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1 Introduction

The AdS/CFT correspondence is often described as a strong-weak duality: theories of strongly
coupled strings are dual to weakly coupled conformal field theories and vice versa the weakly
coupled regime of string theory corresponds to the strongly coupled one on the boundary.
The locution ‘strongly coupled’, when referred to string theories, should not be intended as a
synonym of ‘intractable’ or ‘difficult to solve’ and in the following we will frequently prefer the
adjective ‘tensionless’.1 It is certainly true that in the extreme case of free boundary CFTs,
formalisms based on a perturbative expansion in the bulk coupling α′ may not be reliable and
one may thus expect little control over the strongly coupled gravity dynamics. On the other
hand, free CFTs feature a large collection of conserved currents and one should expect to
recover some evidence of the associated symmetries also in the bulk. Indeed, the tensionless
regime of string theory has been described as an ‘un-higgsed phase’ of string theory, where
additional symmetries become manifest [1–4]. More concretely, in the tensionless regime the
leading Regge trajectory of AdS string theory gives rise to a tower of massless higher spin
states, capturing the large collection of currents populating the boundary free CFT [5–12].

While supergravity techniques cannot be employed in the tensionless regime, the bulk
dynamics may still be accessible via a worldsheet formulation of string theory. This is
for instance the case of pure NS-NS AdS3 string theory [13–20]. In particular, the precise
string background dual to the symmetric product orbifold has been identified and an exact
incarnation of the AdS3/CFT2 duality has been formulated [21],

Pure NS-NS strings on
AdS3 × S3 × T4

with k = 1
⇐⇒ SymK(T4) . (1.1)

Although the symmetric orbifold of T4 is strictly speaking not a free field theory — but an
orbifold thereof — it features a huge collection of conserved currents [9, 22]. The holographic
pair (1.1) thus provides a concrete incarnation of tensionless strings being dual to free CFTs.
Notice, that while it has been known for a long time that the CFT2 dual to AdS3 strings
lives on the same moduli space of the symmetric product orbifold of T4, the duality (1.1)
predicts the match of all observables, whether they are protected or not.

Before discussing the outcomes of the manuscript, let us briefly recap some important
results in the study of tensionless AdS3/CFT2. The plethora of results recently derived
effectively amounts to a proof of the duality: the all-loop perturbative spectrum was derived
from the worldsheet and matched with the symmetric orbifold [21, 23, 24], string partition
functions on BTZ black hole, thermal AdS3, conical defects and wormhole geometries were
computed and related to the corresponding quantities on the boundary [25, 26]. Boundary
states have also been investigated [27] and conformal perturbation theory off the symmetric
product orbifold point has been recovered from the bulk [28]. It was shown in [24, 29–31]
that correlators are delta-function localized to configurations where the worldsheet covers the
boundary sphere, thus explaining the basic mechanism underlying the duality. Correlators of
descendant fields were computed and matched with the boundary CFT expectation in [32, 33].

1Recall that the string coupling α′ is inversely proportional to the string tension.
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Many of these results relied on a free-field realization of the worldsheet chiral algebra
in terms of symplectic bosons and free fermions. Specifically, the symplectic bosons and
free fermions together generate the algebra u(1, 1|2)1, which is reduced to psu(1, 1|2)1 upon
gauging a null u(1) symmetry of the theory.2 While the symplectic boson representation
of psu(1, 1|2)1 is extremely useful, the gauge-fixing from u(1, 1|2)1 to psu(1, 1|2)1 comes
with a few complications. First, the gauge-fixing itself is rather complicated, and the
BRST structure is significantly more involved than the usual prescription in gauged WZW
models [34]. Furthermore, the prescription for calculating correlation functions involved the
introduction of extra fields (so-called W -fields) which are vacua with respect to psu(1, 1|2)1
but not with respect to u(1, 1|2)1 [30]. Introducing these fields is necessary to obtain a
sensible and non-vanishing result, but their physical significance is unclear. In summary,
while the present formulation of the worldsheet theory allows for many explicit computations
and accurate checks of the duality, it also contains various technical hurdles which hinder
a direct derivation of correlation functions and seem to have no precise meaning from the
boundary CFT2 perspective.

In this paper we explain how some of these difficulties can be bypassed. In section 2,
we consider the alternative free-field realization of [35], which does not involve any gauging
of null currents. This alternative free-field realization consists of one βγ system and two bc
systems. After reviewing that these free fields generate the full chiral algebra psu(1, 1|2)1,
we recover the representations previously derived in [21] in terms of symplectic bosons and
free fermions. While we present this alternative free-field realization as being independent of
the symplectic boson theory, in fact the two are intimately related, see [35]. We also explain
its relation with the Wakimoto realization of sl(2,R), which has been exploited multiple
times in the study of the AdS3/CFT2 duality (see for example [14, 36]). In section 2 we also
explain the geometric interpretation of the alternative worldsheet fields we discuss: while the
worldsheet βγ system can be interpreted as position coordinate and associated derivatives
on the boundary sphere, the two bc systems realize on the worldsheet the spacetime N = 2
superspace coordinates. In [34] the N = 4 algebra of Berkovits-Vafa-Witten [37] was obtained
in terms of the symplectic boson realization of psu(1, 1|2)1 we discussed above. In order to
remove terms containing the null field mentioned above, the authors introduced additional
ghosts and gauged them out. We conclude section 2 by explaining how, as suggested in [35],
in terms of the alternative free-field realization these additional ghost fields are no longer
necessary and all N = 4 algebra generators can directly be written in terms of the newly
introduced free fields.

The utility of these alternative free fields is exemplified in section 3, where we rederive
the spectrally-flowed characters of the psu(1, 1|2)1 WZW model, as well as the worldsheet
partition function of [21], recap the physical state conditions and rewrite explicit expressions
for spacetime symmetry generators and DDF operators in our variables [14, 38, 39]. We
explain in section 4 how localization of string amplitudes emerges from the path integral.
It was noticed in [24] that in order for correlation functions on the worldsheet to develop
poles only where vertex operators are inserted — this is one of the basic axioms of 2D

2One should also pick an appropriate reality condition on the fields. Different reality conditions correspond
to different signatures in the target space.
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CFTs [40, 41] — it is necessary to introduce additional vertex operators dubbed ‘secret
representations’. These fields behave as the vacuum for the psu(1, 1|2)1 generators but give
rise to non-trivial representations when acted on by the worldsheet free fields. Section 4
illustrates the geometric origin of the secret representations: when computing correlators
on Euclidean AdS3 they arise from the failure of the worldsheet coordinate γ to cover the
boundary sphere with a unique patch.

The drastic simplification at the orbifold point of the boundary CFT2 hints at a corre-
sponding streamlining for the worldsheet bulk theory. Optimistically, since closed formulae
for arbitrary CFT2 correlators at the orbifold point are well-known [42–52] and the symmetric
orbifold theory is essentially solved, one may suspect that also a perturbative solution of
the bulk string theory may be within reach. Indeed, building on [21, 24, 30], in section 5
we compute from the worldsheet n-point functions of twisted ground states at tree level
and exactly reproduce the dual symmetric orbifold expectation. The holographic match of
higher-genus correlators will appear in [53]. This is the first time (non-protected) correlators of
the symmetric orbifold are reproduced from the bulk in terms of the hybrid formalism of [37].3
We conclude in section 6 with a discussion of some points deserving further investigation
and a list of future directions. A number of appendices contain technical derivations or
background material which will help the reader at various points in the main text.

2 The worldsheet theory

String theory on AdS3×S3×T4 with pure NS-NS flux can be described in terms of the hybrid
formalism [37], based on the Wess-Zumino-Witten model on the supergroup PSU(1, 1|2).
This supergroup arises naturally in the description of the N = 1 superspace of AdS3×S3, and
captures the left- and right-super-isometries of the AdS3 × S3 superspace.4 Since PSU(1, 1|2)
is a matrix supergroup of dimension 6|8, we can represent its elements faithfully as matrices.
A convenient parametrization is the block decomposition

PSU(1, 1|2) ∼=
(

SL(2,R) supercharges
supercharges SU(2)

)
. (2.1)

The WZW model on PSU(1, 1|2) at level k is described in terms of the current algebra
psu(1, 1|2)k, generated by six bosonic currents Ja,Ka and eight fermionic currents Sαβγ on
the worldsheet, satisfying the following OPEs5

Ja(z)Jb(w) ∼ kκ̃ab

(z − w)2 + f̃abcJ
b(w)

z − w
,

Ka(z)Kb(w) ∼ kκab

(z − w)2 + fabcK
c(w)

z − w
,

3Tree level four-point functions of w-twisted ground states were obtained in [54] as a k = 1 limit of bosonic
AdS3 string correlators.

4Strictly speaking, since π1(SL(2,R)) ∼= Z, the above space is not simply-connected. We will therefore
always implicitly assume that we are working with the universal covers ˜SL(2,R) and ˜PSU(1, 1|2) so as to
describe global AdS3.

5Here a is a vector index taking values in a ∈ {−, 3,+} while α, β, γ ∈ {−,+}.
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Ja(z)Sαβγ(w) ∼ (σ̃a)αδSδβγ(w)
z − w

, (2.2)

Ka(z)Sαβγ(w) ∼ (σa)βδSαδγ(w)
z − w

,

Sαβ+(z)Sγδ−(w) ∼ k εαγεβδ

(z − w)2 + εαγ(σa)βδKa(w)− εβδ(σ̃a)αγJa(w)
z − w

,

where κ̃ab, f̃abc and κab, fabc are the killing form and structure constants of sl(2,R) and su(2)
respectively, and ε+− = −ε−+ = 1. See appendix E for our conventions. It was pointed out
in [21] that at the minimal level k = 1 a shortening condition occurs and the only allowed
psu(1, 1|2)1 representations take the form

(C
1
2
λ ,2)

(C1
λ+ 1

2
,1) (C0

λ+ 1
2
,1)

(2.3)

where Cjλ denotes an sl(2,R) continuous representation with spin j and fractional part of λ
mod 1, while 1 and 2 stand for su(2) representations of dimension 1 and 2 respectively.

2.1 An alternative free-field realization

The shortening condition of the PSU(1, 1|2) model at k = 1 hints at a simplification of the
theory at minimal level. In [21, 30] it was pointed out that this simplification takes the form
of a free-field realization of the current algebra psu(1, 1|2)1 in terms of two pairs of so-called
symplectic bosons and two pairs of free fermions [55]. As discussed in the Introduction,
this comes with various technical difficulties. We discuss an alternative free-field realization
of psu(1, 1|2)1 based on [35], which does not require any gauging and avoids most of the
complications listed above.

Consider a commuting βγ system with scaling dimensions ∆(β) = 1, ∆(γ) = 0 and OPEs

β(z)γ(w) ∼ − 1
z − w

, (2.4)

and two anti-commuting bc systems (pa, θa), a = 1, 2, with conformal dimensions ∆(pa) = 1,
∆(θa) = 0 and OPEs

pa(z)θb(w) ∼
δ b
a

z − w
. (2.5)

Analogously, we should introduce anti-chiral versions β, γ, pa, θ
a obeying analogous right-

moving OPEs. All of these fields are free and can be described by the action

S = 1
2π

∫ (
β∂γ + pa∂θ

a + β∂γ + pa∂θ
a
)
, (2.6)

where summation over a = 1, 2 is understood. The stress tensor of the theory can be found
by demanding that β and pa are conformal primaries of weight ∆ = 1, and γ and θa are
primaries of weight ∆ = 0. The (chiral) stress tensor is

Tfree = −β∂γ − pa∂θ
a (2.7)

– 5 –
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and implies that the total central charge is c = −2. Note that normal ordering is understood.
Let us now consider the currents6

J+ = β , J3 = βγ + 1
2(paθ

a) , J− = (βγ)γ + (paθa)γ , (2.8a)

K+ = p2θ
1 , K3 = −1

2(p1θ
1) + 1

2(p2θ
2) , K− = p1θ

2 , (2.8b)

and

S+++ = p2 , S+−+ = p1 , S−++ = −γp2 , S−−− = (βγ + paθ
a)θ2 , (2.8c)

S++− = βθ1 , S+−− = −βθ2 , S−−+ = −γp1 , S−+− = −(βγ + paθ
a)θ1 . (2.8d)

It can be checked using the free-field OPEs (2.4) and (2.5) that these currents have conformal
weight ∆ = 1 and that indeed generate the current algebra psu(1, 1|2)1.7 In fact, bosonizing
the free fields (2.4) and (2.5) and making appropriate field identifications, one can verify
that eq. (2.8) is (up to a real form) the psl(2|2)1 free field realization of [35]. Notice that
substituting the free-field realization (2.8) in the expression for the psu(1, 1|2)1 stress-tensor,

Tpsu(1,1|2)1 =− (J3J3) + 1
2[(J

+J−) + (J−J+)] + (K3K3) + 1
2[(K

+K−) + (K−K+)]

+ 1
2ϵ

αµϵβνϵγρ(SαβγSµνρ) , (2.9)

one recovers the stress tensor (2.7),

Tpsu(1,1|2)1 = Tfree . (2.10)

In the following sections, it will prove useful to bosonize the free fields (2.4) and (2.5) as

β = eϕ+iκ∂(iκ) , γ = e−ϕ−iκ , (2.11a)
θ1 = eif1 , p1 = e−if1 , (2.11b)
θ2 = e−if2 , p2 = eif2 , (2.11c)

where ϕ and κ are free bosons with OPE

ϕ(z)ϕ(w) ∼ − ln (z − w) , κ(z)κ(w) ∼ − ln (z − w) (2.12)

and stress tensor

Tϕ,κ = −1
2(∂ϕ)

2 − 1
2(∂κ)

2 + 1
2∂

2ϕ+ 1
2∂

2(iκ) . (2.13)

The bosons ϕ and κ account for a central charge c(ϕ, κ) = 2. In eq. (2.11) we also introduced
the free bosons

fi(z)fj(w) ∼ −δi,j ln (z − w) , i, j ∈ {1, 2} , (2.14)

whose stress-tensor

Tf1,f2 = −1
2

2∑
j=1

(∂fj)2 +
1
2∂

2(if1)−
1
2∂

2(if2) (2.15)

accounts for a central charge c(f1, f2) = −4.
6The right-moving currents are constructed by analogous combinations of the anti-chiral free fields.
7This and various computations in the manuscript are carried out with the help of the Mathematica

package [56].
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2.2 Representations and spectral flow

We now study representations of the free fields (2.4) and (2.5) and see how they give rise
to representations of psu(1, 1|2)1.

Highest weight representations. The zero-mode algebra of the free-field theory is

[β0, γ0] = −1 , {(pa)0, θb0} = δ b
a . (2.16)

We can find representations of this algebra by defining states |m⟩ such that8

β0 |m⟩ = m |m+ 1⟩ , γ0 |m⟩ = |m− 1⟩ , (pa)0 |m⟩ = 0 . (2.17)

Such a representation is labeled by the fractional part λ + 1
2 of m and the states form

the Clifford module

Span
{
|m⟩ , θa0 |m⟩ , θ10θ20 |m⟩ |m ∈ Z+ λ+ 1

2

}
. (2.18)

The states of the form |m⟩ are annihilated by Ka
0 and thus form a singlet with respect to

su(2). The sl(2,R) generators on the other hand act as

J3
0 |m⟩ = m |m⟩ , J+

0 |m⟩ = m |m+ 1⟩ , J−
0 |m⟩ = m |m− 1⟩ . (2.19)

Thus, the states |m⟩ transform in the continuous representation Cj=0
λ+ 1

2
under sl(2,R). Checking

the action of Ka
0 and Ja0 on the other states we find that

|m⟩ ∈
(
C0
λ+ 1

2
,1
)
, θa0 |m⟩ ∈

(
C

1
2
λ ,2

)
, θ10θ

2
0 |m⟩ ∈

(
C1
λ+ 1

2
,1
)
, (2.20)

where the first and second entries determine the representation of sl(2,R) and su(2), respec-
tively. We can group these three representations into a single representation of the zero mode
algebra (2.16), which takes the form of the Clifford module (2.3). Thus, we see that the
zero-mode representations of the free-field realization reproduce the short representations
of psu(1, 1|2). Moreover, one can also check that all the short representation coefficients,
which are spelled out in appendix E, are correctly accounted for. Promoting the zero mode
representation to a highest-weight representation of the full mode algebra

[βm, γn] = −δm+n,0 , {(pa)m, θbn} = δ b
a δm+n,0 , (2.21)

in turn reproduces the short representations of psu(1, 1|2)1. Following the notation of [21],
we will refer to the affine representation built on (2.18) as Fλ. Note that there is a subtlety
for λ = 1

2 mod 1, since representations become reducible but indecomposable [21]. Let
us recap how this comes about. If λ = 1

2 mod 1, then m ∈ Z. The state |0⟩ in (2.20)
is annihilated by J3

0 , and therefore we can consistently take the quotient by states |m⟩
with non-positive m ∈ Z in that representation. This shows that there are highest- and
lowest-weight sub-representations of the affine representation Fλ, which in [21] were denoted
by G±. Moreover, following the same reasoning of appendix B of [21], we can see that there
are two trivial representations, |0⟩ and θ10θ

2
0 |0⟩.

8Note that requiring psu(1, 1|2)1 currents to be periodic, forces to only consider the R-sector of (β, γ) and
(pa, θa).
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Spectrally-flowed representations. The free-field realization admits a spectral-flow au-
tomorphism σw which acts on the mode algebra as

σw(βn) = βn−w , σw(γn) = γn+w ,

σw((p1)n) = (p1)n−w , σw(θ1n) = θ1n+w ,
(2.22)

and which acts trivially on p2 and θ2.9 The effect of σw on the psu(1, 1|2)1 currents is

σw(J3
n) = J3

n + w

2 δn,0 , σw(J±
n ) = J±

n∓w ,

σw(K3
n) = K3

n +
w

2 δn,0 , σw(K±
n ) = K±

n±w , (2.23)

σw(Sαβ+n ) = Sαβ+
n+ 1

2w(β−α)
, σw(Sαβ−n ) = Sαβ−

n+ 1
2w(β−α)

,

which agrees with the usual notion of spectral flow for psu(1, 1|2)k at k = 1 and implies

σw(L0) = L0 + w(K3
0 − J3

0 ) , (2.24)

where L0 is the zero mode of the stress-tensor of psu(1, 1|2)1.
Composing the highest-weight representation Fλ with σw yields a non-highest-weight

representation σw(Fλ). For example, the spectrally-flowed image |ψ⟩(w) of a highest-weight
state |ψ⟩ will no longer be annihilated by all positive modes of the free fields, but will
rather satisfy

βn |ψ⟩(w) = 0 , n > w , γn |ψ⟩(w) = 0 , n > −w , (2.25)

(p1)n |ψ⟩(w) = 0 , n > w , θ1n |ψ⟩
(w) = 0 , n > −w , (2.26)

(p2)n |ψ⟩(w) = 0 , n > 0 , θ2n |ψ⟩
(w) = 0 , n > 0 . (2.27)

Given the agreement with the representation theory of [21], in our worldsheet theory we
include the highest-weight representations Fλ as well as all spectrally-flowed images σw(Fλ).
This gives a worldsheet spectrum

H =
⊕
w∈Z

∫ 1

0
dλσw(Fλ)⊗ σw(Fλ) . (2.28)

The x basis. As in any 2D CFT, a vertex operator V (ϕ, z) can be associated to each
state ϕ on the worldsheet,

V (ϕ, 0) |0⟩ = ϕ . (2.29)

While a priori vertex operators depend solely on the worldsheet coordinate z, we are eventually
interested in studying dual CFT correlation functions, which explicitly depend on the

9The choice of p1 and θ1 as the bc system which is affected by spectral flow may appear artificial. In
fact, there is a continuum of possible choices, related by global SU(2) transformations. However, only the
choice made in eq. (2.22) is consistent with eq. (2.24). For it, eq. (2.24) implies that the modes of any field
F on the worldsheet flow according to σw(Fn) = Fn+w(j−h), where jF = [K3

0 , F ] and hF = [J3
0 , F ]. Since

[K3
0 − J3

0 , p2] = [K3
0 − J3

0 , θ2] = 0, we conclude that p2 and θ2 do not flow.

– 8 –
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spacetime insertion points. It thus proves useful to introduce a worldsheet chemical potential
and define the so-called ‘x-basis’ vertex operators

V (ϕ; z, x) = exJ
+
0 V (ϕ; z, 0)e−xJ

+
0 . (2.30)

This definition is natural from the spacetime point of view. Admittedly, J+
0 = L−1 is the

translation operator in the dual CFT and x can then be interpreted as the position coordinate
on the boundary sphere.

While only in terms of vertex operators in the x-basis it is possible to reproduce correlation
functions of the boundary CFT, this is one of the technical difficulties mentioned in the
Introduction. In fact, correlation functions of spectrally flowed x-basis vertex operators
are significantly more involved [20, 24, 30, 54, 57–63] than those computed in terms of the
vertex operators (2.29) [64–71].

One of the benefits of the fields (2.4) and (2.5) is that they behave quite nicely when
conjugated with exp(xJ+

0 ). In fact, only γ transforms and does so in a simple way,

exJ
+
0 γ(z)e−xJ

+
0 = γ(z)− x . (2.31)

2.3 Relation to the Wakimoto representation

Readers familiar with the AdS3 string theory literature may notice similarities of the free
field realization (2.8) with the Wakimoto realization of sl(2,R)1 [72, 73]. Let us make this
comparison precise.

The Wakimoto realization of sl(2,R)k is generated by the action [14]

S = 1
2π

∫
d2z

(1
2∂Φ ∂Φ+ β∂γ + β̄∂γ − 1

4kββ̄e
−QΦΦ − QΦ

4 RΦ
)
, (2.32)

where β is a (1, 0)-form, γ is a chiral scalar, and Φ is a non-chiral scalar satisfying the OPEs

β(z)γ(w) ∼ − 1
z − w

, ∂Φ(z)∂Φ(w) ∼ − 1
(z − w)2 . (2.33)

Similar OPEs hold for the anti-holomorphic fields β̄, γ̄ and ∂̄Φ. The scalar Φ has a background
charge QΦ =

√
2/(k − 2), so that the central charge of the above action is

c(β, γ) + c(Φ) = 2 + 1 + 3Q2
Φ = 3k

k − 2 = c(sl(2,R)k) . (2.34)

The sl(2,R)k algebra is generated by the currents

J+ = β , J3 = −∂Φ
QΦ

+ βγ , J− = −2(∂Φ γ)
QΦ

+ (βγ)γ − (k − 1)∂γ , (2.35)

and the stress tensor is

TW = −(∂Φ)2 − QΦ
2 ∂2Φ− β∂γ . (2.36)

The theory we are interested in, of course, is not bosonic strings on AdS3, but rather
superstrings on AdS3×S3×T4, built in terms of the psu(1, 1|2)k WZW model. Note, however,
that at k = 1 there is a conformal embedding

sl(2,R)1 ⊕ su(2)1 ⊂ psu(1, 1|2)1 , (2.37)
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meaning that the stress tensor of psu(1, 1|2)1 is recovered by the stress tensor of its bosonic
subalgebra sl(2,R)1 ⊕ su(2)1.10 The existence of this conformal embedding suggests that
it should be possible to study psu(1, 1|2)1 purely in terms of its bosonic subalgebra. Thus,
we are motivated to study the theory sl(2,R)1 ⊕ su(2)1.

Note that, for k > 2, the background charge QΦ is real, whereas for k = 2 it diverges.
However, for k < 2, there is a qualitative change in the behavior of Φ, since its background
charge becomes imaginary. Specifically, for k = 1 we have

QΦ =
√
−2 , c(Φ) = 1 + 3Q2

Φ = −5 . (2.38)

A free-field realization of su(2)1 ⊕ u(1) can be constructed in terms of a pair of fermionic
first-order systems (ba, ca) (a = 1, 2) satisfying the OPEs

ba(z)cb(w) ∼
δ b
a

z − w
(2.39)

and with conformal weights ∆(ba) = Λ, ∆(ca) = 1−Λ. These free fields generate four currents

K3 = −1
2(b1c

1 − b2c
2) , K+ = b2c

1 , K− = b1c
2 , (2.40)

J = 1√
2
(b1c1 + b2c

2) . (2.41)

The currents Ka generate su(2)1, while J commutes with Ka and thus generates a disjoint
u(1). If we define J = i∂φ, then φ obeys the OPE

φ(z)φ(w) = − log(z − w) (2.42)

and has background charge

Qφ = −
√
−2(1− 2Λ) . (2.43)

For Λ = 1
2 , the background charge (2.43) vanishes and we recover the ‘usual’ free-field

construction of su(2)1 ⊕ u(1), which was also used in [24]. On the other hand, for Λ = 1,
the background charge reads

Qφ =
√
−2 = QΦ (2.44)

and exactly equals the background charge of Φ. We thus understand that for Λ = 1 we
can identify the extra current ∂φ generated by the bc system (2.39) with the ∂Φ current
entering the Wakimoto representation of sl(2,R)1,

J = i ∂φ = i ∂Φ = 1√
2
(b1c1 + b2c

2) . (2.45)

10A necessary and sufficient condition for a subalgebra ĥ ⊂ ĝ to define a conformal embedding is that
c(ĥ) = c(ĝ) [74]. Since

c(psu(1, 1|2)k)− c(sl(2,R)k)− c(su(2)k) = −8
(

k2 − 1
k2 − 4

)
,

we see that sl(2,R)k ⊕ su(2)k ⊂ psu(1, 1|2)k is a conformal embedding if and only if k = 1.
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As a consequence, it is no longer necessary to gauge away any current and one can realize
sl(2,R)1⊕ su(2)1 as we did in eqs. (2.8a) and (2.8b). In fact, using eq. (2.45), and making the
identifications ba = pa and ca = θa, eqs. (2.35) and (2.40) respectively reproduce eqs. (2.8a)
and (2.8b).

Thus, we can group together the Wakimoto scalar Φ and the su(2)1 WZW model
into two pairs (pa, θa) of fermions with ∆(pa) = 1 and ∆(θa) = 0 (along with their right-
moving counterparts). We conclude that we can write the ‘free-field’ part of the Wakimoto
representation of sl(2,R)1 ⊕ su(2)1 as

Sfree =
1
2π

∫ (
β∂γ + β̄∂γ + pa∂θ

a + pa∂θ
a
)
. (2.46)

This is precisely the free-field realization of psu(1, 1|2)1 discussed in this section.
One may ask about the interaction term which appears in (2.32), yet which does not

appear in the free field realization (2.8). Written in terms of the free fields, the interaction
Lagrangian takes the form

Lint = − 1
4kββ̄e

−QΦΦ k=1= −1
4ββ̄(θ

1θ2θ
1
θ
2) . (2.47)

In principle, it seems that one should include this term in the psu(1, 1|2)1 Lagrangian in
order to obtain a complete worldsheet description of the model. It is not entirely clear
why the k = 1 theory seems to be completely consistent without the introduction of this
interaction term. See also [75] for a discussion on this point. One explanation is that Lint is
not a physical state in the gauge-fixed worldsheet theory. As we will explain below, and as
outlined in appendix D, the worldsheet physical spectrum is specified by a double cohomology
of operators G+

0 , G̃
+
0 . However, the interaction Lagrangian Lint is not annihilated by G+

0 .
Thus, from the point of view of the gauge-fixed theory, Lint does not represent a well-defined
deformation of the free action Sfree. Nonetheless, we admit that this reasoning is rather
post-hoc and we will instead take the action Sfree as the definition of our worldsheet theory,
regardless of its connection with the sigma model description of AdS3 × S3.

We should note that the relationship between the psu(1, 1|2)1 WZW model and the
Wakimoto representation of sl(2,R)1 without the interaction term has been discussed in the
literature before, see [39, 75]. The above discussion sharpens these observations to include
the full psu(1, 1|2)1 theory, and not just that of the sl(2,R)1 subalgebra.

2.4 Spacetime interpretation of the free fields

The form of the metric of Euclidean global AdS3 in Poincaré coordinates,

ds2 = dr2 + dγdγ
r2

, (2.48)

suggests that γ and γ̄ should be interpreted as the position coordinates x and x̄ in the
boundary CFT2 [14]. This intuition was strengthened in [24], where it was observed that at
k = 1 the field γ, when inserted inside correlation functions, behaves as the covering map
from the worldsheet to the boundary sphere. Notice that in order for a field on the worldsheet
to be holographically dual to the boundary position coordinate x, one would expect that:
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• it has spacetime conformal dimension h = −1;

• it is a singlet under the R-symmetry and hence commutes with K3
0 on the worldsheet.

As one can easily check, γ satisfies both of these requirements.
Now, let us interpret the worldsheet fields θ1 and θ2. The worldsheet admits global

fermionic symmetries δ1, δ2 such that

δaγ = θa , δaθb = 0 , δapb = −δabβ , δaβ = 0 , (2.49)

see eqs. (2.8). In particular, we have δ1 = −S++−
0 and δ2 = S+−−

0 . Indeed, these symmetries
form a subset of the global psu(1, 1|2) algebra. Given that the zero modes of psu(1, 1|2)1 are
the wedge modes of the small N = 4 superconformal algebra in two dimensions, and the
fact that the partner of γ under these transformations is θa, it is natural to interpret θa as
representing the boundary N = 2 superspace coordinates ϑ, ϑ̄. Indeed, notice that by the
same logic of the discussion above, the proposed fields θa

• have spacetime conformal dimension −1
2 ;

• transform as a doublet with respect to the spacetime su(2) which is identified with the
su(2) of psu(1, 1|2)1, see [33].

We note, however, that these statements should only be considered true at the level of
the psu(1, 1|2)1 WZW model and not in the full string theory. In string theory, after
imposing the physical state conditions, we are not aware of a way to construct supersymmetry
generators which commute with physical state conditions, and for which γ, θa have the simple
interpretation of spacetime superspace coordinates.

In the case of AdS3 × S3 × T4, the boundary CFT2 has the structure of a (small) N = 4
superconformal field theory. In particular, it contains an N = 2 subalgebra which acts on
the (holomorphic) superspace coordinates (x, ϑ, ϑ̄) as [76]

δx = ξ(x) + 1
2ϑ ϵ̄(x) +

1
2 ϑ̄ ϵ(x) , (2.50a)

δϑ = ϵ(x) + 1
2ϑ∂xξ(x)− ϑα(x) + 1

2ϑ ϑ̄ ∂xϵ(x) , (2.50b)

δϑ̄ = ϵ̄(x) + 1
2 ϑ̄ ∂xξ(x) + ϑ̄ α(x)− 1

2ϑ ϑ̄ ∂xϵ̄(x) . (2.50c)

The Grassmann even functions ξ(x) and α(x) respectively parametrize infinitesimal trans-
lations and infinitesimal U(1) R-charge rotations. Similarly, the Grassmann odd functions
ϵ(x) and ϵ̄(x) parametrize infinitesimal superconformal transformations generated by the
two N = 2 supercharges.

To strengthen the observation that γ, θ1, θ2 represent spacetime superspace coordinates,
we study Noether’s charges associated to the local N = 2 transformations. To illustrate
this, let us set

ϵ = 0 , ϵ̄ = 0 , ξ = −ηγn+1 , α = 0 , (2.51)
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with η a constant bosonic variable in eqs. (2.50). We find

δγ = −ηγn+1 ,

δθ1 = −ηn+ 1
2 γnθ1 , (2.52)

δθ2 = −ηn+ 1
2 γnθ2 .

The charge implementing this variation is

Ln =
∮
dz

[
(βγ)γn + n+ 1

2 γn(paθa)
]
. (2.53a)

This is exactly the DDF operator associated to the spacetime stress-tensor written in our
variables, as we will explicitly see in section 3.5. For instance, setting n = −1, 0, 1 gives the
zero modes of sl(2,R)1 currents, see eq. (2.8a). While using this approach we cannot fix
the correct normal ordering, we have anticipated the correct prescription in eq. (2.53a). A
similar procedure also works for the Cartan generator J of the R-symmetry currents, and the
supercurrents of an N = 2 subalgebra. In fact, in addition to the stress-tensor, one obtains
the following Noether’s charges associated to the local spacetime transformations

Jn =
∮
dzK3γn , (2.53b)

G+
r = −2

∮
dz
[
− p2γ

r+ 1
2
]
+
∮
dz

[
θ1(βγr+

1
2 ) + 2

(
r + 1

2

)
(θ1K3)γr−

1
2

]
, (2.53c)

G−
r =

∮
dz
[
p1γ

r+ 1
2
]
− 1

2

∮
dz

[
− θ2(βγr+

1
2 ) + 2

(
r + 1

2

)
(θ2K3)γr−

1
2

]
. (2.53d)

Indeed, one can check that the operators (2.53) form an N = 2 algebra with c = 6. The
underline in G+

r and G−
r emphasizes that the Noether charges in eqs. (2.53c) and (2.53d)

do not agree with the DDF operators we will obtain in section 3.5. In fact, the Noether
charges in eqs. (2.53c) and (2.53d) do not commute with the physical state conditions of
the hybrid formalism. This is expected, since as already mentioned, the symmetry (2.49)
is a symmetry of the PSU(1, 1|2)1 non-linear sigma model and not a symmetry of the full
AdS3 × S3 × T4 string theory.

2.5 The worldsheet N = 4 algebra

In the RNS formulation of string theory on a group manifold G [77], one introduces worldsheet
fermions that transform in the adjoint representation of G, see e.g. [11] for a review. Although
this makes the worldsheet supersymmetry manifest, the spacetime supersymmetry is hidden
and is realized after GSO projection. On the other hand, Green-Schwarz like formulations of
string theory make spacetime supersymmetry manifest [78]. There exists a third option: a
hybrid formulation that makes the supersymmetry of 6 flat directions manifest, while the
other directions are described in the RNS formulation [37]. We will sometimes refer to this
worldsheet model as the Berkovits, Vafa and Witten formalism. In the same paper, the
analysis is extended to AdS3 × S3 × T4. In the hybrid formalism, it is natural to describe the
physical states in a cohomological language. More specifically, the worldsheet has a small
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N = 4 topologically twisted algebra, and one of the supercurrents is the BRST current. For
a detailed review of this formalism see [34, 79]. In the following we briefly sketch the hybrid
formalism on AdS3 × S3 × T4 while a more rigorous discussion can be found in appendix D.

Let us now elaborate on the background that we are interested in, i.e. AdS3×S3×T4 with
pure NS-NS flux. The supergroup that describes strings moving on AdS3 × S3 is PSU(1, 1|2)
with the affine algebra psu(1, 1|2)k. In other words, strings moving on this background are
described by a WZW model on psu(1, 1|2)k and

√
k is proportional to the radius of AdS3

and S3 in units of the string length. As we briefly mentioned above, in order to describe
superstrings moving on AdS3×S3×T4, we need additional ingredients. The worldsheet theory
has holomorphic (left-moving) and anti-holomorphic (right-moving) sectors. For brevity,
here we focus only on the holomorphic sector and we combine them in section 5, where we
compute correlation functions. The holomorphic sector consists of

• the psu(1, 1|2)k WZW model,

• the free bosons ρ and σ,

• a topologically twisted N = 4 superconformal theory on T4.

Similarly for the anti-holomorphic sector. From now on we focus on k = 1, which is the
relevant value of the level in our worldsheet theory. We reviewed the psu(1, 1|2)k model at
level k = 1 in section 2.1. The free bosons ρ and σ have OPEs

ρ(z)ρ(w) ∼ − ln (z − w) , σ(z)σ(w) ∼ − ln (z − w) , (2.54a)

and stress-tensor

Tρσ = −1
2[(∂ρ)

2 + (∂σ)2] + 3
2∂

2(ρ+ iσ) . (2.54b)

The topologically twisted T4 sector, which is reviewed in appendix E, consists of 4 free
bosons and 4 free fermions on T4, with a topologically twisted stress-tensor. We denote the
generators of this algebra on the worldsheet by a subscript C. In particular, note that the
Cartan generator of the R-symmetry currents is JC , which is bosonized as

JC = 1
2∂(iH) , H(z)H(w) ∼ −2 ln (z − w) . (2.55)

The full worldsheet theory has the structure of a topologically twisted (small) N = 4
superconformal algebra with c = 6 on the worldsheet [37]. We denote the stress-tensor by
T , su(2)1 R-symmetry currents by J , J++, J−− and the supercurrents by G± and G̃±. The
explicit form of these generators can be found in eq. (D.1) while in table 1 we recap their
conformal dimensions and whether or not they are conformal primaries. We will discuss
the physical state conditions in section 3.5, but let us anticipate the basic idea: the zero
mode of the generator G+ is the BRST charge which defines the physical states. For the
exact physical state conditions see eq. (3.27).

It is important to note that, as suggested in [35], in the formulation (2.8) of psu(1, 1|2)1,
since no additional gauging is needed, one obtains an honest worldsheet topologically twisted
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T J J++ J−− G+ G− G̃+ G̃−

Weight 2 1 0 2 1 2 1 2
Primary ✓ ✗ ✓ ✓ ✓ ✓ ✓ ✓

Table 1. We list the generators of the topologically twisted N = 4 algebra with their conformal
weight. In the third line of the table, a check mark or a cross respectively denotes whether or not the
corresponding generator is a conformal primary.

N = 4 algebra with c = 6. Let us elaborate on this: once we have a psu(1, 1|2)k algebra, the
construction of [37] ensures that there exists a worldsheet N = 4 topologically twisted algebra
with c = 6. However, for the case of k = 1, as we mentioned in the Introduction, the realization
of psu(1, 1|2)1 in terms of symplectic bosons and free fermions involved an additional gauging
with respect to a null-current, usually denoted by Z. Hence, the anti-commutation relations
of u(1, 1|2)1 differed from the ones of psu(1, 1|2)1 by additional terms proportional to Z,
which after gauging indeed gave a realization of psu(1, 1|2)1. This ‘contamination’ of Z-terms
implied that the worldsheet did not manifestly have an N = 4 topologically twisted algebra
with c = 6, see [34]. In that paper, this issue was resolved by introducing additional ghosts
and gauging them out. In our case, as suggested in [35], these complications are absent since
we begin by considering the alternative psu(1, 1|2)1 realization [35], and therefore we get an
exact N = 4 topologically twisted algebra on the worldsheet.

3 The worldsheet spectrum

In this section, we compute the full spectrum of the physical states on AdS3 × S3 × T4.
While this already appeared in [21, 25], we hope to convince the reader of the utility of the
free-field realization (2.8) in simplifying various steps of that computation. We also collect
some clarifications about the contribution of ghosts to the partition function, which appeared
in [27]. Furthermore, we discuss the physical state conditions on the worldsheet, and rewrite
expressions for spectrally-flowed vertex operators following [39]. Finally, we write a set of
DDF operators based on [14, 38, 39], which allows an exact realization of the single-particle
spectrum of the dual CFT on the worldsheet.

3.1 Spectrally-flowed characters

The primary ingredient is the computation of spectrally-flowed psu(1, 1|2)1 characters, which,
as we will see, are easily calculated in our language. The spectrum of the psu(1, 1|2)1 WZW
model has the form

H =
⊕
w∈Z

∫ 1

0
dλσw(Fλ)⊗ σw(Fλ) . (3.1)

We would like to compute the partition function

Zpsu(1,1|2)1(t, z; τ) = TrH
[
qL0qL0xJ

3
0xJ

3
0yK

3
0yK

3
0

]
=
∑
w∈Z

∫ 1

0
dλ |ch(σw(Fλ))(t, z; τ)|2 ,

(3.2)
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where q = e2πiτ , x = e2πit, and y = e2πiz, and we have defined the characters of the
representations σw(Fλ) as

ch(σw(Fλ))(t, z; τ) = Trσw(Fλ)
[
qL0xJ

3
0 yK

3
0
]
. (3.3)

As discussed in the previous section, the highest-weight representations Fλ of the free-field
algebra are generated by descendants of states of the form |m⟩ such that

β0 |m⟩ = m |m+ 1⟩ , γ0 |m⟩ = |m− 1⟩ , (pa)0 |m⟩ = 0 . (3.4)

Clearly, since the bosons and fermions decouple, this character factorizes into a character
from the βγ system and a character from the paθ

a system. The βγ character is easily
calculated as follows: the J3

0 eigenvalue of |m⟩ is m, while L0 |m⟩ = K3
0 |m⟩ = 0, and so

the βγ character is simply ∑
m∈Z+λ

xm

η(τ)2 , (3.5)

where each factor of 1/η(τ) accounts for the oscillator modes of one of the bosons. Meanwhile,
the fermionic character can be computed by noting that the fermions have the following
charges with respect to J3

0 and K3
0 :

[J3
0 , p1] =

1
2 , [K3

0 , p1] = −1
2 ,

[J3
0 , p2] =

1
2 , [K3

0 , p2] =
1
2 ,

(3.6)

while θ1 and θ2 have charges opposite to p1 and p2, respectively. Thus, the character of
the paθa system is simply the character of two pairs of free fermions with flavors t±z

2 in
the R-sector,11 namely

ϑ2( t+z2 ; τ)ϑ2( t−z2 ; τ)
η(τ)2 . (3.7)

Putting the bosonic and fermionic contributions together gives the character

ch(Fλ)(t, z; τ) =
∑

m∈Z+λ
xm

ϑ2( t+z2 ; τ)ϑ2( t−z2 ; τ)
η(τ)4 . (3.8)

For the spectrally-flowed characters, we note that spectral flow acts on J3
0 ,K

3
0 , L0 as

σw(J3
0 ) = J3

0 + w

2 , σw(K3
0 ) = K3

0 + w

2 , σw(L0) = L0 + w(K3
0 − J3

0 ) . (3.9)

This means that, since Fλ and σw(Fλ) are isomorphic as vector spaces, we can replace a
trace over σw(Fλ) with a trace over Fλ, so long as we appropriately shift the quantum
numbers as in (3.9). Thus, we have

Trσw(Fλ)
[
qL0xJ

3
0 yK

3
0
]
= TrFλ

[
qL0+w(K3

0−J
3
0 )xJ

3
0+

w
2 yK

3
0+

w
2
]

= x
w
2 y

w
2 ch(Fλ)(t− wτ, z + wτ ; τ) .

(3.10)

11The fermions are in the R-sector since they have integer conformal weight.
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Therefore, we can immediately write down the spectrally-flowed characters in terms of the
unflowed characters. We find

ch(σw(Fλ))(t, z; τ) = x
w
2 y

w
2

∑
m∈Z+λ

xmq−wm
ϑ2( t+z2 ; τ)ϑ2( t−z2 − wτ ; τ)

η(τ)4

= xwq−
w2
2

∑
m∈Z+λ

xmq−wm
ϑ2( t+z2 ; τ)ϑ2( t−z2 ; τ)

η(τ)4 ,

(3.11)

where we have used the theta function identity

ϑ2(z − wτ ; τ) = q−
w2
2 e2πiwzϑ2(x; τ) , w ∈ Z . (3.12)

Shifting m → m − w in the sum then gives

ch(σw(Fλ))(t, z; τ) = q
w2
2

∑
m∈Z+λ

xmq−wm
ϑ2( t+z2 ; τ)ϑ2( t−z2 ; τ)

η(τ)4 . (3.13)

This agrees precisely with the spectrally-flowed characters of psu(1, 1|2)1 found in [21]. Thus,
we conclude that the spectrum of spectrally-flowed highest-weight states in our free worldsheet
theory agrees with that of the psu(1, 1|2)1 WZW model, suggesting that they are indeed
equivalent.

3.2 The worldsheet partition function

For completeness, we include the derivation of the full worldsheet partition function from
the above characters. This subsection is essentially a summary of section 5 of [21] and
contains no new results. We break the computation of the worldsheet partition function
into the psu(1, 1|2)1 spectrum, the T4 spectrum, and the contribution from the (ρ, σ) ghosts
of the hybrid formalism.

The psu(1, 1|2)1 spectrum. As mentioned above, the spectrum of the psu(1, 1|2)1 which
is part of the worldsheet theory takes the form

⊕
w∈Z

∫ 1

0
dλσw(Fλ)⊗ σw(Fλ) . (3.14)

Thus, we can write the partition function of the psu(1, 1|2)1 model in terms of the characters
calculated above. We find

Zpsu(1,1|2)1 =
∫ 1

0
dλ
∑
w∈Z

|ch(σw(Fλ))(t, z; τ)|2 . (3.15)

In order to make the computation simpler, we can use Poisson resummation on (3.13) to
write ch(σw(Fλ)) as a formal sum of delta functions:

ch(σw(Fλ))(t, z; τ) = q
w2
2
∑
m∈Z

e2πimλδ(t− wτ +m)
ϑ2( t+z2 ; τ)ϑ2( t−z2 ; τ)

η(τ)4 . (3.16)
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Hence, the partition function reads

Zpsu(1,1|2)1 =
∫ 1

0
dλ

∑
w,m,n∈Z

|q|w2
e2πi(m−n)λ

∣∣∣∣∣ϑ2( t+z2 ; τ)ϑ2( t−z2 ; τ)
η(τ)4

∣∣∣∣∣
2

× δ(t− wτ +m)δ(t− wτ + n)

=
∑

w,m∈Z
|q|w2

∣∣∣∣∣ϑ2( t+z2 ; τ)ϑ2( t−z2 ; τ)
η(τ)4

∣∣∣∣∣
2

δ(2)(t− wτ +m) .

(3.17)

Crucially, we see that the integral localizes onto the subset of the moduli space for which the
worldsheet holomorphically wraps the boundary of AdS3. This is a direct result of the fact
that integrating out β in the free-field theory results in a delta functional δ(∂γ) in the path
integral, which demands that the path integral localizes onto holomorphic covering maps.

The T4 spectrum. The T4 spectrum of the worldsheet theory is calculated in a straightfor-
ward manner. The T4 sigma model on the worldsheet consists of four free bosons and two
pairs of topologically-twisted fermions. The topological twist means that we should treat
the fermions in the Ramond-sector, and so we have

ZT4 =
∣∣∣∣∣ϑ2(0; τ)2η(τ)6

∣∣∣∣∣
2

ΘT4(τ) . (3.18)

Here, ΘT4(τ) is the Narain theta function

ΘT4 =
∑

(p,p)∈Γ4,4

q
p2
2 q

p2
2 , (3.19)

where Γ4,4 is the Narain lattice of momentum and winding modes.

The ghost contribution. In the hybrid formalism of strings on AdS3 × S3, there are two
types of ghosts, known as ρ and σ [37]. The σ ghost is nothing more than the usual free boson
entering the bosonization of the (b, c) conformal ghosts of superstring theory. The role of ρ is
less well understood but it essentially comes from the bosonization of the superconformal
ghost of superstring theory combined with the compact directions.

The partition function of the (b, c) system is found by noting that the (b, c) system
removes two bosonic oscillators from the set of physical states on the worldsheet. Thus,

Zσ = |η(τ)2|2 . (3.20)

The ρ ghost contribution can be found using the following logic. The field ρ is a scalar
with central charge c(ρ) = 1 + 3Q2

ρ = 28, see appendix D. If we were to introduce a set
of topologically-twisted fermions Ψ† and Ψ of conformal weights h(Ψ†) = 1 and h(Ψ) = 0,
then the combinations

β̃ = eρ∂Ψ , γ̃ = Ψ†e−ρ (3.21)

define a bosonic first-order system with h(β̃) = 2 and h(γ̃) = −1. These are commuting
versions of the conformal (b, c) ghosts of bosonic string theory, and as such remove two
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topologically twisted fermions from the set of physical states. Since we had to introduce a
pair (Ψ†,Ψ) of topologically-twisted fermions to obtain (β̃, γ̃) from ρ, we conclude that the ρ
ghost removes two ‘pairs’ of topologically twisted fermions, i.e.

Zρ =
∣∣∣∣∣ η(τ)2
ϑ2(0; τ)2

∣∣∣∣∣
2

. (3.22)

Assembling all contributions. The full string partition function takes the form

Zstring = Zpsu(1,1|2)1 ZT4Zσ Zρ

=
∑

w,m∈Z
|q|w2

∣∣∣∣∣ϑ2( t+z2 ; τ)ϑ2( t−z2 ; τ)
η(τ)6

∣∣∣∣∣
2

ΘT4(τ)δ(2)(t− wτ +m)

=
∑

w,m∈Z
|x|w

∣∣∣∣∣ϑ2( z2 + wτ
2 − m

2 ; τ)ϑ2(−
z
2 + wτ

2 − m
2 ; τ)

η(τ)6

∣∣∣∣∣
2

ΘT4(τ)δ(2)(t− wτ +m) ,

(3.23)

where in the last line we used the delta function to substitute t = wτ − m. In order to
simplify the theta functions, let us introduce the notation

ϑ(0,0) = ϑ3 , ϑ(0,1/2) = ϑ2 , ϑ(1/2,0) = ϑ4 , ϑ(1/2,1/2) = ϑ1 . (3.24)

The Jacobi theta functions satisfy the quasi-periodicity property

ϑ(α,β)

(
±z2 + wτ

2 − m

2 ; τ
)
= q−

w2
8 y∓

w
4 e−iπwαϑ(α+m/2,β+w/2)

(
±z2; τ

)
. (3.25)

Thus, we can write the string partition function as

Zstring =
∑

w,m∈Z
|x|

w
2

∣∣∣∣∣ϑ(m/2,1/2+w/2)(−
z
2 ; τ)ϑ(m/2,1/2+w/2)(

z
2 ; τ)

η(τ)6

∣∣∣∣∣
2

ΘT4(τ) δ(2)(t− wτ +m) .

(3.26)
As was argued in [21], the string partition function then reduces, after taking the physical
state condition, to the single-particle partition function of SymK(T4) in the large K limit.

3.3 The physical states on the worldsheet

The previous section demonstrated that the free-field realization of psu(1, 1|2)1 allows us
to compute the worldsheet partition function and reproduce the partition function of the
symmetric orbifold. We will now argue that this conclusion can be refined by directly matching
the physical states in the worldsheet theory with the states in the dual symmetric orbifold.
This has been done using the bosonization of symplectic bosons in [39]. Here we discuss how
it can be reformulated in terms of the free-field realization (2.8).

In the hybrid formalism, the physical states are defined as states ϕ that satisfy

G+
0 ϕ = G̃+

0 ϕ =
(
J0 −

1
2

)
ϕ = T0ϕ = 0 , ϕ ∼ ϕ+G+

0 G̃
+
0 ψ . (3.27)

In other words, the physical states are defined as the double cohomology of the worldsheet
N = 4 superconformal algebra which we discussed in section 2.5. Note that the generators
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in eq. (3.27) have explicit expressions in terms of psu(1, 1|2) generators and ghosts as in
eqs. (D.1). The task is therefore finding the physical states associated to certain spacetime
states. In fact, the spectrum of the symmetric product orbifold SymK(T4) is generated
by acting with (fractional) modes of four free bosons and four free fermions on w-twisted
ground states subject to the orbifold invariance conditions.12 The same mechanism can be
mimicked from the bulk in two steps. First, one identifies the worldsheet operators dual to
w-twisted ground states. Second, to each mode of the spacetime bosons and fermions, one
associates a DDF operator [81] on the worldsheet [14, 38, 39]. The whole bulk spectrum
is then generated by applications of these DDF operators on the worldsheet states dual
to w-twisted ground states of the symmetric orbifold, subject to the orbifold invariance
conditions which arise from diagonal modular invariance on the worldsheet [21]. We will
analyze DDF operators in section 3.5, while we discuss here how the symmetric orbifold
w-twisted ground states are built from the worldsheet.

Let us begin by reviewing some properties of symmetric orbifold w-twisted ground states
of T4. For w odd, the ground state σw is a singlet with respect to the su(2) R-symmetry
of T4 and has conformal dimension

hw = w2 − 1
4w . (3.28)

Due to fermion zero modes, for w even there are two su(2) R-symmetry singlets and one
R-symmetry doublet. The two ground states in the doublet, which we denote by σ±w , have
conformal dimension13

h±w = w

4 . (3.29)

The worldsheet physical states dual to symmetric orbifold w-twisted ground states were
identified in [30]. For w odd, they take the following form

Ωw = Φwe2ρ+iσ+iH , (3.30)

while for w even they read

Ω±
w = Φ±

we
2ρ+iσ+iH . (3.31)

In (3.31) the ± emphasizes that Ω±
w is a doublet with respect to the su(2) ⊂ psu(1, 1|2)1,

which is dual to the su(2) R-symmetry in spacetime [33]. In [30], the ground states (3.30)
and (3.31) where expressed in terms of symplectic bosons. As explained in appendix C,
following the bosonization of [39], one can rewrite these fields in terms of the fields f1, f2, ϕ
and κ, which bosonize the fields (2.4) and (2.5) introduced in section 2.1. For w odd, we get

Φw(z, x = 0) = exp
[
w + 1
2 (if1 − if2) + (mw + w)ϕ+ imwκ

]
, (3.32)

12This means that the left and the right conformal dimensions h and h̄ should satisfy h − h̄ ∈ Z (if both
bosonic or both fermionic) or h − h̄ ∈ Z+ 1

2 (if one fermionic and the other bosonic), see e.g. [80].
13Note that the two singlets also have the same conformal dimension as in eq. (3.29), see e.g. [10, 23].
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with
mw = −(w − 1)2

4w . (3.33)

It is straightforward to show that this state satisfies eq. (3.27) and is therefore physical. In
particular, it has vanishing worldsheet conformal dimension and the spacetime conformal
dimension agrees with (3.28). For w even, we have

Φ±
w(z, x = 0) = exp

[±(if1 + if2)
2

]
exp

[
w + 1
2 (if1 − if2) + (m±

w + w)ϕ+ im±
wκ

]
, (3.34)

where
m±
w = −w − 2

4 . (3.35)

Again, these states are physical, have worldsheet weight 0, and the spacetime weight agrees
with eq. (3.29).

3.4 Delta-function operators

In section 5 we will compute correlation functions of w-twisted ground states from the
worldsheet. A key observation in that calculation is that the vertex operators that we
wrote down in the previous section can be written in another useful form which involves
delta-functions. The main advantage of this approach is twofold. First, the vertex operators
associated to w-twisted ground states now have a tractable form in the x basis, and second
they allow us to compute correlation functions in the path integral formalism. In this section,
we take a short detour, review this construction following [82] and eventually write down
the vertex operator associated to the w-twisted ground states in this language. The reader
already familiar with this language or mainly interested in directly knowing the final result
may skip this section and jump to eqs. (3.50) and (3.51).

An interesting feature of βγ systems comes from the existence of an infinite tower of
vacua obeying the property [83]

βn |0⟩(w) = 0 , n > −w − Λ ,

γn |0⟩(w) = 0 , n ≥ w + Λ .
(3.36)

Here w ∈ Z labels the distinct vacua. In the bosonized language (see section 2.1), these
states can be written as the vertex operators ewϕ, and can be thought of as the image of
the trivial representation under the automorphism

βn → βn−w , γn → γn+w . (3.37)

This automorphism plays the role of spectral flow in the psu(1, 1|2)1 model, and the states
|0⟩(w) play the role of spectrally-flowed ground states, as we discussed in section 2.2.

While the states |0⟩(w) are readily written down in the bosonized theory in terms of the
local operator ewϕ, we are interested in expressing these states purely in terms of the βγ
system. The appropriate expression is in terms of local delta-function operators [82]:

ewϕ =

δw(γ) , w > 0 ,
δ−w(β) , w < 0 ,

(3.38)
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where we have introduced the notation

δw(γ) :=
w−1∏
i=0

δ(∂iγ) , (3.39)

and similarly for β. What this notation means is that if one inserts the operator δw(γ) at
a point z on the worldsheet, the field γ will be restricted to have a zero of degree w at
z. This is reflected in the OPE

γ(y)ewϕ(z) ∼ O((y − z)w) , (3.40)

so that ewϕ(z) indeed imposes a zero of degree w on γ.
The conformal dimensions of delta function operators can be read off using classical

reasoning. If γ has conformal weight 1− Λ, then δw(γ) should have conformal weight

∆(δw(γ)) =
w−1∑
i=0

∆(δ(∂iγ)) = −
w−1∑
i=0

(1− Λ + i)

= −w(w + 1− 2Λ)
2 = −w(w +Qϕ)

2 ,

(3.41)

which is indeed the conformal weight of ewϕ with Qϕ = 1− 2Λ, see appendix A. Furthermore,
since β has weight Λ, δw(β) has weight

∆(δw(β)) = −
w−1∑
i=0

(Λ + i) = −w(w −Qϕ)
2 = ∆(e−wϕ) , (3.42)

so that negative exponents of ϕ naturally map to delta functions of β, not γ. In particular,
in our case Λ = 1 and so the conformal dimension of δw(γ) is

∆(δw(γ)) = −w(w − 1)
2 . (3.43)

As we will see in section 5, an important advantage of using the delta-function notation is
that it allows us to perform the computation of correlation functions using path integrals. Let
us then briefly discuss the role of delta function operators from a path integral perspective.
For a field φ, we define the delta function operator δ(φ) as the formal integral

δ(φ)(z) =
∫ dζ

2π exp (iζφ(z)) , (3.44)

where ζ is some Lagrange multiplier.14 Thus, we can write

δw(γ)(0) =
w−1∏
i=0

∫ dζi
2π exp

(
iζi∂

iγ(0)
)
,

δw(β)(0) =
w−1∏
i=0

∫ dζi
2π exp

(
iζi∂

iβ(0)
)
.

(3.45)

14If φ is a primary of weight ∆, we should formally treat ζ as having weight −∆, as to make sense of the
exponential.

– 22 –



J
H
E
P
0
9
(
2
0
2
4
)
1
3
5

These expressions can be argued to be identical to the definitions (3.38) by computing their
OPEs with other fields in the theory [82]. For example, eq. (3.40) can be checked by making
use of eqs. (3.45). Further checks and examples can be found in appendix A.

The role of the operator δ(β) in the path integral can also be read off using the above
representation. If we consider the correlator ⟨δ(β)(0)O⟩ for some operator O, we can write
it in the path integral as

⟨δ(β)(0)O⟩ =
∫

D(β, γ)e−S[β,γ]
∫ dζ

2π e
iζβ(0)O

=
∫ dζ

2π

∫
D(β, γ)e−Seff[β,γ,ζ]O ,

(3.46)

with
Seff = 1

2π

∫
Σ

(
β∂γ − 2πiζβ δ(2)(z)

)
. (3.47)

The equations of motion found upon varying β are

∂γ = 2πiζδ(2)(z) , (3.48)

which is equivalent to saying that γ has a pole at z = 0 of residue ζ.
With this preparation at hand, now we are ready to write the vertex operators in this

language. In particular, we are interested in states of the form e(m+w)ϕ+imκ, see e.g. eq. (3.32).
We propose that this state can be represented in the form

e(m+w)ϕ+imκ =
(
∂wγ

w!

)−m
ewϕ =

(
∂wγ

w!

)−m
δw(γ) , (3.49)

where we used eq. (3.38) and the standard radial normal ordering is implied. In appendix A we
provide a derivation of this equation. Having this, the state Φw for w odd in eq. (3.32) becomes

Φw(z, x) = exp
[
w + 1
2 (if1 − if2)

](
∂wγ

w!

)−mw

δw(γ(z)− x) , (3.50)

where mw is defined in eq. (3.33). Note that using eq. (2.31) we have explicitly calculated
the conjugation with J+

0 = β0 in eq. (2.30). For w even, the states Φ±
w in eq. (3.34) become

Φ±
w(z, x) = exp

[±(if1 + if2)
2

]
exp

[
w + 1
2 (if1 − if2)

](
∂wγ

w!

)−m±
w

δw(γ(z)− x) , (3.51)

where m±
w is defined in eq. (3.35).

3.5 Spacetime symmetry generators and DDF operators

In the symmetric product orbifold SymK(T4) four free bosons together with four free fermions
realize the small N = 4 superconformal algebra (E.1), see [80] for a review. A number of
references [14, 16, 38, 39, 84–86] explained how this algebra emerges in the bulk and can be
constructed in terms of psu(1, 1|2)1 generators, Wakimoto and ghost fields on the worldsheet.
Since the symmetry algebra of the boundary CFT is built out of free bosons and fermions,
one might speculate that also on the worldsheet it may be constructed purely in terms of
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free fields. In fact, in [39] a bosonization of the symplectic boson free-field realization (C.3)
was exploited to express symmetry generators and DDF operators [81] purely in terms of
free fields on the worldsheet and directly in the hybrid formalism. In this section, we will
rewrite the DDF operators of [39] in the free-field variables of section 2.1 and we will observe
an improvement at the level of decoupling of an additional null current: since the symplectic
bosons and free fermions (C.1) actually realize u(1, 1|2)1 — instead of just psu(1, 1|2)1, see
appendix C — the spacetime N = 4 algebra in [39] was realized on the worldsheet after
gauging the null current Z. As a consequence, when expressed in terms of free fields on
the worldsheet, the (anti-)commutation relations of N = 4 generators contained additional
terms of the rough form

Zn =
∮

dt Z(t) γ(t)−n . (3.52)

For instance, instead of (E.1m), the super Virasoro generators of the spacetime CFT obeyed

{G+
r ,G−

s } =
(
r2 − 1

4

)
δr+s,0 I + (r − s)Jr+s + Lr+s + (r + s+ 1)Zr+s . (3.53)

Since physical states on the worldsheet are annihilated by the action of the null field Z,
the presence of terms like (3.52) is strictly speaking not a problem. On the other hand,
they have no interpretation in the spacetime theory and it would be desirable to realize
spacetime generators and DDF operators in terms of free fields on the worldsheet without
any need of modding out null currents.

For the DDF operators of the bosonic generators of the spacetime N = 4 algebra we
get [14, 38, 39],

Ln =
∮

dz
[
(βγ)γn + n+ 1

2 γn(paθa)
]
, I =

∮
dz γ−1∂γ , (3.54a)

J −−
n =

∮
dz p1θ2γn , Jn =

∮ dz
2
[
(p2θ2)− (p1θ1)

]
γn , J ++

n =
∮

dz p2θ1γn , (3.54b)

while for the spacetime supercharges we obtain

G̃−
r =

∮
dz p1γr+

1
2 , G+

r = −
∮

dz p2γr+
1
2 , (3.54c)

and

G−
r =

∮
dz
[
−θ2(βγr+

1
2 )−

(
r + 1

2

)
θ2(p1θ1)γr−

1
2 − p1(e−ρG−

C − e−ρ−iσ)γr+
1
2

]
, (3.54d)

G̃+
r =

∮
dz
[
θ1(βγr+

1
2 ) +

(
r + 1

2

)
θ1(p2θ2)γr−

1
2 − p2(e−ρG−

C − e−ρ−iσ)γr+
1
2

]
. (3.54e)

They exactly satisfy the spacetime small N = 4 algebra with c = 6, see eqs. (E.1), without
any need to gauge an additional null current Z. Finally, for the spacetime free bosons and
fermions we have, see [39]

∂X̄ j
n =

∮
dz γn∂X̄j , ∂X j

n =
∮
dz
[
γn∂Xj + nγn−1eρ+iH

j
θ2θ1

]
, (3.55a)

Ψ+,j
r =

∮
dz θ1 γ(r−

1
2) eρ+iHj

, Ψ−,j
r = −

∮
dz θ2 γ(r−

1
2) eρ+iHj

. (3.55b)
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We have adopted the convention that the spacetime theory is generated by 4 free bosons ∂X j

and ∂X̄ j where j ∈ {1, 2}, and 4 free fermions Ψα,j where j ∈ {1, 2} and α ∈ {+,−}. They
satisfy the (anti-)commutation relations spelled out in eqs. (E.2). Note that we are using
the same notation for the DDF operators and the modes of the spacetime fields associated
to the bosons and fermions. As one can directly check, (anti-)commutation relations of
the operators in eq. (3.54) exactly reproduce the spacetime symmetry algebra (E.1), while
the DDF operators (3.55) obey

[∂X i
n, ∂X̄ j

m] = n δij I δn+m,0 , (3.56)
{Ψα,j

r ,Ψβ,l
s } = ϵαβ ϵlj I δr+s,0 , (3.57)

as expected.

4 The path integral on Euclidean AdS3

4.1 Compactifying the conformal boundary

In the next section, we will turn our attention to reproducing symmetric orbifold correlation
functions in the free-field worldsheet theory. Unlike the calculation of the partition function,
however, computations of dual CFT correlators introduce an additional subtlety which we
will explain in this section.

As discussed previously, one should think of the fields (γ, θa) as maps from the worldsheet
into the left-moving N = 2 superspace of the boundary of AdS3. In Lorenzian signature,
the boundary of AdS3 is an infinite cylinder, and spectrally-flowed states correspond to
worldsheets which wrap the boundary cylinder w times.

The benefit of the infinite cylinder (or equivalently the punctured complex plane) is
that it admits a global coordinate chart. This means that one can treat γ, γ as scalar fields
on the worldsheet, and interpret their values as coordinates on the AdS3 boundary. In
the computation of sphere correlation functions in the boundary CFT, however, we find it
much more convenient to move to Euclidean signature, for which the boundary is CP1. In
this case, thinking of γ, γ as coordinates breaks down since CP1 does not possess a single
global chart. Thus, we must modify the free-field theory if we want to study correlation
functions in the spacetime CFT.

In order to consider the ‘global’ theory, one would need to consider two coordinate
patches U, V on CP1. The field γ restricted to the sets γ−1(U) and γ−1(V ) can be treated
as free fields, since they can be taken to be coordinate functions in some open set of the
complex plane (see figure 1). The worldsheet theory then needs to be carefully treated so
that γ|γ−1(U) and γ|γ−1(V ) agree on the overlaps of γ−1(U) and γ−1(V ). This is technically
possible (see [87] for a detailed exposition on this topic), but in practice quite cumbersome.

An alternative approach was suggested by [88]. We take U to be CP1 \ {∞} so that
γ can be taken to live in the complex plane. In order to include the point at infinity, we
introduce a ‘fictitious’ vertex operator D (which is a singlet with respect to psu(1, 1|2)1,
see below) which has the OPE

γ(z)D(λ) ∼ O
( 1
z − λ

)
. (4.1)
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γ−1(U)γ−1(V )

γ

U

V

∞

Figure 1. The field γ is a map from the worldsheet to the Riemann sphere CP1. Crucially, γ is only
a free field locally, i.e. in the preimage of a local patch of CP1. We can treat the global theory by
gluing together two coordinate patches U, V on CP1 and treating the worldsheet theory differently on
the preimages of U, V under γ. Shrinking V to contain only the point at infinity effectively results in
introducing points on the worldsheet where γ is allowed to have a pole, despite no vertex operator
being inserted there.

If the operator D is inserted at the point λ on the worldsheet, γ will have a pole there, and
thus we can effectively include the point at infinity into the range of the field γ.

Since the field D should not correspond to a state in the dual CFT, but rather just be an
artifact of chosing a single coordinate system on CP1, D should be uncharged with respect to
the boundary conformal algebra. Specifically, it should be a singlet with respect to the algebra
psu(1, 1|2)1. Furthermore, in order to induce a simple pole with γ, it should lie in the w = −1
spectrally-flowed sector of the worldsheet theory. A natural candidate for such an operator is15

D = p1p2δ(β) = e−if1+if2δ(β) . (4.2)

Indeed, (the integral of) D is a singlet with respect to psu(1, 1|2)1, as can be checked by
computing its OPEs with the generators defined in section 2.1.16

The worldsheet conformal dimension of D is (1, 1), and so it classically defines a marginal
deformation on the worldsheet. In fact, D is exactly marginal at the quantum level, as can
be seen as follows. The physical state on the worldsheet in the w = −1 spectrally-flowed
sector, according to section 3.3, is given by

Ωw=−1 = e2ρ+iσ+iHeiκ . (4.3)

This means that it satisfies eq. (3.27). In order to understand the deformation better, we
15If we restrict to states of the form eiaf1+ibf2+cϕ+idκ, then D is the unique operator having a simple pole

with γ, worldsheet dimension ∆ = 1, spacetime dimension h = 0, and which transforms as a singlet under
su(2)1.

16Note that although the actions of J−, S−−− and S−+− on D are non-zero, they are total derivatives, for
example

J−(z)D(w) ∼ ∂w

(
p1p2e−2ϕ−iκ(w)

z − w

)
+ · · · .

Since, as we will discuss in a moment, we integrate D over the whole worldsheet, these total derivatives do not
contribute.
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consider the N = 2 primary fields following [89], i.e. we consider state Ω̃w=−1 such that

Ωw=−1 = G̃+
0 Ω̃w=−1 , Ω̃w=−1 = eiκeρ+iσ . (4.4)

Now note that Ω̃w=−1 has both zero conformal dimension and charge with respect to the
worldsheet N = 2 algebra, and so is a BPS state. Therefore, if we deform the theory by
a super descendant of it, the N = 4 structure remains unchanged [76, 89].17 In fact, the
prescription for deforming the theory is considering the following insertion [89]

D = G−
−1G

+
0 Ω̃w=−1 = G̃−

−1Ωw=−1 , (4.5)

where both equalities can be directly checked. This shows that D is exactly marginal.
Since D is exactly marginal, we propose that the correct worldsheet theory for studying

dual CFT correlation functions in AdS3 is governed by the action

S = 1
2π

∫
(β∂γ + β∂γ + pa∂θ

a + pa∂θ
a +DD) . (4.6)

Note that D in this description plays a role analogous to a screening operator in the Coulomb
gas description of the SL(2,R) WZW model [66, 73, 90, 91]. Specifically, the screening
operator S− of [66] at k = 1 takes the form (translating into our fields)

S− = p1p2β
−1 . (4.7)

The operators D and S− share many features: they have the same worldsheet and spacetime
scaling dimensions, are both marginal, and both have simple poles in the OPE with γ. As
we will see in section 4.3, D has a much more natural interpretation in the path integral
formalism, and it is thus our proposal that D is the ‘correct’ screening operator to include.

4.2 As a ‘secret’ representation

In [24], a similar idea was presented. In their analysis, they considered correlation functions
of the SL(2,R) WZW model, and found that certain solutions to the local sl(2,R)k Ward
identities satisfied the property〈

γ(z)
n∏
i=1

V wi
i (xi, zi)

〉
= Γ(z)

〈
n∏
i=1

V wi
i (xi, zi)

〉
, (4.8)

where γ(z) is the Wakimoto field in sl(2,R)k and Γ : Σ → CP1 is a branched covering map
from the worldsheet to the boundary.18 However, such a map Γ must have poles at points
z = λa on the worldsheet which are distinct from the points zi. This would seem to imply
that γ has a nontrivial OPE with a field inserted at z = λa, despite no such field being
inserted into the correlator.

The authors of [24, 92] proposed the existence of a field φ which is a singlet with
respect to sl(2,R)k but which was not a singlet with respect to the Wakimoto variables (in

17Note that Ω̃w=−1 is a singlet with respect to R-symmetry generators J and J±± and therefore it indeed
preserves the N = 4 structure [89].

18Here, we do not notationally differentiate between the γ of the free field realization of psu(1, 1|2)1 and
that of the Wakimoto representation since, as we saw in section 2, these are essentially the same field.
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their parlence, such a field would live in a ‘secret’ representation of the Wakimoto algebra).
Their state was the lift of the state |m = k

2 , j =
k
2 ⟩

(w=−1) in the discrete representation
σ−1(Dj= k

2 ) to the Wakimoto variables. For k = 1, their definition translated into the free
field realization (2.8) would give

φ = eiκ . (4.9)

While this does not reproduce the state D described above, we note that

D = Q−1φ = G̃−
−1Ωw=−1 , (4.10)

where Q = p1p2∂γ is the field defined in appendix D. Thus, while not exactly the same
state as the secret representation of [24], our field D is directly related to it. Notice that
the presence of Q−1 in (4.10) is quite natural. In fact, as discussed in [30] and reviewed
in section 5, in the hybrid formalism, the physical operators are dressed by the action of
Q−1 when inserted in correlation functions.

In the conventions of [24], the OPE of the free boson entering the Wakimoto representation
with the secret representation field has a simple pole with residue 1. Taking into account the
different normalization of ∂Φ and translating to our conventions, this reads

i√
2
∂Φ(z)D(λ) ∼ D(λ)

z − λ
. (4.11)

Comparing eq. (2.8a) with eq. (2.35) we get
i√
2
∂Φ = 1

2(paθ
a) = 1

2∂(−if1 + if2) , (4.12)

and it is easy to check that eq. (4.11) is satisfied, in agreement with the result of [24]. As
we will see shortly, the crucial difference between φ and D is that we will consider the effect
of D integrated over the worldsheet, whereas φ was taken in [24] to lie at specific insertion
points. However, although the locations of the operator D are integrated over the worldsheet,
these integrals will wind up localizing to a finite set of points, corresponding to the poles
of a holomorphic covering map. Thus, while our prescription is a priori different from that
of [24], the end result is effectively the same, and we wind up with extra field insertions at
a discrete set of points on the worldsheet. Hence, we will still sometimes refer to D as the
‘secret representation’, although it is not precisely the state considered in [24].

4.3 Correlation functions and holomorphic maps

Since D is a marginal operator on the worldsheet, we can use it to implement a deformation
of the free field theory. That is, following the strategy of [88], we can modify the action
by adding the term

ξ

∫
Σ
DD = ξ

∫
Σ
Q−1Q−1φφ . (4.13)

In conformal perturbation theory, correlation functions of the deformed theory can be
computed as

⟨· · ·⟩ξ =
∞∑
N=0

ξN

N !

〈(
N∏
a=1

∫
Σ
d2λaDD

)
· · ·
〉
, (4.14)
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where the dots denote an arbitrary collection of vertex operators. On the right-hand-side
of (4.14), our correlation functions will then be computed by integrating over configurations
of γ for which γ has a pole at λa. The 1/N ! factor will cancel the symmetry corresponding
to permutations of the λa’s, and the resulting path integral will include all possible maps
γ : Σ → CP1. The order of ξ appearing in any correlator will read off the number of poles
of γ, i.e. the number of pre-images of infinity on the worldsheet. Thus, the power of ξ will
read off the number of times that the worldsheet Σ wraps the boundary sphere of Euclidean
AdS3. In a sense, the parameter µ = − log ξ then acts as a chemical potential for wrapping
a string around the asymptotic boundary of AdS.

Let us investigate these correlation functions further. Consider a (not necessarily local)
operator O which is a function purely of γ and the fermions pa, θa, but not of β. Furthermore,
let us assume that O has a definite charge q(O) with respect to the current paθa. Then
the correlation function

⟨O⟩ξ =
∞∑
N=0

ξN

N !

〈(
N∏
a=1

∫
Σ
d2λa (DD)(λa)

)
O
〉

(4.15)

has at most one nonvanishing contribution, namely that for which

2N + q(O) = 2g − 2 , (4.16)

which is required by the anomalous charge conservation of paθa. Assuming that O factorizes
into a βγ contribution Oγ and a paθ

a contribution Op,θ, we can compute the correlation
function of the bosonic and fermionic sectors separately. The bosonic correlator will then
be defined by the path integral

ξN

N !

∫
ΣN

d2Nλ
∫

DβDγ
N∏
a=1

δ(β(λa))Oγ e
−S[β,γ] , (4.17)

where we made us of eq. (4.2). The presence of delta function operators should not surprise the
reader, since these are usual in string theory path integral computations, see for example [93].
Now, as noted in section 3.4, we can write the delta functions formally as

δ(β(λa)) =
∫ dζa

2π e
iζaβ(λa) . (4.18)

Inserting these delta functions thus has the effect of modifying the β, γ system action,

S[β, γ] → 1
2π

∫
Σ
β

(
∂γ − 2πi

n∑
i=1

ζaδ
(2)(z, λa)

)
, (4.19)

and therefore, upon integrating out β, the bosonic contribution (4.17) to the path integral
can be written as

ξN

(2π)NN !

∫
d2Nλ dNζ

∫
DγOγ δ

(
∂γ − 2πi

N∑
a=1

ζa δ
(2)(z, λa)

)
. (4.20)

– 29 –



J
H
E
P
0
9
(
2
0
2
4
)
1
3
5

The delta functional restricts the functional integral over complex functions γ on Σ to those
which are meromorphic with poles at z = λa and residues ζa.19 Integrating over the locations
and residues of the poles then extends this integral to the space

FN = {γ meromorphic on Σ with N poles} . (4.21)

The space FN can equivalently be thought of as the space of holomorphic maps γ : Σ → CP1

of degree N . This space is in fact finite dimensional with complex dimension

dimC(FN ) = 2N + 1− g . (4.22)

Equivalently, dimC(FN ) = g − 1− q(O) by (4.16). For g = 0, the dimension of FN is found
by noting that a meromorphic function γ on the sphere with N poles is necessarily a rational
function γ = QN/PN with QN , PN polynomials of degree N . Such a rational function has
2N + 1 independent coefficients.20 The bosonic part of the correlator (4.15) is then given
by the finite dimensional integral

(
ξ

2π

)N ∫
FN

dγOγ . (4.23)

The localization of the infinite-dimensional integral over β, γ to the finite dimensional
integral over the space FN of holomorphic maps γ : Σ → CP1 is a hallmark of the k = 1 theory,
first proposed in [47], and demonstrated in [24, 29–31] through careful analyses of worldsheet
Ward identities. In the formalism presented in this paper, we explain the mechanism leading
to localization from the path integral perspective.

As we will see in the next section, not only are these path integral manipulations useful to
show from a path integral perspective why correlation functions localize, but we will use them
to compute correlation functions of spectrally-flowed states. We will find that they precisely
reproduce the correlators of twisted-sector states in the dual symmetric orbifold CFT2.

5 Spacetime correlation functions from the worldsheet

In this section we study correlation functions of the physical states on the worldsheet.
Specifically, we will observe that the free field realization discussed in section 2 and the delta
function identities of section 3.4 allow to carry out the path integral and calculate correlators
of spectrally-flowed states. We will see that the spacetime correlation functions of symmetric
orbifold twisted-sector ground states are reproduced exactly from the worldsheet.

19If γ ∼ ζa/(z − λa), then ∂γ ∼ 2πiζaδ(2)(z, λa).
20For g ̸= 0, the dimension of FN can be computed via the Riemann-Roch theorem: the tangent space

TγFN is given by H0 (γ∗TCP1). By Riemann-Roch, we have

dimH0(γ∗TCP1)− dimH1(γ∗TCP1) = deg(γ∗TCP1) + 1− g = 2N + 1− g .

Assuming H1(γ∗TCP1) ∼= 0, this gives the desired dimension of FN . If H1(γ∗TCP1) is nontrivial, then there
will exist a nontrivial correction term to (4.21).
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5.1 Symmetric orbifold correlation functions

Let us start by reviewing closed-form formulae for n-point functions of the boundary CFT2.
The reader already familiar with this material, may want to skip this section and continue
reading from section 5.2. In the symmetric product orbifold of a seed CFT X with central
charge c,

SymK(X) = (X)⊗K
SK

, (5.1)

correlators of states Owi in the single cycle wi-twisted sector can be computed following the
covering space method of [45, 94]. In a nutshell, correlators of the base space CP1, where
fields develop non-trivial monodromies, are related to correlators on a (possibly higher-genus)
covering space Σ, where all monodromies are lifted. The holomorphic map

Γ : Σ −→ CP1

z 7−→ x
(5.2)

from the covering space Σ to the base space CP1 is called the covering map. Let us review
some of its properties, which will be important in the following. Near the ramification points
zi, the covering map obeys the Taylor expansion

Γ(z) ∼ xi + aΓi (z − zi)wi +O((z − zi)w) , z → zi (5.3)

and has

N = 1− g + 1
2

n∑
i=1

(wi − 1) (5.4)

simple poles with residues ξΓa ,

Γ(z) ∼ ξΓa
z − λΓa

, z → λΓa , a = 1, . . . , N . (5.5)

In eq. (5.4), g denotes the genus of the covering space Σ. We are interested here in symmetric
orbifold correlators in the large K expansion. The leading contribution corresponds to g = 0
and to the covering space being a sphere, Σ = CP1. In order to distinguish it from the base
space sphere, we will frequently denote the covering space sphere by Σ instead of CP1.

The derivative of the covering map has double poles at z = λΓa and zeros of order wi − 1
at z = zi. At genus zero, it can thus be written as

∂Γ(z) = CΓ
∏n
i=1(z − zi)wi−1∏N
a=1(z − λΓa )2

, (5.6)

where CΓ is a non-trivial function of the points zi, xi and can be computed by integrating
eq. (5.6). One finds

CΓ = (xi − xj)
(∫ zj

zi

dz
∏n
k=1(z − zk)wk−1∏N
a=1(z − λΓa )2

)−1

, (5.7)
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for any i, j ∈ {1 , . . . , n} with i ̸= j. It is important to notice that also aΓi entering eq. (5.3)
as well as ξΓa and λΓa in eq. (5.5) are non-trivial functions of the ramification points zi. In
fact, comparing eqs. (5.3) and (5.6) we can express aΓi as

aΓi = CΓ

wi

∏
j ̸=i(zi − zj)wj−1∏

a(zi − λΓa )2
. (5.8)

Similarly, deriving eq. (5.5) and comparing with (5.6) we find

ξΓa = −CΓ
∏
i(λΓa − zi)wi−1∏
b ̸=a(λΓa − λΓb )2

. (5.9)

We are now ready to discuss correlators of the symmetric product orbifold. At genus
zero they take the form [45–50, 94, 95]21〈

n∏
i=1

Owi(xi)
〉

CP1

= K1−n
2

n∏
i=1

w
−

c(w2
i
+1)

12
i

∑
Γ:Σ→CP1

|CΓ|
n∏
i=1

|aΓi |−2hi+ c
12 (wi−1)

×
N∏
a=1

|ξΓa |−
c
6

〈
n∏
i=1

Õwi(zi)
〉

Σ
. (5.10)

Let us recap the various definitions entering this formula. The left-hand-side is a correlator
of single cycle vertex operators in the wi-twisted sector, with insertion points taking values
on the base space sphere, xi ∈ CP1. In the right-hand-side, the sum over Γ runs over
all the covering maps from Σ to CP1 with ramification points z1, . . . , zn and ramification
indices w1, . . . , wn. The various terms multiplying the covering space correlator in the right-
hand-side may be interpreted as the conformal factors due to the conformal transformation
relating the covering to the base space. We already introduced aΓj , ξΓa and CΓ respectively
in eqs. (5.3), (5.5) and (5.6).22 We denoted by c the central charge of the seed theory X,
which in the case of X = T4 reads c = 6. The states Õwi are obtained by lifting Owi to the
covering space. The base space conformal dimensions hi of Owi is related to the covering
space conformal dimension ∆i of Õwi as

hi =
c

24
w2
i − 1
wi

+ ∆i

wi
. (5.11)

Notice that the correlator in the right-hand-side of (5.10) is computed on the covering surface
Σ, i.e. z1, . . . , zn ∈ Σ.

In the rest of this section we will focus on correlators of wi-twisted ground states σwi

of the symmetric orbifold of T4. As was already mentioned in section 3, σwi has base space
conformal dimension

hi =
w2
i − 1
4wi

. (5.12)

21Here we restrict to connected correlators. This corresponds to the covering space being connected.
22Let us briefly comment on the factor |CΓ| which enters eq. (5.10) and is sometimes overlooked in the

literature. Notice that under base space dilatations, CΓ scales as the xi, see eq. (5.7). Using the Riemann-
Hurwitz formula one sees that the presence of CΓ is necessary to ensure the correct scaling of the right-hand-side
of (5.10). More rigorously, one can recover this factor by tracing the various factors of CΓ entering the covering
space method derivation outlined in section 2 of [50] and reviewed in [95].
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From (5.11) we see that when lifted to the covering space they have conformal dimensions

∆i = 0 , (5.13)

and the vertex operator Õwi in this case is simply the identity operator. Eq. (5.10) then
simplifies to〈

n∏
i=1

σwi(xi)
〉

CP1

= K1−n
2

n∏
i=1

w
−

(w2
i
+1)
2

i

∑
Γ:Σ→CP1

|CΓ|
n∏
i=1

|aΓi |−2hi+
wi−1

2

N∏
a=1

|ξΓa |−1 . (5.14)

5.2 Outline of the calculation

The genus expansion of symmetric orbifold correlators resembles the genus expansion of string
theory and in the large K limit the string coupling and K are identified as

gs ∼
1√
K
. (5.15)

Our task is now to reproduce eq. (5.14) from tree-level string theory. Before going into the
details of the calculation of the worldsheet correlators in the hybrid formalism, let us provide
an outline. The correlation functions we want to compute are of the rough form〈

n∏
i=1

Φwi(xi, zi)
〉
, (5.16)

where Φw enter the expression for the worldsheet operators dual to the twisted-sector ground
states in the symmetric orbifold, see eqs. (3.30)–(3.35). These states have the form

Φw = Φferm
w

(
∂wγ

w!

)−m
δw(γ − x) , (5.17)

where Φferm
w depends only on the fermions θ1, θ2 and m is defined in terms of w through

equation (3.33) for w odd and (3.35) for w even: see eqs. (3.50) and (3.51). Focusing only
on the β, γ system, we are thus tasked with calculating the correlator〈

n∏
i=1

(
∂wiγ(zi)
wi!

)−mi

δwi(γ(zi)− xi)
〉
β,γ

. (5.18)

Let us for the moment keep the genus g generic.
As described in section 4.3, since we are considering correlators on global Euclidean

AdS3, we have to deform the free-field action by the operator D, which represents the point
at infinity in CP1 ∼= ∂AdS3. In particular, the number of such insertions will be determined
by the overall charge conservation of the pa, θa systems, see eq. (4.16). The path integral we
will need to calculate then becomes (again, focusing only on the βγ dependence)23

1
N !

∫
d2Nλ

∫
D(β, γ)

N∏
a=1

δ(β(λa))
n∏
i=1

(
∂wiγ(zi)
wi!

)−mi

δwi(γ(zi)− xi) . (5.19)

23As we will discuss below, this expression will be slightly modified when we consider the correlators in the
hybrid formalism.
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Below, we will see that at tree level the fermionic charge conservation will require N to
be given by the Riemann-Hurwitz formula

N = 1− g +
n∑
i=1

wi − 1
2 , (5.20)

with g = 0. In fact, this also holds for higher genus [53]. For this value of N , the argument
of section 4.3 tells us that, upon integrating out β, the path integral over γ will reduce to the
space FN of holomorphic maps γ : Σ → CP1 with degree N . This space has dimension

dimFN = 2N + 1− g =
n∑
i=1

wi − (n+ 3g − 3) . (5.21)

Moreover, the delta functions in (5.19) will impose ∑n
i=1wi conditions on γ such that the

dimension of the path integral will become −(n+ 3g − 3) = −dim(Mg,n). This means that,
unless the moduli of the worldsheet are precisely tuned to a zero-dimensional sublocus of
Mg,n, the path integral will vanish.

When the path integral does not vanish, the field γ will be constrained to be a holomorphic
map Γ : Σ → CP1 of degree N which satisfies

Γ(z) ∼ xi + aΓi (z − zi)wi + · · · (5.22)

near the insertion points zi. Such a map is a ramified covering map of the boundary sphere.
As discussed above, these maps are intrinsically linked to the computation of correlation
functions of twist fields in the symmetric orbifold CFT.

In order to compare the correlation functions on the worldsheet to those of the symmetric
orbifold, however, we will need to know more than that the worldsheet path integral localizes;
we will need to know the Jacobian that arises upon integration over Mg,n. Since we are
interested in planar contributions to the symmetric orbifold, let us now specialize to genus
g = 0 on the worldsheet. In appendix B, we will argue that for any operator O(γ) depending
only on γ (as well as the moduli of the worldsheet), the β, γ path integral gives

1
N !

∫
d2Nλ

∫
D(β, γ)

N∏
a=1

δ(β(λa))δwi(γ(zi)− xi)O(γ)

= z−1
12 z

−1
23 z

−1
13
∑
Γ
(CΓ)2

n∏
i=1

(aΓi )−
wi+1

2 O(Γ) δ(n−3)(Γ) ,
(5.23)

where the sum is over all holomorphic covering maps Γ : Σ → CP1 satisfying Γ(zi) = xi
for i = 1, 2, 3 (such maps always exist) and zij = zi − zj . The delta function δ(n−3)(Γ) is
given by demanding Γ(zi) = xi for i ≥ 4, specifically

δ(n−3)(Γ) :=
n∏
i=4

δ(zi − Γ−1(xi)) . (5.24)

Using this identity, the calculation of correlators in the worldsheet theory becomes a simple
one involving Wick contractions of the various fermions and ghosts. The result, after
integrating over the moduli space Mg,n, will reproduce the form (5.14) of the spacetime
correlation functions.
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5.3 String correlators in the hybrid formalism

In this section and the next, we discuss our calculation of the tree-level correlation function
in string theory. Let us review how tree-level string correlation functions are computed in
the hybrid formalism. Consider n physical vertex operators Vj with j = 1, . . . n, which satisfy
eq. (3.27). The associated string correlator on the sphere reads [37, 89]24

I =
∫

d2z4 · · · d2zn I(z1, z2, z3, z4, . . . , zn) (5.25)

where z1, z2 and z3 are fixed and25

I(z1, . . . , zn) =
∣∣∣∣〈Ṽ1(x1, z1)V2(x2, z2) [G+

0 Ṽ3](x3, z3)
n∏
j=4

[G−
−1G

+
0 Ṽj ](xj , zj)

〉∣∣∣∣2 . (5.26)

The vertex operator Ṽj is related to Vj by

Ṽj = −(e−ρ−iH)0Vj , Vj = G̃+
0 Ṽj , G̃+ = eρ+iH . (5.27)

Using26

G+
0 Ṽj = −G+

0 (e−ρ−iH)0Vj = −(eiσ)1G̃−
−1Vj (5.28)

and
G−

−1G
+
0 Ṽj = G̃−

−1Vj , (5.29)
eq. (5.26) can equivalently be written as

I =
∣∣∣∣〈[(e−ρ−iH)0V1](x1, z1)V2(x2, z2) [(eiσ)1G̃−

−1V3](x3, z3)
n∏
j=4

[G̃−
−1Vj ](xj , zj)

〉∣∣∣∣2 . (5.30)

Strictly speaking, eqs. (5.26) and (5.30) are only valid for n ≥ 3. In fact, for n = 2,
the right-hand-side of eq. (5.30) reduces to∣∣∣〈[(e−ρ−iH)0V1](x1, z1)V2(x2, z2)〉∣∣∣2 , (5.31)

which vanishes since the background charge of σ (which is 3) is not saturated. In order
to define n-point functions with n ≥ 2, in [28, 30, 33] a slightly different prescription was
used and correlators were defined as

I ′ =
∫

d2z4 · · · d2zn
∣∣∣∣〈[(eiσ)0(e−ρ−iH)0V1](x1, z1)V2(x2, z2) n∏

j=3
[G̃−

−1Vj ](xj , zj)
〉∣∣∣∣2 . (5.32)

We see that eq. (5.32) differs from eqs. (5.25) and (5.30) only for the position where eiσ
is inserted. Notice that all the results derived in [28, 30, 33] for n-point correlators with
n ≥ 3 would not get modified should one repeat their computations using eq. (5.26) in place
of (5.32). In fact, in [28, 30, 33] the authors always effectively considered ratios of correlation
functions in their calculations, for which the precise location of eiσ does not matter.

24We thank Cassiano Daniel for related discussions and pointing out eq. (5.26) to us.
25We define the picture number of Vj as PjVj = (∂ρ)0Vj and assume that the sum of picture numbers of Vj

reads
∑

j
Pj = −2n. In fact, if this is not the case, the correlator of Vj = ϕje2ρ+iσ+iH trivially vanishes [30, 33].

26Eqs. (5.28) and (5.29) can be checked using the Jacobi identity and imposing ρ and σ charge conservation
for vertex operators of the form Vj = ϕjenρ+iσ+ik1H1+ik2H2

, where ϕj is a state built out of psu(1, 1|2)1
generators and T4 worldsheet bosons. The physical state condition (3.27) requires n = k1 + k2. Eq. (5.29)
only holds inside correlation functions.
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5.4 Tree-level correlator of w-twisted ground states from the worldsheet

Now we proceed to calculate the correlation function in eq. (5.25). As we saw previously in
section 4.3, the correlation functions of β γ localize. For this reason, it is enough to focus on
the left-moving part of the correlation function, as the right-moving piece is similar. The
final answer is then an integral over the product of the left and the right components. To be
specific, we consider the n-point function of the w-twisted ground states for w odd, i.e. we set

Vi = Ωwi , i ∈ {1, · · · , n} , (5.33)

see eqs. (3.30) and (3.50). The calculation allowing a mixture of w being odd or even is
almost identical, as the expressions for the vertex operators are similar, see eq. (3.34). We
will comment on this at the end of this section. Recall that we should also include secret
representations inside the correlation functions, as discussed in section 4, and we will do this
explicitly in the following. We begin by calculating the unintegrated correlation function
in eq. (5.26). We split the left-moving part of the unintegrated correlation function into
three different contributions:

• the one involving ρ, σ and H, denoted by Irest;

• the one involving f1 and f2, denoted by If;

• the one involving β and γ, denoted by Ib.

Since the βγ correlation function localizes to the covering maps, when we compute the
other contributions, we already assume that they are localized on the corresponding locus.
Explicitly putting the secret representations, the unintegrated correlation function then is

I(z1, . . . , zn) = |IrestIfIb|2 . (5.34)

The contribution of ρ, σ and H. Let us start with the first contribution Irest. It equals

Irest =
〈
eρ+iσ(z1)e2ρ+iσ+iH(z2)eiσ(z3)

〉
= (z1 − z2)−1(z2 − z3)(z3 − z1) . (5.35)

The contribution of f1 and f2. The second part is more complicated and reads

If =
〈

N∏
a=1

e−if1+if2(λa)e
w1+1

2 (if1−if2)(z1)e
w2+1

2 (if1−if2)(z2)
n∏
j=3

e
wj−1

2 (if1−if2)(zj)
〉
, (5.36)

where we have used the bosonization of our fields (see section 2.1) and eq. (4.2),

D = e−if1+if2δ(β) . (5.37)

The background charge conservation for f1 and f2 imposes that

N = 1 +
n∑
j=1

wj − 1
2 , (5.38)
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which fixes N as the degree of the covering map. This correlator can be calculated using
Wick contractions as all the vertex operators are exponentials of free bosons. It is equal to

If = (z1 − z2)w1+w2
N∏
a=1

n∏
j=1

(zj − λa)−(wj−1) ∏
a<b

(λa − λb)2
∏
i<j

(zi − zj)
(wi−1)(wj−1)

2

×
N∏
a=1

(z1 − λa)−2(z2 − λa)−2
n∏
j=3

(z1 − zj)wj−1(z2 − zj)wj−1 . (5.39)

Note that using eqs. (5.8) and (5.9) this can also be written as

If = (CΓ)−
3
2

( N∏
a=1

[ξΓa ]−
1
2
∏
j

[aΓj ]
wj−1

4

)
× aΓ1a

Γ
2 (z1 − z2)2 , (5.40)

where we neglected wj-dependent constant factors.

The contribution of β and γ. Let us now focus on the βγ correlator. The unintegrated
correlator is

Ib =
〈

N∏
a=1

δ(β)
2∏
i=1

(
∂wiγ

wi!

)−mwi

δw(γ(zi)− xi)
n∏
j=3

(
∂wjγ

wj !

)−mwj+1
δw(γ(zj)− xj)

〉
. (5.41)

As already mentioned above, we will compute Ib as a path integral. Particular attention
should be devoted to various Jacobian factors that arise when integrating δw(γ(z)− x) and
similar operators. While in appendix B we rigorously compute these factors by relating Ib to
correlators of a topological string theory, let us present a heuristic argument which should
at least convince the reader that these Jacobians are actually relevant.

Let us consider the set of meromorphic functions of z. Recall that δw(f(z)− x) denotes
an object that inside the path integral forces f(z) − x to have a zero of order w and can
be written as

δw(f(z)− x) = δ(f(z)− x)
w−1∏
j=1

δ((∂jf)(z)) . (5.42)

Now let us consider the following path integral

R =
∫

Df δw(f(z)− x)G(f(t)) , (5.43)

where G is a functional of meromorphic functions. One would naively expect

R
?=
∑
f∗
G(f∗(t)) , (5.44)

where f∗ − x is a meromorphic function with a zero of order w around z.27 However, scaling
the coordinates as z → ηz and t → ηt, one realizes that since the scaling dimension of

27Here we are assuming there are finitely many functions satisfying this. In other words, we are assuming
there are additional constraints on f∗ due to special form of the functional G. We will see that this is the
relevant case for us.
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δw(f(z)− x) is d = −w(w−1)
2 , the scaling dimensions of (5.43) and (5.44) do not match for

w > 1. This suggests that one is neglecting Jacobian factors of the form(
∂wf(z)

)−w−1
2
, (5.45)

which would indeed make the scaling dimensions even. While this argument is not a rigorous
derivation of such Jacobains, it suggests to make for the integrated correlator an ansatz
of the form

1
N !

∫
d2Nλa

∫
d2z4 . . . d2zn |IbIfIrest|2 = |z1 − z2|−2|z2 − z3|−2|z1 − z3|−2

×
∑
Γ
AΓ|CΓ|2αC |aΓ1 |−2|aΓ2 |−2 |IfIrest|2

n∏
j=1

|aΓj |
2αwj ,

(5.46)
and fix the various free parameters in the ansatz by imposing the correct scaling behaviour.
Let us explain the various terms entering (5.46). We already observed that the various delta
functions in (5.41) force γ to be a covering map with ramification points zi and ramification
indices wi. The sum in (5.46) is thus running over such covering maps. Notice that aΓj
can be written as

aΓj = ∂wΓ
w! (5.47)

and hence factors of the form (5.45) are accounted for by αwj , which is a function of wj . We
already encountered CΓ in the computation of the fermionic correlator and we allow for its
presence also in our ansatz: αC is an arbitrary (wi-independent) real number to be fixed. The
factors |aΓ1 |−2|aΓ2 |−2 in our ansatz are due to the different exponents of ∂wiγ in (5.41). The
factors |zi − zj |−2 for i, j = 1, 2, 3 in eq. (5.46) are due to the usual Jacobian arising when
fixing three points on the sphere, see [76]. Finally, AΓ accounts for the overall normalization.

Note that CΓ has worldsheet weight −1, see eq. (5.6) and aΓj has worldsheet weight wj .
Let us then compute the conformal weight on the worldsheet of the integrated correlator
in eq. (5.46). It reads

∆ = ∆(If) +∆(Irest)− (w1 +w2)− 2N − (n− 3) +
∑
j

wj(−mwj −
wj − 1

2 ) +
∑
j

wj . (5.48)

On the other hand, the worldsheet conformal dimension of the right-hand-side of eq. (5.46) is

∆′ = ∆(If) + ∆(Irest)− αC − (w1 + w2) +
∑
j

wjαwj + 3 . (5.49)

Requiring that ∆ = ∆′ and using eq. (5.38), we get

αC = 2 , αwj = −mwj −
wj − 1

2 . (5.50)

Assembling all contributions. Combining all the factors and reintroducing the string
coupling gs dependence, the integrated correlation function in eq. (5.25) becomes

I = gn−2
s

∑
Γ

|CΓ|
N∏
a=1

|ξΓa |−1∏
j

|aΓj |−2hj+
wj−1

2 , (5.51)
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where
hj = mwj +

wj − 1
2 , (5.52)

see eqs. (3.28) and (3.33). Up to the overall normalization, this reproduces eq. (5.14).

When some wi are even. Note that the same analysis also holds when some of the
wi’s are even. While the expression for m±

w differs from the one for mw, see eqs. (3.33)
and (3.35), we still have

hj = m±
wj

+ wj − 1
2 , (5.53)

also for wi even, see eqs. (3.29) and (3.35). Additionally, recall that when wi is even, the
ground state on the worldsheet transforms as an su(2) doublet. This is exactly what happens
in the dual CFT. In particular, if we define

f = f1 + f2 , (5.54)

then the vertex operators for w can be written as

Φ±
w = e±

if
2 Φ̃w , (5.55)

where Φ̃w is the ground state (3.50) with mw replaced by mw 7→ m±
w , cf. eqs. (3.50) and (3.51).

In particular, notice that f has a trivial OPE with f1 − f2, β and γ. Hence, when some of
the w’s are even, one gets the extra contribution of the corresponding correlation function
of the boson f . Since e±

if
2 is the bosonization of the fermionic part of the R-sector ground

states, exactly the same correlator arises in the dual CFT. This shows that the matching
with the symmetric orbifold correlators can be extended to arbitrary parity of the wi and
that the selection rules on the worldsheet exactly reproduce the ones of the boundary CFT.

6 Conclusions, discussion and open questions

In this paper we considered an alternative free-field realization of the psu(1, 1|2)1 current
algebra [35] and explained how this simplifies the computation of spectrum and correlation
functions for pure NS-NS tensionless strings on AdS3 × S3 × T4. We reviewed the relation of
the alternative free-field realization with the one adopted in [21, 30] and explained how it is
related to the Wakimoto realization of sl(2,R)k. We also clarified the geometric origin of the
so-called ‘secret representations’, which essentially are screening operators one needs to insert
in correlation functions to prevent them from trivially vanishing. The use of the alternative
free-field realization [35] allowed to express vertex operators in terms of delta functions of free
fields. This in turn lead us to show how the localization of worldsheet correlation functions
emerges from the path integral. Finally, again thanks to the simplicity of the expression for
vertex operators in terms of the new free-field variables, we derived an exact match of tree level
n-point functions of tensionless AdS3 × S3 × T4 strings with symmetric orbifold correlators.

Let us discuss a number of points that we believe deserve further investigation and
provide a list of potential applications of the results derived in this paper.
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Higher-genus correlators and topological A model. In section 5 and appendix B we
showed that tree level correlators of tensionless strings on AdS3 × S3 × T4 can be computed
by relating them to correlators of the N = (2, 0) topological A-model on C. The connection
between the two string models extends to higher genus and higher genus correlators of
tensionless AdS3 strings should hence be under good control. In fact, we are studying
this in [53]. It would also be very interesting to understand whether there is any relation
between tensionless AdS3 n-point functions and the correlation functions of the topological
models investigated in [96].

Correlation functions in the operator formalism. We have computed tree-level correla-
tors from the path integral making use of the delta function identities introduced in section 3.4.
While these identities naturally enter path integral computations of superstring theory, it
would be interesting to compute worldsheet correlators also from an operator formalism
perspective. Building on [30], where localization of correlators has been derived, one could
adapt the strategy of [54, 60] to the tensionless string and derive a Knizhnik-Zamolodchikov
equation for hybrid formalism correlators. At tree level and at least experimentally for low
values of the spectral flow parameters wi, this should allow to reproduce from the worldsheet
in the operator formalism the various factors entering eq. (5.14).

Normalization of correlators. At various points in our computation of string correlators,
we neglected overall wi-dependent factors and did not compute the normalization of string
n-point functions. However, at least at tree level, this can be fixed by requiring four-point
functions to correctly factorize into products of three-point functions. Alternatively, similarly
to what was done in [54, 97], the correct normalization of n-point functions can be deduced by
computing the normalization of the gravitational path integral and of vertex operators, which
in turn follow by imposing an exact match of three and four-point functions with the dual CFT.

Tensionless strings on AdS3 × S3 × S3 × S1. Another consistent worldsheet background
for Type IIB string theory is AdS3 × S3 × S3 × S1. In the hybrid formalism, the string
theory on the background AdS3 × S3 × S3 is described by a sigma model on the supergroup
D(2, 1;α) [98]. The bosonic subalgebra sl(2,R)k ⊕ su(2)k+ ⊕ su(2)k− has levels satisfying

1
k
= 1
k+

+ 1
k−

. (6.1)

For k+ = k− = 1 and k = 1/2, there is a free-field realization of the worldsheet theory based on
a single pair of symplectic bosons and two pairs of free fermions. While it has been conjectured
that this worldsheet theory is dual to the symmetric orbifold of the so-called Sκ theory with
κ = 0 [99], a careful analysis of the correlation functions has never been performed. It would
be interesting to explore whether some of the technology developed in this paper could be
useful in exploring the d(2, 1;α) theory in more detail, and specifically whether it would be
possible to compute the correlators of the worldsheet theory explicitly as we did in section 5.

Strings on AdS5 × S5 and an alternative free-field realization for psu(2, 2|4).
In [100, 101] a worldsheet dual to free N = 4 super Yang-Mills theory was proposed, which
relied in one chiral half of a free-field realization of psu(2, 2|4)1. This free-field realization
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is completely analogous to the symplectic boson realization of psu(1, 1|2)1 [21, 30] but with
twice the number of bosonic and fermionic degrees of freedom. One may suspect that the
alternative free-field realization of psu(1, 1|2)1 can be extended to a realization of psu(2, 2|4)1.
Since the theory of [100, 101] naively resembles a twistor string in four dimensions, the natural
guess for such a realization would be given by three βγ systems and four pθ systems which
parametrize the super-twistor space CP3|4 in local coordinates. In fact, such a realization
has been found in [35]. It might hence be possible to perform analogous computations to
those detailed in this work, and try to extract correlation functions of free N = 4 super
Yang-Mills directly from the proposed worldsheet theory.

AdS3 strings at generic tension. One of the main ingredients in our calculations of
correlation functions in the k = 1 worldsheet theory was expressing vertex operators directly
in terms of Wakimoto variables. Specifically, writing spectrally-flowed vertex operators in
terms of delta-function operators in the βγ system allowed us to compute the path integral
directly and compare the result to symmetric orbifold correlation functions. However, not
only the k = 1 theory, but the SL(2,R)k WZW model at any value of k admits a Wakimoto
representation. Thus, one would expect that our expressions for spectrally-flowed vertex
operators could be immediately generalized to k > 1. While something similar has already
been attempted in the past [64, 66, 71, 91, 102–104], the techniques developed here might
pave a path forward to understanding the perturbative CFT dual to bosonic string theory
on AdS3 [97] directly from the path integral perspective. In fact, building on the results
developed in this manuscript, in [105, 106] AdS3 correlators in the near-boundary limit will
be computed in the path integral formalism and precise agreement with the proposal of [97]
will be found.28 One may also speculate that further extending the techniques presented
in this work, might provide a first principle proof for the closed-form formulae proposed
in [59, 60] for correlators of AdS3 spectrally flowed vertex operators.29

Non-critical strings on AdS3 × S3 and twisted holography. The central charges of
the worldsheet psu(1, 1|2)1 algebra and of the ρ and σ ghosts add up to zero, c(psu(1, 1|2)1) +
c(ρ) + c(σ) = 0. This suggests that a consistent six-dimensional string theory on AdS3 × S3

can be constructed. In the parlance of [36, 108–110], it would be described as a non-critical
string theory at k = 1. If such a string theory exists, it would be interesting to understand
whether it is related to the k < 1 non-critical string theory of [111]. Moreover, one may
suspect that such a k = 1 non-critical string theory defines a closed subsector of the ten-
dimensional k = 1 string theory on AdS3 × S3 × T4 and that a similar dual subsector can
be identified in the boundary CFT2. This putative holographic pair may be described as a
lower-dimensional analogue of the twisted holography of [112] and have interesting relation
with the topological duality of [113].

28See also [107] for related results.
29A proof for the three-point function correlator formula was given in [62], while for the four-point function

a first principle derivation is still missing.
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A βγ systems

In this appendix, we provide a brief introduction to bosonic first-order systems (βγ systems)
and list the conventions used throughout the main text.

Action and symmetries. A βγ system is a free conformal field theory with action

S = 1
2π

∫
β∂γ . (A.1)

The fields β, γ are taken to be chiral with holomorphic scaling dimension ∆(β) = Λ and
∆(γ) = 1 − Λ, so that the Lagrangian has scaling dimension (1, 1).30 These fields satisfy
the OPEs

β(z)γ(w) ∼ − 1
z − w

, (A.2)

and the stress tensor of the theory is given by

T = −Λ(β∂γ) + (1− Λ)(∂β γ) . (A.3)

The global C∗ symmetry β → αβ, γ → α−1γ is generated by the Noether current

J(z) = (βγ) . (A.4)

From this definition we can read off the OPEs

J(z)β(w) ∼ β(w)
z − w

, J(z)γ(w) ∼ − γ(w)
z − w

, (A.5)

so that β and γ have J0 charge +1 and −1, respectively. We also note the OPE

J(z)J(w) ∼ − 1
(z − w)2 . (A.6)

An important property of βγ systems is that the current J is not a conformal primary
of the theory unless Λ = 1/2. Indeed, we have

T (z)J(w) ∼ QJ
(z − w)3 + J(w)

(z − w)2 + ∂J(w)
z − w

, (A.7)

30In the main text, we take Λ=1. However, in this appendix, we will largely be agnostic about the value of Λ.
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where QJ = 1 − 2Λ is the ‘background charge’ of J . A consequence of this background
charge is that in any correlation function, the sum of J0-charges will not vanish, but rather
must equal QJ(g − 1) if the worldsheet has genus g. A concrete way of putting this is that
if one considers the correlation function〈

J(z)
n∏
i=1

Φi(zi)
〉

(A.8)

as a holomorphic one-form in z, then we must have
n∑
i=1

Res
z=zi

〈
J(z)

n∏
i=1

Φi(zi)
〉

= QJ(g − 1) . (A.9)

Bosonization. Here we will briefly review the bosonization of βγ systems. For a more
in-depth explanation, see, for example, Chapter 13 of [76].

Given the current J = (βγ), we can introduce a scalar field ϕ such that J = −∂ϕ,
which satisfies the OPE

ϕ(z)ϕ(w) ∼ − log(z − w) . (A.10)

The background charge of ϕ is Qϕ = 1 − 2Λ and its stress tensor is

Tϕ = −1
2(∂ϕ)

2 − Qϕ
2 ∂2ϕ , (A.11)

which has central charge c(ϕ) = 1 + 3Q2
ϕ.

Given the scalar ϕ, we can reconstruct the βγ system by introducing a fermionic pair
ξ, η of weights ∆(η) = 1 and ∆(ξ) = 0 with OPE

η(z)ξ(w) ∼ 1
z − w

. (A.12)

In terms of ϕ, ξ, η, we have

β = eϕ∂ξ , γ = η e−ϕ . (A.13)

Furthermore, we can bosonize η, ξ as

ξ = eiκ , η = e−iκ (A.14)

where iκ is a scalar with background charge Qκ = −1 and which satisfies the OPE

κ(z)κ(w) ∼ − log(z − w) . (A.15)

In particular, the stress-tensor of κ is

Tκ = −1
2(∂κ)

2 + i

2∂
2κ . (A.16)

Thus, β, γ can be written in terms of ϕ, κ as

β = eϕ+iκ∂(iκ) , γ = e−ϕ−iκ . (A.17)
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It is important to note that the map from the scalars (ϕ, κ) to the fields (β, γ) is not
invertible. Indeed, note that, by equation (A.13), the fields (β, γ) are unaffected by the
transformation ξ → ξ + ε, while the (ϕ, κ) system certainly is. In the superstring theory
literature, one often speaks of a small Hilbert space Hs (generated by β, γ) and a large
Hilbert space Hℓ (generated by ϕ, κ). Noting that the transformation ξ → ξ + ε is generated
by η0, and furthermore noting that the small Hilbert space consists of states invariant under
this symmetry, we can describe the small Hilbert space as

Hs = ker(η0 : Hℓ → Hℓ) . (A.18)

That is to say, the small Hilbert space is obtained by only keeping those states which are
annihilated by η0.

Let us finally discuss two points in section 3.4 that were referred to this appendix. First,
we provide an example of the identifications in eq. (3.45) and eq. (3.38). The OPE between
γ and δ(β) can be read off as

γ(z)δ(β)(0) =
∫ dζ

2π γ(z) e
iζβ(0)

=
∫ dζ

2π

∞∑
n=0

(iζ)n
n! γ(z)(βn)(0)

∼
∫ dζ

2π

∞∑
n=0

(iζ)n
n!

n

z
(βn−1)(0)

= 1
z

∫ dζ
2π iζe

iζβ(0) = 1
z
δ′(β)(0) ,

(A.19)

where in the last line we used the integral representation of the derivative δ′ of the delta
function, see [82] for more details.

Second, we provide a derivation of eq. (3.49). This can be shown most easily via an
inductive argument. Using γ = e−ϕ−iκ, we have

γ(z)e(m+w)ϕ+imκ(y) ∼ (z − y)we(m+w−1)ϕ+i(m−1)κ(y) + · · · , (A.20)

so that
∂wγ(z)
w! e(m+w)ϕ+imκ(y) ∼ e(m+w−1)ϕ+i(m−1)κ(y) + · · · . (A.21)

Thus, by the definition of radial normal ordering, we have(∂wγ
w! e

(m+w)ϕ+imκ
)
= e(m+w−1)ϕ+i(m−1)κ . (A.22)

Treating this as a recursion relation with initial condition ewϕ = δw(γ), we derive the
expression (3.49). As a sanity check we can compute its conformal weight, and we find

∆
((

∂wγ

w!

)−m
δw(γ)

)
= −w(w +Qϕ)

2 −m(w + 1− Λ)

= −(w +m)(w +m+Qϕ)
2 + m(m− 1)

2 ,

(A.23)

which is indeed the conformal weight of e(m+w)ϕ+imκ.
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B Evaluating the path integral

In the main text, we need to evaluate path integrals of the form

I =
∫

D(β, γ)
∫
Σ
δ(β(λa))

n∏
i=1

δwi(γ(zi)− xi)O(γ) , (B.1)

where O(γ) is some (not necessarily local) operator depending only on γ and the points
zi, λa, and we have chosen N = 1− g +∑i(wi − 1)/2. In this appendix, we will argue that
for genus g = 0, this path integral evaluates to

I = z−1
12 z

−1
23 z

−1
13

∑
Γ:Σ→CP1
deg(Γ)=N

(CΓ)2
n∏
i=1

(aΓi )−
wi+1

2 O(Γ) δ(n−3)(Γ)δ(N)(λa, λ⋆a) , (B.2)

up to an overall wi-dependent constant. Here, the sum is over all branched holomorphic
covering maps Γ : CP1 → CP1 of degree N , branched over xi ∈ CP1 with order wi, i.e.
those maps which satisfy

Γ(z) ∼ xi + aΓi (z − z⋆i )wi + · · · , z → z⋆i . (B.3)

Furthermore, we denote by λ⋆a the poles of Γ. The prefactor CΓ is defined so that

∂Γ(z) = CΓ
n∏
i=1

(z − z⋆i )wi−1
N∏
a=1

(z − λ⋆a)−2 . (B.4)

Finally, the delta functions δ(n−3)(Γ) are defined by first restricting to covering maps which
satisfy Γ(zi) = xi for i = 1, 2, 3.31 The delta function is then simply [24, 30]

δ(n−3)(Γ) :=
n∏
i=4

δ(zi − z⋆i ) . (B.5)

For notational convenience in the rest of the appendix, we will define

ξ̃a =
n∏
i=1

(λa − zi)wi−1 ∏
b ̸=a

(λa − λb)−2

ãi =
∏
j ̸=i

(zi − zj)wj−1
N∏
a=1

(zi − λa)−2 .

(B.6)

When zi = z⋆i and λa = λ⋆a, these are related to the covering map residues ξΓa and Taylor
coefficients aΓi (see section 5) by

ξ̃a = −(CΓ)−1ξΓa , ãi =
(
CΓ

wi

)−1

aΓi . (B.7)

We will derive (B.2) by comparison with correlation functions of a topological string
theory for which integrals like (B.2) are required, and which result in known differential

31This can always be done by acting on Γ with a Möbius transformation.

– 45 –



J
H
E
P
0
9
(
2
0
2
4
)
1
3
5

forms on Mg,n. We compare to the string theories of [88, 114–116]. Specifically, we consider
a 2D TCFT with action

Stop = 1
2π

∫
Σ

(
β∂γ + χ∂ψ

)
, (B.8)

where (β, γ) are the usual bosonic free fields of conformal dimensions ∆(β) = 1 and ∆(γ) = 0,
and (χ, ψ) are their fermionic counterparts, i.e. topologically twisted fermions with ∆(χ) = 1
and ∆(ψ) = 0. This action describes the infinite-volume limit of the N = (2, 0) topological
A-model on C and admits a twisted N = (2, 0) algebra with generators

Ttop = −β∂γ − χ∂ψ ,

G+
top = βψ , G−

top = χ∂γ ,

Jtop = ψχ .

(B.9)

Given the twisted algebra, we can define a string theory via the BRST charge Qtop = (G+
top)0.

Indeed, the theory is topological with respect to Qtop since the action is BRST-exact:

Stop = 1
2π

∫
Σ

[
Qtop, χ∂γ

]
. (B.10)

Correlation functions of this topological string will count holomorphic curves Σ → C. In
order to count curves into CP1, we have to compactify by adding a vertex operator which
represents the point at infinity, similar to the procedure in section 4. As shown in [88], the
appropriate deformation operator in the topological model takes the form

Dtop = χ∂χ

(∮
γ

)
δ(β) = δ2(χ)

(∮
γ

)
δ(β) = (G−

top)−1δ(χ)δ(β) , (B.11)

where we have defined

δw(χ) =
w−1∏
i=0

∂iχ (B.12)

to be the fermionic version of the delta function operators defined in section 3.4. The contour
integral in (B.11) is taken over a small circle around the insertion point.

Once defined, Dtop can be used to deform the free topological theory, just as in section 4.
The states whose correlation functions we are interested in are the analogues of the spectrally-
flowed states constructed in section 3.3. They take the form

Ow(z, x) = δw(ψ(z))δw(γ(z)− x) . (B.13)

Indeed, Ow(x) is physical, since it in annihilated by the BRST operator G+
top. We thus

consider the amplitude∫
Mg,n

〈3g−3∏
α=1

⟨G−
top, µα⟩

n∏
i=1

((G−
top)−1Owi)(zi, xi)

〉
(B.14)

where µα are the 3g − 3 Beltrami differentials on TΣMg,n. Here, we use the notation

⟨G−
top, µα⟩ :=

∫
Σ
G−

top µα . (B.15)
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As a topological string correlator, the above correlation function will define a differential
form on the moduli space Mg,n.

In computing the above correlation function, we know that the β, γ integral will localize
to the space of holomorphic maps Σ → CP1 which are branched covers satisfying γ(zi) = xi.
Upon integrating over Mg,n, this space is extended to the moduli space of all genus-g
branched covers over CP1 branched with index wi at xi. This moduli space, which we call S,
is a discrete (and in fact finite) subset of Mg,n. The above path integral should thus reduce
to a sum over S, weighted by an appropriate Jacobian coming from the path integral delta
functions. However, since everything is supersymmetric under G+

top, one would expect the
bosonic and fermionic determinants to cancel, as is usual in supersymmetric field theories.
Thus, a natural ansatz for the topological amplitude is

∫
Mg,n

〈3g−3∏
α=1

⟨G−
top, µα⟩

n∏
i=1

((G−
top)−1Owi)(zi, xi)

〉
= |S| . (B.16)

That is, the topological string amplitude calculates the number of branched covering maps
Σ → CP1 branched over xi with index zi, also known as Hurwitz numbers. This is natural
from a topological string perspective, since the topological A-model computes Gromov-Witten
invariants [114], and it is known that Gromov-Witten theory is equivalent to Hurwitz theory
with a Riemann surface as the target [117].

Given that before integrating over Mg,n the worldsheet path integral has delta-function
support at the points in Mg,n for which a holomorphic covering map Γ exists (see the
arguments of section 4), we can use (B.16) to determine that the coefficients must all be
equal, i.e. 〈3g−3∏

α=1

〈
G−

top, µα
〉 n∏
i=1

((G−
top)−1Owi)(zi, xi)

〉
=
∑
Γ
δ(n+3g−3)(Γ) . (B.17)

Here, the sum is over all branched covering maps Γ of genus g, and δ(n+3g−3)(Γ) is a delta
function on Mg,n with support in S.

How would we have obtained the result (B.17) from the path integral? First, we note that

((G−
top)−1Ow)(z, x) = δw−1(ψ(z))

(
w
∂wγ(z)
w!

)
δw(γ(z)− x) . (B.18)

Now, to compute the correlator from the path integral formalism, as explained above, we
need to insert N copies of the deforming field Dtop, where N is restricted by the fermionic
charge. Since G−

top = χ∂γ the anomalous conservation of Jtop reads

2N + 3g − 3−
n∑
i=1

(wi − 1) = g − 1 =⇒ N = 1− g +
n∑
i=1

wi − 1
2 . (B.19)

That is, N is determined to be the degree of the covering maps Γ. Once we have inserted
the N copies of Dtop, we must compute

1
N !

∫
ΣN

d2Nλa
〈
Dtop

3g−3∏
α=1

⟨G−
top, µα⟩ (λa)

n∏
i=1

((G−
top)−1Owi)(zi, xi)

〉
0
, (B.20)
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where the subscript 0 means that we are calculating the correlator with respect to the
‘undeformed’ action, i.e. without an insertion of Dtop. Writing

⟨G−
top, µα⟩ =

∫
Σ
d2uα χ∂γ µα , (B.21)

we can compute this path integral by first computing the correlator〈
N∏
a=1

δ2(χ(λa))
3g−3∏
α=1

χ(uα)
n∏
i=1

δw−1(ψ(zi))
〉
χ,ψ

×
〈

N∏
a=1

(∮
λa

γ

)
δ(β(λa))

3g−3∏
α=1

∂γ(uα)
n∏
i=1

(
wi
∂wiγ(zi)
wi!

)
δwi(γ(zi)− xi)

〉
β,γ

,

(B.22)

then 1) integrating over the points λa and 2) integrating over the points uα, weighted by
the Beltrami differential µα.

In this paper, we are only concerned with correlators at genus zero. In this case, the
worldsheet is rigid (i.e. there are no Beltrami differentials to integrate over), and there is a
residual Möbius symmetry that needs to be fixed. As is standard in string theory, we do this
by fixing the points z1, z2, z3 and only integrating over zi for i ≥ 4. Since the operators at
z1, z2, z3 are not integrated, they will not be dressed with the factor of (G−

top)−1.32 Thus,
the correlator we consider is of the form〈 3∏

i=1
Owi(zi, xi)

n∏
i=4

((G−
top)−1Owi)(zi, xi)

〉
, (B.23)

which should reduce to a delta function of the form ∑
Γ δ

(n−3)(Γ) which fixes the n − 3
undetermined cross-ratios on the worldsheet so that a holomorphic covering map to the
base sphere exists. Bringing down N copies of the operator Dtop gives (before integrating
over the positions of Dtop)〈

N∏
a=1

δ2(χ(λa))
3∏
i=1

δwi(ψ(zi))
n∏
i=4

δwi−1(ψ(zi))
〉
χ,ψ〈

N∏
a=1

(∮
λa

γ

)
δ(β(λa))

3∏
i=1

δwi(γ(zi)− xi)
n∏
i=4

(
wi
∂wiγ(zi)
wi!

)
δwi(γ(zi)− xi)

〉
β,γ

.

(B.24)

Again, N is determined to be N = 1 +∑n
i=1(wi − 1)/2 by the charge conservation of the χψ

system. The fermionic correlator can be computed by Wick contractions,33 and the result is34

〈
N∏
a=1

δ2(χ(λa))
3∏
i=1

δwi(ψ(zi))
n∏
i=4

δwi−1(ψ(zi))
〉
χ,ψ

= z12z23z13

N∏
a=1

ξ̃−1
a

3∏
i=1

ã
wi+1

2
i

n∏
i=4

ã
wi−1

2
i ,

(B.25)
32This is analogous to the case of bosonic string theory, where ‘unintegrated’ operators at genus zero are

not dressed with b-ghosts.
33This calculation is similar to that done in section 5.
34We will drop the factors of wi since we are not interested in the overall wi-dependent normalization.
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where ãi, ξ̃a are defined in equation (B.6). The βγ contribution can be computed by noting
that it will localize onto covering maps Γ, and so we can simply pull out the residues

∮
γ

and Taylor coefficients ∂wγ/w!, so that

〈
N∏
a=1

(∮
λa

γ

)
δ(β(λa))

3∏
i=1

δwi(γ(zi)− xi)
n∏
i=4

(
wi
∂wiγ(zi)
wi!

)
δwi(γ(zi)− xi)

〉

=
N∏
a=1

ξΓa

n∏
i=4

aΓi

〈
N∏
a=1

δ(β(λa))
n∏
i=1

δwi(γ(zi)− xi)
〉 (B.26)

in the neighborhood of a particular covering map Γ. Thus, demanding that the full topological
correlator (before integrating over λa, zi) localizes onto the branch points z⋆i and poles λ⋆a
of covering maps Γ, we find

〈
N∏
a=1

δ(β(λa))
n∏
i=1

δwi(γ(zi)− xi)
〉

= z−1
12 z

−1
23 z

−1
13
∑
Γ
(CΓ)2

n∏
i=1

a
−wi+1

2
i δ(n+3g−3)(Γ)δ(N)(λ⋆a) .

(B.27)
The factor of (CΓ)2 comes from evaluating the fermionic path integral at zi = z⋆i and
λa = λ⋆a, see equation (B.7). Here, we find that the path integral contains the Jacobian factor
z−1
12 z

−1
23 z

−1
13 , which is an artifact of fixing z1, z2, z3 while integrating over the rest of the points.35

Given an operator O(γ), we can also throw it into the correlation function. The result
will be that γ will simply be replaced with the covering map Γ upon integration, so that

〈
N∏
a=1

δ(β(λa))
n∏
i=1

δwi(γ(zi)− xi)O(γ)
〉

= z−1
12 z

−1
23 z

−1
13
∑
Γ
(CΓ)2

n∏
i=1

(aΓi )−
wi+1

2 O(Γ) δ(n−3)(Γ)δ(N)(λa, λ⋆a) , (B.28)

which is the integral we set out to derive.

C Relation to the symplectic boson theory

Following [35], let us discuss how the free fields β, γ and pa, θ
a introduced in section 2 are

related to the symplectic boson worldsheet theory of [21, 30]. It was shown in [21, 55] that
two pairs of symplectic bosons

[ξαr , ηβs ] = ϵαβδr,−s , α, β ∈ {+,−} , (C.1)

together with two pairs of free fermions

{ψαr , χβs } = ϵαβδr,−s , α, β ∈ {+,−} , (C.2)

35In bosonic string theory, this factor comes from the three-point function ⟨c(z1)c(z2)c(z3)⟩ of the c-ghosts
attached to unintegrated operators.
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generate the u(1, 1|2)1 algebra (E.15)36

J3
m = −1

2(η
+ξ−)m − 1

2(η
−ξ+)m , K3

m = −1
2(χ

+ψ−)m − 1
2(χ

−ψ+)m , (C.3a)

J±
m = (η±ξ±)m , K±

m = ±(χ±ψ±)m , (C.3b)
Sαβ+m = (χβξα)m , Sαβ−m = (ηαψβ)m , (C.3c)

Zm = −1
2(η

+ξ−)m + 1
2(η

−ξ+)m − 1
2(χ

+ψ−)m + 1
2(χ

−ψ+)m , (C.3d)

Ym = −1
2(η

+ξ−)m + 1
2(η

−ξ+)m + 1
2(χ

+ψ−)m − 1
2(χ

−ψ+)m . (C.3e)

The chiral algebra psu(1, 1|2)1 can be obtained from (C.3) by gauging the U(1)’s generated
by the null currents Y and Z. When expressing vertex operators in terms of symplectic
bosons, the physical states must also obey

Znϕ = 0 , n ≥ 0 , (C.4)

together with eq. (3.27). Symplectic bosons and free fermions can be bosonized as [39]

ξ− = −e−ϕ1−iκ1 , η+ = eϕ1+iκ1∂(iκ1) , (C.5a)
ξ+ = eϕ2+iκ2 , η− = −e−ϕ2−iκ2∂(iκ2) , (C.5b)
χ+ = eiq1 , ψ− = −e−iq1 , (C.5c)
ψ+ = eiq2 , χ− = e−iq2 , (C.5d)

where ϕi, κi and qi for i = 1, 2 obey the OPEs

ϕi(z)ϕj(w) ∼ −δij log(z − w) , (C.6a)
κi(z)κj(w) ∼ −δij log(z − w) , (C.6b)
qi(z)qj(w) ∼ −δij log(z − w) . (C.6c)

As can be read off from the stress tensor

Tsym = −1
2

2∑
i=1

(
(∂ϕi)2 + (∂κi)2 + (∂qi)2

)
+ i

2∂
2κ1 −

i

2∂
2κ2 , (C.7)

ϕ1, ϕ2, q1 and q2 have vanishing background charge while κ1 and κ2 have background charges
+1 and −1 respectively. The two null currents Z and Y can be expressed in terms of the
bosons (C.6) as

Z = −1
2∂ϕ1 +

1
2∂ϕ2 +

i

2∂q1 −
i

2∂q2 , (C.8)

Y = −1
2∂ϕ1 +

1
2∂ϕ2 −

i

2∂q1 +
i

2∂q2 . (C.9)

36We follow the conventions of [39]. Our conventions are related to those of [38] by Sαβ−
m → −Sαβ−

m .
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The fields ϕ, κ, f1 and f2, entering the bosonization of the free-fields of section 2, see
eq. (2.11), are related to the bosons (C.6) by

i∂f1 = −1
2∂ϕ1 −

1
2∂ϕ2 − i∂κ2 +

i

2∂q1 +
i

2∂q2 , (C.10a)

i∂f2 =
1
2∂ϕ1 +

1
2∂ϕ2 + i∂κ2 +

i

2∂q1 +
i

2∂q2 , (C.10b)

∂ϕ = ∂ϕ1 + ∂ϕ2 + i∂κ2 , (C.10c)
i∂κ = i∂κ1 . (C.10d)

Notice that the fields i∂f1, i∂f2, ∂ϕ, i∂κ — and hence the free fields β, γ, pa, θa of section 2 —
commute with both Z and Y . This makes it clear that the two null currents Y and Z are now
completely decoupled and when expressing vertex operators in terms of the free fields β, γ,
pa, θa, eq. (C.4) is automatically satisfied. Moreover, since the operator Q in eq. (D.3) carries
no Y charge, there is no longer any need to insert in correlation functions the W fields of [30].

As a gauge choice. We can think of the free field realization (2.6) as a ‘gauge-fixed’ form
of the free field realization of [21, 30]. Specifically, we can group the symplectic bosons
and free fermions into vectors

Y =
(
η− η+ χ− χ+

)
, Z =


ξ+

−ξ−

ψ+

−ψ−

 . (C.11)

The action of the theory is

S = 1
2π

∫
Y∂Z . (C.12)

Then the Z symmetry which needs to be gauged acts on Y and Z as

Z → αZ , Y → α−1Y , (C.13)

where α is a local function on the worldsheet. Using α = 1/ξ+, we find

Z →


1

−ξ−/ξ+

ψ+/ξ+

−ψ−/ξ+

 , Y →
(
η−ξ+ η+ξ+ χ−ξ+ χ+ξ+

)
. (C.14)

Defining γ = −ξ−/ξ+, β = η+ξ+, θ1 = ψ+/ξ+, θ2 = −ψ−/ξ+, p1 = χ−ξ+, and p2 = χ+ξ+,
the action becomes

S = 1
2π

∫ (
β∂γ + pa∂θ

a
)
, (C.15)

which is the chiral part of the action (2.6). Indeed, one can show that the above definitions
of β, γ, pa, θa are consistent with the bosonization eqs. (2.11), (C.5) and (C.10).

The choice of gauge so that Z0 = 1 is somewhat worrying, since it is not well-defined
everywhere. Specifically, when ξ+ = 0, the above procedure breaks down. This is signaled
in the fact that there are locations in the β, γ, pa, θa theory for which γ and θa have poles,
despite there being no operator inserted there. This technicality is accounted for in the
β, γ, pa, θ

a theory via the deformation described in section 4.
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D The hybrid formalism

In this appendix, we briefly review the hybrid formalism of superstring on AdS3×S3×T4 with
pure NS-NS flux. This formalism is developed in [37]. For reviews see e.g. [34, 39, 79]. As we
discussed in section 2.5, the left-moving part of the theory consists of the following ingredients:

• the WZW model on psu(1, 1|2)k,

• ρ and σ bosons,

• a topologically twisted T4 theory.

The first item in the list is described in details in section 2.1. The second consists of two
free bosons ρ and σ with non-zero background charges, see eqs. (2.54). The fields with the
subscript C below denote the generators of the last item, a topologically twisted N = 4
algebra of T4, see appendix E for our conventions. These three ingredients give rise to a
topologically twisted N = 4 algebra on the worldsheet with c = 6. In fact, the generators
have the following form

T = Tfree −
1
2[(∂ρ)

2 + (∂σ)2] + 3
2∂

2(ρ+ iσ) + TC , (D.1a)

G+ = e−ρQ+ eiσT − ∂(eiσ∂(ρ+ iH)) +G+
C , (D.1b)

G− = e−iσ , (D.1c)

J = 1
2∂(ρ+ iσ + iH) , (D.1d)

J±± = e±(ρ+iσ+iH) , (D.1e)
G̃+ = eρ+iH , (D.1f)
G̃− = e−2ρ−iσ−iHQ− e−ρ−iHT − e−ρ−iσG̃−

C

+ e−ρ−iH [∂(iσ)∂(ρ+ iH) + ∂2(ρ+ iH)] . (D.1g)

Note that this theory is topologically twisted. For example, T is a primary of weight 2.
However, the central charge still shows itself in the algebra, for example, we have

J(z)J(w) = c/12
(z − w)2 . (D.2)

Also note that this is the algebra before the similarity transformation of [37], see [33, 39]
for more comments on this.

Finally in order to define pure NS-NS flux string theory on AdS3 × S3 × T4, we need
a realization of psu(1, 1|2)k. As we mentioned in section 2.1, we have realized psu(1, 1|2)1
in terms of (β, γ) and (pa, θa) for a ∈ {1, 2}. Therefore, we can write down the worldsheet
N = 4 algebra whose cohomology describes physical states of string theory on AdS3×S3×T4

with k = 1, see eq. (3.27). Here Tfree is the stress-tensor of psu(1, 1|2)1 defined in eq. (2.7)
with central charge c = −2. Note that we are using the result of eq. (2.10). Q reads

Q = p1p2∂γ . (D.3)
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What is called the P operator in [34, 37] is proportional to

P (z) = V (P−4 |0⟩ , z) = αV (S+++
−1 S+−+

−1 S−++
−1 S−−+

−1 |0⟩ , z) , (D.4)

where |0⟩ is the vacuum and α is some real number. By a direct calculation, we can confirm
that the state in the most right hand side vanishes, so we have P = 0, as it was the case in [30].

E Algebras and representations

In this appendix we list (anti-)commutation relations of various algebras appearing in the
main text.

N = 4 spacetime algebra. The small N = 4 algebra with c = 6 reads (listing only
non-zero (anti-)commutators)

[Lm,Ln] = (m− n)Lm+n +
1
2 Im(m2 − 1) δm+n,0 , (E.1a)

[Lm,G±
r ] =

(1
2m− r

)
G±
m+r , (E.1b)

[Lm, G̃±
r ] =

(1
2m− r

)
G̃±
m+r , (E.1c)

[Lm,J ±±
n ] = −nJ ±±

m+n , (E.1d)
[Lm,Jn] = −nJm+n , (E.1e)

[Jm,Jn] =
1
2 Imδm+n,0 , (E.1f)

[Jm,J ±±
n ] = ±J ±±

m+n , (E.1g)

[Jm,G±
r ] = ±1

2 G±
m+r , (E.1h)

[Jm, G̃±
r ] = ±1

2 G̃
±
m+r , (E.1i)

[J ++
m ,J −−

n ] = Imδm+n,0 + 2J 3
m+n , (E.1j)

[J ±±
m ,G∓

r ] = ±G̃±
m+r , (E.1k)

[J ±±
m , G̃∓

r ] = ∓G±
m+r , (E.1l)

{G+
r ,G−

s } =
(
r2 − 1

4

)
δr+s,0 I + (r − s)Jr+s + Lr+s , (E.1m)

{G̃+
r , G̃−

s } =
(
r2 − 1

4

)
δr+s,0 I + (r − s)Jr+s + Lr+s , (E.1n)

{G±
r , G̃

±
s } = ∓(r − s)J±±

r+s . (E.1o)

Topologically twisted N = 4 algebra on T4. The theory on T4 is generated by 4 free
bosons and 4 free fermions satisfying

[∂X i
n, ∂X̄ j

m] = n δij I δn+m,0 , (E.2a)
{Ψα,j

r ,Ψβ,l
s } = ϵαβ ϵlj I δr+s,0 , (E.2b)
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where I is the identity, j ∈ {1, 2} and α, β ∈ {±}. Also, note that we have ϵ+− = −ϵ−+ = 1
and ϵ12 = −ϵ21 = 1 while the other combinations vanish. These fields form an N = 4 algebra
with c = 6 via the following generators

T = ∂X j∂X̄ j + 1
2ϵ

αβϵjlΨα,j∂Ψβ,l , (E.3a)

J = −1
4δ

α,−βϵjlΨα,jΨβ,l , (E.3b)

J++ = Ψ+,1Ψ+,2 , (E.3c)
J−− = Ψ−,2Ψ−,1 , (E.3d)
G+ = ∂X̄ jΨ+,j , (E.3e)
G− = −ϵjk∂X jΨ−,k , (E.3f)
G̃+ = −ϵjk∂X jΨ+,k , (E.3g)
G̃− = −∂X̄ jΨ−,j . (E.3h)

The topological twist demands setting

TC = T + ∂J . (E.4)

Then the central term in TC is absent. In the worldsheet description (see appendix D),
the topologically twisted T4 appears and we denote its generators with a subscript C. In
fact, the generators are exactly the same as in eqs. (E.3) with the only difference being
that T is replaced by TC in eq. (E.4). In this theory, the conformal dimensions are shifted
according to the charge under JC : J++

C has weight 0, G+
C and G̃+

C have weight 1, and J−−
C ,

G−
C and G̃−

C have weight 2. In fact, they satisfy the (anti-)commutation relations listed in
eqs. (E.1) with the following modifications37

[(LC)m, (LC)n] = (m− n) (LC)m+n , (E.5a)

[(LC)m, (JC)n] = −n(JC)n −
1
2m(m+ 1)δn+m,0I , (E.5b)

{(G+
C )m, (G

−
C )n} = m(m− 1) δm+n,0 I + 2m (JC)m+n + (LC)m+n , (E.5c)

{(G̃+
C )m, (G̃

−
C )n} = m(m− 1) δm+n,0 I + 2m (JC)m+n + (LC)m+n . (E.5d)

In the main text, we have also used a bosonization of the fermions of the topologically
twisted T4 for which we have

Ψ+,1 = eiH
1
, Ψ+,2 = eiH

2
, Ψ−,1 = e−iH

2
, Ψ−,2 = −e−iH1

. (E.6)

In our conventions,

Hj(z)Hk(w) ∼ − ln (z − w) , j, k ∈ {1, 2} . (E.7)

In this language, for the Cartan generator of the R-symmetry currents we get

JC = 1
2∂(iH) , H = H1 +H2 . (E.8)

Note that we have

H(z)H(w) ∼ −2 ln (z − w) . (E.9)
37The commutation relations with Ln that only get shifted by the conformal dimensions (as we just discussed

the shift above) are omitted for brevity.
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psu(1, 1|2)1 and u(1, 1|2)1 algebras on the worldsheet. In our conventions the psu(1, 1|2)1
current algebra reads

[J3
m, J

3
n] = −1

2mδm+n,0 , (E.10a)

[J3
m, J

±
n ] = ±J±

m+n , (E.10b)
[J+
m, J

−
n ] = mδm+n,0 − 2J3

m+n , (E.10c)

[K3
m,K

3
n] =

1
2mδm+n,0 , (E.10d)

[K3
m,K

±
n ] = ±K±

m+n , (E.10e)
[K+

m,K
−
n ] = mδm+n,0 + 2K3

m+n , (E.10f)

[Jam, Sαβγn ] = 1
2ca(σ

a)αµSµβγm+n , (E.10g)

[Ka
m, S

αβγ
n ] = 1

2(σ
a)βµSανγm+n , (E.10h)

{Sαβγm , Sµνρn } = −mϵαµϵβνϵγρδm+n,0 + ϵβνϵγρca(σa)αµJam+n − ϵαµϵγρ(σa)βνKa
m+n . (E.10i)

We reserved Greek letters α, β, . . . etc. for spinor indices, taking values in {+,−}. The adjoint
index a takes values in {+,−, 3}. The constant ca reads

c− = −1 , c3 = 1 , c+ = 1 . (E.11)

and ϵ+− = −ϵ−+ = 1. The non-vanishing entries of the σ-matrices are

(σ−)+− = 2 , (σ3)−− = −1 , (σ3)++ = 1 , (σ+)−+ = 2 , (E.12)
(σ−)−− = 1 , (σ3)−+ = 1 , (σ3)+− = 1 , (σ+)++ = −1 , (E.13)
(σ−)−− = 2 , (σ3)+− = 1 , (σ3)−+ = 1 , (σ+)++ = −2 . (E.14)

The u(1, 1|2)1 algebra has commutation relations similar to (E.10),

[J3
m, J

3
n] = −1

2mδm+n,0 , (E.15a)

[J3
m, J

±
n ] = ±J±

m+n , (E.15b)
[J+
m, J

−
n ] = mδm+n,0 − 2J3

m+n , (E.15c)

[K3
m,K

3
n] =

1
2mδm+n,0 , (E.15d)

[K3
m,K

±
n ] = ±K±

m+n , (E.15e)
[K+

m,K
−
n ] = mδm+n,0 + 2K3

m+n , (E.15f)

[Jam, Sαβγn ] = 1
2ca(σ

a)αµSµβγm+n , (E.15g)

[Ka
m, S

αβγ
n ] = 1

2(σ
a)βµSανγm+n , (E.15h)

{Sαβγm , Sµνρn } = −mϵαµϵβνϵγρδm+n,0 + ϵβνϵγρca(σa)αµJam+n

− ϵαµϵγρ(σa)βνKa
m+n − ϵαµϵβνδγ,−ρZm+n , (E.15i)

[Zm, Yn] = −mδm+n,0 . (E.15j)

Notice the two additional generators Yn and Zm and compare eq. (E.15i) with (E.10i).
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The short representation of psu(1, 1|2)1. Labelling the states in the short representation
of psu(1, 1|2)1 as

|m, ↑, 0⟩ , |m, ↓, 0⟩ ∈ (C
1
2
λ ,2) , (E.16)

|m, 0, ↑⟩ ∈ (C0
λ+ 1

2
,1) , |m, 0, ↓⟩ ∈ (C1

λ+ 1
2
,1) , (E.17)

in our conventions the bosonic generators act as

J3
0 |m, ↕, 0⟩ = m |m, ↕, 0⟩ , J3

0 |m, ↕, 0⟩ = m |m, 0, ↕⟩ , (E.18a)

J+
0 |m, ↕, 0⟩ =

(
m+ 1

2

)
|m+ 1, ↕, 0⟩ , J+

0 |m, 0, ↑⟩ = m |m+ 1, 0, ↑⟩ , (E.18b)

J+
0 |m, 0, ↓⟩ = (m+ 1) |m+ 1, 0, ↓⟩ , J−

0 |m, ↕, 0⟩ =
(
m− 1

2

)
|m− 1, ↕, 0⟩ , (E.18c)

J−
0 |m, 0, ↑⟩ = m |m− 1, 0, ↑⟩ , J−

0 |m, 0, ↓⟩ = (m− 1) |m− 1, 0, ↓⟩ , (E.18d)

K3
0 |m, ↑, 0⟩ =

1
2 |m, ↑, 0⟩ , K3

0 |m, ↓, 0⟩ = −1
2 |m, ↓, 0⟩ , (E.18e)

K+
0 |m, ↓, 0⟩ = |m, ↑, 0⟩ , K−

0 |m, ↑, 0⟩ = |m, ↓, 0⟩ . (E.18f)

For the supercharges we have

S−−−
0 |m, ↑, 0⟩ = −

(
m− 1

2

)
|m− 1

2 , 0, ↓⟩ , S−−−
0 |m, 0, ↑⟩ = −m |m− 1

2 , ↓, 0⟩ , (E.18g)

S+−−
0 |m, ↑, 0⟩ =

(
m+ 1

2

)
|m+ 1

2 , 0, ↓⟩ , S+−−
0 |m, 0, ↑⟩ = m |m+ 1

2 , ↓, 0⟩ , (E.18h)

S−−+
0 |m, ↑, 0⟩ = − |m− 1

2 , 0, ↑⟩ , S−−+
0 |m, 0, ↓⟩ = |m− 1

2 , ↓, 0⟩ , (E.18i)

S+−+
0 |m, ↑, 0⟩ = |m+ 1

2 , 0, ↑⟩ , S+−+
0 |m, 0, ↓⟩ = − |m+ 1

2 , ↓, 0⟩ (E.18j)

S−+−
0 |m, ↓, 0⟩ =

(
m− 1

2

)
|m− 1

2 , 0, ↓⟩ , S−+−
0 |m, 0, ↑⟩ = −m |m− 1

2 , ↑, 0⟩ , (E.18k)

S++−
0 |m, ↓, 0⟩ = −

(
m+ 1

2

)
|m+ 1

2 , 0, ↓⟩ , S++−
0 |m, 0, ↑⟩ = m |m+ 1

2 , ↑, 0⟩ , (E.18l)

S−++
0 |m, ↓, 0⟩ = |m− 1

2 , 0, ↑⟩ , S−++
0 |m, 0, ↓⟩ = |m− 1

2 , ↑, 0⟩ , (E.18m)

S+++
0 |m, ↓, 0⟩ = − |m+ 1

2 , 0, ↑⟩ , S+++
0 |m, 0, ↓⟩ = − |m+ 1

2 , ↑, 0⟩ , (E.18n)

while all other actions are zero.

Open Access. This article is distributed under the terms of the Creative Commons Attri-
bution License (CC-BY4.0), which permits any use, distribution and reproduction in any
medium, provided the original author(s) and source are credited.

References

[1] D.J. Gross, High-Energy Symmetries of String Theory, Phys. Rev. Lett. 60 (1988) 1229
[INSPIRE].

[2] E. Witten, Space-time and Topological Orbifolds, Phys. Rev. Lett. 61 (1988) 670 [INSPIRE].

– 56 –

https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1103/PhysRevLett.60.1229
https://inspirehep.net/literature/260776
https://doi.org/10.1103/PhysRevLett.61.670
https://inspirehep.net/literature/264017


J
H
E
P
0
9
(
2
0
2
4
)
1
3
5

[3] G.W. Moore, Symmetries and symmetry breaking in string theory, in the proceedings of the
International Workshop on Supersymmetry and Unification of Fundamental Interactions
(SUSY 93), Boston, U.S.A. (1993) [hep-th/9308052] [INSPIRE].

[4] A. Sagnotti, Notes on Strings and Higher Spins, J. Phys. A 46 (2013) 214006
[arXiv:1112.4285] [INSPIRE].

[5] B. Sundborg, Stringy gravity, interacting tensionless strings and massless higher spins, Nucl.
Phys. B Proc. Suppl. 102 (2001) 113 [hep-th/0103247] [INSPIRE].

[6] E. Witten, talk at the John Schwarz 60-th birthday symposium (2001),
http://theory.caltech.edu/jhs60/witten/1.html.

[7] A. Mikhailov, Notes on higher spin symmetries, hep-th/0201019 [INSPIRE].

[8] E. Sezgin and P. Sundell, Massless higher spins and holography, Nucl. Phys. B 644 (2002) 303
[hep-th/0205131] [INSPIRE].

[9] M.R. Gaberdiel and R. Gopakumar, Higher Spins & Strings, JHEP 11 (2014) 044
[arXiv:1406.6103] [INSPIRE].

[10] M.R. Gaberdiel, C. Peng and I.G. Zadeh, Higgsing the stringy higher spin symmetry, JHEP 10
(2015) 101 [arXiv:1506.02045] [INSPIRE].

[11] K. Ferreira, M.R. Gaberdiel and J.I. Jottar, Higher spins on AdS3 from the worldsheet, JHEP
07 (2017) 131 [arXiv:1704.08667] [INSPIRE].

[12] M.R. Gaberdiel, R. Gopakumar and C. Hull, Stringy AdS3 from the worldsheet, JHEP 07
(2017) 090 [arXiv:1704.08665] [INSPIRE].

[13] J. Teschner, On structure constants and fusion rules in the SL(2, C)/SU(2) WZNW model,
Nucl. Phys. B 546 (1999) 390 [hep-th/9712256] [INSPIRE].

[14] A. Giveon, D. Kutasov and N. Seiberg, Comments on string theory on AdS3, Adv. Theor. Math.
Phys. 2 (1998) 733 [hep-th/9806194] [INSPIRE].

[15] J. de Boer, H. Ooguri, H. Robins and J. Tannenhauser, String theory on AdS(3), JHEP 12
(1998) 026 [hep-th/9812046] [INSPIRE].

[16] D. Kutasov and N. Seiberg, More comments on string theory on AdS3, JHEP 04 (1999) 008
[hep-th/9903219] [INSPIRE].

[17] J. Teschner, Operator product expansion and factorization in the H+
3 WZNW model, Nucl.

Phys. B 571 (2000) 555 [hep-th/9906215] [INSPIRE].

[18] J.M. Maldacena and H. Ooguri, Strings in AdS3 and SL(2, R) WZW model 1: The Spectrum, J.
Math. Phys. 42 (2001) 2929 [hep-th/0001053] [INSPIRE].

[19] J.M. Maldacena, H. Ooguri and J. Son, Strings in AdS3 and the SL(2, R) WZW model. Part 2.
Euclidean black hole, J. Math. Phys. 42 (2001) 2961 [hep-th/0005183] [INSPIRE].

[20] J.M. Maldacena and H. Ooguri, Strings in AdS3 and the SL(2, R) WZW model. Part 3.
Correlation functions, Phys. Rev. D 65 (2002) 106006 [hep-th/0111180] [INSPIRE].

[21] L. Eberhardt, M.R. Gaberdiel and R. Gopakumar, The Worldsheet Dual of the Symmetric
Product CFT, JHEP 04 (2019) 103 [arXiv:1812.01007] [INSPIRE].

[22] M.R. Gaberdiel and R. Gopakumar, Stringy Symmetries and the Higher Spin Square, J. Phys.
A 48 (2015) 185402 [arXiv:1501.07236] [INSPIRE].

[23] M.R. Gaberdiel and R. Gopakumar, Tensionless string spectra on AdS3, JHEP 05 (2018) 085
[arXiv:1803.04423] [INSPIRE].

– 57 –

https://doi.org/10.48550/arXiv.hep-th/9308052
https://inspirehep.net/literature/357142
https://doi.org/10.1088/1751-8113/46/21/214006
https://doi.org/10.48550/arXiv.1112.4285
https://inspirehep.net/literature/1082071
https://doi.org/10.1016/S0920-5632(01)01545-6
https://doi.org/10.1016/S0920-5632(01)01545-6
https://doi.org/10.48550/arXiv.hep-th/0103247
https://inspirehep.net/literature/540930
http://theory.caltech.edu/jhs60/witten/1.html
https://doi.org/10.48550/arXiv.hep-th/0201019
https://inspirehep.net/literature/581426
https://doi.org/10.1016/S0550-3213(02)00739-3
https://doi.org/10.48550/arXiv.hep-th/0205131
https://inspirehep.net/literature/586795
https://doi.org/10.1007/JHEP11(2014)044
https://doi.org/10.48550/arXiv.1406.6103
https://inspirehep.net/literature/1302836
https://doi.org/10.1007/JHEP10(2015)101
https://doi.org/10.1007/JHEP10(2015)101
https://doi.org/10.48550/arXiv.1506.02045
https://inspirehep.net/literature/1375056
https://doi.org/10.1007/JHEP07(2017)131
https://doi.org/10.1007/JHEP07(2017)131
https://doi.org/10.48550/arXiv.1704.08667
https://inspirehep.net/literature/1597162
https://doi.org/10.1007/JHEP07(2017)090
https://doi.org/10.1007/JHEP07(2017)090
https://doi.org/10.48550/arXiv.1704.08665
https://inspirehep.net/literature/1597161
https://doi.org/10.1016/S0550-3213(99)00072-3
https://doi.org/10.48550/arXiv.hep-th/9712256
https://inspirehep.net/literature/452942
https://doi.org/10.4310/ATMP.1998.v2.n4.a3
https://doi.org/10.4310/ATMP.1998.v2.n4.a3
https://doi.org/10.48550/arXiv.hep-th/9806194
https://inspirehep.net/literature/472215
https://doi.org/10.1088/1126-6708/1998/12/026
https://doi.org/10.1088/1126-6708/1998/12/026
https://doi.org/10.48550/arXiv.hep-th/9812046
https://inspirehep.net/literature/480548
https://doi.org/10.1088/1126-6708/1999/04/008
https://doi.org/10.48550/arXiv.hep-th/9903219
https://inspirehep.net/literature/497373
https://doi.org/10.1016/S0550-3213(99)00785-3
https://doi.org/10.1016/S0550-3213(99)00785-3
https://doi.org/10.48550/arXiv.hep-th/9906215
https://inspirehep.net/literature/502579
https://doi.org/10.1063/1.1377273
https://doi.org/10.1063/1.1377273
https://doi.org/10.48550/arXiv.hep-th/0001053
https://inspirehep.net/literature/522878
https://doi.org/10.1063/1.1377039
https://doi.org/10.48550/arXiv.hep-th/0005183
https://inspirehep.net/literature/527595
https://doi.org/10.1103/PhysRevD.65.106006
https://doi.org/10.48550/arXiv.hep-th/0111180
https://inspirehep.net/literature/566998
https://doi.org/10.1007/JHEP04(2019)103
https://doi.org/10.48550/arXiv.1812.01007
https://inspirehep.net/literature/1706786
https://doi.org/10.1088/1751-8113/48/18/185402
https://doi.org/10.1088/1751-8113/48/18/185402
https://doi.org/10.48550/arXiv.1501.07236
https://inspirehep.net/literature/1341638
https://doi.org/10.1007/JHEP05(2018)085
https://doi.org/10.48550/arXiv.1803.04423
https://inspirehep.net/literature/1662310


J
H
E
P
0
9
(
2
0
2
4
)
1
3
5

[24] L. Eberhardt, M.R. Gaberdiel and R. Gopakumar, Deriving the AdS3/CFT2 correspondence,
JHEP 02 (2020) 136 [arXiv:1911.00378] [INSPIRE].

[25] L. Eberhardt, Partition functions of the tensionless string, JHEP 03 (2021) 176
[arXiv:2008.07533] [INSPIRE].

[26] L. Eberhardt, Summing over Geometries in String Theory, JHEP 05 (2021) 233
[arXiv:2102.12355] [INSPIRE].

[27] M.R. Gaberdiel, B. Knighton and J. Vošmera, D-branes in AdS3 × S3 × T4 at k = 1 and their
holographic duals, JHEP 12 (2021) 149 [arXiv:2110.05509] [INSPIRE].

[28] M.-A. Fiset, M.R. Gaberdiel, K. Naderi and V. Sriprachyakul, Perturbing the symmetric
orbifold from the worldsheet, JHEP 07 (2023) 093 [arXiv:2212.12342] [INSPIRE].

[29] L. Eberhardt, AdS3/CFT2 at higher genus, JHEP 05 (2020) 150 [arXiv:2002.11729]
[INSPIRE].

[30] A. Dei, M.R. Gaberdiel, R. Gopakumar and B. Knighton, Free field world-sheet correlators for
AdS3, JHEP 02 (2021) 081 [arXiv:2009.11306] [INSPIRE].

[31] B. Knighton, Higher genus correlators for tensionless AdS3 strings, JHEP 04 (2021) 211
[arXiv:2012.01445] [INSPIRE].

[32] H. Bertle, A. Dei and M.R. Gaberdiel, Stress-energy tensor correlators from the world-sheet,
JHEP 03 (2021) 036 [arXiv:2012.08486] [INSPIRE].

[33] M.R. Gaberdiel and K. Naderi, The physical states of the Hybrid Formalism, JHEP 10 (2021)
168 [arXiv:2106.06476] [INSPIRE].

[34] M.R. Gaberdiel, K. Naderi and V. Sriprachyakul, The free field realisation of the BVW string,
JHEP 08 (2022) 274 [arXiv:2202.11392] [INSPIRE].

[35] C. Beem and A.E.V. Ferrari, Free field realisation of boundary vertex algebras for Abelian gauge
theories in three dimensions, arXiv:2304.11055 [INSPIRE].

[36] A. Giveon, D. Kutasov and O. Pelc, Holography for noncritical superstrings, JHEP 10 (1999)
035 [hep-th/9907178] [INSPIRE].

[37] N. Berkovits, C. Vafa and E. Witten, Conformal field theory of AdS background with
Ramond-Ramond flux, JHEP 03 (1999) 018 [hep-th/9902098] [INSPIRE].

[38] L. Eberhardt and M.R. Gaberdiel, String theory on AdS3 and the symmetric orbifold of
Liouville theory, Nucl. Phys. B 948 (2019) 114774 [arXiv:1903.00421] [INSPIRE].

[39] K. Naderi, DDF operators in the hybrid formalism, JHEP 12 (2022) 043 [arXiv:2208.01617]
[INSPIRE].

[40] A. Kent and G. Watts, Signature characters for A2 and B2, DAMTP-89-30, Cambridge Univ.
Dept. Appl. Math. Theor. Phys., Cambridge (1990).

[41] M.R. Gaberdiel and P. Goddard, Axiomatic conformal field theory, Commun. Math. Phys. 209
(2000) 549 [hep-th/9810019] [INSPIRE].

[42] G.E. Arutyunov and S.A. Frolov, Virasoro amplitude from the S**N R**24 orbifold sigma
model, Theor. Math. Phys. 114 (1998) 43 [hep-th/9708129] [INSPIRE].

[43] G.E. Arutyunov and S.A. Frolov, Four graviton scattering amplitude from SN R8

supersymmetric orbifold sigma model, Nucl. Phys. B 524 (1998) 159 [hep-th/9712061]
[INSPIRE].

– 58 –

https://doi.org/10.1007/JHEP02(2020)136
https://doi.org/10.48550/arXiv.1911.00378
https://inspirehep.net/literature/1762625
https://doi.org/10.1007/JHEP03(2021)176
https://doi.org/10.48550/arXiv.2008.07533
https://inspirehep.net/literature/1812099
https://doi.org/10.1007/JHEP05(2021)233
https://doi.org/10.48550/arXiv.2102.12355
https://inspirehep.net/literature/1848253
https://doi.org/10.1007/JHEP12(2021)149
https://doi.org/10.48550/arXiv.2110.05509
https://inspirehep.net/literature/1942216
https://doi.org/10.1007/JHEP07(2023)093
https://doi.org/10.48550/arXiv.2212.12342
https://inspirehep.net/literature/2617969
https://doi.org/10.1007/JHEP05(2020)150
https://doi.org/10.48550/arXiv.2002.11729
https://inspirehep.net/literature/1782647
https://doi.org/10.1007/JHEP02(2021)081
https://doi.org/10.48550/arXiv.2009.11306
https://inspirehep.net/literature/1818856
https://doi.org/10.1007/JHEP04(2021)211
https://doi.org/10.48550/arXiv.2012.01445
https://inspirehep.net/literature/1834650
https://doi.org/10.1007/JHEP03(2021)036
https://doi.org/10.48550/arXiv.2012.08486
https://inspirehep.net/literature/1836708
https://doi.org/10.1007/JHEP10(2021)168
https://doi.org/10.1007/JHEP10(2021)168
https://doi.org/10.48550/arXiv.2106.06476
https://inspirehep.net/literature/1868137
https://doi.org/10.1007/JHEP08(2022)274
https://doi.org/10.48550/arXiv.2202.11392
https://inspirehep.net/literature/2037037
https://doi.org/10.48550/arXiv.2304.11055
https://inspirehep.net/literature/2653377
https://doi.org/10.1088/1126-6708/1999/10/035
https://doi.org/10.1088/1126-6708/1999/10/035
https://doi.org/10.48550/arXiv.hep-th/9907178
https://inspirehep.net/literature/504283
https://doi.org/10.1088/1126-6708/1999/03/018
https://doi.org/10.48550/arXiv.hep-th/9902098
https://inspirehep.net/literature/495279
https://doi.org/10.1016/j.nuclphysb.2019.114774
https://doi.org/10.48550/arXiv.1903.00421
https://inspirehep.net/literature/1722880
https://doi.org/10.1007/JHEP12(2022)043
https://doi.org/10.48550/arXiv.2208.01617
https://inspirehep.net/literature/2130152
http://cds.cern.ch/record/218890
https://doi.org/10.1007/s002200050031
https://doi.org/10.1007/s002200050031
https://doi.org/10.48550/arXiv.hep-th/9810019
https://inspirehep.net/literature/477327
https://doi.org/10.1007/BF02557107
https://doi.org/10.48550/arXiv.hep-th/9708129
https://inspirehep.net/literature/447585
https://doi.org/10.1016/S0550-3213(98)00326-5
https://doi.org/10.48550/arXiv.hep-th/9712061
https://inspirehep.net/literature/451975


J
H
E
P
0
9
(
2
0
2
4
)
1
3
5

[44] A. Jevicki, M. Mihailescu and S. Ramgoolam, Gravity from CFT on SN (X): Symmetries and
interactions, Nucl. Phys. B 577 (2000) 47 [hep-th/9907144] [INSPIRE].

[45] O. Lunin and S.D. Mathur, Correlation functions for MN/SN orbifolds, Commun. Math. Phys.
219 (2001) 399 [hep-th/0006196] [INSPIRE].

[46] O. Lunin and S.D. Mathur, Three point functions for M(N)/S(N) orbifolds with N = 4
supersymmetry, Commun. Math. Phys. 227 (2002) 385 [hep-th/0103169] [INSPIRE].

[47] A. Pakman, L. Rastelli and S.S. Razamat, Diagrams for Symmetric Product Orbifolds, JHEP
10 (2009) 034 [arXiv:0905.3448] [INSPIRE].

[48] K. Roumpedakis, Comments on the SN orbifold CFT in the large N -limit, JHEP 07 (2018) 038
[arXiv:1804.03207] [INSPIRE].

[49] A. Dei and L. Eberhardt, Correlators of the symmetric product orbifold, JHEP 01 (2020) 108
[arXiv:1911.08485] [INSPIRE].

[50] Y. Hikida and T. Liu, Correlation functions of symmetric orbifold from AdS3 string theory,
JHEP 09 (2020) 157 [arXiv:2005.12511] [INSPIRE].

[51] B.A. Burrington and A.W. Peet, Fractional conformal descendants and correlators in general
2D SN orbifold CFTs at large N, JHEP 02 (2023) 091 [arXiv:2211.04633] [INSPIRE].

[52] H.F. Jia, Twist operator correlator revisited and tau function on Hurwitz space,
arXiv:2307.03729 [INSPIRE].

[53] A. Dei, B. Knighton and K. Naderi, Solving AdS3 string theory at minimal tension:
higher-genus correlators, to appear.

[54] A. Dei and L. Eberhardt, String correlators on AdS3: Analytic structure and dual CFT, SciPost
Phys. 13 (2022) 053 [arXiv:2203.13264] [INSPIRE].

[55] D. Gaiotto and M. Rapčák, Vertex Algebras at the Corner, JHEP 01 (2019) 160
[arXiv:1703.00982] [INSPIRE].

[56] K. Thielemans, A Mathematica package for computing operator product expansions, Int. J. Mod.
Phys. C 2 (1991) 787 [INSPIRE].

[57] P. Minces, C.A. Nunez and E. Herscovich, Winding strings in AdS(3), JHEP 06 (2006) 047
[hep-th/0512196] [INSPIRE].

[58] Y. Cagnacci and S.M. Iguri, More AdS3 correlators, Phys. Rev. D 89 (2014) 066006
[arXiv:1312.3353] [INSPIRE].

[59] A. Dei and L. Eberhardt, String correlators on AdS3: three-point functions, JHEP 08 (2021)
025 [arXiv:2105.12130] [INSPIRE].

[60] A. Dei and L. Eberhardt, String correlators on AdS3: four-point functions, JHEP 09 (2021)
209 [arXiv:2107.01481] [INSPIRE].

[61] S. Iguri, N. Kovensky and J.H. Toro, Spectral flow and string correlators in AdS3 × S3 × T 4,
JHEP 01 (2023) 161 [arXiv:2211.02521] [INSPIRE].

[62] D. Bufalini, S. Iguri and N. Kovensky, A proof for string three-point functions in AdS3, JHEP
02 (2023) 246 [arXiv:2212.05877] [INSPIRE].

[63] S. Iguri, N. Kovensky and J.H. Toro, Spectral flow and the exact AdS3/CFT2 chiral ring, JHEP
08 (2023) 034 [arXiv:2304.08361] [INSPIRE].

[64] G. Giribet and C.A. Nunez, Aspects of the free field description of string theory on AdS3,
JHEP 06 (2000) 033 [hep-th/0006070] [INSPIRE].

– 59 –

https://doi.org/10.1016/S0550-3213(00)00147-4
https://doi.org/10.48550/arXiv.hep-th/9907144
https://inspirehep.net/literature/484996
https://doi.org/10.1007/s002200100431
https://doi.org/10.1007/s002200100431
https://doi.org/10.48550/arXiv.hep-th/0006196
https://inspirehep.net/literature/529319
https://doi.org/10.1007/s002200200638
https://doi.org/10.48550/arXiv.hep-th/0103169
https://inspirehep.net/literature/554351
https://doi.org/10.1088/1126-6708/2009/10/034
https://doi.org/10.1088/1126-6708/2009/10/034
https://doi.org/10.48550/arXiv.0905.3448
https://inspirehep.net/literature/820993
https://doi.org/10.1007/JHEP07(2018)038
https://doi.org/10.48550/arXiv.1804.03207
https://inspirehep.net/literature/1667050
https://doi.org/10.1007/JHEP01(2020)108
https://doi.org/10.48550/arXiv.1911.08485
https://inspirehep.net/literature/1766185
https://doi.org/10.1007/JHEP09(2020)157
https://doi.org/10.48550/arXiv.2005.12511
https://inspirehep.net/literature/1797868
https://doi.org/10.1007/JHEP02(2023)091
https://doi.org/10.48550/arXiv.2211.04633
https://inspirehep.net/literature/2178481
https://doi.org/10.48550/arXiv.2307.03729
https://inspirehep.net/literature/2675179
https://doi.org/10.21468/SciPostPhys.13.3.053
https://doi.org/10.21468/SciPostPhys.13.3.053
https://doi.org/10.48550/arXiv.2203.13264
https://inspirehep.net/literature/2058457
https://doi.org/10.1007/JHEP01(2019)160
https://doi.org/10.48550/arXiv.1703.00982
https://inspirehep.net/literature/1516023
https://doi.org/10.1142/S0129183191001001
https://doi.org/10.1142/S0129183191001001
https://inspirehep.net/literature/316762
https://doi.org/10.1088/1126-6708/2006/06/047
https://doi.org/10.48550/arXiv.hep-th/0512196
https://inspirehep.net/literature/700401
https://doi.org/10.1103/PhysRevD.89.066006
https://doi.org/10.48550/arXiv.1312.3353
https://inspirehep.net/literature/1269002
https://doi.org/10.1007/JHEP08(2021)025
https://doi.org/10.1007/JHEP08(2021)025
https://doi.org/10.48550/arXiv.2105.12130
https://inspirehep.net/literature/1865629
https://doi.org/10.1007/JHEP09(2021)209
https://doi.org/10.1007/JHEP09(2021)209
https://doi.org/10.48550/arXiv.2107.01481
https://inspirehep.net/literature/1876828
https://doi.org/10.1007/JHEP01(2023)161
https://doi.org/10.48550/arXiv.2211.02521
https://inspirehep.net/literature/2176746
https://doi.org/10.1007/JHEP02(2023)246
https://doi.org/10.1007/JHEP02(2023)246
https://doi.org/10.48550/arXiv.2212.05877
https://inspirehep.net/literature/2613301
https://doi.org/10.1007/JHEP08(2023)034
https://doi.org/10.1007/JHEP08(2023)034
https://doi.org/10.48550/arXiv.2304.08361
https://inspirehep.net/literature/2651854
https://doi.org/10.1088/1126-6708/2000/06/033
https://doi.org/10.48550/arXiv.hep-th/0006070
https://inspirehep.net/literature/528466


J
H
E
P
0
9
(
2
0
2
4
)
1
3
5

[65] A.V. Stoyanovsky, A relation between the knizhnik-zamolodchikov and
belavin-polyakov-zamolodchikov systems of partial differential equations, math-ph/0012013
[INSPIRE].

[66] G. Giribet and C.A. Nunez, Correlators in AdS3 string theory, JHEP 06 (2001) 010
[hep-th/0105200] [INSPIRE].

[67] S. Ribault and J. Teschner, H+
3 -WZNW correlators from Liouville theory, JHEP 06 (2005) 014

[hep-th/0502048] [INSPIRE].

[68] G. Giribet and Y. Nakayama, The Stoyanovsky-Ribault-Teschner map and string scattering
amplitudes, Int. J. Mod. Phys. A 21 (2006) 4003 [hep-th/0505203] [INSPIRE].

[69] S. Ribault, Knizhnik-Zamolodchikov equations and spectral flow in AdS3 string theory, JHEP
09 (2005) 045 [hep-th/0507114] [INSPIRE].

[70] G. Giribet, On spectral flow symmetry and Knizhnik-Zamolodchikov equation, Phys. Lett. B 628
(2005) 148 [hep-th/0508019] [INSPIRE].

[71] S. Iguri and C.A. Nunez, Coulomb integrals for the SL(2, R) WZW model, Phys. Rev. D 77
(2008) 066015 [arXiv:0705.4461] [INSPIRE].

[72] M. Wakimoto, Fock representations of the affine Lie algebra A1(1), Commun. Math. Phys. 104
(1986) 605 [INSPIRE].

[73] P. Di Francesco, P. Mathieu and D. Senechal, Conformal Field Theory, Graduate Texts in
Contemporary Physics, Springer-Verlag, New York, U.S.A. (1997).

[74] P. Goddard, A. Kent and D.I. Olive, Virasoro Algebras and Coset Space Models, Phys. Lett. B
152 (1985) 88 [INSPIRE].

[75] N.M. McStay and R.A. Reid-Edwards, Symmetries and covering maps for the minimal tension
string on AdS3 × S3 × T 4, JHEP 04 (2024) 048 [arXiv:2306.16280] [INSPIRE].

[76] R. Blumenhagen, D. Lüst and S. Theisen, Basic concepts of string theory, Springer, Heidelberg,
Germany (2013) [DOI:10.1007/978-3-642-29497-6] [INSPIRE].

[77] D. Gepner and E. Witten, String Theory on Group Manifolds, Nucl. Phys. B 278 (1986) 493
[INSPIRE].

[78] M.B. Green, J.H. Schwarz and E. Witten, Superstring Theory. Vol. 1: Introduction, Cambridge
Monographs on Mathematical Physics, Cambridge University Press (1988).

[79] S. Gerigk, Superstring theory on AdS3 × S3 and the PSL(2|2) WZW model, Ph.D. thesis, ETH,
Zurich, Switzerland (2012) [INSPIRE].

[80] J.R. David, G. Mandal and S.R. Wadia, Microscopic formulation of black holes in string theory,
Phys. Rept. 369 (2002) 549 [hep-th/0203048] [INSPIRE].

[81] E. Del Giudice, P. Di Vecchia and S. Fubini, General properties of the dual resonance model,
Annals Phys. 70 (1972) 378 [INSPIRE].

[82] E. Witten, Superstring Perturbation Theory Revisited, arXiv:1209.5461 [INSPIRE].

[83] D. Friedan, E.J. Martinec and S.H. Shenker, Conformal invariance, supersymmetry and string
theory, Nucl. Phys. B 271 (1986) 93 [INSPIRE].

[84] K. Ito, Extended superconformal algebras on AdS(3), Phys. Lett. B 449 (1999) 48
[hep-th/9811002] [INSPIRE].

[85] O. Andreev, On affine Lie superalgebras, AdS(3)/CFT correspondence and world sheets for
world sheets, Nucl. Phys. B 552 (1999) 169 [hep-th/9901118] [INSPIRE].

– 60 –

https://doi.org/10.48550/arXiv.math-ph/0012013
https://inspirehep.net/literature/549675
https://doi.org/10.1088/1126-6708/2001/06/010
https://doi.org/10.48550/arXiv.hep-th/0105200
https://inspirehep.net/literature/556970
https://doi.org/10.1088/1126-6708/2005/06/014
https://doi.org/10.48550/arXiv.hep-th/0502048
https://inspirehep.net/literature/676124
https://doi.org/10.1142/S0217751X06031697
https://doi.org/10.48550/arXiv.hep-th/0505203
https://inspirehep.net/literature/683204
https://doi.org/10.1088/1126-6708/2005/09/045
https://doi.org/10.1088/1126-6708/2005/09/045
https://doi.org/10.48550/arXiv.hep-th/0507114
https://inspirehep.net/literature/687228
https://doi.org/10.1016/j.physletb.2005.09.031
https://doi.org/10.1016/j.physletb.2005.09.031
https://doi.org/10.48550/arXiv.hep-th/0508019
https://inspirehep.net/literature/688951
https://doi.org/10.1103/PhysRevD.77.066015
https://doi.org/10.1103/PhysRevD.77.066015
https://doi.org/10.48550/arXiv.0705.4461
https://inspirehep.net/literature/751789
https://doi.org/10.1007/BF01211068
https://doi.org/10.1007/BF01211068
https://inspirehep.net/literature/226852
https://doi.org/10.1016/0370-2693(85)91145-1
https://doi.org/10.1016/0370-2693(85)91145-1
https://inspirehep.net/literature/15856
https://doi.org/10.1007/JHEP04(2024)048
https://doi.org/10.48550/arXiv.2306.16280
https://inspirehep.net/literature/2672601
https://doi.org/10.1007/978-3-642-29497-6
https://inspirehep.net/literature/1217904
https://doi.org/10.1016/0550-3213(86)90051-9
https://inspirehep.net/literature/230076
https://inspirehep.net/literature/1317951
https://doi.org/10.1016/S0370-1573(02)00271-5
https://doi.org/10.48550/arXiv.hep-th/0203048
https://inspirehep.net/literature/583776
https://doi.org/10.1016/0003-4916(72)90272-2
https://inspirehep.net/literature/67611
https://doi.org/10.48550/arXiv.1209.5461
https://inspirehep.net/literature/1188034
https://doi.org/10.1016/S0550-3213(86)80006-2
https://inspirehep.net/literature/219787
https://doi.org/10.1016/S0370-2693(99)00070-2
https://doi.org/10.48550/arXiv.hep-th/9811002
https://inspirehep.net/literature/478731
https://doi.org/10.1016/S0550-3213(99)00247-3
https://doi.org/10.48550/arXiv.hep-th/9901118
https://inspirehep.net/literature/494454


J
H
E
P
0
9
(
2
0
2
4
)
1
3
5

[86] S.K. Ashok, R. Benichou and J. Troost, Asymptotic Symmetries of String Theory on AdS3 × S3

with Ramond-Ramond Fluxes, JHEP 10 (2009) 051 [arXiv:0907.1242] [INSPIRE].

[87] N.A. Nekrasov, Lectures on curved beta-gamma systems, pure spinors, and anomalies,
hep-th/0511008 [INSPIRE].

[88] E. Frenkel and A. Losev, Mirror symmetry in two steps: A-I-B, Commun. Math. Phys. 269
(2006) 39 [hep-th/0505131] [INSPIRE].

[89] N. Berkovits and C. Vafa, N = 4 topological strings, Nucl. Phys. B 433 (1995) 123
[hep-th/9407190] [INSPIRE].

[90] A. Gerasimov et al., Wess-Zumino-Witten model as a theory of free fields, Int. J. Mod. Phys. A
5 (1990) 2495 [INSPIRE].

[91] G. Giribet and C.A. Nunez, Interacting strings on AdS3, JHEP 11 (1999) 031
[hep-th/9909149] [INSPIRE].

[92] G. Giribet, Note on the spectral flow operator, Phys. Rev. D 100 (2019) 126007
[arXiv:1907.04439] [INSPIRE].

[93] E.P. Verlinde and H.L. Verlinde, Multiloop Calculations in Covariant Superstring Theory, Phys.
Lett. B 192 (1987) 95 [INSPIRE].

[94] S. Hamidi and C. Vafa, Interactions on Orbifolds, Nucl. Phys. B 279 (1987) 465 [INSPIRE].

[95] B. Knighton, Holography and the Tensionless String, Ph.D. thesis, ETH, Zurich, Switzerland
(2023) [INSPIRE].

[96] R. Gopakumar and E.A. Mazenc, Deriving the Simplest Gauge-String Duality — I:
Open-Closed-Open Triality, arXiv:2212.05999 [INSPIRE].

[97] L. Eberhardt, A perturbative CFT dual for pure NS–NS AdS3 strings, J. Phys. A 55 (2022)
064001 [arXiv:2110.07535] [INSPIRE].

[98] L. Eberhardt and M.R. Gaberdiel, Strings on AdS3 × S3 × S3 × S1, JHEP 06 (2019) 035
[arXiv:1904.01585] [INSPIRE].

[99] L. Eberhardt, M.R. Gaberdiel and W. Li, A holographic dual for string theory on
AdS3 × S3 × S3 × S1, JHEP 08 (2017) 111 [arXiv:1707.02705] [INSPIRE].

[100] M.R. Gaberdiel and R. Gopakumar, String Dual to Free N = 4 Supersymmetric Yang-Mills
Theory, Phys. Rev. Lett. 127 (2021) 131601 [arXiv:2104.08263] [INSPIRE].

[101] M.R. Gaberdiel and R. Gopakumar, The worldsheet dual of free super Yang-Mills in 4D, JHEP
11 (2021) 129 [arXiv:2105.10496] [INSPIRE].

[102] Y. Satoh, Three point functions and operator product expansion in the SL(2) conformal field
theory, Nucl. Phys. B 629 (2002) 188 [hep-th/0109059] [INSPIRE].

[103] S.M. Iguri and C.A. Nunez, Coulomb integrals and conformal blocks in the AdS(3) — WZNW
model, JHEP 11 (2009) 090 [arXiv:0908.3460] [INSPIRE].

[104] G. Giribet, One-loop amplitudes of winding strings in AdS3 and the Coulomb gas approach,
Phys. Rev. D 93 (2016) 064037 [arXiv:1511.04017] [INSPIRE].

[105] B. Knighton, S. Seet and V. Sriprachyakul, Spectral flow and localisation in AdS3 string theory,
JHEP 05 (2024) 113 [arXiv:2312.08429] [INSPIRE].

[106] B. Knighton and V. Sriprachyakul, Unravelling AdS3/CFT2 near the boundary,
arXiv:2404.07296 [INSPIRE].

– 61 –

https://doi.org/10.1088/1126-6708/2009/10/051
https://doi.org/10.48550/arXiv.0907.1242
https://inspirehep.net/literature/825139
https://doi.org/10.48550/arXiv.hep-th/0511008
https://inspirehep.net/literature/696666
https://doi.org/10.1007/s00220-006-0114-1
https://doi.org/10.1007/s00220-006-0114-1
https://doi.org/10.48550/arXiv.hep-th/0505131
https://inspirehep.net/literature/682702
https://doi.org/10.1016/0550-3213(94)00419-F
https://doi.org/10.48550/arXiv.hep-th/9407190
https://inspirehep.net/literature/375171
https://doi.org/10.1142/S0217751X9000115X
https://doi.org/10.1142/S0217751X9000115X
https://inspirehep.net/literature/303548
https://doi.org/10.1088/1126-6708/1999/11/031
https://doi.org/10.48550/arXiv.hep-th/9909149
https://inspirehep.net/literature/507524
https://doi.org/10.1103/PhysRevD.100.126007
https://doi.org/10.48550/arXiv.1907.04439
https://inspirehep.net/literature/1743180
https://doi.org/10.1016/0370-2693(87)91148-8
https://doi.org/10.1016/0370-2693(87)91148-8
https://inspirehep.net/literature/244737
https://doi.org/10.1016/0550-3213(87)90006-X
https://inspirehep.net/literature/229180
https://inspirehep.net/literature/2694771
https://doi.org/10.48550/arXiv.2212.05999
https://inspirehep.net/literature/2613338
https://doi.org/10.1088/1751-8121/ac47b2
https://doi.org/10.1088/1751-8121/ac47b2
https://doi.org/10.48550/arXiv.2110.07535
https://inspirehep.net/literature/1944927
https://doi.org/10.1007/JHEP06(2019)035
https://doi.org/10.48550/arXiv.1904.01585
https://inspirehep.net/literature/1727947
https://doi.org/10.1007/JHEP08(2017)111
https://doi.org/10.48550/arXiv.1707.02705
https://inspirehep.net/literature/1609287
https://doi.org/10.1103/PhysRevLett.127.131601
https://doi.org/10.48550/arXiv.2104.08263
https://inspirehep.net/literature/1926031
https://doi.org/10.1007/JHEP11(2021)129
https://doi.org/10.1007/JHEP11(2021)129
https://doi.org/10.48550/arXiv.2105.10496
https://inspirehep.net/literature/1864661
https://doi.org/10.1016/S0550-3213(02)00127-X
https://doi.org/10.48550/arXiv.hep-th/0109059
https://inspirehep.net/literature/562513
https://doi.org/10.1088/1126-6708/2009/11/090
https://doi.org/10.48550/arXiv.0908.3460
https://inspirehep.net/literature/829381
https://doi.org/10.1103/PhysRevD.93.064037
https://doi.org/10.48550/arXiv.1511.04017
https://inspirehep.net/literature/1404196
https://doi.org/10.1007/JHEP05(2024)113
https://doi.org/10.48550/arXiv.2312.08429
https://inspirehep.net/literature/2737249
https://doi.org/10.48550/arXiv.2404.07296
https://inspirehep.net/literature/2776365


J
H
E
P
0
9
(
2
0
2
4
)
1
3
5

[107] Y. Hikida and V. Schomerus, Engineering perturbative string duals for symmetric product
orbifold CFTs, JHEP 06 (2024) 071 [arXiv:2312.05317] [INSPIRE].

[108] D. Kutasov, Some properties of (non)critical strings, in the proceedings of the Spring School on
String Theory and Quantum Gravity, Trieste, Italy (1991) [hep-th/9110041] [INSPIRE].

[109] S. Murthy, Closed and open string theories in non-critical backgrounds, Ph.D. thesis, Princeton
University, Princeton, U.S.A. (2004) [INSPIRE].

[110] S. Murthy, Non-critical heterotic superstrings in various dimensions, JHEP 10 (2006) 037
[hep-th/0603121] [INSPIRE].

[111] B. Balthazar, A. Giveon, D. Kutasov and E.J. Martinec, Asymptotically free AdS3/CFT2,
JHEP 01 (2022) 008 [arXiv:2109.00065] [INSPIRE].

[112] K. Costello and D. Gaiotto, Twisted Holography, arXiv:1812.09257 [INSPIRE].

[113] W. Lerche, Gromov-Witten/Hilbert versus AdS3/CFT2 Correspondence, arXiv:2310.15237
[INSPIRE].

[114] E. Witten, Topological Sigma Models, Commun. Math. Phys. 118 (1988) 411 [INSPIRE].

[115] S. Cordes, G.W. Moore and S. Ramgoolam, Large N 2-D Yang-Mills theory and topological
string theory, Commun. Math. Phys. 185 (1997) 543 [hep-th/9402107] [INSPIRE].

[116] E. Witten, Two-dimensional models with (0,2) supersymmetry: Perturbative aspects, Adv.
Theor. Math. Phys. 11 (2007) 1 [hep-th/0504078] [INSPIRE].

[117] A. Okounkov and R. Pandharipande, Gromov-Witten theory, Hurwitz theory, and completed
cycles, Ann. Math. 163 (2006) 517 [math/0204305] [INSPIRE].

– 62 –

https://doi.org/10.1007/JHEP06(2024)071
https://doi.org/10.48550/arXiv.2312.05317
https://inspirehep.net/literature/2734739
https://doi.org/10.48550/arXiv.hep-th/9110041
https://inspirehep.net/literature/319422
https://inspirehep.net/literature/671876
https://doi.org/10.1088/1126-6708/2006/10/037
https://doi.org/10.48550/arXiv.hep-th/0603121
https://inspirehep.net/literature/712513
https://doi.org/10.1007/JHEP01(2022)008
https://doi.org/10.48550/arXiv.2109.00065
https://inspirehep.net/literature/1914775
https://doi.org/10.48550/arXiv.1812.09257
https://inspirehep.net/literature/1711156
https://doi.org/10.48550/arXiv.2310.15237
https://inspirehep.net/literature/2713653
https://doi.org/10.1007/BF01466725
https://inspirehep.net/literature/261257
https://doi.org/10.1007/s002200050102
https://doi.org/10.48550/arXiv.hep-th/9402107
https://inspirehep.net/literature/371691
https://doi.org/10.4310/ATMP.2007.v11.n1.a1
https://doi.org/10.4310/ATMP.2007.v11.n1.a1
https://doi.org/10.48550/arXiv.hep-th/0504078
https://inspirehep.net/literature/680140
https://doi.org/10.4007/annals.2006.163.517
https://doi.org/10.48550/arXiv.math/0204305
https://inspirehep.net/literature/1383332

	Introduction
	The worldsheet theory
	An alternative free-field realization
	Representations and spectral flow
	Relation to the Wakimoto representation
	Spacetime interpretation of the free fields
	The worldsheet N=4 algebra

	The worldsheet spectrum
	Spectrally-flowed characters
	The worldsheet partition function
	The physical states on the worldsheet
	Delta-function operators
	Spacetime symmetry generators and DDF operators

	The path integral on Euclidean AdS3
	Compactifying the conformal boundary
	As a `secret' representation
	Correlation functions and holomorphic maps

	Spacetime correlation functions from the worldsheet
	Symmetric orbifold correlation functions
	Outline of the calculation
	String correlators in the hybrid formalism
	Tree-level correlator of w-twisted ground states from the worldsheet

	Conclusions, discussion and open questions
	beta-gamma systems
	Evaluating the path integral
	Relation to the symplectic boson theory
	The hybrid formalism
	Algebras and representations

