ(a .,CL,Co,,Uj+1(a,...,a, (b))] )

(C.38)
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where in the sixth step we have used the homotopy Jacobi identity (2.44c) for the elements

(a,...,a,co, ),

T (1) (?_2>uj+1(uk(a,...,a),a,...,a,co,¢)—

k=i J—2

- > <2_21>Mj+1(uk(a G,C0), @, -, 0, §) +

e , (C.39)
+ Z (_ (]+1)|¢|L (k 1)[’[/]—"1(#]9( "7a7 ¢)7a""7a7 CO)+
k=i
-2
+ Z 3oltD) (lf 2>Mj+1(lu’k(a7"’7a7007¢>7a7"'7a> = 0.
jt+k=1i
Hence, using (3.4) and (3.18), we obtain
CO ng = - Z [1’24—2 » @, Co, ng + Z HJH-S(f a,...,a,Co, Cb) ) (C40)
i>0 ! i>0 !
as required.
To verify (3.20), consider
9 1
Vo = 3 gpinla 0 V0)
>0
(_1)i\¢|L
= Z Tj'ui-‘rl(ﬂjﬁ-l(aa ceey @, QS)? Q, ..., CL)
1,720 £
- ZZ Z ]|¢|L<j>lu]+1(l’[’k+1( "aa7¢)aa7”-aa)
120 7" j+k=i
1 ol [0 1
- Zj Z (_1) . Mj+1(ﬂk(a7’"7a7¢)7a7”'7a)
i>1 (¢ )! k=i J
1 : 1—1
= —1)71l : .
iz (1= 1) j%::i( ) (k _ 1)“%1(/%(“’ ,0,9),a, ..., a) (C.41)
=y s (U ) a0)
- o~ (Z_1)|]+k:l ] 1 Mj'f‘l Hela g Uy oo ey Uy
1< i
= ;‘ (_1) i— :ui—j-f-Q(Mj(av"-aa)aaa-"7a7¢)

=0

1)
( T Mi_},.g(/,l/j(a,...,a/),a,...,CL,¢)
ilg!

_1)i
= Z" :ui+2(f7a7"->a7¢)7
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where we have used (C.2) in the third step and the homotopy Jacobi identity (2.44c) for
(a,...,a,¢),

3 (-1)1’(?‘ 1>,uj+1(,uk(a,...,a),a,...,a,¢)+

Sl j—1
T L (C.42)
. 7 —
+ Z <_1)J‘¢|L (l{? B 1>I’Lj+1(:uk(a7 sy Ay ¢)7 a... 7a) =0 )
k=i
in the sixth step. Altogether, we arrive at (3.20),
> (1)’
Vv ¢ = ZTMH-Q(faaa"wav ¢) : (C43)

i>0

L,.-morphisms and Maurer—Cartan elements. In the following, we explain formulas
(3.24a), (3.24b), and (3.25) in detail. As mentioned, one may be led to assume that ¢
should act on a gauge potential a as a’ = ¢;(a). However, this does not give the desired
compatibility with the L..-algebra structures. Instead, one should either regard the shifted
exponential® ¢ := sa+%sa®sa+%sa®sa@sa+- - in the coalgebra picture as the natural
invariant object, or, equivalently in the L.-picture, evaluate (2.57) at ¢; = --- = {; = a € L;.
Both approaches eventually lead to the following.

Coalgebra picture. Recall that a morphism ¢ : L — L’ corresponds to a morphism of
coalgebras @ : Of L[1] — Og L'[1] and satisfies D o & = ® o D. In the dual, dga-picture, we
have a morphism ®* : €>°(L'[1]) — €*°(L[1]) satisfying ®* o Q) = Q' o O*.

From equation (A.31), it follows that

@(ega) — <I>(sa+%sa@sa—f—%sa@sa@gaju..)
= ®j(sa) + 3P3(sa ® sa) + 1P (sa) © P{(sa) + 3;P3(sa © sa ® sa) +

(C.44a)
+ 105(sa ® sa) ® Dy(sa) + £P1(sa) ® Pi(sa) © Py(sa) + -
= e(s)a’ s
where
1
a = ; Egbi(a, co,a) . (C.44b)

1 This expression is used in the proofs in Appendix C.
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We can then use equation (C.22) to compute the curvature of a’ as

F = (5 oprgy 0 D)

(s™o Proytiy © D' o ®)(ey")

(s'o Ty Ly © ® o D)(e)?)

(s7to Pyt © P)(sf ®e*) (C45)

= s (Pi(sf) + 1P(sf @ sa) +...)

= Z (_!1)Z¢i+1(f7a7"'7a’) .

i>0 ¢

Furthermore, using equation (C.22), we can write gauge transformations as follows in the

coalgebra picture,

b0 = (st o Prey L © D)(sco ® de®®) . (C.46)
This allows us to compare different gauge orbits,

bga = s'o Prey! L[”D'(scg ©e*)

= sto DLyt Ly © D' o ®(scy ® e**)

» (C.47)
= 5 oPrgyl ) © ® o D(scy © e*?)
= s'o Pryt iy © P(s0ea © € + 500 © sf © ™),
and we conclude that
= >, ;@-H(a, ce,a,C) - (C.48)

>0 7°

L .-morphisms and Maurer—Cartan elements using brackets. Consider the defini-
tion (2.57) of a general L-morphism (L, u;) — (L', ii}) evaluated at (¢4,...,4;) = (a,...,a)
for a € Ly. Then, the left-hand-side of (2.57) becomes

‘ZA<_1)k<2>¢k+l(ﬂj(aa“'7a)7a7"'7a> =
e (1) X (C.49a)
= 4! Z Tﬂ(bklﬂ (l@!ukz(a,...,a),a,...,a> ,

ki1+ko=1
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while the right-hand-side reads as

1 1—kq z'—k:]_—---—k:j_2>
%
]z:l 7! k1+z—|;k =i (kl) ( ks ) ( k?j—1

xuj(gbkl(a coa), .o (a, . a)) (C.49b)

1 1
— zlz Z ,u;. <kl!gz5kl(a,...,a),...,k:'gbk].(a,...,a)>.

Jj= 1] kEi+-+kj=i
Hence, upon equating (C.49a) and (C.49b), we obtain

—1)kt 1
> (kl3¢k1+1 <k!llk2(a,...,a),a,...,a> —

k1+ko=1
1

1
Z . > (lﬁ!gbkl(a,...,a),...,W@Skj(a,...,a)).

j= 1] ki+-tkj=i

Thus, setting

Z (C.51)

z>1

and using the Cauchy product formula (C.3), we obtain from (C.50) the relation

Z(_Z.,l)l wi(fia,..a) = f1 (C.52a)
>0 :
where
fo=) leul( a) and f = Z ) (C.52b)

are the corresponding curvatures. Thus, we conclude that under L..-morphisms, MC elements
are mapped to MC elements.

Recall the formula (3.10) for gauge transformations,

a +— a+d,a with d,a = Z ,uz+1 ..,a,¢9) for ¢y € Lo (C.53)
z>0

We wish to study (C.51) under such transformations.

Generally, we have

Z ¢Z (@a+depa,...,a+ 0ga) = Z .. +Z gbzﬂ (Ogoa, @y ..., a)

Z>1 z>1 7,>0

(C.54)

=a’ =:Adad’
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To compute Ada’, we again consider equation (2.57) for a general L.,-morphism, and this time

we evaluate it at (¢1,...,¢;) = (a,...,a,¢) for ¢cg € Ly and a € Ly. The left-hand-side of
that equation becomes

5 [0t Jonttonaonaa +

j+k=i
+ (;_1>¢k+1(ﬂj( 7a7CO),a,...7a)] _

kit (C.55a)
= (i—1)! Z [Uil_l—)l)!(bklﬂ (l{;ub(a, ce,Q),a,. .., a, co> +

ki1+ko=1

1 1
+ H¢k1+l mqu(a,...,a,co),a,...,a ,

while the right-hand-side reads as

: 1 i—=1\[(i=1—k\ (i=1—ki—- =k
Z(J_l) k1+z+:k —z( ks )( ko > < kj-1 >><
><uj(qﬁkl(a,...,a),...,¢kj(a,...,a,co)) =

|
jz::l (‘7 o 1>' k1+'Z+:kj=i
<l (e 1a), (@), )
M ol [ (N ] ki1 a,...,a,(kj_l)! k; (@ ooy 0, Co
(C.55b)
Hence, upon equating (C.55a) and (C.55b), we obtain
o (5 )
kl%_il(kl_l)!gbkﬁl k2!uk2(a,...,a),a,...,a,co +
1 1
+ﬁ¢k1+1 m%(a,...,a,co),a,...,a -
-y T
Jj=1 (7= ) ky+etky=i
o A )
K ol nla, ..., a ""’qu! ki1 a,...,a,(kj_l)! ki (@0, Co
(C.56)
Next, we set
Z ¢z+1 NN (C.57)
’L>0
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and use (C.51) and (C.53), the definition

Z uz—i-l CL/ 06) ) (C58)

z>0

and the Cauchy product formula (C.3) to obtain

Gira(f ,a, Co) + Z ¢Z+1 (0gp@y @y ..., a) = 566(1’ (C.59)

>0 ' z>0

from (C.56). Upon comparing this with (C.54) we find

Ad = éga +Z ., 0, Cp) (C.60)
i>0
Consequently, for MC elements this reduces to
Ad = dga = Z gbz (a4 0coa, ..., a+0ca) = a' +dqa", (C.61)

7,>1
and, combining this with (C.52a), we realise that gauge equivalent MC configurations are

mapped to gauge equivalent MC configurations under L..,-morphisms.

A curvature identity. Let L be equipped with an inner product (—, —)_ and let f be the

curvature as defined in (3.4). We wish to prove that

(fifir = 0. (C.62)
Firstly, 1
o= z>:oi'7'<ul(a’ ) h5( a))L
N gozl‘ Zk:_ (;) (wila,...,a), p(a, ..., a))L, (C.63)

and therefore

Il
|
7
|
—_
SN—
.
VR
. .
S~
—
IS
=
<
Yo
=
<
—~
IS
SN—
S
s
S~—
S~
=

j=0
o (C.64)
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Hence,

1+ 1
Fiy, = <J+1> Mg+1 i ]( a)7a7"-7a)>L

_ (’“)MM b (a. . a)a, )
|

(C.65)
- < > <]+1>] <a7ﬂj+1(,ui—j(a’7‘"7a>7a7”‘7a)>L
= -1 i— [ I ’
Jg(f O [ O
where in the last step we have use the Bianchi identity (3.6). Therefore,
-1/
E+l = Z (] + 1) <:uj+l(aa SR >a)7 Mi*j<a7 s ,Cl)>|_
j , (C.66a)
i
— Z < ) (uila,...,a), pis1—j(a, ..., a))L .
=1 \J
However, from the first line of (C.64), we also have
(i1
Fi = ) < j )(,uj(a, ce @), pig1—j(a, .. a)) . (C.66b)
=1

Furthermore, for any A;; = A;; we have the identity

L+ 1 + 1 L+ 1 + 1
<Z+ >A1¢+<Z+ )AQi—1+"'+<Z.+ >A¢—12+<Z44_ )Au =
1 2 1 —1 {
(C.67)

P PR )

Hence, using the symmetry of the inner product we take A;; := (u;(a, ..., a), ui(a, ..., a)),
which implies that the sum in (C.66b) is twice the sum in (C.66a), that is,

Z (" ot : > sl @ = .

- 2; (;><Mj(a,...,a),mﬂj(a,...,a»L.

Consequently, we must have F;;; = 0 and so (f, f). = 0, as claimed.
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Becchi-Rouet—Stora—Tyutin transformations. Let us verify (4.54). Firstly, we have

QprsTa = Z k(e a )
7,>0
C.69)
1 (
(BRsTCO = — Z pivi(a ,a,C_1) + g,uim(a, ..., o, Co)
7,>O .
and so
2 1 %
(BrsTC = Z il [Nz‘—f—Q(QBRSTaa a...,a,co)+ (=1)' i1 (@prsreo, a, . . . »@)}
1 >0 7"
1
== Z ']' ,Uz+2(,u]+1( '7&760)7&"'>a760)+
>0
(Wi () an . a)
—1)?
- (2)Mi+1(,uj+2(au Ceey 0, C0,CO)5 s 7a>:|
= Z Z () /1’]+2 :uk)+1( 7aaco)7a7---,a,co)+
z>0 ]+k )
- (_]-) ,uj—‘,—l(ﬂ’k’-i-l(a') s @y C—l)? Q... 7a) -
(=1)
- T:uj-kl(/ubk—iﬂ(a? -+ @, Cp, CO)? Q... ,CL):|
1 1 —2
= T o\ . ,U‘+1(/Lk(&,...,a,Co),a,...,G,Co)+
§<z—2>!j§:,-<1—1> f
1
S T ( . )ujﬂmk(a,...,a,c_1>,a,...,a>—
1>1 k=i J
(—1)! (z —2)
_Z Z . N'-‘rl(uk(aw"7a700760)7a7"'70’)
l>2 2) ]—‘rk’ 7 2' ‘] ’
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1 1—2
= T o\ M'+1(ﬂk(a,...,a,60),a7...,CL,Co)+
TRl (S
—Z; > (=1 ! pivi(pw(a, ... a,c0),a,. .. a) —
= =D k=1
1 (—1)7 (i —2
_g;(/l_z)‘j—%:_z 9] (k_2>Nj+1(,uk(a7-'-7a700700)7a7"'7a)
1 , 1—1
= =) T —1)y7 7 ; Gy...,Q),Q,...,0,C_1)+
;(@_1)!j§:¢( ) <]_1>My+1(,uk( ) 1)
1 (=1) [i-2 (C.70)
+ 1§>:2 (Z N 2)| J—%:l 91 <] . 2>M]+1(Mk(a7 s 7@),&, s 7a760700>
1< il
- Z; (_]‘) ] [—uj+2(ui_j(a,...,a),a,...,a,c_l)—l—
i>0 v j=0

1
+ Eﬂj+3(ui—j(a7 cee 7a>7 a,...,a,cCo, CO):|

(1)’
= E Z"j' [_:uiJrQ(:uj(aa---7a)7a7"-7aac1)+
1,j>0 7T

1
+ §Mi+3(,u’j(a’7 s ,CL), a,...,a,Co, CO):| )
where we used the homotopy Jacobi identity (2.44c) for (a,...,a,co,cy) in the sixth step,
1 (1 — 2
5 <_1)]< 2>Nj+1<luk(a’"'7a)7a7"'7aa00700>_
" k=i J -

1—2
_ Z ( >/,Lj+1<,uk(a,...,CL,CO),CL,...,CL,CO)+ (C?l)

J+k=i k—1
1 fi—2
+ 5 Z (_1)j :ujJrl(/*Lk(a?'"7a700760>7a7"'7a) = 07
2!~ k—2
jt+k=i
and for (a,...,a,c_),

- (C.72)
+ > (—1)j<; 1>Iuj+1(,uk(a,...7a,c_1),a,...,a) =0,

J+k=i -1
respectively. Altogether, using the curvature f defined in (3.5), we arrive at

—1) 1
Q]Z_%RSTG = Z( i') [_Mi+2(f>aa“-aaac1)"—2‘,ui+3(faaa"'7a7007cﬂ> . (C.73)

i>0







Quasi-groups and higher principal bundles

D.1. Categories and Sheaves

Here, we just present a coincise exposition of some mathematical notions underlying many
constructions discussed in this Thesis. The following literature has proven to be useful for
studying this subject: [303,304] (category theory), [294,305,306] (algebraic geometry).
D.1.1. Categories

As seen along the Thesis, categories appear naturally in the study of higher gauge theory.
Here, we just recall the basic definitions to fix notation.

A category € consists of the following data:
e a collection Ob(%’) of objects,

e for each pair X,Y € Ob(%), a collection hom¢(X,Y") of morphisms from X to Y, also

called arrows,
such that
e for each object X € Ob(%), there is a distinguished identity morphism idx € hom¢ (X, X),

e for each XY, Z € Ob(%) and each pair of morphisms f € homy(X,Y) and g €
hom« (Y, Z), there is a morphism function o : hom (X, YY) xhome (Y, Z) — homy (X, Z),
defined by (f,g) — go f , called composition.

This data is subject to the following axioms:

213
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e for any f € homy(X,Y), we have foidy = f=idy o f,

e for each morphism f € homy(X,Y), g € homy (Y, Z) and h € homy(Z, W), we have

ho(gof)=(hog)of.

Given a category %, we define the opposite category €°P by Ob(%°?) := Ob(%) and
homyes (X, Y) := homy (Y, X), that is, €°P has the same objects as &, but the directions of
all morphisms are reversed. Here, for each X € €, the identity id¥ is given by idx, while
for each f° : X — Y and ¢°° : Y — Z, the composition g°P o f°P is given by f o g, for all
XY, Z €.

Examples. Useful examples of categories in our discussion are':

e Set, with sets as its objects and functions between sets as its morphisms.
e Top, with topological spaces as objects and continuous functions as morphisms.
e Man, with smooth manifolds as objects and smooth maps as morphisms.

e The category of complex manifolds, with complex manifolds as objects and holomorphic

maps as morphisms.

e The category of (complex) holomorphic vector bundles, with (complex) holomorphic

vector bundles as objects and (smooth) holomorphic bundle maps as morphism.

e Grp, whose objects are groups and whose morphisms are group homomorphisms. The
categories Rings of associative and unital rings and ring homomorphisms and Fields of

fields and field homomorphisms are defined similarly.

e Vect, with vector spaces over a field k as objects and k-linear maps as morphisms. For

our discussion, k = R, C.

A groupoid is defined as a category where all the arrows are invertible. For instance, a
group G is a groupoid with one object, namely it is the same thing as a category BG with
one object, Ob(BG) = {x}, in which the morphisms are given by {G}. Hence g : x — % is
considered as a morphism, the identity morphism is e € G, the composition is the composition

in G and morphisms admit an inverse, g7 : x — «.

1The following are concrete categories, those whose objects have underlying sets and whose morphisms
are structure-preserving morphisms between these sets.
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Functors. Besides the notion of categories, we shall need the notion of functors encapsulating
the notion of arrows between categories. A functor F': € — & between categories ¢ and &

consists of the following data

e An object F'(X) € 2, for each X € ¥,

e A morphism F(f) € homy(F(X), F(Y)), for each f € homy(X,Y), XY € ¥,

subjected to the following (functoriality) axioms

F(idx) = idp(x) and F(go f)=F(g)o F(f),

for all f € homy(X,Y), g € homg(Y,Z) and X,Y,Z € €. Hence, a functor consists of
a mapping on objects and a mapping on morphisms that preserves all of the structure of a
category. What we have just defined is a covariant functor. A functor F' : € — & is called
faithful (respectively, full) if the assignment homy (X,Y) — homy(F(X), F(Y)), f — F(f)
is injective (respectively, surjective). Let ¥ and 2 be categories. A contravariant functor
from € to & is a functor ¥°° — Z. For instance, given a vector space one can define the
so-called dual vector space functor. Explicitly, the functor (—)* : Vect;” — Vect;, carries a
vector space to its dual vector space V* = hom(V, k). A vector in V* is a linear functional
onV, i.e., alinear map V — k. Such a functor is contravariant: a linear map ¢ : V. — W is
sent to the linear map ¢* : W* — V™ that pre-composes a linear functional ¢ : W — k with
¢ to obtain a linear functional o ¢ : V. — W — k. Another useful example is the following.
Let G be a group and ¢ a category. The functor F' : BG — % defines an action® of the group
G on an object X € ¥. Indeed, F' : BG — % specifies an object X € ¥, together with an
endomorphism ¢, : X — X, for each g € G. This assignment satisfies h.g. = (hg)., for all
g,h € G and e, = idx, where e € G is the identity element. Specifying ¢ = Vecty, the object
X endowed with such an action is called a G-representation. Similarly, for ¥ = Set we obtain
a G-set, while for 4 = Top one gets a G-space. Another example is given by the functor
H™ : Top®® — AbGrp from the opposite category of topological spaces to the category of
Abelian groups. For each n € N, the functor H™ assigns to a space its nth cohomology group.
Its relevance will be clear in the next Section. Moreover, for every functor F' : € — & there is
a functor €°P — 2°P, called opposite functor. We note that the composition of two functors
is a functor. If both are covariant or both are contravariant the composition is covariant, while

if one is covariant and one is contravariant the composition is a contravariant functor.

!Notice that the action specified by BG — % is a left-action. A right-action is a functor BG® — %
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D.1.2. Sheaves

Pre-sheaves and sheaves are two of the indispensable tools used in some of the more advanced
parts of algebraic topology and algebraic geometry. Roughly speaking, pre-sheaves can be
seen as a way of packaging local information about a topological space in a way that is
mathematically useful, while sheaves allow to locally attach data to any open subset of a

topological space and glue together such local data to obtain something global.

Let X be a topological space. A pre-sheaf P of Abelian groups® over X is the association
of an Abelian group P(U) to every open subset U C X together with morphisms, called the
restriction maps, ¥ : P(U) — P(V), for each pair of open sets U,V with V C U. These
groups and morphisms satisfy rli, = rl, o ¥, for W C V C U, r{ is the identity map and
P(@) = {0}. The elements s € P(U) are called sections of the pre-sheaf P on U. Put
differently, a pre-sheaf is a contravariant functor from the category whose objects are the open
subsets of X and the morphisms are the inclusions of open sets, to the category AbGrp of

Abelian groups.

In many situations it is desirable to reconstruct global information by gluing together pieces
of local data. This local-to-global property is made precise by introducing a sharper notion,
that of a sheaf. Explicitly, let U C X an open subset and {V,},c4 an open covering of U. A

pre-sheaf P over X becomes a sheaf if the following conditions are satisfied:

(i) Sections are determined by local data: Given two sections s,5 € P(U) such that

r (s) =71l (5) foralla € A, then s =5 .

(i) Compatible local data can be patched together: Given any family (s,)aca with s, €
P(Va), if 712y, (Sa) = r“meVb(sb), then there exists s € P(U) such that 7, (s) = s, for

all a € A.

A morphism of (pre-)sheaves ¢ : S — S’ over X consists of a family of morphisms of

Abelian groups ¢y : S(U) — S'(U), for each open U C X, commutating with the restriction

For a definition involving non-Abelian groups see e.g. the discussion in [237]. Pre-sheaves of rings (or
set, vector space, R-module, etc.) are defined in the same way, by requiring that the restriction maps are ring
(set, vector space, R-module, etc.) morphisms.
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morphisms; i.e., the following diagram commutes

S(U) —2 s(U)
lr‘[f W (D.1)
S(V) —2 SV

Two sheaves S and S’ are isomorphic if there exist some sheaf morphisms ¢ : S — S’ and
1 : 8" — 8 such that ¢p o) =id and 1) o ¢ = id.

Examples. The following examples are useful for our purposes:

e Let M be a smooth manifold*. Smooth functions on M form a sheaf, denoted by
C>°(M). Also, the smooth p-forms 2*(M) form a sheaf.

e Let X be a complex manifold. Holomorphic functions on X form the sheaf Ox and

smooth (p, q)-forms QP7(X) on X is a sheaf.

e Let £ — X be a holomorphic vector bundle over a complex manifold X. Holomorphic

sections of E on X is a sheaf, denoted by Ox(E).

Turning a pre-sheaf into a sheaf. There exists a well-behaved procedure for converting a
pre-sheaf P to a sheaf S on a topological space X. Such a procedure is called sheafification,

see e.g. [307] for a clear explanation.

Definition D.1. The stalk of a pre-sheaf P at a point x € X is the Abelian group

Py = lim P(U) , (D.2)
U

where U ranges over all open neighbourhoods, directed by inclusion.

Remark D.2. Let us recall the definition of direct limit. Let I be a partially ordered set, such
that for each pair of elements i, j € I there is a third element k such that i < k and j < k (I
is called a directed set). Given such an I, we consider a family of Abelian groups {G};cr such
that for all i < j there is a group morphism f} : G; — G, with f! = id, and flo fi=fi

Then, on the set & = | |;c; G;, where | | denotes the disjoint union, we consider the following

!Recall that in Chapter 2, we have used the interpretation of a manifold M as a locally ringed space,
which is a topological space |M| together with a sheaf of commutative rings on it.
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equivalence relation: for g € G; and h € G; we say g ~ h if there exists a k € I such that
filg) = fl(h). The direct limit of the system {G,}:c;, denoted by

lim G; (D.3)

el

is defined as the quotient &/ ~. For more details, the reader may consult cf. [182].

If 2 € U and s € P(U), the image s, of s in P, via the canonical projection P(U) — P, is
called the germ of s at z. Two elements s € P(U), s € P(V), for U,V open neighbourhoods
of x, define the same germ at z, i.e. s, = s., if and only if there exists an open neighbourhood
W C UNV of x such that s and s’ coincide on s|y = s'|y. One can naturally associate with
P a sheaf having the same stalks. One considers P := Lyex Pz (called the étalé space) and
the natural projection P — X. Sections s of P give rise to sections §: U — P of 7 defined
by 3(z) = s,. Then, we define a new pre-sheaf P* by taking P*(U), for U C X, to be the
group of sections o : U — P of 7 such that, for every x € U, there is an open neighbourhood
V C U of x satisfying oy = s, for some s € P(V). P* is called the sheaf associated with
the pre-sheaf P.

A subsheaf of a sheaf S over a topological space X is a sheaf &’ over X such that §'(U)
is a subgroup of S(U) for any open set U C X. The restriction maps on S’ are inherited from
the ones on S.

Let A be a sheaf of rings on a topological space X. A sheaf S of modules over A is said
locally free and of rank r if S is locally isomorphic to A®" on a neighbourhood of every point.
Hence, for every € X one can find a neighbourhood U C X and sections sy, ..., s, € S(U)

such that the sheaf homomorphism

st Ay = Slu, AT 3 (ar,...,a.) = D a;jsj. €S, (D.4)

1<j<r
is an isomorphism. The notion of locally free sheaf is related to the notion of vector bundle.
Given a rank 7 vector bundle £ — X over a manifold X, the sheaf of sections (which is
an Ox-module) is a locally free sheaf of rank r, S|y, = OF, for {U;} an open cover of X.
Isomorphism classes of locally free sheaves of rank r over X are in one-to-one correspondence
with isomorphism classes of vector bundles of the same rank over X. Hence, these two terms

often are used to indicate the same object.

!Notice that in general the morphism P — P*% is neither injective nor surjective.
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A sequence of morphisms of sheaves 0 — & ER S, % 83 — 0 on a topological space X
is exact if, for every point x € X, the sequence of morphisms of stalks 0 — &y, ELN Soe L
S3, — Ois exact, i.e. ker f, = img, for all x € X. Notice that, if 0 - & =+ Sy — 53 — 0 is
exact for every open subset U C X, the sequence of groups 0 — S;(U) — Sy(U) — S3(U)
is exact, but the last arrow may fail to be surjective. In particular, exactness implies that f is
a monomorphism and g is an epimorphism and the image of f is equal to the kernel of g.

Associated to any complex manifold X!, we have the following short exact sequence of

sheaves

0—7Z 4 Ox 2% 05 —0 (D.5)

called the exponential sheaf sequence. Here, 7 is the constant sheaf with stalk the integers,
while Ox and O% denote the sheaf of holomorphic functions and the subsheaf of non-vanishing
holomorphic functions on X, respectively. The map ¢ is the obvious inclusion, while the

exponential map exp is defined by the homeomorphism
exp: Oy — Of : frs ™ for feOy, UCX. (D.6)

That 7Z is the kernel of exp is immediate, and exactness of the sequence at O follows from the
fact that X admits a cover by contractible open sets, over each of which any non-vanishing
holomorphic function has a logarithm, which is unique up to a constant of the form 27ksi,
kelZ.

D.1.3. Cohomology of sheaves

We shall now describe a cohomology theory which associates cohomology groups to a sheaf
on a topological space. As clearly emerges in Chapter 6,7, sheaf cohomology plays also an

important role in the twistor framework.

Cech cohomology. To begin with, let P be a pre-sheaf over the topological space X with

an open covering l. We assume &l is labelled by a totally ordered set I and we define

Uig, - iq

= U, N---NU;

iq

(D.7)

1\We shall discuss complex geometry in the Appendix.
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The Cech complex of $I with coefficients in P is defined as the complex whose p-th term is

the Abelian group
Cq(il, P) = H P(Uio,---,iq) . (D8)

ig<-<ig
Hence, a g-cochain is a collection f = {f;,...i,} of sections of P, each one belonging to the
space of sections over the non-empty intersection® of ¢ + 1 open sets in {{. Then we define

the coboundary map (the Cech differential)

g0 CULLP) — CITHYU, P) (D.9)
by the formula®
q+1 .
(6qf)7;07"'7iq = Z(_l) fio,---,%k,---,iq_'.l U’iO,-<»,iq+1 N (D]'O)
k=0

It follows that 6, 0 ,_; = 0. The corresponding cohomology groups are
HI(U, P) = ker(d,)/im(dy—1) , q¢>0. (D.11)

As usual, elements of ker(d,) are called g-cocycles, while elements of im(d,—1) are g-boundaries.

The direct sum

H* (U, P)=EP HIELP), (D.12)

q>0

is called the Cech cohomology of Ll with coefficients in P.

The cohomology groups H* (4, S) with coefficients in a sheaf S over X are then defined
as the cohomology groups with coefficients in the canonical pre-sheaf of S. If S is a sheaf
over X, the following result holds: the cohomology group H°(4, S) is naturally isomorphic to
the group S(X) of sections of S over X.

The result depends to some extent on the choice of covering LI, but for a good covering
this dependence disappears. This is achieved by defining a notion of refinement on covers and
by taking direct limits, as we shall briefly show. An open covering U = {V;};c; of X is a

refinement of an open covering { = {U, };c; if each Vj is contained in at least one U;.> Two

INotice that, since the indexes of the open sets are taken in strictly increasing order, each intersection is
counted only once.

2Here, the roof over a symbol means that the symbol is to be omitted.

3The order must be fixed at the outset, since a cover may be regarded as a refinement of another in many
ways.
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open coverings are cofine if each is a refinement of the other. Given 4,0, there is a natural

group homomorphism (induced by the restriction mappings of the sheaf S)
hy : H1(U,S) — HY(,S) (D.13)

One can define the Cech cohomology groups depending only on the pair (X,S) and not on
the covering by

—

HY(X,S) := lim HI(L,S) , (D.14)
U

which we call the ¢-th Cech cohomology group of X with coefficients in S. Here, the direct
limit is taken over a cofinal subset of the directed set of all covers of X (the order is of course
the refinement of covers). Notice that the groups H?(X,S) are well-defined, as different
cofinal families give rise to the same inductive limit.

Cech cohomology is well-behaved when the base space X is paracompact. See e.g. [294,305]
for details. Recall, that a topological space X is paracompact if it is a Hausdorff space and if
every open covering of X has a locally finite refinement. Here, we just mention the following

useful definitions.

Definition D.3 (Direct image sheaf). Let X,Y be topological spaces and f : X — Y a
continuous map. The direct image by f of a pre-sheaf P on X is the pre-sheaf f,P onY
defined by (f.P)(V) = P(f~*(V)), for every open subset V C X. If S is a sheaf on X, then

f«S turns out to be a sheaf.

Definition D.4 (Inverse image sheaf). Let P be a pre-sheaf on Y and f : X — Y a
continuous map. The inverse image of P by f is the pre-sheaf on X defined by

U— lim PV), (D.15)
ucf—(v)
for any open subsets V C Y. For S a sheaf on'Y, f~'S is the sheaf on X associated with

the inverse image pre-sheaf of S.

Note that the stalk at a point x € X of the inverse image pre-sheaf is isomorphic to
Prz)- Hence, the sequence of sheaves 0 =+ &' -+ S — &” — 0 and the induced sequence
0— f 18 — 18 — 18" — 0 are both exact.

Moreover,



222 D.2. Quasi-groups

Definition D.5 (Acyclic sheaf). A sheaf S of Abelian groups on a topological space X is said
to be acyclic if H1(X,S) = 0, for ¢ > 0.

Let S be a sheaf over X. If an open cover 4 of the topological space X is suitably
chosen, the Cech cohomologies H* (41, S) and H*(X,S) are isomorphic. The following theorem
establishes a sufficient condition for such an isomorphism to hold. We say that an open cover
U = {U;}ier of a topological space X is acyclic for a sheaf S if H¥(Uj,,.. ;,,S) = 0 for all

q > 0 and all nonvoid intersections Uy, ;, = Ui, N+ Uy, dg, ..., 0y € 1.

D!

Theorem D.6 (Leray’'s theorem). Let S be a sheaf on a paracompact space X, and let &l
be an open cover of X which is acyclic for S and is indexed by an ordered set. Then, for all

q > 0, the cohomology groups H(\, S) and HY(X,S) are isomorphic.

For a proof see e.g. [294, 305].

We recall that, when X is a paracompact topological space, any exact sequence of sheaves
0—8& —8& — S —0 (D.16)

induces a corresponding long exact sequence of Cech cohomology groups according to

O—>HO(X,81) —>HO(X782) —>HO<X,83)
— HY(X,S) — HY(X,S;) — H'(X,S3) (D.17)
— H*(X,S)) — H*(X,8;) — H*(X,S3) — -

We mention that, using the notion of flabby sheaves one may define a cohomology theory
which is well-behaved (e.g., it has long exact sequences in cohomology) on every topological
space, not just on paracompact ones, cf. [308]. Moreover, regarding the comparison with other
types of cohomology, it turns out that, even if in general Cech cohomology of a space can
differ from singular cohomology, in case of manifolds they agree. Moreover, Cech cohomology

of the constant pre-sheaf R x also agrees with de Rham cohomology.

D.2. Quasi-groups

Along the thesis we have discussed L..-algebras as higher generalisations of Lie algebras. Now
we want to face the question about their finite counter parts. As Lie algebras integrate to Lie

groups and, vice-versa, Lie groups differentiate to Lie algebras, analogously the finite counter
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part of an L..-algebra is equivalent to a so-called quasi-group [140, 309, 265]. However, it
turns out that this problem in the context of L. —algebras is rather involved. To define a
quasi-group one needs the rather involved machine of simplicial geometry. Hence, we first
provide a brief, elementary introduction into the rich topic of simplicial sets, which are a
combinatorial substitute for topological spaces. Our treatment of the subject will be very
concise and we closely follow [43]. For a more extensive and nicely illustrated introduction to
simplicial sets and simplicial homotopy we refer the interested reader to [310,103] or the text
books [311-313].

D.2.1. Simplicial manifolds

Let us recall the definition of simplicial sets in terms of the simplex category A. This is the
category whose objects are finite ordered sets [p] := {0,1,...,p}, for p € Ny, and whose
morphisms are order-preserving maps [p] — [p']. The morphisms of A are naturally generated

by the coface maps ¢! and codegeneracy maps 6%, which are given by

¢, :[p—1] — [p] & :[p+1 — [p]
Qe———0 Qe———0
1_°—>—fl 1°—>—°1
P e 1 -;;7~ (D-18)
i‘\\:z ’L—l—l
v+ 1 z+2
— p
\p p+ 1/
Indeed, any order-preserving map ¢ : [p] — [p'] can be decomposed as
¢ =, 0---0py 008,000, | (D.19)

withp+m-—-n=p,0<i; < <i, <pand0<j <--- < j, <p. Moreover, the

objects in A have a geometric realisation in terms of the standard topological p-simplices

p
|Ap‘ = {(to, .. tI,) € ]R,erl‘ th =1 and tl > O} . (D20)
=0

This is realised by means of the functor A — Top, defined on objects by

[p] = |AP] (D.21)
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and on morphisms by

([p] 2, [p’]) = ( A= 471 ) , (D.22)
(for -5 tn) = (Do bin 0 Dy 1)

with Top being be the category of topological spaces. Thus, the injection |AP| — |APT!, in-

duced by the coface map ¢?, inserts a 0 in the i-th coordinate (%o, . .., t,) — (to, ..., ti—1,0,t;, . ..

Geometrically, it inserts |AP| as the i-th face of |AP*!|. Analogously, the codegeneracy
map &7 induces the projection |AP| to the i-th face of |AP~!|. Explicitly, this is given by
(to,..-ytp) = (to, ..., ti +tiv1,...,t,), collapsing together the vertices i and i + 1.

As usual, by A°P we denote the opposite of the simplex category, which we recall is the
category formed by the same objects, but reversing the morphisms, i.e. interchanging the
source and target of each morphism. Moreover, let Set be the category of sets. We define a
simplicial set as a Set-valued pre-sheaf on A, that is a contravariant functor 7 : A° — Set.!
This tells us that J# is a collection of sets ¢ = {77, },en,, where we have defined .77, :=
€ ([p]), called the simplicial p-simplices. Coface and codegeneracy maps translate into the
face maps ! .= A (¢Y) : A, — H,_1 and the degeneracy maps df := 5 (07) : 7, — 11,

respectively. These are subject to the simplicial identities

fiofj:fj—lofi for Z<], diodedj_Hodi for ’LS],
flOd] :delon for Z<], fzodj :d]Of,L,1 for ’l>]+1, (D23)
fZOdZZId: j+10di .

These identities follow immediately from similar identities for the coface and the codegeneracy
maps. Note that the last line of (D.23) implies that the face maps are surjective and the
degeneracy maps are injective. In the following, simplicial sets shall be depicted by writing

arrows for the face maps as
{...g%gg;g:;%}_ (D.24)

Note, that replacing Set by the category of groups Grp or the category of (Frechét) manifolds
Mftd, one defines simplicial groups or simplicial manifolds, respectively.
Having defined simplicial sets, let us now move on to maps between them. Morphisms of

simplicial sets, also known as simplicial maps, are natural transformations between the functors

INotice that, unlike other (pre-)sheaves, the special pre-sheaves forming simplicial sets and simplicial
manifolds are denoted by calligraphic letters 52, %, . ...
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defining the simplicial sets as pre-sheaves. Explicitly, given two simplicial sets 77 and 7¢”, a
simplicial map g : J# — " is defined as the collection of maps ¢” : .7, — ¢, commuting
with the face and degeneracy maps on . and . Simplicial sets together with simplicial
maps form the category of simplicial sets sSet. It can be also defined as the functor category®
Fun(A°P Set). In general, given an arbitrary category &, a simplicial object in € is a functor

A°P — €. For instance, the category of simplicial manifolds is Fun(A°P, Mfd).

Examples. An important example of a simplicial set is given by the standard simplicial p-
simplex AP, which is given by homa(—, [p]) : A%® — Set. We have AP = {AP} c, where
Al := homa([q], [p]) are simplicial g-simplices in AP. Whenever such a map is injective it
is called a non-degenerate simplicial simplex (degenerate otherwise). One can show that this
is unique and given by the identity at [p], while all simplicial simplices for ¢ > p in AP are
degenerate. Via the Yoneda lemma (see e.g. [303], Chapter 4 for a proof), there is a bijection
between any simplicial map A? — AP and a morphism [p] — [p/] in the simplex category.

The Yoneda lemma also implies the bijection

J, = hom (AP, ) (D.25)

sSet (

for any simplicial set 7.

Products of simplicial sets. We observe that sSet is a symmetric monoidal category. In
particular, it comes with a product. Indeed, given any two simplicial sets .77 and .77, we define
the product .7 x 7' to be the simplicial set with simplicial p-simplices (€ x "), := H;, x
;) together with the face and degeneracy maps acting as f0x A (p, @) o= (2, 7" 2))
and d/""" (z,,2)) := (4} z,,d7"2)), for all (z,,2!) € (S x H).

Given the product, we define the following. For J#, " as before, the object hom(77,
'), called the internal hom, is the simplicial set with simplicial p-simplices hom,, (77, 7#) :=

hom_ (AP x 2, 7") and face and degeneracy maps given by

. (Apxjféjf’) — (Ap—l x%MAPx%L%/) ,
(D.26)

di-’:<Apxifi>fﬂ)r—><Ap+1xijApx%i>yﬂ> .

1Given categories ¢, %, the functor category Fun(%, %) is the category whose objects are functors
F : ¥ — 2 and morphisms given by natural transformations between these functors. See e.g. [303, 304]
for details.
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Hence, simplicial 0-simplices hom (77, #") are the simplicial maps between .7 and 77"

Invoking again the Yoneda lemma, one has the isomorphism
homgset (AP X A, ") = homgse (AP, hom (2, 7)) . (D.27)
This can be generalised further to'
homgset (S x A, ") = homser (', hom(#, A7) | (D.28)

for any simplicial sets 7, 7" and " .

D.2.2. Simplicial homotopy theory

Let us consider now two simplicial sets 7, 5’ and two simplicial maps ¢, § between
them. A simplicial homotopy between them is defined as an element h € hom, (7, ") =
homgse: (Al x 7, 7#"') such that the following diagram commute

A x 0=
Lﬁ%xid% 9
A x o — 5 (D.29)

¢(1)><id%a1\ /

A° x =2

An equivalent description of simplicial homotopies that will be useful to us later is the following.
Using (D.28), a simplicial map i € homse. (7, hom(A', 7)), which is a collection of maps
W = (h}) : A, — hom,(A', ") with b} : H;, — ), fori =0,...,p, is a simplicial
homotopy between the simplicial maps g% := f5™ o b} = #, — A and g, = fgj:ll o hb :
H, — ). In this spirit higher simplicial homotopies will be elements of hom,, (7 x ") =
hom__ (J#, hom(A*, ")), for k > 2.

Particularly important simplicial sets are the horns of the standard simplicial p-simplex.
Recall that, given a simplicial set ¢, the simplicial simplices of % can be given by the
standard maps (D.25) from AP to s#. We call the simplicial subset of AP generated by
the union of all faces of AP, except for the i-th one, the (p,i)-horn of AP and we denote it
by AP. Since all the horns A? of AP arise by removing the unique non-degenerate simplicial

p-simplex from AP as well the i-th non-degenerate simplicial (p — 1)-simplex, they can again

'Hence, hom is the right-adjoint of the product in the category sSet.
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be completed to simplicial simplices. If the horns of a simplicial set can be filled, we say
that certain Kan conditions are satisfied. In particular, note that the horns homgse (A?, 77)
of a general simplicial set 7 may not always be completed to simplices homgsei (AP, 7).

Whenever for any horn \ : A? — J# there exists a simplicial map 6 : AP — J, such that

A
A ——

j / (D.30)

yANS

is commutative, we call 7#” a Kan simplicial set. This can be rephrased by saying that the

natural restriction mappings
homgset (AP, ) — homgser (AL 7)) (D.31)

are surjective for all p > 1 and 0 < i < p. Moreover, a Kan simplicial manifold is a simplicial
manifold so that the above restrictions are surjective submersions. We shall denote the category
of simplicial manifolds by sMfd := Fun(A°P, Mfd).! Also, the internal hom hom (7, 7#") is
Kan whenever 7" is Kan.

Each small category? comes with an associated simplicial set defined as follows. The nerve
N(%) for a small category % is the simplicial set N (%) : A% :— Set, whose simplicial p-
simplices are N,(¢’) = Fun([p], ¢). Any ordinary manifold, interpreted as a constant simplicial
object, is a Kan simplicial manifold. As a further relevant example of Kan simplicial manifolds,
we define the Cech groupoid. Recall that a groupoid is a small category in which every
morphism is invertible. Consider two manifolds X, Y and a surjective submersion ¢ : Y — X.
The fibre product of Y with itself over X is denoted by Y x x Y := {(y1,y2) € Y xY|op(y1) =
d(y2)}. The Cech groupoid € (Y — X) is the groupoid Y xx Y = X with pairs (1, 1)
for y1,y, € Y satisfying ¢(y1) = ¢(y2) as its morphisms. Finally, the Cech nerve is defined
to be the nerve of the Cech groupoid, which can be shown to be a Kan simplicial manifold.

Explicitly, this is the simplicial set

NEY 5 X)) ={ Y xxVxxV Y xx ¥V =3V} (D.32a)

LA simplicial manifold is a sMfd-valued pre-sheaf on A.
2Recall, a category % is called small if the collections Ob(%’) and hom(%) are sets. Otherwise, € is called
large.
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with face and degeneracy maps defined by

fzp g ee ey = e Ui 1y Yty ...y y
(Yo Yp) = (Yo Yio1, Yir1 Yp) (D.32b)

dY (Yo, - Yp) = Yoo s Yim1s Yir Yis - - -5 Yp) -

D.2.3. Quasi-groups and L. -algebras

We observe an important fact, which will come in handy when discussing higher principal
bundles. If 57" is a Kan simplicial set the simplicial homotopy always induces an equivalence
relation on homgset (727, 7"), even if in general that is not true.

Let us now give some definitions. Kan simplicial sets are known as quasi-groupoids and
Kan simplicial manifolds as Lie quasi-groupoids, respectively. Moreover, a Kan simplicial
set (manifold) is called a reduced (Lie) quasi-groupoid, if there is only one single simplicial 0-
simplex. We shall see in the following how these objects, which are higher versions of groupoids,
describe the gauge structure of simplicial bundles. Following the delooping hypothesis, we
identify reduced (Lie) quasi-groupoids with (Lie) quasi-groups. It was shown by Quillen [314]
that the categories of (Lie) quasi-groups and simplicial (Lie) groups are equivalent. Finally,
we shall speak of (Lie) n-quasi-groups whenever all the (p,i)-horns for a (Lie) quasi-group can

be filled uniquely for all p > n.

Differentiation of Lie quasi-groupoids. In this paragraph, we briefly comment about
differentiation of Lie quasi-groupoids. This notion allows to endow higher principal (groupoid)
bundles with connections. We follow the ideas of [140] and we invite the interested reader to
consult [315,103] for more details on the subject. We observe that, via the forgetful functor,
Z-graded manifolds may be mapped to Z,-graded manifolds, known as supermanifolds. We
let SMfd be the category of (Frechét) supermanifolds." Moreover, denote by SurSub the
category of surjective submersions Y — X between supermanifolds Y and X as its objects

and morphisms such that
Yi — Y

l l (D.33)

X — X,
are commutative for surjective submersions Y35 — Xj5. As before, we set sSMfd :=

Fun(A°P,SMfd) and call it the category of simplicial supermanifolds.

1SMfd is the category of Zj-graded manifolds together with morphisms of Z,-graded manifolds.
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Since the nerve N of the Cech groupoid of an object in SurSub is an object in sSSMfd, any
object 7 € sSMfd can be used a to define a Set-valued pre-sheaf

homgsmisd (N (=), ) : SurSub® — Set (D.34)

on SurSub. Now, in analogy to the well-known construction in differential geometry, we call
k-jets of 7 the linearisation of this pre-sheaf. We define SurSubj, to be the subcategory of
SurSub whose objects are surjective submersions of the form X x R* — X . We have the

identification

homsyrsub, (X1 X R — X1, XoxRY% — X5) 22 homgspra (X1, X2 ) x homgea (X1 xRO* ROF) |
(D.35)
Hence, a pre-sheaf on SurSub, is equivalent to a pre-sheaf on SMfd together with an action
of hom(R%* RY*). We shall denote this by SMfd;. For instance, sSMfd, is the category of
@Q-supermanifolds since the action of hom(RR%*, R%") corresponds to the action of the vector
field Q. Following Severa [140], for any pre-sheaf of SurSub we may consider its restriction
to SurSubj, to obtain a pre-sheaf of SMfd. We call the latter the k-jet of the pre-sheaf on
SurSub. In addition, the k-jet of a simplicial supermanifold .77 is the k-jet of the pre-sheaf
homgsmea (N (=), F).
Again, following [140,103], one can see that taking the 1-jet of a quasi-groupoid turns out
to be the appropriate higher version of the differentiation of a Lie group to a Lie algebra. In

particular, the 1-jet of a Lie quasi-group is an L..-algebra. Explicitly, letting

G ={ Sh=G% = (D.36)

be a Lie quasi-group with face maps ¥ and degeneracy maps d?, the 1-jet of ¢ is parametrised
as [103]

—k
L[1] = @ Le[1] with Lg[1]:= () ker (f1;5)[1 k], (D.37)
k<0 i=0
where !, denote the linearisation of f/. Moreover, pi1|L, ;1) = fi=F . and the products y; for
¢ > 1 are given in terms of the j-th order derivatives of the face maps with j <.

Proving the converse is a much more problematic as it involves topological questions.

However, it can be shown that every L..,-algebra integrates to a Lie-quasi-group [309, 265].



230 D.3. Higher principal bundles

D.3. Higher principal bundles

Since we are interested in studying higher gauge theory we need to define connective structures
on higher principal bundles with quasi-groups as their structure groups. We present a rather
straightforward approach to the computation of all the kinematical ingredients to corresponding
higher gauge theories given by higher Deligne cocycles and coboundaries. The subject has been
extensively studied in the past and we refer to e.g. [316,22,5,20,21,6,317,157,100, 23, 263,
101,318,102, 103] for details.

D.3.1. Principal ¢-bundles

Let us consider a Lie group G. We recall that the Lie groupoid" is defined as its delooping
BG = G = . Here, the source and the target maps are trivial, id, = 1¢g and the composition
is just the group multiplication in G. Because it is a category, we can consider the nerve
N(BG) of BG. This is the simplicial manifold

NBG):={=HG6xGC=G=x}, (D.38)

with the obvious face and degeneracy maps. In addition, recall the Cech nerve (D.32) for a
subjective submersion & — M given by a manifold M subordinate to an open cover i :=

UaealU,. In the simplicial language we have the following

Definition D.7. Let G be a Lie group. A principal G-bundle over a manifold M subordinate

v

to the cover i := U,ecaU, is a simplicial map g : N(¢ (4 — M)) — N(BG).

The simplicial map g is a collection of maps ¢” : Np(ﬁf(ﬂ — M)) — N,(BG) explicitly
given by

9a(@) == g"(z,a) = *,
gab<$) = gl(x’% b) €G ) (D39)
gabc<x) = g2(.1',&, ba C) = (gclbbc(x)aggbc(x)) € G X G '
Being simplicial, the g commute with the face and the degeneracy maps so that
Jabe(®) = 9ab(®) , Gane(®)Gape () = Gac(®) . Gae() = gre(@) - (D.40)

This allows us to recover the usual description of principal G-bundles in terms of Cech cocycles,

i.e. the transition functions g, : U, N U, — G satisfy the standard cocycle conditions.

!Recall that a Lie groupoid is a groupoid internal to Mfd.
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v

Moreover, two principal G-bundles g,§ : N(% (4 — M)) — N(BG) are called equivalent if
and only if there is a simplicial homotopy between them. One can check that such an object,
h: A x N(EM — M)) — N(BG), is a collection of maps h, : U, — G satisfying the

standard coboundary conditions
gab(‘r>hb(‘r) - ha(x>§ab(x) . (D41)

This definition of principal G-bundles generalises to nerves of Lie groupoids. Generally, let
us consider a Lie-quasi-group ¢. Similarly, we define a principal & -bundle over M subordinate
to 4 to be the simplicial map g : N(€(8f — M)) — ¢ [266,263]. Two such bundles are said
to be equivalent, whenever there is a simplicial homotopy between them defining simplicial

maps. It should be emphasised that this notion of equivalence is well-defined since ¢ is Kan.

D.3.2. Higher non-Abelian Deligne cohomology

Besides principal bundles, we shall also need connective structures to discuss gauge theory.
Recall that a connection or connective structure on a principal G-bundle on a manifold M
subordinate to an open cover 34 = {U,},ea — M is a collection of g-valued differential

1-forms {A, € Q'(U,, g)}, with g being the Lie algebra of G, which obey
Ab(x) = g;bl (x)Aa<x)gab(x) + gc:bl (x>dgab<x) (D42)

on non-empty intersections U, N U, # &. Here, the smooth maps ¢, : U, " U, — G are the
transition functions of the principal G-bundle.

In addition, the coboundary transformations (D.41) yield the transformations

Aua) = h (@) Aa(@) o) + by (2)dha(a) (D.43)

with h, : U, — G smooth maps. This allows use to introduce the Deligne cocycle {A,, gus}
which defines a principal G-bundle with connection and two such cocycles are called equivalent
if there is a coboundary transformation of the form (D.41) and (D.43).

In this picture, the generalisation to higher principal bundles is immediate. Let ¢4 be a
Lie-n-quasi-group and (L, z1;), with L = @)__,.,; L, be the corresponding n-term L..-algebra
obtained by computing the 1-jet of ¢4 (see D.2.3.). Let us consider a manifold M subordinate
to an open cover 4 := U,c4U, and a higher principal bundle over M with structure group ¥.

This is defined by transition functions

Gag-ap - Uay N NUy = %, for k=1,...,n, (D.44a)
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v

which are encoded in a simplicial map g : N(€' (4 — M)) — ¥, supplemented, when n > 2,
by differential form-valued transition functions
Maorar € P LUy NU,)QL;,  for k=1,...,n—1. (D.44b)
itj=1—k
A connective structure on the principal ¢-bundle is given by a set of local L..-valued differential

forms
A, e @ QUYL . (D.45)

i+j=1
Together (D.44) and (D.45) form what is known as higher Deligne cocycle. The general
treatment of the subject, providing the complete and rather involved cocycle and coboundary

conditions of such a cocycle, can be found in [266,263,101,318,102,103]. Here, for simplicity

we shall consider the cases of an ordinary Lie group and a Lie 2-quasi-group.

Principal 1-bundles. Let G be a Lie group with corresponding Lie algebra g. The corres-
ponding Deligne cocycle is given by

{gab7 Aa} (D-46)

with gu : U, N Uy — G and A, € Q1 (U,, g) subject to the cocycle conditions

Jac = Gagoe on U, NUNU, (D.47a)
Ab = g;blAagab + g(;;ldgab on U,NU,. (D47b)

Two degree-1 cocycles ({gas}, {Aa}) and ({Gas}, {Aa}) are considered equivalent if there is a
degree-0 cochain {g,} with values in G such that

Ay = g;'Auga+ 9, dga on U, , (D.48a)
Jab = 9 'Gargs on U, N Uy . (D.48b)

Principal 2-bundles. The next step in our discussion is the introduction of categorified
Lie groups. Here, instead of having a fully categorified Lie group (a so-called weak Lie 2-
group) as a gauge group, we focus on strict Lie 2-quasi-groups. These can can equivalently
be described by a Lie crossed module and the corresponding strict 2-term L..-algebra by a
differential crossed module. We would like to point out that, differential Lie crossed modules
naturally describe the 3-algebras underlying the recently popular M2-brane models [319]. A

Lie crossed module is a pair of Lie groups (G, H) together with a Lie group homomorphism



D.3. Higher principal bundles 233

t : H — G and an action > of G on H by automorphisms. The map t is G-equivariant
t(g> h) = gt(h)g~' and the Peiffer identity, t(hy) > hy = hihyhi", holds for all g € G and
h,hy, hy € H. Furthermore, a differential crossed module is the 1-jet of a Lie crossed module
and is given by a pair of Lie algebras (g, ) with g := Lie(G) and b := Lie(H) with t, : h — g
such that t,(V >, U) = [V, t.(U)] and t.(Uy) > Uy = [Uy, Uy for all V € gand U, Uy, Us € b

where t, and >, are the linearisations of t and 1>, respectively.!

A Deligne cocycle in the crossed module language is then given by

{gabu habc; )\aln Am Bb} (D49)

with Gab - Uaﬂ Ub — G, habc . Uaﬂ Ubﬁ UC — H, /\ab & Ql(Uaﬂ Ub, b), Aa - Ql(Ua,g), and
B, € Q*(U,, h) subject to the cocycle conditions

t(habc)gabgbc = Gac »
hacdhabc = habd(gab > hbcd) )

Aac = )\bc + gb_cl > )\ab - ga_cl > (h/abcvah;blc) 5 (DSO)
Ab = ggblAagab + g;bldgab - t*()\ab) )
By =gz > Ba — Vidar — 5[Aabs Aa)

on appropriate non-empty overlaps and V, := d + A,>.. Furthermore, two such cocycles

{Gab, Prave, Aab, Aa, By} and {Gap, Prabes Aabs Aa, Bb} are equivalent whenever there is a cobound-

ary transformation, mediated by

{gaahaba)\a} (D51)

! Differential crossed modules and 2-term L.-algebras (L, u;) with L =L_; & Lo and uz = 0 are actually
the same thing. Indeed, given such an L.-algebra, the corresponding differential crossed module is g := Lg
and h :=L_q, tu := 1, VU := ua(U, V), [Up,Us] := pa(p1(Ur),Us), and [Vi, Vo] := pa(Vi, Vo) for
U,U,Us € h and V, V1, V5 € g. The antisymmetry and the Jacobi identities for the Lie brackets [—, —] as
well as the equivariance condition t,.(V >, U) = [V, t.(U)] follow from the higher Jacobi identities for p; and
2, and the Peiffer condition t.(Uy) . Us = [Uy, Us] is evidently satisfied. Obviously, the converse is also
true, i.e. we can use the same identifications to construct a 2-term L..-algebra (L, u;) with L =L_; &Ly and
w3 = 0 from a differential crossed module, and the graded antisymmetry as well as the higher Jacobi identities
for p1 and po follow from the Jacobi identities for the Lie brackets together with the equivariance and Peiffer
conditions.
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with g, : Uy = G, he : U, MUy, — H, and A\, € Q'(U,, h), and explicitly given by

t(hab)gab g = GaJab
hachabe = (ga > Babc)hab(gab > Pe)
Ao = Aab + X+ g5 > A — g, > (hayVahy) (D.52)
Ae= 9" Auga + 9,1 dga — te(Aa)
By =g;' > By — Val, — 5[Aa, A] .
It is rather straighforward to see that with the help of these coboundary transformations, we
can always set hueq = 1y, which, in turn, yields g,, = 1g and hgep = hawy = 14. Residual

coboundary transformations are then those with h,, = 1j.

The corresponding curvatures on each patch U, are defined by
F, := dA,+ i[As, Al and H, := dB,+ A, > B, = V,B,. (D.53)
They satisfy the Bianchi identities
dF, +[A4, Fa] =0 and dH,+A,> H,=0. (D.54)

Notice that the Bianchi identity for H, comes from the fake curvature condition F, = F, +
t(B,) = 0.



Geometry of twistor correspondence

In this Appendix we shall review some basic notions of complex geometry, which will be heavily
used throughout this Thesis because of the intimate relation of this subject with twistor theory.
Moreover, we shall look closely at the geometry behind the twistor correspondence. The
following literature has proven to be useful for studying this subject: [320, 321, 306, 322] for
complex geometry, [238,323-325] for Dolbeault and éech—description of holomorphic vector
bundles and [326, 96] for the twistor transform.

E.1. Complex geometry

E.1.1. Complex manifolds and vector bundles

Homolorphic map. Let U be an open subset of C" and f : U — C a continuously

differential mapping. It is convenient to identify €™ with R*™ by means of the association
(24, .., 2") < (2 "yt ) (E.1)

where 2* = x' +iy’, i = 1,...,n are the coordinates in C". Then, f(2% y") = u(z*,y’) +

iv(z,y") is called holomorphic if it satisfies the Cauchy-Riemann conditions

ou ov ov ou

oxt Oyt Ozt oy’ (E2)
for i = 1,...,n. Equivalently, using variables z*, z, the conditions (E.2) read

9,

8;:0’ for i=1,...,n, (E.3)
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Indeed, Cauchy’s theorem implies that f is holomorphic if and only if f is complex analytic. A
map (f%,---,, f™) : C" — C™ is called holomorphic if each function f7, for 1 < j < m, is
holomorphic.

Moreover, two open subsets U, V' € " are said to biholomorphic if there exists a bijective
holomorphic map f : U — V whose inverse is holomorphic. The map f itself is then said to

be biholomorphic.

Complex manifolds. Let X be a topological space with an open covering 4l = {U, }aca. X
is called a complex manifold of dimension n if for every U, € 4l there is a homeomorphism
hq : U, — C™ such that, for every non-empty intersection U, N U,, the transitions functions
Gab = ha o hy ' hy(Uy NU,) — ha (U, N U,) are biholomorphisms.

The pair (Uy, h,) is called a local complex chart and the collection {(U,, hy) }aca is called
a complex atlas. If the union of two atlases is again an atlas which satisfies the previous
conditions these are said to define the same complex structure. Notice that a complex manifold

may carry a number of complex structures.

Example E.1 (Complex projective space). A very important family of complex manifolds are
the complex projective spaces. n-dimensional complex projective space IP" is defined as the
space of complex lines through the origin of C"*1, ie. P" = (C"™' — {0})/ ~, where we
quotient by the identification (z',... 2" ~ t(2t,... 2"™Y), for t any non-zero complex
number. The coordinates (2',...,2""1) are called homogeneous coordinates on P". More
precisely, we can show that it is a complex manifold by defining a set of coordinate charts with
holomorphic transition functions. Let 7 : C"™ — {0} — P" be the projection. Since the z*
are not all zeros, we may define an open cover as follows. Let U, C C"t' be the open set

with z* # 0 and let U, = w(U,). Also, we define the maps h, : U, — C" as

Zl Zi—l Zi—i—l Zn—l—l)

ho(2, ..., 2" = (

(E.4)

Ty e e ey

ZZ

3 g ey

P 2

The sets U, cover P™, the maps h, are homeomorphisms and their transition functions (as-
suming a < b)
Gab ::ha o hb_l = hb(Ub) — ha(Ua) )

1 a—1 a+1 n
_ w w w 1 w
haohbl(w17...7wn>: (uﬂ?...”’...’/ll}a’...’) (E.5)
~—~

b-th argument
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are biholomorphic. Hence, (U,, h,) are an holomorphic atlas of P". The map  restricted
to the unit sphere in C"*! is surjective, so that P" is compact. On patch U, the coordin-
ates defined by the maps h,, denoted by' (w',..., @ ..., w"*") with w® = %, are called

inhomogeneous or local coordinates.

Submanifolds. Given a complex manifold X, a submanifold of X is a pair (Y,¢), where Y
is a complex manifold and ¢ : Y — X is an injective holomorphic map whose Jacobian matrix
has rank equal to the dimension of Y at any point of Y. For instance, all the closed complex
submanifolds of C" are also compact. In fact, there is a theorem by Chow that states that all
such submanifolds of C" can be defined by the zero locus of a finite number of homogeneous

polynomials.?

Equivalence of manifolds. Two complex manifolds X and Y are biholomorphic if there is a
biholomorphic map f : X — Y. Equivalently, given an open cover il of X and Y, one requires
that on each patch U, € U there exist biholomorphic functions h, such that the transition
functions are related by: ¢% = h, 0 gY, o hy on U, N U, # . Two complex manifolds are

diffeomorphic if their underlying smooth manifolds are diffeomorphic.

Example E.2 (Stein manifolds). A complex manifold that can be embedded as a closed

submanifold into a complex Euclidean space is called a Stein manifold.

In the next Section, we shall see how they play an important role in making Cech cohomo-

logy on a manifold independent of the covering.

Orientation. All the complex manifolds are oriented. For simplicity, we can look at the one

dimensional case. The Jacobian of a transition function f(z) = u(z,y) + iv(x,y) reads

J— Uy Uy _ Ug uy ’ (E6)
Vg Uy —Uy Ug

so that det J = uﬁ—kuz > () and the manifold is oriented. Notice that we may always conjugate

the complex structure, so that the orientation gets reversed.

1As usual, the hat symbol here indicates an omission.
2In general, a zero locus of a set of polynomials is not a manifold (due to singularities), but an algebraic
variety.
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Holomorphic functions. Let U be an open subset of a complex manifold X and f : U — C
a function. Then, f is holomorphic on U if, taken (U,, h,) such that UNU, # &, the function
foh':h,U,NU)— C is holomorphic. This definition does not depend on the choice of
the coordinates. For instance, one may easily check that the projection 7 : C"*! — {0} — P"
is holomorphic. Moreover, the following striking result holds: if X is a (connected) compact
complex manifold and f : X — € a holomorphic function, then f is constant. This is a
generalisation of the maximum principle of elementary complex analysis, see e.g. [327]. The

sheaf of holomorphic functions on X shall be denoted by Ox.

Definition E.3 (Hypersurface). Let X be a complex manifold. An analytic subvariety Y of X
is a subset of X which is locally defined as the zero set of a finite collection of holomorphic

functions. If dimY = dim X — 1, Y will be called an analytic hypersurface.

Complex structures. Let V' be a real vector space. A complex structure on V is a R-linear
map J : V — V, such that J2 = —1.. A real vector space V' with a complex structure .J can
be given the structure of a complex vector space by defining the product of a vector v € V' by
a complex number z = x+iy € Cas' z-v=x-v+y-J(v). A real space V with a complex
structure has necessarily an even dimension, dimg V' = 2n. On the other hand, each complex

vector space has a complex structure given by J(v) = iv.

Example E.4 (Canonical complex structure). The obvious identification of C™ with R*" is

obtained by equating »* = x* + iy, which induces the canonical complex structure

J(x1, o Ty Y1y e Un) = (=YL ooy —Yny T1y e e, Ty)
0 —]ln) (E.7)

and thus J =
1, O

Almost complex structures. Let X be a smooth 2n-dimensional manifold. At each point
x € X the tangent space T,X is a real 2n-dimensional vector space. If we can endow each
tangent space T, X with a complex structure J, so that this structure varies smoothly over the

manifold, then we have an almost complex structure on X.

Definition E.5 (Almost complex structure). Let X be a differentiable manifold of dimension

2n, and suppose J is a differentiable vector bundle isomorphism J : TX — TX such that

INotice that for any nonzero vector v € V , the vectors v and J(v) are linearly independent over RR.
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Jp o T, X — T,X is a complex structure for T, M. Then J is called an almost complex
structure for the differentiable manifold X. A manifold with a fixed almost complex structure

is called an almost complex manifold.

If X is a complex manifold then it carries a canonical almost complex structure. This is
defined by transferring the almost-complex structure on CC" to the manifold via holomorphic
charts. With respect to the coordinate system (z!,...,2" y',...,y™) an almost complex

structure on C" is defined by

oy 0 9 9
I(55) = 7 J(ayi) = a0 (E.8)

Notice that a complex manifold is naturally an almost complex manifold, but an almost-

complex manifold need not be a complex manifold. The most celebrated example of an
almost complex manifold which is not a complex manifold is S%, see e.g. [328].
A mapping f : X = Y between almost complex manifolds is said to be holomorphic if its

differential f, : TX — T'Y commutes with the respective almost complex structures, i.e.

fioJ =J 0 f.. (E.9)

Integrable almost complex structures. To determine whether or not a given almost-
complex structure is induced by a complex structure we introduce the following object. The

Nijenhuis tensor N of an almost-complex structure .J is a tensor field of type (1,2) defined by
N(X,)Y) = jl([X,Y] +J[X,JY]+ J[JX, Y] - [JX,JY]), (E.10)

for any two vector fields X and Y.

Definition E.6. An almost complex structure J is said to be integrable if N = 0.

In case an almost complex manifold is real-analytic it is not hard to show that an integrable
almost-complex structure is complex as an application of the Frobenius theorem, see e.g. [329,
330]. Without the real-analyticity assumption, however, this result is highly nontrivial and is

due to the following:

Theorem E.7 (Newlander—Nirenberg [331]). An almost complex structure is complex if and

only if it is integrable.
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Complexification. Given a real vector space V' with a real scalar multiplication, we define

its complexification as the tensor product V¢ =V @y C.

The complex tangent space. Let X be a complex manifold of complex dimension n. Upon
using the identification’ € = IR?" one can show that X has an underlying structure of 2n-
dimensional real manifold. Let 7'X be the smooth tangent bundle, that is the collection of all

ordinary tangent spaces to X. The complexified tangent space T, X ®@r C admits the intrinsic

0 0 0 0
() () () ().} an

in terms of a set of local complex coordinates (z!,...,2") around a point z € X. Hence, the

basis

transition functions are holomorphic and do not mix the vectors 8‘; with the aazi' This yields

the decomposition?

X :=TX®Rr C=T""XaoT"X. (E.12)

Sections of 719X and T%'X are called vector fields of type (1,0) and (0, 1), respectively.
Vector fields of type (1,0), whose action on arbitrary functions will be holomorphic, are called

holomorphic vector fields, while antiholomorphic vector fields are defined analogously.

Complex differential forms. Using the decomposition of the complexified cotangent bundle,
it is easy to show that the space of complex differential forms on a complex manifold admits

the decomposition

Q"(X)* :=T(X, A" T"Xor C) = P Q(X). (E.13)
p+a=Fk
Moreover, there is a canonical projection of vector bundles 777 : Qk(X)c — QP4 for each p,
q such that p+ g = k. Elements in 279(X) denote the space of forms of bi-degree (p, ¢) and
are called differential forms of type (p,q). In particular, elements of Q'0(X) and Q'9(X) are
dual to elements of 719X and 71X, respectively and local bases are dual to the ones given
in (E.11) and are then given by (dz',... dz") and (dz', ..., dz").

!Recall that a biholomorphic map is a smooth diffeomorphism.

°The complex structure on X naturally extends to a map J, : T,X ® C — T, X ® C. Since J? = —1,
the spaces TH9X and T%1X denote the eigenspaces of J, with eigenvalue =i, respectively. Since this works
at any point € X we have (E.12).
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Exterior derivative. Locally, a (p, g)-form be written as

1

W = i i (z,2)dz" A Ad2P AdE A AdE (E.14)
The compositions?
Qp—i—l,q(x)
ﬂy
OPa(X) —L APTOHLTEX (E.15)
wl
Qp.a+1 (X)

define the differential operators 9 = 714 0 d : QP9(X) — QP*19(X) and 0 = 7Pt o d :
QPa(X) — QPatL(X). Locally, the exterior derivative maps a (p, ¢)-form to a form which is

the sum of an (p + 1, ¢)-form and an (p, ¢ + 1)-form by

77777

(E.16)
The identity d* = 0 implies
?=0>=00+00=0, (E.17)

giving Q7(X) the structure of a (bi-)graded differential algebra, recall the discussion in Sec-
tion 2.2.. In particular, the operator O is called the Dolbeault operator. A holomorphic p-form
on X is given by an w € QPO(X) =: Q% satisfying 0w = 0 and holomorphic 0-forms are
holomorphic functions. Since 9> = 0 we can construct the Dolbeault cohomology groups, see

later.

Homotopy lifting property. Let E, X,Y be topological spaces. A map7: F — X is
said to have the homotopy lifting property with respect to the X if, given the commutative
diagram?
Y x {0} L~ E
|» Jﬂ (E.18)

Y x[0,1] M X

1The same pictorial representation can be found in [306].
2Here, we assume that all the maps are continuous.
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there exists a map 7 : Y x [0,1] — E such that y(z,0) = h(z) and 7o y(x,t) = h(z), i.e.

v gives rise to two commutative triangles.

Fibration. A fibration is a continuous map F — X of topological spaces which satisfies
the homotopy lifting property for all topological spaces Y. We just remind that every vector

bundle is a fibration see e.g. [332].

Complex vector bundles. A complex vector bundle £ over a complex manifold X is a
vector bundle 7 : E — X such that for each z € X, the fibre 77!(z) is a complex vector
space. Every vector bundle is furthermore a fibration, see e.g. [332].

Let £ and E’ be two vector bundles over X. A morphism (bundle map) ¢ : E — E’ is
a mapping such that ¢ restricted to the fibre E, is a linear mapping to the fibre E’, for all
x € X. We call ¢ a monomorphism if it is one-to-one on the fibres, an epimorphism if it is
surjective on the fibres and an isomorphism if it is one-to-one and surjective on the fibres. The
vector bundle E is a subbundle of E’ if E is a submanifold of £/ and E, is a linear subspace
of E!, for all x € X. Another important concept is the following.

Let 7 : E — X be a complex vector bundle and f : Y — X be a smooth mapping, then

the pull-back bundle f*FE is a complex vector bundle over Y of the same rank as E such that
E—5 E
w’j }r (E.19)
y L, x
is commutative. Moreover, the pull-back must be universal with respect to this diagram.
Explicitly, given any other bundle E” — Y and a continuous map g : E” — FE such that
fon” = mog, there must exist a unique map ¢’ : B — f*E such that 7’ o ¢’ = 7" and

g=gqog

E 5 E (E.20)

Y%X

Hence, the total space is defined to be the set

FE={(yv) €Y xE|fly)=r(w)} CY x E, (E.21)
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with projection induced by projection on the first factor. Moreover, if {U,} is a covering of
X and g, are the transition functions of E then {f~(U;)} defines a covering of Y such that
f*E is locally trivial. The transition functions f*g,, of the pull-back bundle f*FE are then
given by f*ga, = gav © f-
Let F, E5, 5 be three complex vector bundles over X. The sequence
¢ P

Ey — Ey — Ej (E.22)

is exact at Fy, if kerty = im¢. A short exact sequence is a sequence of the form

O—>E1—>E2—>E3—>0, (E23)

which is exact at E;, Fy and F5. We say that the sequence splits if £y = £} & E3. Hence,

one can understand E, in (E.23) as a deformation of the direct sum E; @ Es.

Example E.8 (Euler sequence.). For X = P
0—C—01)eC""™ —TP" —0 (E.24)

is a short exact sequence called the Euler sequence.

Holomorphic vector bundles. Holomorphic vector bundles on a complex manifold X are
defined in the same way as complex vector bundles, but requiring that all the maps involved are
holomorphic. Explicitly, let X be a complex manifold of dimension n. A (n + r)-dimensional
complex manifold E together with a holomorphic map m : E — X is a rank-r holomorphic
vector bundle over X if there is an open covering {U,} of X and holomorphic maps h, :
7 1(U,) = U, x C" such that

(i) ™ = pr; o h,, where pr, is the projection onto the first factor of U, x C" and

(ii) the map
pryohyo b (p,:) : C" — C” (E.25)

is a linear isomorphism, for all x € U, N U,.

In Section E.1.3. we shall see the description in terms of transition functions.

A morphism between two vector bundles E, E’ over X is a holomorphic map ¢ : E — E'
such that for every x € X one has ¢(E,) C E! and such that the resulting map ¢, : E, — E.,
is linear. If ¢ is a biholomorphism, it is said to be an isomorphism of vector bundles, and F

and £’ are said to be isomorphic.
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Holomorphic line bundles. If the fibres of a holomorphic vector bundle is C, i.e. it is of

rank 1, then it is called a holomorphic line bundle.

Example E.9 (Tautological bundle). Let us consider the special case where X is P™. Recall
that any point p € P" corresponds to a line in C"*1. The tautological line bundle is obtained
by associating that line to each point on P™. P"™ is covered by (n+1) patches. Let {U,} be the
standard cover of P". We parametrise p € U, with homogeneous coordinates (A1, ..., Api1).
Then, we define h, : 7= *(U,) — U, x ©C as h(U) = (p, \a), if p = w(u). The tautological
line bundle is then parametrised by transition functions gu, = Ao/\y and we denote it by

Opn(—1).

The dual of the tautological bundle, which we denote by Opn (1), is called the hyperplane
line bundle. Since the tensor product of two holomorphic line bundles is always a holomorphic
line bundle, one can construct holomorphic line bundles Op~ (k) of P™, for any k € Z. Given
coordinate functions A\,, @ = 1,...,n on P" the line bundle O(k) is defined by transition
functions g, = (Aa/As)*. Notice that for k& > 0 the vector space of holomorphic sections
of O(k) is canonically identified with the set of homogeneous polynomials of degree k in
IP™. Hence, homogeneous coordinates of P are sections of the hyperplane line bundle.
For instance, let Y be a smooth hypersurface in P, defined as a zero locus of a degree
k polynomial. Such a polynomial can be seen as a section of the holomorphic line bundle
Opn (k).

The canonical bundle Kx on a complex manifold X of complex dimension n is the highest
exterior power of the holomorphic cotangent bundle to X, i.e. Kx = A™?T*X. lts sections
are holomorphic volume forms on X, i.e O(Kx) = Q%. The dual of Kx, denoted as K is
the anti-canonical line bundle. Moreover, it can be shown that every holomorphic line bundle
over projective space is isomorphic to Opn(—k), for some k € Z. In particular, the canonical
bundle over P" is isomorphic to the (n + 1)-th exterior power of the tautological line bundle,
i.e. Opn(—n —1).

Also, given any holomorphic vector bundle E of rank r one can form the exterior product
bundle as A*¥E, for k = 0,...,7. When k = r, the holomorphic line bundle A"E is given
by the special symbol det £ and is called the determinant line bundle, since its transition
functions are given by the determinants of the transition function of E. If F is the cotangent

bundle T*X it reduces to the canonical bundle.
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E.1.2. Dolbeault cohomology

Let us consider now the Dolbeault cohomology associated to a complex manifold X. We first
need an analytic result, analogous to the Poincaré lemma, sometimes called 9-Poincaré lemma

or Dolbeault lemma:!

Lemma E.10. Let D be an open polydisk in C" (that is, the cartesian product of disks in
C). Then

H?Y(D)=0, for g>1. (E.26)

See e.g. [294].

The kernel of the morphism 0 : QP0(X) — QP!(X) is the sheaf of holomorphic p-forms
QP(X)?. By the 0-Poincaré lemma, the complex Q74(X) gives a fine resolution of the sheaf of

holomorphic p-forms on X. Namely, the sheaf sequence
0= o) 2. o) =0, (E.27)

is exact, for all p=0,...,n = dimg. The Dolbeault cohomology HE*(X) of X of type (p, q)

is the g-th cohomology of the complex (Q7*(X), d). The following result holds (see e.g. [294])

Proposition E.11 (Dolbeault theorem). Let X be a complex manifold. For all p,q > 0 the
cohomology groups HE*(X) and H?(X, ) are isomorphic.

Using the argument in the proof of the Dolbeault Theorem, it is possible to establish a

version of the Leray theorem for the sheaf of germs of holomorphic p-forms.

Proposition E.12. Let il be an acyclic cover for the structure sheaf QP. Then H?(L, QP) =
HP(X,QP).

One can also prove the isomorphism (see e.g. [294])

H2I(X, E) = HYX, Q4 © €) , (E.28)

!There exists a stronger version of the lemma E.10 that shows that the higher Dolbeault cohomology
groups vanish on arbitrary finite products of polydisks with punctured polydisks (i.e. polydisks minus the
origin).

2Notice that 2P(X) is a subsheaf of A”%(X).
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called Dolbeault isomorphism, where E denotes a holomorphic vector bundle over X, while £
is the sheaf of its holomorphic sections.! From the pairing H:(X) @ H; ""*(X) — C, on

a n-dimensional compact complex manifold one obtains the isomorphism [294, 321]
HP(X, Q@ &)= H"P(X,Q"1® ) (E.29)
This is Kodaira-Serre duality. In particular, for ¢ = 0 we get
HP (X, E)* = H"P(X,Kx ® &™) , (E.30)

which is usually called Serre duality.

E.1.3. Cech-Dolbeault correspondence

Here, we briefly recall how (holomorphic) principal bundles over a complex manifold can be
equivalently described in terms of Cech cohomology and in the dual Dolbeault picture. In
fact, the twistor construction requires switching between one another. Moreover, such a
correspondence generalises to higher principal bundles. We remind the reader of the discussion
about Cech cohomology in Appendix D. In the following we shall closely follow [237,238,324,
325]

Cech approach. To this end, let X be a complex manifold and let 4 := {U,},c4 be an
open covering of X. By & we denote a sheaf of smooth maps from open subsets of X into
G. A g-cochain of the covering 4 with values in & is a collection 1) = {t)4,..q,} Of sections
of the sheaf & over non-empty intersections U,, N --- N U,,. We will denote the set of such
g-cochains by CY(4, &).

Furthermore, we define the subsets of Cech cocycles Z9(8l, &) C C?(8, &). For example,
for ¢ = 0,1 they are given by

72U, 8) = {1 € COU, &) | by =t on U,NU, # T},
ZHU, 8) = {x € C' U, B) | Xy = X5y on U, NUy # @ (E.31)
and XabXbcXca = 1 on Ua N Ub M UC 7é @} :

!Recall that sometimes this distinctions will not be made.
2We stress that it has a group structure, where the multiplication is just pointwise multiplication.
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These sets will be of particular interest. We remark that from the first of these two definitions

it follows that Z°(4l, &) coincides with the group
H(X,®) = &(X) , (E.32)

which is the group of global sections of the sheaf &. Hence, the zeroth Cech cohomology set
is independent of the covering. Note that in general the subset Z'({, &) C C'(U, &) is not
a subgroup of the group C*(4, &).

We say that two 1-cocycles x, X' € Z1(U, &) are equivalent if X/, = - vy, for some
e COU, B), on all U,NU, # &. The set of equivalence classes induced by this equivalence
relation is the first Cech cohomology set, that is denoted by H™ (8, &) = Z (8, &)/CO(4, &).
If the patches U, are Stein manifolds, one can show that the first Cech cohomology sets are

independent of the covering and depend only on the manifold
HY (Y, 6) = HY(X,®8). (E.33)

Recall (see (D.14)) that if that is not the case one needs to take the inductive limit.

In particular, we shall be interested in holomorphic maps from open subsets of X into
GL(r,C) as well as in the sheaf GL(r,Ox) of such matrix-valued functions.! Elements of
H'(X,GL(r, Ox)) classify rank-r locally free sheaves of Ox modules up to isomorphisms.
Hence, rank-r holomorphic vector bundles over some complex manifold X are parametrised

by H'(X,GL(r,Ox)). To make contact with our notation we shall denote elements of
CO(4U, GL(r,Ox)) by h = {h,} and elements of C*(L, GL(r, Ox)) by g = {gus}-

Dolbeault approach. Another approach to holomorphic vector bundles makes use of Dol-
beault cohomology. Here, we follow [69]. Let us consider a rank-r complex vector bundle
E — X over a complex manifold X. Furthermore, we let 277(X) be the smooth differential
(p, q)-forms on X and 9 : QP4(X) — QP9+1(X) be the anti-holomorphic exterior derivative.

First, recall that a connection V is a C-linear sheaf morphism
V:S—>Q>1(®5, (E.34)
where £ is the sheaf of sections of E and satisfying the Leibniz rule

V(fs)=fV(s)+df®s, (E.35)

!Notice that GL(r, Ox) is a non-Abelian sheaf contrary to the Abelian sheaves considered so far.
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for every section s of E and every functions f on X. Let V% : £ — Q%(X) ® £ be a

(0, 1)-connection on E. Locally, it is of the form
VOl =0+ A (E.36)

where the connection (0, 1)-form A%! takes values in End E. The complex vector bundle E is
said to be holomorphic if the (0, 1)-connection is flat, that is, if the corresponding curvature
vanishes,

FO? = (Vo1)? = 9AM 4+ A% A A% = 0. (E.37)

The reader may recognise the equation of motion of holomorphic Chern-Simons theory. We
say that V%! defines a holomorphic structure on E. We denote by 3 the sheaf of solutions
to (E.37). The group H°(X,GL(r,Sx)), where Sx is the sheaf of smooth functions on X,

acts on 3(X) by gauge transformations,
A s gAY g+ g7 09, with g € H°(X,GL(r, Sx)) . (E.38)

These transformations preserve the holomorphic structure on £, as they leave (E.37) invariant.

Hence the Dolbeault cohomology set
Hyoi (X, E) := 3(X)/GL(r, Sx)(X) (E.39)

parametrises all different holomorphic structures on the complex vector bundle E.

Equivalence of the Cech and Dolbeault descriptions. It can be shown that these two

approaches to holomorphic vector bundles are equivalent.?

Theorem E.13. Let X be a complex manifold with an open Stein covering 3\ = {U,} and
E — X be a rank-r complex vector bundle over X. Then thereisamapp : H'(X,GL(r,Ox)) —
H'(X,GL(r, Sx)) of cohomology sets, such that Hyo. (X, E) = ker p.

For a proof see e.g. [238,325]. Therefore, the moduli spaces of both descriptions are

bijective and we have the equivalence

(Eag = {gab}a VOJ) ~ (E? f = {9:113}7 5) ) (E'40)

with gu, = hy ' gaphy for some b = {h,} € C°(4, GL(r, Sx)). Given holomorphic vector bundle

E — X in the Dolbeault picture, we can always find a holomorphic vector bundle £ — X

1This may be understood as a non-Abelian generalisation of Dolbeault’s theorem, see e.g. [294, 321].
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in the Cech picture and vice versa, such that E and E are equivalent as complex vector
bundles. This is called Cech-Dolbeault correspondence. See [237,238, 325, 333] for detailed
explanations.

The following observation is at the heart of the Penrose-Ward transform [69]. Given the

triple (E, g = {ga}, V®1), then any solution A%! of the equation F"? = 0 is of the form
Ay = Ay = haOh? (E.41)
for some h = {h,} € C°(8h, GL(r, Sx)) with
Ay = 923 09ab + Gap Aafa (E.42)
as patching conditions. Plugging (E.41) into (E.42) we find
Gab = ha Ohy ' with  Gap =0 . (E.43)

Conversely, starting from G, = h;'gaphy with 5§ab =0 and 5gab =# (), one can recover an
A%y = A, = haOh, " which obeys the patching conditions.

In the Penrose—Ward transform one relates the transition function of a holomorphic vector
bundle on twistor space to those of the pull-back on the correspondence space. By the
definition of the pull-back, the transition function is annihilated by the vector fields that span
the tangent spaces of the leaves of 7 (see later). Then, these transition functions are related
to a Lie algebra-valued (differential) one-form with components only along ;. More precisely,
this one-form is the connection one-form of the so-called relative connection along 7; which
by our very construction turned out to be flat. In this picture, the transition function is the
Cech representative while the Lie algebra-valued one-form is the Dolbeault representative of a
relatively flat bundle on the correspondence space. In this setting, it was also shown a version of
Cech-Dolbeault correspondence for higher principal bundles. See e.g. [100-103]. In this case,
one considers a correspondence for a relative exterior derivative along a fibration. However,
higher cohomology groups with values in the sheaf of smooth differential (0, q)-forms Q%
which are needed to verify the correspondence for relative differential forms, vanish trivially
as this is a fine sheaf when working in the smooth category. Hence, the arguments for a 0

operator on a complex manifold are completely analogous.

E.2. Generalities of twistor correspondence

We first introduce some very useful mathematical notions.
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Normal bundle. Let X be a manifold and Y C X a submanifold. The normal bundle Nyx

of Y inside X is defined via the short exact sequence

TX|y
TY °

tangent spaces T1'X and THOY.

Hence, Ny x = For complex manifolds, it is understood that one considers holomorphic

Relative de Rham complex. The classical de Rham sequence (see Section 2.2.) on a
(smooth) manifold provides a connection between solutions of certain differential equations
and the topology of the manifold. Similarly, the relative de Rham sequence for a certain
mapping between manifolds establishes a connection between the topology of the fibres of the
mapping and solutions of differential equations [334]. This turns out to be a very fundamental
tool in relating objects in twistor space to space-time objects. Let Z be a smooth manifold
with covering 4l = {U,} and let U C Z be an open subset of Z. Furthermore, 2, denotes

the sheaf of smooth differential p-forms on Z and Q% := @, QY. We consider a fibration

1
!

m Y — Z, for a smooth manifold Y . The sheaf of relative 1-forms €2 , with respect to

the fibration 7y, is defined by the exact sequence
0— 7m0 — 0L 0l — 0, (E.45)

that is, Q}Tl is the quotient sheaf and pr,, denotes the usual quotient map. This is dual to
the sequence

0 —T, — Ty —mT; —0, (E.46)

defining the relative tangent bundle T;;, on Y (sheaf of vertical vector fields). Hence, relative

one-forms are dual to those vectors which are tangent to the fibres of 7.

Remark E.14 (Twistor space P®). Let us specialise the sequence (E.46) to X = P7, with
coordinates (2, \4) and Y = IP3 and consider the inclusion P3 — P7, given by 2*\4 = 0
and Ay # 0. The normal bundle Npspr of P? inside IP7 is given by [97]

0— TP® — i*TP" — Npsppr — 0, (E.47)

where TP? = (%) and TP™ = (2, %). This implies that Npspr = Ops(1) @ C* — P?

Hence, one may alternatively define twistor space P® via the exact sequence
0 — P® — ¢*Npsjpr — Ops(2) — 0, (E.48)

where k : (24, A4) — 24X 4.
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The sequence (E.45) easily extends this to higher order forms and to vector-bundle-valued
differential forms. In general, relative p-forms with respect to the fibration 7 : Y — Z are
defined by

0—mOQLAQT — 8 I qr 50, (E.49)

forp=1,...,n := (dim Y —dim Z). The ordinary exterior derivative d : Qf — QI on
Y may be composed with the canonical projection prr, : Qy — Q2 to define the induced
relative exterior derivative

Ay = pro,0d: Q2 — QPP (E.50)

whose kernel is the smooth functions on Y which are locally constant along the fibres of ;.
The relative differential d,, induces a complex, known as the relative de Rham complex. In

fact, the sequence

d

0—a7'0; — Oy Sh QL Sz foy  Tmogn (E.51)

is an exact sequence of sheaves on Y. Here, 77 'O denotes the topological inverse image of
the sheaf Oz on Y, namely the subsheaf of Oy consisting of those functions locally constant
on the fibres of m;. Let E denote a vector bundle on Z. One may obtain a resolution of
71 'O4(E) by tensoring (E.51) with ®F;10Z7T;10Z(E)v where 7, 'O4(E) is the sheaf of

sections of 7f E that are constant along ;. The following (twisted) sequence

1

0 — m70(E) — Oy(riE) 25 QL (B) &5 . S5 Qn (B) — 0, (E52)

is exact. Here and in the following Q% (E) denotes sheaves of germs of differential E-valued
p-forms on X, with Ox(E) := Q% (E) and we have defined Q2 (E) := Q. Qo, Oy (1iE).
We have also used that 7fO(F) = O(nfE), for the sheaf of germs of sections of a vector
bundle £/, where 7j E is the usual pull-back vector bundle.

Before going into the details of the twistor transform, let us recall a result about differential

forms.

Proposition E.15. Let 7 : Y — X be a surjective submersion with connected fibres and
T, := ker (dm) the tangent bundle relative to . Then, the pull-back map ©* : Q*(X) —
Q°*(Y) is injective and identifies Q2*(X) as the graded subalgebra of basic forms

{ae QYY) wa=Lya=0, forall Vel (Y,T,)} CQY). (E.53)
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Namely, a differential form in the image of 7* is a basic form, that is, a differential form
on Y which is horizontal (tyya = 0) and invariant (Lya = 0). This tells us when differential
forms on Y descend to honest differential forms on X. We shall make use of this notion in

gauge fixing the twistor action in Chapter 7.

Leray spectral sequence. Let 7:Y — X be a continuous map of topological spaces and
let S be a sheaf on Y. The ¢-th direct image sheaf is defined as the sheaf generated by the
pre-sheaf U — HY(n~1(U),S), for U C X open. If 7 is a proper surjective map there is a
spectral sequence

EY? = HY(X, 7mlS) = HPM(Y,S) , (E.54)
called Leray spectral sequence. Moreover, if S is coherent, the sheaf 7S is also coherent, by

the Direct Image Theorem. Assuming X to be a Stein manifold one has the following

HI(Y,S) = T(X,7S) . (E.55)

E.2.1. Twistor transforms

For completeness, we shall establish the twistor correspondences on quite generic ground, as
considered, e.g., by Eastwood [326]. We start by defining the twistor correspondence in the
holomorphic category. The central objects of the twistor technology are double fibrations of

the form?!

m 2 (E.56)

VA X
Here, X, Y and Z are complex manifolds together with two suitable? holomorphic projections
mi,2. We are interested in moving geometrical objects along this double fibration. In the
following, we shall work with complex analytic objects. Such a double fibration induces a
correspondence between X and Z, given by the assignment
points p in Z < subspaces 7 (m, (7)) in X

subspaces T (7 (2)) inZ points x in X,

1Recall that such a framework can be easily generalised for studying certain supersymmetric field theories,
just replacing the manifolds in double fibration by supermanifolds.

2Following [326], these are considered to be surjective holomorphic mappings of maximal rank, i.e. sub-
mersions.
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known as twistor correspondence. In particular, using this correspondence one starts with data
given on Z (such as sheaf cohomology groups, holomorphic vector bundles, contact forms,
etc.) and ends up with solutions to differential equations on X. The main idea here is indeed
to derive the equations of physics by using the rigidity of complex geometry. This is a two-
step procedure. First, one needs to pull-back data on Z to data on Y and then one descends
to X by integrating along the fibres of m5. By virtue of this process the derived data on X
should possess some differential property reflecting the fact that the intermediary object on Y
is in some sense constant along the fibres of ;. Under certain conditions, the transform is
invertible. Hence, such a construction provides a way of studying physical objects on X (space-
time), obeying differential equations, in terms of unconstrained objects on a totally different
manifold Z (twistor space). We shall refer to such a map as Penrose-Ward transform.

Let us see how this works. The discussion here follows the one in [326,96]. Let us start
from the fibration 7 : Y — Z and consider a holomorphic vector bundle EonZ Aswe
have seen, any fibration comes with an associated relative exterior derivative, which is the
projection of the exterior derivative onto 1-forms along the fibres. Provided the fibres are
connected, a function is constant along the fibres if and only if its relative exterior derivative is
zero. We pull-back Eviam to E = WTE on Y. By construction, E is described by transition
functions which are constant along the fibres of 7. Explicitly, they are annihilated by the
vector fields spanning the twistor distribution and hence by d,,. Therefore, one can show that
the pull-back bundle E comes with a non-trivial relative connection!. This is defined as the
differential operator [326]

Vo O(E) = QL (E), (E.57)

satisfying the relative Leibnitz rule
vm(fw) :fvﬂlw+(dn1f)®w s (E58)

for f € Oy and w € O(FE). Moreover, if some topological conditions apply, such a connection
is flat, namely the corresponding curvature V2 € I'(Y, Q2 (End(E))) vanishes. Explicitly the

following result holds:

Proposition E.16 (Eastwood [326]). Let m be a surjective holomorphic map of maximal

rank. If the fibres of ; are connected and simply connected then holomorphic vector bundles

1Generally, a relative connective structure is composed by differential forms that have components only
along the fibration in question.
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on Z are in one-to-one correspondence to holomorphic vector bundles on Y with a flat relative

connection.

For every integer ¢ > 0 there is a natural map on cohomology®
7t HI(Z,0(E)) — HY(Y,m{O(E)) , (E.59)

in terms of the inverse image sheaf WfIO(E). If the fibres of m; are connected, the following
isomorphism
H(Z,0(E)) = H(Y, 7 'O(E)) , (E.60)

holds [96]. To deal with higher cohomology the following result comes to help:

Proposition E.17 (Buchdahl [335]). Let m; as above. Suppose that m; has connected fibres
and there is an ng > 0 such that H(n;'(2),C) = 0 forq = 1,...,ng and for all z € Z.
Then, the homomorphism (E.59) is an isomorphism for ¢ = 0,1, ...,n9 and a monomorphism

for ¢ = ng + 1.

Moreover, in the previous hypothesis, if the fibers of 7; are cohomologically acyclic (i.e.
contractible) then 77! : HY(Z, O(E)) — HI(Y,n7*O(E)) is an isomorphism for all ¢ [326].
Recalling that these objects originate from sheaves on Z, then one uses the result E.17, to
connect the cohomology groups of both kinds of sheaves.

The second stage consists of pushing down cohomological data H(Y, 77 O(E)) onto X
under my : Y — X. As we shall see, this is realised by taking direct images of QM(E) with
respect to the fibration 7 to obtain certain sheaves on (space-time) X, and using the tool of
Leray spectral sequence for computing cohomology groups. In particular it can be shown, via

spectral sequences argument, that the fundamental object to study is the cohomology of the

A

complex Q3 (E).

Penrose transform. Aswe have seen, the twisted relative de Rham sequence of sheaves (E.52)
0 — 7 O(E) — Q0 (B) & ... S5 0 (B) — 0, (E.61)

is exact. Hence, there exists a spectral sequence associated with the resolution [326]

EPT = HYUY, Q2 (E)) = H" (Y, 7 'O(F)) , (E.62)

IThis can be realised by the Dolbeault resolution for O(E). See [96] for an explanation.
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with differentials induced by V.. In particular, this gives us a way of computing H?*4(Y, 7r1_1(9(£77))
in terms of the cohomology groups Hq(Y,le(E)). If the complex manifold X is Stein, the

Leray spectral sequence collapses and gives
HO(Y, Q7 () = (X, 73,0, (E))) (E.63)
Summarising, we have the following

Theorem E.18 (Eastwood [326]). Let us consider the correspondence (E.56) with E a holo-
morphic vector bundle over Z. In the hypotheses of the theorem E.17 there is a spectral
sequence

EPT =T(X, 78,08 (E)) = HP(Z,0(E)) . (E.64)

2% Oy

We shall refer to this as the Penrose transform.

Ward correspondence. We start by requiring the holomorphic vector bundle E to be X-
trivial or, in other words, the pull-back bundle E to be trivial on each fibre of m. Now, we
are interested in considering what extra information on X is supplied by the relative connec-
tion (E.57) on E. Again, this involves computing direct images. Under these assumptions,
the direct image

E' = mo,mtE (E.65)
is an holomorphic vector bundle on X of the same rank as E. By pushing down V,, one

obtains a first order differential operator [96]
D =73,V t B =m0 ®F (E.66)
satisfying a Leibnitz-type rule
D(fs)=fD(s)+0f ®s (E.67)

where 9 := my.d,, . If the canonical® map Qx — m2,QL is an isomorphism, then D descends
to a connection
V:0FE) - QYE), (E.68)

on X. The flatness of V on certain submanifolds of X is then related to the flatness of the

relative connection (E.57). This is contained in the following result:

1The idea is that something is canonical if it transforms correctly when the whole system is subjected to
a morphism of the category in which one is working.
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Proposition E.19 (Eastwood [326]). We are in the hypothesis of E.16. Let us assume
m1(m3 ' (x)) is compact and connected for all z € X. Moreover, Q1(X) = 75, QL (Y). Then,
there is a bijection between X-trivial holomorphic vector bundles on Z and holomorphic vector

bundles on X equipped with a connection flat on each 7y(7y'(2)), for all z € Z.

This establishes the connection with E.16 and close the circle. The equations VQ\Wz(ﬂfl(z)) =
0 yield a system of nonlinear integrable differential equations on space-time X.
To conclude we just observe that the requirements needed above are always satisfied in

our setting, i.e. for the double fibration P «— F? — M,



Calculations on twistor space

The aim of this Appendix is to present a few useful tools for performing computations on

twistor space P%. We also prove some results that we have used in Chapters 6 and 7.

F.1. Homogeneous—local coordinates: a dictionary

Here, we shall introduce local coordinates on twistor space P® and re-write many relevant
objects accordingly. Although all the calculations in the body of the Thesis are presented, more
elegantly, in homogeneous coordinates, using local coordinates sometimes comes in handy to
avoid some subtleties that homogeneous coordinates may induce. For instance, we recall that
the differential one-forms €4, spanning the dual of the twistor distribution, are defined up to
terms proportional to A4, as )\AVA = 0. Similarly, because of the invariance under rescaling
of homogeneous coordinates, local sections of Ops fulfil the equation )\A%f = 0, where

)\A% is the Euler vector field on P3.

Coordinates. Let (ZA,T(A), for A = 0,...3, be homogeneous coordinates on P”. Recall
that the the invariance under Cy rescalings of homogeneous coordinates means that they only
contain seven complex degrees of freedom. We have defined twistor space P to be a quadric
hypersurface in P{ \ P? in which (A4) # 0. A standard open covering of PS is a lift of the
standard cover of P* and consists of four coordinate patches U = {U;}, i = 1,...,4. We

define the inhomogeneous or local coordinates on a patch U; C P% = {[m4] | mo # 0} by

a

(Ca = ia Na =

o o

Ta

) , for a=1,2,3. (F.1)
Coordinates on the other three patches are defined accordingly.

257
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Analogously, let U = {V;}, 1 = 1,...,4 be an open covering of Euclidean twistor space.
Recall that in this setting P® = RS x P3. It can be equivalently coordinatised by global
coordinates ($AB,)\A), where )\, are homogeneous coordinates on P3. On a patch V; C
RS x P3 = {[(zB,\4)] | Ao # 0}, we introduce local coordinates

Aa

ab _Oa L
(l’ y L Pa = )\7
0

), for a=1,2.3, (F2)

where p, are local fibre coordinates. Using the Euclidean reality conditions defined in 6.3.2.

one may invert the incidence relation 24 = z4% )\, obtaining

=b ~ ~ b=c
L0a = — anna_Ca+5abc€77‘|7 F.3
M 1t ] [ )
Lap = Efabcl'oc = # zé[anb] - 8abccc - gabcﬁcgdnd (F4)
L+ [ ’
where [n7] := 2:1 In,|%. Here, three dimensional indices are raised and lowered by the rules

Oc

Tab = Eabel and 2%

bc{L‘bc . (F5)

= 780‘
2
Vector fields. In Section 6.3.2. we have also introduced the (0, 1)-vector fields {VA, Vag}
on Euclidean twistor space. In terms of homogeneous coordinates (24, 7,4) the space T%!P°

is generated by

0 0
{%J[Aw} ) (F.6)
with
2 —a 0 1 —D 0
=V d — = CENGV 4+ A\4—— F.7
05 . M Tgem T Tpgenent MY F g (D)

where we have used 24 = z45AB. Similarly for the (0, 1)-differential forms {£4, &2} we have

1 2 2
€4+ %8ABCDzBéCD = (déA — 72[A7TB]d7ATB) and &P = #dxPl (F.8)

[7] (7] [ 7t]?

Locally, on Euclidean twistor space’, we may introduce the following sets of (0, 1)-vector
fields

(B = 0%+ pyo aia} (F.9)

'Here and in the following, local quantities are always considered on a patch even if not explicitly specified.
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and (0, 1)-differential forms

{fa = . +1[p/3] (Ao + 7' (padano + dza)| , dp} (F.10)

such that
TO1P6 = span{Ea; 88} and Q% (P%) = span{e,; dp"} (F.11)
pa

Differently from the situation in Section 6.3.2., here (F.9) and (F.10) define actual frames of

(0, 1)-vectors and (0, 1)-forms, respectively. By using conventions

C

1
O dweg =000, 0" de =0, 0° deg= 6 and 9 da =0, (F.12)

one can immediately see that these bases are dual in the sense that

1 = -
G=50, E ~dp®=0. (F.13)

Then, due to the diffeomorphism P% = RS x IP?, we have the following transformation laws

between the coordinate anti-holomorphic vector fields:

0 0 _

—u D-a + 2xabE + — ﬁcxacprb )
oq* ~ op° 1+ [pp] (F.14)
R 28 |
9 1+ [pp] e

Dolbeault operator. Let (z*,74) and (28, \,) be homogeneous coordinates on P® and
coordinates on Euclidean twistor space, respectively. As regards the anti-holomorphic exterior

derivate, in Section 6.3.2. we claimed that

5 — 74 | SABY; s pA a0
0=2e,V Vap = d2aP +d7 F.15
eA +6 AB ZA 382 a A0 ( )
in terms of the projector Pj := &7 + “[B;] This is an example where using local coordinates

turns out to be quite useful. Indeed, a lengthy, but straightforward, calculation shows that

= 9, 0 0

0=din"— +d(,—= = 26,E" + dp” F.16
o Gy = 7 o (F.16)
Here, we have used the definitions (F.9)-(F.10) and (F.14) together with the relations
b > Ry
N’ Tab = Toa + Ca n Ty =1 (F.17)

and the symmetry relation T,y = 3T (b + Tlacp + Tichja, for some general tensor T'.
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Differential forms. We have seen that in the Abelian case the relevant fields are (0, 2)- and

(0, 3)-differential forms on twistor space. In local coordinates, their expansions read
B*? = e, A&y (B, — pBo) + 2 A AR [5°Bly + Byyy) + peByy) + pep By |, (F.18)

and
00’3 = €abcdﬁa A dﬁb VAN dﬁc C() + Ecdféa VAN dﬁc AN dﬁd {pbé[ab},f — pbﬁfé[ab]’o
+ Cleol — ﬁfé[ao]’o} + e, Ay A dpt [éc,[Od] — pcéﬂ,[Od] + ﬁféc,[fd] — pcéo,[fd]}

—e%e, NeyAe, C .
(F.19)
Here, the coefficient fields are weightless smooth functions of (4, Zoa, pa, p*). Similar expan-

sions hold for the other form fields entering the non-Abelian case.

Holomorphic measure. Moreover, the holomorphic volume form (7.15) may be re-written
as
00 = f Eabc€® A €PN e Adpy A dpp A dppe™™ . (F.20)
3

in terms of the complex conjugate basis of (F.10)

{e“ =10 7 {dx“o + pp(da® + ﬁ“dxbo)}, dpa} : (F.21)

This allow us to check calculations without dealing with homogeneous coordinates, and their
corresponding subtleties.

F.2. Integral formulas

In the following we give a proof of the integral formulae presented in Section 6.4.. We borrow

some ideas from [257]. See also [97].

Cech representation. Let us consider the integral

¢A1-~-A2h = ]{ Qa’0)‘141 T )\A2hf—2h—4|Y . (F22)

We recall that the open convex subset U C PS is Stein, while f_g,_4 € H*(U, Op(—2h —4))

is a Cech cocycle and Y = P3. One may immediately realise that this integral formula gives

!Recall that the contour I is, for any . € U ¢ M6, ST x S x S1.
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rise to solutions of the massless field equations by directly differentiating under the integral

sign and using the fact that

1 1 Of _on_
O fona| = 5= P PO sl Ap, ) = LM PP A
| 5 Y (F.23)
_ 1 aBepy J—on—4
~ 9 P50l
Y
Explicitly,
O*Bhpa,. Ay = ?{9370)\B)\A1 e )\Agh_laABf—2h—4’Y
1 Of an-4 Of an-a
= Qg’o)\Al s )\A2 _I*EABCD ()\B)\D — )\B/\C’ = O,
j{ "oy 029 |y 0zP |,
(F.24)

by symmetry reasons. Hence, the integral formula (F.22) realises this isomorphism (6.29) from

the left to the right. In particular, for h = 1 (case of interest) one has the expression

Cap(z) = 7{_9(370))\A)\Bf—6|Y ; (F.25)

with ¢ € H3(P® Ops(—6)) and 04PCpc = 0. We notice that the contour integral for-
mula (F.22) can be recognised as a representation of a special instance of Serre duality.

Considering the Abelian sheaf O(k), Serre duality on projective space IP? reads
HY(P? Ops(k)) = H* 9(P?, Ops(—k — 4)) . (F.26)

This follows from that fact that the canonical line bundle on P? is K := det T*IP? = Ops(—4).

Dolbeault representation. Alternatively, we have defined the integral formula
¢A1~~A2h = /YQ&O A )\Al T )\A2h77|Y ) (F27)

for n = n(z,\) a Dolbeault representative of the cohomology group Hg’?’(U, Op(—2h — 4)).
This integral depends only on the cohomology class of 7. Once again, the fact that the z.r.m.
equations are indeed obeyed follows directly by differentiating under the integral sign and using

the fact that
0 0

928~ Mg,

thanks to the incidence relation. Here, we have used the holomorphicity condition, 9n = 0, i.e.

(F.28)

the Dolbeault representative 1 does not depend on the complex conjugated twistor variables.
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To be precise about anti-holomorphic dependence on twistor space, we must specify some
reality conditions on it. Let us consider Euclidean reality conditions (6.22), providing twistor
space with the non-holomorphic fibration 7= : P® — R®. In this real setting we consider

n e QO3(T, Oy (—2h —4)). For convenience, we recall the expansion for a (0, 3)-form field

MAAB A dXC A dNP
THT no + eBPe s Neg NecAp

Eadp ANCANP NN p o pep@a ApAe AAPAAT
AP A2 e
in terms of the coefficient fields {ny, 7, 742F HFEL} of appropriate weights. Hence, (F.27)

1 = €4BCD
(F.29)

+¢€

+ €cpEF

reduces to
¢A1---A2h = /YQ&O N )\Al T )‘A2h770|Y 0% ) (F30)
as the only component that appear in the integral is the one that points along the IP? direction

of the Euclidean twistor space. Again, 79|y denotes that the incidence relations have been

imposed. Differentiating (F.27) under the integral sign gives

O Bhpa,. ay = /YQS’O)\A1 Ay, (A0 Enoly) A QY = /YIO\A1 e AAQh,_lvAnoH ,

(F.31)
where K is the Kahler metric (7.30), on each copy of the P? fibre of the Euclidean twistor
fibration. It is more convenient to work with local coordinates (F.2). For the sake of the

argument, let us consider the simplest case

Vp = /YQ&O A Asnly = /YK)\BHOIY :
On a patch Vi, by using the expansion
N = €abedp® A dp® A dp° Mo + EcqrEa A dp° A dp? [Pbﬁ[ab]’f — ppp! 10
+lehs — plle0] ety A7y A dp? [fefoq — periooq + P e — periogra|  (F-32)
— e, Ne, NE. 7

and differentiating, one obtains’

—A _ _ _355a
0"y = | KOVAm Iy = [ doy Adpy A dps Adp! Adg? g By

1 p p 0 0 neoc Enl® ~la0},c —c~[a
= 5 J o A dps A dpy A g A AR [ — a0 0 — 0]

which vanishes by Stoke's theorem on the projective space Y.

1 Here, the suffix (1) denotes the restriction to the patch V;. Note that, in the second line the incidence
relation is assumed to be taken into account.
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Woodhouse method. On the other side, we are also interested in knowing how, given a
z.r.m. field on space-time M®, one can construct a twistorial cohomology class which manifests
the requested space-time degrees of freedom. For this purpose, again, the additional structure
induced by Euclidean reality conditions turns out to be very useful. We follow a method due
to Woodhouse [259]. Let v4,..4,, € H°(U,2;) and n¥ be the corresponding element of
HO3(U,0p(—2h — 4)). Recalling expansion (F.29), the component along IP? is given by

¥ ~ S\Al . e /)\\AQ}L
Mo (7, A, A) i= apa, . ay, (JJ)W ) (F.33)
as can be easily seen by considering the integral formula (F.27) and using the identity
K B 3B, L op B
T Rl R (730

The remaining components fields of n? follow by exploiting the O-closure condition. Explicitly,
L AQ0Y lA AR
on? =92 - V v A V¢~AB7D‘|_{_
U DA 073 i CcD
B 2éA AEB AN A dNF
A

A ~ ~ 7M/\ °
[/\EVgFU +V AE??E\@[,EF] +
(F.35)

1 PPN " —
~3— [e[A)\B Neay AXCAN A dNFeqpprV P +

[AA?
ABCD—-A A =B A[FAE I M] /A\L‘N/LM o1
€ e Ne" Ao AdAT AT AdA ~ppr| =0,

(A

imposes relations between the coefficients fields as the distinct (0, 4)-forms on twistor space

have to vanish independently.

F.3. Integration over the fibres

In this Section we show some results the have been useful in performing integration over

twistor space.

Holomorphic measure. Here, we are interested in showing how the holomorphic measure
defined in (7.15) may be rewritten in the form (7.29), by using non-holomorphic coordinates
(x48,X4). We perform a (local) change of variable by solving the quadric constraint 24\, = 0
for z as

2 =t aBp (F.36)
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Here, we have introduced coordinates £4, satisfying the constraint £4\4 = 1 and of homo-
geneity such that the combination é4w has holomorphic weight +1. Hence, 24\, = w.

Moreover, we set dz* = ad(w) + éAdw + x4Bd)\p, were the (1,0)-form « is defined by

at(w) == dé4w + dz?BAp. Noting that a\y = —wéAd) 4, the holomorphic form is given
by
1 dzA A dzB A dzC A d2P
00— “cipen Z2ANdz” ANdz¥ ANdz A 93700\)
4 4! ZA>\A (F 37)
A B c D :
1 a’(w) Ao (w) ANa®(w)éPdw 4,
:f —GEABCD ANQ7(N)
v 4! w
as the other terms vanish when wedging to Q3°(\). Performing the contour integral in w
gives
1
Q0 = 27rz'ﬁgABCDdxAI)\I AdzBI Ny A dz“E NP A QPO(N) . (F.38)
Finally, choosing ¢4 := [/\Tj\‘] equation (7.29) follows immediately from the definition (6.24),

as a(0) = [AA]e?.

Useful relations. Before integrating along the fibres of the twistor fibration one needs to
properly rearrange the indices in order to factorise the space-time measure and the Fubini-
Study measure on IP3. This translates into straightforward, but lengthy calculations. The
following results products of differential forms are helpful in this regard. Just to give the idea,

let A% = earp AP and At = eicAp]ASP. The wedge product reads

1
AP A AS = ngBCDéA NepAe (AT Aspp — AvppALF)Ar (F.39)

where we have used
3
E[A/\B] /\E[C/\D] = 5 {é[AAB A EC]AD — E[A)\B /\éD]Ac} . (F40)
Similarly,

1
E[AAB} /\é[cAD] VAN é[E/\F] = — {é[AAB Nec /\éE]/\D)\F — é[AAB Nec /\ép])\D)\E
2 (F.41)

— 2B Aep AemAcAr + Eudp Aep A EF])\C)\E} .

Serre duality. In showing how both Abelian and non-Abelian twistor actions reduces to

space-time actions it is necessary to integrate along the IP?-fibres of P® — IRS. In particular,

we have integrals of the form

Mdp - ACAD ...
[)\;\]2h

[ & [ KoM e, , (F42)
U P3
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where K is the Kahler form on P? given in (7.30), while ¢AB+ 4pop. denote space-time
dependent symmetric tensors with 2% indices each. Following the discussion in [84] we define

the quantities

D = " AaAg - € Hy(P?, Ops (20) (F.43)
and
E‘CAD 00,3 0,3 /153
U= @DCD...W O e Hy (P°, Ops(—2h —4)) , (F.44)

where Q03 = %5ABCD5\Ad5\B A dA° A d)\?. Here, we have used the fact that ® is anni-
hilated by the 9 on P? and ¥ is O-closed because dime P? = 3. By using the Dolbeault

isomorphism (E.28) one finds

Hg’O(P3, Ops(2h)) = HY(P3, Ops(2h)) ,

(F.45)
H*(P?, Ops(—2h — 4)) = H*(P?, Ops(—2h — 4))

Hence, the duality pairing is

/IP DAY = gt (F.46)

This, together with the coefficient vy, follow from the following lemma for complex projective
space.

Let wﬁs_l be the Standard Fubini-Study Kahler metric on P!, with K,,_; its correspond-
ent Kahler form and let [\, -+, \,] denote homogeneous coordinates on P"~!. Given the
2h-tuples of integers A = (Ay,---,Ag) and B = (By, -+, Byy,), for h € %INO, we define
the generalised Kronecker ¢ by

2h
oaB = > [ 0a, 5., (F.47)

TES2h j=1

where Sy, is the permutation group in 2k symbols. The following linear algebraic lemma, see

e.g. [336,337] makes Serre duality on a (complex) projective space explicit.*

Lemma F.1. /[f VA = A4, -+ - A4, and Vg = Ap, --- Ap,, then

/ VAVB _ (n — 1)'
prt UN2R T (n42h— 1

oA (F.48)

'Here, the bar denotes complex conjugation.
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We are interested in the case n = 4. Assuming we are choosing Euclidean reality conditions,

as explained in 6.3., the formulas (F.48)-(F.47) translate to the following integrals

AN 1, AP 1
~ - - / A = - F4
/IPS K [)\)\] 46A and b5 K [)\)\}2 105(,453) ) ( 9)

for the relevant cases h = 1/2 and h = 1, respectively. Here, we have used K as in (7.30).
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