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1 Introduction

The AdS/CFT correspondence is often described as a strong-weak duality: theories of strongly
coupled strings are dual to weakly coupled conformal field theories and vice versa the weakly
coupled regime of string theory corresponds to the strongly coupled one on the boundary.
The locution ‘strongly coupled’, when referred to string theories, should not be intended as a
synonym of ‘intractable’ or ‘difficult to solve’ and in the following we will frequently prefer the
adjective ‘tensionless’! It is certainly true that in the extreme case of free boundary CFTs,
formalisms based on a perturbative expansion in the bulk coupling o/ may not be reliable and
one may thus expect little control over the strongly coupled gravity dynamics. On the other
hand, free CFTs feature a large collection of conserved currents and one should expect to
recover some evidence of the associated symmetries also in the bulk. Indeed, the tensionless
regime of string theory has been described as an ‘un-higgsed phase’ of string theory, where
additional symmetries become manifest [1-4]. More concretely, in the tensionless regime the
leading Regge trajectory of AdS string theory gives rise to a tower of massless higher spin
states, capturing the large collection of currents populating the boundary free CFT [5-12].

While supergravity techniques cannot be employed in the tensionless regime, the bulk
dynamics may still be accessible via a worldsheet formulation of string theory. This is
for instance the case of pure NS-NS AdSs string theory [13-20]. In particular, the precise
string background dual to the symmetric product orbifold has been identified and an exact
incarnation of the AdS3/CFTy duality has been formulated [21],

Pure NS-NS strings on
AdS3 x S% x T D — Sym® (T*) . (1.1)
with k=1

Although the symmetric orbifold of T* is strictly speaking not a free field theory — but an
orbifold thereof — it features a huge collection of conserved currents [9, 22]. The holographic
pair (1.1) thus provides a concrete incarnation of tensionless strings being dual to free CFTs.
Notice, that while it has been known for a long time that the CFTy dual to AdSs strings
lives on the same moduli space of the symmetric product orbifold of T4, the duality (1.1)
predicts the match of all observables, whether they are protected or not.

Before discussing the outcomes of the manuscript, let us briefly recap some important
results in the study of tensionless AdS3/CFT5,. The plethora of results recently derived
effectively amounts to a proof of the duality: the all-loop perturbative spectrum was derived
from the worldsheet and matched with the symmetric orbifold [21, 23, 24], string partition
functions on BTZ black hole, thermal AdSs, conical defects and wormhole geometries were
computed and related to the corresponding quantities on the boundary [25, 26]. Boundary
states have also been investigated [27] and conformal perturbation theory off the symmetric
product orbifold point has been recovered from the bulk [28]. It was shown in [24, 29-31]
that correlators are delta-function localized to configurations where the worldsheet covers the
boundary sphere, thus explaining the basic mechanism underlying the duality. Correlators of
descendant fields were computed and matched with the boundary CFT expectation in [32, 33].

'Recall that the string coupling o’ is inversely proportional to the string tension.



Many of these results relied on a free-field realization of the worldsheet chiral algebra
in terms of symplectic bosons and free fermions. Specifically, the symplectic bosons and
free fermions together generate the algebra u(1,1]2);, which is reduced to psu(1,1]2); upon
gauging a null u(1) symmetry of the theory.? While the symplectic boson representation
of psu(1,1]2); is extremely useful, the gauge-fixing from u(1,1|2); to psu(1,1|2); comes
with a few complications. First, the gauge-fixing itself is rather complicated, and the
BRST structure is significantly more involved than the usual prescription in gauged WZW
models [34]. Furthermore, the prescription for calculating correlation functions involved the
introduction of extra fields (so-called W-fields) which are vacua with respect to psu(1,1|2);
but not with respect to u(1,1|2); [30]. Introducing these fields is necessary to obtain a
sensible and non-vanishing result, but their physical significance is unclear. In summary,
while the present formulation of the worldsheet theory allows for many explicit computations
and accurate checks of the duality, it also contains various technical hurdles which hinder
a direct derivation of correlation functions and seem to have no precise meaning from the
boundary CFT, perspective.

In this paper we explain how some of these difficulties can be bypassed. In section 2,
we consider the alternative free-field realization of [35], which does not involve any gauging
of null currents. This alternative free-field realization consists of one 7 system and two bc
systems. After reviewing that these free fields generate the full chiral algebra psu(1,1]2);,
we recover the representations previously derived in [21] in terms of symplectic bosons and
free fermions. While we present this alternative free-field realization as being independent of
the symplectic boson theory, in fact the two are intimately related, see [35]. We also explain
its relation with the Wakimoto realization of sl(2,R), which has been exploited multiple
times in the study of the AdS3/CFTy duality (see for example [14, 36]). In section 2 we also
explain the geometric interpretation of the alternative worldsheet fields we discuss: while the
worldsheet 8 system can be interpreted as position coordinate and associated derivatives
on the boundary sphere, the two be systems realize on the worldsheet the spacetime N = 2
superspace coordinates. In [34] the NV = 4 algebra of Berkovits-Vafa-Witten [37] was obtained
in terms of the symplectic boson realization of psu(1,1]2); we discussed above. In order to
remove terms containing the null field mentioned above, the authors introduced additional
ghosts and gauged them out. We conclude section 2 by explaining how, as suggested in [35],
in terms of the alternative free-field realization these additional ghost fields are no longer
necessary and all N' = 4 algebra generators can directly be written in terms of the newly
introduced free fields.

The utility of these alternative free fields is exemplified in section 3, where we rederive
the spectrally-flowed characters of the psu(1,1]2); WZW model, as well as the worldsheet
partition function of [21], recap the physical state conditions and rewrite explicit expressions
for spacetime symmetry generators and DDF operators in our variables [14, 38, 39]. We
explain in section 4 how localization of string amplitudes emerges from the path integral.
It was noticed in [24] that in order for correlation functions on the worldsheet to develop
poles only where vertex operators are inserted — this is one of the basic axioms of 2D

20ne should also pick an appropriate reality condition on the fields. Different reality conditions correspond
to different signatures in the target space.



CFTs [40, 41] — it is necessary to introduce additional vertex operators dubbed ‘secret
representations’. These fields behave as the vacuum for the psu(1,1|2); generators but give
rise to non-trivial representations when acted on by the worldsheet free fields. Section 4
illustrates the geometric origin of the secret representations: when computing correlators
on Euclidean AdS3 they arise from the failure of the worldsheet coordinate v to cover the
boundary sphere with a unique patch.

The drastic simplification at the orbifold point of the boundary CFT5 hints at a corre-
sponding streamlining for the worldsheet bulk theory. Optimistically, since closed formulae
for arbitrary CFTy correlators at the orbifold point are well-known [42-52] and the symmetric
orbifold theory is essentially solved, one may suspect that also a perturbative solution of
the bulk string theory may be within reach. Indeed, building on [21, 24, 30], in section 5
we compute from the worldsheet n-point functions of twisted ground states at tree level
and exactly reproduce the dual symmetric orbifold expectation. The holographic match of
higher-genus correlators will appear in [53]. This is the first time (non-protected) correlators of
the symmetric orbifold are reproduced from the bulk in terms of the hybrid formalism of [37].
We conclude in section 6 with a discussion of some points deserving further investigation
and a list of future directions. A number of appendices contain technical derivations or
background material which will help the reader at various points in the main text.

2 The worldsheet theory

String theory on AdS3 x S x T* with pure NS-NS flux can be described in terms of the hybrid
formalism [37], based on the Wess-Zumino-Witten model on the supergroup PSU(1,1|2).
This supergroup arises naturally in the description of the A" = 1 superspace of AdS3 x S3, and
captures the left- and right-super-isometries of the AdS3 x S3 superspace.? Since PSU(1, 1|2)
is a matrix supergroup of dimension 6|8, we can represent its elements faithfully as matrices.
A convenient parametrization is the block decomposition

(2.1)

PSU(1,1|2)%< SL(2,R) supercharges>

supercharges ‘ SU(2)

The WZW model on PSU(1,1|2) at level k is described in terms of the current algebra
psu(1, 1|2)g, generated by six bosonic currents J¢, K@ and eight fermionic currents S5 on
the worldsheet, satisfying the following OPEs®

Lgab N fNabc Jb (’LU)

JU2)J(w) ~

(2 —w)? z—w
k ab ab e
K@)~ 0+ D),

3Tree level four-point functions of w-twisted ground states were obtained in [54] as a k = 1 limit of bosonic
AdSs string correlators.

“Strictly speaking, since m1(SL(2,R)) 2 Z, the above space is not simply-connected. We will therefore
always implicitly assume that we are working with the universal covers Sm) and PSI/JET,/IB) so as to
describe global AdSs.

SHere a is a vector index taking values in a € {—,3, 4} while o, 8,7 € {—,+}.



(65" (w)

Ja(Z)SQB'Y(w) ﬁ , (22)
Ko ()5 w) ~ (L5 0),
SaBJr(Z)Swéf (w) ~ ke®eP e(0,) P K (w) = eP(54)*7 % (w)
(z —w)? z—w ’

ab_ fab and k%, f9° are the killing form and structure constants of s[(2, R) and su(2)
respectively, and et~ = —e~ T = 1. See appendix E for our conventions. It was pointed out

where K

in [21] that at the minimal level k£ = 1 a shortening condition occurs and the only allowed
psu(1,1]2); representations take the form

1
C2,2
(Cl 1) ( A0 ) (CO 1) (23)

)\+%> )\+%7
where Cﬁ; denotes an s[(2,R) continuous representation with spin j and fractional part of A
mod 1, while 1 and 2 stand for su(2) representations of dimension 1 and 2 respectively.

2.1 An alternative free-field realization

The shortening condition of the PSU(1, 1|2) model at & = 1 hints at a simplification of the
theory at minimal level. In [21, 30] it was pointed out that this simplification takes the form
of a free-field realization of the current algebra psu(1,1]2); in terms of two pairs of so-called
symplectic bosons and two pairs of free fermions [55]. As discussed in the Introduction,
this comes with various technical difficulties. We discuss an alternative free-field realization
of psu(1,1]2); based on [35], which does not require any gauging and avoids most of the
complications listed above.

Consider a commuting 7 system with scaling dimensions A(f3) = 1, A(y) = 0 and OPEs

B(z2)y(w) ~ — - (2.4)

zZ— W

and two anti-commuting bc systems (p,, 0%), a = 1,2, with conformal dimensions A(p,) = 1,
A(0*) = 0 and OPEs

51)

Pa(2)6"(w) ~ ——. (2.5)

Analogously, we should introduce anti-chiral versions /3, W,ﬁa,ga obeying analogous right-
moving OPEs. All of these fields are free and can be described by the action

1 Ja) A I —a
S =_— / ([387 + pa 00 + 5Oy + p,00 ) , (2.6)
2

where summation over a = 1,2 is understood. The stress tensor of the theory can be found
by demanding that 8 and p, are conformal primaries of weight A = 1, and v and 6% are
primaries of weight A = 0. The (chiral) stress tensor is

Tfree = _ﬁaV - paaaa (27>



and implies that the total central charge is ¢ = —2. Note that normal ordering is understood.
Let us now consider the currents®

1 _ a
Jt =3, TP = By + 5(pad”), J™ = (B7)7 + (pad*)7, (2.8a)
1 1
Kt=pp', K= m0)+5m), K =pl, (2.80)
and
Sttt =py, ST T =p, ST = —qpy, ST = (By + pab)6?, (2.8¢)
R 691 , St— = —ﬂ@Q , St = —p1, L —(ﬂ’y —i—pa@a)Hl . (2.8d)

It can be checked using the free-field OPEs (2.4) and (2.5) that these currents have conformal
weight A = 1 and that indeed generate the current algebra psu(1,1[2);.” In fact, bosonizing
the free fields (2.4) and (2.5) and making appropriate field identifications, one can verify
that eq. (2.8) is (up to a real form) the ps((2]2); free field realization of [35]. Notice that
substituting the free-field realization (2.8) in the expression for the psu(1, 1]|2); stress-tensor,

Tywutuaan, = — (779 + L [(T77) + (7T + (KPK®) 4 J[(KTK™) + (K~ K7)]

+ %Ea%ﬁvevp(gaﬂvguw) 7 (2.9)
one recovers the stress tensor (2.7),
Tosu(1,112); = Tfree - (2.10)
In the following sections, it will prove useful to bosonize the free fields (2.4) and (2.5) as
B = e?T (k) , = 7, (2.11a)
ot = ef1 p1=e W, (2.11b)
02 = 2 po = 2 (2.11c¢)

where ¢ and k are free bosons with OPE
d(2)p(w) ~ —In (2 — w), k(2)k(w) ~ —In(z —w) (2.12)
and stress tensor

Tpr = —=(0¢)* — %(85)2 - %a% + %a%m) : (2.13)

1
2
The bosons ¢ and k account for a central charge c¢(¢,x) = 2. In eq. (2.11) we also introduced
the free bosons

fi(2)fj(w) ~ —0; ;In (z —w), i,j € {1,2}, (2.14)
whose stress-tensor
13 1 1
Thpo = —5 Y05 + 50%(ih) — 50%(f2) (2.15)
j=1
accounts for a central charge c(f1, f2) = —4.

5The right-moving currents are constructed by analogous combinations of the anti-chiral free fields.
"This and various computations in the manuscript are carried out with the help of the Mathematica
package [56].



2.2 Representations and spectral flow

We now study representations of the free fields (2.4) and (2.5) and see how they give rise
to representations of psu(1,1|2);.

Highest weight representations. The zero-mode algebra of the free-field theory is

[Bo,70] = =1, {(Pa)o. 05} = ," (2.16)

We can find representations of this algebra by defining states |m) such that®
Bolm)=mlm+1),  ywlm)=m—-1),  (pa)o|m)=0. (2.17)

Such a representation is labeled by the fractional part A + % of m and the states form
the Clifford module

1
Span{|m>,98|m>,969§ |m>m6Z+)\+2} . (2.18)

The states of the form |m) are annihilated by K§ and thus form a singlet with respect to
su(2). The s[(2,R) generators on the other hand act as

JBmy =mm), JFlm)=mlm+1), J5|m)=mlm—1). (2.19)

Thus, the states |m) transform in the continuous representation Cijo; under s((2,R). Checking
2
the action of K§ and J§ on the other states we find that

mye €y 1), Glmbe(Ci2),  ame 1), (220

where the first and second entries determine the representation of s[(2,R) and su(2), respec-
tively. We can group these three representations into a single representation of the zero mode
algebra (2.16), which takes the form of the Clifford module (2.3). Thus, we see that the
zero-mode representations of the free-field realization reproduce the short representations
of psu(1,1]2). Moreover, one can also check that all the short representation coefficients,
which are spelled out in appendix E, are correctly accounted for. Promoting the zero mode
representation to a highest-weight representation of the full mode algebra

[/Bma 'Yn] = _5m+n,0 s {(pa)ma 92} = 6ab5m+n,0 s (2'21)

in turn reproduces the short representations of psu(1,1]2);. Following the notation of [21],
we will refer to the affine representation built on (2.18) as F). Note that there is a subtlety
for A = % mod 1, since representations become reducible but indecomposable [21]. Let
us recap how this comes about. If A = 2 mod 1, then m € Z. The state |0) in (2.20)
is annihilated by J3, and therefore we can consistently take the quotient by states |m)
with non-positive m € Z in that representation. This shows that there are highest- and
lowest-weight sub-representations of the affine representation Fy, which in [21] were denoted
by G+. Moreover, following the same reasoning of appendix B of [21], we can see that there

are two trivial representations, [0) and 6363 |0).

8Note that requiring psu(1,1|2); currents to be periodic, forces to only consider the R-sector of (3,v) and
(paa 0%).



Spectrally-flowed representations. The free-field realization admits a spectral-flow au-
tomorphism ¢* which acts on the mode algebra as

Uw(ﬁn) = /Bn—w 5 O'w(’}/n) = Yn+w

Uw((pl)n) = (pl)n_w , Jw(erlL) — H}H-w , (222)

and which acts trivially on py and 62.° The effect of o™ on the psu(1,1|2); currents is

0" (J3) = I3+ 50, 0" () = Tip s

0" (K3) = K3 + 500, oK) = Kift (2.23)
wqaB+\ _ qoB+ wiqaB—\ _ qoB—
o (Sn ) - SnJr%w(ﬁfa) ’ o (Sn ) - SnJr%w(ﬁia) )

which agrees with the usual notion of spectral flow for psu(1,1|2); at £ = 1 and implies
o (L) = Lo+ w(Kg — J3), (2.24)

where Lg is the zero mode of the stress-tensor of psu(1,1|2);.

Composing the highest-weight representation Fy with ¢ yields a non-highest-weight
representation o (Fy). For example, the spectrally-flowed image ]1/1>(w) of a highest-weight
state |¢) will no longer be annihilated by all positive modes of the free fields, but will
rather satisfy

Bn |w>(w) =0, n>w, Yn |@Z)>(w) =0, n>-w, (2.25)
(P [0)™ =0, n>w, 0L )™ =0, n>-w, (2.26)
(p2)n |0)™ =0, n>0, 02 1) =0, n>0. (2.27)

Given the agreement with the representation theory of [21], in our worldsheet theory we
include the highest-weight representations F as well as all spectrally-flowed images o (Fy).
This gives a worldsheet spectrum

H=0 /O1 AN (F) ® 0 (Fy) - (2.28)

wEZ

The x basis. As in any 2D CFT, a vertex operator V(¢,z) can be associated to each
state ¢ on the worldsheet,

V(9,0)|0)=¢. (2.29)

While a priori vertex operators depend solely on the worldsheet coordinate z, we are eventually
interested in studying dual CFT correlation functions, which explicitly depend on the

9The choice of p; and 6 as the be system which is affected by spectral flow may appear artificial. In
fact, there is a continuum of possible choices, related by global SU(2) transformations. However, only the
choice made in eq. (2.22) is consistent with eq. (2.24). For it, eq. (2.24) implies that the modes of any field
F on the worldsheet flow according to o (Fy) = F, 4w (j—n), where jF = [K§, F] and hF = [J§, F]. Since
[K§ — J§,pe] = [K§ — J§, 6% = 0, we conclude that p2 and 6% do not flow.



spacetime insertion points. It thus proves useful to introduce a worldsheet chemical potential
and define the so-called ‘z-basis’ vertex operators

V(g z,x) = ezJJV(qb; z, O)e_xjg . (2.30)

This definition is natural from the spacetime point of view. Admittedly, J;- = £_; is the
translation operator in the dual CFT and x can then be interpreted as the position coordinate
on the boundary sphere.

While only in terms of vertex operators in the z-basis it is possible to reproduce correlation
functions of the boundary CFT, this is one of the technical difficulties mentioned in the
Introduction. In fact, correlation functions of spectrally flowed z-basis vertex operators
are significantly more involved [20, 24, 30, 54, 57-63] than those computed in terms of the
vertex operators (2.29) [64-71].

One of the benefits of the fields (2.4) and (2.5) is that they behave quite nicely when
conjugated with exp(a:JJ ). In fact, only v transforms and does so in a simple way,

e“’”‘]gr*y(z)e_gﬁ‘]0+ =v(z)—z. (2.31)
2.3 Relation to the Wakimoto representation

Readers familiar with the AdS3 string theory literature may notice similarities of the free
field realization (2.8) with the Wakimoto realization of s[(2,R); [72, 73]. Let us make this
comparison precise.

The Wakimoto realization of sl(2,R) is generated by the action [14]

L (2 (L0050 + 69+ + Bom — L gge-@ee _ Qo )
5= /d . <28<I>811>+58'y+6€ﬁ B R, (2.32)
where (3 is a (1,0)-form, v is a chiral scalar, and ® is a non-chiral scalar satisfying the OPEs
1 1
~ — (I) (I) ~S . .
BN~ — s 0B(E0R(w) ~ (233

Similar OPEs hold for the anti-holomorphic fields 3,5 and 9®. The scalar ® has a background

charge Q¢ = /2/(k — 2), so that the central charge of the above action is
3k
c(B,7) +c(®) =2+1+3Q% = g = c(s2,R)p). (2.34)
The sl(2,R); algebra is generated by the currents
0P 0P
T R ST US| N CE )
Qo Qo
and the stress tensor is
Ty = —(0®)? — %6% — B0 . (2.36)

The theory we are interested in, of course, is not bosonic strings on AdSs, but rather
superstrings on AdSz x S3 x T%, built in terms of the psu(1,1|2), WZW model. Note, however,
that at £ = 1 there is a conformal embedding

sl(2,R); @ su(2); C psu(l,1]2)y, (2.37)



meaning that the stress tensor of psu(1,1|2); is recovered by the stress tensor of its bosonic
subalgebra sl(2,R); @ su(2);.!? The existence of this conformal embedding suggests that
it should be possible to study psu(1,1]|2); purely in terms of its bosonic subalgebra. Thus,
we are motivated to study the theory sl(2,R); @ su(2);.

Note that, for k > 2, the background charge Q¢ is real, whereas for k = 2 it diverges.
However, for k < 2, there is a qualitative change in the behavior of @, since its background
charge becomes imaginary. Specifically, for £ = 1 we have

Qo=vV—-2, ¢(®)=1+3Q%=-5. (2.38)

A free-field realization of su(2); @ u(1) can be constructed in terms of a pair of fermionic
first-order systems (bg,c®) (a = 1,2) satisfying the OPEs

ba(2)(w) ~ —2 (2.39)

zZ—w
and with conformal weights A(b,) = A, A(¢*) = 1—A. These free fields generate four currents

1
K3 = _§(b101 — b2c2) ) K+ == b2cl ) K™ = blCQ, (240>

J = \2(6101 + bac?). (2.41)

The currents K generate su(2);, while J commutes with K“ and thus generates a disjoint
u(l). If we define J = iy, then ¢ obeys the OPE

p(2)p(w) = —log(z — w) (2.42)
and has background charge
Qp,=—-—vV-2(1-2A). (2.43)

For A = %, the background charge (2.43) vanishes and we recover the ‘usual’ free-field
construction of su(2); @ u(1), which was also used in [24]. On the other hand, for A = 1,
the background charge reads

Qw = V=2 = Qs (2.44)

and exactly equals the background charge of ®. We thus understand that for A = 1 we
can identify the extra current d¢ generated by the be system (2.39) with the 0® current
entering the Wakimoto representation of s[(2,RR)q,

1
J=idp=10® = —2(17161 + bac?). (2.45)

10A necessary and sufficient condition for a subalgebra a C g to define a conformal embedding is that
c(h) = c(g) [74]. Since

c(psu(1,112)x) — c(sl(2, R)k) — c(su(2)k) = —8 <Zz : 411) ’

we see that sl[(2,R), & su(2)r C psu(l,1]2)k is a conformal embedding if and only if k£ = 1.

,10,



As a consequence, it is no longer necessary to gauge away any current and one can realize
s[(2,R); @su(2); as we did in egs. (2.8a) and (2.8b). In fact, using eq. (2.45), and making the
identifications b, = p, and ¢* = 0%, egs. (2.35) and (2.40) respectively reproduce egs. (2.8a)
and (2.8b).

Thus, we can group together the Wakimoto scalar ® and the su(2); WZW model
into two pairs (pg, %) of fermions with A(p,) = 1 and A(#*) = 0 (along with their right-
moving counterparts). We conclude that we can write the ‘free-field’ part of the Wakimoto
representation of s[(2,R); @ su(2); as

1 _ _ _ _
Stee = 5= [ (507 + 307 + pa06° + p,07") (2.46)
This is precisely the free-field realization of psu(1,1]|2); discussed in this section.

One may ask about the interaction term which appears in (2.32), yet which does not
appear in the free field realization (2.8). Written in terms of the free fields, the interaction
Lagrangian takes the form

1 - — 1 - 1
Line = — 04" = 2 35(00°0'0) (2.47)

In principle, it seems that one should include this term in the psu(1,1|2); Lagrangian in
order to obtain a complete worldsheet description of the model. It is not entirely clear
why the k = 1 theory seems to be completely consistent without the introduction of this
interaction term. See also [75] for a discussion on this point. One explanation is that Liy is
not a physical state in the gauge-fixed worldsheet theory. As we will explain below, and as
outlined in appendix D, the worldsheet physical spectrum is specified by a double cohomology
of operators Gé , éar However, the interaction Lagrangian L, is not annihilated by GaL .
Thus, from the point of view of the gauge-fixed theory, Li,+ does not represent a well-defined
deformation of the free action Skee. Nonetheless, we admit that this reasoning is rather
post-hoc and we will instead take the action Sgee as the definition of our worldsheet theory,
regardless of its connection with the sigma model description of AdS3 x S3.

We should note that the relationship between the psu(1,1]|2); WZW model and the
Wakimoto representation of s[(2, R); without the interaction term has been discussed in the
literature before, see [39, 75]. The above discussion sharpens these observations to include
the full psu(1,1]|2); theory, and not just that of the sl(2,R); subalgebra.

2.4 Spacetime interpretation of the free fields

The form of the metric of Euclidean global AdS3 in Poincaré coordinates,

2 _ dr? + dydy

ds 5 ,

; (2.48)

suggests that v and 4 should be interpreted as the position coordinates x and Z in the
boundary CFTy [14]. This intuition was strengthened in [24], where it was observed that at
k =1 the field =, when inserted inside correlation functions, behaves as the covering map
from the worldsheet to the boundary sphere. Notice that in order for a field on the worldsheet
to be holographically dual to the boundary position coordinate x, one would expect that:
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e it has spacetime conformal dimension h = —1;
o it is a singlet under the R-symmetry and hence commutes with K3 on the worldsheet.

As one can easily check, ~ satisfies both of these requirements.
Now, let us interpret the worldsheet fields #' and 2. The worldsheet admits global
fermionic symmetries §',92 such that

Sy =67, 5% =0, 0%y =-0%6, B=0, (2.49)

see egs. (2.8). In particular, we have 6' = —S{]H_ and 62 = SSL__. Indeed, these symmetries
form a subset of the global psu(1,1]2) algebra. Given that the zero modes of psu(1,1]2); are
the wedge modes of the small N' = 4 superconformal algebra in two dimensions, and the
fact that the partner of v under these transformations is 6%, it is natural to interpret 6% as
representing the boundary N = 2 superspace coordinates ¥,7. Indeed, notice that by the
same logic of the discussion above, the proposed fields ¢

¢ have spacetime conformal dimension —%;

« transform as a doublet with respect to the spacetime su(2) which is identified with the
su(2) of psu(1,1|2);, see [33].

We note, however, that these statements should only be considered true at the level of
the psu(1,1]2); WZW model and not in the full string theory. In string theory, after
imposing the physical state conditions, we are not aware of a way to construct supersymmetry
generators which commute with physical state conditions, and for which -, 8% have the simple
interpretation of spacetime superspace coordinates.

In the case of AdS3 x S* x T4, the boundary CFT5 has the structure of a (small) N = 4
superconformal field theory. In particular, it contains an N = 2 subalgebra which acts on
the (holomorphic) superspace coordinates (z,19,7) as [76]

5z = €(x) + %19 &) + %ﬁ (), (2.50a)
0 = e(z) + éﬁ 0.&(z) — da(x) + %19158956(33) , (2.50b)
60 = é(z) + %5&35(%) +Jafx) — %058&(1’) . (2.50¢)

The Grassmann even functions £(z) and «(z) respectively parametrize infinitesimal trans-
lations and infinitesimal U(1) R-charge rotations. Similarly, the Grassmann odd functions
e(x) and €(x) parametrize infinitesimal superconformal transformations generated by the
two N = 2 supercharges.

To strengthen the observation that -, 81, 62 represent spacetime superspace coordinates,
we study Noether’s charges associated to the local N' = 2 transformations. To illustrate
this, let us set

e=0, €e=0, E= -y, a=0, (2.51)
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with 7 a constant bosonic variable in egs. (2.50). We find

oy =~y
1

5¢ez—n";'7"w, (2.52)
1

6(92 — _nn + ,yn92

2
The charge implementing this variation is
n+1
L — f dz[(mw + s (2.53a)

This is exactly the DDF operator associated to the spacetime stress-tensor written in our
variables, as we will explicitly see in section 3.5. For instance, setting n = —1,0, 1 gives the
zero modes of s[(2,R); currents, see eq. (2.8a). While using this approach we cannot fix
the correct normal ordering, we have anticipated the correct prescription in eq. (2.53a). A
similar procedure also works for the Cartan generator J of the R-symmetry currents, and the
supercurrents of an N’ = 2 subalgebra. In fact, in addition to the stress-tensor, one obtains
the following Noether’s charges associated to the local spacetime transformations

%:fwﬁn, (2.53b)
Gt = —Zjlédz[ - pﬂTJr%] + fdz {Gl(ﬁfy”ré) + 2(7‘ + ;) (91K3)*yr_é] , (2.53c¢)
6; = fazfprr ] - 5 faz[ i o(re g )R] s

Indeed, one can check that the operators (2.53) form an N = 2 algebra with ¢ = 6. The
underline in G and G emphasizes that the Noether charges in egs. (2.53c) and (2.53d)
do not agree with the DDF operators we will obtain in section 3.5. In fact, the Noether
charges in egs. (2.53c) and (2.53d) do not commute with the physical state conditions of
the hybrid formalism. This is expected, since as already mentioned, the symmetry (2.49)
is a symmetry of the PSU(1, 1|2); non-linear sigma model and not a symmetry of the full
AdS3 x S x T* string theory.

2.5 The worldsheet N = 4 algebra

In the RNS formulation of string theory on a group manifold G [77], one introduces worldsheet
fermions that transform in the adjoint representation of G, see e.g. [11] for a review. Although
this makes the worldsheet supersymmetry manifest, the spacetime supersymmetry is hidden
and is realized after GSO projection. On the other hand, Green-Schwarz like formulations of
string theory make spacetime supersymmetry manifest [78]. There exists a third option: a
hybrid formulation that makes the supersymmetry of 6 flat directions manifest, while the
other directions are described in the RNS formulation [37]. We will sometimes refer to this
worldsheet model as the Berkovits, Vafa and Witten formalism. In the same paper, the
analysis is extended to AdS3 x S? x T*. In the hybrid formalism, it is natural to describe the
physical states in a cohomological language. More specifically, the worldsheet has a small
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N = 4 topologically twisted algebra, and one of the supercurrents is the BRST current. For
a detailed review of this formalism see [34, 79]. In the following we briefly sketch the hybrid
formalism on AdSz x S? x T* while a more rigorous discussion can be found in appendix D.

Let us now elaborate on the background that we are interested in, i.e. AdS3 x S3 x T* with
pure NS-NS flux. The supergroup that describes strings moving on AdS3 x S® is PSU(1, 1|2)
with the affine algebra psu(1,1]2)x. In other words, strings moving on this background are
described by a WZW model on psu(1,1|2); and vk is proportional to the radius of AdSs
and S? in units of the string length. As we briefly mentioned above, in order to describe
superstrings moving on AdSs x S% x T*, we need additional ingredients. The worldsheet theory
has holomorphic (left-moving) and anti-holomorphic (right-moving) sectors. For brevity,
here we focus only on the holomorphic sector and we combine them in section 5, where we
compute correlation functions. The holomorphic sector consists of

o the psu(1,1]2); WZW model,
e the free bosons p and o,
« a topologically twisted N = 4 superconformal theory on T*.

Similarly for the anti-holomorphic sector. From now on we focus on k& = 1, which is the
relevant value of the level in our worldsheet theory. We reviewed the psu(1,1]2); model at
level kK = 1 in section 2.1. The free bosons p and ¢ have OPEs

p(z)p(w) ~ —In(z —w), o(z)o(w) ~ —In(z —w), (2.54a)
and stress-tensor
Tpo = —5(0p) + (00 + 20%(p + i) . (2.54b)

The topologically twisted T sector, which is reviewed in appendix E, consists of 4 free
bosons and 4 free fermions on T, with a topologically twisted stress-tensor. We denote the
generators of this algebra on the worldsheet by a subscript C'. In particular, note that the
Cartan generator of the R-symmetry currents is J¢, which is bosonized as

Jo = %8(1‘H), H(z)H(w) ~ —2In (2 — w). (2.55)

The full worldsheet theory has the structure of a topologically twisted (small) N' = 4
superconformal algebra with ¢ = 6 on the worldsheet [37]. We denote the stress-tensor by
T, su(2); R-symmetry currents by .J, J**, J~~ and the supercurrents by G* and G*. The
explicit form of these generators can be found in eq. (D.1) while in table 1 we recap their
conformal dimensions and whether or not they are conformal primaries. We will discuss
the physical state conditions in section 3.5, but let us anticipate the basic idea: the zero
mode of the generator GT is the BRST charge which defines the physical states. For the
exact physical state conditions see eq. (3.27).

It is important to note that, as suggested in [35], in the formulation (2.8) of psu(1,1|2),
since no additional gauging is needed, one obtains an honest worldsheet topologically twisted
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T J Jtt J - Gt G Gt G
Weight 2 1 0 2 1 2 1 2
Primary | v X / v v v v/

Table 1. We list the generators of the topologically twisted N' = 4 algebra with their conformal
weight. In the third line of the table, a check mark or a cross respectively denotes whether or not the
corresponding generator is a conformal primary.

N = 4 algebra with ¢ = 6. Let us elaborate on this: once we have a psu(1,1]2); algebra, the
construction of [37] ensures that there exists a worldsheet N = 4 topologically twisted algebra
with ¢ = 6. However, for the case of k = 1, as we mentioned in the Introduction, the realization
of psu(1,1|2); in terms of symplectic bosons and free fermions involved an additional gauging
with respect to a null-current, usually denoted by Z. Hence, the anti-commutation relations
of u(1,1]2); differed from the ones of psu(1,1|2); by additional terms proportional to Z,
which after gauging indeed gave a realization of psu(1,1]2);. This ‘contamination’ of Z-terms
implied that the worldsheet did not manifestly have an A/ = 4 topologically twisted algebra
with ¢ = 6, see [34]. In that paper, this issue was resolved by introducing additional ghosts
and gauging them out. In our case, as suggested in [35], these complications are absent since
we begin by considering the alternative psu(1, 1|2); realization [35], and therefore we get an
exact N = 4 topologically twisted algebra on the worldsheet.

3 The worldsheet spectrum

In this section, we compute the full spectrum of the physical states on AdSs x S* x T
While this already appeared in [21, 25], we hope to convince the reader of the utility of the
free-field realization (2.8) in simplifying various steps of that computation. We also collect
some clarifications about the contribution of ghosts to the partition function, which appeared
in [27]. Furthermore, we discuss the physical state conditions on the worldsheet, and rewrite
expressions for spectrally-flowed vertex operators following [39]. Finally, we write a set of
DDF operators based on [14, 38, 39], which allows an exact realization of the single-particle
spectrum of the dual CFT on the worldsheet.

3.1 Spectrally-flowed characters

The primary ingredient is the computation of spectrally-flowed psu(1,1|2); characters, which,
as we will see, are easily calculated in our language. The spectrum of the psu(1,1]2); WZW
model has the form

H = @ /01 dA o (Fa) ® 0% (Fy) . (3.1)

WEZL

We would like to compute the partition function
- 3 =3 .3 —3
Zpsu(1,1)2); (t, 2, 7) = Try {qLOqLoﬂfJOwJOyKOyKU
1 ) (3.2)
=% [ dlehe @D
0

wEZ
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2miT _ 27th 2miz

where ¢ = e = ,and y = e“™* and we have defined the characters of the

, X
representations % (Fy) a

ch<awm>><t,z;7>:Traw(m[Lo:c y i) (3.3)

As discussed in the previous section, the highest-weight representations Fy of the free-field
algebra are generated by descendants of states of the form |m) such that

Bolm) =m|m+1) , Yo |m) =|m—1) , (pa)o|m) =0. (3.4)

Clearly, since the bosons and fermions decouple, this character factorizes into a character
from the ([~ system and a character from the p,0° system. The [~ character is easily
calculated as follows: the J§ eigenvalue of |m) is m, while Lg|m) = Kg|m) = 0, and so
the [~ character is simply

m

> Gtk (3.5)

meZ+A n

where each factor of 1/n(7) accounts for the oscillator modes of one of the bosons. Meanwhile,
the fermionic character can be computed by noting that the fermions have the following
charges with respect to J3 and K§:

1
3 [K[:))’apl] :_57

[KgaPQ] =35

[ngpl]
(3.6)

}—‘[\D\H

while #' and #? have charges opposite to p; and ps, respectively. Thus, the character of
the p,0% system is simply the character of two pairs of free fermions with flavors &Tz in

the R-sector,'! namely

Do (525 7)02(55557)

3.7
Gk D
Putting the bosonic and fermionic contributions together gives the character
t+z 9 t—=z.
ch(Fy)(t, z;7) Z x™ 7) i( 27 (3.8)
mMELAA 77(7)

For the spectrally-flowed characters, we note that spectral flow acts on Jg’ , KS’, Ly as

w w
=Ty KD =K§ . o"(Lo) = Lot uw(K§ - ). (39)
This means that, since F) and o"(F)) are isomorphic as vector spaces, we can replace a
trace over o%(F,) with a trace over F), so long as we appropriately shift the quantum
numbers as in (3.9). Thus, we have
Lo, J3, K3] _ Lotw(K§—J3) I3 +%  Ki+%
o [ ] o [ s i)
=z2y2ch(F\)(t —wr,z+wr;7).

"The fermions are in the R-sector since they have integer conformal weight.
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Therefore, we can immediately write down the spectrally-flowed characters in terms of the
unflowed characters. We find

w w Uo (B2 1) 99 (52 — wr;
ch(c”(FA))(t,z;7) =x2yz > a™q¢ "™ 25575 7)0a 3 wri)
mEL+A n(7)
. . (3.11)
_w? m —wm29 ( +Z )192(?2;7—)
T ) @ 1 ’
MEZA+X 77(7-)
where we have used the theta function identity
w? .
V(2 —wr;T) = q 2 2Ty (3 7) weZ. (3.12)
Shifting m — m — w in the sum then gives
w w? m 7wm792 192 ti’
(o (F))mr) = g5 3 amgrom 2T TGET) (3.13)
mMEL+A 77(7)

This agrees precisely with the spectrally-flowed characters of psu(1,1]2); found in [21]. Thus,
we conclude that the spectrum of spectrally-flowed highest-weight states in our free worldsheet
theory agrees with that of the psu(1,1]|2); WZW model, suggesting that they are indeed
equivalent.

3.2 The worldsheet partition function

For completeness, we include the derivation of the full worldsheet partition function from
the above characters. This subsection is essentially a summary of section 5 of [21] and
contains no new results. We break the computation of the worldsheet partition function
into the psu(1,1]2); spectrum, the T# spectrum, and the contribution from the (p, o) ghosts
of the hybrid formalism.

The psu(1,1|2); spectrum. As mentioned above, the spectrum of the psu(1,1|2); which
is part of the worldsheet theory takes the form

/ dAo®(Fr) ® 09 (Fy) . (3.14)
wEZ

Thus, we can write the partition function of the psu(1,1|2); model in terms of the characters
calculated above. We find

Zpou(1.1]2)1 / dA Y ch(o )(t, 2 7). (3.15)
wEZ

In order to make the computation simpler, we can use Poisson resummation on (3.13) to
write ch(o"(Fy)) as a formal sum of delta functions:

Do (257 )’192(%77).

. (3.16)

ch(a“(Fx))(t, z;7) wT Z FTMAS(t — wr + m)
meZ 77(7—)

,17,



Hence, the partition function reads

1 a amitnen | P25 (55 1) [
Zpsu(1,1\2)1 :/0 dA wm%;ez |Q‘ 62 ( A : 77(7_)4 :
X 0(t —wr +m)d(t —wT +n) (3.17)
t4z. t—=z. 2
=3 [ 192(2’7()19)24(2’7) 5t —wr +m).
n(T
w,meZ

Crucially, we see that the integral localizes onto the subset of the moduli space for which the
worldsheet holomorphically wraps the boundary of AdSs. This is a direct result of the fact
that integrating out § in the free-field theory results in a delta functional §(9v) in the path
integral, which demands that the path integral localizes onto holomorphic covering maps.

The T4 spectrum. The T* spectrum of the worldsheet theory is calculated in a straightfor-
ward manner. The T4 sigma model on the worldsheet consists of four free bosons and two
pairs of topologically-twisted fermions. The topological twist means that we should treat
the fermions in the Ramond-sector, and so we have

2

2(0;7)°
Zra = | ——— . N
T4 1’](7’)6 @TAL(T) (3 8)
Here, ©rp4(7) is the Narain theta function
P’ _p°
Op= > qzqz, (3.19)

(p7ﬁ)€1—‘4,4

where I'y 4 is the Narain lattice of momentum and winding modes.

The ghost contribution. In the hybrid formalism of strings on AdSz x S, there are two
types of ghosts, known as p and o [37]. The o ghost is nothing more than the usual free boson
entering the bosonization of the (b, ¢) conformal ghosts of superstring theory. The role of p is
less well understood but it essentially comes from the bosonization of the superconformal
ghost of superstring theory combined with the compact directions.

The partition function of the (b,c) system is found by noting that the (b,c) system
removes two bosonic oscillators from the set of physical states on the worldsheet. Thus,

Zy = |n(r)?. (3.20)

The p ghost contribution can be found using the following logic. The field p is a scalar
with central charge c¢(p) = 1+ 3Q% = 28, see appendix D. If we were to introduce a set
of topologically-twisted fermions ¥ and ¥ of conformal weights h(¥) = 1 and h(¥) = 0,
then the combinations

B=eldU, F=Ule? (3.21)

define a bosonic first-order system with h(8) = 2 and h(¥) = —1. These are commuting
versions of the conformal (b,c) ghosts of bosonic string theory, and as such remove two
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topologically twisted fermions from the set of physical states. Since we had to introduce a
pair (¥, ¥) of topologically-twisted fermions to obtain (3,7) from p, we conclude that the p
ghost removes two ‘pairs’ of topologically twisted fermions, i.e.

n(r)? |

9o (0: 72 (3.22)

Z,=

Assembling all contributions. The full string partition function takes the form
Zstring = Zpsu(1,112), L14%0 Zp

zZ —Z 2
_ Y Do (5525 )02 (1555 7)

Orpa (1)0P) (t — wr +m)

w,meZ 77(7—)6
2
Yo (2 wr __ m. Yo(—2 wr _ m.
- Z ||* 25+ % 23 TV2( =g+ 5 2i7) @’]I‘4(7—)(5(2)(t—’w7'+m>7
w,meZ n(T)G

(3.23)

where in the last line we used the delta function to substitute ¢ = w7 — m. In order to
simplify the theta functions, let us introduce the notation

0,0y = U3, Y0,1/2) = V2, Y1/2,0) = V4, V2,172 = V1. (3.24)

The Jacobi theta functions satisfy the quasi-periodicity property

Z wr m _w? w z
Y (a,8) <:|:2 + 5 2;7’) =q syTie D (atm/2,84w/2) <:|:2;T> . (3.25)

Thus, we can write the string partition function as

w
Zstring: Z |.CC’2

w,mEZ

2

19(m/2,1/2+w/2)(—§; 7')19(m/2,1/2+w/2)(§§ 7) O (7) 52 (t — wr + m) _

n(7)

(3.26)
As was argued in [21], the string partition function then reduces, after taking the physical
state condition, to the single-particle partition function of Sym® (T*) in the large K limit.

3.3 The physical states on the worldsheet

The previous section demonstrated that the free-field realization of psu(1,1|2); allows us
to compute the worldsheet partition function and reproduce the partition function of the
symmetric orbifold. We will now argue that this conclusion can be refined by directly matching
the physical states in the worldsheet theory with the states in the dual symmetric orbifold.
This has been done using the bosonization of symplectic bosons in [39]. Here we discuss how
it can be reformulated in terms of the free-field realization (2.8).

In the hybrid formalism, the physical states are defined as states ¢ that satisfy

Gfo=Gio=(h-3)6=Tow=0, 6~0o+GiGiv. (3.27)

In other words, the physical states are defined as the double cohomology of the worldsheet
N = 4 superconformal algebra which we discussed in section 2.5. Note that the generators
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in eq. (3.27) have explicit expressions in terms of psu(1,1|2) generators and ghosts as in
egs. (D.1). The task is therefore finding the physical states associated to certain spacetime
states. In fact, the spectrum of the symmetric product orbifold Sym® (T*) is generated
by acting with (fractional) modes of four free bosons and four free fermions on w-twisted
ground states subject to the orbifold invariance conditions.'? The same mechanism can be
mimicked from the bulk in two steps. First, one identifies the worldsheet operators dual to
w-twisted ground states. Second, to each mode of the spacetime bosons and fermions, one
associates a DDF operator [81] on the worldsheet [14, 38, 39]. The whole bulk spectrum
is then generated by applications of these DDF operators on the worldsheet states dual
to w-twisted ground states of the symmetric orbifold, subject to the orbifold invariance
conditions which arise from diagonal modular invariance on the worldsheet [21]. We will
analyze DDF operators in section 3.5, while we discuss here how the symmetric orbifold
w-twisted ground states are built from the worldsheet.

Let us begin by reviewing some properties of symmetric orbifold w-twisted ground states
of T4. For w odd, the ground state o, is a singlet with respect to the su(2) R-symmetry
of T* and has conformal dimension

w? —1

hy = . 2
o (3.28)

Due to fermion zero modes, for w even there are two su(2) R-symmetry singlets and one

R-symmetry doublet. The two ground states in the doublet, which we denote by afj, have
conformal dimension'?
ht = % . (3.29)

The worldsheet physical states dual to symmetric orbifold w-twisted ground states were
identified in [30]. For w odd, they take the following form

Qp = Bye?rtiotil (3.30)
while for w even they read
Qf = @LePotiotil (3.31)

In (3.31) the + emphasizes that QF is a doublet with respect to the su(2) C psu(1,1[2);,
which is dual to the su(2) R-symmetry in spacetime [33]. In [30], the ground states (3.30)
and (3.31) where expressed in terms of symplectic bosons. As explained in appendix C,
following the bosonization of [39], one can rewrite these fields in terms of the fields f1, fa, ¢
and k, which bosonize the fields (2.4) and (2.5) introduced in section 2.1. For w odd, we get

w4+ 1
2

D, (2,2 =0) = exp (if1 —if2) + (Mmy +w)p + imyk|, (3.32)

2This means that the left and the right conformal dimensions h and h should satisfy h — h € Z (if both
bosonic or both fermionic) or h — h € Z + 3 (if one fermionic and the other bosonic), see e.g. [80].
3Note that the two singlets also have the same conformal dimension as in eq. (3.29), see e.g. [10, 23].
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with ( )2
w—1
=" 3.33
Mw 4w ( )
It is straightforward to show that this state satisfies eq. (3.27) and is therefore physical. In
particular, it has vanishing worldsheet conformal dimension and the spacetime conformal

dimension agrees with (3.28). For w even, we have

+(ifi +if2)
2

dE(z,2 =0) = exp { ] exp [w ; ! (ifi —ife) + (mE 4+ w)p+imEk|, (3.34)

where 5
w —
mi:—niff. (3.35)
Again, these states are physical, have worldsheet weight 0, and the spacetime weight agrees
with eq. (3.29).

3.4 Delta-function operators

In section 5 we will compute correlation functions of w-twisted ground states from the
worldsheet. A key observation in that calculation is that the vertex operators that we
wrote down in the previous section can be written in another useful form which involves
delta-functions. The main advantage of this approach is twofold. First, the vertex operators
associated to w-twisted ground states now have a tractable form in the x basis, and second
they allow us to compute correlation functions in the path integral formalism. In this section,
we take a short detour, review this construction following [82] and eventually write down
the vertex operator associated to the w-twisted ground states in this language. The reader
already familiar with this language or mainly interested in directly knowing the final result
may skip this section and jump to egs. (3.50) and (3.51).

An interesting feature of 5+ systems comes from the existence of an infinite tower of
vacua obeying the property [83]

Ba0)®) =0, n>-—w—A,

(3.36)
Y |0Y®) =0, n>w+A.

Here w € Z labels the distinct vacua. In the bosonized language (see section 2.1), these
states can be written as the vertex operators e“?, and can be thought of as the image of
the trivial representation under the automorphism

Bn — anw sy Yn 7 Vntw - (3.37)

This automorphism plays the role of spectral flow in the psu(1,1|2); model, and the states
|0>(w) play the role of spectrally-flowed ground states, as we discussed in section 2.2.
While the states \0>(w) are readily written down in the bosonized theory in terms of the
local operator e?, we are interested in expressing these states purely in terms of the By
system. The appropriate expression is in terms of local delta-function operators [82]:

QWb {5111(’7) w >0,

’ 3.38
o_w(B), w<0, ( )
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where we have introduced the notation

w—1

uw() = [] 6(0"), (3.39)
i=0
and similarly for 5. What this notation means is that if one inserts the operator d,,() at
a point z on the worldsheet, the field v will be restricted to have a zero of degree w at
z. This is reflected in the OPE

(y)e?(z) ~ O((y — 2)*), (3.40)

so that €“?(z) indeed imposes a zero of degree w on 7.
The conformal dimensions of delta function operators can be read off using classical
reasoning. If v has conformal weight 1 — A, then ,,(7) should have conformal weight

w—1 w—1

AGu() = 3 AG@) = - S (1—A+i)
i=0 i=0 (3.41)
Cww+1-20)  ww+ Q)

2 B 2 '
which is indeed the conformal weight of e®? with Qs =1 —2A, see appendix A. Furthermore,
since 8 has weight A, 6,,(5) has weight

i A +d) (w;%) — Ale™%), (3.42)
=0

so that negative exponents of ¢ naturally map to delta functions of 3, not . In particular,
in our case A = 1 and so the conformal dimension of d,,() is

(3.43)

As we will see in section 5, an important advantage of using the delta-function notation is
that it allows us to perform the computation of correlation functions using path integrals. Let
us then briefly discuss the role of delta function operators from a path integral perspective.
For a field ¢, we define the delta function operator §(¢) as the formal integral

= [ S expiceol2)) (3.44)

where ( is some Lagrange multiplier.'* Thus, we can write

H / S8 exp (iG:0(0)) |
H / S exp (iG05(0)) -

Y1f © is a primary of weight A, we should formally treat ¢ as having weight —A, as to make sense of the

(3.45)

exponential.
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These expressions can be argued to be identical to the definitions (3.38) by computing their
OPEs with other fields in the theory [82]. For example, eq. (3.40) can be checked by making
use of egs. (3.45). Further checks and examples can be found in appendix A.

The role of the operator §(5) in the path integral can also be read off using the above
representation. If we consider the correlator (§(5)(0)O) for some operator O, we can write

0) = /D(IB,’}/)GS[ﬁ”Y]/;KeiCﬂ(O)O
_/d( /D —Scﬁﬁvdo

Set = % /E (88 — 2micsoD(2)) . (3.47)

The equations of motion found upon varying g are

it in the path integral as
(3.46)

with

0y = 2mi¢6?)(2), (3.48)

which is equivalent to saying that v has a pole at z = 0 of residue (.
With this preparation at hand, now we are ready to write the vertex operators in this

d+imk

language. In particular, we are interested in states of the form e(™+®) , see e.g. eq. (3.32).

We propose that this state can be represented in the form

e(m—i—w)d)-i—imm _ <87) ew¢ — <M> 6w(7) , (3.49)

w! w!

where we used eq. (3.38) and the standard radial normal ordering is implied. In appendix A we
provide a derivation of this equation. Having this, the state ®,, for w odd in eq. (3.32) becomes

By (z,) = exp | (Zfl—zfz)](8w> 5u(r(2) — ). (3.50)

where m,, is defined in eq. (3.33). Note that using eq. (2.31) we have explicitly calculated
the conjugation with J~ = By in eq. (2.30). For w even, the states ® in eq. (3.34) become

B50) = e [FLE D o [0 L iy (21) " ) =) (351

where m is defined in eq. (3.35).

3.5 Spacetime symmetry generators and DDF operators

In the symmetric product orbifold Sym* (T*) four free bosons together with four free fermions
realize the small ' = 4 superconformal algebra (E.1), see [80] for a review. A number of
references [14, 16, 38, 39, 84-86] explained how this algebra emerges in the bulk and can be
constructed in terms of psu(1,1|2); generators, Wakimoto and ghost fields on the worldsheet.
Since the symmetry algebra of the boundary CFT is built out of free bosons and fermions,
one might speculate that also on the worldsheet it may be constructed purely in terms of
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free fields. In fact, in [39] a bosonization of the symplectic boson free-field realization (C.3)
was exploited to express symmetry generators and DDF operators [81] purely in terms of
free fields on the worldsheet and directly in the hybrid formalism. In this section, we will
rewrite the DDF operators of [39] in the free-field variables of section 2.1 and we will observe
an improvement at the level of decoupling of an additional null current: since the symplectic
bosons and free fermions (C.1) actually realize u(1,1|2); — instead of just psu(1,1]2)1, see
appendix C — the spacetime N = 4 algebra in [39] was realized on the worldsheet after
gauging the null current Z. As a consequence, when expressed in terms of free fields on
the worldsheet, the (anti-)commutation relations of A/ = 4 generators contained additional
terms of the rough form

2, = f dt Z(t) 4(t) ™ (3.52)

For instance, instead of (E.1m), the super Virasoro generators of the spacetime CFT obeyed
_ 1

{G7.6,) = ( 2 4> Orgs 0L+ (r—8)Trps +Lrgs +(r+s+1) 24, (3.53)

Since physical states on the worldsheet are annihilated by the action of the null field Z,
the presence of terms like (3.52) is strictly speaking not a problem. On the other hand,
they have no interpretation in the spacetime theory and it would be desirable to realize
spacetime generators and DDF operators in terms of free fields on the worldsheet without
any need of modding out null currents.

For the DDF operators of the bosonic generators of the spacetime N = 4 algebra we
get [14, 38, 39],

Lo = fdz (590" + "4 a0 T=fd:ror,  (5t)
T = faembr, Gu=§ T [0 o] T = fasmety, @)
while for the spacetime supercharges we obtain
5; = ]{dzplfy”% , Gr = —fdngfy”% , (3.54c¢)
and
G, = faz[ 025y h) — (143 ) R0y e 7 G - e @5aa)
G = ]{dz {91(6'%”*5) + (r + ;) 0 (p20°)7" "% — pa(e ¥ Gg — e P7I7)y 3 (3.54e)

They exactly satisfy the spacetime small N' = 4 algebra with ¢ = 6, see egs. (E.1), without
any need to gauge an additional null current Z. Finally, for the spacetime free bosons and
fermions we have, see [39]

dXI = f dzy"9X7 | oXI = f dz[y"0X7 +ny" et 201 (3.55a)

AR f dz0 4 (7=3) epritl! g f dz02(=3) eptifl? (3.55b)
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We have adopted the convention that the spacetime theory is generated by 4 free bosons 9X7
and OX7 where j € {1,2}, and 4 free fermions ¥*J where j € {1,2} and o € {+, —}. They
satisfy the (anti-)commutation relations spelled out in egs. (E.2). Note that we are using
the same notation for the DDF operators and the modes of the spacetime fields associated
to the bosons and fermions. As one can directly check, (anti-)commutation relations of
the operators in eq. (3.54) exactly reproduce the spacetime symmetry algebra (E.1), while
the DDF operators (3.55) obey

[0X;, 0] = 161 T dnm,o (3.56)
(U9, 001 = P L6400, (3.57)

as expected.

4 The path integral on Euclidean AdSj;

4.1 Compactifying the conformal boundary

In the next section, we will turn our attention to reproducing symmetric orbifold correlation
functions in the free-field worldsheet theory. Unlike the calculation of the partition function,
however, computations of dual CFT correlators introduce an additional subtlety which we
will explain in this section.

As discussed previously, one should think of the fields (y, %) as maps from the worldsheet
into the left-moving N' = 2 superspace of the boundary of AdSs. In Lorenzian signature,
the boundary of AdSs is an infinite cylinder, and spectrally-flowed states correspond to
worldsheets which wrap the boundary cylinder w times.

The benefit of the infinite cylinder (or equivalently the punctured complex plane) is
that it admits a global coordinate chart. This means that one can treat ~,7 as scalar fields
on the worldsheet, and interpret their values as coordinates on the AdS3; boundary. In
the computation of sphere correlation functions in the boundary CF'T, however, we find it
much more convenient to move to Euclidean signature, for which the boundary is CP!. In
this case, thinking of ,7 as coordinates breaks down since CP' does not possess a single
global chart. Thus, we must modify the free-field theory if we want to study correlation
functions in the spacetime CFT.

In order to consider the ‘global’ theory, one would need to consider two coordinate
patches U,V on CP!. The field v restricted to the sets v~!(U) and 7v~!(V) can be treated
as free fields, since they can be taken to be coordinate functions in some open set of the
complex plane (see figure 1). The worldsheet theory then needs to be carefully treated so
that y|,-1() and y|,-1(y) agree on the overlaps of y~1(U) and y~(V). This is technically
possible (see [87] for a detailed exposition on this topic), but in practice quite cumbersome.

An alternative approach was suggested by [88]. We take U to be CP!\ {co} so that
~ can be taken to live in the complex plane. In order to include the point at infinity, we
introduce a ‘fictitious’ vertex operator D (which is a singlet with respect to psu(1,1]2)q,
see below) which has the OPE

v(z)D(N) ~ O (Z ! A) . (4.1)
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Figure 1. The field ~ is a map from the worldsheet to the Riemann sphere CP'. Crucially, 7 is only
a free field locally, i.e. in the preimage of a local patch of CP'. We can treat the global theory by
gluing together two coordinate patches U,V on CP' and treating the worldsheet theory differently on
the preimages of U,V under ~. Shrinking V' to contain only the point at infinity effectively results in
introducing points on the worldsheet where ~ is allowed to have a pole, despite no vertex operator
being inserted there.

If the operator D is inserted at the point A on the worldsheet, v will have a pole there, and
thus we can effectively include the point at infinity into the range of the field .

Since the field D should not correspond to a state in the dual CFT, but rather just be an
artifact of chosing a single coordinate system on CP!, D should be uncharged with respect to
the boundary conformal algebra. Specifically, it should be a singlet with respect to the algebra
psu(1,1]|2);. Furthermore, in order to induce a simple pole with -, it should lie in the w = —1

spectrally-flowed sector of the worldsheet theory. A natural candidate for such an operator is'®

D = p1p2d(B) = e 1 H25(3) . (4.2)

Indeed, (the integral of) D is a singlet with respect to psu(1,1|2);, as can be checked by
computing its OPEs with the generators defined in section 2.1.16

The worldsheet conformal dimension of D is (1, 1), and so it classically defines a marginal
deformation on the worldsheet. In fact, D is exactly marginal at the quantum level, as can
be seen as follows. The physical state on the worldsheet in the w = —1 spectrally-flowed
sector, according to section 3.3, is given by

Qw:—l — e2p+io+iHeili . (43)

This means that it satisfies eq. (3.27). In order to understand the deformation better, we

151f we restrict to states of the form e?ef1Tif2red+ids then D is the unique operator having a simple pole
with ~y, worldsheet dimension A = 1, spacetime dimension h = 0, and which transforms as a singlet under
s5u(2)1.
6Note that although the actions of J~, S~~~ and S~~ on D are non-zero, they are total derivatives, for
example
—2¢—ix
J ™ (2)D(w) ~ Bu (IW(””U)> +.e
z—w
Since, as we will discuss in a moment, we integrate D over the whole worldsheet, these total derivatives do not
contribute.
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consider the N' = 2 primary fields following [89], i.e. we consider state Qu—_1 such that
Q1 = G Qu——1, Qo1 = eerti, (4.4)

Now note that €,—_; has both zero conformal dimension and charge with respect to the
worldsheet N/ = 2 algebra, and so is a BPS state. Therefore, if we deform the theory by
a super descendant of it, the A/ = 4 structure remains unchanged [76, 89].17 In fact, the
prescription for deforming the theory is considering the following insertion [89]

D=G" G Ve 1 =G Qe 1, (4.5)

where both equalities can be directly checked. This shows that D is exactly marginal.
Since D is exactly marginal, we propose that the correct worldsheet theory for studying
dual CFT correlation functions in AdSs is governed by the action

1 [ - _ I
S= / (8D + BOY + pad6® +p,08" + DD) . (4.6)

Note that D in this description plays a role analogous to a screening operator in the Coulomb
gas description of the SL(2,R) WZW model [66, 73, 90, 91]. Specifically, the screening
operator S_ of [66] at k = 1 takes the form (translating into our fields)

S_=pipBt. (4.7)

The operators D and S_ share many features: they have the same worldsheet and spacetime
scaling dimensions, are both marginal, and both have simple poles in the OPE with . As
we will see in section 4.3, D has a much more natural interpretation in the path integral
formalism, and it is thus our proposal that D is the ‘correct’ screening operator to include.

4.2 As a ‘secret’ representation

In [24], a similar idea was presented. In their analysis, they considered correlation functions
of the SL(2,R) WZW model, and found that certain solutions to the local s[(2, R); Ward
identities satisfied the property

n n
<’Y(2) [TV (i, Zz‘)> =TI(z) <H Vi (i, Zz‘)> ) (4.8)
i=1 i=1

where v(z) is the Wakimoto field in s[(2,R); and I : & — CP! is a branched covering map
from the worldsheet to the boundary.'® However, such a map I' must have poles at points
z = Ay on the worldsheet which are distinct from the points z;. This would seem to imply
that v has a nontrivial OPE with a field inserted at z = )\, despite no such field being
inserted into the correlator.

The authors of [24, 92] proposed the existence of a field ¢ which is a singlet with
respect to s[(2,R); but which was not a singlet with respect to the Wakimoto variables (in

JE* and therefore it indeed

"Note that Qu—_1 is a singlet with respect to R-symmetry generators J and
preserves the N = 4 structure [89].
8Here, we do not notationally differentiate between the v of the free field realization of psu(1,1|2); and

that of the Wakimoto representation since, as we saw in section 2, these are essentially the same field.
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their parlence, such a field would live in a ‘secret’ representation of the Wakimoto algebra).
Their state was the lift of the state |m = £, j = §>(w:_1) in the discrete representation
o~ (DI :g) to the Wakimoto variables. For k = 1, their definition translated into the free

field realization (2.8) would give
o =e". (4.9)
While this does not reproduce the state D described above, we note that
D=Q 10=G"Qu—_1, (4.10)

where Q = pi1p207 is the field defined in appendix D. Thus, while not exactly the same
state as the secret representation of [24], our field D is directly related to it. Notice that
the presence of Q_; in (4.10) is quite natural. In fact, as discussed in [30] and reviewed
in section 5, in the hybrid formalism, the physical operators are dressed by the action of
(Q—1 when inserted in correlation functions.

In the conventions of [24], the OPE of the free boson entering the Wakimoto representation
with the secret representation field has a simple pole with residue 1. Taking into account the
different normalization of 0® and translating to our conventions, this reads

i D(\)
ﬁaq)(z)D()\) ~ oy (4.11)
Comparing eq. (2.8a) with eq. (2.35) we get
} 1 1
%a@ = S (at") = J0(=ifi +if2), (4.12)

and it is easy to check that eq. (4.11) is satisfied, in agreement with the result of [24]. As
we will see shortly, the crucial difference between ¢ and D is that we will consider the effect
of D integrated over the worldsheet, whereas ¢ was taken in [24] to lie at specific insertion
points. However, although the locations of the operator D are integrated over the worldsheet,
these integrals will wind up localizing to a finite set of points, corresponding to the poles
of a holomorphic covering map. Thus, while our prescription is a priori different from that
of [24], the end result is effectively the same, and we wind up with extra field insertions at
a discrete set of points on the worldsheet. Hence, we will still sometimes refer to D as the
‘secret representation’, although it is not precisely the state considered in [24].

4.3 Correlation functions and holomorphic maps

Since D is a marginal operator on the worldsheet, we can use it to implement a deformation
of the free field theory. That is, following the strategy of [88], we can modify the action
by adding the term

¢ [ DD=¢ [ QuQ vw. (4.13)

In conformal perturbation theory, correlation functions of the deformed theory can be

00 é-N N ) -
EZNE_:ON!<<1:[1/EC1 )\QDD>-~>, (4.14)

computed as
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where the dots denote an arbitrary collection of vertex operators. On the right-hand-side
of (4.14), our correlation functions will then be computed by integrating over configurations
of v for which ~ has a pole at A,. The 1/N! factor will cancel the symmetry corresponding
to permutations of the A;’s, and the resulting path integral will include all possible maps
v : 3 — CP!. The order of ¢ appearing in any correlator will read off the number of poles
of 7y, i.e. the number of pre-images of infinity on the worldsheet. Thus, the power of £ will
read off the number of times that the worldsheet ¥ wraps the boundary sphere of Euclidean
AdS3. In a sense, the parameter ;= —log £ then acts as a chemical potential for wrapping
a string around the asymptotic boundary of AdS.

Let us investigate these correlation functions further. Consider a (not necessarily local)
operator O which is a function purely of « and the fermions p,, 8%, but not of 5. Furthermore,
let us assume that O has a definite charge ¢(Q) with respect to the current p,0*. Then
the correlation function

(), = i ’5N<<]]‘V[ / a2\, (DD)(A,Q) (9> (4.15)
¢ Ao VA

has at most one nonvanishing contribution, namely that for which
2N 4+ q(0) =29 — 2, (4.16)

which is required by the anomalous charge conservation of p,6®. Assuming that O factorizes
into a v contribution O, and a p,0* contribution O, 9, we can compute the correlation
function of the bosonic and fermionic sectors separately. The bosonic correlator will then
be defined by the path integral

fN/ dQN)\/Dﬁny ]]'V[ 5(B(Ng)) O, e 5184 (4.17)
NI Js~ 11 @)= ’ '

where we made us of eq. (4.2). The presence of delta function operators should not surprise the
reader, since these are usual in string theory path integral computations, see for example [93].
Now, as noted in section 3.4, we can write the delta functions formally as

530 = [ e, (1.18)

Inserting these delta functions thus has the effect of modifying the (5, ~ system action,

5641 _}7/ (87—27”2(&5()2/\ ) (4.19)

and therefore, upon integrating out 3, the bosonic contribution (4.17) to the path integral
can be written as

27T BN N /d2N)\dNC /D’y@ ) (67—2#22@ a)) . (4.20)
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The delta functional restricts the functional integral over complex functions v on ¥ to those
which are meromorphic with poles at z = )\, and residues (,.'” Integrating over the locations
and residues of the poles then extends this integral to the space

Fn = {v meromorphic on ¥ with N poles} . (4.21)

The space Fn can equivalently be thought of as the space of holomorphic maps 7 : & — CP!
of degree N. This space is in fact finite dimensional with complex dimension

dime(Fy) =2N +1—g. (4.22)

Equivalently, dim¢(Fy) =g — 1 — ¢(O) by (4.16). For g = 0, the dimension of Fy is found
by noting that a meromorphic function v on the sphere with IV poles is necessarily a rational
function v = Qn /Py with Qn, Py polynomials of degree N. Such a rational function has
2N + 1 independent coefficients.?’ The bosonic part of the correlator (4.15) is then given
by the finite dimensional integral

e\ N
(%) [ wo,. (4.23)

The localization of the infinite-dimensional integral over 3,7 to the finite dimensional
integral over the space Fy of holomorphic maps 7 : ¥ — CP! is a hallmark of the k& = 1 theory,
first proposed in [47], and demonstrated in [24, 29-31] through careful analyses of worldsheet
Ward identities. In the formalism presented in this paper, we explain the mechanism leading
to localization from the path integral perspective.

As we will see in the next section, not only are these path integral manipulations useful to
show from a path integral perspective why correlation functions localize, but we will use them
to compute correlation functions of spectrally-flowed states. We will find that they precisely
reproduce the correlators of twisted-sector states in the dual symmetric orbifold CFTs.

5 Spacetime correlation functions from the worldsheet

In this section we study correlation functions of the physical states on the worldsheet.
Specifically, we will observe that the free field realization discussed in section 2 and the delta
function identities of section 3.4 allow to carry out the path integral and calculate correlators
of spectrally-flowed states. We will see that the spacetime correlation functions of symmetric
orbifold twisted-sector ground states are reproduced exactly from the worldsheet.

OTf oy ~ Ca /(2 — Aa), then 3y ~ 2miCa0® (2, Aa).
20For g # 0, the dimension of Fy can be computed via the Riemann-Roch theorem: the tangent space
T, Fn is given by H° (ﬂy*T(C]P’l). By Riemann-Roch, we have
dim H’(y*TCP') — dim H' (y* TCP") = deg(y*TCP')+1—-g=2N+4+1—g.

Assuming H'(y*TCP') = 0, this gives the desired dimension of Fx. If H*(y*TCP!) is nontrivial, then there
will exist a nontrivial correction term to (4.21).
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5.1 Symmetric orbifold correlation functions

Let us start by reviewing closed-form formulae for n-point functions of the boundary CFT5.
The reader already familiar with this material, may want to skip this section and continue
reading from section 5.2. In the symmetric product orbifold of a seed CFT X with central
charge c,

(X)®"

Sym®(X) = ol (5.1)

correlators of states O, in the single cycle w;-twisted sector can be computed following the
covering space method of [45, 94]. In a nutshell, correlators of the base space CP!, where
fields develop non-trivial monodromies, are related to correlators on a (possibly higher-genus)
covering space Y., where all monodromies are lifted. The holomorphic map

r. ¥y — Cp

z —

(5.2)

from the covering space 3 to the base space CP! is called the covering map. Let us review
some of its properties, which will be important in the following. Near the ramification points
zi, the covering map obeys the Taylor expansion

I(z) ~z; + a{(z —2z)"" 4+ O0((z — z)"), z— 2z (5.3)
and has
N=1-g+2) (w;—1) (5.4)
i=1

simple poles with residues ¢!,

&

|
z—= A,

['(2) ~ 2= A, a=1,...,N. (5.5)
In eq. (5.4), g denotes the genus of the covering space ¥.. We are interested here in symmetric
orbifold correlators in the large K expansion. The leading contribution corresponds to g = 0
and to the covering space being a sphere, ¥ = CP!. In order to distinguish it from the base
space sphere, we will frequently denote the covering space sphere by ¥ instead of CP!.

The derivative of the covering map has double poles at z = Al and zeros of order w; — 1
at z = z;. At genus zero, it can thus be written as

-1

or ( ) CF Hz 1(2’—2,)

NPT (5.6)

where C!' is a non-trivial function of the points z;, z; and can be computed by integrating
eq. (5.6). One finds

PN
or (/ & iz Z;jki:; 1) 7 (5.7)
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for any i,j € {1,... ,n} with i # j. It is important to notice that also a} entering eq. (5.3)
as well as £, and AL in eq. (5.5) are non-trivial functions of the ramification points z;. In

fact, comparing eqs. (5.3) and (5.6) we can express a} as

r_ Ol ez — z)" !

a; o IL0 A2 (5.8)
Similarly, deriving eq. (5.5) and comparing with (5.6) we find
) AF — % w;—1
65 _ _CFHz( a ? ) (59)

[lhra(Ne = X)%

We are now ready to discuss correlators of the symmetric product orbifold. At genus
zero they take the form [45-50, 94, 95]2!

n c(w2+1)

<H0wi<xi>> e | D DR o U UC
i=1 CP!

i=1 I:X—CP! i=1

N n
< T (T10u:0) - (5.10)
a=1 i=1 )
Let us recap the various definitions entering this formula. The left-hand-side is a correlator
of single cycle vertex operators in the w;-twisted sector, with insertion points taking values
on the base space sphere, z; € CP!. In the right-hand-side, the sum over I' runs over
all the covering maps from ¥ to CP! with ramification points z1,..., z, and ramification
indices w1, ...,w,. The various terms multiplying the covering space correlator in the right-
hand-side may be interpreted as the conformal factors due to the conformal transformation
relating the covering to the base space. We already introduced ajr, ¢l and C" respectively
in egs. (5.3), (5.5) and (5.6).?22 We denoted by ¢ the central charge of the seed theory X,
which in the case of X = T* reads ¢ = 6. The states 6wi are obtained by lifting O,,, to the
covering space. The base space conformal dimensions h; of O, is related to the covering
space conformal dimension A; of 6“’1’ as

cw?—1 A

h; = —. 5.11
‘ 24 w; + w; ( )

Notice that the correlator in the right-hand-side of (5.10) is computed on the covering surface
>, ie z1,...,2, € X

In the rest of this section we will focus on correlators of w;-twisted ground states oy,
of the symmetric orbifold of T4. As was already mentioned in section 3, o,,, has base space
conformal dimension

2
21
hy= i~ (5.12)

4w,~

21Here we restrict to connected correlators. This corresponds to the covering space being connected.

22Let us briefly comment on the factor |C*| which enters eq. (5.10) and is sometimes overlooked in the
literature. Notice that under base space dilatations, CT scales as the z;, see eq. (5.7). Using the Riemann-
Hurwitz formula one sees that the presence of C' is necessary to ensure the correct scaling of the right-hand-side
of (5.10). More rigorously, one can recover this factor by tracing the various factors of C* entering the covering
space method derivation outlined in section 2 of [50] and reviewed in [95].
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From (5.11) we see that when lifted to the covering space they have conformal dimensions

A; =0, (5.13)
and the vertex operator (5% in this case is simply the identity operator. Eq. (5.10) then
simplifies to

2
n _ (wi+1) wi—1 N

<ﬁam<xi>> k[ T Y I [ T (54)
i=1 Ccpl

i=1 :x—Cp! i=1 a=1

5.2 Outline of the calculation

The genus expansion of symmetric orbifold correlators resembles the genus expansion of string
theory and in the large K limit the string coupling and K are identified as

1
~—. 5.15
Our task is now to reproduce eq. (5.14) from tree-level string theory. Before going into the
details of the calculation of the worldsheet correlators in the hybrid formalism, let us provide

an outline. The correlation functions we want to compute are of the rough form

<H (I)wi(l’i,zi)> s (516)
i=1

where ®,, enter the expression for the worldsheet operators dual to the twisted-sector ground
states in the symmetric orbifold, see egs. (3.30)—(3.35). These states have the form

oWy

w!

-m
d,, = plerm ( ) Sw(y — ), (5.17)
where @fﬁrm depends only on the fermions #',6% and m is defined in terms of w through
equation (3.33) for w odd and (3.35) for w even: see egs. (3.50) and (3.51). Focusing only
on the 3, system, we are thus tasked with calculating the correlator

<ﬁ (W) o Ouw; (7(2i) — 332‘)> : (5.18)
=1

(o
By

Let us for the moment keep the genus g generic.

As described in section 4.3, since we are considering correlators on global Euclidean
AdS3, we have to deform the free-field action by the operator D, which represents the point
at infinity in CP' = 9AdSs. In particular, the number of such insertions will be determined
by the overall charge conservation of the p,, 0% systems, see eq. (4.16). The path integral we

will need to calculate then becomes (again, focusing only on the 3y dependence)??

ﬁ (W) - Oy (7(21) — ;) - (5.19)

i=1 Wi

1 N
m/d?N/\ /D(B,'y) }15(5(%))

23 As we will discuss below, this expression will be slightly modified when we consider the correlators in the
hybrid formalism.
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Below, we will see that at tree level the fermionic charge conservation will require N to
be given by the Riemann-Hurwitz formula
L w; — 1

N=l-g+) —
i=1

(5.20)

with g = 0. In fact, this also holds for higher genus [53]. For this value of N, the argument
of section 4.3 tells us that, upon integrating out (3, the path integral over + will reduce to the
space Fy of holomorphic maps v : ¥ — CP! with degree N. This space has dimension

n
dimFy =2N+1-g=> w; — (n+3g—3). (5.21)
i=1
Moreover, the delta functions in (5.19) will impose > I* ; w; conditions on 7 such that the
dimension of the path integral will become —(n + 3g — 3) = —dim(M, ). This means that,
unless the moduli of the worldsheet are precisely tuned to a zero-dimensional sublocus of
My, the path integral will vanish.
When the path integral does not vanish, the field v will be constrained to be a holomorphic
map I' : ¥ — CP! of degree N which satisfies

D(2) ~z +ak (2 — 2)% + - (5.22)

near the insertion points z;. Such a map is a ramified covering map of the boundary sphere.
As discussed above, these maps are intrinsically linked to the computation of correlation
functions of twist fields in the symmetric orbifold CFT.

In order to compare the correlation functions on the worldsheet to those of the symmetric
orbifold, however, we will need to know more than that the worldsheet path integral localizes;
we will need to know the Jacobian that arises upon integration over M, ,. Since we are
interested in planar contributions to the symmetric orbifold, let us now specialize to genus
g = 0 on the worldsheet. In appendix B, we will argue that for any operator O(y) depending
only on 7 (as well as the moduli of the worldsheet), the 3, path integral gives

. /d”A /D) H5 (y(2:) — 1) O(7)
= 312 223 213 Z CF ? H ZH

where the sum is over all holomorphic covering maps T' : ¥ — CP! satisfying T'(z;) = x;

(5.23)

() 8" =9(D),

for i = 1,2,3 (such maps always exist) and z;; = z; — z;. The delta function §*=3)/(T) is
given by demanding I'(z;) = x; for i > 4, specifically

)= [[6(z =T~ (). (5.24)
=4

Using this identity, the calculation of correlators in the worldsheet theory becomes a simple
one involving Wick contractions of the various fermions and ghosts. The result, after
integrating over the moduli space My ,, will reproduce the form (5.14) of the spacetime
correlation functions.
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5.3 String correlators in the hybrid formalism

In this section and the next, we discuss our calculation of the tree-level correlation function
in string theory. Let us review how tree-level string correlation functions are computed in
the hybrid formalism. Consider n physical vertex operators V; with j = 1,...n, which satisfy
eq. (3.27). The associated string correlator on the sphere reads [37, 89]%4

7= /d224-~d2,zn I(z1,29,23, 24, - - Zn) (5.25)
where z1, 2o and z3 are fixed and®
n 2
I(z1,...,2n) = ’<V1(a:1,z1)V2(a:2,22)[G0V§ x3, 23) H ~,GYV; a:],z])> (5.26)
j=4
The vertex operator ‘7] is related to V; by
Vi=—(e""MoV;,  Vi=GgV;, G =erti (5.27)
Using?®
Gy Vi = =G (e MoV = —(€nG V) (5.28)
and
GilGaLVj =GV, (5.29)
eq. (5.26) can equivalently be written as
n 2
I= ’<[(€_’)—’H)0V1]($1, 21) Va(wa, 22) [(€"7)1GZ, V5] (23, 23) [ [ (G, Vjl (5, Zj)> (5.30)

j=4
Strictly speaking, egs. (5.26) and (5.30) are only valid for n > 3. In fact, for n = 2,
the right-hand-side of eq. (5.30) reduces to

‘<[(€_p_iH)0V1](331, z1)Va (w2, 22)>‘2, (5.31)

which vanishes since the background charge of o (which is 3) is not saturated. In order
to define n-point functions with n > 2, in [28, 30, 33| a slightly different prescription was
used and correlators were defined as

7 = /d224---d22n <[(ei“)0(e_p_iH)oV1](fU1721)‘/2(452%2) H[éilvj](xjwzj)>

§=3
We see that eq. (5.32) differs from eqs. (5.25) and (5.30) only for the position where e
is inserted. Notice that all the results derived in [28, 30, 33] for n-point correlators with
n > 3 would not get modified should one repeat their computations using eq. (5.26) in place

2
(5.32)

of (5.32). In fact, in [28, 30, 33] the authors always effectively considered ratios of correlation
functions in their calculations, for which the precise location of € does not matter.

24We thank Cassiano Daniel for related discussions and pointing out eq. (5.26) to us.

25We define the picture number of V; as P;V; = (9p)oV; and assume that the sum of picture numbers of V;
reads Zj P; = —2n. In fact, if this is not the case, the correlator of V; = ¢;e?* T+ trivially vanishes [30, 33].

2Egs. (5.28) and (5.29) can be checked using the Jacobi identity and imposing p and o charge conservation
for vertex operators of the form V; = ¢je"p+w+ik1Hl+ik2H2, where ¢; is a state built out of psu(1,1|2);
generators and T* worldsheet bosons. The physical state condition (3.27) requires n = k; + ka. Eq. (5.29)
only holds inside correlation functions.
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5.4 Tree-level correlator of w-twisted ground states from the worldsheet

Now we proceed to calculate the correlation function in eq. (5.25). As we saw previously in
section 4.3, the correlation functions of 8 - localize. For this reason, it is enough to focus on
the left-moving part of the correlation function, as the right-moving piece is similar. The
final answer is then an integral over the product of the left and the right components. To be
specific, we consider the n-point function of the w-twisted ground states for w odd, i.e. we set

Vi=Q, i€{l,--,n}, (5.33)

see egs. (3.30) and (3.50). The calculation allowing a mixture of w being odd or even is
almost identical, as the expressions for the vertex operators are similar, see eq. (3.34). We
will comment on this at the end of this section. Recall that we should also include secret
representations inside the correlation functions, as discussed in section 4, and we will do this
explicitly in the following. We begin by calculating the unintegrated correlation function
in eq. (5.26). We split the left-moving part of the unintegrated correlation function into
three different contributions:

¢ the one involving p, ¢ and H, denoted by I est;
e the one involving fi; and f2, denoted by If;
e the one involving £ and ~, denoted by I,

Since the §~ correlation function localizes to the covering maps, when we compute the
other contributions, we already assume that they are localized on the corresponding locus.
Explicitly putting the secret representations, the unintegrated correlation function then is

I(z1,...,20) = |LestIeIp|? . (5.34)
The contribution of p,o and H. Let us start with the first contribution I,e. It equals
Iest = <6P+ia(zl)e2p+w+iH(22)€w(23)> = (21 — 29) V(22 — 23)(23 — 21) . (5.35)

The contribution of f; and f2. The second part is more complicated and reads

N . . w . . w . . L w;—1 .
= <H e~ ih+if ()\a)elTH(lflﬂfQ)(zl)e 22+1 (Zfl*ZfQ)(ZQ) H ez (zf1zf2)(zj)> . (5.36)
a=1 7=3

where we have used the bosonization of our fields (see section 2.1) and eq. (4.2),
D = e itil25(3) . (5.37)

The background charge conservation for f; and fo imposes that

-1

5 (5.38)

n
N=1+Y D
j=1
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which fixes N as the degree of the covering map. This correlator can be calculated using
Wick contractions as all the vertex operators are exponentials of free bosons. It is equal to

(wrlxwrl)

I = (21—22“’1+w2HH wj_l)H/\—)\bQH 2 — %) 2

a=1j=1 a<b 1<j

N n
< I =0 2 =2 T =2 =) (5.39)
a=1 j=3

Note that using egs. (5.8) and (5.9) this can also be written as

s Ty et it T 2
— (@) (LTI )  afaben - 2%, (5.40)

a=1 7

where we neglected wj-dependent constant factors.

The contribution of 8 and ~. Let us now focus on the 3 correlator. The unintegrated

ML(57) st -l (57) ™ st -a) - can

]
=1 \ Wi

correlator is

N
I, = <H (8
a=1

As already mentioned above, we will compute I, as a path integral. Particular attention

should be devoted to various Jacobian factors that arise when integrating d,,(y(z) — z) and
similar operators. While in appendix B we rigorously compute these factors by relating I}, to
correlators of a topological string theory, let us present a heuristic argument which should
at least convince the reader that these Jacobians are actually relevant.

Let us consider the set of meromorphic functions of z. Recall that 0,,(f(z) — x) denotes
an object that inside the path integral forces f(z) — z to have a zero of order w and can
be written as

bulf(2) - 2) = ﬁ 50 1) (= (5.42)

Now let us consider the following path integral

R= [ Dfou(f(z) - 2)GU 1), (5.43)
where G is a functional of meromorphic functions. One would naively expect

R=YG(f(t), (5.44)
=

where f* — x is a meromorphic function with a zero of order w around z.?” However, scaling
the coordinates as z — nz and t — nt, one realizes that since the scaling dimension of

2THere we are assuming there are finitely many functions satisfying this. In other words, we are assuming
there are additional constraints on f* due to special form of the functional G. We will see that this is the
relevant case for us.
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duw(f(2) —x)isd= —w, the scaling dimensions of (5.43) and (5.44) do not match for
w > 1. This suggests that one is neglecting Jacobian factors of the form

w—1

CEC) I (5.45)
which would indeed make the scaling dimensions even. While this argument is not a rigorous
derivation of such Jacobains, it suggests to make for the integrated correlator an ansatz
of the form

1 _ _ _
N /dQN)\a/d224 ..d%z, |IbeIreSt\2 = |z1 — 29 2|,22 — 23] 2|zl — 23] 2

n
% S0 Ar|CTPoCaf |2 b |2 Tl T Ja} 2%

r j=1
(5.46)
and fix the various free parameters in the ansatz by imposing the correct scaling behaviour.
Let us explain the various terms entering (5.46). We already observed that the various delta
functions in (5.41) force v to be a covering map with ramification points z; and ramification
indices w;. The sum in (5.46) is thus running over such covering maps. Notice that ag

can be written as

o
AN

! (5.47)

w!
and hence factors of the form (5.45) are accounted for by au,,, which is a function of w;. We
already encountered C' in the computation of the fermionic correlator and we allow for its
presence also in our ansatz: a¢ is an arbitrary (w;-independent) real number to be fixed. The
factors |al|72|al |2 in our ansatz are due to the different exponents of 9“i7 in (5.41). The
factors |z; — z;| 72 for i,j = 1,2,3 in eq. (5.46) are due to the usual Jacobian arising when
fixing three points on the sphere, see [76]. Finally, Ap accounts for the overall normalization.

Note that C' has worldsheet weight —1, see eq. (5.6) and ajr has worldsheet weight w;.
Let us then compute the conformal weight on the worldsheet of the integrated correlator
in eq. (5.46). It reads

A = A(If) + A(Lrest) — (w1 +w2) —2N — (n—3) + ij(—mwj — wj2_ 1) + ij . (5.48)

On the other hand, the worldsheet conformal dimension of the right-hand-side of eq. (5.46) is
A= A(I) + ATrest) — ac — (w1 + w2) + > wjon, + 3. (5.49)
J
Requiring that A = A’ and using eq. (5.38), we get
Wwj; — 1
2
Assembling all contributions. Combining all the factors and reintroducing the string

ac =2, (5.50)

] ——mwj—

coupling gs dependence, the integrated correlation function in eq. (5.25) becomes

wj—l
’

N
I=g:2 > [CH [T lea ™ T  lag |72 (5.51)
r a=1 J
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where
w i — 1

2 9y
see eqgs. (3.28) and (3.33). Up to the overall normalization, this reproduces eq. (5.14).

hj = My, + (5.52)

When some w; are even. Note that the same analysis also holds when some of the
w;’s are even. While the expression for m: differs from the one for m,, see eqs. (3.33)
and (3.35), we still have

w; —1
hj = my, + JT : (5.53)
also for w; even, see egs. (3.29) and (3.35). Additionally, recall that when w; is even, the
ground state on the worldsheet transforms as an su(2) doublet. This is exactly what happens

in the dual CFT. In particular, if we define

f=h+/f, (5.54)
then the vertex operators for w can be written as
ot = A1, (5.55)

where ®,, is the ground state (3.50) with m,, replaced by m., — m, cf. eqs. (3.50) and (3.51).
In particular, notice that f has a trivial OPE with f; — fs, 8 and . Hence, when some of
the w’s are even, one gets the extra contribution of the corresponding correlation function

if . . . ..
+% is the bosonization of the fermionic part of the R-sector ground

of the boson f. Since e
states, exactly the same correlator arises in the dual CFT. This shows that the matching
with the symmetric orbifold correlators can be extended to arbitrary parity of the w; and

that the selection rules on the worldsheet exactly reproduce the ones of the boundary CFT.

6 Conclusions, discussion and open questions

In this paper we considered an alternative free-field realization of the psu(1,1]2); current
algebra [35] and explained how this simplifies the computation of spectrum and correlation
functions for pure NS-NS tensionless strings on AdSz x S* x T%. We reviewed the relation of
the alternative free-field realization with the one adopted in [21, 30] and explained how it is
related to the Wakimoto realization of sl(2,R);. We also clarified the geometric origin of the
so-called ‘secret representations’, which essentially are screening operators one needs to insert
in correlation functions to prevent them from trivially vanishing. The use of the alternative
free-field realization [35] allowed to express vertex operators in terms of delta functions of free
fields. This in turn lead us to show how the localization of worldsheet correlation functions
emerges from the path integral. Finally, again thanks to the simplicity of the expression for
vertex operators in terms of the new free-field variables, we derived an exact match of tree level
n-point functions of tensionless AdSs x S? x T* strings with symmetric orbifold correlators.

Let us discuss a number of points that we believe deserve further investigation and
provide a list of potential applications of the results derived in this paper.
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Higher-genus correlators and topological A model. In section 5 and appendix B we
showed that tree level correlators of tensionless strings on AdSs x S* x T* can be computed
by relating them to correlators of the A' = (2,0) topological A-model on C. The connection
between the two string models extends to higher genus and higher genus correlators of
tensionless AdSj3 strings should hence be under good control. In fact, we are studying
this in [53]. It would also be very interesting to understand whether there is any relation
between tensionless AdSs n-point functions and the correlation functions of the topological
models investigated in [96].

Correlation functions in the operator formalism. We have computed tree-level correla-
tors from the path integral making use of the delta function identities introduced in section 3.4.
While these identities naturally enter path integral computations of superstring theory, it
would be interesting to compute worldsheet correlators also from an operator formalism
perspective. Building on [30], where localization of correlators has been derived, one could
adapt the strategy of [54, 60] to the tensionless string and derive a Knizhnik-Zamolodchikov
equation for hybrid formalism correlators. At tree level and at least experimentally for low
values of the spectral flow parameters w;, this should allow to reproduce from the worldsheet
in the operator formalism the various factors entering eq. (5.14).

Normalization of correlators. At various points in our computation of string correlators,
we neglected overall w;-dependent factors and did not compute the normalization of string
n-point functions. However, at least at tree level, this can be fixed by requiring four-point
functions to correctly factorize into products of three-point functions. Alternatively, similarly
to what was done in [54, 97], the correct normalization of n-point functions can be deduced by
computing the normalization of the gravitational path integral and of vertex operators, which
in turn follow by imposing an exact match of three and four-point functions with the dual CFT.

Tensionless strings on AdSs x S x S® x S. Another consistent worldsheet background
for Type IIB string theory is AdS3 x S3 x 8% x S'. In the hybrid formalism, the string
theory on the background AdS3 x S® x S3 is described by a sigma model on the supergroup
D(2,1; «) [98]. The bosonic subalgebra s[(2,R); @ su(2),+ @ su(2),- has levels satisfying
1 1 1

For kt =k~ =1 and k = 1/2, there is a free-field realization of the worldsheet theory based on
a single pair of symplectic bosons and two pairs of free fermions. While it has been conjectured
that this worldsheet theory is dual to the symmetric orbifold of the so-called S, theory with
k=0 [99], a careful analysis of the correlation functions has never been performed. It would
be interesting to explore whether some of the technology developed in this paper could be
useful in exploring the 9(2, 1; ) theory in more detail, and specifically whether it would be
possible to compute the correlators of the worldsheet theory explicitly as we did in section 5.

Strings on AdSs x S® and an alternative free-field realization for psu(2,2|4).
In [100, 101] a worldsheet dual to free N' = 4 super Yang-Mills theory was proposed, which
relied in one chiral half of a free-field realization of psu(2,2[4);. This free-field realization
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is completely analogous to the symplectic boson realization of psu(1,1|2); [21, 30] but with
twice the number of bosonic and fermionic degrees of freedom. One may suspect that the
alternative free-field realization of psu(1,1]2); can be extended to a realization of psu(2,24);.
Since the theory of [100, 101] naively resembles a twistor string in four dimensions, the natural
guess for such a realization would be given by three 5+ systems and four pf systems which
parametrize the super-twistor space CP?* in local coordinates. In fact, such a realization
has been found in [35]. It might hence be possible to perform analogous computations to
those detailed in this work, and try to extract correlation functions of free N' = 4 super
Yang-Mills directly from the proposed worldsheet theory.

AdS3 strings at generic tension. One of the main ingredients in our calculations of
correlation functions in the k = 1 worldsheet theory was expressing vertex operators directly
in terms of Wakimoto variables. Specifically, writing spectrally-flowed vertex operators in
terms of delta-function operators in the 8+ system allowed us to compute the path integral
directly and compare the result to symmetric orbifold correlation functions. However, not
only the k£ = 1 theory, but the SL(2,R); WZW model at any value of k admits a Wakimoto
representation. Thus, one would expect that our expressions for spectrally-flowed vertex
operators could be immediately generalized to k£ > 1. While something similar has already
been attempted in the past [64, 66, 71, 91, 102-104], the techniques developed here might
pave a path forward to understanding the perturbative CF'T dual to bosonic string theory
on AdSs [97] directly from the path integral perspective. In fact, building on the results
developed in this manuscript, in [105, 106] AdSs correlators in the near-boundary limit will
be computed in the path integral formalism and precise agreement with the proposal of [97]
will be found.?® One may also speculate that further extending the techniques presented
in this work, might provide a first principle proof for the closed-form formulae proposed
in [59, 60] for correlators of AdS3 spectrally flowed vertex operators.?”

Non-critical strings on AdSs x S® and twisted holography. The central charges of
the worldsheet psu(1,1|2); algebra and of the p and o ghosts add up to zero, c¢(psu(1,1]2);) +
¢(p) + c(o) = 0. This suggests that a consistent six-dimensional string theory on AdS3 x S*
can be constructed. In the parlance of [36, 108-110], it would be described as a non-critical
string theory at £ = 1. If such a string theory exists, it would be interesting to understand
whether it is related to the k£ < 1 non-critical string theory of [111]. Moreover, one may
suspect that such a k£ = 1 non-critical string theory defines a closed subsector of the ten-
dimensional k = 1 string theory on AdS3 x S x T* and that a similar dual subsector can
be identified in the boundary CFT4. This putative holographic pair may be described as a
lower-dimensional analogue of the twisted holography of [112] and have interesting relation
with the topological duality of [113].

28Gee also [107] for related results.
29A proof for the three-point function correlator formula was given in [62], while for the four-point function
a first principle derivation is still missing.
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A (B~ systems

In this appendix, we provide a brief introduction to bosonic first-order systems (37 systems)
and list the conventions used throughout the main text.

Action and symmetries. A (7 system is a free conformal field theory with action
1 _
= — . A.l
s=5- [ B0y (A1)

The fields 5, are taken to be chiral with holomorphic scaling dimension A(f) = A and
A(y) = 1 — A, so that the Lagrangian has scaling dimension (1,1).3% These fields satisfy
the OPEs

1
~— A2
BENw) ~ (A2)
and the stress tensor of the theory is given by
T = —=A(BOv) + (1= A)(9B7) - (A.3)

The global C* symmetry 8 — af3, v — o~ ' is generated by the Noether current

J(z) = (B7). (A.4)
From this definition we can read off the OPEs
Bw) v (w)

J ~ J ~ — A5
()w) ~ 2L T w) ~ — T (A.5)

so that 8 and v have Jy charge +1 and —1, respectively. We also note the OPE

1
~—_— A.

TEIw) ~ s (A.6)

An important property of 8+ systems is that the current J is not a conformal primary
of the theory unless A = 1/2. Indeed, we have

J(w o0J(w
(z?iu)?‘Jr(z—(uz)?Jr z—(w)

T(z)J(w) ~ (A7)

3%In the main text, we take A=1. However, in this appendix, we will largely be agnostic about the value of A.
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where Q7 = 1 — 2A is the ‘background charge’ of J. A consequence of this background
charge is that in any correlation function, the sum of Jy-charges will not vanish, but rather
must equal @ (g — 1) if the worldsheet has genus g. A concrete way of putting this is that
if one considers the correlation function

<J(Z) 11 (I)i(zi)> (A.8)

=1

as a holomorphic one-form in z, then we must have

n n
Res ( J(z D;(z) ) = —1). A9
;;%%<<>;Ez<n> Qslg—1) (A.9)
Bosonization. Here we will briefly review the bosonization of 8v systems. For a more
in-depth explanation, see, for example, Chapter 13 of [76].

Given the current J = (f7), we can introduce a scalar field ¢ such that J = —9d¢,
which satisfies the OPE

9(2)p(w) ~ —log(z — w). (A.10)

The background charge of ¢ is @, = 1 — 2A and its stress tensor is

Ty = —5(99)* — %8%, (A.11)

1
2
which has central charge c(¢) = 1 + 3Q%¢.
Given the scalar ¢, we can reconstruct the 5+ system by introducing a fermionic pair
&, n of weights A(n) = 1 and A(§) = 0 with OPE

1
n(2)€(w) ~ —. (A.12)
In terms of ¢,&,7n, we have
B=e?06, y=ne?. (A.13)
Furthermore, we can bosonize 7n,¢ as
=€, p=e™ (A.14)
where ik is a scalar with background charge @, = —1 and which satisfies the OPE
k(z)k(w) ~ —log(z — w). (A.15)
In particular, the stress-tensor of « is
T, = —%(8&)2 + %a%. (A.16)
Thus, 5,7~ can be written in terms of ¢,k as
B =e?tTrI(ir), y=e 07", (A.17)
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It is important to note that the map from the scalars (¢, k) to the fields (3,~) is not
invertible. Indeed, note that, by equation (A.13), the fields (8,v) are unaffected by the
transformation { — £ + ¢, while the (¢, k) system certainly is. In the superstring theory
literature, one often speaks of a small Hilbert space Hs (generated by (,~) and a large
Hilbert space H, (generated by ¢, k). Noting that the transformation & — & + € is generated
by 7o, and furthermore noting that the small Hilbert space consists of states invariant under
this symmetry, we can describe the small Hilbert space as

Hs =ker(no : He — Hy) - (A.18)

That is to say, the small Hilbert space is obtained by only keeping those states which are
annihilated by np.

Let us finally discuss two points in section 3.4 that were referred to this appendix. First,
we provide an example of the identifications in eq. (3.45) and eq. (3.38). The OPE between
v and () can be read off as

1FE)0) = [ T2r(2) €70
= [ B )
. o (A.19)
~ [ B ey
n=0 ’
=1 [ Sice0 = 25(5)(0),

zJ) 2w

where in the last line we used the integral representation of the derivative ¢’ of the delta
function, see [82] for more details.

Second, we provide a derivation of eq. (3.49). This can be shown most easily via an
inductive argument. Using v = e~ ?~*, we have

,_Y(Z)e(m-i-w)(b-&-imn(y) ~ (Z o y)we(m-l-w—l)qb-i-i(m—l)m(y) TR (A.QO)
so that
9“(z m+w ime m+w— i(m—1)x
Z)!()e( +w)p+ (y)Ne( +w—1)p+i(m—1) (y)+ - . (A.21)

Thus, by the definition of radial normal ordering, we have

(8w76(m+w)¢+imn) _ e(m—&-w—l)d)-{—i(m—l)n ] (A22)
w!
Treating this as a recursion relation with initial condition e®? = §,(v), we derive the

expression (3.49). As a sanity check we can compute its conformal weight, and we find

A ((?)m 5w(7)> = _wwt Q) m(w+1—A)

2 (A.23)
_ (wHm)(w+m+Qyp) N m(m —1)
2 2 ’
(mtw)d+ime

which is indeed the conformal weight of e
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B Evaluating the path integral

In the main text, we need to evaluate path integrals of the form
1= [ D) [ 650 T] 6w (30 =) 0(3) (B.1)
i=1

where O(v) is some (not necessarily local) operator depending only on v and the points
Zi, Aa, and we have chosen N =1 — g+ Y ;(w; — 1)/2. In this appendix, we will argue that
for genus g = 0, this path integral evaluates to

n

=250 3 (C2I[E) " o) s MM, AL,  (B2)
:3—CP! i=1
deg(I')=N

up to an overall w;-dependent constant. Here, the sum is over all branched holomorphic
covering maps I' : CP! — CP! of degree N, branched over z; € CP! with order w;, i.e.
those maps which satisfy

F(z)wxiJra{(zfzi*)wiJr---, z =z (B.3)

Furthermore, we denote by \* the poles of I'. The prefactor CT is defined so that

n

N
or(z) =C" [IE-=z)""]](z- A2 (B.4)
i=1 a=1
Finally, the delta functions §("~3)(I') are defined by first restricting to covering maps which

satisfy I'(z;) = x; for i = 1,2,3.3! The delta function is then simply [24, 30]

n

8m=I) =[] 6(zi — 27). (B.5)
i=4

For notational convenience in the rest of the appendix, we will define

n

5(1 = H()\a - Zi)wi_l H()\a - )\b)_2

i=1 b#a

N
a; = H(Z, — Zj)wjil H (Zi — )\a)72 .
J# a=1

(B.6)

When z; = 2 and A\, = A}, these are related to the covering map residues £ and Taylor
coefficients a} (see section 5) by

Wi

-1
fo=—(CH1L G = <CF> al. (B.7)

We will derive (B.2) by comparison with correlation functions of a topological string
theory for which integrals like (B.2) are required, and which result in known differential

31This can always be done by acting on I" with a Mdbius transformation.
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forms on M, ,,. We compare to the string theories of [88, 114-116]. Specifically, we consider
a 2D TCFT with action

Sion = 5= [ (597 +x70) (B5)

where (3,7) are the usual bosonic free fields of conformal dimensions A(f) =1 and A(y) =0,
and (x, ) are their fermionic counterparts, i.e. topologically twisted fermions with A(x) =1
and A(y) = 0. This action describes the infinite-volume limit of the A" = (2,0) topological
A-model on C and admits a twisted N = (2,0) algebra with generators

Ttop = —ﬁ87 - X81/1 y
top = 6"/}7 Gt_op = X877 (BQ)
Jtop = TZ}X .

Given the twisted algebra, we can define a string theory via the BRST charge Qop = (Gg;p)o.
Indeed, the theory is topological with respect to Qop since the action is BRST-exact:

1 _
Stop = 5= /E (Quop- x07] - (B.10)

Correlation functions of this topological string will count holomorphic curves 3 — C. In
order to count curves into CP!, we have to compactify by adding a vertex operator which
represents the point at infinity, similar to the procedure in section 4. As shown in [88], the
appropriate deformation operator in the topological model takes the form

Dion = x0x ( f2) 3(8) =200 (1) 608) = (Gp) 10008, (B11)

where we have defined
w—1 )
=] &'x (B.12)
i=0

to be the fermionic version of the delta function operators defined in section 3.4. The contour
integral in (B.11) is taken over a small circle around the insertion point.

Once defined, Dy, can be used to deform the free topological theory, just as in section 4.
The states whose correlation functions we are interested in are the analogues of the spectrally-
flowed states constructed in section 3.3. They take the form

Ow(z, %) = 0w (P(2))0uw(v(2) — ). (B.13)
Indeed, O,(z) is physical, since it in annihilated by the BRST operator Gtop We thus
consider the amplitude
39—3 n
/ < [T (G Iy 1owi><zi,mz->> (B.14)
Mgn \ (=1 i—1

where p, are the 3g — 3 Beltrami differentials on Ty M, ,,. Here, we use the notation

Grops Ha) = /Gtopua. (B.15)
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As a topological string correlator, the above correlation function will define a differential
form on the moduli space Mg,,.

In computing the above correlation function, we know that the 3, integral will localize
to the space of holomorphic maps ¥ — CP! which are branched covers satisfying v(zi) = ;.
Upon integrating over M, ,, this space is extended to the moduli space of all genus-g
branched covers over CP! branched with index w; at ;. This moduli space, which we call S,
is a discrete (and in fact finite) subset of M, ,,. The above path integral should thus reduce
to a sum over S, weighted by an appropriate Jacobian coming from the path integral delta

functions. However, since everything is supersymmetric under G; . one would expect the

top»
bosonic and fermionic determinants to cancel, as is usual in supersymmetric field theories.

Thus, a natural ansatz for the topological amplitude is

39—3 n
/ < H toanJOé H top 1sz)(zl7xl)> - ’S’ . (B'16>
Mgﬂl a=1 =1

That is, the topological string amplitude calculates the number of branched covering maps
¥ — CP' branched over z; with index z;, also known as Hurwitz numbers. This is natural
from a topological string perspective, since the topological A-model computes Gromov-Witten
invariants [114], and it is known that Gromov-Witten theory is equivalent to Hurwitz theory
with a Riemann surface as the target [117].

Given that before integrating over Mg, the worldsheet path integral has delta-function
support at the points in M, , for which a holomorphic covering map I' exists (see the
arguments of section 4), we can use (B.16) to determine that the coefficients must all be
equal, i.e.

39—3 n
< IT (Gioprt1a) TT((Giop)-10u) (21 >> = 3 s (r) (B.17)

a=1 i=1 r

Here, the sum is over all branched covering maps I' of genus ¢, and §("139=3) (") is a delta
function on M, , with support in S.
How would we have obtained the result (B.17) from the path integral? First, we note that

9"(2)

w!

(Giap)-10w)(5:) = w1 (1(2)) ( )&U(wz) ). (B.15)

Now, to compute the correlator from the path integral formalism, as explained above, we
need to insert N copies of the deforming field Dy,p, where N is restricted by the fermionic

charge. Since G,

top = X097 the anomalous conservation of Jop reads

n n
1
ON +3g-3-> (wi—1)=g—-1 = N:I—g+zwl2
i=1 =1

(B.19)

That is, IV is determined to be the degree of the covering maps I'. Once we have inserted
the N copies of Dyop, we must compute

39—3 n

1 _
ﬁ /EN dQN)‘a <Dt0p H <Gtop7 :U'a H top 1Owi)(zi7 $1)> ) (B'20>
' a=1

=1 0
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where the subscript 0 means that we are calculating the correlator with respect to the
‘undeformed’ action, i.e. without an insertion of Dy,p. Writing

(Giops Ha) = /Zdzua X0 pa (B.21)
we can compute this path integral by first computing the correlator

N 39—3
<H 52( H X U, H 5111 l >
a=1 X¥

39—3 n

x<ﬁ(7§av)a<ma>>ylav<uag( 7 ))6wi<v<z@>—xz>> ,

a=1 By

(B.22)

then 1) integrating over the points A, and 2) integrating over the points u,, weighted by
the Beltrami differential p,,.

In this paper, we are only concerned with correlators at genus zero. In this case, the
worldsheet is rigid (i.e. there are no Beltrami differentials to integrate over), and there is a
residual M&bius symmetry that needs to be fixed. As is standard in string theory, we do this
by fixing the points z1, 29, z3 and only integrating over z; for ¢ > 4. Since the operators at
21, 72, 23 are not integrated, they will not be dressed with the factor of (Gi,)-1.* Thus,
the correlator we consider is of the form

3 n
<H Owi(zivxi) H((Gtop)lowi)(zia:l:i)> s (B.23)
=1

1=4

which should reduce to a delta function of the form Y p6™~3)(T) which fixes the n — 3
undetermined cross-ratios on the worldsheet so that a holomorphic covering map to the
base sphere exists. Bringing down N copies of the operator Diop gives (before integrating
over the positions of Dicy,)

N 3 n
<H (52()(()\&)) H 5wi <w(22)) H 6w1—1(¢(21))>

o = =4 XY

N 3 n wiry(z,
<H ( ¢ 7) 5(B0)) [T 0w (v(z0) = 2) T] <w87<')) Sun (7(25) — xi)>

a=1 i=1 i—4 Wi

(B.24)

By

Again, N is determined to be N =1+ Y 7" ;(w; — 1)/2 by the charge conservation of the y
system. The fermionic correlator can be computed by Wick contractions,®® and the result is®*

N 3 n N 3
<H F2(x(\a)) [T 0w (0 (i) T ] 6w¢1(¢(zi))> = 212223213 H H i,
a=1 =4 X, a=1 =1

=1

(B.25)

32Tis is analogous to the case of bosonic string theory, where ‘unintegrated’ operators at genus zero are
not dressed with b-ghosts.

33This calculation is similar to that done in section 5.

34 We will drop the factors of w; since we are not interested in the overall w;-dependent normalization.
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where @;, €, are defined in equation (B.6). The v contribution can be computed by noting
that it will localize onto covering maps I', and so we can simply pull out the residues §
and Taylor coefficients 9"v/w!, so that

n

< y <?§ ) FRa)) ﬁ O (V(z0) — i) [ (wzawz(,zz)> Ow, (7(2i) — :ci)>

i=1 1=4 v

1% [[ <H6 Z:f[lzw(zo—xi>>

(B.26)

in the neighborhood of a particular covering map I'. Thus, demanding that the full topological
correlator (before integrating over \,, z;) localizes onto the branch points 2 and poles \}
of covering maps I', we find

N n n wi+1
<H 8(B(Na)) [T du (v(2i) - xi>> = 29 zag 2y ) (C)? [ oy 2 60 H3979@)s™M(AY).
a=1 i=1 r =1
(B.27)
The factor of (C')? comes from evaluating the fermionic path integral at z; = 2} and
Ao = A%, see equation (B.7). Here, we find that the path integral contains the Jacobian factor
215 %93 273", which is an artifact of fixing 21, 29, 23 while integrating over the rest of the points.*®
Given an operator O(vy), we can also throw it into the correlation function. The result
will be that v will simply be replaced with the covering map I' upon integration, so that

N n
<H 3(B(Na)) I Ows (v(2i) = xi)0(7)>
a=1 i=1

_ _ _ n _w-+1
= 212122313131 Z(CF)Q H(azr) E
r

i=1

O(I) 8T8 (Aa, A7) (B.28)
which is the integral we set out to derive.

C Relation to the symplectic boson theory

Following [35], let us discuss how the free fields /3, and p,, 6% introduced in section 2 are
related to the symplectic boson worldsheet theory of [21, 30]. It was shown in [21, 55] that
two pairs of symplectic bosons

62 0 = e, s, o Be{+, -}, (C.1)

together with two pairs of free fermions

{¢?7X§} = Gaﬂfsr,—S) a,Be{+, -}, (C.2)

35In bosonic string theory, this factor comes from the three-point function (c(z1)c(z2)c(23)) of the c-ghosts
attached to unintegrated operators.
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generate the u(1,1[2); algebra (E.15)30

T = =30 = S0y K= =30V I 300w, (C30)
o = (75 )m Ko = (Y )m, (C.3b)
S5 = (PEm, S5 = (P ), (C30)
T = g 0 € 3007 E )= 3OV Do 3 (U, (C.34)
Yo = ("€ D+ 5 (7€ m + (¢ D — 300 % ) (C:30)

The chiral algebra psu(1,1]|2); can be obtained from (C.3) by gauging the U(1)’s generated
by the null currents Y and Z. When expressing vertex operators in terms of symplectic

bosons, the physical states must also obey
Znd» =0, n>0, (C.4)

together with eq. (3.27). Symplectic bosons and free fermions can be bosonized as [39]

£ = —e n1im nt = eP Y (iky) (C.5a)

£t = efrtine N~ = —e 2729 (iky) (C.5Db)

Y= e a—— (C.5¢)

Pt = el X~ =e 2 (C.5d)

where ¢;, x; and g; for i = 1,2 obey the OPEs

qﬁz(z)gi)](w) ~ —(52']' log(z - U)) 5 (Cﬁa)

ki(2)kj(w) ~ —d;5log(z — w), (C.6b)

qi(2)qj(w) ~ —d;5log(z —w) . (C.6¢)

As can be read off from the stress tensor
13 i i
Toym = —5 2 ((060)” + (05)” + (94:)°) + 50 k1 = 5%k, (C.7)
i=1

@1, ¢2, q1 and g2 have vanishing background charge while k1 and k9 have background charges
+1 and —1 respectively. The two null currents Z and Y can be expressed in terms of the
bosons (C.6) as

1 1 7 )

Z = —554151 + 5(%2 + §3Q1 - 53% , (C.8)
1 1 7 7

Y = —§8¢1 + 58(;52 — §8q1 + 58@ . (0.9)

36We follow the conventions of [39]. Our conventions are related to those of [38] by S&°~ — —S&f~.
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The fields ¢, k, f1 and f5, entering the bosonization of the free-fields of section 2, see
eq. (2.11), are related to the bosons (C.6) by

0fy = — 5961 — 5002 — D2 + L0 + 200 (C.100)
1 1 : :

i0f2 = §8¢1 + 5&152 +i0ko + %5q1 + %8q2, (C.10Db)

O¢ = 0¢1 + 02 + i0k2 (C.10c)

10Kk = 10K . (C.10d)

Notice that the fields 0 f1, i0fa, ¢, i0x — and hence the free fields 3, v, pa, 8% of section 2 —
commute with both Z and Y. This makes it clear that the two null currents Y and Z are now
completely decoupled and when expressing vertex operators in terms of the free fields 3, ,
Dasy 0%, eq. (C.4) is automatically satisfied. Moreover, since the operator @ in eq. (D.3) carries
no Y charge, there is no longer any need to insert in correlation functions the W fields of [30].

As a gauge choice. We can think of the free field realization (2.6) as a ‘gauge-fixed’ form
of the free field realization of [21, 30]. Specifically, we can group the symplectic bosons
and free fermions into vectors

et
_ _ =
Y=(nntx xt), 2= P (C.11)
—ah™
The action of the theory is
1 _
S— — /yaz. (C.12)
27
Then the Z symmetry which needs to be gauged acts on ) and Z as
Z—aZ, Y—=aly, (C.13)
where « is a local function on the worldsheet. Using o = 1/£7, we find
1
—/Er —¢t+ et gt et
Zo | e | Yo (et e e ) (C.14)
—p=/&F

Defining v = =~ /6T, B =nTEr, 01 =T /67, 0% = =~ /€7, p1 = x ¢, and po = xT¢T,
the action becomes

S = % / (897 + pad0") | (C.15)

which is the chiral part of the action (2.6). Indeed, one can show that the above definitions
of B,7,pa, 0% are consistent with the bosonization eqgs. (2.11), (C.5) and (C.10).

The choice of gauge so that Zy = 1 is somewhat worrying, since it is not well-defined
everywhere. Specifically, when £ = 0, the above procedure breaks down. This is signaled
in the fact that there are locations in the 3,7, pg, 8¢ theory for which v and 6% have poles,
despite there being no operator inserted there. This technicality is accounted for in the
58,7, Pa, 0 theory via the deformation described in section 4.
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D The hybrid formalism

In this appendix, we briefly review the hybrid formalism of superstring on AdSs x S3 x T* with
pure NS-NS flux. This formalism is developed in [37]. For reviews see e.g. [34, 39, 79]. As we
discussed in section 2.5, the left-moving part of the theory consists of the following ingredients:

o the WZW model on psu(1,1]2),
e pand o bosons,
« a topologically twisted T* theory.

The first item in the list is described in details in section 2.1. The second consists of two
free bosons p and o with non-zero background charges, see eqs. (2.54). The fields with the
subscript C' below denote the generators of the last item, a topologically twisted N = 4
algebra of T?, see appendix E for our conventions. These three ingredients give rise to a
topologically twisted N' = 4 algebra on the worldsheet with ¢ = 6. In fact, the generators
have the following form

T = Thee — 5[(00)° + (00)7] + 30%(p + i0) + Tc. (D.1a)
Gt =ePQ+¢eT —0(e“d(p+iH)) + G, (D.1b)
G~ =e, (D.1c)

J= %a(p Vo +iH), (D.1d)

JEt = E(ptiotiH) ’ (D.1e)
Gt =Pt (D.1f)
G — €—2p—io—iHQ _ e piH _ e—p—iaé6

+e P H[9(i0)d(p + iH) + 0*(p + i H)]. (D.1g)

Note that this theory is topologically twisted. For example, T is a primary of weight 2.
However, the central charge still shows itself in the algebra, for example, we have

c/12

J(z)J(w) = Gow)p

(D.2)
Also note that this is the algebra before the similarity transformation of [37], see [33, 39]
for more comments on this.

Finally in order to define pure NS-NS flux string theory on AdSs x S? x T*, we need
a realization of psu(1,1]|2);. As we mentioned in section 2.1, we have realized psu(1,1]2);
in terms of (53,7) and (pg, 8%) for a € {1,2}. Therefore, we can write down the worldsheet
N = 4 algebra whose cohomology describes physical states of string theory on AdSz x S% x T*
with k£ = 1, see eq. (3.27). Here T is the stress-tensor of psu(1,1]2); defined in eq. (2.7)
with central charge ¢ = —2. Note that we are using the result of eq. (2.10). @ reads

Q = p1p207 . (D.3)
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What is called the P operator in [34, 37| is proportional to

P(z) = V(P-40),2) = aV(ST{ ST T877S770) , 2) (D.4)
where |0) is the vacuum and « is some real number. By a direct calculation, we can confirm
that the state in the most right hand side vanishes, so we have P = 0, as it was the case in [30].
E Algebras and representations

In this appendix we list (anti-)commutation relations of various algebras appearing in the
main text.

N = 4 spacetime algebra. The small N' = 4 algebra with ¢ = 6 reads (listing only
non-zero (anti-)commutators)

Lons L] = (1 — 1) Lown + %Im(mz D) Gmino, (E.1a)
[Lm, G = Gm - r) Gt (E.1b)
(Lo, G] = (;m — r) G, o (E.1c)
(Lo, Ty = =0T » (E.1d)
[Ema jn] = _njm+n s (Ele)
1
[jm, jn] = 5 Im 6m+n,0 ) (Elf)
[T TiEE] = 27355, (E.1g)
1
[T, G = +5 Gt yrs (E.1h)
~ 1~
[~7$+7\7{7] :Im5m+n,0+2j%+n7 (ElJ)
[Tt GF) = 4G (E.1k)
[T, G5 = ¥ (E.11)
{g:_7 gs_} = <’l°2 - i) 5T+S,OI + (7‘ - 5) jqurs + £r+3 ; (Elm)
{§j7 Gv;} = <T2 - i) Or+s,0ZL + (1 —8) Trys + Lrgs, (E.1n)
(GE,GEY = w(r — )T (E.10)

Topologically twisted N/ = 4 algebra on T%. The theory on T* is generated by 4 free
bosons and 4 free fermions satisfying

[8XTZL7 6‘)Erjn] =n 51']' I(Sn+m,0 y (E.2a)
{‘Ilqoﬁja \ij,l} = eaﬂ Elj 16T+8,0 ’ (E2b)
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where Z is the identity, j € {1,2} and «, 3 € {£}. Also, note that we have et~ = —e~ " =1

and €2 = —€2! = 1 while the other combinations vanish. These fields form an N = 4 algebra
with ¢ = 6 via the following generators
| . .
T = 0X19X7 + ieaﬁeﬂwdaxpﬁvl , (E.3a)
1 . .
J — _Zéazfﬁejlqja’]\ljﬁvl , (E3b)
J = ghlgt? (E.3c)
J T =0t (E.3d)
Gt =oxI I (E.3¢)
G~ = —dFoxIv—F, (E.3f)
Gt = —*Foxiut+ (E.3g)
G~ = —9XIw7 (E.3h)
The topological twist demands setting
Te=T+0J. (E.4)

Then the central term in T is absent. In the worldsheet description (see appendix D),
the topologically twisted T* appears and we denote its generators with a subscript C. In
fact, the generators are exactly the same as in eqgs. (E.3) with the only difference being
that T is replaced by T¢ in eq. (E.4). In this theory, the conformal dimensions are shifted
according to the charge under J¢: J(J/C'F has weight 0, G'g and C:‘JCC have weight 1, and J; ™,
G and C:‘E have weight 2. In fact, they satisfy the (anti-)commutation relations listed in

egs. (E.1) with the following modifications?”
[(Lc)m: (Lc)n] = (m —n) (LS)min (E.5a)
[(Lm, (T ] = ~n(Tohn — ymm + s (E.5b)
{(GE)m: (Ge)n} = m(m = 1) bmino T+ 2m (T )mtn + (L)min (E.5¢)
{(G&)m:> (GeIn} = m(m = 1) 6min 0T + 2m (T msn + (LS)mn - (E.5d)

In the main text, we have also used a bosonization of the fermions of the topologically
twisted T for which we have

phl — eiHl : 2 — eiH2 7 yol = 67¢H2 : U2 — _efiHl _ (E.G)
In our conventions,
HI(2)H*(w) ~ —In(z —w), j.ke{1,2}. (E.7)
In this language, for the Cartan generator of the R-symmetry currents we get
Jo = %a(iH) , H=H'4H?. (E.8)
Note that we have
H(z)H(w) ~ —2In(z —w) . (E.9)

3"The commutation relations with £, that only get shifted by the conformal dimensions (as we just discussed
the shift above) are omitted for brevity.
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psu(1,1|2); and u(1,1|2); algebras on the worldsheet. In our conventions the psu(1,1|2);
current algebra reads

[T In] = _%mdm-l—n,O, (E.10a)
[T I ] = i (E.10Db)
[T T ] = Mo — 2J5 1 s (E.10c)
(565, K3 = Smbmino, (E.10d)
[ng Kf] = :I:Ki_m, (E.10e)
[Kh K] = mbmano + 2K s (E.10f)
T80 557] = Sea(0) S (B.10g)
(K5 S5 = 505200 (E.10h)
{8957, SHPY = — e e PS40+ PV e, (0,) M TL L, — €M (o) K, . (E.10i)
We reserved Greek letters a, 3, . .. etc. for spinor indices, taking values in {+, —}. The adjoint
index a takes values in {4+, —,3}. The constant ¢, reads
c_=-—1, c3=1, cy =1. (E.11)
and et~ = —e~ T = 1. The non-vanishing entries of the o-matrices are
GV =2, (H_=-1, (=1, (") i=2,  (B12)
(o)~ =1, (o3) "t =1, (03)T" =1, (o)™t =-1, (E.13)
(07)--=2, (0%)4- =1, (0%)—+ =1, ()4t = 2. (E.14)
The u(1,1]2); algebra has commutation relations similar to (E.10),
[J3,J3] = —%m5m+n70, (E.15a)
BA A S (E.15b)
[T Ty ] = Mmano — 2T 40 s (E.15c¢)
(K3, K3 = %m5m+n,0, (E.15d)
(Ko K| = iKniz+n7 (E.15e)
(K5 K| = mmeno + 2K3, 4 (E.15f)
1,557 = Sea(0) S, (E.15¢)
(K5 377 = 3 (0") w3 (B.15h)
{SaPY SIVPY = — e PV P8, 00+ € Py (00) M T
— P (0, )V KD — €MV TP L (E.151)
[Zm, Y] = —mmtno - (E.15))

Notice the two additional generators Y;, and Z,, and compare eq. (E.15i) with (E.101).
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The short representation of psu(1,1|2);. Labelling the states in the short representation
of psu(1,1]2); as

[m, 1,0) , m, 1,0 € (C3,2), (F.16)
|m7 07 T> < (Cg+%7 1) ) ’ma 07 \L) € (C)l\+%7 1) ) (E17>

in our conventions the bosonic generators act as

I3 Im.3,0) = m|m,1,0) , I m,3,0) = m |m,0,1) (E183)
Jar Im,T,0) = (m-i— ;) m+1,3,0) , Jar |m,0,1) =m|m+1,0,1) , (E.18b)
T lma0, ) = (m+ Dl +1,04) .y, 3,0) = (m— 3 ) lm=1.3,0) . (B89
Jo [m.0,1) = mm —1,0,1) . Jo Im 0,0 = (m—1)lm—1,0,) . (E.18d)
K3 [m. 1,0) = 5 m.1,0) K3 m. 4,0) = =5 m,4,0) (E.150
K{ |m,|,0) = \mm 0) Ky |m,1,0) = |m, ], 0) . (E.18f)

For the supercharges we have

1 1 1
Sy Im,1,0) = — (m - 2) |m — 5,0,¢> , Sy |m,0,1) = —m|m — b 0), (E.18g)

ST im0 0) = (mot g ) lmt 2,000, S§Im 0 1) =mlm+ 5. 1,0) . (E.18h)
2 2

So " m,1,0) = —|m — é,om : Sy T |m,0,)) =|m — 7,¢, 0, (E.181)
Sgm,1,0) = |m+ ,0,T> SEH m,0,1) = —|m + = ,¢, 0) (E.18))

so+|m,¢,o>=(m—§) m= 3000 S lm0 1) = —mlm— 1,0}, (BI8K)

Pl 0) = = (ot 3 ) It 5.0) 0 ST Im 0 ) =mim ot 5 00) . (B8]

1
Sg T m, ,0) = |m — = 0 1, Sg T m,0,]) = |m — §,¢, 0) , (E.18m)
1
Sar++ |m, |, 0) = |m—i— ,0,1) Sar++|m,0,¢> = —\m+§,T,O) , (E.18n)
while all other actions are zero.
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