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Abstract

Energy Transmission across 2d Holographic Interface

Conformal Field Theories.

Saba Asif Baig, PhD
The University of Texas at Austin, 2025

SUPERVISOR: Andreas Karch

This dissertation uses conformal interfaces as a tool to better understand two-
dimensional irrational conformal field theories. The central focus is on extracting
physical data encoded in conformally invariant interfaces in both weakly and strongly
interacting limits, by using field-theoretic and holographic methods (AdS/CFT cor-
respondence) respectively. It consists of 4 chapters. The first chapter introduces the
reader to the gravitational wave scattering problem used to probe the interface and
relevant underlying ideas in 2d CF'Ts, the holographic principle, energy transmission
coefficient, and entanglement entropy. Chapter 2 is based on work with Andreas
Karch on a holographic toy model involving a double-brane interface geometry, show-
ing that energy transmission and boundary entropy can be independently varied[I].
Chapter 3 is based on work with Sanjit Shashi on a symmetric orbifold interface con-
formal field theory dual to a non-supersymmetric Janus solution and finds that the
transmission coefficient functionally differs between weak and strong coupling, unlike
what was known for boundary entropy[2]. Chapter 4 is based on work with Andreas
Karch and Miangi Wang on investigating the supersymmetric Janus solution to find
exact agreement in transmission coefficients between weak and strong limits, showing

that supersymmetry protects transport data, like in the case of boundary entropy|[3].
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Chapter 1: Introduction

This dissertation was completed as a Ph.D. student in the Weinberg Theory
Group at the University of Texas at Austin and uses codimension-1 interfaces as a
tool to better understand 2d conformal field theories (CFTs). The main idea is to
investigate the physical data encoded in a conformally invariant interface that sepa-
rates two CFTs with different central charges or parameters, which could be useful in
characterizing interface conformal field theories (ICFTs). ICFTs can be mapped to
the more widely recognized boundary conformal field theories (BCFTs) by applying
the folding trick, and imposing the same symmetry constraints. However, certain
physical quantities are more intuitive in the ICFT picture and can be computed rel-
atively easily without explicitly solving for a particular boundary state. In the 2d
ICFTs in this thesis, we investigate two such physical quantities: a transmission coef-
ficient which measures the proportion of energy flux transmitted across an interface,
and the additional entanglement entropy of an interval due to the presence of the

interface.

Many CFTs can be marginally deformed without breaking conformal invari-
ance. This means that we are describing an interacting quantum field theory (QFT)
with non-trivial dynamics, but where the coupling constant that controls this inter-
action does not depend on the energy scale, so the theory is still conformal. Physical
observables in CFTs can be calculated in terms of the correlation functions of local
operators. When the deformation (or interaction) is weak, a perturbative computa-
tion using Feynman diagrams is a valid prescription for such physical observables,
but in the strongly deformed limit, the perturbative expansion fails as higher-loop
diagrams contribute significantly. This brings us to holography, which offers tools to

analyze the behaviour of strongly-coupled CFTs in an alternate theory of gravity.

In the large N and strongly deformed limit, according to the Anti-de Sit-
ter/Conformal Field Theory (AdS/CFT) correspondence [5], CFTs living on the

12



‘boundary’ of an AdS spacetime have an equivalent classical gravity description in
the higher-dimensional ‘bulk’ spacetime. N is the effective number of interacting
degrees of freedom and can correspond to large central chargd'] Similarly, BCFTs
(and ICFTSs) can also have dual gravity descriptions[6, [7]. These are given by those
solutions to Einstein’s equations that obey the symmetry constraints imposed on the
boundary /interface. In a simple toy-model ICFT, these solutions turn out to be AdS

spacetimes with different curvature radii separated by fixed tension thin-branes|6], 4].

We can scatter gravitational waves across these ICFTs and calculate the energy
proportion transmitted across the interface, in both bottom-up and top-down models.
In 2d, this depends on one ‘parameter’/piece of CFT data: the 2-point function of
the left and right stress tensors, often labeled in the literature as cpg. The energy
transmission coefficient can be calculated in both the weakly and strongly interacting
limits of the CFTs. In the weak limit, we use field theory techniques to calculate
it for a non-interacting ICFT. In the strong limit, we make use of the AdS/CFT

correspondence and compute transmission in the semi-classical supergravity solution.

The other interesting quantity is additional entanglement entropy due to the
presence of this interface, which can be identified with the boundary entropy in the
BCFT. In 2d, this quantity also depends on one parameter /piece of data: log g where g
is a measure of the ground state degeneracy. In this thesis, we calculate the additional
entanglement entropy in a bottom-up toy model, and use results produced in [8, 9
for the genuine top-down constructions where the CFTs and their holographic duals

are well-known.

In principle, ¢.g and log g are two different pieces of information. In Chapter
2 which is based on the previously published work “Double brane holographic model
dual to 2d ICFTs” by Saba Asif Baig and Andreas Karch [I], we look at a bottom-up

toy model. Since the generic field theory dual is not known (and may not exist), we

'E.g., N can be number of copies in an orbifold or number of branes, size of the gauge group, etc.
Depending on the theory, central charge scales with it as ¢ ~ N, N2, etc.

13



calculate the energy transmission coefficient and the additional entanglement entropy
in the dual gravitational bulk only. In the single-brane case [4, [10], there was a 1 — 1
correspondence between the transmission coefficient and the boundary entropy. Our
toy model consists of the fusion of two single-brane interfaces and this fusion does
not yield another single-brane interface but rather a new object. For this ‘double-
brane’ model, the transmission coefficient and boundary entanglement entropy can
be independently dialed. Therefore, for generic holographic toy models with Randall

Sundrum branes, both these pieces of physical data can be independent of one another.

In top-down constructions, where the AdS/CFT duals from string theory are
well-known, we can compute the transmission coefficient in both the weakly and
strongly coupled limits. We consider two top-down constructions: a sigma model
2d ICFT with a dual non-supersymmetric Janus solution, and its supersymmetric
formulation. The interest in calculating the transmission coefficient in these stems
from the fact that the boundary entropy for these Janus models, produced in [8], [9],
turns out to be fairly well-protected as you go from the weak to the strong limit. While
in the Janus solution, this difference is numerically small, in supersymmetric Janus,
the boundary entropy in the weak and strong limits match exactly. This raises the
question of whether a transport property (transmission coefficient) behaves similarly
to an entropic property (additional entanglement entropy) when supersymmetry is

imposed in ICFTs.

In Chapter 3, which is based on previously published work “Transport across
interfaces in symmetric orbifolds” by Saba Asif Baig and Sanjit Shashi [2], we look at
conformal interfaces in the symmetric orbifold of a non-linear sigma model (NLSM),
which is a theory of N = 4 free compact scalars on a Sym” (T*) target space. It is dual
to the Janus solution: a non-supersymmetric dilatonic deformation of AdSz x S3 x T*.
It turns out that the transmission coefficient has different functional forms in the
weak and strongly coupled limits. The functional forms in both regimes depend on
the dilatonic deformation parameter and the energy transmission is always greater

in the strongly coupled limit. However, the strongly and weakly interacting limits

14



match at the extreme values of the dilatonic deformation, that is, when you turn off

the deformation altogether, or when you deform it maximally to AdS, x R x S x T*.

In Chapter 4, which is based on the previously published work “Transmis-
sion Coefficient of Super-Janus Solution” by Saba Asif Baig, Andreas Karch and
Miangi Wang [3], we look at a theory of N = (4, 4) free compact scalars and their free
fermionic super partners dual to the supersymmetric realization of the Janus solution,
where appropriate boundary conditions at the interface restore half of the supersym-
metry to the usual Janus solution. Here, it turns out the transmission coefficient
is the exact same in both the strongly and weakly coupled limits. Supersymmetry
protects energy transmission as effectively as it protects boundary entropy. We also
observe that in supersymmetric Janus, two pieces of CF'T data, ¢, g (which the trans-
mission coefficient depends on), and ¢,y (which the additional entanglement entropy
for a region entirely to one side of the interface depends on) are related and not

independent.

This thesis begins with an overview of conformal field theories and their sym-
metries, the AdS/CFT correspondence, the scattering problem that calculates the
proportion of energy transmitted across an interface, and the additional entangle-
ment entropy due to the interface. The work of Chapters 2 — 4 reproduce the work
found in [I} 2 B] with the appendices compiled at the end.

1.1 Conformal Field Theories

1.1.1 Interactions in Quantum Field Theories

Quantum field theories (QFTs) have a wide range of applications, from de-
scribing electromagnetic, weak and strong nuclear forces in the standard model to
describing second order phase transitions in statistical mechanics. For a weakly in-
teracting QFT, we can treat the interaction as a perturbation on top of the initial
dynamics of the underlying field content, and the first few Feynman diagrams will

then make the dominant contribution to path integrals which can be used to evaluate

15



observables. If the system is strongly interacting, this expansion can’t be truncated

as higher-order terms (diagrams) contribute more and more.

Strongly coupled systems do appear extensively in physics, from condensed
matter to particle physics. The strength of the interaction is denoted by the coupling
constant A\ and can depend on the energy of the system. For example, in quantum
chromodynamics (QCD) \ weakens at high energies, so low-energy rest mass calcula-
tions are difficult to perform due to the strong coupling. One useful analytic method
for dealing with this is to use strong-weak duality. The gauge/gravity duality refers
to equivalent descriptions of the same physics in terms of either a strongly coupled
QFT or a weakly coupled gravitational theory. The scope of this duality is some-
what restricted as it does not directly describe known physical systems. However,
theories can still capture essential features of real-world theories or offer approxima-
tions, such as N = 4 supersymmetric Yang-Mills (SYM) in 4d can be considered a

supersymmetric version of QCD.

1.1.2 Symmetry considerations in 2d Conformal Field Theory

Some interesting QFTs are often approximately scale-invariant. Examples
include QCD at high energies, near second-order phase transitions or quantum critical
points in condensed matter. Translations and Lorentz transformations, spacetime
inversions and scaling symmetries all together form the conformal group. A QFT

with these symmetries is called a conformal field theory (CFT).

Local conformal symmetry in 2d is special because the symmetry algebra is
infinite-dimensional. In 2d, conformal transformations are locally analytic (holomor-
phic) functions and there can be an infinite number of such holomorphic mappings
of the complex plane into itself: z — f(2), 2 — f(2). Consequently, 2d CFTs
have an infinite number of conserved quantities and the symmetry group is infinite-

dimensional. The generators of these local conformal transformations are the modes

16



L, = —Z”“d%, n € Z. These satisfy the Virasoro algebra with a central extension:

c
[Lin, Ln] = (m —n) Ly + E(m?’ — M) 0mtn0 (1.1)

where L, are the symmetry generators and c is the central charge that arises from

quantum effects.

Some of the important physical observables in CFTs are the correlation func-
tions of local operators. In 2d, infinitely enhanced conformal symmetry highly con-
strains the form of correlation functions. The 2-point function of primary operators
is completely fixed (up to normalization). Most physical observables in 2d CFTs are
either correlation functions of local operators or can be derived from them. These
include operator dimensions (extracted from 2-point functions), operator product
expansion (OPE) coefficients (appear in 3-point functions) that determine the inter-
actions of the theory, conformal blocks (arise from decomposing 4-point functions
via the OPE), and central charge (appears in the stress tensor OPE) that measures

degrees of freedom.

A universal local operator, present in any field theory, is the symmetric stress
tensor T, 3. In 2d CFTs, the holomorphic and anti-holomorphic stress tensors, 7'(z)
and T(z), play a central role in defining the conformal structure, operator algebra,
and symmetries of the theory. The OPE of the holomorphic stress tensor with itself
defines the central charge (¢/2) of the 2d CFT:
c/2 2T (w) N oT (w) N

4 2

T(2)T(w) ~ (1.2)

(z—w)*  (z—w) zZ—w
The 2d conformal theory has an anomaly. Classically, the trace of the stress ten-
sor vanishes, but in the quantized theory its vacuum expectation value (VEV) is

proportional to the central charge ¢ of the CFT.

1.1.3 Marginal Deformations of Conformal Field Theory

Exactly marginal deformations to the CFTs are of interest as they allow the

interface and CFTs to remain conformal but with possibly different correlation func-

17



tions and thereby physical observables. Whether a marginal deformation is exactly
marginal depends on the structure of the theory, its symmetries and anomalies. In
dimensions greater than 2, conformal symmetry is finite-dimensional, so marginal
operators (Acpassical = d) might receive quantum corrections. However, in 2d, the
infinite-dimensional Virasoro algebra tightly controls not just the correlation func-
tions and OPEs, but also the allowed deformations. The space of potentially marginal

operators is smaller and more rigidly structured.

Conformal primary operators are classified by their Virasoro weights (h,h).
In 2d, for an operator to be exactly marginal, it must be a Virasoro primary with
(h,h) = (1,1), and be local with respect to other operators in the theory. Chapter
3 has details on the restricted exactly marginal deformations when we compute the
transmission coefficient in the noninteracting limitﬂ of the symmetric orbifold ICFTs.
Below is a short overview of deformations and the anomalous dimensions of their
coupling constants that determine whether there is an renormalization group (RG)

flow.

The action of a d-dimensional CFT can be deformed by adding any local

operator O(x) where the deformation strength is controlled by a coupling constant A:

Scrr — Scrr + /\/dd:ﬂ O(x) (1.3)

The scaling dimension A of the operator O(x)ﬁ tells us how it behaves under a rescal-

ing of spacetime coordinates:
¥ — px”
O(x) = p~20(px)

A / dr O(x) — A= / d®r O(ux)

2The seed theory is non-interacting with copies of itself. The CFTs on the right and the left can
still exchange energy via the interface.
3Physical units of an operator [0] = m® where A is classical.
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For the deformation of the action to be dimensionless, the coupling constant must have
mass dimension [A\] = m? 2. To keep the form of the action invariant, the pre-factor
is absorbed into a redefined coupling constant \(x). Hence, the scaling dimension A

of an operator O(x) determines its importance at different energy scales:

e A < d: Relevant operator (A has positive mass dimension and grows in IR)
e A = d: Marginal operator () is dimensionless and scale-invariant)

e A > d: Irrelevant operator (A has negative mass dimension and shrinks in IR)

Due to interactions, the scaling dimension can have quantum corrections. The
total scaling dimension is given by: Aguantum = Aclassical + 7(A). Exactly marginal
deformations occur when there is no anomalous dimension 7(\), s0 Aquantum = d.
This is a non-trivial quantum condition. It means A is constant and does not affect
the scaling behavior of the theory at low energies. Such operators preserve conformal
invariance to all orders in perturbation theory or non-perturbatively. A labels a
family of CFTs, and these operators shift you along the conformal manifold (such
as the moduli space of the compact boson CFT). The low-energy behavior remains

conformal but with possibly different correlation functions.

There are deformations that are marginal but not exact, so the anomalous
dimension makes the operator marginally relevant or marginally irrelevant. Even if
A runs slowly under RG flow, it will change the low-energy physics, even though the
operator is marginal at the classical level. The RG flow that governs how physics
looks at different energy scales u is encapsulated by a beta function G(\) = u%.

CFTs occur precisely at fixed points where all beta functions vanish:
BA) =0 Vi

. Whether an operator stays marginal is often decidable from symmetry arguments

alone without computing the beta function explicitly.
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1.2 Holographic Principle
1.2.1 Applying CFT to string theory

A string moves through D-dimensional spacetime, sweeping out a 2d surface
called the worldsheetff] with co-ordinates o and 7 (that label spacetime on the string).
This 2d worldsheet’s embedding in D-dimensional spacetime can be described using
target space coordinates X* (o, 7) which are essentially D free scalar fields defined on
the worldsheet. The dynamics of the string are governed by the Polyakov action:

1
Y ded

S =

/ d*o V=h h® 0, X" 0, X" 1,

Where hy, is the worldsheet metric and 7, is the spacetime metric. This action is
invariant under diffeomorphisms of the worldsheet co-ordinates and local rescalings
of the 2d worldsheet metric. Together, that is conformal invariance in 2 dimensions,

so string theory described from a worldsheet perspective is a 2d CFT.

When we quantize the string, we look for solutions to the equations of motion
of the scalar fields X*. These Fourier mode solutions are the vibrational string modes,
and they correspond to states in the Hilbert space of the 2d CF'T. Different string
excitations like gravitons (massless spin-2 mode), photons (massless spin-1 mode),
dilatons (scalar mode), etc are identified with specific states or vertex operators in

the 2d CFT.

1.2.2 Gauge/gravity duality

Gauge/gravity duality is an equivalence between two different descriptions of
the same physics. On one side are QFTs (or gauge theories such as Yang-Mills) that
describe interacting particles moving in flat d-dimensional spacetime, and on the other
side are (d—i—l)—dimensiona]ﬂ theories that include gravity (such as Einstein’s general

relativity or string theory descriptions). The (d41)-dimensional gravitational theory

4A (1 + 1)d analog of the worldline of a point particle.
5d dimensions of the particle theory and one additional infinite dimension.

20



has a dynamical curved spacetime and the duality asserts that bulk dynamics are
encoded in a d-dimensional QFT. Operators in the QFT correspond to fields in the
gravitational theory, and there is a one-to-one map between the two: a dictionary

relating the field-theory and gravity languages.

In a gauge theory with rank N and coupling g, the dual gravitational descrip-
tion becomes reliable when both N > 1 and the 't Hooft coupling A = ¢?N > 1.
In this regime, the AdS curvature radius scales as L ~ £, (g>N)/* where £, is the
fundamental string length. When A > 1, L is much larger than ¢,, so the space-
time is weakly curved and classical general relativity provides a valid approximation.
Note that string theories are described by general relativity only at low energies; at
high energies, they will contain a large set of string excitations. Conversely, when
A < 1, the curvature radius becomes smaller than the string scale, and stringy effects

dominate, invalidating the classical gravity description.

Thus, a strongly-coupled large N gauge theory corresponds to a weakly curved
gravitational dual where physics in the bulk can be studied using Einstein’s equations.
This is also what makes the duality harder to prove because it’s difficult to do reliable

computations in a strongly coupled field theory to match them to gravitational ones.

An irrational CF'T has an infinite number of primary fields, even under the
maximally extended chiral algebra. In the large N and strongly coupled limit, the
CFT typically becomes irrational, with an infinite spectrum and an irrational central
- rich enough to match the degrees of freedom of a bulk theory in AdS. In contrast,

rational CFTs are too constrained to support a dual gravitational description.

Symmetric orbifold theories, which we discuss ahead, constitute a large and
important class of irrational CFTs. Although each seed theory M may be rational,
the orbifold introduces twist sectors and the resulting theory has infinitely many
primaries. Also, when the seed theory is compactified on a torus, say an NLSM
with target space T, unless the radius is tuned to rational points, the theory is not

rational. Even at rational points, the addition of free fermions generally makes the
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combined theory irrational.

1.2.3 AdS/CFT correspondence

The most precise correspondence is the anti-de Sitter/conformal field theory
(Ads/CFT) correspondence that maps CFT to string theory formulated in AdS space.
One of the most famous examples is the duality between 4d N = 4 supersymmetric

Yang Mills (SYM) with gauge group SU(N) and Type IIB string theory on AdSs x S°.

Under AdS/CFT correspondence, fluctuations of fields in the bulk spacetime
correspond to distinct local operators in the CFT at the boundary. Small fluctuations
of the metric tensor around a background geometry give rise to the graviton in the
bulk: a massless spin-2 excitation of string theory. The boundary value of the graviton

sources the energy-momentum tensor 7" in the CFT.

Our goal is to study the scattering of gravitational waves carrying energy in
the holographic ICFT. On the CFT side, this is encoded in correlation functions
of the energy—momentum tensor. In the dual gravitational description, an insertion
of T),,(z) corresponds to a graviton emitted from point z on the AdS boundary.
These gravitons propagate into the bulk and interact according to general relativity.
Thus, computing correlation functions of (T4 g(x)T},,(y)) reduces to a gravitational
scattering problem in curved spacetime. Note that in 2d CFT, the correlation function
separates into holomorphic (T'(2)T(w)) and anti-holomorphic (T'(2)T(w)) parts. The

stress tensor is not an exactly marginal operator, but rather generates conformal

transformations and is a conserved current with spin 2.

Similarly, scalar fields in the bulk correspond to scalar operators on the CFT.
Dilaton (arising in the NS-NS sector) and axion (arising in the RR sector of type
[IB string theory) are examples of fundamental scalar and pseudoscalar fields in the
bulk that are dual to marginal scalar and marginal pseudoscalar operators in the
boundary. Dilaton controls the string coupling g, = e®, and if the dilaton in the bulk

asymptotes to different values on each side of the boundary, it leads to a position-
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dependent marginal coupling, which is essentially an ICFT. Moduli fields that arise
from compactification of the metric and form fields on internal manifolds can control

the size of the internal manifolds on the boundary.

1.2.4 Anti-de Sitter spacetime

Anti-de Sitter (AdS) geometry arises in string theory as the near-horizon limit
of D3-branes in type IIB supergravity [I1]. The string coupling ¢; and the number
of branes N set the curvature scale: L ~ £, (¢g?N)Y*. In the low-energy decoupling-

gravity limit, the geometry asymptotes to AdSs x S°.

Anti-de Sitter spacetime AdSy,; is a maximally symmetric Lorentzian mani-

fold with constant negative curvature. It solves the vacuum Einstein equations with

a negative cosmological constant A = —é:

1
R;w - éRg;w + Ag;w =0 (14)

The isometry group of AdSy; is SO(2,d), coinciding with the conformal group in d
dimensions. Lower dimensional cases provide analytically tractable models, partic-
ularly in AdS;, where the algebra splits SO(2,2) = sl(2,R) @ sl(2,R). This means
we can think of AdS; gravity as having left and right-moving sectors, mirroring 2d

CFT’s left and right-moving Virasoro algebras.

The AdS3 metric in Poincaré coordinates is
. L7 2 2 2
ds” = g(—dt + dx® + dz7), (1.5)

where z > 0 and the conformal boundary lies at z — 0. Note that this coordinate

patch covers only a portion of the full spacetime.

In global coordinates that cover the entire manifold, the metric is:
ds® = L*(— cosh® pdr? + dp? + sinh® p d¢?) (1.6)

with 7 € R, p € [0,00), and ¢ ~ ¢ + 27.
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When the QFT is not scale invariant, the dual spacetime has varying curva-
ture. For asymptotically AdS geometries that have non-constant curvature radius,

the metric can be written in ‘warped’ product form:
ds?* = 24 Wy, do"dz” + dy* (1.7)

with warp factor A(y) encoding curvature along the radial direction. This form will
appear in Chapters 3 and 4, where in the latter a higher dimensional spacetime metric

is reduced to asymptotically AdS3 metric of this form.

1.3 Transmission Coefficient in the boundary theory
1.3.1 Interface Conformal Field Theory (ICFT)

A 2d ICFT consists of two 2d conformal field theories, C F'T, and C'F'Tg, joined
at a pointlike (0+1)-dimensional interface that preserves conformal invariance. C'F'T7,
and C'FTx can have different central charges, ¢, and cg, or parameters (volume of the
target space, etc). Since splitting into holomorphic and anti-holomorphic components
is a local property, each side has left and right moving Virasoro generators. We can
scatter energy at the boundary. However, a conformal interface conserves energy.
When the excitations hit the interface, to preserve conformal invariance, they must

satisfy the following gluing condition[12), [13]:
Ti(z=1ir)—T(z=—it) =Tr(z =i1) = Tr(z = —iT), TER (1.8)

Consider the scattering gedankenezperiment in the ICFT [14] where they send a wave
packet towards the interface and define transport coefficients in terms of ratios of
average energy fluxes. These energy fluxes can be calculated as the expectation values
of the ANEC operators computed in states created by acting with a local operator
on a compact region in the far past:

T, = lim (O, D|ER|Or, D)/
“ = b (0, DIEL|Oy, D)
Ry = lim (01, DI€L|Or, D)1 — (O, D|€L|O, D)
pe (01, DIEL|OL, D)
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Using operator algebra in 2d, the energy flux ratios simplify from a 3-point function
to being determined by the coefficients of 2-point functions between spin-2 quasi-
primary holomorphic currents on the left and on the right of the interface. These
would usually be state-dependent. However, if the only such current in the theory
is the stress tensor, then the transmission coefficient is universal, regardless of the
in-state. Transmission is a function of one piece of CFT data c g (cr,cr are fixed):

- — C
<TLTL>I = <TTL>[ (0.8 EL

- c
<TRTR>I = <TRTR>I X ?R

CR — CLR

2
[ c
<TLTR>I = <TRTL>I X %

<TRTR>[ [0¢

In a generic CF'T, the transport coefficients are state-dependent obviously. However,
if the scattering state has been prepared by the stress tensor, then even for a generic
CFT, we have the same outcome and the transport coefficient just depends on one
parameter cpr. From the two point functions above, the transmission coefficient can
be constructed as follows:

(TFTR + TETRY R
(T +TR)TT+TR) R

T = (1.11)

Another approach is to measures the overlap of two states[14]. The incoming
state describes incoming energy brought in from far, and the outgoing state describes
the energy scattered far from the beam (in the future), so like a transmitted or
reflected beam. The easiest way to perform this is by creating the in and out states
by the appropriate holomorphic and anti-holomorphic stress tensor insertions. The
overlap of the in and out states would define an S matrix. The entries in the matrix

consist of the same 2-point functions defined above.

From the ICFT methods discussed above, it appears that the transmission

coefficient can be expressed in term of the 2-point function of quasi spin-2 operators.
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If you choose those to be the stress tensor, or if the stress tensor is the only spin-2
operator in the theory, the transmission coefficient is universal and described by one

parameter.

1.3.2 Boundary Conformal Field Theory (BCFT)

The ICFT above can be mapped to BCEF'T by the folding trick. This gives a
conformal field theory CFT;, ® CFTg with a boundary. A generic CFT boundary
state | B) must satisfy the Cardy gluing condition[12]:

(L, —L_,)|B)=0, YneZ, (1.12)

A 2d BCFT possesses a reduced but still infinite-dimensional Virasoro symmetry,
so the energy momentum tensor still splits into a holomorphic and anti-holomorphic
part. Thus, for a 2d BCFT, the energy momentum tensors 7}, and Tx are separately
conserved in the bulk, and their sum T}, = 17, + Tg is conserved on the boundary.
Any exchange of energy (fluctuations in the energy momentum tensor) between the
two CFTs is measured by a relative spin-2 current T, = cgTr, — ¢ Tx. In 2d, this is

controlled by a single real transmission/reflection coefficient: T+ R =1 [4].
In the folded BCFT picture where we have boundary state |B), an energy
transmission measure[I5] can be defined as a 2 x 2 “transport matrix” [15]:

—I[J
© L' | B

RIJ(|B>) = <Q‘ B> )

I,J =L,R, (1.13)

where Q) = |Q) ® |Qg) is the vacuum of the generic folded theory.

The transmission coefficient given in terms of the transport matrix’s entries:

2 QCLROB))
P [RLr(|B)) + Rru(|B))] o tom

T(1B)) =

(1.14)

The purely BCF'T prescription for transmission coefficient relies on solving
the boundary state, which may be an easy or difficult task depending on the actual

conformal field theory. For the case of the free boson, this is manageable. For the
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case of the symmetric orbifold theory away from the orbifold point where you’d have

twist operators, this is hard to solve analytically.

One option can be to start with the ICFT picture where there are fields on
both sides of the interface. Based on the (non-interacting) action, we can solve for
the equations of motion for both the fields. This will provide (Neumann)boundary
conditions/constraints on the fields which can be arranged in the form of an S matrix.
Now, folding the ICFT to form a BCFT picture, the Virasoro gluing condition for
the boundary is:

(Li, — SyL7,,) |b) =0 (1.15)

where m > 0, 4,5 = L, R and §; ; is the boundary constraints matrix.

|b) = NH exp (—al_na]nsij) |0)
n=1

n
i =] 1 ] 2 i =]

where N is a normalization constant, a’ and @’ are the modes of the fields ¢’, such
that [a’,, al] = My 4n007.
This expression can be used to write the transport matrix in terms of the S

matrix, which can then be evaluated and used to find the transport coefficient.

1.4 Transmission Coefficient in semi-classical gravity

1.4.1 Holographic dual to a Boundary Conformal Field Theory

The holographic dual of a BCFT is constructed by Takayanagi [7] by extending
the AdS spacetime N with a codimension-1 hypersurface ), such that ON = M U Q.
M is the conformal boundary with the BCFT and () is a dynamical “end-of-the-world”
brane that joins OM on the boundary. In this AdS/BCFT dual, Dirichlet boundary
conditions are imposed on M, while a Neumann boundary condition is imposed on

@, making its embedding in the bulk dynamical. This configuration resembles the
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Randall-Sundrum|[16] braneworld setup, with a finite tension brane that modifies the

bulk geometry and supports localized gravity.

The gravitational action in this setup is given by

/\/_K T) (1.16)

/\/_R 2A) +

167TGN 87TGN

where hg, is the induced metric on the brane ), K is the trace of its extrinsic cur-
vature, and 7' is the brane tension. Imposing the variational principle leads to the

Neumann-type boundary condition:
Koy — hao K =T hyy, (1.17)

where K, is the extrinsic curvature tensor. This equation describes the brane’s

embedding in terms of its tension.

1.4.2 Holographic dual for ICFT picture

In the more general holographic interface setups, we have two AdS spacetimes
(with different AdS radii if the CFTs have different central charge) joined across a
hypersurface of finite fixed tension. The appropriate boundary conditions are the

Israel junction conditions[4]:

hey = gy (1.18)
[Kab] - hab[K] - _SWGNTth” (].]_9)

where [Kp) = K& — KU and [K] = K® — K® denote the jumps in extrinsic
curvature tensor and its trace respectively across the interface. The first condition
imposes continuity of the metric on the induced brane, and the second accounts for

the discontinuity in the extrinsic curvature due to the localized brane tension.

For strongly-coupled CFTs, the gravitational dual may not have constant cur-
vature, or it may have scalar fields that smoothly interpolate through the bulk be-

tween different asymptotic values at the boundary. Idealized thin-brane models with
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localized stress-energy are not sufficient to provide an interpolation in the bulk. Chap-
ter 2 of this thesis extended that work to a configuration of 2 stacked thin branes,
which then formed the basis for Bachas and collaborators to further generalize the

framework to thick branes[I7], modeling smooth domain walls with finite thickness.

Consider Einstein gravity coupled to a scalar field. The action is given by:

1

Iy = 5

/ & VG R — 0,69"6 — 2V ()]

The gravitational solution to this action is Janus: asymptotically AdS;,1 with the
warping factor deforming smoothly, corresponding to changing curvature radius in
the bulk. The scalar dilaton also interpolates smoothly between different asymptotic
values. The idea of a piecewise bulk from Chapter 2 suggests that this geometry can
be discretized. Non-constant smooth curvature of the bulk can be seen as a series of
AdSgyq slices of different radii ¢;, separated by thin (AdS,) branes: like a “pizza” of
AdS,, 41 slices[17]. The radius ¢; of the j AdSgi1 slice will jump to radius £, of
the (j + 1) AdSgy slice, sourced by a thin AdS,; brane with radius a; and tension

0j. In this thin-brane array model, the Israel junction conditions becomes:

2 2
(lj CLj
ai=4/(2L) —1—4/(—2L) -1 16
O']aj (€]> (£]+1> ) ( )

for ;11 > ¢;. The continuum limit of these boundary conditions satisfy the Einstein
and scalar equations of the smooth Janus solution. For warped geometries, the matter

energy-momentum tensor can be written in terms of a tension density as:

do
Tmattcr — —A L — —H , 12
pv 9u dy " (1.20)
For the Janus solution, it takes the form:
1
T, = (50°00,6 = V) g — 0°60,01L (1.21)

Comparing the two relates the tension density to the dilaton: do = (¢')*dy. The

varying dilaton’s backreaction results in a tension density, which can be integrated to
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give an effective tension for the Janus background. Using the effective tension in the
double-brane analog instead of the summed tensions[4], yields a y-exact holographic
transmission coefficient. Chapters 3 and 4 build on these results to apply to brane-

induced continuously warping geometries.

1.4.3 Fefferman—Graham formalism

Scattering gravitational waves at the boundary corresponds to fluctuations in
the CF'T stress-tensor. As discussed in the section on Holographic Principle, these are

dual to the graviton in the bulk which arises from fluctuations in the metric tensor.

The Fefferman-Graham formalism [I8], provides a systematic method to ex-
press asymptotically AdS spacetimes near the conformal boundary. It uses a special
coordinates called Fefferman-Graham (FG) coordinates that include a foliation by
hypersurfaces of constant radial coordinate p. The conformal boundary is located at
p — 0. In these coordinates, the bulk metric takes the form

ds* = €—2dp2 + 1gl(:lc p) dz'dax? (1.22)
4p? p
where ¢ is the AdSy41 radius, and g;;(z, p) is a metric on slices of constant p expanded

near the boundary as:
9(x,p) = 9 (x) + pg® (@) + - + p"? (9" (2) +1log ph D () +--- . (1.23)

The term g9 (z) is not fixed by localized data and instead relates to the expectation
value of the dual stress tensor. The logarithmic term h(®(x) appears only when d is

even and captures the conformal anomaly.

For d > 3, the expectation value of the renormalized stress tensor is given as:

dgd_l (d)

(Ty;) = Torcre 9 + X;[9'9] (1.24)

where G is the Newton constant in (d + 1) dimensions, and X;;[¢(”)] accounts for
(d)

trace anomalies when d is even. The term g,;” captures the non-local state-dependent

information and is the leading non-trivial contribution to (7;;).
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An important exception occurs in d = 2, corresponding to asymptotic AdSs,
where the expansion truncates and the entire bulk metric is determined algebraically
by the boundary data and the Brown-Henneaux conditions. In this case, the stress

tensor is fully determined by gi(;).

1.4.4 Transmission coefficient in semi-classical gravity

Scatter the incoming monochromatic waves from one side (left), proportional
to some coefficient I;,. The transmission coefficient T, is defined as proportional to
the transmitted gravitational wave on the right side, and the reflection coefficient R,
is proportional to the reflected wave on the left side[4]. These fluctuations source
the metric. Writing the metric in Fefferman-Graham co-ordinates, the expectation
value of the stress tensor can be expressed as vacuum expectation value (vev) of
the incoming flux €. Previously, Einstein’s linearized equations were solved to give
Israel Junction conditions in the various cases discussed above. Imposing the junction

conditions to linear order in € gives us a system of equation to solve for J7,.

The prescription is extended in Chapter 2 to a double brane holographic model
where we stack two interfaces. For interfaces which are holographically described by
continuous (d + 1)-dimensional bulk geometries that can be foliated into AdS, slices,
we essentially reduce them to asymptotically AdS3; geomertries where there is an
“effective” tension for the thick-brane prescription to apply. In applying these, we
have to be cautious in case there are other fields sourced by the fluctuation, such as

dilatons, axions, etc. In that case, their equations of motion should also be satisfied.

1.5 Boundary Entanglement Entropy

Entanglement entropy quantifies the quantum correlations between a spatial
subregion and its complement in a given quantum state. For a quantum system with
density matrix p and region A, the reduced density matrix p,4 is obtained by tracing

out degrees of freedom in the complement A¢: p, = Tr A°. The entanglement entropy
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is given by the von Neumann entropy S = —Tr(palogpa).

Entanglement entropy in BCFTs was pioneered by Calabrese and Cardy[19],
who used the replica trick, a technique that expresses S, in terms of the limit n — 1
of Tr(p’%). This maps the problem to computing partition functions on n-sheeted
Riemann surfaces branched over the entangling region A, incorporating boundary
effects through twist operator insertions. In the BCF'T setup, the theory is defined
on a half-plane or an interval with boundary conditions specified along the spatial
boundary. For an interval A = [0, /] adjacent to the boundary at = 0, this procedure

yields the universal answer[20]:

Sa = glog ({) +logyg (1.25)
€

where c is the central charge, € is the UV cutoff, and log g is the boundary entropy.
The log g term captures the boundary degrees of freedom and appears as a universal
constant additive correction to the entanglement entropy, distinct from the leading
bulk logarithmic scaling. Crucially, it obeys the g-theorem: under RG flow, it de-
creases monotonically from the UV to the IR fixed points gyv > gir, showing the loss

of boundary degrees of freedom while the bulk remains conformal.

Thus, boundary entanglement entropy fits naturally into the AdS/BCFT holog-
raphy setup discussed above[7]. The bulk spacetime N with conformal boundary M
has an end-of-the-world brane @), such that ON = M U @), and Q ends on OM, the
boundary of the BCFT. The holographic entanglement entropy for a boundary region
A C M can be computed using the Ryu—Takayanagi prescription[21], which states

~ Area(y,)
4Gy

where 74 is the codimension-2 minimal surface in the bulk anchored on the boundary

Sa (1.26)

of A on M and possibly ending on the brane ), and Gy is Newton’s constant in the
bulk. The holographic calculation reproduces the universal log g term. The geometry
and tension of QQ affect the minimal surface area 4. This correspondence between the
boundary entropy log g and a geometric quantity (minimal area in the bulk) provides

a powerful tool for studying boundary RG flows.
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Chapter 2: Double brane holographic model dual
to 2d ICFTH]

Abstract

A minimal single brane holographic model can be used as a dual to 2d
conformal interfaces (ICFTs) to calculate the transmission coefficient
T of energy transported across the defect as well as boundary en-
tropy log g, the additional entanglement entropy for some sub-region
that encloses the defect. Both T and log g are uniquely determined
by the tension characterizing the brane. In contrast, in field theory
defects, typically the transmission coefficient can be dialed from 0
to 1 independently for each allowed value of log g. To address this
discrepancy, we look at a double-brane (3-region bulk) holographic
model. Merger of two single brane interfaces creates genuinely new
interfaces which indeed allow a range of accessible transmission co-
efficients for a fixed value of log g. In particular, the T = 0 limit of

two completely decoupled BCFTs can be achieved.

2.1 Introduction

Conformal interfaces refer to the local gluing of two scale-invariant conformal
field theories, CF T and CFTg. Such interfaces are well studied in condensed matter
physics, in describing junctions [22], defects in Ising Models [23], etc, as well as in the
string theory literature [I0]. This work considers 141 dimensional CFTs where the
interface is a point-like defect, and bottom-up AdS/CFT correspondence gives the

Published in JHEP with Andreas Karch
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dual holographic model as an AdS3 geometry with a codimension-one brane represent-
ing the defect, anchored at the boundary [24], 25, 26]. CFT; and CFTg have central
charges cy, and cp respectively, and their corresponding holographic duals AdSs ;, and
AdS; g have radii I;, and lg. The Brown-Henneaux formula ¢, p = 3l r/2G [27]

relates the two where GG is the 3 dimensional Newton’s constant.

Recent studies use this holographic model to evaluate two properties for 2d
ICFTs: a transmission coefficient of energy transported across the defect [4], and
entanglement entropy for some sub-region of length a, that encloses the defect [8), 28].
Our work probes this defect further by looking at the behaviour of these properties
under the fusion of two point-like defects, in the limit that they lie on top of one
another. This gives a wedge-shaped bulk with AdS3 radius I¢ for the 'centre’ region
between the two defects. Our double brane holographic model gives closed form
expressions for T and log g that clearly show the merger of two single brane defects
can not be described by another single brane defect. There is no closed algebra to
describe the fusing behaviour for these general single brane 2d ICFTs, unlike what
is present in critical defects in 2d Ising Models [29], B0] and other well understood
CFTs [31]. The allowed interfaces in an ICFT must form a closed algebra under
fusion. Therefore, multi-brane defects can either be considered as genuinely new
objects in the system or as a non-trivial quantum superposition of existing defects.
We'll argue that the former is this case and so fusion only has a chance of closing
in this extended space of allowed interfaces. Presumably, the underlying reason for
this failure of fusion to close on the single brane defects is the large N limit that is
required in any holographic theory. One would expect that quantum effects allow a
multi-brane interface with N branes, where N is a large integer related to the central
charge, to become equivalent to a single brane interface, very much like in the Ising
model where a fusion of two branes with ¢ = v/2 does not yield a new brane with g = 2
but instead a superposition of two separate g = 1 theories. [29, 30]. Such a purely
quantum effect clearly will not be visible in our large N classical limit holographic

setting. The fact that multi-brane interfaces can be used to enlarge the space of
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allowed holographic interfaces has also been recently used in [32] in the context of
the co-bordism conjecture.[33]. Unlike in our case with a small intermediate region,

they consider triple CF'T interfaces.

We show that multi-brane interfaces permit the bottom-up holographic defect
to sustain more tension and therefore allow increasingly more reflection while main-
taining AdS3 geometry. With 2 branes, the transmission coefficient can be dialed to
0 by setting lc to 0, regardless of the values of [;, g. Increasing the number of defects
fused together also enables imposing reflecting boundary conditions (T — 0) for the

same AdS radius describing all regions.

The paper is organized as follows. In section 2, we describe the scattering
states in the double brane holographic model, compute the transmission coefficient
and comment on its useful limits. In section 3, we use the constraints from the double
brane model to evaluate the additional entanglement entropy log g and present the
results for a specific Z, parity symmetry. In the last section, we conclude and discuss
possible future work. Appendix A contains the details of the linear order differential
system solved to obtain the transmission coefficient result and in appendix B, we

present expressions for log g in the general double brane model.

2.2 Transmission coefficient for the double brane model

2.2.1 Review: Single brane toy model

In order to use established properties of B(oundary)CFTs, the ICFT can be
mapped to a BCFT of the product theory CFT;, ® CFTy by folding spacetime along
the interface. The BCFT conserves energy momentum tensors T, and Tg separately
in the bulk, and their sum on the boundary. It also conserves a relative spin-2
current T, = cgTr — ¢, T that measures the relative exchange of energy across the
interface between the two CFTs. In 2d, this exchange of energy can be expressed
using a single real transmission or reflection coefficient [I5], which is computed using

a toy holographic model.
35



The toy model is given by two AdSs slices separated by a string of tension
o [6, 24, 26, T0]. The AdS;s slices have radius I, and lz. The string’s worldsheet
geometry is AdS,, corresponding to the ground state of the ICFT for the following

tension range [24]:
1 1

l, g

1 1
<81Go < — + — (2.1)
L ln

The lower tension bound corresponds to the Coleman De Lucia bound [34]. Below
this, the space with the higher AdS;3 radius (’false vacuum’) is unstable to the nucle-
ation of bubbles (which permit 'decays’ between vacua). However, since for decays
in AdS tunnelling is not always allowed (the false vacuum can be stable) or when
allowed, the endpoint cannot be the true vacuum, this can’t always be understood in
terms of vacuum decay. Instead it is more useful to interpret it as holographic RG
flows between conformal fixed points [35]. The upper tension bound corresponds to
the Randall-Sundrum fine tuned tension beyond which the string worldsheet geometry

becomes de-Sitter [16].

2.2.2 Fusion of interfaces: 3-region holographic model

Consider two distinct interfaces (CFTs prescribed for three regions) and then
shrink the intermediate region’s size to 0 so the interfaces lie on top of one another.
In this limit, the 1+1 dimensional ICFT can be represented by this new 3-region
'double brane’ holographic model, as shown in Figure 2.1l The main idea is to check
if this double brane model belongs in the same class as the single brane models. If
fused interfaces belong to a different class, then this technique may help complete the

classification of holographic defects and check if they compose under an algebra.

In a single defect holographic setting, the tension ¢ uniquely determines T
and g. In contrast, as emphasized in the introduction, in field theories all values of
the transmission coefficient T are realizable for a given g [29]. log g is the additional
entanglement entropy due to the presence of a defect within the given sub-system

(of length a) [20, 136, [§]. For a symmetric interval, the entanglement entropy takes a
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form [8, 26] that agrees with the standard BCFT result [36] for a BCFT with central

charge ¢y, + cg:

EE:CL+CR

log<%> +logyg (2.2)

We find that indeed fused interfaces are genuinely different from single brane
defects, with an infinite number of classes possible, where the g values increase un-
bounded and the transmission coefficient is given by the sum of the allowed tensions.
This classification of defects is in contrast with the Ising model where g values can
be used to classify between Ising models with Neumann and Dirichlet boundary con-

ditions, and fusion of defects follows the Verlinde algebra.

Figure 2.1: The 3 region holographic model representing the fusion of two defects. I
is the gravitational wave scattered from the left, and R and T are the reflected and
transmitted waves on the left and right of the interface respectively.
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2.2.3 Holographic scattering states

We use a 3-region holographic model for the ICF'T, consisting of three locally
AdS;3 manifolds M, M and My with radii [, [c and [ respectively. The asymptotic
boundaries of My and Mg are the left and right half-planes of the CFT glued along
the interface. The asymptotic boundary of M is a single line that gives the worldline
of the same interface. The interface extends in the bulk as two pairs of branes and a
central region M¢: the branes from M}, and the left side of M are identified with each
other as the worldsheet of one tensile string and the branes from Mg and the right
side of M. are identified with one another and as the worldsheet of a second tensile
string. This identification implies that the My wedge always has a ‘non-negative
length.” While solving which arises from these matching conditions, we obtain
conditional solutions that give valid tension bounds. For an M wedge found entirely
on either side of the interface line, a 'non-negative length’ requirement gives a lower
bound on oy which depends on oy (or vice versa) and, while it can be written in
closed form, it does not appear illuminating. Therefore, going forward, we will only
present scenarios where the wedge extends on both sides of the interface line and we

can write down independent bounds for o; and o».

For the case where 1 r > l¢, the tension bounds are given as [4], 37]:

%—%S87‘(’GO’1S%+% %—%S&r(}agg%%—% (2.3)
As it turns out, for [ r > lc the only wedge possible extends on both sides of the
interface line. But for other scenarios where one or both of {; and lp are smaller
than [o, the wedge may extend on both sides, or just one. In those scenarios, while
imposing a central wedge that occurs on both sides of the interface permits o; and

02 to be independently dialed in the solutions, it does constrain the lower bound to

a higher value than the Coleman De Lucia bound in ({2.3]).

For I, r < lc, while maintaining a central wedge on both sides of the interface
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line, the tension bounds are:

1 1 1 1 1 1 1 1
—2—7§87TG01§—+—, 7_7§87G0'2§_+_ (24)

This new lower bound on tension also appears in [37] as a critical tension in a finite

temperature AdS/CFT model]

For I, > lcs > lg, while maintaining a central wedge on both sides of the

interface line, the tension bounds span:

1 1 1 1 1 1 1 1
———§87TGO'1S—+—, 7—7§87TG0'2§—+— (25)
le g le g I 1 le g

Similarly, for I, < lc < lr, while maintaining a central wedge on both sides of

the interface line, the tension bounds span:

1 1 1 1 1 1 1 1
& = 55 <81Gop < — + —, — — — < 81Goy < — + — (2.6)
70 I, e le g le g

As we will see in Section 2.4, the lower tension bounds correspond to upper
bounds on the transmission coefficient which is the same as the one following the
achronal average-null-energy condition (AANEC). Therefore, this nuanced behaviour
of the tension bounds and the position of the central wedge is noteworthy even though

it isn’t a feature directly observable from the boundary CFTs.

Our model has several parameters. In addition to the asymptotic curvature
radii [;, and [g, which specify the central charges of the two CFTs connected by the
interface, we have to specify several model parameters characterizing the interface
itself: the central curvature radius [c and the string tensions o; and oy. For the
purposes of presenting our results, it is convenient to cut models down to a slightly
smaller parameter space. One way to do this in a consistent manner is to restrict

to systems which respect a Z, parity symmetry across the interface. Obviously, this

2Below this value, the hot solution disappears for some part of the parameter space.
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parity symmetric scenario is only possible if [} = [y, as well as 07 = g5. While more
general forms of the results can be obtained, we will use the restricted parameter space
when we are presenting our results in Figures [2.3] 2.4] 2.5 and [2.6] The expressions
for the general case are relegated to the appendix. For convenience we’ll use 7 and

79 for the respective tensions with 71 = 87Goy and 7 = 87Gos.

While in our drawing in Figure [2.1]it appears that we are describing 4 branes,
the right most brane of the left wedge is really the same brane as the left brane
of the central wedge. These are one and the same object across which the various
spacetime wedges get glued together. The same is true for the second apparent pair
of branes. This identification between the branes translates to an identification of the
metrics on the branes. In addition, we can use the Israel Junction conditions [38] to
assign the jump in the extrinsic curvature tensor across a brane to the tension of the

corresponding string. Together these matching conditions are given by:

YL,a8 = VCL,aB (2.7a)

YCR,0f = VR, (2.7b)

Kras — Kopas —tr(Kp — Kep)Vo,ea8 = T17L,08 (2.7¢)
Kerap — Krap — tr(Kor — KR)VRap = T2VRas (2.7d)

where v, cr.crr and Ky crcr rap are the induced metric and extrinsic curvature

tensor on the branes suspended by M| ¢ r respectively.

In pure AdSs, Einstein’s equations can be solved completely and the full so-

lution for the metric in Fefferman-Graham co-ordinates can be written as [39]:

l2d 2 l2 2
— yzy + Egéoﬂ)+gfg+ J (2 dw®dw” (2.8)

2
ds 4—129(1

with ¢ = ¢g@(g®)~1¢®) . For a flat boundary metric, we can furthermore identify
g((jg = 4Gl < T, > with < T, > being the vacuum expectation value of the

canonically-normalized, traceless conserved energy-momentum tensor in some state

of the dual CFT.
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Therefore the ICFT vacuum metric in Fefferman-Graham co-ordinates for the

three regions is given by [24]:

l2
ds7 = y—g [dyi + duj — di7] ur, < yrtanfy,
L
l2
dsh = & [df + oy~ di5] un > ygtan by 29)
R
12
dst, = y—g [dy¢ + dug, — dtZ.] yotanbleor < uc < yotanbeog
c

where 0 < yrrc < oo and the branes subtend at angles where the inequalities

saturate.

In general, all the angles 87, g cr,cr can be positive or negative as long as they
satisfy (0o — 0cr) > 0 which imposes that some non-zero central region exists. For
the M¢c wedge extending on both sides of the interface, 6o < 0 and 6cr > 0 while

0, and 0 can be positive or negative, subject to the AdS radii and tension bounds.

Like the setup in [14][4], we consider right-moving monochromatic gravitational
wave excitations coming from the left side on the surface. We solve the matching
equations in up to linear order in €, the magnitude of the incoming flux, following
the technique in [4]. This allows us to drop the ¢ term from the full metric solution
and the correction to the AdS3; Poincare metric just has arbitrary left and right

moving waves gf}r (w') and g? (w™). Here we can identify w* as u + t.

The incoming surface monochromatic wave from the left undergoes reflections
and transmissions at both branes, leading to a reflected and transmitted wave on the
surface of M, and My respectively, with a left and right moving wave in M¢. Incom-
ing excitation corresponds to (T__) and all subsequent reflections/transmissions are
expressed in terms of this, the reflection/transmission coefficient from the correspond-

ing boundary and the corresponding left /right moving exponential. The corrections
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to the AdS3 Poincare metrics in the three regions are given as:
[dSQL](2) = 4GZL€ [eiw(tLiuL)d(tL — UL)2 + RLleiw(tLJruL)d(tL + UL)z] + c.c.
[dsz]® = 4Glce [Trie™e ) d(te — ue)? + Rppe™ e d(te + ue)?] + c.c.
[ds%]® = 4Gl e [TLQ@iw(tR_uR)d(tR —ug)?] + cc.

(2.10)
where | (T__) | = € is the magnitude of the incoming flux and Ry, Tp1, Rpe and Ty
are the a priori complex relative amplitudes of the reflected and transmitted waves
from the first and second brane respectively. The subscript L indicates the incident

wave originated on the left hand side.

In order to glue the metrics on the branes, it will first be easier to rotate from

the Poincare co-ordinates to those parallel(z) and perpendicular(x) to each brane.

ur\ [ cosfr sinfp Ty
(yL> N (— sin 6y, COSGL> <zL) (2.11)

(xR, 2r), (xcL, zoL), (Tor, zor) transform similarly using their respective angles g,

This rotation is given by:

QC’L and QCR-

Gluing one pair of branes together requires matching co-ordinates on the world-
sheet that gives the AdS,; vacuum metric. Additionally, due to time translation in-
variance, the co-ordinates can be defined for a fixed frequency w. Such co-ordinates

can be expressed as:

tp =t + e N[z, zp = 21+ e[z, vy = &™)
tr =ty + €™\ [20], ZR = 2y + &™"2(pl2), rp = €20 p[2).
tep =t + e Aoz, zon = 21 + €€ o]z, zor, = ée"" oo [z).
tor =ty + €™ Moz, ZoRr = 29 + €2 (or[2), ToRr = " 5cplz).
(2.12)

where (t1,21) and (t2, 29) are the Poincare cooridnates on the AdS, metrics for the

14& is used for convenience.
S1,S2

)
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Applying the matching conditions to the ICFT vacuum (0 order in €) for the
induced metric shows that the worldsheet metric is AdS, with radius lg; and lg, for
the left and right tensile strings respectively and gives the first two equalities in (2.13)).

The jump in the extrinsic curvature condition gives the last equality:

lL lCL tan@L — tanHCL
cosfr cosfcr a5 (2.13)
lCR lR tan@CR — tan@R '
lso = = =
cosbcr  cosfp T

Applying matching conditions of order 1 in € leads to a set of linearized differ-
ential equations instead of simplified constraints as above. The differential equations
and their solutions are presented in Appendix [A] Below, we will only highlight that
instead of the 12 unknown functions we’ve used to describe the co-ordinates, what
actually appears in the differential equations are re-parametrizations of the above
functions, some of which represent physical sources that can fluctuate the interface

in different ways.

There are 12 unknown functions and 12 matching equations (symmetric metric
and tensors). However, the extrinsic curvature tensor’s elements are not all indepen-
dent as they obey a momentum constraint. Thus, Israel junction condition gives 1
equation instead of 3. That leaves a total of 8 constraints and 12 functions. Due to

a re-parametrization, only the following functions actually appear:
A1 = AL — Acr, G = —Cer,
A2 = Acr — Ag, G2 = Cor — Cr-

Thus, there are 8 constraints and 8 functions. Furthermore, the matching equations

(2.14)

are expressed neatly using the following definitions:
Dy =01, — dcr, Ay =tan0.0; — tanfcrocr — (i,
(2.15)
DQ :5CR_5R7 Ag :taHHCRécR—taneRéR—Cg.
The z; = 0 and 2z = 0 limits of these functions correspond to sources in the dual ICFT

- fluctuating the interface. D1(0) and D4 (0) are sources for the interface displacement

operator and A;(0) and Ay(0) for an operator reparametrizing the interface.
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Appendix [A] can show that only the re-parametrizations stated above appear
as variables in the differential equations. You can solve for the homogeneous solution
to the differential equations, that is where no gravitational waves are scattered at
the boundary. The homogeneous solutions for Ay, (; and Ag, (5 all comprise of linear
combinations of solutions going in and out of the horizon (travelling along the branes).
The coefficients for those modes are labelled a;_,a;, and as_,as,. The solution for

D; and D, are constants.

However, for a non-fluctuating interface such as the one we have, we need to
set the sources to zero. For example D;(0) = 0 — 0.(0) = ¢ (0) so there is no
relative displacement of the interface. For the homogeneous solutions, this sets the
constants for Dy and D5 to 0. Imposing the other sources to 0 at the boundary ends
up setting all the incoming and outgoing solutions on both the right and left branes
to 0. Therefore, no solutions in the empty background can be supported by a purely

non-fluctuating interface.

2.2.4 Results and comments

We can solve for the particular solution to the full differential equations, which
is present in Appendix [A] Considering the non-fluctuating interface, we set all the

sources to go to 0 at the boundary.

D;(0) = 0 and Dy(0) = 0 gives:

iRLl + TLQ = 1 (216)

A1(0) =0, ¢1(0) =0, and A\y(0) = 0, (2(0) = 0 give expressions for the modes
going in and out of the horizon: a;_,a;,as_, asy (travelling along the branes in both

directions, for both branes). These expressions can be found in Appendix [A]

We now impose the physical condition that both the modes coming out of the
horizon, a;4 and as, should be removed as they are not physical [40, 41]. So D;(0) =

0, D2(0) = 0, a1+ = 0 and ayy = 0 give expressions for the transmission/reflection
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coefficients. The expressions are in terms of the angles, and can be found in Appendix
. Simplifying them using the relations from ([2.13]), we obtain:
—1

Tm:%(%+i+ﬁ+ﬁ) (2.17)
Note that the AdS radius of the central region plays an important role in constrain-
ing the bounds of the tensions but does not explicitly appear in the expression for
transmission or reflection coefficient on either side of the physical CFT regions with
non-zero length. In particular, to take the limit of [ — 0 the tensions 7 » have to go
to infinity and the transmission vanishes. This allows a manifest bulk realization of
the limit of two decoupled BCF'T's: there is simply no space left in the middle wedge
to connect the two BCFTs.

The transmission and reflection coeflicient for the waves that would live within

the central region is given by:

) 1 1
fRL2=—C( —+T2>7L2

2 \Up |

, f f (2.18)
O T T
L1 9 (ZR + o +72) L2

To highlight the difference in how the transmission coefficient depends on the
AdS radius, consider the transmission coefficient for the single tensile string case [4]:

2 /1 1 -t
T ( +—+n> (2.19)

T\l s

Tre In and has the same form as a function of 73 and the net
tension (71 + 7o) respectively but it is important to keep in mind that the 3-region
model has additional freedom in [o. Figure shows the different transmission
coefficient curves for the 2-region model for various combinations of [;, and
lr. Figure shows the transmission coefficient for the parity symmetric
3-region model (I, = lg and 73 = 75) for different I values. For a given [, and

g, figure 2.2 gives a single transmission coefficient curve dialled by tension with a
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fixed beginning and end point, while in figure 2.3} different I- values correspond to
segmentsEl (transmission curves dialled by the tension) on an overall curve. For a
given [y and lg, fixing the tension (the only parameter) in the 2-region model gives
exactly one point on the transmission curve. The important difference in the parity
symmetric 3-region model is that we can instead fix /o and cover a finite range of
transmission values by dialling the other parameter, tension. Here we fix lo but
alternatively we could choose to fix g insteadﬁ Either way, a range of transmission

coefficients are possible.

Transmission Coefficient
1.0 1

0.6

0.4}

0.0 . L . L ! tension
25

Figure 2.2: Transmission coefficient for the 2-region holographic model for different
l;, and lg where [} /I ranges from 0.05 to 20.

Besides the difference in the way in which the transmission coefficient depends
on the boundary’s radius and the center’s radius, the other difference is in the range
of transmission coefficient values as one goes from the 2-region to the 3-region model.

The lower and upper bounds for the transmission coefficient can be obtained by using

3Segments may overlap.

4(In the interest of completeness, let us say in advance) For a fixed I, r and log g, the single
brane corresponds to one tension and therefore one point on the transmission curve, but for the
double brane, it correlates to multiple possible (I¢ values and so) tensions and therefore multiple
points on the transmission coefficient curve.
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Transmission Coefficient
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Figure 2.3: Transmission coefficient for the 3-region holographic model where we
consider a symmetric fusion of defects [ = g and 7, = 7o, where [}, /lc ranges from
0.05 to 20.

the upper and lower limits of tensions respectively. Tr.’s upper bound would differ

depending on how the AdS radii vary.

I L\
TL2min,all = (1 _'_ _L + _L)

lr o 2
(J' —
Tip s = 1€ T gy e (e
L2maz,A - E lr lo lr le
9 2
— T, =
TL2mans = I e I \o 12 E2maa.D 1+ 4 /1 — (k)
1*5*\/1—(5) +\/<E) — (%) = o

(2.20)

where A, B, C and D respectively denote scenarios I r > lo, L r <lc, Il > lc > g

and [, < ZC < lR.

In the single brane case, the upper bound on the transmission coefficient[4]
is the same as the one following from the achronal average-null-energy condition
(AANEC) [14]. In the double brane model, we observe the maximum transmission
coefficient values are all consistent with the AANEC bound, and for specific [ values

saturate it for scenarios A, C and D, but not for B (in general).
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The AANEC bound is given by [14]:

(2.21)

When lj, g > lo (A), (2.20) shows Tpo,,,. is consistent with (2.21]) for all allowed

values of I, and saturates the AANEC bound as lo = [ for Ig < I and [ = [, for

lr > 1f.

In the regimes where [ is intermediate (C and D), T, .. is continuous and
saturates the AANEC bound in for limits on lo. For I, > lo > lg (C), 2.20
saturates the bound in the limit [ — [l from above. For I, < lc < lg (D), it

saturates the bound in the limit I — [;, from above.

When Ip r < le (B), Tr2,... has no local maxima as a function of I¢, so the

maximum value is reached at either [o’s maximum value of co, or at [¢’s minimum

value, given by maximum(ly, [g). From (2.20)), as lc — o0, Tra,,.. = llelL. While this

is always consistent with [2.21} it only saturates the AANEC bound in the (trivial)

limiting scenario: [ — 0 for lr < Iy, and I, — 0 for [z > [;,. As lc approaches it’s

minimum allowed value:

2 [
For lR<lL lc—>lL ‘TLQWHZ l l <Z_R
Lty f(E)2 -1k )09
v (222
For iz > 1, lc =g (ILQm(w: <1

1444 /1= ()2

This does not saturate the AANEC bound in general. It is consistent with
but only saturates for the specific case lg = I, (or in the (trivial) limiting scenario

mentioned above).

We look at the upper and lower bounds of the transmission coefficient for the
specific case where the boundary radii are the same. The result is shown in Figure

2.4 We can see that the maximum difference between the upper and lower bound of
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the transmission coefficient occurs for the limiting case where all three radii are the

same. The values of T for [, = [gr = l¢ can be given by

{‘TL2min = g’ {‘TLQmax = 1 (223)

Transmission Coefficient
1.0

0.8
0.6
0.4

0.2+

0.0 . . . : Ll
0 2 4 6 8 10

Figure 2.4: The upper and lower bound of the transmission coefficient for the 3-
region holographic model with the same boundary radius. As [, — 0 both upper and
lower bound go to 0.

This is in contrast with the 2-region model where the lower bound is 1/2 for
the case where both the boundary radii are the same. This goes to show that for the
same AdS radii, one can dial the transmission coefficient’s minimum value down by

adding central wedges that represent point-like defects lying on top of one another.

As the number of wedges increases, the minimum transmission coefficient goes to 0.

2.3 Calculating entanglement entropy to find g

In holography, we know that entanglement entropy for a subsystem M, of
length a, is given by the area of the minimum extremal RT surface in the d+1

dimensional bulk suspended by the boundary of the d-dimensional CFT subsystem
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M: [21], 42]
Areamin
S=——a
4Gy
where G4 is the d+1 dimensional Newton’s constant.

For an AdS; background, this minimal area turns out to be simpler in global
co-ordinates. Therefore, it will be advantageous to express the metric (2.9) and the
constraints from the matching equations (2.13)) in these.

2.3.1 Global co-ordinates

Relating the Poincare coordinates (¢, u,y) to the global co-ordinates (t,z,r )}

yp = ——%——  w, = aptanh (T—L> (2.24)
cosh (?—L) I
L
The AdS3; metric in global co-ordinates is given by:
ds? = I3 cosh® (;—j) ds3 + dr? —oco<r,<Ryp
ds?, = 2 cosh? (;—2) ds5+dry,  Rcp <7c < Rer (2.25)

ds% = 1% cosh® (%) dss+dry,  Rp<rp<o0

where r7,rc, g are the hyperbolic angles and ds3 is the metric for a constant r AdS,
slice given by:
,  —dt] +da}

ds; = 5
Ly,

= —cosh® pu dt* + dp? (2.26)
ds3 can similarly be expressed in (t¢, x¢) and (tg, xg). For the same reasons stated
in Section 2, note that Ry, Rcr, Rocr and Ry can in general be positive or negative
as long as (Rcr — Ror) > 0. An M¢ wedge extending on both sides of the interface

line translates to Ror, < 0 and Reogp > 0.

5x is a radial co-ordinate here, not the co-ordinate orthogonal to the branes as in Section 2.
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The matching conditions (2.7)) for the vacuum solution are given as:

{7, cosh & = [c cosh @ lc cosh @ = [p cosh @
lr le le IR (2.27)
2.27
R R R R
Tanh <l—LL> - Tanh (%) . Tanh (%) - Tanh (f) .
I lc - lc Ir o

2.3.2 Review: Entanglement entropy for a 2-region ICFT

Entanglement entropy for a subsystem that encloses a defect has been worked
out in [8, 28]. For a symmetric interval of total length a, that is where the defect is

at the center of the interval, the entanglement entropy of this subsystem is given as:

(Ir +1r)Log(%)

5= 4G

+ log go (2.28)

where € is the UV cut-off, and G is the 3 dimensional Newton’s constant.

For the single brane model, the presence of the defect provides the additional
contribution to the entanglement entropy given by:
1

1 Bie — Br) (2.29)

log go =

2.3.2.1 Entanglement entropy for a 3-region ICFT

The method from [28§] is implemented for the 3-region holographic model to

calculate the area of the minimal RT surface and the entanglement entropy form.

To write the entanglement entropy, we start with the minimal area functional
- as this method is the same for all three regions, for this part of the calculation,
we will drop the subscript L from the AdS radius and from the co-ordinates (¢, 7, x).
This is given by the square root of the metric, for a constant time slice (¢t = 0) and

parameterized by r so that x becomes x(r):

) o (T X
A = 1/ 12 cosh (7>§+1 dr (2.30)

where 7/ is 2%,
or
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The constraint on x(r) is obtained by using the scale isometry of AdSs, that is
xr — Ax is a symmetry of A that corresponds to a Noether charge. Noether’s charge
for some functional £ with fields 1); is given below and when applied to (2.30) gives:

0L
= —L0x" + = (0a1;)0T

B 1 cosh? (%) (2.31)
\/ZZ cosh? (7)a’2 4 22

Solving for % and plugging into Eq (2.30)), we get:
lcosh( )

\/ 12 cosh? (%) — 2

From (22.31)), ¢; = 0 corresponds to 2’ = 0 so x(r) = constant. To fix this constant,

dr (2.32)

we look independently at our regions. For r = oo, x = ap (area curve hits the
right boundary of the subsystem) and for r = —oo, # = ay, (area curve hits the left
boundary of the subsystem). In order to have the minimal area surface continuous
across the brane, a;, = ag = a/2. Therefore, ¢; = 0 corresponds to the symmetric

case where the defect is in the center of the interval. Then, the minimal area is given

by:
Ry Rcr
A= /dr—/ d7‘+/ dr—i—/ dr (2.33)
Rer

This area needs to be regulated by truncating the integral as it goes to large positive
and negative r’s (ry and -r_). Using (2.24) and setting y = € as the UV cut-off, and

Ty, = TR = CL/22

6% TR 6% L
2 Wyr 2y (2.34)
a a
ry = log(—)lR r_ = log<—>lL
€ €

Using ([2.33)) and (2.34)) gives the entanglement entropy for a symmetric, defect en-

closing, interval of length a:

_ (r+1r)Log(%)
B 4G
52

+ log g1 (2.35)



log g1 = R;, — Rcr + Rer — Ri) (2.36)

4G(

In general, log ¢ is additive under the fusion of branes, evidenced by how
extends to (2.36)). The constraints from the matching conditions can be
used to calculate these 4 unknowns at which the branes end and then using ,
express log g;. Since these expressions don’t simplify out in general, we lay out their

details in Appendix

logG
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Figure 2.5: The additional entanglement entropy (log g) for the 3-region holographic
model, where we consider a symmetric fusion of defects with I, = Ig = 10, 71 = 7.
Legend shows [ values. Moving left to right, the curves are given by decreasing [
values.

2.3.3 Results and comments

It is more expository to instead plot log g;. For an easy to visualize 2d plot, we
take I, = g and 7y = 75 representing a parity symmetric fusion’ of defects. Figure
shows that the correction to entanglement entropy can be positive or negative
and unbounded in general, for different values of tension. Most interestingly, it shows
that for the same log g; value, we can have many different 3-region models, given by

different [o. This is exactly the freedom we were looking for that was absent in the
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single brane model. Additionally, we see that when the center’s radius is greater than
boundary’s radius, there seems to be low tension region where log g; has a maximal
upper bound, depending on [o. This can be explicitly seen in Figure [2.6]

Ic

25+

20+

- - - — tension
0.02 0.04 0.06 0.08 10

Figure 2.6: log ¢ has a finite maximum value when lc > [;(I;, = lg = 10 and 7y = 7).

Using (B.3) in Appendix [B] if one evaluates log g, for Iz = I, = l¢, and
then converts from log to tanh™* (using the mathematical identity), the increment in

entropy is:

(mlp+2) (2l +2)
Ag o Ll ((vi_zi—zx_ézi—z))

4G

_ (e 1 (T

= log go, + log go, = log (g0, 90,) = log g1

where log go, and log go, are contributions from a single brane defect with tension 7

and 79 respectively [8] 28].

Thus, the increment in entropy has a pleasingly simple form and agrees with
field theory expectations: the log g values simply addﬂ As we introduce more freedom

into the interface by looking at the fusion of multiple defects, the value of g increases

In general, log g is additive under fusion of the branes, evidenced in how (2.29) extends to
(2.36). However, it takes this simple form only when the AdS radii are the same.
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unbounded, indicating an infinite class if you want to interpret g as classifying your

defects.

This result has to be compared and contrasted with our analogous results for
the transmission coefficient . There, we also found that the brane contributions
add, but there it was the tensions that added. Due to the non-linear relation in terms
of the tanh ™" function between log ¢ and tension, this makes it very clear that merging
two single brane defects gives us a genuinely new defect. We could, for example, try
to fix the effective tension of a defect arising from the merger of two single brane
interfaces with tensions 7, and 75 by requiring that the resulting log g should be that
of a single brane with tension 73 as shown in the last line of . Re-expressing
the tanh™ ' in as a log we find

s = ZL(Tl +7’2)

— (2.38)

I+ +—=
If 73 were just the sum 7 + 75, this would be consistent with our result for the

transmission coefficient (2.17]). The extra non-linear term ruins the equivalence.

Note that this even applies in the special case g = [, = [ where we do not
make use of the freedom to connect our original CF'T to any “auxilliary” CFT with a
different central charge. We only look at interfaces from a given CFT to itself. Once
again, looking at log g alone it appears that the system can be effectively described as
a 2-region model with some tension 75. But the transmission coefficient for a 2-region
model with tension 73 will not match the transmission coeflicient expression obtained

for the 3-region model.

2.4 Conclusion and extensions

In this work we have clearly demonstrated that in holographic bottom-up mod-
els for ICFTs based on RS branes, the fusion of two single brane interfaces does not

yield back another single brane interface but instead should be thought of as a novel

95



object in the theory. This somewhat alleviates the tension between the properties
of the holographic toy interfaces and generic ICFTs: the 1-to-1 link between trans-
mission coefficient and boundary entropy that was found in the single brane case is

broken and the two can be independently dialed, at least over a certain range.

We only briefly touched upon the case of multiple interfaces. Clearly it would
be of interest to consider the merger of not just two but of multiple branes. Presum-

ably the list of all multi-brane interfaces will give a complete set of allowed interfaces.

Beyond that, it would be of much interest to compare and contrast our findings
to those in a genuine top-down holographic model. As of now, the transmission
coefficient has only been determined for the bottom-up scenario. g has been calculated
more widely. This will help determine whether the lack of fusion is indeed a generic
feature inherent in the large N limit underlying holographic constructions as we
speculated in the introduction, or whether it is just a peculiarity of the particular

bottom-up realization in terms of RS branes.
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Chapter 3: Transport across interfaces in
symmetric orbifoldd]

Abstract

We examine how conformal boundaries encode energy transport
coefficients—namely transmission and reflection probabilities—of
corresponding conformal interfaces in symmetric orbifold theories.
These constitute a large class of irrational theories and are closely re-
lated to holographic setups. Our central goal is to compare such coef-
ficients at the orbifold point (a field theory calculation) against their
values when the orbifold is highly deformed (a gravity calculation)—
an approach akin to past AdS/CFT-guided comparisons of physical
quantities at strong versus weak coupling. At the orbifold point,
we find that the (weighted-average) transport coefficients are simply
averages of coefficients in the underlying seed theory. We then fo-
cus on the symmetric orbifold of the T* sigma model interface CFT
dual to type IIB supergravity on the 3d Janus solution. We com-
pare the holographic transmission coefficient, which was found by
[17], to that of the orbifold point. We find that the profile of the
transmission coefficient substantially increases with the coupling, in
contrast to boundary entropy. We also present some related ideas

about twisted-sector data encoded by boundary states.
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CFTy, CFTy Folding, | pp, o OF Ty,

Figure 3.1: An ICFT consists of a “left” CFT and a “right” CFT glued together
along a defect (left). This can be mapped to a BCFT (right) by folding along the
defect.

3.1 Introduction

2-dimensional conformal field theories with boundaries have a long history in
the literature [12} [19], with applications to both condensed matter theory [43] [44] and
worldsheet string theory [45] 40, [47, [48]. However, given a generic (particularly, irra-
tional) theory, the underlying classification principles of such boundaries consistent

with conformal structure are unknown.

As a first pass to studying conformal boundaries, we can examine physical
data “encoded” by the boundary. One example is the ground-state degeneracy g
(called the g-function) of the boundary state [20]. This is a c-number that counts the
“boundary degrees of freedom.” It is also associated with a thermodynamic boundary

entropy Sy, = log g [19].

Instead of a CFT with a boundary, we may consider two CFTs glued along a
defect surface (in 2d, a line) preserving (reduced) conformal symmetry. This defect
is an interface between the constituent systems [22], so the full theory is called an
interface CFT (ICFT). Like with boundaries, a general classification of conformal
interfaces is unknown. However, an ICFT can be mapped to a boundary (B)CFT
by folding along the interface (Figure [3.1)), so these are related problems (cf. [23]).
In particular, physical parameters characterizing interfaces are encoded by boundary

states, with the g-function being an example [§].

Notably, interfaces make manifest additional physics encoded by the folded
boundary states. One example is energy transport, which is characterized by trans-

port coefficients associated with the interface [I5], 49, 14]. The proportion of energy
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transported across the interface is quantified by a transmission coefficient 7T, while
the proportion that is bounced back is described by a reflection coefficient R. These
transport coefficients are defined through expectation values of the stress tensor by
[15] and sum to 1 by construction. Furthermore, unitarity can be used to bound them

between 0 and 1 [49] [14].

An underlying motivation of this work is to advocate for transport coefficients
as describing a facet of the physics of conformal defects apart from the g-function.
This is a rather broad goal, so to narrow our focus we examine a particular class of
CFT—symmetric orbifold theories. These are defined by taking N copies of some
“seed” theory M and quotienting by the permutations constituting the symmetric
group Sy. Motivated by the recent classification of boundaries and g-functions in
symmetric orbifolds [50]E| our main reasons for considering these theories lie in both
their tractability (given information about the seed theory) and their connections to
holographic CFT (cf. [52,53]). The general review and analysis of symmetric orbifold
CFT at the orbifold point constitutes Section |3.2]

Furthermore, some symmetric orbifold theories can be understood directly at
strong Couplimﬂ via the AdS/CFT correspondence [5], thereby giving us access to a
regime in which field-theoretic calculations are otherwise typically intractable. For
example, type IIB supergravity on AdSs x S® x T4 is dual to the symmetric orbifold
of a T* sigma model at strong coupling and with a large number of copies, and this
duality also persists in more stringy/weakly coupled regimes [55]. More pertinent
to our purposes, we can describe a simple class of top-down holographic conformal
interfaces in this CFT and at strong coupling through a non—supersymmetri(ﬂ dila-
tonic deformation of the AdSs bulk. The resulting gravitational background is called
Janus [57]. By using the holographic prescription initially proposed for “thin-brane”

2See also [51] for similar work in the context of string theory and AdS3/CFT, holography.

3We are referring to the marginal coupling which, when turned on, takes us away from the orbifold
point [54]. This coupling makes the N copies of the theory interact.

4There are also supersymmetric deformations of the AdS3 x S% x T4 vacuum [56] 0.
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configurations [4] and subsequently refined by [I] and [I7], one may obtain transport
coefficients encoded by particular boundary states in the strongly coupled sector of

the ICFT dual to type IIB on Janus.

Indeed, the holographic transmission coefficients of the Janus interface have
been obtained recently [17]. In Section , we will compare these coefficients against
those of the Janus interface at the orbifold point, which we obtain via applying the
procedure of Section to an appropriate boundary state of the folded T* seed
theory. The seed theory is four non-interacting copies of a free S!-valued scalar
field, each with a jump in mass along a defect. Under folding, each individual S*
theory maps to two non-interacting scalar fields on half space that together are taken
to satisfy a “Neumann—Dirichlet” boundary condition [8]. Transport in the folded
free scalar theory with this boundary condition has long been understood [I5], but
the main significance of Section [3.2] is to emphasize the answer does not change
in the symmetric orbifold. Our procedure ultimately yields an approximate answer
for transport coefficients in the weakly coupled regime of the T* symmetric orbifold

theory.

Performing this type of strong-weak comparison is not a new application of
the holographic nature of the Janus solution. [8] exploited the tractability of both
the strongly coupled and weakly coupled regimes of the T* symmetric orbifold ICFT
to study how the boundary entropies S}, of these interfaces run with couphng.ﬂ They
found that Sy, is highly insensitive to coupling, running only a small amount. Go-
ing further, a similar calculation in supersymmetric Janus [9] found an exact match
between the strongly coupled and weakly coupled regimes. However, in our compari-
son, we find that T changes much more nontrivially with coupling when the parameter

characterizing the strength of the dilatonic deformation is not at the ends of its regime

°They assume the boundary entropy has no contributions from twist fields. In light of [50],
a boundary state agreeing with this assumption is more consistent with a bulk geometrical inter-
pretation (i.e. a supergravity state) but is also “atypical.” We discuss this more in the Section

ER
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of validity (Figure [3.6)).

This makes sense. Heuristically, quantities describing transport are more sensi-
tive to coupling than those describing thermodynamics. The classic example is N = 4
supersymmetric Yang—Mills in which free energy [58, [59] only changes by a factor of
% while shear viscosity of the SYM plasma [60, (61, [62] changes infinitely. Inspired by
this story, we interpret our result as additional evidence for the idea that transport

is more sensitive to coupling when compared to thermodynamics.

3.2 Interface data in symmetric orbifold theories

We start by schematically discussing the physical data of conformal interfaces
in the symmetric orbifold of a known ICFT M. The N-fold symmetric orbifold theory
M ~ consists of N copies of M modded out by the symmetric group Sy of permutations
of the factors:

My = MV /Sy (3.1)

7

Here we focus on the “orbifold point” of the theory, in which the N copies are taken

to be non-interacting. This can also be seen as the free sector of the theory.

Instead of dealing with conformal interfaces directly, it is useful to map them to
conformal boundaries via folding [15]. Suppose that the seed ICET M consists of two
CFTs Cp, and Cr glued along an interface. We map this to a seed BCFT €, ®Cr. This
induces a mapping between JT/[N and (G;g%R) ~- Thus, we can use the technology

of BCFT and boundary states to study conformal interfaces (cf. [22] 23]).

Following [50], we start by assuming knowledge about interface (or boundary)
data in the seed theory. Using this knowledge and the combinatorics of Sy, we then
establish a recipe for interface (or boundary) data in the associated symmetric orbifold

theory.

—_—

Before getting into the details, we remark that the mapping of M N to (Cp ® @R) N
is subtle. Specifically, taking a symmetric orbifold of M then folding yields (éL) N®
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(éR) ~, which is not technically the same as taking the symmetric orbifold of €1, ® Cg.
However, we insist that the latter can be used as a proxy for the former when com-
puting data associated with transport, because the relevant CF'T data is encoded by

overlaps of product states.

3.2.1 Twisted sectors of symmetric orbifolds

Let us first review the basic structure of symmetric orbifold theories, following
[50]. There are two major differences between the spectra of the N-fold product
theory M®¥ and of the symmetric orbifold theory M ~- The first is that only product
states that are invariant under all permutations, i.e. totally symmetric product states,
survive the orbifolding procedure. These particular states constitute the so-called

untwisted sector of JT/[N.

The second difference is the presence of twisted sectors in the orbifolded theory.
Recall that the permutation group acts on different seed copies of M. We can system-
atically construct states of the orbifold by starting with an individual permutation
o € Sy and identifying (“gluing together”) copies of the seed theory M as instructed
by o. In more mathematically precise terms, such a state (defined on the cylinder)
is one where the corresponding field is periodic up to the action of the permutation
[63, [64]. Concretely, for a generic field p(2) (2 € S') of the seed theory, we define a
field ®(z) for which a 2 rotation (z — €*™z) maps ®(z) = ¢(;)(z) [where ¢, is the
ith copy of ¢] to ¢ (i) (2). Gluing yields a Hilbert space distinct from that of M®N
and consisting of “o-twisted” states. Allowing a slight abuse of notationﬁ we write

the space as M®N /{c}.

In the full symmetric orbifold, we mod out by the full group Sy, so the states

that survive this procedure must be invariant under all permutations. As a result,

6Taking a quotient technically requires a group (which {o} is not). However, we can still use the
notation of quotients to describe seed theories being glued in a particular order and by a specific
permutation.
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Figure 3.2: A cartoon of the sectors of the symmetric orbifold theory Mz = M®3/S5.
Each box is a copy of the seed theory. Boxes connected by arrows are identified
with one another (i.e. “glued”), and any remaining boxes are just factors in the
symmetric product. The untwisted sector (a) is simply the symmetrized product
space. The 2-twisted sector (b) is constructed by gluing together any two seed copies
and symmetrizing. The 3-twisted sector (c) arises from gluing together three copies
in any order and symmetrizing.

[2-twisted sector]

each twisted sector consists of totally symmetric sums of twisted states taken over
all permutations of a particular cycle type. For example, in the N = 3 case, we
would sum together states twisted by permutations (12), (13),(23) € S; (using cycle
notation) to get states in one of the (symmetrized) twisted sectors, and we would
similarly sum together states twisted by (123),(132) € S5 to get those of the other
sector. See Figure for a cartoon.

Note that the permutations of a particular cycle type precisely constitute a
particular conjugacy class of Sy. Through this equivalence, the conjugacy classes
each correspond to an integer partition of N (the cycle type). So, the number of
twisted sectors in the symmetric orbifold theory matches the number of distinct in-

teger partitions of V.

Twisted states Let us be more explicit about the properties of twisted states. First
for simplicity, consider a single N-cycle oy € Sy, by which we mean that oy is an

order N (lony| = N) connected permutation. In other words, o has no fixed points
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or subcycles. We take the N copies of the seed theory permuted by oy and glue them
in the order dictated by oy. For example, taking N = 3, we have two 3-cycles, (12 3)
and (132), and the corresponding gluings of seed theories are respectively visualized
in Figure [3.2.7]

For some seed primary scalar |h) of weight h, the Hilbert space of M®" /{on}
has a state |on-h®™Y)) of weight b [h(N)} (using b to represents weights in the orbifold),

h[n™] = (N = %) + % (3.2)

The superscript (V) is meant to highlight that we are starting with N copies of the

where

seed state |h) priori to gluing them by on. Note that the explicit choice of oy does

not matter.

This is still not a state of the symmetric orbifold, since it is not invariant under

all permutations. Instead, we define the symmetrization of |oy - AV)) as

1
(N) - . )
) = s S oo h®). (3.3)
o€{N-cycles}

Basically, we are summing over all possible N-cycles. This is mathematically equiv-

alent to summing over all elements of Sy in the same conjugacy class as a particular
1 . . .

on. There are (N — 1)! such permutations, and so T is a normalization factor

for the symmetrized state. Furthermore, this can be rewritten as a sum over all pos-

sible conjugates of oy in the symmetric group, so long as we introduce a % factor to

prevent overcounting (cf. [65 6")})
|RV)y = NN =T Z |(ronT ) - R, (3.4)

This rewriting can be found using finite group theory. We first explicitly write each
distinct N-cycle in the sum as some conjugate of on. We then further rewrite each
term as a sum over the centralizer of o [defined as §(on) = {g € Sy | gong™' = on'}]
by the replacement oy — + D ges(on) gong~!' (where the factor of N is the size of

the centralizer and can be found through the orbit-stabilizer theorem). We then use
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the fact that the left cosets of §(oy) in Sy partition the symmetric group to get the
right-hand side of (3.4)).

The fact that |h")) can be written as a sum over the full symmetric group
means that it is manifestly invariant under permutations. So, it is also in the Hilbert
space of the symmetric orbifold theory M ~ despite not being a product state, and it
still has the same weight as its individual terms as given by . We will refer to
the states of the form |h(Y )> as “maximally twisted” in that they are constructed by

gluing together all N copies of the seed theory.

We can generalize the above construction to arbitrary elements of Sy to go
beyond just N-cycles. Specifically, consider a permutation o = oy - - - 0, € Sy, where
each o; is a ki-cycle (with k; < k;yq for all ¢) and the different factors are disjoint.
Every element of Sy can be written uniquely in this way for some k; > 1 for which

> ki = N, and the ordered multiset {ki,...,k,} is the cycle type of o. From m

seed primaries |hy), ..., |hy), we construct a o-twisted state denoted by
o1 B o, - b)) € ME )/ {o). (3.5)

This notation unambiguously encodes both the numbering of the seed states and
how identical copies of such states are twisted together, since the constituent disjoint
cycles encode the initial “locations” of the seed states within the parent tensor state[]

Additionally, the weight of the generic twisted state (3.5]) is

. — . & 1\ ki
bR, ] =S b =S [i (k; - E) + E} : (3.6)

i=1 i=1
which we get by noting that (3.5)) is basically an m-fold product of maximally twisted

states with respect to M®* ... M®*=  Indeed, if we consider a state twisted by

an N-cycle (m = 1 and k; = N) then we recover (3.2), whereas taking the identity

"For example, |(1) - h§1)>|(2 3) - hé2)> describes a state for which we take the tensor product
|h1) ® |he) ® |ha) and then glue the second and third seed factors by quotienting by (1)(23).
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element (m = N and ky = --- = ky = 1) yields the weight (hy + --- + hy) of a

product state in M®V,

Just as in the maximally twisted case above, however, we need to symmetrize
the o-twisted state in order to get a permutation-invariant state of the full symmetric
orbifold theory. Again, we define a sum over all permutations ¢ € Sy of a particular

cycle type:

™y @ - @ hii) =

D or ) o - b)),

1
Ve, - k) oo

loi|=k;

where o; Moyl =@, ki+-+kyn=N, (3.7)

where we use ® to emphasize that the factors |h£k’)> of the symmetrized state on the
left-hand side commute by construction. As in (3.3), we introduce a normalization
factor C(ky, ..., k) that is equivalent to the number of terms in the sum. Note that
C(k1, ..., ky) is just the size of the conjugacy class if k; = k; = i = j (as in the
maximally twisted case), but if there are multiple subcycles of the same size then this
is no longer true (as in the untwisted case for which € = N!). For simplicity, we will

ignore this normalization unless working with specific cases.

Most importantly, through the same group-theoretic techniques described in
the maximally twisted case, we can fix a particular {ki,..., k,,}-cycle o and rewrite
the sum as one over the full symmetric group (omitting the cycle-type-dependent

normalization):

]hgk1)> oIO) |h’£7]:jm)> o Z |‘71 ) hgk1)> . |O-;n . hﬁ,’fm)>,
TESN

where Tor ' =o' ---0l |0l = ki, (3.8)

The key takeaway of (3.8) is that |h§k1)> ORRRNO |h£7’f’")> is a sum over Sy and thus
invariant under permutations. This construction also explicitly shows how different
sectors of M®Y /Sy are labeled by the cycle types, which in turn label conjugacy

classes of Sy.
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As a concrete example of these twisted states, consider again N = 3, and take
two seed primaries |hi) and |hy) with one copy of the former and two copies of the
latter. We can use these primaries to build states respectively twisted by (12), (13),
or (23):

(1) - ha)|(23) - he) € MP?/{(1)(23)}, (3.9)
[(2) - h)[(13) - ha) € MP?/{(2)(13)}, (3.10)
[(3) - 2} [(12) - h2) € MZ?/{(3)(12)}. (3.11)

All three of these states have the same weight,

C 1 hl C 1 hg . C h2
A CEE P Y EA % SR

The permutation-invariant state with this weight and consisting of €(1,2) = 3 terms
is
1Y) @ [157) = —=[1(1) - h)[(23) - ha) +1(2) - ) [(13) - Do)

+1(3) - h)l(12) - ha)].

Sl

(3.13)

This is indeed invariant under permutations and thus is a well-defined state of the

symmetric orbifold, despite not being a product state.

We should mention that each twisted sector has its own ground state realized
as a twist of the seed vacuum state h = 0. These states are called bare twists. In
terms the notation of above, they are written as |0%)) © ... ® [0(k=)). For
instance, consider again a single N-cycle oy. From , the weight of the twist of

1
M= (o2 14
b[() } 24 ( N ) ’ (3.14)
which is below the black-hole threshold

the vacuum by oy is

57 and is also the weight of the (symmetrized)
bare twist |0™)). Weights of bare twists by more complicated cycle types can similarly

be computed with (3.6)), but they are all upper-bounded by f)[O(N )}.
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As an example, consider the N = 4 case. There are five different cycle types
in S, corresponding to the integer partitions of 4. The associated bare-twist weights

are

M oM oM M) = (1)
hlo®, 00, 00, 0W] =0, p[oW, 0" 16

0®] =
h[0, 0] :g how] = .

. (3.15)

hloM,0®] = <

Note the untwisted sector furnishes the true vacuum of the theory |[0)®Y of weight

h = 0.

Symmetry structure Take the holomorphic and antiholomorphic Virasoro sym-
metry of the seed theory, collectively denoted as Vir(M) @ Vir(M) and with cen-
tral charge c. The algebra of the ith copy is generated by {Lg) S Vir(M)} and
{L c Vir(M } where

(L0 L)) = (n =)Ly + (= Do,

T, T = (= 0Tk + 5002 = Do, (3.16)
[Lg)azg/)] =0.

Now consider just the chiral symmetry algebra W of the seed theory. W generically
contains Vir(M). Meanwhile, the symmetric orbifold theory My inherits the chiral
algebra

WEN /Sy D Vir(M)®N /Sy (3.17)

Notably, this contains the chiral Virasoro symmetry Vir(IM®") of the product theory.
We refer to this subalgebra as the “full” Virasoro algebra of J\N{N and denote its
generators by {Ln = ZZ]L Lg)} [resp. {Zn = Zf\il Zg)} for the generators of the
analogous antiholomorphic copy Vir(M®V)]. The associated stress tensor of M®V
whose modes generate the full Virasoro algebra is found by summing together the
stress tensors of each copy of the seed theory. Since the product theory is non-

interacting (i.e. seed Virasoro generators acting on different factors commute), the
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commutator of the full Virasoro generators is

N
) i Nc
Ly L) = Y [LD L) = (n = ) Ly + En(rf — im0, (3.18)

i=1
with an equivalent expression for the antiholomorphic generators. Thus, the central

charge of the full Virasoro algebra is Nec.

However, note that the chiral algebra Vir(M)®" /Sy consists of more than just
full Virasoro generators. Notably, there are also “fractional” Virasoro generators that
act on twisted sectors of the theory [63, [66, [67]. To be concrete, consider the twisted
sector corresponding to the cycle type {ki, ..., k,}. Restricting our attention to one
of the cycles of length k;, the associated glued copies each furnish one copy of the
seed stress tensor TV) (j = 1,...,k;). By looking at the covering space [63], we can

define fractional modes of the stress tensor {/,,} by the equation
1 &
Uy, = > j{dz ZV kit ;e_%m(]_l)/kiTU)(z). (3.19)

These and their antiholomorphic counterparts {/, /k:+ together satisfy the following

commutation relations:

n—n kic [(n n
- - n—n"\ - kic [(n [0\ 2 ] (3.20)
[ﬁn/kﬂgnl/ki] = ( L. ) E(nJrnl)/ki + 12 (k_) (/{_) -1 5n+n’,0a

s> b i) = 0.
This looks like the usual Virasoro algebra, but with fractional modes. Indeed,
and respectively reduce to the usual integer-moded Virasoro operators and
algebra Vir(M®*) @ Vir(M®*) with central charge k;c when taking modes w € L.
Additionally, the fractional and full Virasoro generators share a nontrivial commuta-
tion bracket [66]:
(L, o i) = Wity p1es s Ut 1) (3.21)
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The generators built from the fractional modes that act on a generic state are of the

form .

i=1
By taking generators of the untwisted sector (m = N, k; = --- = ky = 1) and
summing over identical modes (ny = .-+ = ny = n), we recover the full Virasoro

generators L,,.

The fractional Virasoro generators act on states in nontrivial twisted sectors.
Hence, twisted-sector primaries and their fractional descendants may generically ap-
pear as terms in the boundary states of a symmetric orbifold theory [50], as we review

in Section [3.2.2

However, the boundary data with which we are primarily concerned do not
involve these modes directly. Specifically, g-functions [20] are identified as overlaps
between boundary states and the untwisted vacuum [19], while the transport coeffi-
cients of the stress tensor [15] are equated to overlaps of boundary states with full
Virasoro descendents of the untwisted vacuum. Twisted-sector terms are projected
out when defining either quantity. While we can extract twisted-sector data encoded
by a boundary state, such as overlaps with bare twists or fractional Virasoro descen-

dents, we will only briefly discuss such quantities in Section [3.2.4]

3.2.2 Building the boundary states

Via folding, all physical data about a conformal interface is encoded by an
associated boundary state in the closed-string spectrum of the folded BCFT [12} [19].
So, a good starting point for studying transport coefficients in a symmetric orbifold
theory is to explore how its boundary states might be written in terms of those of the

seed theory.

Let us first clarify some fundamental statements of BCFT. A generic CFT
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boundary state |B) must satisfy the gluing condition
(L, —L_,)|B) =0, VneZ, (3.23)

where we recall that {L,} and {L,} are respectively the holomorphic and antiholo-
morphic generators of the full Virasoro symmetry. In addition, boundary states must
satisfy the so-called Cardy condition [12],[19] obtained by equating the open-string and
closed-string slicings of the 2d cylinder partition function. To classify the boundary
states, one may start by finding a basis for the solution space of ; the elements
of such a basis are called Ishibashi states [68]. We may then use the Cardy conditions
to compute the specific linear combinations of Ishibashi states that correspond to

boundary states.

However, the full space of Ishibashi states satisfying is not generically
known when the theory is not Virasoro-diagonal, and this obstructs simple attempts
to organize boundary states. A more attainable goal is to classify boundary states that
also respect the chiral extension that diagonalizes the CFT [68, [69]. Mathematically,
this means that we restrict our attention to a smaller space of boundary states that
satisfy

(W, — (=1)*WQW_,)]|B) =0, Vne€Z, (3.24)

where {W,,} and {W,} are respectively holomorphic and antiholomorphic generators
of the extended symmetry algebra corresponding to a holomorphic current W of spin
s(W), and €2 is an automorphism of the extended algebra. is a generalization of
the condition , since the holomorphic current 7' corresponding to the Virasoro
modes has s(T") = 2. The solution space of the set of constraints over all
extended symmetry generators can be described by Ishibashi states [68].

The goal of [50] (see also related earlier work [70]) is to construct boundary
states that respect the chiral algebra Vir(M)®Y /Sy universal to symmetric orbifold
theories. The main idea is to classify the solution space of , where the generators
are of the form (3.22)). Basically, [50] constructs “twisted” Ishibashi states from
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twisted primaries and fractional descendants that, in conjunction with the expected
“untwisted” Ishibashi states (i.e. symmetric products of seed Ishibashi states), act
as building blocks for the boundary states. For our purposes of understanding the
physical data encoded by boundary states, it is instructive to review this construction.

We do so now.

As a caveat, we stress that we focus on Virasoro-diagonal seed theories for
concreteness, thereby assuming that the only symmetry generators that we need to
worry about are those built from the seed stress tensor. However, note that the basic
construction works more generally at the cost of completeness in the classification of

boundary states.

Untwisted building blocks We first suppose the seed theory M has boundary
states |b,) where o = 1,...,my is an index. ny, is either finite (e.g. for a rational seed
theory) or formally infinite (e.g. for an irrational seed theory). These states live in
the solution space of the following constraint [denoting ith seed Virasoro modes by
LY and fs )]:

(L —T)|ba) =0, Vn e Z. (3.25)

n

If the seed theory is diagonal with respect to the Virasoro algebra, then we can
explicitly construct the seed boundary states because the solution space of ([3.25)
is spanned by the Ishibashi states of M [68, [71]. Each of these Ishibashi states is

constructed from some spinless primary of weight h as follows:
h) =" |h,m) @ |h,m), (3.26)
m

where m is either the empty set or an ordered multiset of positive integers ({my, ..., m,}

with i < j = m; < m;). The state |h,m) (resp. |h,m)) is a holomorphic (resp.

antiholomorphic) descendent of the associated primary, with the multiset labeling
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both the number and type of creation operators employedﬁ

b, {ma,...,m.}) = (H L@W) Ih),
[, (s - ) = <HE@m> Ih).

As (3.26) defines Ishibashi states of the seed theory, all seed boundary states are

specific linear combinations of these states:

(3.27)

|ba> = Zﬁh,alh»- (3.28)

Note that the coefficients 3, take on specific values such that |b,) satisfies both
(3.25) and the Cardy condition [12] [19].

In the untwisted sector of the symmetric orbifold theory, a generic symmetry
operator consists of sums of seed Virasoro modes that individually act on different
copies. The generic gluing condition with such symmetry operators is solved
by symmetric products of seed Ishibashi states, a fact that can be seen explicitly from
the seed gluing condition . We refer to such symmetric products as untwisted
Ishibashi states, and we observe that they are building blocks for states of the form

(neglecting the normalization)
|B)untw = [bay) @+ O [bay) 0 D [bo(a) @+ @ [boay)), (3.29)
oeSy
which are boundary states of the symmetric product theory.
If all NV of the seed factors |b,,) are distinct, then is also the only way
they can be combined in the symmetric orbifold. However, we may have degenerate

factors, in which case we can also consider twists of these seed boundary states. This

is an expected characteristic of orbifold theories [72].

8m = @ corresponds to the primary state itself.
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Twisted building blocks We now discuss the twisted Ishibashi states of [50].
First, consider the maximally twisted sector, in which we have fractional Virasoro
modes /,,/y and 0, /v for all n € Z. Using these in the general gluing condition (3.24)),

we get the constraints
(buyv — _nyn)|B) =0, Vn€Z (3.30)

We can write Ishibashi states that solve this equation in a manner similar to the usual
construction. From a maximally twisted primary |h(™)), the associated Ishibashi state
is

Z F™) m) @ [hN),m), (3.31)

where this time we define

K™ Ly, me)) = (He_ml/N> |h)y,
W) {my, ..., m.}) = <H£_ /N> |hM)y.

Now, for some seed boundary state |b,) whose expansion in terms of seed Ishibashi

(3.32)

states is given by (3.28)), we can write an associated maximally twisted state
D) = Bral K. (3.33)
h

This contributes to boundary states of the symmetric orbifold built from N identical
copies of |b,), and so the maximally twisted Ishibashi states are also valid building

blocks.

It is straightforward to generalize the above construction to arbitrary twisted
sectors corresponding to cycle type {ki,...,k,}. We can construct Ishibashi states
defined with respect to states twisted along k; copies (denoted as |h)))) by using
the appropriate fractional Virasoro modes ¢, and 0, kD . We then write
symmetrized products,

) © - @ G- (3.34)
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Given a list of m seed boundary states {|ba,); - - -, |ba,,) }, these twisted Ishibashi states

are a basis for states of the form

1B) st = DY © -+ @ ). (3.35)

[50] discusses further how (3.29)) and (3.35]) can be used as building blocks for a broad

class of boundary states in the symmetric orbifold theory labeled by representations
of permutation subgroups in Sy, where these subgroups are those which permute
identical copies of seed boundary states. The coefficients of associated Ishibashi states
can be found through the Cardy condition. However, for our purposes it is sufficient
to know only the general form of the boundary states—as linear combinations of

(3-29) and (3.35)) weighted by characters of symmetric-group representations.

We reiterate that the basic construction does not actually need a diagonal seed
theory. This is only a useful assumption to make because it affords us the Ishibashi
states as a complete basis for seed boundary states [68]. For a non-diagonal
seed theory, the idea of [50] to start with seed boundary states directly and sum
over permutations and twists is still valid in the construction of boundary states that
respect the chiral algebra Vir(M)®Y/Sy. However, this may no longer provide a

complete classification.

We also emphasize that there are other boundary states not included within
this classification. In particular, we can consider just the boundary states that respect
the full Virasoro algebra inherited from the symmetric product theory Vir(M®Y) C
Vir(M)®V /Sy, i.e. those that only satisfy the gluing condition but not neces-
sarily for all of the symmetry generators. This would be a much more uncon-
strained problem that would allow for many more boundary states (cf. the case of

the free boson [47]).

3.2.3 Transport coefficients from seed data

Now, we discuss how the transport coefficients of [I5] are encoded by the

boundary states constructed from the building blocks (3.29) and (3.35). The g-
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function has already been addressed by [50], and we can look to that story for in-
spiration. Again, for simplicity we assume that the seed theory has no extended

symmetry beyond Virasoro.

The g-function of a boundary state |B) is defined as the overlap between the
boundary state and the vacuum |0)®V [20]. Mathematically,

9(1B)) = (0[*"]B). (3.36)

However, the state [0)®Y lives in the untwisted sector, and so it projects out any
twisted-sector terms in |B). As a result, for |B) built from seed boundary states
1bay)s - -+ 5 [bay), the g-function is merely the vacuum overlap with (3.29) up to an

overall normalization factor, so it is proportional to a product of seed g-functions:

9(I1B)) = F(N,[B)) (gar - - Gan)» g = (0lba), (3.37)

The normalization factor of |B) depends on both N and the number of twisted-sector
seed terms that can be and are included. This carries over to the coefficient F, and

so the possibility of twisted-sector terms can influence ¢ indirectly.

Now, we discuss transport. For any 2d ICFT prior to folding, we have a

“left” theory whose full Virasoro generators we write as {Lg“ },ZEJ ]} and a “right”
R]

n I (note the square brackets). These theories also

theory with generators {L? ],f
respectively have central charges ¢, and cg, respectivelyﬂ Upon folding, [I5] defines

a 2 x 2 “transport matrix”

—[J
QLT B)

I,J=L,R, (3.38)

where |Q) = |Qp) ® |Qr) is the vacuum of the generic folded theory. In terms of the

transport matrix, [I5] defines the associated “transmission” and “reflection” coeffi-

9We assume that the holomorphic and antiholomorphic data of the two theories are the same,
e.g. ¢, = ¢, and cg = CR.
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clents as

. i o [Bir(1B) + Rau(IB))], R= i —[Ru(|B)) + Ran(1B))]
(3.39)

We can use the gluing conditions (3.23|) and the Virasoro algebra to show that R;;

T(1B)) =

is symmetric. Thus T as defined above only has one parameter (not including the

central charges ¢, cr), which we write using the notation of [14]:
cur(|B)) = Rir(|B)) + Reu(|B)) = 2Rir(|B)). (3.40)

In fact, T+ R = 1, and so cyr is the only free parameter needed to specify the
coefficients (3.39)). Furthermore, the analogous matrices defined with higher-level
Virasoro modes do not give additional information because by the gluing condition

(3.23) (taking n > 2)

QLY L LW M T By =0
@I |B) a2 —1) (3.41)

It is important to bear in mind that the formulas are only one way to quantify
transport probabilities, and they do so in an indirect and somewhat incomplete way
because they only use Virasoro modes. Nonetheless, the boundary-state formalism
had been extended by [73] to include overlaps with states created by other symmetry
generators besides those of Virasoro, but each associated matrix only gives one piece

of CFT data.

[T4] presents another more physically motivated and complete approach. In-
stead of folding the ICFT and invoking the boundary-state formalism, they set up
a scattering gedankenexperiment in the ICFT by sending a wave packet towards the
interface and define transport coefficients in terms of ratios of average energy fluxes.
The resulting “scattering” transmission coefficients are generically determined by the
coefficients of two-point functions between spin-2 quasi-primary holomorphic currents

on the left and on the right of the interface.
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Notably, if the only such current on both sides is the stress tensor, then the
transmission coefficient is universal—regardless of the in-state, transmission is a func-
tion of just one piece of CFT data cr (keeping cr,, cg fixed), and this quantity appears
in the following two-point function of the left and right stress tensors computed in

the vacuum state of the interface theory’s Hilbert space:

<TL<Z)TR(2/)>interface = % .

If transport only cares about cpr, then the coefficients (3.39)) defined previously by

(3.42)

[T5] can be seen to describe weighted averages of the scattering coefficients, as found

by [14]. So (3.39)) are sometimes called “weighted-average coefficients” (e.g. by [4]).

In generic CFTs, the transport coefficients of [14] are state-dependent. Specifi-
cally, the in-state of the scattering experiment is created by some local operator, which
[14] takes to be localized on the left and denotes as Oy, acting on the ICFT vacuum.
The O, x Or, OPE might contain a spin-2 holomorphic (quasi-)primary Oy, # 71,. For
any such operator, there is a nontrivial two-point function (Or,(2)TR(2"));perface With
the same pole structure as . The transport coefficients for the in-state created
by Oy, thus depends not only on c g but also the coefficients of these other two-point
functions. So proper characterization of energy transport across the interface requires

inclusion of this additional data.

We can extract this data from the boundary state | B) associated to the inter-
face. For example, consider a pm’marﬂ spin-2 holomorphic current O whose Laurent

modes are

1
Op=-— 9 dzz""0(2) = [Lpn, 0] = (n—m)Opim. (3.43)

271

We then define the following quantity in analogy to (3.40)):

[L]+(R]
R e (3.41)

10Quasi-primaries would yields a nontrivial central term in the commutator with L,,, but this
would not alter the qualitative discussion below.
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Quantities defined with higher modes are redundant, again because of a recursion
relation of the form . So oy is the specific piece of CFT data associated with
O that describes energy transport. However, we reiterate that if the scattering state
is prepared with the stress tensor (i.e. O, = T1,), then even in a generic CFT the

only datum that matters in describing transport in that state is cpg.

At this point, we focus on how the transport data of the symmetric orbifold is
informed by that of the seed theory following the boundary state formalism of [I5], [73]
74]. We start with cpr. We then discuss the data associated with another type of spin-
2 holomorphic primary W whose existence is rooted solely in the product structure
of the symmetric orbifold theory. The punchline is that o'z = 0, so if transport in

the seed theory only depends on cpr, then the same is true in the symmetric orbifold.

Transmission of stress tensor Our first goal is to write the datum cpg for a

symmetric orbifold theory’s boundary state in terms of seed data. This will determine
the T, R coefficients ((3.39)).

First, recall that the nth full Virasoro generator is a sum over nth Virasoro

generators of each copy of the seed theory. So, we have that

N
L[I]L[J] (ZL [1]) (ZEQJW]) ZLz)[z [J]+ZL [I]L(J (3'45>
j=1

i#]
Observe that we have decomposed the sum into two pieces, where the second sum

consists of “cross terms.” So to compute Rpr (which is sufficient to get T and R), we

write
Y
(01N LY L5 |B)
Rir(|B)) =
R
f: O 00) | O ) O o)) o
= () o O (Of)

Here we have used the facts that the twisted-sector terms are projected out of the

boundary state and that the normalization factors of |B) cancel. However, for
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Rir(|B)) to be purely a function of seed transport data Rpg(|ba,)), the cross terms
above need to vanish. Indeed, we assert that these terms must vanish because their
numerators are basically products of overlaps between seed conformal boundary states
and spin-2 states. To see this explicitly, we invoke the gluing condition and the fact

that global Virasoro generators annihilate (0|:

0= (0| L(i)m [ L(i)[L] n L(i)l[R] B fgi)[L} B Zgi)[R}] b
= (0[[LOW, L9 s, )
= (n+ 1)L, ). (3.47)

Thus, by taking n = 3 we have that (0|L{""|b,,) = 0, and so

N

Rir(|B)) ZRLR bo,) = cr(IB) = crr(ba,))- (3.48)

i=1 =1
Let us also write this in terms of the weighted-average transport coefficients (3.39)).

First, we note that the seed transmission coefficient for a boundary state |b,) is

2cr([ba))

T

Ty, = (3.49)

where CS ) and CS) are respectively the central charges of the left and right seed the-
ories. From (33.39), we have that the transmission and reflection coefficients encoded
by |B) are

2cLr(|B)) 1 &
T(B)) = ————1 _ — Tess 3.50
(1B)) N@+M§ v (3.50)
N 1 N
R(|B>) Ne s) N N Z RLL |b + RRR(|bai>)] = N;:Rou (351)

In other words, the weighted-average coefficients encoded by some boundary state | B)
are themselves averages the coefficients encoded by each individual seed boundary

state in |B).
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Other spin-2 primary currents We have written cpg and the associated trans-
port coefficients in terms of seed data. However, there is in principle more data
that goes into the energy transport coefficients, particularly if there are holomorphic
quasi-primary currents of spin 2 apart from the stress tensor. It is indeed possible
to have such currents in a symmetric orbifold, even when the seed theory does not.
However, we argue that the associated transport data vanishes, and this intuitively

is because the different seed copies do not interact at the orbifold point.

Let us be more specific about the construction of these spin-2 currents. It
is a generic feature of symmetric orbifold theories that higher-spin (quasi-)primary
currents can be written from those of the seed theory. Basically, such currents are
constructed by starting with permutation-symmetric products of lower-spin (quasi-
Jprimary currents and potentially adding derivative terms. We can check that the
resulting quantity is itself primary by computing the OPE with the full stress tensor.
The spin is easily seen to be the sum of the constituent factors’ spins by applying a

generic conformal transformation.

The existence of higher-spin currents is explored in depth by [64]. An example
found for all CFTs provided therein is the following holomorphic spin-4 primary
current constructed solely from the seed stress tensor:

N

N 3 ) 22 + 5¢ Ny
TOTO - = 9?70 - ==\ " 7OT0), 3.52
I LR =) @52

Here, T®™ is the ith seed stress tensor, and as before ¢ is the seed central charge.

Note that these novel currents are always higher in spin relative to the seed
currents. So, if we for example only have Virasoro symmetry in the seed theory, then
there will be no spin-2 currents apart from the full stress tensor in the symmetric
orbifold. However, if we have a seed current of spin s = % for any positive integer
k < N, then the symmetric orbifold should have a spin-2 current (built from k-fold

products of seed operators), even if the seed theory does not!
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To make the discussion even more specific, suppose that the seed theory has
a U(1) holomorphic current J corresponding to some extended symmetryﬂ [64]
constructs two spin-2 holomorphic fields:

N [po 350 (i)] A O )

Y_ZZI[T TACAE W_;J J9, (3.53)
Y is quasi-primary while W is primary. Of course, our goal here is to consider sym-
metric orbifolds for which the ith seed theory does not have a spin-2 (quasi-)primary
apart from T, so we can assume that 7" is given by the Sugawara construction
utilizing J@ (as in a WZW model). In that case, Y is actually just the full stress ten-
sor (up to some rescaling), and so the only spin-2 holomorphic current present in the
symmetric orbifold besides the full 7"is W. This is enough to violate the assumptions

in the proof of [14] that transport only cares about cpr.

At this point, we seek to compute aj'y using the same boundary-state approach

as for ¢ r above. To do so, first take the Laurent modes of J® and W

. 1 } 1
JO = _— ¢ dz2"JD(2), W, =-— ¢ dzz"""W(z). (3.54)

- 2mi 27
Of course, each W, can be expressed as

Wa=> Y J0J7,. (3.55)

meZL i#£j

We now plug into (3.44)) to write

N (L] 7(7)[L]5 (k)R]
<O|®NJ1( )l ]JI(J)[ ]L |B>

=YY 2

2.2 (0" 1B)

(3.56)

When plugging in (3.55)), only the m = 1 term will survive acting on the vacuum,

which is why we only have J; insertions. However, each term will contain a factor of

1One could consider other symmetries, such as non-abelian ones. However, we do not anticipate
the details of the group being relevant to the following statements.
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the form (O]Jl(i) ] |ba, ), which again is the overlap of a state with spin and a boundary

state and will thus vanish by invoking the gluing condition ([3.25) E So,
af'r = 0. (3.57)

Just to reiterate, we can consider other symmetry algebras. This would introduce
nontrivial structure constants in the commutator between same-seed copies of cur-
rents. However, so long as we only have one spin-2 quasi-primary (i.e. the Sugawara
stress tensor) in the seed theory, we still have that transport depends only on one
parameter in the symmetric orbifold due to the non-interaction between different seed

copies.

Indeed, all of the above equations and statements are only expected to hold at
the orbifold point. In the strongly coupled regime far from the orbifold fixed point,
mixing between the different copies would spoil (3.48) and (3.57). One known way

to access this sector is through holography, as we discuss in Section [3.3|

3.2.4 Extracting twisted-sector data

Symmetric orbifold theories have a large symmetry algebra that universally
includes fractional Virasoro operators. These fractional modes can be used to define
twisted-sector analogs to the untwisted data covered in Section [3.2.3] We briefly

elaborate on this point, but we leave much to follow-up work.

Twisted g-function and fractional entropy We start with the twisted g-function.
Consider a twisted sector labeled by the integer partition {k,...,k,}. By analogy
to the untwisted quantity , we define the twisted g-function as the overlap of a
boundary state |B) with the appropriate bare twist [0%1)) @ ... @ |0m)):

gkrekm) (| B)) = (<o(k1)| Q-0 <O(km)|) |B). (3.58)

12To show this more explicitly, we can start with <O|Jr(f)[1] [L@l[L] + L@l[R] - EY)[L] — Eﬁi)[m} |ba,;) =
0 and invoke the commutator [Jy(f)[l],L(_i)l[I]] = anQ[{]. Setting n = 2 yields (0|J1(i)m |ba;) = 0.
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How do we interpret this quantity? First, we recall that the typical g-function is
related to the boundary entropy S, = log g that appears as a universal term in the
thermodynamic limit of the entropy [12, [19]. This is often demonstrated by starting
with the Euclidean cylinder partition function between two boundary states |A) and
| B) in the closed-string quantization scheme. Following the normalization conventions

of the review in [75], we write this partition function as
Z = (Ale”VH|B), (3.59)

where W is the width of the cylinder and H® is the Hamiltonian that evolves the
closed-string state on the circle from |A) to |B). In terms of (full) Virasoro modes
and the circumference 3, this is

2T — Nc
HY =" Lo+ L, — — 3.60
B(O‘i‘ 0 12); ( )

where we recall that the seed central charge is ¢, so the symmetric orbifold’s is Nec.

We can identify (3.59)) with a thermal partition function (associated with the
open-string quantization) and take the thermodynamic limit W > §. This is called
the “closed-string limit” and, assuming an Ishibashi basis {|h))}, yields the approxi-

mation

Z ~ Y (Alb)(b|B)g" N, g =P, (3.61)
b

where we sum over primary states of weight . The term that dominates in the strict
limit is the one corresponding to the true vacuum h = 0, and so we can write the

entropy as

25 0s2) = () 5 tos(10) +losa(18) +-- . (362

i.e. as an extensive piece plus two constant pieces.

S = _62

This limit produces an expression that is universal to all CF'Ts. However, in a
symmetric orbifold theory, we can rearrange the partition function in the closed-string

limit (3.61)) into an overall sum over twisted sectors, then note that each excited state
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within a particular twisted sector is suppressed by the bare twistﬂ Thus we have

the approximation

(k1) o(km)]_ Ne
Zr Y gletm)(|A)) gk (|B)) g0 0TI, (3.63)

in which twisted g-functions appear at subleading order to the vacuum term. We
deduce that twisted g-functions represent subleading terms in the thermodynamic

entropy.

Twisted transport matrices We now return to transport. For brevity and con-
creteness, we focus on the fractional Virasoro modes associated with the maximally
twisted sector, which are {(ELL/}N, ZLL/}N} for the theory left of the defect and {4511\/7 Z,[S]N}
for the theory right of the defect. However, the discussion here can be generalized
to other modes. We also emphasize that we will continue using the transport-matrix
formalism of [I5]. It remains to be seen how the quantities defined hereafter relate to

CFT data probed through the more physical scattering processes studied by [14].

The transport matrix specifically computes transmission and reflection
coefficients associated to the full stress tensor of the theory. One could instead con-
struct a matrix that captures the physics of other fields, as in [73] [74]. To do so, we
would need to employ the generators of the extended symmetry algebra. One possible
candidate is

(01~ 6 1 B)
OFNB)

where as in 73] [74] we use the true vacuum of the theory [0)®". This would measure

Riy(|B)) = (3.64)

the transmission of some “twisted” energy flux. Another possibility is to employ the

maximally twisted bare twist |0™)), instead of the vacuum. By doing so, we define

1 5lJ]
(O3] T5)x | B)

oMB)

R{Y(1B)) = (3.65)

13This argument should be true for any theory with superselection sectors.
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in direct analogy to (3.38). Note that we must use fo/x because (0|0, n = 0 [63],
much like how (0|L; = 0 for any CFT with vacuum |0).

If the boundary state respects the extended algebra [meaning (3.30]) is satis-
fied], then we can derive a relation between matrices using higher fractional modes

and Rg), just like (3.41)) for R;;. Specifically, we use the fact that

I R S[L]
(O™) |€L}Ne iy [+ O =Ty — 15 1By =0, (3.66)

and the commutation bracket (3.20]) to write the recursive relation

n—1

I [J n+2 1 Sl
(016 eyl B) = TS (01 8| B). (3.67)
After cancelling the —, we can see that the prefactors are identical to those of the

recursive relation used to derive (3.41)). Thus,

O(N)fl] NN | B n(n? — N
( <| |B/>\ ) _n( . 1>R§J)(|B>). (3.68)

Yet another matrix with perhaps with the clearest physical connection to scattering
[14] is

o™y T By
Ri1B)) = vy

(3.69)

This should compute energy transmission of a scattering state prepared by exciting

the bare twist [0(N)) with the stress tensor.

We refrain from pushing these alternative matrices further for now. An in-
teresting question is how to write these quantities in terms of the seed transport
matrices. One path to do so might be to employ the covering-space techniques of
[65], [76] used to study fractional modes by [63] 66], 67]. Another avenue is to directly
scatter excitations of bare twists (since they are essentially twisted-sector vacua) and

apply the definitions of [14]. We leave these directions to future work.
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3.3 The holographic symmetric orbifold of the T* ICFT

As a particularly tractable example, we examine the transport datum cpr in
the symmetric orbifold of a T* sigma model. The seed ICFT consists of four copies of a
scalar field gg : R — S which “jumps” in coupling at some interface. To approximate
the weakly coupled regime, we take the seed theory to consist of free scalars described

by the action
2

R? ~ R ~
It = ——/ dt dgj (0¢_)* + —+/ dt dij (02 (3.70)
2 Ji<o 2 Jyo
The couplings R4 are the radii of the target space on the two sides of the interface

and are generically distinct from one anotherFE]

We can turn on a marginal coupling that breaks the permutation symmetry
and thus deforms the symmetric orbifold theory away from the orbifold point [54].
The strongly coupled /deformed, large- N regime of the symmetric orbifold theory built
from scalars with the simple jump in is described by type IIB supergravity on
3-dimensional Janus [57] (Figure . This background is a solution to the type IIB
supergravity action constructed by deforming the AdSs; x S x T* vacuum with a
dilaton. 3d Janus is under a large amount of analytic control, just like the thin-brane

models used in previous studies of holographic interfaces [4, [77, 78| [1].

It is possible to compute cpr in the strongly coupled regime for the interface
described by the Janus solution through recently developed methods [II, 17]. Addi-
tionally, working directly in pure Janus specifies a particular boundary state on the
field-theory side constructed from copies of a single boundary state of the seed S*
theory [8, ©]. With this in mind, we can also approximate the associated transport
coefficients in the weakly coupled regime because the free-scalar seed theory is
rather simple (cf. [I5]). Upon doing so, we compare the answer against that of [I7] to
bound the running of transport coefficients with the marginal coupling of the ICFT.
The resulting plot is shown in Figure [3.6|

14Note that we are assuming the target space to be a square torus, with all of the radii equal.
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Figure 3.3: The parameter space of the symmetric orbifold of T¢. We can dial both
the number of seed copies and the marginal coupling which makes the copies interact.
The bottom axis (with coupling = 0) describes the orbifold point. The black point is
the holographic limit at which the description by type IIB supergravity on Janus is
valid.

3.3.1 3d Janus and holography

Gravitational solution In the Einstein frame of the type IIB supergravity action,

we consider solutions of the form
dsty = €% (ds? + d02)* + e ds. (3.71)
The dimensional reduction of the action onto the 3 noncompact dimensions is

! / d*x\/—g <R+ —aaqba%), (3.72)

S8 19, 0] = 60

where Gl(\:;’ ) is the 3d Newtonian constant, L is a length scale, and Greek indices run

over spacetime. The classical equations of motion are

1 Y 5. 69°
G;w - ﬁguu = ,u¢au¢ g# ¢a ¢7 (373)
V,.V¥p = 0. (3.74)
For the 3d spacetime, we assume the ansatz
ds®> _ f(y)
Tz = ?(—dt2 +d2?) +dy?, ¢ = (), (3.75)

with £,y € (—o00,00) and z > 0. The 3d Janus solution corresponds to the metric

function,
fly) = % [1 /122 cosh(Qy)} , (3.76)
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Figure 3.4: A constant-time slice of 3-dimensional Janus with radial coordinate z and
hyperbolic angular coordinate y. The dashed lines are AdS, slices of the bulk. The
y = 0 point is the interface between the left (y < 0) and right (y > 0) CFTs.

where v € [O, \%) is some parameter characterizing the solution See Figure for

a visual representation of 3d Janus. In this background, the dilaton’s profile is

1++/1—292++2vytanhy (3.77)
1+ /1 —292 —+/2ytanhy '

Thus, the asymptotic values of the dilaton are

¢+ = lim ¢(y) = ¢ + ! <M> (3.78)

(y) = o + —= 1g<

y—too 2\/_ 1 — \/57

One benefit of studying the 3d Janus solution is that the dual field theory is known to
be a highly deformed (i.e. strongly coupled) symmetric orbifold ICET. The parame-

ters of the theory can be described in terms of the number of fundamental D-branes.

Field-theory dual The starting point is to recall the holographic dual of type
1B string theory on AdSz x S® x T4. There, we take the D1/D5 system consisting
of Q; Dl-branes and Qs D5-branes in RS x T* [79]. For large Q, Q5 > i > 1,
the AdS/CFT correspondence describes a duality between type IIB supergravity on
AdS; x S x T* and a strongly coupled CFT on the boundary of AdS; x S3. The
target space of the CFT is topologically (T4)?1%s /Sy o. [5, B0, BI], and so it is a
highly deformed symmetric orbifold theory consisting of N = Q)1Q)5 > 1 copies of a

T* sigma model.

57].

~ = 0 corresponds to the non-deformed AdS; vacuum, and we find naked singularities if v2 > %
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To construct the Janus solution, we are adding a (non-supersymmetric) dila-
tonic deformation on top of the AdS; x S% x T* vacuum. As this dilaton asymptotes
to two distinct values on the AdS boundary (3.78)), the bulk deformation introduces

an interface in the dual symmetric orbifold theory.

We can identify the radius of each S! factor of the target-space torus with
the asymptotic value of e=?/2 [§]. However, since the dilaton profile (3.77) takes two
values at infinity (3.78)), the radius “jumps” between two values R, and R_, where

Ry ox e 9/2 = ¢=%0/2 (%) ) (3.79)
— Vv

We interpret this nontrivial jump as describing the presence of an interface in the
theory. With this in mind, observe that the ratio of the two radii,

1

R. 1+v2y) 272

— = —F , (3.80)
R_ 1 -2y

goes to 1 as v — 0 (the interface disappears) and goes to 0 as v — \/LE (there is a
parametrically large separation of scales between the sides). Intuitively, we expect
these limits to respectively correspond to a completely transparent or completely

reflective interface.

Note that the form of the boundary state encoding the Janus interface is not
obvious. However, [§] argues that it consists of N identical copies of a four-fold (one
per St C T*) “Neumann-Dirichlet” state in the T* sigma model. While there may be
twisted-sector terms, from our earlier analysis we assert that transport is not sensitive

to the resulting combinatorial factors and does not probe such terms.

3.3.2 Strong-coupling transport from gravity waves

The holographic prescription for the transport datum cpr [4] is to consider

linearized, source-free fluctuations of the metric in Fefferman-Graham (FG) gauge
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[39] (setting L = 1),

du2 1 ( )

ij 4 gw

where u > 0 is the radial coordinate and the Latin indices run over the remaining 1+1
dimensions. These fluctuations are called surface gravity waves, and in the boundary
theory they corresponds to excitations produced by the stress tensor [39, R2]. In
the thin-brane model of [4] consisting of two AdS3 geometries glued along an AdS,
surface, we scatter these surface gravity waves off of the brane. This corresponds to
the scattering gedankenexperiment of [14] in the boundary theory, with the in-state
being prepared by the stress tensor. The amplitudes of the reflected and transmitted
waves can be translated into the transport coefficients. The bulk equations of motion

and boundary conditions can then be used to constrain these transport coefficients.

Scattering on Janus We may attempt an analogous scattering experiment directly
in Janus. While possible in principle, this is difficult in practice. To see why, we first
write in FG form to serve as the background of our scattering experiment.
This has been done perturbatively in the Janus parameter by [83] (see also [84] 85]).
Up to the first subleading term of order 72, we approximate the metric function f in

BT as

1
f(y) = cosh®y — 572 cosh?y + O(y4). (3.82)

Taking v = 0 (pure AdS), the FG metric comes about through the coordinate trans-
formation z — /%2 + u? and y — 1 (%) For Janus, we thus consider the ansatz

: o VP @+l (%) L0, g (y) e fy< >+0( Y. (3.83)

Upon plugging this in and insisting that the geometry is still asymptotically AdS (as

u — 0), we find the functions

—2 4 (14 242 )1og<1+m )

) = e ) =

1+42° + 2 log<1+x )
8rv1+ x2 ’

(3.84)
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Figure 3.5: A discrete array of thin branes in AdSs. This is the setup used by [1] to
extend the prescription for transport coefficients of [4] beyond the case of a thin brane
with one tension parameter. “Thick brane” configurations in which the interface is
represented by a smooth geometry foliated into AdS slices can be discretized into an
array of thin branes.

for which the transformed metric truncated at order 42 id'|

du? 1 42 1 1 u?
2 Dl N I . - 2
it~ = [ 7 (s (14 59) )|

1 271 1 u? -
du? 1 2 oy ut P 2 ~2

Unlike the thin-brane solution on AdS; of [4], the metric does not truncate at the gf;l)

term and breaks down near the interface. These features make it difficult to compute
constraints from fluctuations on Janus even up to order-7? terms. Additionally, the
fluctuations may themselves need y-dependence in order for the constraints to be

nontrivial.

Most importantly, our goal is to perform a strong-weak comparison over the
full range of the Janus parameter v. As such, while a perturbative calculation might
be a useful proof of principle, it is not particularly helpful in accomplishing our

ultimate purpose.

Stacking branes Fortunately, a different y-exact calculation of the transport co-

efficients in 3d Janus has been performed by [I7]. The first step had been taken by

6The transformation ([3.83) induces terms which are O(y*), but we omit these terms.
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[1], which extended the earlier thin-brane method to “arrays” of thin branes (Figure
. This provides more parametric freedom in the bulk and allows for holographic

computations of transport coefficients encoded by a broader class of interfaces.

[T7] considers interfaces which are holographically described by continuous
(d 4+ 1)-dimensional bulk geometries that can be foliated into AdS; slices, such as
the Janus solution. They observe that these “thick-brane” geometries can be treated
as a limit of a discrete array of thin branes. For 3d Januﬂ in particular, they
find a tension “density” for the branes in this array and integrate to compute an
“effective” tension. Plugging this into the original thin-brane formula [4] yields a

~v-exact holographic transmission coefficient:

-1
1—+/1—292
TGR = Cizﬁms _ l (Tanhl \/—Py > (386)

=1-—=9 - —9*+0(?9). (3.87)

This is expected to be equivalent to the answer obtained by scattering surface gravity
waves directly on Janus. Nonetheless, the stacking approach is much less tedious and

more powerful.

It is worth comparing the Janus result against that of the thin-brane models
[4]. In the latter, the underlying action is Einstein plus a Randall-Sundrum term
[16], 24]. The tension is thus an effective coupling constant, and tuning the transport
coefficients requires fixing the tensions by hand—a fine-tuning problem. However,
3d Janus is a genuine top-down solution, and so we should not require fine-tuning
to achieve a particular T and R. Indeed, the Janus parameter 7 is an integration
constant labeling the solutions rather than a coupling, and the full physical range of

~ furnishes the full unitary range T € [0, 1].

Y7[17] uses a slightly different Janus parameter. We present their result in terms of ~.
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3.3.3 Weak-coupling transport from seed theory

We now calculate the transport coefficients in the free sector of the T* sym-
metric orbifold ICFT. As we are at the orbifold point, we only need the transport
coefficients of the individual seed boundary states used to construct the Janus inter-
face. Then, just as in [§], we take 4N = 4Q;Q5 copies of the Neumann—Dirichlet
state in the free scalar theory. With the seed coefficients in hand, we then employ

the prescription of Section [3.2namely (3.50)—(3.51)—to write the “full” transport

coeflicients.

The seed theory consists of four copies of a free scalar field on 2d Minkowski

spacetime —dt? + dj? whose target space is S' and with an interface at § = 0:

. 2

R ~ o~ R? ~ o~
Senld) = o [ dragod- oG+ 5F [ arapagos.. sy
g<0 >0
where ¢ here is a spacetime index running over (¢, ).

The transmission and reflection coefficients in this S* theory have been com-
puted by [15] (based on [10]) in a different parameterization. For now, we simply need
to recast their results in terms of R.. To complete this exercise, we require the behav-
ior of the fields at the interface. Reintroducing coordinate dependence as 5 — g(t, 7),
we demand 5$+(t, 0) = 5$_ (¢,0) [8]. By varying the action and integrating by parts,
we then get the boundary condition at y = 0:

R20;0, = R 030 (3.89)

This can be rewritten as a matrix equation in the form presented by [15]. Upon

making the substitution £0; — J1, we write

8_5— . 3+€Z~5— [ —cos(20) sin(26)
<8+<g+> =5 (8$+> , S= ( sin(20) cos(29)> ’ (3.90)

where we have identified the 6 parameter of [15] with R. as follows:

2R _ 2R2 R?
m, SIII(QQ) =t = (391)

cos(20) =1 — e
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The transmission and reflection coefficients in the free theory on S! are then

Toi = sin®(20) = - ! 5 (3.92)
() + ()]
RET = cos?(20) = <%> _ (%) : (3.93)

The seed T* sigma model consists of four non-interacting S! factors. For boundary
states in the product theory, a similar argument to that of a symmetric orbifold
theory at the orbifold point (Section applies; the transport coefficients of a
product state are averages of the transport coefficients of the individual factors (3.50])—
. As the S! factors have the same boundary condition, we deduce that the
transmission and reflection coefficients in the T* theory are still given by f
(3.93). Furthermore, as all of the seed boundary states are also identical, the total
transmission and reflection coefficients (respectively T5T and RF') are simply the

seed values, because they too are computed as averages.

Now, we may recast the transport coefficients in terms of the Janus parameter
~v using ([3.80]). Doing so for the transmission coefficient T¥T, we have that
V2 V2
Sym(T4 4(14+v2y)"" (1-v2y 16
T = ™) = ( f) ( )\f 5 =1-47+29"+0("). (3.94)
2 2
(1+v2y)"" + (1—v2y)

3.3.4 Comparing across regimes

Equipped with the transport coefficients of the Janus interface both at strong
and weak coupling, we now compare the results. To reiterate, the strong-coupling

transmission coefficient is approximately the answer obtained from the Janus solution,

V2y 2 16
TSronN—:l__g__4 @) 6 3.95
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Figure 3.6: The transmission coefficients as functions of the Janus parameter v €
[O, %) both at strong coupling (solid) and at weak coupling (dashed). While they

match at the extremal values of 7, the values at strong coupling are consistently
larger than those at weak coupling. Furthermore, the weak-coupling coefficient has
an inflection point at v ~ 0.406, whereas the strong-coupling coefficient has a strictly
negative derivative.

while the weak-coupling transmission coefficient is approximately the one computed

directly from the T* symmetric orbifold theory at the orbifold point,

1(1+v3) (1 - vy
(1+ ﬂfy)ﬂ +(1- ﬂv)ﬂ

16
s =1-4"+9"+0(°.  (3.96)

‘J'weak ~ 3

These are both plotted in Figure [3.6]

We immediately observe that Tgons > Tweak away from the extremal values of
~. In other words, turning on the marginal coupling which deforms the symmetric
orbifold theory also increases the proportion of energy transmitted through the inter-
face at fixed . This makes intuitive sense—energy is able to be exchanged between
different copies of the seed left and right CFTs, whereas at the orbifold point these

copies do not interact at all.

We also observe that the two functions are structurally different. While
Tstrong(7) has a strictly negative derivative and approaches 0 rapidly, Tyeax(7y) has
an inflection point at v &~ 0.406 and approaches 0 more slowly. This indicates that

the functional form of the coefficient T changes as the coupling runs.
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We conclude by emphasizing that this result is very different from the situation
for boundary entropy Sy [§], in which the analogous strong-weak comparison using
the Janus solution involves two numerically similar functions of v. The answer at

strong coupling was approximated by employing the Ryu-Takayanagi formula:

tron,
Sprone
b

N

1
~ log (—) =2 +7"+ 0%, (3.97)

N

while the answer at weak coupling was found in field theory to be

((1+V39)!Y2 + (1= V)2
4(1 — 2v2)1/V2

Sﬁveak
N

7
=724+ -4+ 0("%.  (3.98)

~1
0g 5

Unlike the strong and weak values of T (3.95)—(4.3)), the strong and weak values of
boundary entropy are the same at order-v2, and the difference at order-y* is much
smaller [an O(1) fraction]. In other words, the boundary entropy appears to be more

protected from the running of the coupling than transmission.

3.4 Discussion

To summarize, we have first explored transport coefficients of interfaces in
generic symmetric orbifold theories (taken at their orbifold points). In particular, we
have used BCFT techniques to write them in terms of “seed” transport coefficients,
using the boundary-state construction of [50] and applying the transport-matrix ap-
proach of [I5]. We have found that, regardless of the number of copies N, the trans-
port coefficients of the boundary states in a symmetric orbifold theory are averages

of transport coefficients encoded by seed-theory boundary states, as per the formulas
(3-50)—(B.51)).

The second part of this paper is a study of the T* symmetric orbifold the-
ory. This theory can be understood at strong marginal coupling (away from the
orbifold point) through the AdS/CFT correspondence. A simple class of interfaces
in this theory are described by the 3d Janus solution to type IIB supergravity [57].
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From the tools of gravity, one can extract transport coefficients for this class of in-
terfaces at strong coupling [I7]. Furthermore, we compute the transport coefficients
at weak coupling (at the orbifold point) by combining our earlier methods and with

our knowledge of the seed T* sigma model.

This sets the stage for a comparison between the transport coefficients at
strong coupling and at weak coupling for Janus interfaces in the symmetric orbifold
of T*. We ultimately find a marked difference. The coefficients are structurally
different functions of v, but transmission through the interface is larger at strong

coupling than at weak coupling.

3.4.1 Transport versus thermodynamics

We reiterate that our final result in the symmetric orbifold of T* is notably
different from previous analogous computations of the boundary entropy [8, ©]. In
those cases, boundary entropy of the Janus interface had been found to be relatively
protected from the running of the coupling, with supersymmetry completely protect-
ing it [9]. Meanwhile, the transport coefficients develop different functional features

entirely—most notably the loss of the inflection point at strong coupling in Figure

(3.6l

This is reasonable in light of other strong-weak comparisons in holography.
One can look to the case of N = 4 4d supersymmetric Yang—Mills (SYM) theory,
which at strong 't Hooft coupling is dual to type IIB supergravity on AdSs x S°.
There, the free energy, which like boundary entropy is a thermodynamic quantity, has
been computed both in the free theory and at strong coupling through holography
[58, 59]. While the coupling runs over an infinite range, the free energy only changes

by a finite factor of %.

Another quantity which has been compared at both regimes is the shear vis-
cosity of the SYM plasma [60, [61) 62]. This quantity is associated with transport, and

its story is very different from that of the free energy. In units of entropy density, it
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is well-known that the shear viscocity reaches a finite value of ﬁ at strong coupling.
However, it blows up at weak coupling. Thus, the functional dependence on coupling

is not described by a finite interpolating function, unlike for free energy.

Of course, we are comparing different quantities—the boundary entropy ver-
sus the transmission coefficient—from those of the N = 4 SYM story. However, they
are still respectively facets of thermodynamics and transport, and we again see that
the thermodynamic quantity (boundary entropy) is much more strongly [8] (or even
completely [9]) protected from the running of the coupling than the transport quan-
tity (transmission coefficient). If would thus be interesting to further scrutinize the
validity of this idea that “transport rushes as thermodynamics dawdles” in coupling,
with Janus setups (including the higher-dimensional version [86, 87]) being a realm

for doing so.

3.4.2 The Janus boundary state

We emphasize that the specific form of the boundary state encoding a Janus
interface is not obvious. To glean some insight, we look to the holographic calculation
of the boundary entropy in [§] and assume that this should be (reasonably) protected
from the running of the marginal coupling. Employing the Ryu-Takayanagi formula

[21] yields

SER = Nlog ( N =Q.Q5 > 1. (3.99)

1
)
From this, we see that boundary entropy is an order-N quantity at large N. Further-
more, in performing their comparison with the value at the orbifold point, [8] argues
and uses the fact that all copies of the seed boundary state are identical—they are

4-fold products of a “Neumann-Dirichlet” boundary state in the S* theory |bnp).

However, this is not enough to specify the form of the boundary state |By).
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For example, we can imagine that it takes the form[™|
1By) = (|bap)®) " . (3.100)

This is assumed by [8, 0] in computing boundary entropy at the orbifold point. In
support of this, a lack of twisted-sector terms is not unreasonable. Janus is a type I1IB
supergravity vacuum. The density of states (in scaling dimension) of the ICFT dual to
supergravity on Janus should obey supergravity-like (slow) growth (cf. [88] [89] 64]).
Twisted sectors in the symmetric orbifold theory, however, obey Hagedorn (fast)
growth at large N [90]. As such, we might only expect to get an interface consistent
with the Janus solution if we omit twisted-sector terms even in the free symmetric
orbifold. Furthermore, that the two calculations in [8] match to a reasonable degree
can be taken as additional evidence for the veracity of if one assumes that

boundary entropy should not change with coupling.

Another option is to posit the presence of twisted-sector terms, i.e. that the
boundary state encoding the Janus interface is built from building blocks and
obtained from a T* seed theory [50]. Note however that this state should not
describe a “typical” interface in the symmetric orbifold. A more typical state would
be built from all distinct seed states (rather than N copies of |byp)®?), since the
seed theory is irrational and thus itself has an infinite number of boundary states.
Furthermore, the boundary entropy of a typical state would (at the orbifold point)
have a divergence proportional to Nlog N as N — oo stemming from both the
overall \/LNf' normalization and the combinatorics. Thus, such boundary states would

not describe an interface with a good geometric description.

From the discussion of [50], the boundary state encoding the Janus interface
would be “atypical.” The coefficients of the twisted-sector terms would be given by

characters of some representation of Sy because all N seed states are identical. For

18This would not be the sort of a boundary state constructed by [50].
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the large-N boundary entropy at the orbifold point to be consistent with the gravi-
tational calculation (3.99) (or more specifically, its order-N scaling as N — 00), the
representation of Sy from which the coefficients are determined would need to have
a dimension

drep ~ NV? N = o0, (3.101)
thereby eliminating any imprint of the twisted-sector terms.

It would be interesting to understand more precisely the form of the bound-
ary state describing the Janus interface. We do not anticipate the simple transport
coefficients here being helpful towards this goal due to their expected sensitivity to
coupling and insensitivty to combinatorics. However, we expect that calculations of
boundary entropy for more stringy states (i.e. with a weak marginal coupling turned
on [91]) could probe more of the parameter space in Figure[3.3] thereby revealing more
information about the twisted-sector coefficients in the boundary state. Along these
lines, it would be interesting to consider the feasibility of applying the tensionless

string program (e.g. [51]) in a Janus background.

3.4.3 Other future directions

We also briefly describe some other directions for follow-up work.

Other boundary data One could study other types of data besides entropy or
transport. For example, there is “defect complexity” [92]. This has been studied in
the Janus solution through different prescriptions by [93], 94]. It would be interesting
to see if similar quantities could be realized directly in the symmetric orbifold theory

at the orbifold point.

Another approach along these lines would be to study scattering processes
involving states created by extended symmetry generators (i.e. fractional Virasoro
generators), which are known to probe CFT data distinct from the transport coefhi-

cients discussed here [14].
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Entanglement in ICFT Transport is only facet of physics made manifest by the
presence of an interface. We can study other facets of ICFT, such as entanglement
entropy [28,[05]. We can ask whether entanglement entropy generically encodes more
information about the conformal interface beyond the boundary entropy of the bound-

ary state.
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Chapter 4: Transmission Coefficient of
Super-Janus Solution|]

Abstract
We calculate the transmission coefficient of the super-Janus inter-
face conformal field theory, both at weak and at strong coupling,
where latter is described holographically as a domain-wall solution
on AdS, x S% x M, x X. Surprisingly we find perfect agreement
between the free and strong coupling answer, mirroring a similar

unexpected equivalence previously found for the entanglement en-

tropy.

4.1 Introduction

Interface conformal field theories (ICFTs) [23],96] [10] share the same symmetry
as the much more widely studied boundary conformal field theories (BCFTs), but
display several novel features, which only recently have found wide appreciation both

in the high energy and condensed matter communities.

While ICFTs can always be mapped to BCFTs via the folding trick, they give
rise to novel physical quantities that, while they of course also exist in the folded
picture, only make natural sense in the ICFT: the entanglement entropy (EE) of
generic regions including the interface [30, 97, 98, O9] and the energy transmission
across the interface [10, 14, I5]. In particular, in this paper the focus is on the
transmission coefficient of a codimensional-1 interface dividing CFT; and CFT, with
central charges ¢; and ¢y, which is given by the correlation function of the stress

tensor across the interface:

'Published in JHEP with Miangi Wang and Andreas Karch

104



—1==2
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Together, c.g and ¢ g define two novel “central charges” governing the prop-
erties of the interface: cpr appearing in the transmission, and c.g as the coefficient
of log divergent terms in the EE for regions ending on the interface. Some universal
bounds on these two quantities have recently been derived in [98] [09]. Another inter-
esting quantity related to the EE is the usual boundary entropy or g-factor g = (0| B)
associated with symmetric intervals, which fold to the standard BCFT EE which is
uniquely determined by g. For generic asymmetric intervals, g actually becomes a
function of I1/lr where I/ stands for the length of the part of the interval on either
side of the interface. Little is known about this function g(I1/lg). For the particular
example of the bosonic Janus ICFT it has for example been worked out in [2§8] in the

strong coupling limit.

An interesting class of examples of ICFTs is provided by holographic ICEFTs,
that is ICF'Ts which in a suitable large N and strong coupling limit have an equivalent
description in terms of classical gravity in a higher dimensional spacetime. Simple
solutions to Einstein equations that have the right symmetries to correspond to the
dual of an ICFT can be constructed in terms of branes [24] [6]. Generically the field
theory dual to these “bottom-up” constructions is not known and may not even exist.
To realize a concrete dual pair, we rely on “top-down” constructions as they actually
arise in string theory. The simplest such top-down ICFTs are the Janus solution and

its supersymmetric generalization.

The original Janus solution [86] describes a 4d ICFT. The CFT on both sides
of the interface is given by N = 4 SYM, but with different values of the coupling
constant. The 2d Janus ICFT has been constructed in [57] and its supersymmetric

generalization in [50].

The 2d Janus ICFT is based on a famous holographic CF'T, the D1-D5 system.
In the free limit, the D1-D5 CFT is described by a symmetric orbifold. We start with
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a theory of 4N free compact scalars together with their free fermion superpartners.
This gives a sigma model with a (T%)" /Sy target space, which we consider in the
large N limit. For simplicity we are working at a special point in moduli space
where 7% is just a product of 4 circles with identical radii. This orbifold CFT is
what we call the free limit. All properties of the orbifolded theory can be deduced
from the free seed theory of free compact bosons and fermions. In order to have a
holographic description, we need to drive the theory to strong coupling. Here the
coupling corresponds to a marginal deformation that in terms of the sigma model is
a blow up mode of the orbifold singularity. In the infinite coupling limit holography
applies and the D1-D5 CFT is dual to type IIB supergravity on AdSs x S3 x T* [5].

The (bosonic) Janus ICFT now corresponds to a deformation of the D1-D5
system where the radius of the 7% jumps across the interface taking the values 7 5
on the right and left of the interface respectively. While this jump breaks all super-
symmetries, some supersymmetries can be restored by imposing non-trivial boundary
conditions across the interface for the fermions as well. This latter is the super-Janus

ICFT of interest to us.

The g-factor for a symmetric interval in the bosonic Janus ICFT has been
calculated at both weak and strong coupling in [§]. One should note that this is not
a single number, but a function of r/ry, the ratios of the T* radii on the two sides
of the interface. While the two functions obtained in the two limits are definitely not

identical, the difference is numerically remarkably small.

In contrast, in the supersymmetric case it was shown that both g [9] as well
as cer [100] as a function of ry/ry are identical in the free theory and in the strong
coupling limit, that is the CFT calculation of S = log g on the orbifold target space
TN /Sx matches with the holographic calculation of the RT surface [21] in the bulk.
While supersymmetry often gives rise to non-renormalization theorems, the remark-
able insensitivity of these two entropic quantities to the coupling constant is, as of

now, not understood.
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In [2] a similar comparison was performed for the energy transmission coeffi-
cient, or equivalently cpg, for the bosonic Janus ICFT. Once again, they studied the
free orbifold CFTs and its holographically dual (non-susy) Janus solution of type IIB
supergravity, which is valid at strong coupling. Similar to the EE calculation, they
found that without supersymmetry for a generic ratio of r1/rq, the strongly coupled
transmission coefficient T by the holographic calculation is different, in fact strictly
bigger, than that in the weakly coupling regime given by the free CF'T calculation at
the orbifold point.

Given that for both entropic quantities, c.g and g, perfect agreement between
weak and strong coupling answers had been found in the supersymmetric case, it is
natural to ask whether this miracle repeats itself for the transmission coefficient. We
set out to answer this question in this work by once again calculating this quantity
in the free orbifold CFT, this time with a supersymmetric boundary condition, and
its holographic dual valid at strong coupling. Amazingly enough we once again find
perfect agreement between the weak and strong coupling answer for all values of r1 /5.
All key quantities in this supersymmetric ICFT seem to be remarkably insensitive to

the coupling constant of the bulk CFT, a fact which begs for a deeper understanding.

This paper is organized as follows: in Section [1.2] we calculate the transmission
coefficient in the 2d N = (4,4) orbifold CFT, in presence of jumping radii and Zs
orbifold twist operators for the free boson sector. In Section [4.3| we calculate it in the
bulk type IIB Janus model on AdS, x S? x ¥ by KK reducing the 6D supergravity
to a 3D toy model, and find a perfect match with the CFT result. In Section [4.4] an
alternative way of deriving the transmission coefficient of the super-Janus model is
presented by solving the spin-2 fluctuations in AdS,/CFT;. Finally in Section we
discuss a surprising conjecture on the relation between c.g and ¢y g for supersymmetric

theories, and other future directions on the subject.
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4.2 CFT calculation

To determine the transmission coefficient in the free orbifold CFT one simply
calculates the transmission coefficient for 4N real scalars. As shown in [2], the fact
that we are orbifolding does not affect the transport of the conserved total energy.
So in the bosonic theory the task is to calculate the transmission coefficient for a
free boson with compactification radius r; and o on the two sides of the interface
respectively. In fact, this system allows many different conformal interface, after
folding we are looking for a BCFT of two compact scalars, or equivalently all D-
branes on a torus with side lengths r; and 5. As argued already in []], following
similar arguments for the original 4d Janus ICFT in [I01], the particular interface
boundary conditions corresponding to Janus are uniquely obtained by varying the

action of the compact free bosons without adding any extra terms on the interface.

As shown in [2] these particular boundary conditions fit into the general frame-
work of bosons whose components to the left and right of the interface are related
to each other by a matrix S that was analyzed already in the early work of [10]. To
calculate the transmission coefficient in the free Janus CFT all that needed to be
done is to extract the correct form of the matrix S from the boundary conditions in
[8]. Here we want to redo this calculation for the supersymmetric case. Specifically,
the CFT here is a 2d N = (4,4) NLSM with an interface. The free-field limit again
corresponds to a (supersymmetric) sigma model where the target space is an orbifold
(T)Y/ S

One subtlety in the free theory is that the theory has more than one conserved
stress tensor, so the analysis of [I4] does not directly apply. In principle we could
get a different transmission coefficient whether the energy comes in as fermions or as
bosons: the stress tensor of free fermion and boson is separately conserved. Of course
this ambiguity would disappear the moment we move away from the orbifold point
which couples bosons and fermions. But we really want to calculate the transmission

coefficient at the orbifold point itself. Fortunately we will see that both fermions and
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bosons have the same transmission coefficient in the free super-Janus ICFT, so this
subtlety is immaterial. To see this note that the boundary condition for super-Janus
worked out in (6.8) of [9] once again has exactly the form of a generic free fermion

interface also worked out in [10], see eq. (3.12)f]

In the comparison one finds that the angle ¥ characterizing the interface in
[10] is related to the radii of 7 on the two sides by

179

in(29) =2——=—.
Sin(20) = 20

(4.2)

This is exactly what one finds in the bosonic case: fermion and boson in the
free super-Janus ICFT have the same transmission coefficient, which hence is equal
to the transmission coefficient of total energy. That is, in free super-Janus we again
get the same state-independent transmission coefficient as in the in free bosonic case:

4
2
1 r2
(3+2)

More generally, one can obtain a class of ICFTs by adding in an exactly

‘Iweak = (43)

marginal deformation, which in turn gives the gluing condition at the boundary /interface
[9]. In addition to the radii deformation above, let us consider a Zs orbifold twist
deformation [I02]. It is obtained by perturbing the theory with a dimension (h,h) =
(1,1) twist operator Ty, with an OPE of Ty(z, 2)Ty(w,w) ~ 1/]z — w|*. Under this
twist, the orbifold CFTs on the two sides live on different points in their moduli
space. Following [9] it was further argued that the orbifold twist deformation is one
of the many possible Kéhler moduli deformations. By counting distinct two forms on
the orbifold point of a Kahler manifold (e.g. a T"/Z, orbifold point in K3), one can
naturally extrapolate the presence of orbifold twist-fields to jumping world-sheet B

fields across the interface.

2To see this one has to identify in the region to the left of the interface ¥ from the first reference
with ¢_ in the second, and ¥ in the first with 14 in the second, whereas in the region to the right
of the interface the roles of ¢+ are reversed. This flip can be attributed to the fact that the former
reference works in the folded picture.
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Concretely, let us follow Appendix C of [9] and consider two free compact
bosons on each side of the interface ¢ = 0 coupling to anti-symmetric B field, with
both jumping radii 1,79 and B field by, by on the left and right side of the interface.
The action before folding is

/ (r%n“”@uXiayXi + 26“”b18MX18,,X2) + /
o>0

<0

(r%n“”@uf(i&,f(i + 26“”1)28“5(18”)22)
(4.4)

Let us do a change of variables from 7y, 7 and the jump in B fields Ab = b; — by

to parameters k, ¢ and 6:

2ke? 2ke=%
Ab = 4k sinh 0 =3 — =4/ — 4.5
SIRY \/ cosh 1)’ "2 \/ cosh 1) (4.5)

and hence in particular

2o, (4.6)

The new parameters give a simpler expression for the transmission coefficient
T, and as we will see in Section they arise naturally in the bulk supergravity
solution. An overall shift on the B fields will be a total derivative and leave all

quantities of interest invariant.

Let us do a transformation X? — r X% X? — 7, X" as in [I0] to normalize the
energy-momentum tensor. The boundary conditions are
i i bl i b2 i .
rlﬁgX - TQ@O—X + €ij —8TX] - —8TXJ = O, 1= 1, 2
T T2 (4.7)
T287Xi = rlﬁT)N(i, 1= 1,2

One can then write down the scattering matrix of this 2-boson system under

this boundary condition at the interface,

o_X! 0, X!

X2 X?
g+)2'1 =s| o (48)
0, X? 0_X?
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where we only write out the 2 x 2 transmission submatrix Ss; for 9_X* and

_Xi
2r17ro(r2+r3) 2r1roAb %
O_X'\ [ ramar  rlpiAn 0-X1 (4.9)
0_Xx* )~ 2ryrab__ _ 2rira(ritrd) 0_X? '
(rF+rd)?FAR T )2 T AR

Following [15], we can fold the theory via 0 — —o (and adding a minus sign
in front of the B field), and calculate the energy transmission coefficient using the
above S matrix on the conformal boundary state |b). Explicitly, we can write down

the 2 x 2 R-matrix .y
(0[L5L3[b)

R;; = W;

(4.10)

where Ly? are the virasoro generators for the left and right hand side. The
energy transmission coefficient is then

2 (I | (OIIERY 1 :
Tweak = o T ( 0l + 0[) > =3 Z |(S21) 14 (4.11)

I,J=12

Plugging in (4.9) leads to the result
4 1

‘Tweak = 2 - 2 5 (412)
<%+%> _i_TA%l;?% cosh” v cosh” 6

4.3 Holography calculation with KK reduction

In this section we consider the holographic dual of the 2D supersymmetric
Janus ICFT. As mentioned above, the dual spacetime is a solution of type IIB su-
pergravity of the form AdS, x S? x M, x ¥ dictated by symmetry [9]. The solution
is supported by R-R and/or NS-NS charges. The manifold M, can be T* or K,
corresponding to the target space of the sigma model on the CFT side. While in
the CFT calculation we focused on the special case of a 7% made from 4 identical S*
factors, the gravity side calculation is completely insensitive to the details of M,. For
calculational simplicity, we will only consider the case with a simple self-dual R-R

three-form flux where the harmonic functions in [9] only have two singularities, and
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leave the cases of arbitrary charge deformations to future work (these would corre-
spond to the case of F1-NS5 solutions or more general branes preserving the same

amount of supersymmetry).

To calculate the transmission coefficient T, we need to study a linearized grav-
ity wave propagating on this background, corresponding to a boundary wave incoming
from (say) the left, leading to a transmitted and reflected wave due to the presence
of the interface. In [4] this was done for the holographic ICFT dual to a thin-brane
model. T was related to the tension of the thin brane dividing the two parts of the
spacetime. Soon after [I] showed that the generalization to two thin branes is almost
trivial: the tensions simply add. This was generalized to the 'thick-brane’ model in
[17] where T of the non-supersymmetric Janus solution was presented. Anytime the
geometry only depends non-trivially on a single coordinate, as is in the case of an
AdS; slicing of AdSs, one can approximate the smooth stress tensor corresponding to
the fields supporting the geometry by an array of delta functions, effectively treating
the spacetime as one with multiple thin branes. In the limit that the comb of delta
functions goes back to a smooth configuration one obtains the transmission coefficient

of the original geometryﬂ

However a caveat with this method is that if there is non-trivial dependence
on some extra compact dimensions (like in our super-Janus solution where the metric
and matter fields depend non-trivial on both coordinates on ), the method needs to
be modified. To resolve this issue, in this section we will use Kaluza-Klein compacti-
fication to reduce the 10D supergravity above to a 6D supergravity in Einstein frame,
and then further to an effective 3D model, where we can compute the transmission
coefficient via the thick-brane model. An alternative way of matching the higher di-

mensional model with the effective 3D model in the spirit of the above discussion is

3Tt would be reassuring to reproduce the formula for T directly from studying fluctuation around
the continuous geometry. This was left for future work in [I7]. Here we assume that the answer
presented there as one obtains it from taking the continuum limit of the discretized geometry is, in
fact, correct.
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in Section [£.4] by considering the spin-2 fluctuation wavefunction.

4.3.1 6D supergravity with R-R charge

We consider a type IIB solution on AdS, x S? x M, over a strip X. We will
use the most general metric with two asymptotic AdSs x S regions, which contains
five parameters 6,1, L, k,b. Following [9], the relevant functions for our solution
are two independent holomorphic functions A and B, and two independent harmonic
functions H and h. The complex coordinate on the strip X will be written as w = z+iy

below, where z is non-compact and y € [0, 7].

The metric reads
ds® = flzdsids2 + f§ds§2 + fg?ds?m + deSQZ, (4.13)

where the dilaton and the various functions appearing in the metric are given by

e2¢:}l<A+A_@) (A+A_@>

4 €
s 4A+A
e’ |H o _
2 _ 272‘7' ((A + A)h— (B - 3)2) (4.14)
3
e’ |H A _
SZF‘E|<(A+A)h—(B+B)2>
3
1 oj |Oul|" A+ A

H> |BJ*
Let us consider the case with nonzero R-R charge and zero NS-NS charge. The

generic solutions to the harmonic and holomorphic functions are

H = —iLsinh(w + ¥) + c.c.
,cosh 0 + sinh 6 cosh w

A =ik - + b
sinh w
ik cosh(w + 1) (4.15)
~ " cosh e sinhw
A .cosh 8 — sinh 8 cosh w
h=1 + c.c.

sinh w
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Under (4.14)), the dilaton is

o2 _ cosh®(z + 1b) sech®y) + (cosh® § — sech®y) sin® y

4.16
(cosh z — cosy tanh 6)2 ’ (4.16)
and metric factors are
. e’¢L—2 cosh?® x cosh229 — cos? iy sinh? ¢ cosh o
k2 cosh”(z + )
I 4 cosh z cosh @ — cosysinh ¢
= e _

3 k2 cosh z cosh 6 + cos y sinh 0’

(4.17)

_, cosh®(z + 1)
~ " cosh? 6 cosh® ¢’

s  of 1 cosh®6 cosh®1h — 1\
fa=r <sin2y * cosh?(z + ) > '

fi

The pure AdSs x S solution corresponds to § = 1) = 0. At the asymptotic
regions of the strip x — +o0o near the ICFT boundary the six dimensional dilaton
dual to the volume of T* is

lim e ¢ ff = 4k?sech® eT2¥ (4.18)

r—Fo00

Similarly, the asymptotic values for the combination of the axion y and the

RR four form C) near the boundary are

—¢/2
lim e¢/2f§X —4E 5

r—+o0 f3

Cy = +4k sinh 0 (4.19)

and is dual to the Z, orbifold twist operator Ty mentioned above. From the above two
equations it is clear that the parameters k, 1, 6 are the same ones inside the variable

change (4.5)).

4.3.2 KK compactify to 3D

Our goal is to reduce the system to an effective 3D geometry, so we can use the

expression in [I7] to derive the transmission coefficient for the system on the strip.
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We can consider compactifying the above 10D metric down to 6D, keeping it
in the Einstein frame. The 6D metric is AdS, x S? fibred over ¥, which simplifies to
9]

R%sin?y
K(z,y)

cosh?(z + )
cosh? 1) cosh? 6
where R? = 2L cosh 1 cosh @ is the AdS; radius and
h? f cosh® ¢ — 1) sin?
K(ry) = /14 (cos QCOS2 Y — 1) sin v (4.21)
cosh”(x + )

For the AdS, metric, we will use the Poincare patch ds%,q, = (dz* — dt*)/2>.

ds%  (4.20)

dsip = R* K(x,y) ( ds?as, + dz” + dyz) +

The reduction so far was fairly standard as the metric was completely inde-
pendent of the coordinates on T*. The non-trivial dependence of the overall size of
the T on ¥ as encoded in f3 simply got absorbed into the 6D dilaton. To further
reduce to 3D, we have to be very careful as, in addition to the S?, we need to reduce

on the compact part of ¥, on which all functions depend.

We start with the 6D Einstein-Hilbert action S = 1/(167Gs) [ v/—gsRs, and
integrate out the sphere S? trivially. This gives us an effective 4D Einstein-Hilbert

action with z, y-dependent Newton constant S = 1/167 [ G4(z,y) " *\/=gsRa.

Now we further compactify along the compact y direction by integrating the
above action over y € [0, 7]. Effectively, we now have a 3D action S = 1/167 [ G3(z)'v/—gsR3
with a z-dependent Newton constant Gs(x), and a certain 3D metric that obeys the

Einstein equation.

After changing the frame for the 3D metric g5 — g3 Gs(x)'/?, we got the stan-
dard Einstein-Hilbert action S = 1/167G3 [ /—gsRFH. Explicitly, after integrating

out S? and y and gauging away G3(z), the action becomes

R? / 3cosh 2(x + 1) + cosh 21) + 2
AdSQ XRI '

S=-
487G 22 cosh? ¢ cosh? 6

(4.22)

The ansatz for such a 3D solution is an AdSs-slicing 3D effective model with

warpfactor e24(®)

dsjp = R? (eQA(g”)ds?Ads2 + da?) . (4.23)
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It has an Einstein-Hilbert action of

R / e?4(2e724 4 6 A2 + 4A")

22

. (4.24)

Matching the above ansatz with the integrated 6D action from (4.22) and
using the KK relation of Newton constants G = R3G3/3, the solution is

cosh(z + v)
Alx) = _ 4.25
(z) = log (cosh 1 cosh 9) ’ (4.25)
and that gives us the effective 3D metric
h?(x + 1)
ds2p = R? [ == ds? s, + da’ 4.26
8D (cosh2 1) cosh? 6 SAds, T O (4.26)

4.3.3 7T from the 3D effective model

In order to calculate the transmission coefficient from the thick brane method
as in [I7], we do a change in coordinate x to a compact Z, lining up with the ones

used in the cited paper. Consider Z € (—m cosh ) cosh 6/2, 7 cosh ) cosh 6/2) where

T 1

= 4.27
% cosh tcosh®  cosh(z + 1) (4.27)
The effective 3D model above then becomes
dsp,y = R2e*7) (ds 45, + di°) (4.28)
where .
4@ — <cosh2 Y cosh? § cos? m) : (4.29)

From Eq. (2) and Eq. (17) in [I7], we finally obtain the strong coupling

transmission coefficient of the super-Janus solution

2CLR 1
‘Istrong = = B} 2 (430)
¢, +cr  cosh® 1 cosh®d

which, as advertised, is identical to the free field theory answer of (4.12) with jumping
radii and B field deformation.
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4.4 Alternative Derivation: Graviton reduction for AdS,/CFT,

Another way to derive the transmission coefficient is via graviton fluctuation
as illustrated in Section 5 of [I7]. Previously, the reduction of the AdS graviton from
a higher-dimensional solution has been done in various dimensions [103, 104, [105].
Below, we will derive the fluctuation wavefunction ¥ for the AdS, graviton from the
10D solution, and will indirectly read off T from the asymptotic behavior of ¥ at the
ends of the strip.

4.4.1 Fluctuation wavefunction in AdS,/CFT,

We wish to obtain the spin-2 spectrum reduced from a top-down supergravity

solution to AdS,. Following [106], we rewrite the perturbations of the 10D metric

T s

ds* = ) (G, + ) dX"dXY + Gapdw®du®, (4.31)

where X# are the AdS, coordinates, w® are for the internal manifold, and e?4

is the warpfactor. We want to find the AdS, graviton fluctuation of the form

By (X, ) = R (XN W (w]|A) (4.32)

where Al (X |A) is the Pauli-Fierz transverse-traceless solution for a spin-2
particle in AdS with mass m? = X\ 4+ 2. For our 10D supergravity, the internal
wavefunction W(w|A) is solved by [103], 106]

(020 [9]G°€*40,) ¥ = m2 U, (4.33)

\/_

where [g] is the determinant of §gy.

We can see that the lowest mass solution has [ = 0 and the lowest energy

A4 =0 for M4.
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In our metric the above g is

Gupdy®dy’® = fidszs + fgds?m + pPdzdz, (4.34)

and we will use the spherical harmonic function for ¥ as

U =Y, 0 (z,y). (4.35)

Plugging this ansatz into (4.33|), we have

o 26 (l+1) A
—fi (;&'aj + 7(& log(f1f2f3))0; — f+1) 5 ) _ —;) Uiyt y?) = m* Uy (it o).
2 3

(4.36)

Since we will only consider Ay, = [ = 0, below we abuse the notation and use

¥ for the Oth component ¥y. We can substitute ¥ with a more convenient 0

- cosh(z + ) siny
U= 4.37
2 cosh 1 cosh 0 ( )
and write the equation for the [ =0, A4y = 0 component as
— cosh?(z + ) (92 + 02)¥ = m® cosh® ¢ cosh® 0 V. (4.38)

The variables are separable in this case, and imposing the Neumann boundary
condition on y for ¥, we have the general solution Wy = 3 &,(z)sin((2n + 1)y),

where én satisfies the Legendre equation, and has solution

& = ¢ P (tanh(z + 1)) + cp Q¥ (tanh(z 4+ v)), k(k+ 1) = m?cosh® ¢ cosh? 6.
(4.39)

For a nonzero and convergent én, k has to be an integer greater than 0, and ¢y =

0. At first glance, the lowest massive excitation of AdS, is m? = 2/(cosh? ¢ cosh? ).

However, the m? = 0 excitation corresponds to the wavefunction satisfying

(02 + )W =0, (4.40)
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which after seperating variables gives a nontrivial equation

T = Z(A” cosh(2n + 1)(x +v¢) + By sinh(2n + 1)(z 4+ ) sin(2n + 1)y.  (4.41)

n

The non-divergent terms for ¥ are then only the n = 0 components:

U = Ay + By tanh(z + ). (4.42)
In principle we should be able to extract T from this fluctuation.

4.4.2 From V to T

The fluctuation wavefunction in principle encodes all the information
about the fluctuation and one should be able to directly read off T from it. A general
recipe of how one would go about doing this has been outlined in [I7], even though
the calculation hasn’t been carried out explicitly as one has to deal with matching the

various asymptotic forms of the metric which proves to be surprisingly cumbersome.

As a workaround, we are going to pursue the following alternate strategy. As
the transmission coefficient is encoded in the graviton fluctuation wavefunction ,
we can simply construct a toy model in 3D that has the same fluctuation function.
Explicitly, the PDE on z,y for the wavefunction ¥(z,y) with mass zero is

cosh?(x + )
cosh? 1) cosh? @

(2tanh(z +v) 9, + 82 + 2coty 0, + 92) U(x,y) = 0. (4.43)

Its solution (4.42)) is actually the solution to an ODE eigenvalue equation on
x. Namely, let us reduce the y direction of the above equation and consider the

fluctuation of a 3d gravity

(92 + 2tanh(z + ¢) 9, + M?) ¥(z) = 0. (4.44)

Recall the ansatz for 3D Einstein gravity with isometry SO(2,1) in the form
of (4.23). Analogous to the modeling in [107] for AdS4-slicing of a 5d model, the
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fluctuation wavefunction of the transverse-traceless mode W(z) of 3D gravity obeys
the ODE
(92 + 24 ()0, — e >'0) U(z) =0 (4.45)

Comparing (4.42) with (4.44)), the warpfactor A(x) satisfies
A'(x) = tanh(z + 7). (4.46)

Integrating the above equation we get the warpfactor e = kcosh?(x + ). To
determine the constant £ we demand that the toy model has the same asymptotic
behavior in the x — #+o00 region as the original metric . Low and behold we
reach a 3D toy model with a metric that is identical to what we found by explicitly

doing the KK reduction in (4.26)).

Strictly speaking, this alternate method can be viewed as a check of the KK-
reduction procedure in the previous chapter: we explicitly verified that the fluctuation

equation in the full 6D metric is identical to the one of the effective 3D metric.

As before, we now can simply plug in the 3D toy model metric into the formulas

of [17] and, of course, once more obtain (4.12)).

More generally, this procedure allows us to derive the transmission coefficient
T from the graviton fluctuation wavefunction, in particular for top-down models with
internal dimensions dependence where the spin-2 wavefunction happens to be sepa-

rable.
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4.5 Discussion and future directions

In this work we demonstrated that the remarkable agreement between strongly
coupled super-Janus that was previously seen in c.g and ¢ continues to hold for the
transmission coefficient. The obvious next future direction is understanding why.
Clearly novel non-renormalization theorems are at work in these supersymmetric

ICFTs.

Another interesting finding involves the two important quantities in an (1+1)D
ICFT: entanglement entropy ceg and transmission coefficient c¢pg. They are interest-
ingly bounded by each other [99]. According to the calculations in [I00], the en-
tanglement entropy across the interface in the super Janus solution in Section [4.3
1s
c

_ 4.4
cosh v cosh 0 (4.47)

Ceft =

in the strong-coupling gravity calculation, and agrees with the weak-coupling
limit of the dual 2d N = (4, 4) orbifold ICFTEL just like the transmission coefficient.
Morever, we observe that in presence of supersymmetry, the relation between c.¢ and
crr becomes more stringent: in the case of super Janus solution where cpg is given

by (4.30) and ¢, = cgr = ¢, we observe a simple relation

2
g _ LR _ (C_Pf> _ (4.48)
C C

One can ask whether this relation holds true for most general type IIB super-
gravity BPS solutions in the form of (4.13]) with two poles in the harmonic functions
corresponding to two asymptotic AdSs regions. Concretely, from the BPS equations

for the metric factors f2f2fs = H? we can write the general 6D metric in terms of

4The weak-coupling CFT calculation for the entanglement entropy was given under no jumping
RR modulus, i.e. § =0, and was not yet performed in presence of the orbifold twist 6.
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the harmonic functions H, h and holomorphic functions A, B as
H2‘B’2

0w H[*((A+ A)h— (B + B)?)

0,H[*(A+ A)h — (B + B)?)
|B|?p* f3

ds* = p*f2 ( ds?ys, + da* + dyQ)

(4.49)

dé’%z

and the KK reduced 3D action after integrating the y direction is expected to

have the 3D effective model in the form of

dsip = R*(k? cosh®(z + s) d%yq, + da®) (4.50)

which leads to the above relation between c.g and cpr. In fact, this relation
has already been pointed out for supersymmetric free theories with ¢ = 3/2 across a
conformal interface [30]. It is curious to see whether it is a general rule for supersym-

metric ICFT with a conformal interface.

Another interesting question is to further explore the role of the internal man-
ifold. Our supergravity answer did not at all depend on the shape of the internal
torus, or even whether we replace 7% with K3 altogether. On the field theory side
we limited ourselves to a very symmetric torus. The supergravity answer makes one
suspect that in the field theory T should also be independent of the shape of the

internal manifold. It would be interesting to verify this explicitly.
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Appendix A: Linear order differential equations
and their solutions

This appendix contains the details of the linearized differential equations and

their solutions and applied constraints for order 1 of e.

Matching the metric gives the first 3 equations and the 4th one is from the
non-diagonal element of the extrinsic curvature tensor’s junction condition (2.7). The
exact form of the 4th equation is arrived at after substituting one of the three equa-

tions to simplify the expression.

) cos cos
Ai(z1) +iwz M (21) = 25 ( L(I + Ry) — oL (T, + Rgl))
sin® gy cosd sin® @, cos 6
Ay(21) + 210,G(21) = 27 ( CL2 L(Ty + Ry) — %(I + Rl))

iwz1C1(21) — 210, M(21) = 25 (cos Oy sin 0, (I — Ry) — cos B¢y sin o (Ty — Ryy))

I'— R —Ty+R cos? 0oy sin @

(T + Ra)

B cos? 0L251n9L I+ R1))

(A.1)
where I and R; are the exponentials printed on the left brane and T}; and Ry the
exponentials printed on the centre-left brane, given by:

J = efzwsm(%zl’ Rl _ :R[/lezwsmOLzl7

(A.2)

—iwsinfcpz iwsinOopz
Ty = Tpie oL Ry = Rpqe oL

123



: cos 0 cos 0
As(22) + iwzda(2) :Zg( fenr, 4 p,) - < RT2>

sin? 0p cos @ sin? 0 cos @
Ao(22) + 2202, Ca(22) = 23 (# > — CR2 BTy, + Rw))

iw2pCo(22) — 2202, M0 (22) = 2 (cos O g sinOcr(Ty, — Ry, ) — cos O sin OTh)

Ty, — Ry — Ty cosOcr?sinfog
2’2822D2(22) = Z§< iwzQ — 9 (Tlr,« + RQT)
20psin 6
N cos? O sin RT2>
2
(A.3)

where 77, and R, are the exponentials printed on the center-right brane and 75 the

exponential printed on the right brane, given by:

Tlr _ :J'LlefiwsinQCRzz’ RZT — :RLgeiw SinecRZQ’
- (A.4)
T2 — l’J'Lle—’L’LUSIHGRZQ‘

The z; = 0 and 25 = 0 limits of these functions correspond to sources in the
dual ICFT - displacing the interface or reparametrizing it. Since we are considering
a non-fluctuating interface, we want to set the functions to 0 at the boundary (so for
example D;(0) =0 — d.(0) = dc(0) so there is no relative change in the interface).
If you only look at the homogeneous equations where there are no gravitational waves

scattered at the boundary, the solution looks like:

Mla) =~ (a1 + ar_e™™) Malz) = (ag €™ + ap_e™"2)

G(z1) = % (a14€™ —ay_e ™) Ca(22) = i (age™™ — az_e™"?2) (A5)
AN (Zl) = Zz1 (a1.|-€iwz1 + a1_€_iwzl) AQ(ZQ) = 29 (a2+eiwz2 + a2_6—iw22)

Di(z1) = Dy(2) = ¢

Setting (A.5) to 0 at the boundary, we get a constraint on the constants.
Furthermore, it shows there are no solutions in the vacuum background supported

purely by the interface:

01:0 62:0 (AG)

CZ1+:O &1,:0 Cl2+:0 CLQ,:O
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Using (|A.5]), the full solution to the full differential equations is:

i : : i cos® Opw?z3
)\1(21) = E (a1+emZ1 + alfeimn) + w3 cos 0, < - 2L 1) (I + Rl)
? cos® Ocpw?z3
-1 ———F— | (Tu+R
w3 cos O, ( 2 ) (T + )

) P Ciws 1tan O¢ cos? O pw?2?
Ci(z) = " (a11€™ —a_e™™*) + 3 L (1 + 2L L) (Ty — Ry)

itané cos? O w?2? 21 cos 6 21 cos @
E— - (1 + %) (I —Ri)— #(I%— Ri)+ 1w—20L(Tu + Ry)

I+ Ry)— (T + RQl))

Aq(z1) = 2z (aHe’wzl + ai_e " +

w? cos Or, w2 cosfcr,

i w?z? cos? 0 i w?z? cos? 0
Di(z)=c1- (1 + 1TL) (I=R)+—5 (1 + %) (T — Ra)

g (sin 0 (I + Ry) = sin O (Th + Ra)
(A7)

i 4 4 i cos? O pw?22
Ao(22) = ” (a2+e”"z2 + ag,e*““z?) + <1 — ¢) (T1, + Ray)

w3 cosOcp 2
B 7 1 cos? Opw?z3 e
w3 cos Op 2 2
1 , , itanOcp cos® Ocrw?z2
_ iwzy o pmiwzz) _ Z 0T 7OR [ wo» VOR™ <2 TT' — R .
Ca(22) ” (a2+e as_e ) e ( + 5 (T} or)
N itanfp - cos? Opw?23 T, — 29 c0SOon (Thy + Roy) + 29 COS GRTQ
w3 2 w? w2
) . 1
A — 1WZ22 _ —l1wWz2 - T , R y) — ——
2(22) = 2 <a2+e + as_e t e 903( 1r + Ror) r— 2)
i w?22 cos? ¢ i w?22 cos?
DQ(ZQ) = Cy — E <1 + 2#}%) (Tl'r — Rgr) + E (1 + QTR> Tg

+ % (sin QC’R(Tlr + Rgr) — sin QRTQ)
(A.8)

For our non-fluctuating interface, we can again impose the sources go to 0 at

the boundary.
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A1(0) =0 and ¢;1(0) = 0 give:

Sec GCL(:R-LQ + TLI) + tan 00L<RL2 — r.TLl) — SGC6L<1 + fRLl) + tanHL(l — RL1>

a1+ =
2w?
. SeCGC’L(:RLQ —+ 7L1> — tanHCL(RLg — TL1> — SGC@L(l -+ szl) — tanGL(l — :RL1>
- = 2?2
(A.9)
A2(0) = 0 and ((0) = 0 give:
a _— sec HCR(:RLQ -+ (ILI) — tan GC’R(:RLQ — TLl) + (sec QR — tan GR)7L2>
2+ —
2w? (A.10)
A secOcr(Rpa + Tr1) + tanOcp(Rra — Tr1) + (secOr + tan Og)Tro)
B 2w?

a1y and agy correspond to the modes coming out of the horizon. These are
unphysical and should be set to 0. Then, imposing D;(0) = 0, D3(0) = 0, a1 =0

and aq; = 0 gives:

T,y = 2secbcpseclr
secOcr(seclp — tan o + tan0p) + secOcp (sec g + tan Oc g — tan Og)
Ry — secfr, cos gy (secOp — secOor + tan g — tan Og)

~ seclp +tanfop — tan g — sec Oog sin Oy, + sec o g cos Ocr(secly + tandy)
7 - sec O, cosOcp(secOp + secOor + tan g — tan Og)
™ sec Or + tanOcr — tan g — sec Ocg sin ¢y, + sec Ocg cos Ocp (sec Oy, + tan6y)
(A.11)
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Appendix B: Expressions for the minimal area
lengths and log g

We obtain expressions for the minimal area lengths and correspondingly log g
by imposing (2.27) for the case where the Mo wedge is finite and found extending on
both sides interface line. Based on the signs of the lengths of R; and Rg, we have

constraints on [;, p ¢ and the tension bounds.

For positive Ry, negative Rg (all possible Iy, g ¢):

1 12— (rlcly, +1c)?
Ry ==l 1 L
L 2L0g<z2c(ﬁzL—1)2—zi

B (rlely +lo+1p) (le (mlp — 1) + 1)
Rop, = —lclog 1 272 2 (24 ]2 7
\/l Tll —1)2 )+2lC(TllL+lL>_lL (B.1)
RCR:llcl ( (TglclR+lc+lR) (lo (TQZR_].)_I'ZR) ) ’
2 (TQZC (—ZR)—I—lc—f-lR) (TglclR—f-lc—lR)
2 12
Rp = —lplog 1 2 ETQZCZR;L < 2 Z2R4 ) 7
\/ZC’ (— (73 I% — 1)2) + 21 (73 s+ ZR) — Iy
where
1 1 - - 1 n 1 1 1 - - 1 L 1 (B 2)
2RSS T P I P '

1 1 9 (rilely — o+ 1) (mlcly + e+ 1)
089 = G cl 1 272 _ 2 (274 [ 2\ _ /4
VIE (= (77 = 1)) + 208 (721 +17) — 1]

lz—(TllclL—i-lc) ) ( (TlelR_lC+lR) (Tgl(le—i—lC—l—lR) )
Ir1 L o1
tirlog (zg (b — 12 =2 ) T\ e (Ci) T o + In) (aledn + o — 1n)

4 QZRIOg (TQlClR+lC)2 — l%
VIE (= 30— 1)) + 20 (73T + 1) — I

For [}, = g, it turns out that this log g expression is equivalent to the ones we express

(B.3)

below (the different tension bounds and I g ¢ constraints still hold).
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For negative Ry, positive Rg, (Ir.r > lo):

1 2 72 _1)2
RL:——lLlog(lL lc(nls ))

2 (Tll(le + lc) 2 l%
lelp + e+ 1) (1 lp—1)+1
Res, = —lglog iTch;:c—F L)(C(;’1L24 )+2L) .
VIE (= (1] = 1)%) + 208 (1] + 1) — 1 (B.A)
Re :—lclog( (alolr + le + Ir) (o (rolr = 1) + Ir) ) '
R 2 (Tglc(—lR)+lc—|—lR>(T2lclR—|—lc—lR
1% — 12 (1 1 27121
RRIZRIOg | (RT2+ )|+ T2lolR
V= (06 (130 — 1) % = 20 (7315, + 1) + U)
where
! ! <7< ! 1 ! <7 < (B.5)
e I SV E B e g z2 z?

1% — & (173 + 1)| + 2ml1
logg—8G —9lplog 4’ 22C<R2 2| 242@1; :
V= (8 (7215 — 1)2 = 202 (7215 + 1%) + 14)

S elo ( (ralelr —lo + 1r) (ralclr + o + Ir) ) - (z — 12 (nl;, — 1)? )
¢ (2l (—lr) + lo + Ir) (T2lclr + o — IR) L7108 (riloly +10)2 =12

+ 2l log ( (mlcly —lo+ 1) (nlcly + 1o+ 11) ))

VIE(— (732 —1)2) + 212 (721 +12) — 13
(B.6)
For negative Ry, negative Ry (I, > l¢), we can obtain similar expressions for
Ry, Ror, Ror, Rr and Log g but, perhaps more interestingly, the tension bounds

are given by:

Lo i
e L o\ eE

11
BB

1 1
<Ty < —+ — (B.7)
le g

Likewise, for positive Ry, positive Rg (Ig > l¢), we can obtain similar expres-
sions for Ry, Rer, Reor, Rr and Log g but now the tension bounds are:

1 1

1 1 1 1 1 1
23
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