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1 Introduction

The violation of charge-parity (CP) symmetry is a crucial concept in particle physics and
serves as an indispensable ingredient to dynamically generate the matter-antimatter asym-
metry in our universe [1, 2]. In the Standard Model (SM), CP violation has been observed
in the quark sector [3–5]. Moreover, since the neutrino oscillation experiments have firmly
established that neutrinos are massive and lepton flavors are significantly mixed [6], CP
violation is also expected in the leptonic sector [7], which is the primary goal of the future
long-baseline accelerator neutrino oscillation experiments [8–11].
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From the theoretical point of view, the violation of CP symmetry in the fermionic sector
in a specific model comes from the complex couplings in the Lagrangian.1 However, one
should keep in mind that the couplings are not invariant under the basis transformation in
the flavor space. Thus the sufficient and necessary condition for CP conservation should be:
It is possible to find a specific flavor basis such that in this basis every coupling parameter
in the Lagrangian is real. This criterion suffers from the flavor-basis dependence that
one has to change the values of parameters from one flavor basis to another. Therefore,
it is well motivated to introduce some quantities composed of the coupling parameters
in the Lagrangian that are invariant under the flavor-basis transformations and thus one
only needs to calculate these basis-independent quantities to judge whether there is CP
violation in a given model. This is exactly the reason why flavor invariants are physically
interesting. Furthermore, since any physical observables calculated from the parameters in
the Lagrangian must be independent of the flavor basis, it will be helpful to express them
as some functions of flavor invariants.

The first flavor invariant was constructed by Jarlskog [12–14] to characterize the CP
violation in the quark sector. As is well known, the CP-violating phase in the Cabibbo-
Kobayashi-Maskawa (CKM) matrix [15] appears in the quark charged-current interaction,
leading to the CP violation in the neutral meson systems. Although the Yukawa coupling
matrices Yu and Yd of up- and down-type quarks are not invariant under the flavor-basis
transformations, it is possible to define the following basis-independent quantity [12–14]

J ≡ Det
([
YuY

†
u , YdY

†
d

])
= 1

3Tr
([
YuY

†
u , YdY

†
d

]3)
. (1.1)

It can be checked in general that any CP-violating observable in the quark sector is pro-
portional to J , so the vanishing of J is equivalent to the absence of CP violation in the
quark sector.

The application of flavor invariants to studying CP violation was later generalized to
arbitrary generations of quarks [16] and to the leptonic sector [17]. The situation becomes
more complicated in the leptonic sector if neutrinos are Majorana particles [18, 19], because
there are two extra Majorana-type CP phases entering the lepton flavor mixing matrix, i.e.,
the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix [20, 21]. In this case, the minimal
sufficient and necessary conditions for CP conservation in the leptonic sector are the vanish-
ing of three flavor invariants [22–24], which are analogous to J in eq. (1.1). Moreover, if neu-
trino masses were degenerate, there would be redundant degrees of freedom and the number
of conditions to guarantee CP conservation would accordingly be reduced [17, 25–27].

It is always possible to construct an infinite number of invariants in the flavor space
though not all of them are independent. In fact, since the addition or multiplication of any
two flavor invariants is also a flavor invariant, all of them form a ring in the flavor space
in the sense of algebraic structure. It was noticed in refs. [28, 29] that the Hilbert series
(HS) in the invariant theory [30, 31] provides a powerful tool in investigating the alge-
braic structure of the invariants in the flavor space and establishing the relations between

1For the bosonic sources of CP violation, such as the θ-term in quantum chromodynamics (QCD), the
condition for CP conservation is trivially the vanishing of all couplings of CP-violating terms. In this paper,
we only consider the fermionic sources of CP violation.
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flavor invariants and physical parameters.2 The maximum number of the algebraically-
independent invariants in the flavor space, namely, the primary invariants, is equal to the
number of independent physical parameters in the theory [28, 29]. Furthermore, as long as
the symmetry group of the flavor space is reductive, the ring of invariants can be finitely
generated [30, 31], which means there exist a finite number of basic invariants such that
any invariant in the flavor space can be expressed as the polynomial of the basic ones. The
plethystic program [43] provides a convenient method to find out all the basic invariants
as well as the polynomial identities (known as syzygies) among them. In the type-I seesaw
model [44–48] and its low-energy effective theory with only the dimension-five Weinberg
operator [49], the HS in the flavor space have been calculated and the basic flavor invariants
are explicitly constructed [28, 29, 50, 51]. Moreover, the renormalization-group equations
of all the basic flavor invariants in the effective theory have been derived as well [50].

Recently, the number of independent CP-violating phases in the Standard Model ef-
fective field theory (SMEFT) with operators of mass dimension d 6 6 [52–54] has been
systematically counted in ref. [55]. Furthermore, an equal number of CP-odd flavor in-
variants are explicitly constructed and the vanishing of these CP-old invariants guarantees
the CP conservation in the SMEFT up to dimension six. However, the d = 5 Weinberg
operator [49] is not included, so the flavor mixing and CP violation in the leptonic sector
are ignored in ref. [55]. In this paper, we aim to explore the leptonic CP violation using the
language of invariant theory in the framework of seesaw effective field theory (SEFT) at
the tree-level matching,3 which includes the d = 5 Weinberg operator Oαβ5 = `αLH̃H̃

T`CβL

and one d = 6 operator Oαβ6 =
(
`αLH̃

)
i/∂
(
H̃†`βL

)
[59], where α, β = e, µ, τ are lepton

flavor indices. The main motivation for such an exploration is three-fold.
First, as has been mentioned before, the flavor mixing and CP violation in the lep-

tonic sector are switched off in ref. [55]. However, neutrino oscillation experiments have
revealed that neutrinos are indeed massive. In the spirit of the SMEFT, the most natural
way to explain the nonzero neutrino masses is to introduce the d = 5 Weinberg operator
O5 [49], which accounts for Majorana neutrino masses after the spontaneous gauge sym-
metry breaking. Once O5 is included, there will be extra sources of CP violation from
the leptonic sector, which are observable in the low-energy oscillation experiments [60–62].
Therefore, it is necessary to take into account the source of CP violation from O5 apart
from the d = 6 operators.

Second, it has been shown that there are totally 699+1+1+6 independent CP phases in
the SMEFT with operators of d 6 6 [55], the number of which is too large to receive restric-

2The HS has also been widely applied to counting the number of independent gauge- and Lorentz-
invariant effective operators of a certain mass dimension in the effective theories [32–37]. In addition, the
construction of the flavor invariants in the scalar sector of multi-Higgs-doublet models were thoroughly
studied and the corresponding HS were calculated in the literature [38–41]. The explicit and spontaneous
breaking of a flavor group to its subgroups were also studied using the HS, see ref. [42].

3The full one-loop matching of the type-I seesaw model onto the SMEFT has been accomplished re-
cently [56–58], where 31 dimension-six operators in the Warsaw basis of the SMEFT are involved. However,
as we shall demonstrate later, the Wilson coefficients of Oαβ5 and Oαβ6 are already adequate to incorporate
all physical information about the full seesaw model. Therefore, we will restrict ourselves within the SEFT
at the tree-level matching.
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tive constraints from low-energy experiments. If the Weinberg operator is included and the
sources of CP violation from the leptonic sector are considered, the number of CP-violating
phases will be further increased. Instead, we take in this paper the ultraviolet (UV) theory
to be the type-I seesaw model, which is one of the most natural models to simultaneously
explain nonzero neutrino masses and generate the cosmological matter-antimatter asym-
metry via leptogenesis [63], and explore the sources of CP violation at the low-energy scale.

Finally, it is well known that there are six independent CP phases in type-I seesaw
model in the three-generation case that appear in the CP asymmetries in the decays of right-
handed (RH) neutrinos. The inclusion of O5 at the low-energy scale contains only three
CP phases in the PMNS matrix, which is obviously not enough to incorporate all the CP-
violating sources in the full theory. It was firstly mentioned in refs. [64, 65] that the simulta-
neous inclusion of O5 and O6 reproduces the same number of independent physical parame-
ters as in the full seesaw model if the number of RH neutrinos matches that of active neutri-
nos. This observation indicates that both O5 andO6 have already been adequate to cover all
physical information about the full theory. In this paper, we will show that this is indeed the
case through the language of invariant theory. In particular, we shall establish the intimate
connection between the invariant ring of the flavor space in the effective theory and that in
the full theory. The matching between the flavor invariants in the SEFT and those in the full
seesaw model will be accomplished by a proper procedure. Through the matching of the fla-
vor invariants, one can directly link the CP asymmetries in leptogenesis to those in neutrino-
neutrino and neutrino-antineutrino oscillations at low energies in a basis-independent way.

The remaining part of this paper is structured as follows. In section 2, we first define
the flavor-basis transformation in the SEFT and set up our formalism and notations. In
section 3 and section 4 we systematically study the algebraic structure of the invariant
ring in the SEFT and construct the flavor invariants using the tool of invariant theory for
the two- and three-generation case, respectively. Moreover, we will explain how to extract
all physical parameters in the SEFT from the primary flavor invariants. The minimal
sufficient and necessary conditions for CP conservation are also given in terms of CP-odd
flavor invariants. Phenomenological applications of the flavor invariants are discussed in
section 5, where we illustrate how to express a general CP-violating observable as the linear
combination of CP-odd flavor invariants. In section 6 we explore the connection between
the SEFT and the full seesaw model through the matching between flavor invariants at
low- and high-energy scales. The intimate relationship between two sets of basic flavor
invariants will be revealed. Our main conclusions are summarized in section 7. Finally,
some indispensable details are presented in two appendices. In appendix A we calculate
the HS in the SEFT while in appendix B the matching procedure between flavor invariants
in the SEFT and those in the full theory is given.

2 Flavor-basis transformation in the SEFT

The type-I seesaw model extends the SM by introducing three RH neutrinos NR, which
are singlets under the SM gauge symmetry. The Lagrangian of the type-I seesaw reads

Lseesaw = LSM +NRi/∂NR −
[
`LYνH̃NR + 1

2N
C
RMRNR + h.c.

]
, (2.1)
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where LSM is the SM Lagrangian, `L ≡ (νL, lL)T and H̃ ≡ iσ2H∗ stand for the left-handed
lepton doublet and the Higgs doublet, respectively. In addition, Yν denotes the Dirac neu-
trino Yukawa coupling matrix andMR is the Majorana mass matrix of RH neutrinos. Note
that NC

R ≡ CNR
T has been defined with C ≡ iγ2γ0 being the charge-conjugation matrix.

If the mass scale of RH neutrinos Λ = O (MR) is much higher than the electroweak
scale characterized by the vacuum expectation value v ≈ 246 GeV of the Higgs field, one can
integrate NR out at the tree level to obtain the low-energy effective theory. The effective
Lagrangian to the order of O

(
1/Λ2) turns out to be

LSEFT = LSM −
(
C5
2ΛO5 + h.c.

)
+ C6

Λ2O6 , (2.2)

with
O5 = `LH̃H̃

T`CL , O6 =
(
`LH̃

)
i/∂
(
H̃†`L

)
. (2.3)

Note that the lepton flavor indices have been suppressed. At the tree-level matching, the
Wilson coefficients are related to the Yukawa couplings in the full theory as

C5 = −YνY −1
R Y T

ν , C6 = Yν

(
Y †RYR

)−1
Y †ν , (2.4)

where we have defined the dimensionless quantity YR ≡MR/Λ. Given the full Lagrangian
in eq. (2.1), one can perform the general unitary transformation in the flavor space in the
leptonic sector

`L → `′L = UL`L , lR → l′R = VRlR , NR → N ′R = URNR , (2.5)

where lR is the RH charged-lepton field, UL, VR ∈ U(m) and UR ∈ U(n) (for m generations
of lepton doublets and n generations of RH neutrinos) are three arbitrary unitary matrices.
Then eq. (2.1) is unchanged if we treat the Yukawa coupling matrices as spurions, namely,
taking them as spurious fields that transform as

Yl → Y ′l = ULYlV
†

R , Yν → Y ′ν = ULYνU
†
R , YR → Y ′R = U∗RYRU

†
R , (2.6)

where Yl denotes the charged-lepton Yukawa coupling matrix. At the matching scale, the
transformation in eq. (2.6) together with eq. (2.4) induces the transformation of Wilson
coefficients in the flavor space of the SEFT, i.e.,

C5 → C ′5 = ULC5U
T
L , C6 → C ′6 = ULC6U

†
L . (2.7)

It is easy to verify that the SEFT Lagrangian in eq. (2.2) is also unchanged under the
transformation in eqs. (2.5)–(2.7), as it should be.

Now it is obvious that the building blocks for the construction of flavor invariants in the
SEFT are

{
Xl ≡ YlY

†
l , C5, C6

}
with the symmetry group U(m), while the building blocks in

the full seesaw model are {Yl, Yν , YR} with the symmetry group U(m)⊗U(n).4 Note that by
flavor invariants, we refer to the polynomial matrix invariants constructed from the building
blocks that are unchanged under the unitary transformation in the flavor space [66, 67].

4Notice that the flavor transformation of RH charged-lepton fields [i.e., VR in eq. (2.5)] is unphysical.
Therefore one may use YlY

†
l as a building block instead of Yl when constructing flavor invariants and

calculating the HS.

– 5 –



J
H
E
P
0
8
(
2
0
2
2
)
0
1
7

Notations for flavor invariants. Throughout this paper, we use Iabc (or Jabc) to label
the flavor invariant with the degrees {a, b, c} of the building blocks {Xl, C5, C6} for the two-
(or three-) generation case in the SEFT. On the other hand, Iabc (or Jabc) will be used to
label the flavor invariant with the degrees {a, b, c} of the building blocks {Yl, Yν , YR} for the
two- (or three-) generation case in the full seesaw model. Here a, b, c are all non-negative
integers.

3 Algebraic structure of the SEFT flavor invariants: two-generation case

Let us start with the case of only two-generation leptons, which is unrealistic but very
instructive for the study of the three-generation case.

The first step is to compute the HS in the flavor space, which encodes all information
about the ring of invariants. Given the transformation rules of the building blocks in
eq. (2.7) withm = 2, one can calculate the HS using the Molien-Weyl (MW) formula [68, 69]
(see appendix A for details)

H
(2g)

SEFT(q) = 1 + 3q4 + 2q5 + 3q6 + q10

(1− q)2 (1− q2)4 (1− q3)2 (1− q4)2 . (3.1)

The numerator of the HS in eq. (3.1) exhibits the palindromic structure as expected while
the denominator has 10 factors, which implies the maximum number of the algebraically-
independent invariants (i.e., primary invariants) in the flavor space is 10. This number, as
a highly nontrivial result, is also equal to the number of independent physical parameters
in the two-generation SEFT.

In order to find out the generators of the invariant ring, one can substitute eq. (3.1)
into eq. (A.3) to calculate the plethystic logarithm (PL) function,

PL
[
H

(2g)
SEFT(q)

]
= 2q + 4q2 + 2q3 + 5q4 + 2q5 + 3q6 − 6q8 −O

(
q9
)
, (3.2)

whose leading positive terms correspond to the number and degrees of the basic invari-
ants [43]. More explicitly, there are in total 18 basic invariants in the ring, two of degree
1, four of degree 2, two of degree 3, five of degree 4, two of degree 5 and three of degree
6. With the help of eq. (3.2) we explicitly construct all the basic flavor invariants in the
SEFT, as summarized in table 1. The CP parities listed in the last column of table 1
describe the behaviors of the flavor invariants under the CP transformation: CP-even in-
variants are unchanged under the CP-conjugate transformation while CP-odd invariants
bring about an extra minus sign. The 18 basic invariants (12 CP-even and 6 CP-odd) in
table 1 serve as the generators of the invariant ring, in the sense that any flavor invariant
can be written as the polynomial of them. For example, the CP-even counterparts of the 6
CP-odd basic invariants in table 1 can be decomposed into the polynomials of the CP-even
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basic invariants in table 1 as follows:5

I(+)
121 ≡ Re Tr (XlX5C6) = 1

2 [I020 (I101 − I100I001) + I100I021 + I001I120] , (3.3)

I(+)
141 ≡ Re Tr (X5C6Gl5) = 1

4
[
I100I001

(
I040 − I2

020

)
+ 2

(
I020I

(1)
121 + I120I021

)]
, (3.4)

I(+)
221 ≡ Re Tr (XlGl5C6) = 1

2
[
I101I120 + I001I220 + I100

(
I(1)

121 − I001I120

)]
, (3.5)

I(+)
122 ≡ Re Tr (C6G56Xl) = 1

2
[
I101I021 + I100I022 + I001

(
I(1)

121 − I100I021

)]
, (3.6)

I(+)
240 ≡ Re Tr (XlX5Gl5) = 1

4
[
I2

100

(
I040 − I2

020

)
+ 2

(
I2

120 + I020I220

)]
, (3.7)

I(+)
042 ≡ Re Tr (C6X5G56) = 1

4
[
I2

001

(
I040 − I2

020

)
+ 2

(
I2

021 + I020I022

)]
. (3.8)

Although there are 18 basic invariants in the SEFT, not all of them are algebraically
independent. There exist nontrivial polynomial identities among them that are identically
equal to zero, known as syzygies in the invariant theory.6 For example, the six lowest-
degree syzygies begin to appear at degree 8 (in the sense that the total degree of each term
in the syzygies is 8):

I(2)
121 (2I220 − I100I120) + I221 (I100I020 − 2I120) + I240 (I001I100 − 2I101) (3.9)

+I141

(
I2

100 − 2I200

)
= 0 ,

I(2)
121 (2I022 − I001I021)− I122 (I001I020 − 2I021)− I042 (I001I100 − 2I101) (3.10)

−I141

(
I2

001 − 2I002

)
= 0 ,

I(2)
121

(
2I(1)

121 − I001I120

)
+ I221 (I001I020 − 2I021) + I240

(
I2

001 − 2I002

)
(3.11)

+I141 (I001I100 − 2I101) = 0 ,
I(2)

121

(
2I(1)

121 − I100I021

)
− I122 (I100I020 − 2I120)− I042

(
I2

100 − 2I200

)
(3.12)

−I141 (I001I100 − 2I101) = 0 ,

together with another two syzygies involving only CP-even invariants. These six syzygies
correspond to the first negative term −6q8 in eq. (3.2). Eqs. (3.9)–(3.12) establish 4 linear
relations among the 6 CP-odd basic invariants, which is consistent with the fact that there
are only 6− 4 = 2 independent phases in the SEFT for the two-generation case.

Among the 18 basic invariants in table 1, the 10 primary ones that are algebraically
independent are labeled with “(∗)” in the first column. Note that the choice of primary
invariants is by no means unique. Later on we will show that from the 10 primary flavor
invariants one can explicitly extract all the physical parameters in the two-generation
SEFT. In this sense, the set of primary invariants is equivalent to the set of independent
physical parameters in the theory.

5See appendix C of ref. [50] for a general algorithm to decompose an arbitrary invariant into the poly-
nomial of the basic ones and to find out all the syzygies among the basic invariants at a certain degree.

6However, note that none of the basic invariants in the ring can be written as the polynomial of the other
17 basic ones. This is different from the case of vector space, where the statement that a set of vectors are
not linearly independent means any vector of this set can be written as the linear combination of the others.

– 7 –



J
H
E
P
0
8
(
2
0
2
2
)
0
1
7

flavor invariants degree CP parity
I100 ≡ Tr (Xl) (∗) 1 +
I001 ≡ Tr (C6) (∗) 1 +
I200 ≡ Tr

(
X2
l

)
(∗) 2 +

I101 ≡ Tr (XlC6) 2 +
I020 ≡ Tr (X5) (∗) 2 +
I002 ≡ Tr

(
C2

6
)

(∗) 2 +
I120 ≡ Tr (XlX5) (∗) 3 +
I021 ≡ Tr (C6X5) (∗) 3 +
I220 ≡ Tr (XlGl5) (∗) 4 +
I(1)

121 ≡ Tr (Gl5C6) 4 +
I(2)

121 ≡ Im Tr (XlX5C6) 4 −
I040 ≡ Tr

(
X2

5
)

(∗) 4 +
I022 ≡ Tr (C6G56) (∗) 4 +
I221 ≡ Im Tr (XlGl5C6) 5 −
I122 ≡ Im Tr (C6G56Xl) 5 −
I240 ≡ Im Tr (XlX5Gl5) 6 −
I141 ≡ Im Tr (X5C6Gl5) 6 −
I042 ≡ Im Tr (C6X5G56) 6 −

Table 1. Summary of the basic flavor invariants along with their degrees and CP parities in
the SEFT for two-generation leptons, where the subscripts of the invariants denote the degrees of
Xl ≡ YlY

†
l , C5 and C6, respectively. Note that we have defined X5 ≡ C5C

†
5 , Gl5 ≡ C5X

∗
l C
†
5 and

G56 ≡ C5C
∗
6C
†
5 that transform adjointly under the flavor-basis transformation. There are totally

12 CP-even and 6 CP-odd basic invariants in the invariant ring of the flavor space. The 10 primary
invariants that are algebraically independent have been labeled with “(∗)” in the first column.

3.1 Physical parameters in terms of primary invariants

Without loss of generality, we start with the flavor basis where C5 is diagonal with real
and non-negative eigenvalues, namely, C5 = Diag{c1, c2}, while Xl ≡ YlY

†
l and C6 are two

general 2× 2 Hermitian matrices

Xl =

 a11 a12e
iα

a12e
−iα a22

 , C6 =

 b11 b12e
iβ

b12e
−iβ b22

 , (3.13)

where aij and bij are real numbers while α and β are two phases. In this basis, the
10 independent physical parameters are {c1, c2, a11, a12, a22, b11, b12, b22, α, β}.7 First, the
eigenvalues of C5 can be extracted from I020 ≡ Tr (X5) = c2

1 + c2
2 and I040 ≡ Tr

(
X2

5
)

=
7Here we assume that these parameters are not equal or vanishing and c1 < c2, which are true in general.

– 8 –
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c4
1 + c4

2 with X5 ≡ C5C
†
5, i.e.,

c1,2 = 1√
2

√
I020 ∓

√
2I040 − I2

020 . (3.14)

Second, from I100 ≡ Tr (Xl) = a11 + a22 and I120 ≡ Tr (XlX5) = c2
1a11 + c2

2a22 one can
extract a11 and a22 as follows

a11,22 = 1
2

I100 ±
I100I020 − 2I120√

2I040 − I2
020

 . (3.15)

Then from I200 ≡ Tr
(
X2
l

)
= a2

11 + 2a2
12 + a2

22, we obtain8

a12 = 1√
2

√
I100 (I100I040 − 2I020I120) + I200

(
I2

020 − 2I040
)

+ 2I2
120

I2
020 − 2I040

. (3.16)

Finally, using I220 ≡ Tr (XlGl5) = c2
1a

2
11 + c2

2a
2
22 + 2a2

12c1c2 cos 2α, one can get

cos2α=
(
I2

100I020−4I100I120 +2I220
)(
I2

020−I040
)
+2

(
I020I2

120−I040I220
)

√
2
√
I2

020−I040
[
I200

(
I2

020−I040
)
+I040

(
I2

100−I200
)
−2I120 (I100I020−I120)

] .
(3.17)

Similarly, the parameters in C6 can be extracted in a parallel manner. The final results
are given by

b11,22= 1
2

I001±
I001I020−2I021√

2I040−I2
020

, (3.18)

b12= 1√
2

√
I001(I001I040−2I020I021)+I002

(
I2

020−2I040
)
+2I2

021
I2

020−2I040
, (3.19)

cos2β=
(
I2

001I020−4I001I021+2I022
)(
I2

020−I040
)
+2
(
I020I2

021−I040I022
)

√
2
√
I2

020−I040
[
I002

(
I2

020−I040
)
+I040

(
I2

001−I002
)
−2I021(I001I020−I021)

] . (3.20)

When calculating the observables in the SEFT, one usually turns to the basis where the
Higgs field acquires its vacuum expectation value and the electroweak gauge symmetry is
spontaneously broken down. In this case, two neutrino masses are related to the eigenvalues
of C5 via

m1,2 = v2

2Λc1,2 = v2

2
√

2Λ

√
I020 ∓

√
2I040 − I2

020 . (3.21)

On the other hand, the masses of charged leptons can be obtained via the diagonalization
of Xl: 2 Diag

{
m2
e,m

2
µ

}
/v2 = V2XlV

†
2 , where

V2 =

 cos θ sin θ
− sin θ cos θ

 ·
eiφ 0

0 1

 (3.22)

8It is always possible to choose the phase α to make a12 positive, and likewise for b12 via the phase β.
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is the flavor mixing matrix in the two-generation case, with θ the flavor mixing angle and
φ the Majorana-type CP phase. Thus the charged-lepton masses, flavor mixing angle and
CP phase can be related to the elements in Xl by

me,µ = v

2

√
a11 + a22 ±

2a12
sin 2θ , tan 2θ = 2a12

a11 − a22
, φ = −α . (3.23)

More explicitly, we express these physical parameters in terms of the flavor invariants as
below

me,µ= v

2

√
I100∓

√
2I200−I2

100, (3.24)

cos2θ= 2I120−I100I020√
2I040−I2

020

√
2I200−I2

100

, (3.25)

cos2φ=
(
I2

100I020−4I100I120+2I220
)(
I2

020−I040
)
+2
(
I020I2

120−I040I220
)

√
2
√
I2

020−I040
[
I200

(
I2

020−I040
)
+I040

(
I2

100−I200
)
−2I120(I100I020−I120)

] . (3.26)

To summarize, we have shown that the 10 physical parameters after the gauge symmetry
breaking {

m1,m2,me,mµ, θ, φ, b11, b12, b22, β
}

can be extracted from the 10 primary flavor invariants

{I020, I040, I100, I001, I200, I002, I120, I021, I220, I022}

by eqs. (3.18)–(3.20), eq. (3.21) and eqs. (3.24)–(3.26).

3.2 Conditions for CP conservation

Although there are 6 CP-odd basic invariants in the ring, they are not algebraically inde-
pendent but related to each other by the syzygies in eqs. (3.9)–(3.12). On the other hand,
there are only 2 independent physical phases in the leptonic sector (i.e., φ and β in the
symmetry-breaking basis). Therefore, the minimal conditions to guarantee CP conserva-
tion in the leptonic sector is the vanishing of only 2 CP-odd invariants. In the symmetry-
breaking basis chosen above, it is straightforward to explicitly calculate the following two
CP-odd flavor invariants

I(2)
121 ≡ Im Tr (XlX5C6) = 1

v2

(
m2
µ −m2

e

) (
c2

2 − c2
1

)
b12 sin 2θ sin (β + φ) , (3.27)

I240 ≡ Im Tr (XlX5Gl5) = − 1
v4

(
m2
µ −m2

e

)2 (
c2

2 − c2
1

)
c1c2 sin2 2θ sin 2φ . (3.28)

We have assumed that there is neither degeneracy for the lepton masses nor texture zero in
the matrix elements of C6 and Xl in general. Thus the vanishing of I(2)

121 and I240 enforces
the phases to take only trivial values

β, φ = kπ or β, φ = 2k + 1
2 π , (3.29)
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where k is an arbitrary integer. In this basis, one can verify that all the CP-violating observ-
ables are proportional to sin 2φ, sin 2β or sin (β ± φ), so I(2)

121 = I240 = 0 serves as the mini-
mal sufficient and necessary conditions for CP conservation in the leptonic sector. As will be
shown in section 5, I(2)

121 and I240 are responsible for the CP violation in neutrino-neutrino
and neutrino-antineutrino oscillations, respectively. Moreover, any CP-violating observable
in the two-generation SEFT can be expressed as the linear combination of I(2)

121 and I240
with the combination coefficients being functions of only CP-even invariants. As a conse-
quence, the vanishing of I(2)

121 and I240 implies the vanishing of any CP-violating observable.

4 Algebraic structure of the SEFT flavor invariants: three-generation
case

Now we proceed with the realistic case of three-generation leptons. As we shall see, the
algebraic structure of the invariant ring in the three-generation SEFT is much more com-
plicated than that in the two-generation case.

From the transformation behaviors of the building blocks under U(3) group in eq. (2.7),
one can calculate the HS using the MW formula (see appendix A for more details). Though
very tedious, the result can be recast into the standard form

H
(3g)

SEFT(q) = N
(3g)

SEFT(q)
D

(3g)
SEFT(q)

, (4.1)

where

N
(3g)

SEFT(q) = q65+2q64+4q63+11q62+23q61+48q60+120q59+269q58+587q57+1258q56

+2543q55+4895q54+9124q53+16281q52+27963q51+46490q50+74644q49

+115871q48+174433q47+254494q46+360055q45+494873q44+660820q43

+857677q42+1083226q41+1331628q40+1593650q39+1858178q38+2111158q37

+2337226q36+2522435q35+2654026q34+2721987q33+2721987q32+2654026q31

+2522435q30+2337226q29+2111158q28+1858178q27+1593650q26+1331628q25

+1083226q24+857677q23+660820q22+494873q21+360055q20+254494q19

+174433q18+115871q17+74644q16+46490q15+27963q14+16281q13+9124q12

+4895q11+2543q10+1258q9+587q8+269q7+120q6+48q5+23q4+11q3+4q2

+2q+1, (4.2)

and
D

(3g)
SEFT(q) =

(
1− q2

)3 (
1− q3

) (
1− q4

)5 (
1− q5

)6 (
1− q6

)6
. (4.3)

As a nontrivial cross-check, the denominator of the HS in eq. (4.3) do have 21 factors,
exactly matching the number of independent physical parameters in the three-generation
SEFT. Moreover, the awesomely large numbers in the numerator of the HS in eq. (4.2)
indicate that the richness of the flavor structure and the complexity of the invariant ring
grow very quickly with the generation of leptons when there exist Majorana-type building
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blocks.9 The complexity of the algebraic structure of the invariant ring for the three-
generation case can be better understood by substituting eq. (4.1) into eq. (A.3) to calculate
the PL function of the HS, which is an infinite series of q and encodes all information about
the basic invariants and the polynomial relations among them (i.e., syzygies)

PL
[
H

(3g)
SEFT(q)

]
= 2q + 4q2 + 6q3 + 9q4 + 14q5 + 33q6 + 44q7 + 72q8 + 74q9 + 21q10

−208q11 − 708q12 − 1904q13 − 3806q14 −O
(
q15
)
. (4.4)

From eq. (4.4) one can observe that there are nearly 300 basic invariants in the ring, more
than 200 syzygies at degree 11, more than 700 syzygies at degree 12, and so on. Therefore,
it is very difficult to explicitly construct all the basic invariants due to the complexity of the
invariant ring. However, we have known that there are only 21 independent physical pa-
rameters in the theory, which is also the maximum number of the algebraically-independent
invariants (i.e., primary invariants) in the ring. Hence, we shall construct only the primary
flavor invariants for the three-generation case, with which one can extract all the phys-
ical parameters so that any physical observable can be written as the function of flavor
invariants.

4.1 Physical parameters in terms of primary invariants

The 21 primary invariants have been explicitly constructed in table 2. Then we show how to
extract all physical parameters in the SEFT from the primary invariants. For convenience,
we again start with the basis where C5 is diagonal with real and non-negative eigenvalues,
i.e., C5 = Diag {c1, c2, c3}, while Xl and C6 are two arbitrary 3× 3 Hermitian matrices10

Xl =


a11 a12e

iα12 a31e
−iα31

a12e
−iα12 a22 a23e

iα23

a31e
iα31 a23e

−iα23 a33

 , C6 =


b11 b12e

iβ12 b31e
−iβ31

b12e
−iβ12 b22 b23e

iβ23

b31e
iβ31 b23e

−iβ23 b33

 , (4.5)

where aij and bij are real numbers while αij and βij are phases. First, the eigenvalues of
C5, corresponding to the masses of light Majorana neutrinos, can be extracted from J020,
J040 and J060 as follows

J020 ≡ Tr (X5) = c2
1 + c2

2 + c2
3 , (4.6)

J040 ≡ Tr
(
X2

5

)
= c4

1 + c4
2 + c4

3 , (4.7)

J060 ≡ Tr
(
X3

5

)
= c6

1 + c6
2 + c6

3 . (4.8)

In principle c1, c2 and c3 can be solved from eqs. (4.6)–(4.8) in term of J020, J040 and J060.
However, the most general solution is too lengthy to be listed here. For illustration, we

9This is very different from the case in the quark sector, where all the fermions are Dirac particles and
all the building blocks transform adjointly under the unitary group. The Majorana character of C5 enforces
it to transform as the symmetric rank-2 tensor representation, thus leading to a much more complicated
algebraic structure of the invariant ring in the leptonic sector.

10As in the two-generation case, we assume that c1 6= c2 6= c3 and there are in general no texture zeros
in the matrix elements of Xl and C6.

– 12 –



J
H
E
P
0
8
(
2
0
2
2
)
0
1
7

flavor invariants degree CP parity
J100 ≡ Tr (Xl) 1 +
J001 ≡ Tr (C6) 1 +
J200 ≡ Tr

(
X2
l

)
2 +

J020 ≡ Tr (X5) 2 +
J002 ≡ Tr

(
C2

6
)

2 +
J120 ≡ Tr (XlX5) 3 +
J021 ≡ Tr (C6X5) 3 +
J220 ≡ Tr (XlGl5) 4 +
J040 ≡ Tr

(
X2

5
)

4 +
J022 ≡ Tr (C6G56) 4 +
J140 ≡ Tr

(
XlX

2
5
)

5 +
J041 ≡ Tr

(
C6X

2
5
)

5 +
J240 ≡ Tr

(
X2
l X

2
5
)

6 +
J (2)

240 ≡ Im Tr (XlX5Gl5) 6 −
J060 ≡ Tr

(
X3

5
)

6 +
J042 ≡ Tr

(
C2

6X
2
5
)

6 +
J (2)

042 ≡ Im Tr (C6X5G56) 6 −
J260 ≡ Im Tr

(
XlX

2
5Gl5

)
8 −

J062 ≡ Im Tr
(
C6X

2
5G56

)
8 −

J280 ≡ Im Tr
(
XlX

2
5Gl5X5

)
10 −

J082 ≡ Im Tr
(
C6X

2
5G56X5

)
10 −

Table 2. Summary of the primary flavor invariants along with their degrees and CP parities in
the SEFT for three-generation leptons, where the subscripts of the invariants denote the degrees
of Xl ≡ YlY

†
l , C5 and C6, respectively. We have also defined X5 ≡ C5C

†
5 , Gl5 ≡ C5X

∗
l C
†
5 and

G56 ≡ C5C
∗
6C
†
5 . There are in total 21 primary invariants in the invariant ring of the flavor space

and 6 of them are CP-odd, corresponding to the 6 independent phases in the three-generation SEFT.

only consider two hierarchical scenarios. For the normal hierarchical mass ordering with
0 6 c1 < c2 � c3, we have

c1,2 =

√√√√√J 2
020 − J040

4J 1/3
060

∓

√√√√(J 2
020 − J040

4J 1/3
060

)2

− J
3
020 − 3J020J040 + 2J060

6J 1/3
060

, c3 = J 1/6
060 ;

(4.9)
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while for the inverted hierarchical mass ordering with 0 6 c3 � c1 < c2, we get

c1,2 = 1√
2

√
J020 − c2

3 ∓
√

2J040 − J 2
020 + 2J020c

2
3 , c3 =

√
J 3

020 − 3J020J040 + 2J060
3
(
J 2

020 − J040
) .

(4.10)
Then the invariants J100, J120 and J140 can be used to extract the diagonal elements of
Xl, i.e.,

J100 ≡ Tr (Xl) = a11 + a22 + a33 ,

J120 ≡ Tr (XlX5) = c2
1a11 + c2

2a22 + c2
3a33 ,

J140 ≡ Tr
(
XlX

2
5

)
= c4

1a11 + c4
2a22 + c4

3a33 ,

from which we obtain

aii =

(
c2
j + c2

k

)
J120 − c2

jc
2
kJ100 − J140(

c2
k − c2

i

) (
c2
i − c2

j

) , (4.11)

where (i, j, k) = (1, 2, 3) or (2, 3, 1) or (3, 1, 2). As for the off-diagonal elements of Xl, we
can use

J200 ≡ Tr
(
X2
l

)
= a2

11 +a2
22 +a2

33 +2
(
a2

12 +a2
23 +a2

31

)
,

J220 ≡ Tr
(
X2
l X5

)
= c2

1a
2
11 +c2

2a
2
22 +c2

3a
2
33 +

(
c2

1 +c2
2

)
a2

12 +
(
c2

2 +c2
3

)
a2

23 +
(
c2

3 +c2
1

)
a2

31 ,

J240 ≡ Tr
(
X2
l X

2
5

)
= c4

1a
2
11 +c4

2a
2
22 +c4

3a
2
33 +

(
c4

1 +c4
2

)
a2

12 +
(
c4

2 +c4
3

)
a2

23 +
(
c4

3 +c4
1

)
a2

31 ,

to derive11

aij =

√√√√√(c2
1c

2
2 + c2

2c
2
3 + c2

3c
2
1 − c4

k

)
J ′200 −

(
c2
i + c2

j

)
J ′220 + J ′240(

c2
j − c2

k

) (
c2
k − c2

i

) , (4.12)

where (i, j, k) = (1, 2, 3) or (2, 3, 1) or (3, 1, 2) and

J ′200 ≡
1
2
(
J200 − a2

11 − a2
22 − a2

33

)
,

J ′220 ≡ J220 −
(
c2

1a
2
11 + c2

2a
2
22 + c2

3a
2
33

)
,

J ′240 ≡ J240 −
(
c4

1a
2
11 + c4

2a
2
22 + c4

3a
2
33

)
.

Finally, the phases in Xl can be conveniently determined by using CP-odd invariants

J (2)
240 ≡ ImTr(XlX5Gl5)

= −a2
12c1c2

(
c2

1−c2
2

)
sin2α12−a2

23c2c3

(
c2

2−c2
3

)
sin2α23−a2

31c3c1

(
c2

3−c2
1

)
sin2α31 ,

J260 ≡ ImTr
(
XlX

2
5Gl5

)
= −a2

12c1c2

(
c4

1−c4
2

)
sin2α12−a2

23c2c3

(
c4

2−c4
3

)
sin2α23−a2

31c3c1

(
c4

3−c4
1

)
sin2α31 ,

J280 ≡ ImTr
(
XlX

2
5Gl5

)
= −a2

12c
3
1c

3
2

(
c2

1−c2
2

)
sin2α12−a2

23c
3
2c

3
3

(
c2

2−c2
3

)
sin2α23−a2

31c
3
3c

3
1

(
c2

3−c2
1

)
sin2α31 ,

11Without loss of generality, the phases αij and βij can be chosen to ensure aij > 0 and bij > 0 for i 6= j.
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from which we have

sin 2αij = c4
kJ

(2)
240 − c2

kJ260 + J280
a2
ijcicj

(
c2

1 − c2
2
) (
c2

2 − c2
3
) (
c2

3 − c2
1
) , (4.13)

where (i, j, k) = (1, 2, 3) or (2, 3, 1) or (3, 1, 2). Similarly, the elements in C6 can be ex-
tracted in a parallel manner

bii =

(
c2
j + c2

k

)
J021 − c2

jc
2
kJ001 − J041(

c2
k − c2

i

) (
c2
i − c2

j

) , (4.14)

bij =

√√√√√(c2
1c

2
2 + c2

2c
2
3 + c2

3c
2
1 − c4

k

)
J ′002 −

(
c2
i + c2

j

)
J ′022 + J ′042(

c2
j − c2

k

) (
c2
k − c2

i

) , (4.15)

sin 2βij = c4
kJ

(2)
042 − c2

kJ062 + J082
b2ijcicj

(
c2

1 − c2
2
) (
c2

2 − c2
3
) (
c2

3 − c2
1
) , (4.16)

where (i, j, k) = (1, 2, 3) or (2, 3, 1) or (3, 1, 2) and

J ′002 ≡
1
2
(
J002 − b211 − b222 − b233

)
,

J ′022 ≡ J022 −
(
c2

1b
2
11 + c2

2b
2
22 + c2

3b
2
33

)
,

J ′042 ≡ J042 −
(
c4

1b
2
11 + c4

2b
2
22 + c4

3b
2
33

)
.

In summary, in the basis where C5 is real and diagonal, the 21 physical parameters in the
leptonic sector for the three-generation case

{c1, c2, c3, a11, a22, a33, a12, a23, a31, α12, α23, α31, b11, b22, b33, b12, b23, b31, β12, β23, β31}

can be extracted from the 21 primary invariants in table 2 by eqs. (4.6)–(4.8) and
eqs. (4.11)–(4.16). Note that among the primary invariants we choose 6 of them to be
CP-odd and the others to be CP-even, in accordance with the fact that there are 6 inde-
pendent CP-violating phases in the three-generation SEFT.

After the spontaneous breaking of the gauge symmetry, the masses of neutrinos are
given by

mi = v2

2Λci , i = 1, 2, 3 , (4.17)

while the masses of charged leptons are determined by the eigenvalue of Xl

mα = v√
2

√
lα , α = e, µ, τ , (4.18)

with lα the eigenvalues of Xl. Furthermore, the flavor mixing matrix V3 is related to Xl

by Xl = V †3 Diag
{
le, lµ, lτ

}
V3 and X2

l = V †3 Diag
{
l2e , l

2
µ, l

2
τ

}
V3, from which one can extract

the matrix elements of V3 as below

|Vαi|2 =
(Xl)ii (lβ + lγ)−

(
X2
l

)
ii − lβlγ

(lγ − lα) (lα − lβ) , i = 1, 2, 3 , (4.19)

V ∗αiVαj =
(Xl)ij (lβ + lγ)−

(
X2
l

)
ij

(lγ − lα) (lα − lβ) , i, j = 1, 2, 3 (i 6= j) , (4.20)
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with (α, β, γ) = (e, µ, τ) or (µ, τ, e) or (τ, e, µ), and Vαi denoting the (α, i)-element of V3.
In the standard parametrization of the PMNS matrix [70], V3 is written as

V3 =


c13c12 c13s12 s13e

−iδ

−s12c23 − c12s13s23e
iδ +c12c23 − s12s13s23e

iδ c13s23

+s12s23 − c12s13c23e
iδ −c12s23 − s12s13c23e

iδ c13c23

 ·

eiρ 0 0
0 eiσ 0
0 0 1

 , (4.21)

where cij ≡ cos θij and sij ≡ sin θij (for ij = 12, 13, 23). Therefore, the flavor mixing
angles {θ12, θ13, θ23}, the Dirac-type phase δ and two Majorana-type phases {ρ, σ} can also
be extracted from primary flavor invariants through

s13 = |Ve3| , s12 = |Ve2|√
1− |Ve3|2

, s23 = |Vµ3|√
1− |Ve3|2

, sin δ =
Im
(
Ve2V

∗
e3V

∗
µ2Vµ3

)
s12c12s23c23s13c

2
13

,

ρ = −δ −Arg
(

V ∗e1Ve3
c12c13s13

)
, σ = −δ −Arg

(
V ∗e2Ve3
s12c13s13

)
, (4.22)

and eqs. (4.19)–(4.20).

4.2 Conditions for CP conservation

In this subsection we investigate the conditions for CP conservation in the three-generation
SEFT. As in the two-generation case, one would expect the minimal conditions to guarantee
CP conservation in the leptonic sector require the vanishing of 6 CP-odd invariants, which
is also the number of the independent phases in the theory. An immediate choice is the
6 CP-odd primary invariants in table 2. However, it can be shown that the vanishing of
all the 6 CP-odd invariants in table 2 is not sufficient to guarantee CP conservation in the
leptonic sector. An explicit counter example is αij = βij = π/2 (for ij = 12, 23, 31), which
is of course a solution to J (2)

240 = J (2)
042 = J260 = J062 = J280 = J082 = 0. But, in this case,

the following Jarlskog-like flavor invariant

J360 ≡ Im Tr
(
X2
l X

2
5XlX5

)
= 1

2iDet ([Xl, X5])

= −a12a23a31

(
c2

1 − c2
2

) (
c2

2 − c2
3

) (
c2

3 − c2
1

)
sin (α12 + α23 + α31) , (4.23)

is nonzero if the neutrino masses are not degenerate and there are no texture zeros in Xl.
The invariant J360 will appear in the CP asymmetries of neutrino oscillations and cause
CP violation in the leptonic sector. In ref. [23] we have actually proved that in the presence
of only the charged-lepton mass matrix and the Majorana neutrino mass matrix [i.e., the
effective theory up to O (1/Λ)], the minimal sufficient and necessary conditions for CP
conservation in the leptonic sector are give by

J360 ≡ Im Tr
(
X2
l X

2
5XlX5

)
= 0 , (4.24)

J (2)
240 ≡ Im Tr (XlX5Gl5) = 0 , (4.25)
J260 ≡ Im Tr

(
XlX

2
5Gl5

)
= 0 . (4.26)
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Eqs. (4.24)–(4.26) enforce the three CP phases in the flavor mixing matrix to take only
trivial values:

(i) δ = ρ = σ = 0 ⇐⇒ α12, α23, α31 = kπ

(ii) δ = ρ = 0 , σ = π/2 ⇐⇒ α12, α23 = 2k + 1
2 π , α31 = kπ

(iii) δ = σ = 0 , ρ = π/2 ⇐⇒ α12, α31 = 2k + 1
2 π , α23 = kπ

(iv) δ = 0 , ρ = σ = π/2 ⇐⇒ α23, α31 = 2k + 1
2 π , α12 = kπ

where k is an arbitrary integer. It is easy to check that in any of the four scenarios
(i)-(iv), CP is conserved in the leptonic sector up to O (1/Λ). This is because in the
standard parametrization in eq. (4.21), any CP-violating observable is proportional to
sin (lδ + 2mρ+ 2nσ) with l,m, n being arbitrary integers and would vanish in any of the
scenarios (i)-(iv). Particularly, the Jarlskog-like invariant J360 in eq. (4.23) also vanishes.
When the dimension-six operator O6 is included, three additional phases βij appear. It is
evident that in the basis where C5 is real and diagonal, αij and βij play the parallel role in
describing CP violation. This inspires us to construct the following three CP-odd invariants

J121 ≡ Im Tr (XlX5C6) , (4.27)
J141 ≡ Im Tr

(
XlX

2
5C6

)
, (4.28)

J161 ≡ Im Tr
(
X5XlX

2
5C6

)
, (4.29)

and the vanishing of them gives three homogeneous linear equations of sin
(
αij − βij

)
,

namely,

J121 = −a12b12

(
c2

1 − c2
2

)
sin (α12 − β12)− a23b23

(
c2

2 − c2
3

)
sin (α23 − β23)

−a31b31

(
c2

3 − c2
1

)
sin (α31 − β31) = 0 , (4.30)

J141 = −a12b12

(
c4

1 − c4
2

)
sin (α12 − β12)− a23b23

(
c4

2 − c4
3

)
sin (α23 − β23)

−a31b31

(
c4

3 − c4
1

)
sin (α31 − β31) = 0 , (4.31)

J161 = −a12b12c
2
1c

2
2

(
c2

1 − c2
2

)
sin (α12 − β12)− a23b23c

2
2c

2
3

(
c2

2 − c2
3

)
sin (α23 − β23)

−c2
3c

2
1a31b31

(
c2

3 − c2
1

)
sin (α31 − β31) = 0 . (4.32)

The determinant of the coefficient matrix in eqs. (4.30)–(4.32) is simply

a12a23a31b12b23b31

(
c2

1 − c2
2

)2 (
c2

2 − c2
3

)2 (
c2

3 − c2
1

)2
6= 0 ,

thus eqs. (4.30)–(4.32) lead to

αij − βij = kπ , k integer (4.33)

for ij = 12, 23, 31. One can verify that if the phases in the SEFT satisfy eq. (4.33)
along with the conditions in any one of four scenarios (i)-(iv), then all the CP-violating
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observables would vanish. Therefore, the vanishing of
{
J360,J

(2)
240,J260,J121,J141,J161

}
serves as the minimal sufficient and necessary conditions for leptonic CP conservation in
the three-generation SEFT.

We close this section by giving some comments on the equivalence between the
set of physical observables and the set of primary invariants. Strictly speaking, there
are indeed discrete leftover degeneracies when extracting physical parameters by using
primary invariants. This is also the origin of the counter example in the beginning of
section 4.2: it is sin(2αij) rather than sinαij that has been extracted from the primary
invariants

{
J (2)

240,J260,J280

}
, so J360 cannot be expanded in terms of J (2)

240, J260, J280, and
J (2)

240J260J280 when αij = π/2. Therefore, it is more strict to state that the set of physical
parameters is equivalent to the set of primary invariants in the ring up to some discrete
degeneracies. The existence of such degeneracies can be ascribed to the complicated
structure of the ring: there are high-degree primary invariants composed of high powers of
building blocks, implying that they are functions of high multiples of CP-violating phases.
The degeneracies can be eliminated by including more basic invariants other than the
primary ones. For example, in section 3.1, the 10 primary invariants can only determine
the values of cos 2α and cos 2β, which remain unchanged under α → −α and β → −β.
Then one can introduce two more CP-odd invariants I240 ∝ sin 2α and I042 ∝ sin 2β,
whose signs can be used to eliminate the Z2 degeneracy. However, one should keep in mind
that I240 and I042 are by no means algebraically independent of the primary invariants
because their squares can be decomposed into the polynomials of the primary ones due to
the syzygies at degree 12.

5 CP-violating observables and flavor invariants

In the last two sections we have shown that all the physical parameters can be extracted
from the primary flavor invariants. Therefore, any physical observable can be completely
written as the function of a finite number of invariants, which is explicitly independent
of the parametrization schemes and the flavor basis that has been chosen. In particular,
for any CP-violating processes, one will be able to define a working observable ACP that
changes its sign under the CP-conjugate transformation and can be expressed as12

ACP =
jmax∑
j=1
Fj [Ieven

k ] Iodd
j , (5.1)

where Iodd
j and Fj [Ieven

k ] (for j = 1, 2, . . . , jmax) are respectively CP-odd basic flavor
invariants and functions of only CP-even basic flavor invariants,13 with jmax being some
positive integer.

12Here it is not claimed that any CP-violating observable can be written into the form of eq. (5.1). But
for any CP-violating processes, there exists a working observable that measures the CP asymmetry for the
processes and can be written into the form of eq. (5.1).

13If all the primary invariants happen to be CP-even, then Ieven
k can be restricted to be only primary

invariants.
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The statement in eq. (5.1) can be proved as follows. Suppose that there are to-
tally n independent phases coming from the complex couplings in the theory denoted by
{α1, . . . , αn}. First, noticing that both ACP and CP-odd flavor invariants change the sign
under the CP-conjugate transformation while CP-even flavor invariants remain unchanged,
we can generally write ACP as

ACP =
∑
j

Gj (~y) cos
(

n∑
i=1

zijαi

)
sin
(

n∑
i′=1

z̃i
′
j αi′

)
, (5.2)

where zij and z̃i′j are integers and Gj (~y) are functions of a set of parameters, denoted by
~y, other than the phases. A key observation is that one can convert all the trigonometric
functions into the rational functions of xi by setting xi ≡ tan (αi/2) (for i = 1, 2, . . . , n):

sinαi = 2xi
1+x2

i

, cosαi = 1−x2
i

1+x2
i

,

sin
(
αi+αj

)
=

2xi
(
1−x2

j

)
+2xj

(
1−x2

i

)
(
1+x2

i

)(
1+x2

j

) , cos
(
αi+αj

)
=
(
1−x2

i

)(
1−x2

j

)
−4xixj(

1+x2
i

)(
1+x2

j

) ,

sin
(
αi+αj +αk

)
=

2xi
(
1−x2

j

)(
1−x2

k

)
+2xj

(
1−x2

k

)(
1−x2

i

)
+2xk

(
1−x2

i

)(
1−x2

j

)
−8xixjxk(

1+x2
i

)(
1+x2

j

)(
1+x2

k

) , (5.3)

and so on. Using eq. (5.3), ACP can be rewritten as14

ACP =
n∑
i=1
Gi (~y)Ri

(
x2

1, . . . , x
2
n

)
xi +

n∑
1=i1<i2<i3

Gi1i2i3 (~y)Ri1i2i3
(
x2

1, . . . , x
2
n

)
xi1xi2xi3

+ · · ·+
n∑

1=i1<···<imax

Gi1···imax (~y)Ri1···imax

(
x2

1, . . . , x
2
n

)
xi1 · · ·ximax

=
n∑
i=1
Hi [Ieven

k ]xi +
n∑

1=i1<i2<i3
Hi1i2i3 [Ieven

k ]xi1xi2xi3

+ · · ·+
n∑

1=i1<···<imax

Hi1···imax [Ieven
k ]xi1 · · ·ximax , (5.4)

where imax = n (or n−1) if n is odd (or even), G are functions of ~y, R are rational functions
of
{
x2

1, · · · , x2
n

}
andH [Ieven

k ] are functions of CP-even basic invariants. The second equality
in eq. (5.4) has been derived by noticing the fact that ~y, the physical parameters other than
phases, as well as

{
x2

1, · · · , x2
n

}
, can all be extracted from only CP-even basic invariants.

Note that in eq. (5.4) there are totallyn
1

+

n
3

+

n
5

+ · · ·+

 n

imax

 = 2n−1

14This is because under the CP-conjugate transformation, only the odd powers of xi change signs, but
both ~y and even powers of xi remain unchanged.
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linearly-independent odd-power monomials of {x1, · · · , xn}. Therefore, eq. (5.4) can be
written as the linear combination of the monomials

ACP =
2n−1∑
i=1
Hi [Ieven

k ]Mi , (5.5)

whereMi (for i = 1, 2, . . . , 2n−1) range over all the odd-power monomials of {x1, · · · , xn}.
Since CP-odd flavor invariants change their signs under the CP-conjugate transfor-

mation as ACP does, they can also be decomposed into the form of eq. (5.5). In order
to linearly extract all the Mi, one must utilize 2n−1 linearly-independent CP-odd flavor
invariants. If the total number of the CP-odd basic invariants in the ring is no smaller
than 2n−1, then it is possible to choose Iodd

j (for j = 1, 2, . . . , 2n−1) to linearly extract all
the odd-power monomials

Mi =
2n−1∑
j=1
H̃ij [Ieven

k ] Iodd
j , i = 1, 2, . . . , 2n−1 , (5.6)

where H̃ij [Ieven
k ] are functions of only CP-even basic invariants. Substituting eq. (5.6)

back into eq. (5.5) one obtains

ACP =
2n−1∑
i=1

2n−1∑
j=1
Hi [Ieven

k ] H̃ij [Ieven
k ] Iodd

j =
2n−1∑
j=1
Fj [Ieven

k ] Iodd
j , (5.7)

where Fj [Ieven
k ] ≡ ∑2n−1

i=1 Hi [Ieven
k ] H̃ij [Ieven

k ]. This completes the proof of eq. (5.1) with
jmax = 2n−1. However, if the total number of the CP-odd basic invariants in the ring is
smaller than 2n−1, then it is in general impossible to express an arbitrary CP-violating
observable as the linear combination of CP-odd basic flavor invariants as in eq. (5.1).

It should be noted that the number of the CP-odd basic invariants to linearly expand
any CP-violating observable needs not to match the minimal number of CP-odd invariants
that one requires to be vanishing to guarantee CP conservation in the theory. For example,
for a theory with n = 6 independent phases (such as the SEFT for the three-generation
case), one needs 26−1 = 32 linearly-independent CP-odd invariants to linearly expand any
CP-violating observable in the most general case. However, as we have shown in section 4.2,
the vanishing of only 6 CP-odd invariants is sufficient to guarantee the absence of CP
violation, which is equivalent to the vanishing of all CP-violating observables. The point is
that the vanishing of some CP-odd flavor invariants can reduce the number of independent
phases. In our case, there are 6 independent phases {α12, α23, α31, β12, β23, β31} at the
beginning. The vanishing of {J121,J141,J161} in eqs. (4.30)–(4.32) enforces αij = βij + kπ

and thus reduces the number of independent phases to 3. In addition, the vanishing of
J360 in eq. (4.23) leads to α12 + α23 + α31 = kπ and further eliminates one more phase.
Therefore, if J121 = J141 = J161 = J360 = 0 is satisfied, there remain only 2 independent
phases in the theory. Under this condition, any nonzero CP-violating observable can be
written as the linear combination of J (2)

240 and J260 and the further vanishing of J (2)
240 and

J260 will lead to the vanishing of all CP-violating observables in the theory. This explains
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from another point of view why the vanishing of 26−1−4 + 4 = 6 CP-odd flavor invariants
can serve as the minimal sufficient and necessary conditions for leptonic CP conservation
in the SEFT for the three-generation case.

Below we will discuss some concrete CP-violating processes and explain how to write
the CP-violating observables into the form of eq. (5.1).

5.1 Neutrino-neutrino oscillations

After the SM gauge symmetry is spontaneously broken, the Wilson coefficient matrix C5
gives the Majorana mass term of light neutrinos while the Wilson coefficient matrix C6
contributes to the unitarity violation of the flavor mixing matrix in the leptonic sector.
The effective Lagrangian governing the lepton mass spectra, flavor mixing, and charged-
current interaction together with the kinetic term of neutrinos after the gauge symmetry
breaking reads

Leff = νL i/∂KνL −
[1

2νLMνν
C
L + lLMllR −

g√
2
lLγ

µνLW
−
µ + h.c.

]
, (5.8)

where K = 1 + v2C6/
(
2Λ2), Mν = v2C5/ (2Λ), Ml = vYl/

√
2 and g is the gauge coupling

constant of SU(2)L group. Recalling that we work in the basis where C5 is real and diagonal,
thus Mν = M̂ν = Diag {m1,m2,m3}. In order to normalize the kinetic term of neutrinos,
one should rescale the neutrino fields as νL → ν ′L = K1/2νL, which will modify the neutrino
mass matrix as

Mν →M ′ν = K−1/2M̂ν

(
KT
)−1/2

= M̂ν + v2

4Λ2

(
C6M̂ν + M̂νC

T
6

)
. (5.9)

However, since M̂ν itself is of order O (1/Λ), the difference between Mν and M ′ν is on
the order of O

(
1/Λ3) and thus can be neglected to the order of O

(
1/Λ2). Hence we

have M ′ν = M̂ν . The next step is to diagonalize the charged-lepton mass matrix via
VMlV

′† = M̂l = Diag
{
me,mµ,mτ

}
with V and V ′ being unitary matrices and change the

basis of charged-lepton fields lL → l′L = V lL, lR → l′R = V ′lR, then the Lagrangian in the
mass basis is given by

Leff = ν ′L i/∂ν ′L −
[1

2ν
′
LM̂νν

′C
L + l′LM̂ll

′
R −

g√
2
l′Lγ

µVK−1/2ν ′LW
−
µ + h.c.

]
. (5.10)

From eq. (5.10) we obtain the non-unitary flavor mixing matrix

Veff = VK−1/2 = V

(
1− v2

4Λ2C6

)
, (5.11)

which violates the unitarity to the order of O
(
1/Λ2). The unitarity violation will contribute

to the CP asymmetries in neutrino-neutrino oscillations

Aαβνν ≡
P (να → νβ)− P (ν̄α → ν̄β)
P (να → νβ) + P (ν̄α → ν̄β) , (5.12)
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where P(να → νβ) denotes the transition probability from να to νβ while P(ν̄α → ν̄β)
denotes that of its CP-conjugate process. The CP asymmetries in eq. (5.12) are found to
be [71–74]

Aαβνν =
2∑i<j Im

(
Qijαβ

)
sin 2∆ji

δαβ − 4∑i<j Re
(
Qijαβ

)
sin2 ∆ji

, (5.13)

where Qijαβ ≡ (Veff)αi (Veff)βj (Veff)∗αj (Veff)∗βi and ∆ji ≡
(
m2
j −m2

i

)
L/(4E) have been de-

fined with L and E being respectively the propagation distance and neutrino beam energy.
It is clear that eq. (5.13) is only nonvanishing for α 6= β, as a consequence of the CPT
theorem. Particularly for the two-generation case, Aαβνν is nonzero for α 6= β. This is
contrary to the result in the unitary limit (i.e., Λ → ∞), where CP violation is absent in
neutrino oscillations with only two flavors. In fact, we have

Aµeνν = −Aeµνν = v2

Λ2
b12

sin 2θ cot (∆21) sin (β + φ) , (5.14)

which is nonvanishing though suppressed by v2/Λ2. Note that we have used the
parametrization of C6 and V in eqs. (3.13) and (3.22). It is then interesting to rewrite
the result in eq. (5.14) into a complete form of flavor invariants, which is independent of
the parametrization and flavor basis. This can be achieved by using eqs. (3.19)–(3.21),
eqs. (3.24)–(3.25) and recalling eq. (3.27). Finally one arrives at

Aeµνν = − v
2

Λ2 cot (∆21)Feµνν [I100, I200, I020, I120, I040] I(2)
121 , (5.15)

where

Feµνν [I100, I200, I020, I120, I040] =
(
2I040 − I2

020
)1/2 (2I200 − I2

100
)1/2

I040
(
2I200 − I2

100
)
− 2I120 (I120 − I020I100)− I2

020I200
,

(5.16)
and

∆21 = L

4E
(
m2

2 −m2
1

)
= Lv4

16EΛ2

(
2I040 − I2

020

)1/2
. (5.17)

Thus we have successfully recast the CP-asymmetries in two-flavor neutrino oscillations into
the form of eq. (5.1), which is linearly proportional to the unique CP-odd flavor invariant
I(2)

121 with the coefficient being function of only CP-even primary flavor invariants.

5.2 Neutrino-antineutrino oscillations

Next we take the example of neutrino-antineutrino oscillations. The CP-asymmetries are
defined by

Aαβνν̄ ≡
P (να → ν̄β)− P (ν̄α → νβ)
P (να → ν̄β) + P (ν̄α → νβ) , (5.18)

and can be calculated immediately [60–62]

Aαβνν̄ =
2∑i<jmimj Im

(
Q̃ijαβ

)
sin 2∆ji

|〈m〉αβ |2 − 4∑i<jmimj Re
(
Q̃ijαβ

)
sin2 ∆ji

, (5.19)
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where Q̃ijαβ ≡ (Veff)αi (Veff)βi (Veff)∗αj (Veff)∗βj and 〈m〉αβ ≡
∑
imi (Veff)αi (Veff)βi have been

defined. For illustration, we consider the two-generation case and take α 6= β. We will
express the corresponding CP asymmetries into the complete form of flavor invariants. It
is easy to show that

Aeµνν̄ = Aµeνν̄ = − 2m1m2 sin 2φ sin 2∆21
m2

1 +m2
2 − 2m1m2 cos 2φ cos 2∆21

+O
(
v2

Λ2

)
. (5.20)

It should be noted that the parameters in C6 do not contribute at the leading order. Using
eqs. (3.21) and (3.24)–(3.26) and taking into account I240 ≡ Im Tr (XlX5Gl5), one finally
gets at the leading order

Aeµνν̄ = Feµνν̄ [I100, I200, I020, I120, I220, I040] I240 , (5.21)

where

Feµνν̄ [I100,I200,I020,I120,I220,I040]

=4
(
2I040−I2

020

)1/2
sin2∆21

{
I020

[
2I120(I100I020−I120)−I040

(
I2

100−2I200

)
−I2

020I200

]
+cos2∆21

[
I020

(
I2

020I2
100+2I2

120−I040I2
100

)
+4I040(I100I120−I220)+2I2

020

×(I220−2I100I120)
]}−1

, (5.22)

with

∆21 = Lv4

16EΛ2

(
2I040 − I2

020

)1/2
.

Thus we have also written the CP asymmetries in neutrino-antineutrino oscillations for the
two-generation case into the form of eq. (5.1). They are linearly proportional to the CP-
odd flavor invariant I240 and the coefficient is the function of only CP-even primary flavor
invariants. Contrary to the case of neutrino-neutrino oscillations, Aeµνν̄ is not suppressed
by O

(
v2/Λ2). This is because the Majorana-type CP phase in the two-generation flavor

mixing matrix already enters the CP asymmetries in neutrino-antineutrino oscillations.
As has been mentioned in section 3.2, any CP-violating observable in the two-

generation SEFT can be written as the linear combination of I(2)
121 and I240 into the form

of eq. (5.1) with jmax = 2. This can be realized by noticing that one can linearly extract
tan (φ/2) and tan (β/2) using I(2)

121 and I240 with the coefficients being functions of CP-
even invariants, and that any CP-violating observable in the two-generation SEFT must be
proportional to tan (φ/2) or tan (β/2). Since I(2)

121 and I240 are respectively responsible for
the CP asymmetries in neutrino-neutrino and neutrino-antineutrino oscillations, we draw
the conclusion that Aeµνν and Aeµνν̄ already contain all the information about leptonic CP
violation in the two-generation SEFT.

5.3 Observables in the three-generation case

In this subsection we discuss how to express CP-violating observables in terms of flavor
invariants in the SEFT for the three-generation case. As has been explained above, for
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a theory with 6 independent phases, there are 26−1 = 32 linearly-independent monomials
and one needs at least 32 CP-odd basic flavor invariants to linearly expand all possible
CP-violating observables in the most general case. However, since we are working in
the effective theory, any physical observable suppressed more than O

(
1/Λ2) should be

neglected. So we do not need to consider the observables that proportional to monomials
with the power of x̃ij higher than one, such as x12x̃23x̃31, x̃12x̃23x̃31 and so on, where we
have defined xij ≡ tan

(
αij/2

)
and x̃ij ≡ tan

(
βij/2

)
.15 Therefore, we are left with only

16 possible monomials to the order of O
(
1/Λ2):

• 4 monomials not suppressed: x12, x23, x31, x12x23x31 ;

• 12 monomials suppressed by O
(
1/Λ2): x̃12, x̃23, x̃31, x12x23x̃12, x12x23x̃23, x12x23x̃31,

x23x31x̃12, x23x31x̃23, x23x31x̃31, x31x12x̃12, x31x12x̃23, x31x12x̃31 .

Then we will demonstrate that they can indeed be linearly extracted using 16 CP-odd basic
flavor invariants in the SEFT.

First, the 4 monomials not suppressed can be linearly extracted using 4 invari-
ants not containing C6: xij (for ij = 12, 23, 31) can be extracted using J (2)

240, J260,
J280 which only involve sin 2αij while x12x23x31 can be extracted using J360 in which
sin (α12 + α23 + α31) is involved. Similarly, x̃ij can be extracted using invariants only in-
volving sin 2βij , namely, J (2)

042, J062 and J082. Then the 3 cyclic monomials x12x23x̃31,
x23x31x̃12 and x31x12x̃23 can be determined using the following 3 invariants involving
sin (α12 + α23 + β31), sin (α23 + α31 + β12) and sin (α31 + α12 + β23):

J221 ≡ Im Tr
(
X2
l X5C6

)
, (5.23)

J241 ≡ Im Tr
(
X2
l X

2
5C6

)
, (5.24)

J261 ≡ Im Tr
(
X2
l X

2
5C6X5

)
. (5.25)

Finally, the remaining 6 non-cyclic monomials x12x23x̃12, x12x23x̃23, x23x31x̃23,
x23x31x̃31, x31x12x̃12, and x31x12x̃31 can be determined by using the fol-
lowing 6 invariants, where six sine functions of different phase combina-
tions, i.e., sin (α12 + 2α23 ± β12), sin (2α12 + α23 ± β23), sin (α23 + 2α31 ± β23),

15A brief comment on the power counting of O(1/Λ) is helpful. One may wonder whether neutrino
masses of O(v2/Λ) could appear in the denominator and thus break the rule of power counting. For any
CP-violating process, it is always possible to define a dimensionless working CP-violating observable, in
which the power of v2/Λ in neutrino mass matrix Mν in the numerator and that in the denominator cancel
with each other [e.g., the definition of CP asymmetries in eqs. (5.12) and (5.18)]. This is becauseMν , in the
mass basis that we have chosen, contains neutrino mass eigenvalues and does not account for CP violation,
so its overall scale v2/Λ can always be factorized out in describing CP-violating process. Therefore, the
neutrino mass matrix cannot affect the power counting in CP-violating observables.
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sin (2α23 + α31 ± β31), sin (2α31 + α12 ± β12) and sin (α31 + 2α12 ± β31), are present:

J (1)
321 ≡ Im Tr

(
XlC6G

(2)
l5

)
, (5.26)

J (1)
341 ≡ Im Tr

(
X5XlC6G

(2)
l5

)
, (5.27)

J (1)
361 ≡ Im Tr

(
X2

5XlC6G
(2)
l5

)
, (5.28)

J (2)
321 ≡ Im Tr

(
X2
l C6Gl5

)
, (5.29)

J (2)
341 ≡ Im Tr

(
X5X

2
l C6Gl5

)
, (5.30)

J (2)
361 ≡ Im Tr

(
X2

5X
2
l C6Gl5

)
, (5.31)

where we have defined G(2)
l5 ≡ C5 (X∗l )2C†5.

To sum up, all the possible 16 monomials can be linearly extracted from the following
16 CP-odd basic flavor invariants{
J360,J

(2)
240,J260,J280,J

(2)
042,J062,J082,J221,J241,J261,J

(1)
321,J

(1)
341,J

(1)
361,J

(2)
321,J

(2)
341,J

(2)
361

}
and thus any CP-violating observable in the SEFT for three-generation case can be written
as the linear combination of these 16 CP-odd flavor invariants into the form of eq. (5.1)
with jmax = 16.

6 Connection between the full theory and the effective theory

In sections 3 and 4 we have studied the algebraic structure of the invariant ring in the
SEFT using the tool of invariant theory. In particular, we have explicitly constructed all
the basic flavor invariants for the two-generation case and all the primary flavor invariants
for the three-generation case. We have also shown that all the physical parameters in the
theory can be extracted using primary flavor invariants. On the other hand, the algebraic
structure of the invariant ring and the construction of flavor invariants in the full seesaw
model have been partly studied in refs. [28, 29, 51]. Thus an intriguing question is what
the connection between the invariant ring of the flavor space in the SEFT and that in the
full theory is and how the two sets of flavor invariants match with each other.

In the full seesaw model introduced in eq. (2.1), the building blocks for the construction
of the flavor invariants are Yl, Yν and YR and they transform in the flavor space as eq. (2.6).
Given the representations of the building blocks under the flavor-basis transformation, it
is straightforward to calculate the HS, which encodes the information about the flavor
structure in the full theory. The results of the HS for two-generation and three-generation
seesaw are given in eq. (A.21) and eq. (A.25), respectively. The key observation is that the
denominator of eq. (A.21) [or eq. (A.25)] and that of eq. (3.1) [or eq. (4.1)] have exactly the
same number of factors, implying that there are equal number of algebraically-independent
invariants in the flavor space of the full theory and that of the SEFT, i.e.,

# primary invariants in SEFT = # primary invariants in seesaw
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Model Moduli Phases Physical parameters Primary invariants
Two-generation SEFT 8 2 10 10
Two-generation seesaw 8 2 10 10
Three-generation SEFT 15 6 21 21
Three-generation seesaw 15 6 21 21

Table 3. Comparison of the number of independent physical parameters in the theory and the
number of primary invariants in the flavor space between the SEFT and the full seesaw model.
Note that the moduli denote the parameters in the theory other than phases. It is obvious that the
SEFT and the full seesaw model share exactly equal number of independent physical parameters
and primary flavor invariants.

Moreover, the number of independent physical parameters in the full seesaw model also
matches that in the SEFT [64], as summarized in table 3. This nontrivial correspondence
implies that for type-I seesaw model, which only extends the SM by adding gauge singlets,
only one d = 5 and one d = 6 operator are already adequate to incorporate all physical
information about the UV theory, including the sources of CP violation [64, 65].

This point can be seen more clearly from the basic invariants. We take the two-
generation case for illustration. With the help of eqs. (A.21) and (A.22) one can explicitly
construct all the basic flavor invariants in the full theory, as listed in table 4. To one’s
surprise, there are exactly equal number of CP-odd and CP-even basic invariants in table 1
and table 4, both are 6 and 12, i.e.,

# CP-odd (-even) basic invariants in SEFT = # CP-odd (-even) basic invariants in seesaw

Recalling that the basic invariants serve as the generators of the invariant ring in the sense
that any flavor invariant in the ring can be decomposed into the polynomial of the basic
ones, we reach the conclusion that the ring of the invariants in the SEFT and that in the
full seesaw model share an equal number of generators. One can then establish a direct
connection between the two sets of generators by noticing that the building blocks C5 and
C6 in the SEFT are related to the building blocks Yν and YR in the full theory by eq. (2.4).
In appendix B we give the details of the matching procedure and the final conclusion is:
All the basic invariants in the SEFT can be written as the rational functions of those in
the full seesaw model.16

For instance, the 18 basic flavor invariants in the SEFT have been explicitly expressed
as the rational functions of the 18 basic flavor invariants in the full seesaw model in
eqs. (B.10)–(B.27) for the two-generation case. Moreover, one can establish a one-to-
one correspondence between the 6 CP-odd basic invariants in the SEFT and the 6 CP-odd

16This result has been partly derived in ref. [51] for the minimal seesaw model, but the inclusion of the
dimension-six operator as well as a complete matching is lacking therein.
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flavor invariants degree CP parity
I200 ≡ Tr (Xl) 2 +
I020 ≡ Tr (Xν) 2 +
I002 ≡ Tr (XR) 2 +
I400 ≡ Tr

(
X2
l

)
4 +

I220 ≡ Tr (XlXν) 4 +
I040 ≡ Tr

(
X2
ν

)
4 +

I022 ≡ Tr
(
X̃νXR

)
4 +

I004 ≡ Tr
(
X2

R
)

4 +
I222 ≡ Tr (XRGlν) 6 +
I042 ≡ Tr

(
X̃νGνR

)
6 +

I
(1)
242 ≡ Tr (GlνGνR) 8 +
I

(2)
242 ≡ Im Tr

(
X̃νXRGlν

)
8 −

I044 ≡ Im Tr
(
X̃νXRGνR

)
8 −

I442 ≡ Tr (GlνGlνR) 10 +
I262 ≡ Im Tr

(
X̃νGlνGνR

)
10 −

I244 ≡ Im Tr (XRGlνGνR) 10 −
I462 ≡ Im Tr

(
X̃νGlνGlνR

)
12 −

I444 ≡ Im Tr (XRGlνGlνR) 12 −

Table 4. Summary of the basic flavor invariants along with their degrees and CP parities in the
full seesaw model for two-generation case, where the subscripts of the invariants denote the degrees
of Yl, Yν and YR, respectively. Note that we have also defined some building blocks that transform
adjointly under the flavor transformation: Xl ≡ YlY

†
l , Xν ≡ YνY

†
ν , X̃ν ≡ Y †ν Yν , XR ≡ Y †RYR,

Glν ≡ Y †νXlYν , GνR ≡ Y †RX̃
∗
νYR and GlνR ≡ Y †RG

∗
lνYR. There are in total 12 CP-even and 6

CP-odd basic invariants in the invariant ring of the flavor space.

basic invariants in the full theory (see appendix B for more details)

I(2)
121 = 2(

I2
002 − I004

)2 [I(2)
242I022 − I044I220 + I262I002 − I244I020

]
, (6.1)

I221 = 2(
I2

002 − I004
)2 [I(2)

242I222 + I244I220 + I462I002 − I444I020

]
, (6.2)

I122 = 2(
I2

002 − I004
)3 {I(2)

242

[
3I2

022 + 2I040

(
I2

002 − I004

)
− 4I020I002I022

]
+I044

(
4I020I222 − I220I022 − 2I(1)

242

)
+ I262

[
3I002I022 − I020

(
I2

002 + 3I004

)]
+I244 (3I020I022 − 2I042)} , (6.3)
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I240 = 1(
I2

002 − I004
)2 [3I(2)

242 (I022I220 − I020I222)− I044I
2
220 + I262 (3I002I220 − 2I222)

−2I244I020I220 + I462 (2I022 − 3I002I020) + I444I
2
020

]
, (6.4)

I141 = 2(
I2

002 − I004
)3 {I(2)

242I020I
2
022 + I044I020

(
I022I220 − 2I(1)

242

)
+I262

[
I002I020I022 + I040

(
I004 − I2

002

)]
+ I244I020 (I020I022 − 2I042)

}
, (6.5)

I042 = 2(
I2

002 − I004
)3 I044

(
I2

020 − I040

)2
. (6.6)

Note that eqs. (6.1)–(6.6) form a system of linear equations with respect to the CP-odd
invariants and the determinant of the coefficient matrix in eqs. (6.1)–(6.6) turns out to be

Det = 128(
I2

002 − I004
)14 I020 (I002I020 − I022)

(
I2

020 − I040

)2

×
{
I2

020I022 (3I020I022 − 4I002I040 − 3I042)− I022I040I042

+I020I040

[
3I2

022 + 2I002I042 + I040

(
I2

002 − I004

)]}
, (6.7)

which is nonzero in general. This implies the vanishing of all CP-odd flavor invariants in
the SEFT is equivalent to the vanishing of all CP-odd flavor invariants in the full seesaw
model. Therefore, the absence of CP violation in the low-energy effective theory up to
O
(
1/Λ2) is equivalent to the CP conservation in the full theory.
Eqs. (6.1)–(6.6) can be implemented to link the CP violation at low energies and that

for leptogenesis at high energies. For the purpose of illustration, we consider the (unfla-
vored) CP asymmetries in the decays of RH Majorana neutrinos for the two-generation
case, which are defined as

εi ≡
∑
α

[
Γ (Ni → `α +H)− Γ

(
Ni → `α +H

)]
∑
α

[
Γ (Ni → `α +H) + Γ

(
Ni → `α +H

)] , (6.8)

where Γ (Ni → `α +H) and Γ
(
Ni → `α +H

)
denote the decay rate of Ni → `α +H and

Ni → `α+H (for i = 1, 2 and α = e, µ), respectively. In the basis where the charged-lepton
and the RH neutrino mass matrices are real and diagonal, εi can be calculated as [75]

εi = 1
8π
(
X̃ν

)
ii

∑
j 6=i

Im
[(
X̃ν

)2

ij

]
F

(
Y 2
j

Y 2
i

)
, (6.9)

with
F (x) ≡

√
x

[2− x
1− x + (1 + x) ln

(
x

1 + x

)]
.

In terms of the flavor invariants one can recast the CP asymmetries into the form of eq. (5.1)
with the unique CP-odd flavor invariant I044

ε1,2 =
√

2 I044

4π
√
I2

002 − I004

(
I020I002 − 2I022 ± I020

√
2I004 − I2

002

)F
I002 ±

√
2I004 − I2

002

I002 ∓
√

2I004 − I2
002

 ,

(6.10)
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where the upper and lower signs refer respectively to ε1 and ε2. Note that eq. (6.10)
is manifestly independent of the parametrization schemes and the flavor basis, though
eq. (6.9) is calculated in a specific basis where Xl and YR are real and diagonal. For the
hierarchical mass spectrum Y2 � Y1, only ε1 from the decay of lighter Majorana neutrino
is relevant for leptogenesis. In consideration of F (x) = −3/ (2

√
x) for x� 1 one obtains

ε1 = 3
16π

I044
I002 (I022 − I002I020) . (6.11)

Then using eq. (6.6) one can relate ε1 to one CP-odd flavor invariant in the SEFT, namely,
I042, in a simple way

ε1 = 3
32π

(
I2

002 − I004
)3

I002 (I022 − I002I020)
(
I2

020 − I040
)2 I042 , (6.12)

with the coefficient composed of all CP-even flavor invariants in the full theory. Further-
more, since there are only 2 independent phases in the SEFT for the two-generation case,
only 2 of the 6 CP-odd basic invariants in table 1 are algebraically independent. With the
help of the syzygies in eqs. (3.9)–(3.12) one can express any four of them as the linear com-
binations of the other two, with the coefficients being rational functions of only CP-even
invariants. To be explicit, one can express I042 as the linear combination of I(2)

121 and I240,
which are responsible for the CP violation in neutrino-neutrino and neutrino-antineutrino
oscillations, respectively [cf. eqs. (5.15) and (5.21)]

I042 = P1 [Ieven] I(2)
121 + P2 [Ieven] I240[

I021
(
I2

100 − 2I200
)

+ I101 (2I120 − I020I100) + I001 (I020I200 − I100I120)
]2 ,
(6.13)

where

P1 [Ieven] = I3
021I100

(
2I200−I2

100
)

+I2
021

[(
I2

100−2I200
)(
I001I120 +2I(1)

121

)
+I020I100 (I100I101−I001I200)+2I220 (I001I100−2I101)]

+I021

{
4I(1)

121 [I001 (I020I200−I100I120)+I101 (2I120−I020I100)]

+I2
001 [I020 (I120I200−I100I220)+I120 (I100I120−2I220)]

+2I001I020I101 (2I220−I100I120)+I3
100I020I022 +I2

100I120 (I002I020−2I022)
−2I100

[
I002

(
I2

120 +I020I220
)

+I020I022I200
]
+4I120 (I022I200 +I002I220)

}
+I3

120I001
(
2I002−I2

001
)

+I2
120

[
I2

001

(
I020I101 +2I(1)

121

)
+I001I100 (2I022−I002I020)

−4
(
I022I101 +I002I

(1)
121

)]
+I120I020

[
4I(1)

121 (I002I100−I001I101)+I3
001I220

−I001I022
(
I2

100 +2I200
)

+2(2I022I100I101−I001I002I220)
]

−I2
001I2

020

(
I(1)

121I200 +I101I220

)
+I001I2

020I100

(
2I101I

(1)
121 +I022I200 +I002I220

)
−I2

020I2
100

(
I022I101 +I002I

(1)
121

)
, (6.14)

and

P2 [Ieven] =
[
I2

001I120 − I001 (I021I100 + I020I101) + I002 (I020I100 − 2I120) + 2I021I101

]2
,

(6.15)
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are polynomials of CP-even basic flavor invariants in the SEFT. Since any CP-even basic
flavor invariant in the SEFT can be written as the rational function of those in the full
theory using eqs. (B.16)–(B.27), one finally arrives at

ε1 = R1 [Ieven] I(2)
121 +R2 [Ieven] I240 , (6.16)

where R1 [Ieven] and R2 [Ieven] are rational functions of CP-even basic flavor invariants in
the full theory. The complete expressions of R1 [Ieven] and R2 [Ieven] are too lengthy to
be listed here, though they can be straightforwardly obtained by substituting eqs. (B.16)–
(B.27) into eqs. (6.14) and (6.15) and combining them with eq. (6.12). In eq. (6.16) we
have expressed the CP asymmetries in the decays of RH neutrinos as the linear combina-
tion of two CP-odd flavor invariants in the low-energy effective theory, which respectively
measure the CP violation in neutrino-neutrino and neutrino-antineutrino oscillations. This
establishes a direct link between CP-violating observables at high- and low-energy scales
in a basis- and parametrization-independent way.17 Particularly, if CP violation is ab-
sent in both neutrino-neutrino and neutrino-antineutrino oscillations, i.e., Aeµνν = Aeµνν̄ = 0
implying I(2)

121 = I240 = 0, then the CP asymmetries in RH neutrino decays also van-
ish. Conversely, if CP violation is measured at low energies either in neutrino-neutrino or
neutrino-antineutrino oscillations, indicating either I(2)

121 or I240 is nonvanishing, then CP
asymmetries may exist in the decays of RH neutrinos. This result is consistent with the
conclusion drawn from eqs. (6.1)–(6.7) that the absence of CP violation in the SEFT also
implies the CP conservation in the full seesaw model.

The above analysis about the basic invariants can be directly generalized to the three-
generation case. Since there are more than 200 basic invariants in both the SEFT and the
full theory, we shall not attempt to write down the complete matching conditions among
these two sets of basic invariants for the three-generation case. However, all the basic
invariants in the SEFT can still be written as the rational functions of those in the full
theory using the matching procedure in appendix B and taking advantage of eq. (B.28).
In this case, it can be shown that the absence of CP violation in the SEFT is equivalent
to the CP conservation in the full seesaw model [65].

In ref. [76] the authors constructed the following 6 CP-odd flavor invariants18

J044 ≡ Im Tr
(
X̃νXRGνR

)
, (6.17)

J046 ≡ Im Tr
(
X̃νX

2
RGνR

)
, (6.18)

J048 ≡ Im Tr
(
X̃νX

2
RGνRXR

)
, (6.19)

J444 ≡ Im Tr (GlνXRGlνR) , (6.20)
J446 ≡ Im Tr

(
GlνX

2
RGlνR

)
, (6.21)

J448 ≡ Im Tr
(
GlνX

2
RGlνRXR

)
, (6.22)

17The connection between CP violation at low and high energies has also been discussed in some previous
works [65, 76–82], but without the full language of invariant theory, and the independence of flavor bases
and parametrization schemes is not manifest therein.

18It should be noticed that the notations of building blocks and flavor invariants in ref. [76] are different
from those in the present paper.
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and mentioned that the vanishing of these 6 invariants serves as the sufficient and neces-
sary conditions for CP conservation in the full seesaw model for the three-generation case.
However, as it is emphasized in refs. [23, 27], these are not linear equations with respect
to the sine functions of the phases in Yν so there may exist some parameter space where
all these equations are satisfied but the phases can take some nontrivial values. Therefore,
without any information about the physical parameters at high-energy scales, these equa-
tions can only be understood to guarantee CP conservation in some particular parameter
space. This shortcoming can be overcome by taking advantage of the CP-odd flavor invari-
ants in the SEFT rather than in the full theory. First, it has been proved in ref. [23] that
eqs. (4.24)–(4.26) are sufficient to guarantee CP conservation in all experimentally allowed
parameter space to the order of O (1/Λ). Then eqs. (4.30)–(4.32) supply three linear equa-
tions and enforce αij = βij + kπ without any nontrivial solutions of the phases. Thus the
vanishing of

{
J360,J

(2)
240,J260,J121,J141,J161

}
are able to guarantee CP conservation in

the SEFT in all experimentally allowed parameter space. Finally, since the CP conserva-
tion in the SEFT is sufficient for CP conservation in the full theory, the vanishing of these
6 flavor invariants in the SEFT also serves as the sufficient and necessary conditions for
CP conservation in the full seesaw model in all experimentally allowed parameter space.

To sum up, the connection between the full theory and its low-energy effective theory
can be established through the matching of flavor invariants. The matching conditions,
such as those in eqs. (B.10)–(B.27), serve as a bridge to link the observables at high
energies and those at low energies in a basis- and parametrization-independent way. In
addition, the matching conditions are also necessary to determine the initial values of the
renormalization-group running of the flavor invariants in the effective theory [50].

Finally, it is worthwhile to make some brief comments on the practical determination
of the physical parameters in the full theory via low-energy measurements. Although the
SEFT with only C5 and C6 already contains the same number of physical parameters as the
full seesaw model does, the precision of the SEFT itself is limited to the order of O(1/Λ2).
More precise determination of the physical parameters in C5 and C6, and thus those in the
full theory, may require the inclusion of the effective operators of higher mass dimensions
at the treel level or even the loop-level matching.

7 Summary

In the language of invariant theory, we have systematically investigated the algebraic struc-
ture of the ring of the flavor invariants in the SEFT, which includes one dimension-five and
one dimension-six non-renormalizable operator. Particular attention has been paid to the
sources of CP violation and the connection between the full seesaw model and the SEFT.

For the first time, we calculate the HS of the flavor space in the SEFT and explicitly
construct all the basic (primary) flavor invariants in the invariant ring for the two- (three-)
generation case. We have shown that all the physical parameters in the theory can be
extracted using the primary flavor invariants, so that any physical observable can be recast
into the function of flavor invariants. Furthermore, we prove that any CP-violating observ-
able in the SEFT can be expressed as the linear combination of CP-odd flavor invariants.
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The minimal sufficient and necessary conditions for leptonic CP conservation in both the
SEFT and the full seesaw model have been clarified.

Based on the observation that there is an equal number of independent physical pa-
rameters in the SEFT and in the full seesaw model, we reveal the intimate connection
between their rings of flavor invariants. With the HS, we show that the invariant ring of
the SEFT shares equal number of primary invariants with that of the full theory, indicating
that the inclusion of only one dimension-five and one dimension-six operator in the SEFT
is adequate to incorporate all physical information about the full seesaw model. Through a
proper matching procedure, we establish a direct link between the flavor invariants in the
SEFT and those in the full theory: the former can be expressed as the rational functions of
the latter. The matching of the flavor invariants can be used to build a bridge between the
CP asymmetries in leptogenesis and those in low-energy neutrino oscillation experiments
in a basis- and parametrization-independent way.

The physical observables, which can be measured directly in experiments, should de-
pend on neither the flavor basis nor the specific parametrization of Yukawa matrices. This
is exactly the feature of flavor invariants. Therefore, it will be helpful (and more natural)
to describe physical observables in terms of flavor invariants. The previous efforts [12, 13,
16, 17, 23, 27–29, 50, 51, 55, 59] and the results in this work have demonstrated the great
power of the invariant theory in studying CP violation in the quark and leptonic sector,
and call for more applications of the invariant theory in other aspects of particle physics.
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A Calculation of the Hilbert series

In this appendix, we present the computational details of the HS in the SEFT.19 The HS
plays an important role in the invariant theory and supplies a powerful tool for studying
algebraic structure of the invariant ring and the polynomial identities among invariants.
The HS is defined as the generating function of the invariants

H (q) ≡
∞∑
k=0

ckq
k , (A.1)

where ck (with c0 ≡ 1) denote the number of linearly-independent invariants at degree k
while q is an arbitrary complex number that satisfies |q| < 1 and labels the degree of the
building blocks.

19A concise and pedagogical introduction to the invariant theory and the HS can be found in appendix
B of ref. [50].
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The HS encodes all the information about the invariant ring. A general HS can always
be written as the ratio of two polynomial functions [30, 31]

H (q) = 1 + a1q + · · · al−1q
l−1 + ql∏r

k=1 (1− qdk) , (A.2)

where the numerator has the palindromic structure (i.e., ak = al−k) and the denominator
exhibits the standard Euler product form. A highly nontrivial result is that the total
number of the denominator factors r equals the number of the primary invariants in the
ring, which also matches the number of independent physical parameters in the theory.
Here primary invariants refer to those invariants that are algebraically independent, which
means there does not exist any polynomial function of them that is identically equal to zero.

It can be proved that as long as the symmetry group is reductive (including the
N -dimensional unitary group U(N) in the flavor space that we consider throughout
this paper), the ring is finitely generated [30, 31]. This implies that there exist a finite
number of basic invariants such that any invariant in the ring can be decomposed into
the polynomial of these basic invariants. One should keep in mind that the number of
basic invariants is in general no smaller than that of primary invariants. This is because
the basic invariants may not be algebraically independent, i.e., there may exist nontrivial
polynomial relations among basic invariants that are identically equal to zero, known as
syzygies. In order to obtain the information of basic invariants, one can calculate the
plethystic logarithm (PL) function of the HS

PL [H (q)] ≡
∞∑
k=1

µ(k)
k

ln
[
H (qk)

]
, (A.3)

where µ(k) is the Möbius function. The great power of the PL function is that from it
one can directly read off the number and degrees of the basic invariants and syzygies: the
leading positive terms of PL correspond to the basic invariants while the leading negative
terms correspond to the syzygies among them [43]. We will see how this principle is
applied from the examples below.

To calculate the HS from the definition in eq. (A.1) is very difficult in most cases.
A systematic approach is to utilize the Molien-Weyl (MW) formula, which reduces the
calculation of the HS to contour integrals in the complex plane [68, 69]

H (q) =
∫

[dµ]G PE
(
z1, . . . , zr0 ; q

)
, (A.4)

where [dµ]G stands for the Haar measure of the symmetry group G while the integrand is
the plethystic exponential (PE) function defined as

PE
(
z1, . . . zr0 ; q

)
≡ exp

 ∞∑
k=1

n∑
i=1

χRi

(
zk1 , . . . , z

k
r0

)
qk

k

 , (A.5)

where z1, . . . , zr0 are coordinates on the maximum torus of G with r0 the rank of G and
χRi (for i = 1, . . . n) is the character function of the i-th building block that is in the Ri
representation of G. Below we will use the MW formula to calculate the HS in the flavor
space of the SEFT for two- and three-generation cases.
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A.1 Two-generation SEFT

In the two-generation scenario, the building blocks in the SEFT to construct flavor invari-
ants (Xl, C5 and C6) transform under the symmetry group U(2) in the flavor space as

Xl : 2⊗ 2∗ , C5 : (2⊗ 2)s , C†5 : (2∗ ⊗ 2∗)s , C6 : 2⊗ 2∗ , (A.6)

where 2 and 2∗ stand for the fundamental and anti-fundamental representation of U(2)
respectively while the subscript “s? denotes the symmetric part. The character function
of 2 and 2∗ are z1 + z2 and z−1

1 + z−1
2 respectively, which lead to the character functions

of the building blocks

χl (z1, z2) = (z1 + z2)
(
z−1

1 + z−1
2

)
,

χ5 (z1, z2) = z2
1 + z2

2 + z1z2 + z−1
1 + z−1

2 + z−1
1 z−1

2 ,

χ6 (z1, z2) = (z1 + z2)
(
z−1

1 + z−1
2

)
, (A.7)

where z1 and z2 denote the coordinates on the maximum torus of U(2) group. Then one
can calculate the PE function

PE (z1, z2; q) = exp

 ∞∑
k=1

χl
(
zk1 , z

k
2

)
qk + χ5

(
zk1 , z

k
2

)
qk + χ6

(
zk1 , z

k
2

)
qk

k


=
[
(1− q)4

(
1− qz1z

−1
2

)2 (
1− qz2z

−1
1

)2 (
1− qz2

1

) (
1− qz2

2

)
(1− qz1z2)

×
(
1− qz−2

1

) (
1− qz−2

2

) (
1− qz−1

1 z−1
2

)]−1
, (A.8)

where the identity ∑∞k=1(xk/k) = −ln(1 − x) (for |x| < 1) has been used. Note that the
degrees of Xl, C5 and C6 are all labeled by q. Substituting the PE function in eq. (A.8)
into the MW formula in eq. (A.4) and taking into account the Haar measure of the U(2)
group, one obtains the HS in the SEFT for the two-generation case

H
(2g)

SEFT(q) =
∫

[dµ]U(2) PE (z1, z2; q)

= 1
2

1
(2πi)2

∮
|z1|=1

∮
|z2|=1

(
2− z1

z2
− z2
z1

)
PE (z1, z2; q)

= 1 + 3q4 + 2q5 + 3q6 + q10

(1− q)2 (1− q2)4 (1− q3)2 (1− q4)2 , (A.9)

where in the second line of eq. (A.9) the integrals are performed on the unit circle and
in the final step the contour integrals are accomplished via the residue theorem. From
eq. (A.9) one finds that the numerator of HS exhibits the palindromic structure as
expected while the denominator owns totally 10 factors. The latter implies that there are
10 primary flavor invariants, corresponding to the 10 physical parameters in the theory.
The number of basic invariants can be obtained by substituting eq. (A.9) into eq. (A.3)
and calculate the PL function

PL
[
H

(2g)
SEFT(q)

]
= 2q + 4q2 + 2q3 + 5q4 + 2q5 + 3q6 −O

(
q8
)
, (A.10)
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from which one can read off that there are in total 18 basic invariants (two of degree 1,
four of degree 2, two of degree 3, five of degree 4, two of degree 5 and three of degree 6),
and the syzygies begin to appear at degree 8. With the help of the leading positive terms
in eq. (A.10), one can explicitly construct all the basic invariants, as listed in table 1.

A.2 Three-generation SEFT

We then proceed to calculate the HS in the SEFT for the three-generation case. The
representations of the building blocks under the U(3) group turn out to be

Xl : 3⊗ 3∗ , C5 : (3⊗ 3)s , C†5 : (3∗ ⊗ 3∗)s , C6 : 3⊗ 3∗ , (A.11)

where 3 and 3∗ denote the fundamental and anti-fundamental representation of U(3).
Recalling that the character functions of 3 and 3∗ are z1 + z2 + z3 and z−1

1 + z−1
2 + z−1

3
respectively, one can calculate the character functions of the building blocks

χl (z1, z2, z3) = (z1 + z2 + z3)
(
z−1

1 + z−1
2 + z−1

3

)
,

χ5 (z1, z2, z3) = z2
1 + z2

2 + z2
3 + z1z2 + z1z3 + z2z3

+z−2
1 + z−2

2 + z−2
3 + z−1

1 z−1
2 + z−1

1 z−1
3 + z−1

2 z−1
3 ,

χ6 (z1, z2, z3) = (z1 + z2 + z3)
(
z−1

1 + z−1
2 + z−1

3

)
, (A.12)

where zi (for i = 1, 2, 3) denote the coordinates on the maximum torus of U(3) group.
Then the PE function can be written as

PE(z1,z2,z3;q) = exp

 ∞∑
k=1

χl
(
zk1 ,z

k
2 ,z

k
3

)
qk+χ5

(
zk1 ,z

k
2 ,z

k
3

)
qk+χ6

(
zk1 ,z

k
2 ,z

k
3

)
qk

k


=
[
(1−q)6

(
1−qz1z

−1
2

)2(
1−qz2z

−1
1

)2(
1−qz1z

−1
3

)2(
1−qz3z

−1
1

)2

×
(
1−qz2z

−1
3

)2(
1−qz3z

−1
2

)2(
1−qz2

1

)(
1−qz2

2

)(
1−qz2

3

)
(1−qz1z2)

×(1−qz1z3)(1−qz2z3)
(
1−qz−2

1

)(
1−qz−2

2

)(
1−qz−2

3

)(
1−qz−1

1 z−1
2

)
×
(
1−qz−1

1 z−1
3

)(
1−qz−1

2 z−1
3

)]−1
. (A.13)

Using the MW formula in eq. (A.4), one obtains the HS in the SEFT for the three-
generation case

H
(3g)

SEFT(q) =
∫

[dµ]U(3)PE(z1,z2,z3;q) (A.14)

= 1
6

1
(2πi)3

∮
|z1|=1

∮
|z2|=1

∮
|z3|=1

[
−(z2−z1)2(z3−z1)2(z3−z2)2

z2
1z

2
2z

2
3

]
PE(z1,z2,z3;q) ,

where in the second line of eq. (A.14) the Haar measure of U(3) group has been substituted
and the integrals should be performed on the unit circle. Taking advantage of the residue
theorem to calculate the contour integrals and after some tedious algebra one finally obtains

H
(3g)

SEFT(q) = N
(3g)

SEFT(q)
D

(3g)
SEFT(q)

, (A.15)
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where

N
(3g)

SEFT(q) = q65+2q64+4q63+11q62+23q61+48q60+120q59+269q58+587q57+1258q56

+2543q55+4895q54+9124q53+16281q52+27963q51+46490q50+74644q49

+115871q48+174433q47+254494q46+360055q45+494873q44+660820q43

+857677q42+1083226q41+1331628q40+1593650q39+1858178q38+2111158q37

+2337226q36+2522435q35+2654026q34+2721987q33+2721987q32+2654026q31

+2522435q30+2337226q29+2111158q28+1858178q27+1593650q26+1331628q25

+1083226q24+857677q23+660820q22+494873q21+360055q20+254494q19

+174433q18+115871q17+74644q16+46490q15+27963q14+16281q13+9124q12

+4895q11+2543q10+1258q9+587q8+269q7+120q6+48q5+23q4+11q3+4q2

+2q+1, (A.16)

and
D

(3g)
SEFT(q) =

(
1− q2

)3 (
1− q3

) (
1− q4

)5 (
1− q5

)6 (
1− q6

)6
. (A.17)

It can be seen that the HS in the three-generation SEFT is much more complicated than
that in the two-generation case, reflecting the richness of the leptonic flavor structure
and the complexity of the invariant ring. As a nontrivial cross-check, the numerator in
eq. (A.16) does exhibit the palindromic structure, and more importantly, the denominator
in eq. (A.17) has 21 factors, which correctly matches the number of independent physical
parameters in the SEFT for the three-generation case.

A.3 Full theory

For completeness, we also calculate the HS in the full seesaw model using the MW formula,
although the results have been given in the literature [28, 29]. In the full theory, the building
blocks to construct flavor invariants are Yl, Yν and YR, which transform under the flavor
group U(m)⊗U(n) as in eq. (2.6). Their representations are assigned as

Xl ≡ YlY
†
l : m ⊗m∗ , Yν : m ⊗ n∗ , Y †ν : n ⊗m∗ , YR : (n∗ ⊗ n∗)s , Y †R : (n ⊗ n)s ,

(A.18)
where m (or n) is the number of the generations of active (or RH) neutrinos, m (or n)
and m∗ (or n∗) denote respectively the fundamental and anti-fundamental representation
of U(m) [or U(n)] group. In order to compare with the HS in the SEFT, we consider two
special scenarios: m = n = 2 and m = n = 3.

For the case of m = n = 2, the character functions of the building blocks read

χl (z1, z2) = (z1 + z2)
(
z−1

1 + z−1
2

)
χν (z1, z2, z3, z4) = (z1 + z2)

(
z−1

3 + z−1
4

)
+ (z3 + z4)

(
z−1

1 + z−1
2

)
,

χR (z3, z4) = z2
3 + z2

4 + z3z4 + z−2
3 + z−2

4 + z−1
3 z−1

4 , (A.19)

where z1 and z2 (or z3 and z4) denote the coordinates on the maximum torus of the U(2)
group that corresponds to the flavor-basis transformation in the active neutrino (or RH
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neutrino) sector. The PE function turns out to be

PE(z1,z2,z3,z4;q)

=exp

 ∞∑
k=1

χl
(
zk1 ,z

k
2

)
q2k+χν

(
zk1 ,z

k
2 ,z

k
3 ,z

k
4

)
qk+χR

(
zk3 ,z

k
4

)
qk

k


=
[(

1−q2
)2(

1−q2z1z
−1
2

)(
1−q2z2z

−1
1

)(
1−qz1z

−1
3

)(
1−qz3z

−1
1

)(
1−qz1z

−1
4

)(
1−qz4z

−1
1

)
×
(
1−qz2z

−1
3

)(
1−qz3z

−1
2

)(
1−qz2z

−1
4

)(
1−qz4z

−1
2

)(
1−qz2

4

)(
1−qz2

5

)
×(1−qz4z5)

(
1−qz−2

4

)(
1−qz−2

5

)(
1−qz−1

4 z−1
5

)]−1
. (A.20)

Note that we have counted the degrees of Yl, Yν and YR by q, such that the degree of
Xl ≡ YlY

†
l is labeled by q2, which is different from the convention in the scenario of the

SEFT.20 Substituting eq. (A.20) into eq. (A.4) one obtains

H
(2g)

SS (q) =
∫

[dµ]U(2)⊗U(2)PE(z1,z2,z3,z4;q)

= 1
4

1
(2πi)4

∮
|z1|=1

∮
|z2|=1

∮
|z3|=1

∮
|z4|=1

(
2−z1

z2
−z2
z1

)(
2−z3

z4
−z4
z3

)
PE(z1,z2,z3,z4;q)

= 1+q6+3q8+2q10+3q12+q14+q20

(1−q2)3(1−q4)5(1−q6)(1−q10)
, (A.21)

which agrees with the result obtained in ref. [28]. The denominator in eq. (A.21) has 10
factors, corresponding to the 10 physical parameters in the two-generation seesaw model.
The PL function of the HS is given by

PL
[
H

(2g)
SS (q)

]
= 3q2 + 5q4 + 2q6 + 3q8 + 3q10 + 2q12 −O

(
q14
)
, (A.22)

from which one can read off there are in total 18 basic invariants (three of degree 2, five
of degree 4, two of degree 6, three of degree 8, three of degree 10 and two of degree 12)
and the syzygies begin to appear at the degree 14. With the help of eq. (A.22) one can
explicitly construct all the basic invariants, as shown in table 4.

For the case of m = n = 3, the character functions of the building blocks read

χl (z1,z2,z3) = (z1 +z2 +z3)
(
z−1

1 +z−1
2 +z−1

3

)
χν (z1,z2,z3,z4,z5,z6) = (z1 +z2 +z3)

(
z−1

4 +z−1
5 +z−1

6

)
+(z4 +z5 +z6)

(
z−1

1 +z−1
2 +z−1

3

)
,

χR (z4,z5,z6) = z2
4 +z2

5 +z2
6 +z4z5 +z4z6 +z5z6 +z−2

4 +z−2
5 +z−2

6

+z−1
4 z−1

5 +z−1
4 z−1

6 +z−1
5 z−1

6 , (A.23)

where zi, for i = 1, 2, 3 (or for i = 4, 5, 6) denote the coordinates on the maximum torus of
the U(3) group that corresponds to the flavor-basis transformation in the active neutrino

20Different conventions under which the degrees of building blocks are labeled will change the form of the
HS. However, they have no influence on the algebraic structure of the invariant ring. Namely, the construc-
tion of primary invariants, basic invariants as well as the syzygies are not affected by different conventions.
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(or RH neutrino) sector. Labeling the degrees of Yl, Yν and YR by q, one can calculate the
PE function

PE(z1,z2,z3,z4,z5,z6;q) (A.24)

=
[(

1−q2
)3(

1−q2z1z
−1
2

)(
1−q2z2z

−1
1

)(
1−q2z1z

−1
3

)(
1−q2z3z

−1
1

)(
1−q2z2z

−1
3

)
×
(
1−q2z3z

−1
2

)(
1−qz1z

−1
4

)(
1−qz4z

−1
1

)(
1−qz1z

−1
5

)(
1−qz5z

−1
1

)(
1−qz1z

−1
6

)
×
(
1−qz6z

−1
1

)(
1−qz2z

−1
4

)(
1−qz4z

−1
2

)(
1−qz2z

−1
5

)(
1−qz5z

−1
2

)(
1−qz2z

−1
6

)
×
(
1−qz6z

−1
2

)(
1−qz3z

−1
4

)(
1−qz4z

−1
3

)(
1−qz3z

−1
5

)(
1−qz5z

−1
3

)(
1−qz3z

−1
6

)
×
(
1−qz6z

−1
3

)(
1−qz2

4

)(
1−qz2

5

)(
1−qz2

6

)
(1−qz4z5)(1−qz4z6)(1−qz5z6)

×
(
1−qz−2

4

)(
1−qz−2

5

)(
1−qz−2

6

)(
1−qz−1

4 z−1
5

)(
1−qz−1

4 z−1
6

)(
1−qz−1

5 z−1
6

)]−1
.

Inserting eq. (A.24) into eq. (A.4) and performing the complex integrals by virtue of the
residue theorem, one gets

H
(3g)

SS (q) =
∫

[dµ]U(3)⊗U(3)PE(z1,z2,z3,z4,z5,z6;q)

= 1
36

1
(2πi)6

∮
|z1|=1

∮
|z2|=1

∮
|z3|=1

∮
|z4|=1

∮
|z5|=1

∮
|z6|=1

[
−(z2−z1)2(z3−z1)2(z3−z2)2

z2
1z

2
2z

2
3

]

×
[
−(z5−z4)2(z6−z4)2(z6−z5)2

z2
4z

2
5z

2
6

]
PE(z1,z2,z3,z4,z5,z6;q),

= N
(3g)

SS (q)
D

(3g)
SS (q)

, (A.25)

where

N
(3g)

SS (q) = 1+q4 +5q6 +9q8 +22q10 +61q12 +126q14 +273q16 +552q18 +1038q20 +1880q22

+3293q24 +5441q26 +8712q28 +13417q30 +19867q32 +28414q34 +39351q36

+52604q38 +68220q40 +85783q42 +104588q44 +123852q46 +142559q48 +159328q50

+173201q52 +183138q54 +188232q56 +188232q58 +183138q60 +173201q62

+159328q64 +142559q66 +123852q68 +104588q70 +85783q72 +68220q74 +52604q76

+39351q78 +28414q80 +19867q82 +13417q84 +8712q86 +5441q88 +3293q90

+1880q92 +1038q94 +552q96 +273q98 +126q100 +61q102 +22q104 +9q106 +5q108

+q110 +q114 , (A.26)

and

D
(3g)
SS (q) =

(
1−q2

)3(
1−q4

)4
(1−q6)4

(
1−q8

)2(
1−q10

)2(
1−q12

)3(
1−q14

)2(
1−q16

)
,

(A.27)
which is in agreement with the result in ref. [29]. Note that the numerator in eq. (A.26) also
exhibits the palindromic structure and the denominator in eq. (A.27) has totally 21 factors,
exactly corresponding to the 21 independent physical parameters in the three-generation
seesaw model.
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B Matching of flavor invariants

In this appendix, we explain how to relate the flavor invariants in the SEFT to those in
the full seesaw model. In fact, all the basic invariants in the SEFT can be expressed as the
rational functions of the basic invariants in the full theory.

This matching can be realized by noticing that the building blocks C5 and C6 in the
SEFT are related to the building blocks Yν and YR in the full theory by eq. (2.4), and
Yl is the building block both in the SEFT and the full theory. Below we will explicitly
show how to express the 18 basic invariants in the SEFT (i.e., the invariants in table 1)
as the rational functions of those in the full theory (i.e., the invariants in table 4) in the
two-generation case. The generalization to the three-generation case is straightforward.

We take I(2)
121 ≡ Im Tr (XlX5C6), the first CP-odd basic invariant in table 1, as a

concrete example. The first step is to replace C5 and C6 with Yν and YR using eq. (2.4)

I(2)
121 = Im Tr

[
XlYνY

−1
R Y T

ν Y
∗
ν

(
Y †R

)−1
Y †ν Yν

(
Y †RYR

)−1
Y †ν

]
. (B.1)

In order to deal with the inverse matrix in eq. (B.1), we can utilize the following identity

A−1 = 2 [ Tr (A) 12 −A]
Tr (A)2 − Tr (A2)

, (B.2)

where A is any 2×2 non-singular matrix and 12 is the 2-dimensional identity matrix. Note
that I(2)

121 is unchanged under the transformation in the flavor space, so is the right-hand
side of eq. (B.1). Therefore one cannot substitute YR directly into eq. (B.2), because YR
does not possess a bi-unitary transformation in the flavor space and thus Tr (YR) is not
invariant under the flavor-basis transformation [recalling that YR → Y ′R = U∗RYRU

†
R and

Tr (Y ′R) 6= Tr (YR)]. So it is necessary to rearrange the matrices on the right-hand side of
eq. (B.1) into the form that transform adjointly in the flavor space

I(2)
121 = Im Tr

{(
Y †νXlYν

) [
Y †R

(
Y T
ν Y

∗
ν

)−1
YR

]−1 (
Y †ν Yν

) (
Y †RYR

)−1
}

= Im Tr
(
GlνG

−1
ν̃RX̃νX

−1
R

)
, (B.3)

where Gν̃R ≡ Y †R(X̃∗ν )−1YR, while Glν , X̃ν and XR have been defined in the caption of
table 4. Note that all the matrices on the right-hand side of eq. (B.3) transform as the
bi-unitary representation in the flavor space

Glν → URGlνU
†
R , Gν̃R → URGν̃RU

†
R , X̃ν → URX̃νU

†
R , XR → URXRU

†
R , (B.4)

and thus their traces are all invariant under the flavor-basis transformation. Then one can
substitute X̃ν , Gν̃R and XR into eq. (B.2) to obtain

Gν̃R = 2(
I2

020 − I040
) (I020XR −GνR) , (B.5)

G−1
ν̃R = −2(

I2
002 − I004

) [I020XR −GνR − (I020I002 − I022) 12] , (B.6)

X−1
R = 2(

I2
002 − I004

) (I00212 −XR) . (B.7)
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Inserting eqs. (B.6)–(B.7) back into eq. (B.3) and after some algebra one obtains

I(2)
121 = 4(

I2
002 − I004

)2 [I(2)
242I022 + I262I002 − Im Tr

(
GlνGνRX̃νXR

)]
. (B.8)

The final step is to decompose all the flavor invariants on the right-hand side of eq. (B.8)
into the polynomials of the basic invariants in table 4. Using the algorithm of decomposition
developed in appendix C of ref. [50], we have

Im Tr
(
GlνGνRX̃νXR

)
= 1

2
(
I

(2)
242I022 + I044I220 + I262I002 + I244I020

)
. (B.9)

Substituting eq. (B.9) into eq. (B.8) we finally get the expression of I(2)
121 in terms of the

rational function of the basic invariants in the full theory

I(2)
121 = 2(

I2
002 − I004

)2 [I(2)
242I022 − I044I220 + I262I002 − I244I020

]
, (B.10)

which is exactly eq. (6.1). The remaining 5 CP-odd basic invariants in table 1 can be
handled in the same manner as I(2)

121, and thus we ultimately obtain

I221 = 2(
I2

002 − I004
)2 [I(2)

242I222 + I244I220 + I462I002 − I444I020

]
, (B.11)

I122 = 2(
I2

002 − I004
)3 {I(2)

242

[
3I2

022 + 2I040

(
I2

002 − I004

)
− 4I020I002I022

]
+I044

(
4I020I222 − I220I022 − 2I(1)

242

)
+ I262

[
3I002I022 − I020

(
I2

002 + 3I004

)]
+I244 (3I020I022 − 2I042)} , (B.12)

I240 = 1(
I2

002 − I004
)2 [3I(2)

242 (I022I220 − I020I222)− I044I
2
220 + I262 (3I002I220 − 2I222)

−2I244I020I220 + I462 (2I022 − 3I002I020) + I444I
2
020

]
, (B.13)

I141 = 2(
I2

002 − I004
)3 {I(2)

242I020I
2
022 + I044I020

(
I022I220 − 2I(1)

242

)
+I262

[
I002I020I022 + I040

(
I004 − I2

002

)]
+ I244I020 (I020I022 − 2I042)

}
, (B.14)

I042 = 2(
I2

002 − I004
)3 I044

(
I2

020 − I040

)2
. (B.15)

Therefore, the 6 CP-odd basic invariants in the SEFT have been written as the linear
combinations of the 6 CP-odd basic invariants in the full theory, with the coefficients being
rational functions of CP-even basic invariants.
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For completeness, we also list below the matching conditions of the CP-even basic
invariants and all of them can be deduced in the same manner as I(2)

121, i.e.,

I100 = I200, (B.16)

I001 = 2(
I2

002−I004
)(I002I020−I022), (B.17)

I200 = I400, (B.18)

I101 = 2(
I2

002−I004
)(I002I220−I222), (B.19)

I020 = 2(
I2

002−I004
)(I042−2I022I020+I2

020I002

)
, (B.20)

I002 = 2(
I2

002−I004
)2 [2I022(I022−2I002I020)+I004

(
I2

020−I040

)
+I2

002

(
I2

020+I040

)]
, (B.21)

I120 = 2(
I2

002−I004
)[I220(I020I002−I022)+I(1)

242−I020I222

]
, (B.22)

I021 = 1(
I2

002−I004
)2 [I004I020

(
I2

020−I040

)
+I2

002I020

(
3I2

020+I040

)
−4I022(I042−2I020I022)

+4I002I020(I042−3I020I022)], (B.23)

I220 = 2(
I2

002−I004
) [I220(I220I002−2I222)+I442], (B.24)

I(1)
121 = 1(

I2
002−I004

)2 [I004I220

(
I2

020−I040

)
+I2

002I220

(
3I2

020+I040

)
+4I022

(
I022I220+I020I222−I

(1)
242

)
−4I002I020

(
2I022I220+I020I222−I

(1)
242

)]
, (B.25)

I040 = 1(
I2

002−I004
)2 [I004

(
I2

020−I040

)2
+I2

002

(
3I2

020−I040

)(
I2

020+I040

)
−4(2I020I022−I042)

(
2I002I

2
020−2I020I022+I042

)]
, (B.26)

I022 = 1(
I2

002−I004
)3 [I3

002

(
5I4

020+2I2
020I040+I2

040

)
+8I020

(
I2

002I020I042−2I3
022

)
+8I2

022

(
5I002I

2
020+I042

)
−4I022I002I020

(
7I002I

2
020+I002I040+4I042

)
+I004

(
I2

020−I040

)(
3I002I

2
020+I002I040−4I020I022

)]
. (B.27)

From eqs. (B.16)–(B.27) we can observe that all the 12 CP-even basic invariants in the
SEFT can be expressed as the rational functions of those 12 CP-even basic invariants in
the full theory, which however are independent of any CP-odd invariants.

The generalization to the three-generation case is straightforward. One just needs to
replace eq. (B.2) by

A−1 =
6A2 − 6 Tr (A)A+ 3

[
Tr (A)2 − Tr

(
A2)]13

Tr (A)3 − 3 Tr (A2) Tr (A) + 2 Tr (A3)
, (B.28)

where A is a 3×3 non-singular matrix and 13 is the 3-dimensional identity matrix. Following
the same strategy as before, one can also express all the basic invariants in the SEFT as
the rational functions of those in the full theory for the three-generation case.
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Conversely, one can also express all the basic invariants in the full theory as the func-
tions of those in the SEFT (but not rational functions) as described in the following pro-
cedure. First, the number of independent physical parameters in the full seesaw model
exactly matches that in C5 and C6, both of which are 10 (or 21) for two- (or three-) gen-
eration case. Moreover, one can prove that all the physical parameters in the full seesaw
model can be expressed in terms of those in the SEFT (see refs. [64, 65] for details). Second,
we have shown in section 3.1 and section 4.1 that all the physical parameters in the SEFT
can be extracted using primary invariants (which are a subset of basic invariants). There-
fore, all the basic invariants in the full seesaw model, which are composed of the physical
parameters in the full theory, can be expressed as the functions of the basic invariants in
the SEFT. Since any flavor invariant in the ring can be decomposed as the polynomial of
basic ones, we conclude that the matching of two sets of flavor invariants can be inverted.
Such an inversion may be accomplished up to some possible discrete degeneracies due to
the non-linearity of polynomial functions. However, as some complication arises at each
step, we shall not explicitly invert the complete invariant matching.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited. SCOAP3 supports
the goals of the International Year of Basic Sciences for Sustainable Development.
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