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This paper aims to apply the octonions to explore the torques and forces and so forth
in the electromagnetic and gravitational fields, investigating the influences of material
media on the equilibrium and continuity equations. The contemporary scholars utilize
the quaternions and octonions to research the electromagnetic fields and gravitational
fields and so forth. In this paper, the octonions are capable of surveying the electro-
magnetic and gravitational fields within material media, including the octonion field
strength, field source, angular momentum, torque and force. Further, the octonion field
strength and angular momentum can be combined together to become the octonion
composite field strength, deducing the octonion composite torque and force and others.
When the octonion composite force is equal to zero under certain circumstances, it is
able to achieve eight equations independent of each other, including the force equilibrium
equation, fluid continuity equation, current continuity equation and so on. The above
reveals that the material media and octonion field strength can make a contribution to
the eight equilibrium and continuity equations. And it is beneficial for deepening the
understanding of equilibrium and continuity equations within material media.

Keywords: Electromagnetic media; gravitational media; torque; force; equilibrium equa-
tion; continuity equation; octonion.

PACS numbers: 03.50.De, 04.50.—h, 02.10.De, 11.10.Kk

1. Introduction

Can the material media, besides the field strength, exert an influence on some
physical quantities? Is there any new equilibrium equation or continuity equation,
except for three existing equilibrium or continuity equations? Can there still be
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some new influencing factors for the equilibrium and continuity equations? For
a long time, these difficult problems have puzzled and attracted scholars. It was
not until the emergence of the octonion field theory (short for the electromagnetic
and gravitational theories described with the octonions) that these questions were
answered in part. In the octonion field theory, when the octonion composite force
(in Sec. 7) is equal to zero, it is able to achieve eight independent equilibrium or
continuity equations simultaneously. And the material media and octonion field
strength and others may make a contribution to these equilibrium and continuity
equations.

In 1873, J. C. Maxwell utilized simultaneously the vector terminology and
quaternions to describe the physical properties of electromagnetic fields. Subse-
quently, O. Heaviside and others applied the vector terminology to explore the
electromagnetic fields, gravitational fields, theoretical mechanics, hydromechanics
and so forth, including the field strength, field source, angular momentum, torque,
force and so on. Further, the scholars employed the vector terminology to research
the electromagnetic theory, equilibrium equations, continuity equations and others
within the electromagnetic media.

With the further development of theoretical researches described with the vector
terminology, the scholars extended the research scope of electromagnetic theory
from no medium to electromagnetic media. And they attempted to extend the
research scope of gravitational theory from no medium to gravitational media.
Furthermore, making use of the vector terminology, the scholars summarized the
three famous equilibrium or continuity equations from the existing experiments,
including the force equilibrium equation, fluid continuity equation and current con-
tinuity equation.

The existing theories described with the vector terminology have made a lot
of achievements, especially the electromagnetic theory and gravitational theory.
However, there are also a few arduous problems in the existing electromagnetic and
gravitational theories.

(1) FElectromagnetic medium: In terms of the existing field theories, there are two
types of physical quantities, electric polarization and magnetization, for the
electromagnetic media. However, there is no counterpart within the gravita-
tional media. This situation undoubtedly obstructs the further development of
the existing field theories, impeding the subsequent advancement of the gravi-
tational theory within the gravitational medium.

(2) Field source: In the existing field theories, there is merely the field source in
the vacuum, but there is no field source relevant to the material media. The
field theories do not take into account the contribution of the field sources
related with material media on the linear momentum, energy, torque, power,
force and so forth. As a result, it is unable to explain some physical phenomena
concerned with material media, confining the scope of application of the existing
field theories.
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(3) FEquilibrium equation: The existing field theories are incapable of deducing the
three famous equilibrium or continuity equations, including the force equilib-
rium equation, fluid continuity equation, and current continuity equation. None
of the new equilibrium or continuity equations can be derived from the exist-
ing field theories either. Further it is unable to consider the influence of the
field sources related with material media on the equilibrium and continuity
equations.

The preceding analysis shows that the existing field theories have a few limita-
tions in the exploration of several problems, relevant to the equilibrium and conti-
nuity equations and others, in the electromagnetic and gravitational media.

Presenting a striking contrast to the above is that it is able to utilize the octo-
nions to explore a few puzzles concerned with material media, in the electromagnetic
and gravitational theories, resolving some problems derived from the existing field
theories.

J. C. Maxwell first applied the quaternions to study the physical properties
of electromagnetic fields. Nowadays, the scholars! employ the quaternions? and
octonions®? to research the electromagnetic fields,® gravitational fields,® relativity
theories,”
strong nuclear fields,'>® weak nuclear fields,'*'® black holes,'® equilibrium equa-
tions, continuity equations!”'® and others.

The algebra of octonions!'?20
dently. The octonions can be called as the classical octonions. What this paper
discusses is the classical octonions, rather than the nonclassical octonions, includ-
ing hyperbolic-octonions,?!22 split-octonions,?324 pseudo-octonions, Cartan’s octo-
nions and others. The octonions are capable of describing simultaneously the

curved space,® quantum mechanics,?1? dark matters,!! astrophysical jets,

was introduced by Graves and Cayley indepen-

physical properties of electromagnetic fields and gravitational fields.?> Some
scholars utilize the octonions?%27 to study the magnetic monopoles and massive
dyons.?8:29

In this paper, the octonion space can be separated into a few subspaces in-
dependent of each other. One subspace is able to depict the physical properties
of gravitational fields. Meanwhile, the second subspace can describe the physical
properties of electromagnetic fields.

(1) Gravitational medium: In the octonion field theory, it is able to deduce not
only the electric polarization and magnetization for the electromagnetic media,
but also the counterparts for the gravitational media. These counterparts of
gravitational media are interrelated with the angular momenta. It promotes
the subsequent developments of gravitational theory, exploring the angular velo-
cities of the astrophysical jets and celestial bodies.

(2) Material medium: In terms of the octonion field theory, there are not only the
field sources in the vacuum, but also the field sources relevant to the material
media. Consequently, it is capable of taking into account the contributions of
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the electromagnetic and/or gravitational media on the octonion field source,
linear momentum, torque, force and so forth, especially the energy and power.
(3) Continuity equation: One can derive eight equilibrium or continuity equations,
from the octonion field theory, including the force equilibrium equation, fluid
continuity equation, current continuity equation and so on. It is able to con-
sider the influences of material media on the continuity and equilibrium equa-

30,31

tions, explaining more physical phenomena than ever before.

In this paper, the octonion field strength, field source, linear momentum, angular
momentum, torque, and force can be derived from the octonion field potential and
quaternion operator. Further, the octonion field strength and angular momentum
can be combined together to become the octonion composite field strength. From
the last, it is able to deduce the octonion composite linear momentum, angular
momentum, torque, force and so forth. All of these physical quantities take into
account the contributions of material media.

2. Octonion Field Source

The octonion space O is able to explain the physical properties of gravitational and
electromagnetic fields simultaneously. Further the octonion space can be separated
into a few subspaces independent of each other, including H, and Hey,. The subspace
H, is one quaternion space, which can be applied to depict the physical properties
of gravitational fields. Meanwhile, the second subspace He, may be utilized to
describe the physical properties of electromagnetic fields.

In the octonion field theory, the second subspace Hy,, for electromagnetic fields
is independent of the quaternion space H, for gravitational fields. In the quaternion
space H, the radius vector is Ry = irgig+Xriy, the velocity is Vy = ivgig+Xvg i,
and the gravitational potential is A; = iagip + Yaxix. Similarly, in the second
subspace Hep,, the radius vector is R, = iRoly + X RiI, the velocity is V., =
iVoIlg + XVi I, and the electromagnetic potential is A, = iAgIg + Y AiI,. In the
octonion spaces, the octonion radius vector is R = Ry +kc4R.. The octonion velocity
is V=V, +4keyVe. The octonion field potential is A = Ay + kcgA.. Herein 79 = vot,
Vo is the speed of light, ¢ is the time, r = Xriy, i; and I; are two basis vectors,
ig =1, ii = -1, I? =—1,1I; =ijoly, rj,v;, a;, R;, V; and A; are all real. o denotes
the octonion multiplication. k., is a coefficient, to meet the needs of dimensional
homogeneity. ¢ is the imaginary unit. j =0,1,2,3, k =1,2,3.

The octonion field strength F is defined from the octonion field potential A,

F=00A, (1)

where F = Fy + kgFe, Fy = 00 Ay, Fo = 00 A,, Fy and F. are, respectively
the components of octonion field strength F in two subspaces, H; and Hey,. The
quaternion operator is ¢ = iigdy + V. V = Xiydy, 0; = 9/0r;, Fg = fo + f,
F.=Fo+F, f=3fiip, F =XF.I; and Fo = Fyly. fo and Fy are all real, fi and
Fj both are complex numbers.
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In the above, if the gauge condition for electromagnetic fields is chosen as Fo =
—0pAg + V- A = 0, the electromagnetic strength F, will be simplified into F =
t1E/vg + B. The electric field intensity is E/vg = dgA + V o Ay, and the magnetic
induction intensity is B = V x A.. Similarly, if the gauge condition for gravitational
fields is chosen as fo = —0pag + V - a = 0, the gravitational strength F, will be
reduced into f = ig/vo+b. The gravitational acceleration is g /vy = dpa+Vag. And
b = V x a is called as the gravitational precessional-angular-velocity temporarily.
Herein a = Yagig, A = XA, I, and Ag = Aplp.

From the octonion field strength [, it is able to define the octonion field
source S,

uS = —(iF Jvg + O)* o F, (2)
or
—(iF/vg+ Q)" oF = pgSy + kegppeSe — (iF/vg)* o F, (3)

where 114,S, and p.S. are, respectively the components of octonion field source uS
in two subspaces, H, and Hem. pt, 1ty and g are the coefficients. py < 0 and pe > 0.
* indicates the octonion conjugate. In the case of a single particle, S, = mV, and
Se = ¢V, are obtained by comparison with the classical field theory. m is the density
of mass, while ¢ is the density of electric charge kgg = g/ e-

According to the basis vectors and coefficient kg4, the above can be separated
into

pgSy = =0 oFy, (4)
HeSe = —QF o F,, (5)

where the former is the gravitational equations in the quaternion space, H,. Mean-
while the latter is the electromagnetic equations in the second subspace, Hepy, .

3. Octonion Force

From the octonion field source (Table 1), the octonion linear momentum P can be
defined as follows:

P=puS/pg, (6)

where P = P, + keglPe, Py and P, are, respectively the components of octonion
linear momentum P in two subspaces, Hy and Hem. Py = {114Sg — (iF /vo)* o F } /g,
P, = UeSe/,uga Py, =ipo+p,p = Yprig, Pe = iPo+P, P = ¥ P.I; and Py = Fyly.

From the octonion linear momentum P and radius vector R, it is able to define
the octonion angular momentum L as follows:

L=R+k,X)<oP, (7)

where . = Ly + keglle, Ly and L. are, respectively the components of octonion
angular momentum L in two subspaces, H; and Hep,. ks is a coefficient, to meet
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Table 1. The physical quantities and definitions in the
gravitational and electromagnetic fields without consider-
ing the contribution of material media.

Physical quantity Definition
Quaternion operator O =100+ V
Octonion radius vector R =Ry + kegRe
Octonion integrating function X=Xy + kegXe
Octonion field potential A=4i0"oX
Octonion field strength F=0o0A
Octonion field source uS = —(iF/vg +Q)*oF
Octonion linear momentum P = uS/ug
Octonion angular momentum L=R+kraeX)XoP
Octonion torque W = —vg(iF/vo + Q) o L
Octonion force N = —(iF/vo + 0) o W

the demand of dimensional homogeneity. X is the octonion integrating function
of field potential A, that is, A = i0* 0 X, X = X, + ke Xe, Xy = iz + Zagis,
Xe = iXoIp + £X;Ix. x denotes the complex conjugate, L, = Lig + iL{ + Ly,
L. = Lgg + iL% + Lo, Ly is the angular momentum. And L} is called as the mass
moment temporarily. L% is the electric moment, while Ly is the magnetic moment.
L, = Zleik, Li = $L}, iy, Log = Loolo, Lo = XLogIx, Ly = L, Xy, Lyj, LY,
Lyj, Ly, xzj and X; are all real, k., = 1/vg.
The octonion torque W is defined from the octonion angular momentum,

W= —uvg(iF/vg+ O) oL, (8)

where W = W, + k.,W,, W, and W, are, respectively the components of octonion
torque W in two subspaces, Hy and Hepy. Wy = inO + Wio + lel + Wi, W, =
iWhy+Wao+iWh+Wso, Wi = SWigig, Wi = SW, iy, Wag = Waely, Wi, =
Wilo, Wy = SWa I, Wi = EngIk, Wi, is the energy and W1 is the torque.

i, and Wi are called as the second-energy and second-torque, respectively and
temporarily. Wi, Vij7 Wa; and Wzij are all real.

From the octonion torque, the octonion force N is defined as follows:

N=—(iF/vg+ Q) o W, (9)

where N = N, + k4N., N, and N, are, respectively the components of octonion
force N in two subspaces, Hy and Hep. Ny = iNi{y + Nig + iNi + Ny, N, =
iNSy+Noo+iN,+No, Ny = ENypip, N§ = ENJ, iy, Naog = Ny, Nby = NigIo,
Ny = S No I, Nj = XN: Ti. Ny is the power, N is the force, Nog and N} are,
respectively called as the second-power and second-force temporarily. Ny, Ni i+ Noj
and N3, are all real.

4. Composite Field Source

In the octonion space, the octonion field strength F and angular momentum L can be
combined together to become the octonion composite field strength, F* = F + kqlL.
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Table 2.  The octonion composite physical quantities in the gravi-
tational and electromagnetic fields considering the contribution of
material media.

Physical quantity Definition
Composite field strength Ft =TF + kgl
Composite field source uSt = —(iF* /vg + O)* o Ft+
Composite linear momentum Pt = uSt/pg
Composite angular momentum Lt = (R + ke X)X o P
Composite octonion torque W+ = —vo(iFt Jvg + Q) o LT
Composite octonion force Nt = —(iFt /vo + Q) o W

kg is a coefficient to satisfy the requirement of dimensional homogeneity. The term
F* is the field strength within the material media.

From the octonion composite field strength F*, it is able to define the octonion
composite field source within the material media as follows (Table 2):

pST = —(iF* fvg + 0) o FT, (10)
or
—(iF " Jvo + 0)" o F" = 1S + keguueST — (iFF Jvg)* o FT, (11)

where uS*t = uS + knZ. The octonion physical quantity Z is a part of the field
source, and is only related to the material media. Z = Zg + kegZe, Zg and Z, are,
respectively the components of octonion physical quantity Z in two subspaces, H,
and Hem, kn = —pg.

From the above, it is able to achieve,

T M i (12)

g b
peSt = —0* o Ff | (13)
where the former refers to the gravitational equations within gravitational media,
while the latter refers to the electromagnetic equations within the electromagnetic
media. 1yS, = 1Sy + knZg, peSE = peSe + knZe, Ft = Ff + ke Ff, Ff and
F are, respectively the components of octonion composite field strength F* in

two subspaces, Hy and Hepm. The two gauge conditions are chosen as Fa' = 0 and
i =o.

5. Composite Angular Momentum

From the octonion composite field source, ST, it is capable of defining the octonion
composite linear momentum within the material media,

P* = St /g, (14)
where P = P} + kegPF, Py = { S} — (iFT /vo)* o F} /g, PY = peST /g, P

and PI are, respectively the components of octonion composite linear momentum
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P* in two subspaces, Hy and Hep. P} = ipg +pT, pT =Ipf i, P =iPJ +PT,
Pt = EP,:,’Ik and P3 = P 1,.

From the octonion composite linear momentum, PT, and composite radius vec-
tor, RT = R + k,.X, one can define the octonion composite angular momentum
within the material media,

Lt = (RT)" o P*, (15)

where LT = L} +ke LY, L = L, +iL{"+ L, LY = L +iLy"+ L], L} and LS
are, respectively the components of octonion composite angular momentum L% in
two subspaces, Hy and Hey. RT = R +koRE, RY = Ry 4k, Xy, RY = R+ Xe,
] =1+ krawj, RY = Rj + kno X5, 4 = 3l iy, Ry = Rilo and RT = XR; L.

In the above, L] is the angular momentum within the material media. Li" is
the mass moment within the material media. L4" is the electric moment within the
material media. L is the magnetic moment within the material media.

Some terms in the above can be written as follows:

Liy=rdpi +r" pt + k2, (Rf o P{ + RT-PT), (16)
Lit =pirt —ript + k2, (RT o Py —RJ o PY), (17)
Lf =rt xp" +k,,R" x Pt (18)
L;ro:r0+P6r+r+~P++p§R0++R+-p+, (19)
Lt = —rdPT +rt o Pl —Ryopt +pfRT, (20)
Ly =r"xP"+R" xp", (21)

where L = L} ix, Li" = Sk, LY, = Lilo, Li = XL 1, LT = SLifT,,
ij, Lll'};, L;j and L;; are all real.

6. Composite Torque

From the octonion composite angular momentum LT, it is able to define the octo-
nion composite torque within the material media as follows (Table 3),

W+ = —vo(iFt Jug + Q) o LY, (22)

where Wt = W +ke, WS, Wi = iW/T + Wi +iWT+ W, Wi = iW5+ W5+
iWLT + W, W and W are, respectively the components of octonion composite
torque W+ in two subspaces, H, and Hew. Wi = SWitiy, Wit = SWitiy,
W3, = Wihlo, Wi = Wil lo, Wi = SWii T, Wit = WL, Wb, Wit wif
and sz;' are all real.

In the above, W/{ is the energy within the material media. And it consists of
not only the proper energy, kinetic energy, potential energy, and work, but also the
interacting energy between the electric field with electric moment, and the inter-
acting energy between the magnetic field with magnetic moment and others within
the material media. Wzﬁ is the torque within the material media, including the
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torque produced by the applied force and others. ng and W§+ are, respectively
the second-energy and second-torque within the material media.
Some terms in the above can be written as follows:

Wit = (g7 LT jug—bT - LT) —vg(dLfy + V- Li)

+ k2, (ET - Ly /ug — BT -LJ), (23)
Wit = (bT - Li" + g% - L /vg) —vo (V- LT)
+ k2, (BT -LiF + ET - L3 /), (24)
Wit = (g7 x Lit Jug — Li;b* — bT x L}) — vo(0L{ + V x Li)
+ k2, (ET x L§" Jug — BT o Lj, — BY x L), (25)

Wi = (gtLfy/vo+g" x LT /ug + bT x L{T)
—vo(—=0Li" + VLI +V x L)

—

+ k2, (EY o L3y /vo + BT x L Jug + BT x LY), (26)
Wit = (g - L5 juo—b™ - L) + (B - Li* juy — BT - L})

—vp(OoLgy + V- L5T), (27)
Wi, = (b* L5 + g L /ug) —vo(V - L)

+ (BT Li" +EY L /uw), (28)

Wit = (g7 x Lit /g — bt o Ly — b* x L)
+ (E* x Li" /vo — LfyBT = BT x L{)
- 7]0(80:[15F + V % L12+> R (29)
W3 = (gt oLjy/vo+g" x L /vy + bt x Lit)
+ (LTOE+/UO +ET x Lf/vo 1+ Bt x L’i‘*‘)
fl}o(*aoLé"' +VOL;O+V X L;") . (30)

Further, the energy ng within the material media can be written approxi-
mately as

Wig ~ —{vopg +vopd (V- 1)} — {vo(dor) - p* + vor - Gop™ }
—{(pfao+a-p") + k2, (AgoP{+A-PT)}
+ k2, {(ET/vg) - (roPF) =Bt - (rx PT)}
+{(g"/w0) - (pgr) =BT - Ly}, (31)

where r* =~ r. The term —{Uopo+ —&—vopg (V- r)} = k:pvopar covers the proper energy
vps¢ and others within the material media. The term —{vo (Oor)-pt +wor- 80p+}
is the sum of the kinetic energy and the work produced by the applied force within
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the material media. The term —{(pjao+a - p") + k% (Ago P§ +A-P)} is
the potential energy of gravitational and electromagnetic fields within the material
media. The term {kgg(E+/vo) - (roP{)} is the interacting energy between the
electric field intensity with the electric moment within the material media. The term
{—kggB+ - (r x P*)} is the interacting energy between the magnetic flux density
with the magnetic moment within the material media. The term (—b* - L") is the
interacting energy between the gravitational precessional-angular-velocity with the
angular momentum within the material media. For the case of k = 3, the term
(ng /2) is the conventional energy within the material media. k, = (k — 1) is the
coefficient, with £ being the dimension of radius vector r.

Similarly, the torque —Wzﬁ within the material media can be written approxi-
mately as

Wit~ plg® x r/vg —vor x dop™
+{-(r-p")bT—=bt x (rxpt)+axpt}
+ k2, {E* x (roP§)/vg— Bt x (r x PT)}, (32)

where r* = r. The term (—pg gt x r/uvp) is the torque produced by the gravity
within the material media. The term (vor x dpp™) is the torque produced by the
inertial force within the material media. The term {—k2 E* x (r o Po)*/vo} is
the torque caused by the electric fields and electric moments within the material
media. The term {kngJr x (r x P*)} is the torque caused by the magnetic fields
and magnetic moments within the material media.

It is worth noting that the octonion composite field strength, composite field
source, composite linear momentum, composite angular momentum, composite
torque, and composite force are related with the material media in the octonion
spaces. These six physical quantities within the material media are, respectively
different from the counterparts without the material media in Table 1. However,
none of octonion radius vector, field potential and integrating function relates to
the material media. The three physical quantities remain unchanged, which are
respectively the same as those in Table 1.

7. Composite Force

From the octonion composite torque W, one can define the octonion composite
force within the material media,

Nt = —(iFt /vy + 0) o W, (33)

where N* = NF +kegNF, NI = iNJ &+ N +iNTT+ N, NF = iNG + N +iNyH+
N;“, N; and N7 are, respectively the components of octonion composite force N*
in two subspaces, H, and Hey,. NT = SN i, NI = SN[ iy, N3, = NpIo,
Ni = NigIp, Ny = SN, I, Nit = SN T, Nfrj, N{;r, N;rj and N;;r are
all real.
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In the above, Nfg is the power within the material media, which relates to the
fluid continuity equation. N?‘ is the force within the material media, which deals
with the force equilibrium equation. N;ro is the second-power within the mate-
rial media, which relates with the current continuity equation. N? is the second-
force within the material media, which associates with the second-force equilibrium
equation.

Some terms in the above can be written as follows:

Nig = (g7 Wi Jvo —b" - W) /v

+ k2, (EY Wi Jug = BT - WJ) Jug — (0 Wi + V- WiT), (34)
Ny = (8" - W{/ug+bt-Wit)/u,
+ k2, (BT - W5 /vo + BT - Wi Jug + (Wi — V- W), (35)

NEF = k2, (B 0 W3S /iy + BY x W3 fuy — B+ 0 Wi — B*  W4)
+ (Witgt Juo+g" x Wit Jug — Wbt — b* x W) /ug
— (BWT + VWi§ +V x Wit), (36)

N = k2, (EY o W3y /vo + ET x W] /g + Bt o Wil + BT x WiF) /vy

+ (Wbt /vo + 87 x Wi Jvg + WigbT +bT x Wit) /u,

+ (OoWT = VW =V x W), (37)
N3y = (8% W3 fuo —b™ - W3) Jug — (W3, + V- W)

+ (BT Wit Jug — BT - W) /ug, (38)
N, = (g% - W3 Jug + b* - W5t) Jug + (B W5 — V- W)

+ (BT Wi /oo + Bt - WiT) /ug, (39)

NiF = (g7 o Wi /uo+ 87 x W5 /ug — bt o Wi — bt x WT) /vg

+ (WiTEY Jug + EY x Wit Juy — WiEBY = BT x W) /ug

— (00W3 + Vo Wil +V x Wit), (40)
N3 = (g7 0 W3y /vo+ g7 x W3 Jug + b o Wil + b x W5) /ug

+ (WHE Jug + ET x Wi Jug + Wi BT + BT x Wit) /vy

+ (OWh = Vo W3, —V x Wi). (41)

[ V)

When the octonion composite force is equal to zero, one can achieve simulta-
neously eight continuity or equilibrium equations independent of each other,
including the fluid continuity equation, force equilibrium equation, precession
equilibrium equation, torque continuity equation, current continuity equation,
second-force equilibrium equation, second-precession equilibrium equation and
second-torque continuity equation within the material media (Table 4).
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Table 4. From the octonion composite force equation, Nt = 0, it is
able to achieve simultaneously eight continuity or equilibrium equations
independent of each other within the material media, including four
continuity equations and four equilibrium equations.

Definition Equilibrium/continuity equation Subspace
Nf% =0 Fluid continuity equation Hg

N far =0 Torque continuity equation Hg
Nir =0 Precession equilibrium equation Hg
Ni"’ =0 Force equilibrium equation Hg
N;’O =0 Current continuity equation Hem
N;Jg =0 Second-torque continuity equation Hem
N;’ =0 Second-precession equilibrium equation Hem
Né+ =0 Second-force equilibrium equation Hem

7.1. Fluid continuity equation

If the octonion composite field strength is relatively weak, the power Nfa within
the material media can be written approximately as

N /kp = 8o (pive) = V- (pFwo) + Lig(bT - b™ — g™ - g¥/ug) /(voky)
+ k2, LT, (BT -BY —E* - ET/v5)/(voky)
+E2,ET-PY/vg+ g pT /v, (42)

where Wi = k,pdvo, Wi ~ k,pTvo, W§ =~ k,Ptu.

When N;f; = 0, the fluid continuity equation within the material media can
be derived from the above. Further, in the extreme condition there is no octonion
composite field strength, it will be simplified into the mass continuity equation
within the material media,

dopg —V-pt =0. (43)

7.2. Force equilibrium equation

If the octonion composite field strength is comparative weak, the force le” within
the material media can be written approximately as

NIt /ky ~ =00 (pTv0) + pi g™ /vo —bT x pT — V(pi o)
+ L (8" x bT + k2 ET x BY) /(viky)
+ k2, (ET o P Jug — BT x PY), (44)

where Wi ~ k,Plvg, Wit ~ v x P*t. (pfgt/vo) is the force within the
material media. 60(—p+v0) is the inertial force within the material media.
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{k2,(ET o P{ /vp — BT x PT)} is the electromagnetic force within the material
media. V(par vo) is the energy gradient within the material media. {Lfo(kggE+ X
B*) / (v(z)k'p)} is in direct proportion to the electromagnetic momentum within the
material media.

When N§+ = 0, the force equilibrium equation within the material media can
be derived from the above, including some existing and new force terms of electro-
magnetic and gravitational fields within the material media. Further, if some tiny
terms are neglected, it will be reduced into the force equilibrium equation within
the material media,

—0o(pTwo) +pigT /vo — V(pgvo) + ksg(EJr oPJ/vo—BT xPt)=0. (45)

7.3. Current continuity equation

If the octonion composite field strength is comparative weak, the second-power N;ro
within the material media can be written approximately as

N3o/ky = 00 (Pgvo) = V- (PTw) + g% - P /ug + ET - p* /v
+(bT BT+ BT - BT)Lj/(voky) (46)

where the electromagnetic strength and gravitational strength within the material
media both make a contribution to the above.

When N2+0 = 0, it is able to derive the current continuity equation from the
above within the material media, which includes the interacting term (g+ Pt +
ET . p"‘), between the gravitational field and electromagnetic field within the
material media. It implies that the current continuity equation may be disturbed
by some influencing factors relevant to the material media.

Further, under the extreme condition there is no octonion composite field
strength, the above will be degenerated into the current continuity equation within
the material media,

Py -V -PT=0. (47)

7.4. Second-force equilibrium equation

In case N§+ = 0, and the octonion composite field strength is comparative weak,
we can achieve the second-force equilibrium equation within the material media as
follows:

0= (g" o Wi /vg—b* o Wi+ WiTET Jvg — WEB™) Jug — W3 . (48)

The above means that the current derivatives and charge gradients must satisfy
the requirement of the second-force equilibrium equation. The electromagnetic
strength and gravitational strength and others will exert a significant impact on
the derivative of magnetic moment or the current derivative within the material
media.
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If the derivatives, 9;BT, 8, ET, ;g™ and 9;b™, and so forth can be neglected,

the second-force equilibrium equation within the material media can be approxi-
mately simplified as

0= (8tS++v0VoSS') — (g‘LoSS'/vofb+ X S+)

— (pg/pe) (g EF Juo — BT x pT), (49)

where ;ST is the derivative of electric current within the material media, while
Vo SS‘ /vg is the gradient of electric charge within the material media. ST is the
density of electric current within the material media, and ¢ is the density of electric
charge within the material media, S{ = Si 1o, Si = ¢Tvo and 0; = 9/0t.

(a)

When the electromagnetic strength (E*, B*) within the material media is com-
paratively weak, while the gravitational strength (g*, b*) within the material
media is comparatively strong, and the coefficient (p4/p.) is quite small, the
second-force equilibrium equation within the material media can be degen-
erated to

0= (0ST +vVoSy)— (g7 oS /vy—bt xS8T). (50)

The above states that the comparatively strong gravitational strength will

make a contribution to the second-force equilibrium equation within the mate-
rial media.
When the gravitational strength (g“‘7 b+) within the material media is com-
paratively weak, while the electromagnetic strength (E+, B+) within the mate-
rial media is comparatively strong, the second-force equilibrium equation within
the material media can be reduced to

0= (0ST +vVoSy)— (ug/ue)(pd ET/vo — BT x pT). (51)

The above means that the comparatively strong electromagnetic strength
may exert an influence on the second-force equilibrium equation within the
material media.

When the gravitational strength and electromagnetic strength within the mate-
rial media both are comparatively weak, the second-force equilibrium equation
within the material media can be simplified into

0=0S"+vVoS§. (52)

The above implies that the current derivative and charge gradient within the
material media are closely correlated, in the case of comparatively weak field
strength within the material media. And the second-force equilibrium equation
within the material media should be satisfied between two of them.

According to the above, the charge gradients are able to induce the current

derivatives within the material media. This inference is validated by the experiments
relevant to the transport of droplets.3?33 Meanwhile the current derivatives are

capable of inducing the charge gradients within the material media.

34,35
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7.5. Precession equilibrium equation

In case Ni‘ = 0, it is able to achieve the precession equilibrium equation within the

material media, deducing the angular velocities of precession for charged or neutral
particles within the material media. And the field strength and angular momen-
tum/electromagnetic moment and others may exert an influence on the precession
equilibrium equation within the material media.

(a)

Torque-derivative term: In case two terms, GOW?' and V x WIL, play a major
role in the precessional motion within the material media, meanwhile other tiny
terms can be neglected, the precession equilibrium equation, Nf = 0, within
the material media will be degenerated into

AWt — kym™ ke, =0, (53)

where &, is the angular velocity of precession within the material media. k, =
(k — 1) is one coefficient, and k is the spatial dimension of vector r, or that of
linear velocity v,.

The above states that the angular velocity of precession is related with the

physical quantities within the material media, including the spatial dimension,
mass and torque-derivative term, and so forth. And the torque-derivative term
80W’i+, within the material media will produce the angular velocity of preces-
sion, even if there is no field strength.
Magnetic field: If two terms, kngJr o W?g/vo and V x Wf, play a major role
in the precessional motion within the material media, meanwhile other tiny
terms can be neglected, the precession equilibrium equation, Nf = 0, within
the material media will be simplified into

k2Bt o Wil /ug =V x Wi =0, (54)
further the above will be reduced into
¢"BT oIy —km"d, =0, (55)

where the angular velocity of precession within the material media is (Bp(l) =
qtBT o Iy/m*, when k = 1. The angular velocity of precession within the
material media is Wy2) = ¢*BT o Iy/(2m™), when k& = 2. And the angular
velocity of precession within the material media is W3 = ¢" BT o Iy/(3m™),
when k = 3.

The above means that the magnetic flux density BT will induce the angular
velocity of precession within the material media, revolving around the direction,
BT o Iy, for the charged objects. The inference can be applied to explicate the
angular velocity of Larmor precession (see Ref. 30) within the material media.
Electric field: When two terms, k2, (E* o Wi,)/v3 and V x W, play a major
role in the precessional motion within the material media, and other tiny terms
can be neglected, the precession equilibrium equation, Nl+ = 0, within the
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material media can be degraded into
k2, ET o W3 /ug —V x Wi =0. (56)

The above reveals that the electric field intensity E* will generate the angu-
lar velocity of precession, with the orientation of precession, ET o Iy, for the
charged objects within the material media. And it can be utilized to unpuzzle
some precessional phenomena of charged particles relevant to the Stark effect
within the material media.

(d) Grawvitational precessional-angular-velocity: When two terms, Wf(‘f bt /vy and
Vx W7, play a major role in the precessional motion within the material media,
and other tiny terms can be neglected, the precession equilibrium equation,
N = 0, within the material media can be degenerated into

Wiib" /vy —V x Wi =0, (57)
further the above can be simplified into
bt — ki, =0, (58)

where the angular velocity of precession within the material media is o_ﬁp(l) =
b™, when k = 1. The angular velocity of precession within the material media
is O_)Jp(g) = b™ /2, when k = 2. And the angular velocity of precession within the
material media is &y,3) = b* /3, when k = 3.

The above states that the gravitational precessional-angular-velocity b™
will induce the angular velocity of precession, with the orientation of precession,
b, for the neutral objects within the material media. And it can be applied to
account for the dynamic properties of the astrophysical jets within the material
media, including the precession, rotation, collimation and so forth.

(e) Gravitational acceleration: In case two terms, Wihg*t /v and V x W, play a
major role in the precessional motion within the material media, and other tiny
terms can be neglected, the precession equilibrium equation, NT = 0, within
the material media can be degraded into

Wihegt /v —V x Wi =0. (59)

The above states that the gravitational acceleration will result in the angular velo-
city of precession, with the orientation of precession, g, for the neutral objects
within the material media. And it can be applied to explain some precessional
phenomena of neutral particles in the gravitational field gt within the material
media.

8. Experiment Proposal

When the octonion composite force N1 is equal to zero, it is capable of achiev-
ing eight equations independent of each other, including the fluid continuity equa-
tion, force equilibrium equation, current continuity equation, precession equilibrium
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equation, second-force equilibrium equation and others. These eight independent
equilibrium/continuity equations within the material media are derived from one
single octonion equation, N* = (. It shows that the eight independent equations
are essentially the same and equally important within the material media.
According to the definition of octonion composite force NT, it is found that
the octonion composite field strength ™ will make a contribution to the octonion
composite force N* within the material media. As a result, the octonion composite
field strength F™ must have an influence on the equilibrium/continuity equations
within the material media. In other words, the octonion composite field strength
F+ is able to exert an impact on the fluid continuity equation, force equilibrium
equation, current continuity equation and others within the material media.

(1) Fluid continuity equation: On the basis of the existing experiments to vali-
date the fluid continuity equation, one can improve the existing experimental
schemes to some extent, verifying the contribution of material media and octo-
nion field strength to the fluid continuity equation. According to Eq. (42), the
Joule heat, (—kegET - PT/vg), in the ultra-strong electric fields will make a
significant contribution to the fluid continuity equation of the ordinary fluids
or magneto-fluids.

(2) Force equilibrium equation: Based on the existing experiments to verify the
force equilibrium equation, we may amend the existing experimental schemes
to a certain extent, reckoning the contribution of the material media and octo-
nion field strength to the force equilibrium equation. According to Eq. (44),
the energy gradient, V(p{vo), in the ultra-strong magnetic fields will exert a
significant impact on the force equilibrium equation of some particles.

(3) Current continuity equation: On the basis of the existing experiments to confirm
the current continuity equation, it is able to meliorate the existing experimental
schemes to a certain extent, surveying the contribution of the material media
and octonion field strength to the current continuity equation. According to
Eq. (46), the interacting term, (E* - p*/vg), in the ultra-strong electric fields
will have an influence on the current continuity equation of the ordinary fluids
or magneto-fluids.

(4) Second-force equilibrium equation: Based upon the existing experiments (see
Ref. 32) to research the second-force equilibrium equation, one may improve the
existing experimental schemes to a certain extent, reckoning the contribution of
the material media and octonion field strength to the second-force equilibrium
equation.

According to the second-force equilibrium equation, the current derivatives
are able to induce the charge gradients within the material media, achieving the
bidirectional transports of droplets. And the octonion field strength and angular
momentum/electromagnetic moment will have an influence on the second-force
equilibrium equation relevant to the superconducting currents and charge gra-
dients within the material media.
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(5) Precession equilibrium equation: On the basis of the existing experiments (for
instance, Electron Spin Resonance and others) to study the sample materials
with unpaired electrons, one can utilize the Crystal Lattice Vibration methods
(such as, X-ray, v-ray, or neutron inelastic scattering) to vibrate the crystal
lattices.

As a result, it is able to generate the three-dimensional precessional motions
of unpaired electrons surrounding the crystal lattices within the sample materials
(see Ref. 30), achieving the absorption spectrum of electromagnetic waves caused
by the three-dimensional precessional motions within the material media.

The examination of these suggested experiments will help to deepen the under-
standing of the physical properties of equilibrium and continuity equations.

9. Conclusions and Discussions

In this paper, the quaternion space H, for gravitational fields is independent of the
second subspace Hy,, for electromagnetic fields. The two independent subspaces can
be considered to be perpendicular to each other. In other words, the octonion spaces
can be applied to describe simultaneously the physical properties of electromagnetic
and gravitational fields.

The application of the algebra of octonions is able to study the physical quanti-
ties of electromagnetic and gravitational fields, including the octonion field poten-
tial, field strength, field source, linear momentum, angular momentum, torque and
force. However, all of these physical quantities do not consider the contribution com-
ing from the material media. For instance, the gravitational equations (4), derived
from the definition of octonion field source, do not take account of the contribu-
tion of gravitational media. Therefore, it is necessary to introduce the new physical
quantity from an appropriate point of view, considering the contribution of material
media.

In the octonion spaces, the octonion field strength F and angular momentum L
can be combined together to become one new physical quantity, that is the octo-
nion composite field strength F+. And it includes the electromagnetic strength and
gravitational strength with the material media. Further, from the octonion com-
posite field strength, it is capable of deducing the octonion composite field source,
composite linear momentum, composite angular momentum, composite torque and
composite force. Apparently, these composite physical quantities take into account
the influence of electromagnetic and gravitational media.

With the expansion of the definition of octonion composite field source, one
can achieve the electromagnetic equations within the electromagnetic media, and
the gravitational equations (12) within the gravitational media. From the point
of view of the algebra of octonions, the existing electromagnetic equations are
a mixture of two parts. The first part is the electromagnetic equations with-
out the electromagnetic media, while the second part is with the electromagnetic
media.
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When the octonion composite force N is equal to zero, it is capable of attaining
simultaneously eight equations independent of each other, including the fluid conti-
nuity equation, force equilibrium equation, precession equilibrium equation, torque
continuity equation, current continuity equation, second-force equilibrium equa-
tion, second-precession equilibrium equation and second-torque continuity equation
within the material media. The analysis states that the material media and octo-
nion field strength can directly make a contribution to the eight equilibrium or
continuity equations.

It is noteworthy that the paper only discusses a few simple cases about the
octonion composite physical quantities relevant to the electromagnetic and gravita-
tional fields within material media, but the study is clearly revealed the influence of
material media and octonion field strength on the physical quantities. The correla-
tive inferences can be applied to research several physical properties of electro-
magnetic and gravitational media, including the investigations relevant to the
angular velocities of astrophysical jets and heavenly bodies. In the future studies,
it is going to further explore the influence factors of continuity and equilibrium
equations theoretically, especially the research relevant to the bidirectional trans-
ports of droplets. Meanwhile, we plan to verify the impact effect of these influence
factors experimentally, deepening the understanding of the physical properties of
continuity and equilibrium equations.
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