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Abstract
Weconsider the scaling of entanglement entropy in randomProjected Entangled Pairs States (PEPS)
with an internal symmetry given by a finite groupG.We systematically demonstrate a correspondence
between this entanglement entropy and the difference of free energies of a classical Isingmodel with
an addition non-local term. This non-local term counts the number of domainwalls in a particular
configuration of the classical spinmodel.We thenmake use of this correspondence to argue for an
area law scalingwithwell-defined topological entanglement entropywhen the bond dimensions are
sufficiently large. The topological entanglement entropy is shown to be ∣ ∣Glog for a simply connected
region and results from a difference in the number of domainwalls of ground state energies for the two
spinmodels.

1. Introduction

For gappedmodels of localHamiltonians on afinite dimensional lattice, the entanglement between a regionA
and the rest of the system is expected to be given by [1, 2]:

( ) ∣ ∣ ( ) ( )a g= ¶ - +S A A o 1 . 1

Here ( ) ≔ ( )r r-S A tr logA A is the vonNeumann entropy of the reduced densitymatrix rA of the groundstate in
regionA, ¶A is the boundary size ofA, andα, g  0 constants, both of which are independent of the choice of
the region. The term o(1) stands for subleading corrections which go to zerowith growing surface area of the
regionA.

Thefirst term in equation (1) shows that entanglement of the region scales with its boundary, instead of its
volume as is the case for themajority of quantum states. It shows that the entanglement inherits the locality of
the interactions, thoughwe note that this is not always the case if the system is gapless. The second term γ is an
additive correction to the area law scaling and is a signature of topological order in the system [3, 4]. It is known
as the topological entanglement entropy. For this quantity to bewell defined, it is imperative thatα is
independent of the choice of the region.

However, equation (1) does not always hold. For example, we cannot haveα independent ofA for systems
with disorder. For systemswith translation invariance, it is possible that equation (1) applies generally. Even the
problemof proving that ( ) (∣ ∣)¶S A O A is amajor open question in dimensions larger than one (see [5–7] for
the 1D case). Therefore, it is an interesting question to identify families ofmodels for which one can argue
equation (1) gives the right scaling of entanglement. One particular example are renormalization fixed-point
models, such as string-netmodels [8–10]. There equation (1) holds with no correction term (denoted by o(1)
there). However, it remains a challenge to go beyond suchmodels.We note that numerically one can
nonetheless verify the right form inmany cases for the 2-Renyi entropy.

Given the difficulty offinding a general argument for the scaling of equation (1), one can askwhether it holds
in the generic case, i.e. formost states in the class considered. If we consider ground states of gapped
Hamiltonians as the class of states, this too seems like a very hard problem. Another approach is to consider
states which automatically satisfy theweaker formof area law ( ) (∣ ∣)¶S A O A and askwhether generically the
entanglement scales as equation (1). This is the pathwe take in this paper. In particular, we consider Projected
Entangled Pairs States (PEPS), a useful class of tensor networks states with entanglement structuremimicking
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the locality of the interactions [11]. They are known towell approximate thermal states of localmodels in any
dimension [12, 13], and are expected to also approximate well the groundstates for gappedmodels (yet a proof
for the latter is challenging). Seeing how the topological entanglement entropymanifests in suchmodelsmay
provide a clue towards proving the same inmore general settings.

The case of randomPEPSwhere each tensor is completely randomwas considered in an insightful paper by
Hayden et al [14]. Theirmotivationwas to study features of the AdS/CFT correspondence in a tensor network
picture. Among other findings, they showed that the entanglement entropy scales as

( ) ( )∣ ∣ ( ) ( )= ¶ +S A D A olog 1 . 2RT

whereD is the so-called bond dimension of the PEPS (the dimension of internal degrees of freedomof the state
responsible for its entanglement) and ∣ ∣¶ART is the length of the Ryu-Takayanagi surface in the bulk for a
boundary regionA. The error term o(1) goes to zero as the bond dimension grows. The authors demonstrated a
mapping from the problemof computing the entanglement entropy to the problemof computing the difference
of free energies due to a domainwall in a certain classical Isingmodel associated to the state (where the ( )Dlog
becomes the inverse temperature of themodel).We choose to extend this construction to the setting of a PEPS
describing a 2Dphysical region, e.g. on a square lattice with one physical index on each tensor of the network,
but nonetheless note the relevance of our results and studying random tensor networks in general when
considering holography. In particular, onemight be interested in constructions like ours when attempting to
understand holographic coherent states [15].

In order to extend this construction into our setting of interest, wemust acknowledge twomajor drawbacks
of the original approach. Thefirst is that the result relies on the ‘physical’ boundary dimension growing
arbitrarily large. In the condensedmatter setting, we care about systems of particles withfinite degrees of
freedom (e.g. qubits with physical dimension 2).We address this later in the paper and note that a rigorous
account of our results in this setting remains elusive. Another drawback is that the topological entanglement
entropy γ is always zero in the generic case of fully randomPEPS. This is expected, as one expects to be able to
adiabatically connect them to a trivial state.Wework around this drawback by providing an additional
constraint in the formof an internal symmetry on each tensor.

Inmore detail, in [16], Schuch, Cirac andPerez-Garcia gave a construction of PEPSwith topological order
associated to afinite group–incidentally a quantumdoublemodel–by imposing that the virtual degrees of
freedomare symmetric under a regular unitary representation of the group. They also showed that for
renormalization fixed-point PEPS, equation (1) holds with ∣ ∣g = Glog , with ∣ ∣G the order of the group
associated to the topological order (e.g. =G Z2 for the toric code).

In this paperwe take an approach inspired by [14] and using the internal symmetry described by [16] in an
effort to calculate the formof entanglement entropy in randomPEPS states with an internal symmetry
associated to afinite group.We can equivalently say that the PEPS isG-injective if it is subjected to this internal
symmetry since it is then invariant by action by the unitary representation of the groupG on the internal indices.
Wewill use this condition both fundamentally to compute the upper bound of the entropy aswell as placing the
constraint on a randomPEPS in order to establish the lower bound. As such, wewill argue that generically,

( ) ( )∣ ∣ ∣ ∣ ( ) ( )= ¶ - +S A D A G olog log 1 , 3

for bond dimensionD scalingwith the volume of the regionA.We discuss briefly conditions underwhich this
may be truewhen the physical bond dimension, d, is kept small.

In analogy to [14], we also obtain our result bymapping the problem to computing the free energy of a
classicalmodel. Interestingly, in the case of non-trivial topological order, themodel has (in addition to the usual
local terms) a non-local energy termwhich counts the number of domainwalls of a configuration. This is the
termwhich gives the ∣ ∣Glog correction to entanglement at high bond dimension or sufficiently low temperature.

The organization of the rest of the paper is as follows. In section 2we derive a classicalmodel associated to a
random tensor networkwith a local virtual symmetry, arriving at an Ising actionwith an additional non-local
term.We then use this to compute the entropy for a systemwith local symmetry.We finish the section by briefly
addressing the constraint of small physical dimension. Finally, in section 3we summarize our results and
provide some comments and connections back to the holography setting as well as future directions. Appendix
A generalizes our construction to higher order Rényi entropies.

2. Computing Entanglement EntropywithG-Symmetry

Our aim is to arrive at an expression for theVonNeumann entropy for aG-injective random tensor network by
bounding it below by the secondRényi entropy and above by the Schmidt rank. In this section, wefirst work
through computing the Rényi entropy via a difference of free energies of a particular Isingmodel.
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To start, we consider a two-dimensional square lattice throughout the entirety of this work for simplicity,
though these results straightforwardly generalize to any latticewhere the correspondence is then to a classical
model on the associated interaction graph. To perform this generalization, onewould consider the set ofVx

defined belowbut instead associated to differentHilbert spaces depending on howmany edges are associated to
each node in the interaction graph. The symmetry is then applied depending on the degree of each nodewith the
symmetry no being applied to each edge. The rest of the results will then follow exactly with the key difference
thatwewould then have to count swap operators using the degree of each node. The final result will remain the
same, nowwith the Ising action interaction terms summed over the edges in our new interaction graph.Note
that this generalization extends to higher dimensional interaction graphs aswell since it does not depend on this
dimension in anyway.

In any case, the sites of the square lattice used here are indexed by x.We associate afinite dimensional vector
space

≔ ⨂ ( ) ( )Ä @ Ä
~

¶
Ä V V V 4x

x x y
x v x

D d

:
, ,

4xy x

to each site. The tensor product runs over the neighbor sites y of each vertex x. To each neighborwe associate a
Dxy-dimensional vector space. Each site also has a dx-dimensional vector space ¶Vx, , whichwill be associated
with the physical degrees of freedom residing at each site of the lattice. Let =D D dx xy x

4 be the total dimension of
the spaceVx. For some addition clarity, note thatDxywill associate to traces over the virtualHilbert spaces, dx to
traces over the physical spaces, andDx to combined terms from traces over physical and virtual spaces.Wewill
use different notation than [14], and refer to the ’physical’ indices rather than ’dangling’ indices to emphasize the
setting.

Let ∣ ∣ñ = ñV U 0x x x be a random state onVxwhereUx is a randomunitary and ∣ ñ0x an arbitrary reference state.
This state is according to theHaarmeasure, i.e. chosen such that a randomaverage of a function, f of such states
can be interpreted using theHaar probabiitymeasure, ( )ò dUf Vx , as an integration over the set of unitaries. The

reason forwill become clear in our proof. Let ∣ ñxy be amaximally entangled state on ÄV Vy v x v, , , for two
neighboring sites x y, .We start by considering a random (non-normalized)PEPS state defined as (seefigure 1
for an example):

⎜ ⎟
⎛

⎝
⎜

⎞

⎠
⎟

⎛
⎝

⎞
⎠

∣ ⨂ ∣ ⨂∣ ( )Yñ = á ñ
~

xy V , 5
x y x y x

x
, :

with thefirst tensor product running over allmaximally entangled states acting on the vectors spaces ÄV Vy v x v, ,

for all neighboring x y, , and the second over all sites. This leads to a generic formof the (non-normalized)
density operator given by

Figure 1.Example of an arbitrary PEPS tensor network divided into two regions. The blue legs are associatedwith the virtualHilbert
spaces onwhich residemaximally entangled states. The red legs are the boundary dangling legs. Note here that there are 7 indices inA
and ∣ ∣¶ =A 13.
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⎛

⎝
⎜

⎞

⎠
⎟⨂ ∣ ∣ ∣ ∣ ( )r = ñá ñá

~
xy xy V VTr . 6P

x y x y x
x x

, :

The subscriptP indicates a trace over the vector spacesVx v, , corresponding to the contraction of internal indices.
Note that ρ is a linear function of independent pure states living on the vertices.

We alsowish to constrain each vertex in the lattice so that the virtual indices remain invariant under
operation by a unitary representation of afinite groupG.We denote such representation byU(g) and further
require that it be a regular representation for reasons that will become apparent later in this section. It is worth
noting that these representationsmust be such that the dimension of the representation or the total dimension
of a direct sumof such representations equals the bond dimension. The latter casemay by of further interest,
such as in describing bulk gaugefields [15], thoughwe do not consider it here. In any case, wewill consider a
tensor network–still residing on a square lattice–made from states ∣yñx onVx such that

( ) ∣ ∣ ( )y yÄ ñ = ñ " ÎÄ U g g G, 7x x
4

where the unitary representations,U(g), act upon the 4 virtual subspaces surrounding a particular vertex, the
identity is acting upon the physical subspace, and Îg G are group elements. An (otherwise random)PEPS
where every vertex is subject to the above constraint is a so-calledG-injective PEPS.We describe this visually in
figure 2. Themore general casemay followwherewe choose the symmetry such that a unitary representation lies
on every virtual edge associated to a vertex. This would allow for different symmetries associated to each. This
would require one to consider each edge trace separately and result in amore complicated expressionwhich one
could go about computing in the sameway as below.

Nonetheless, our primary objective with this construction is to compute the secondRényi entropy for a
regionA:

( )
( )

( )
r

r
= -S A log

Tr

Tr
. 8A

A
2

2

2

where rA is the reduced densitymatrix of a regionA.

IsingModel Correspondence for TopologicallyNontrivial PEPS
Rather than starting from the entropy, wewill begin by rigorously establishing a correspondence between the
averaged trace over the choice of a particular PEPS tensor network and the partition function of a classical Ising
model.Wewill then return to the entropy further below and use this correspondence to sketch a computation
thereof. The correspondencewe establish parallels that of [14] at the start and departs into further detail and an
inclusion of the non-trivial virtual symmetry. This result will form the central component of the paperwhich
allows us tomake an evidenced claim to the formof the entropy in the non-trivial case.

Theorem1Projected Two-copy Trace/Modified IsingModel Correspondence. Let r=Z Tr A1
2 for a reduced

densitymatrix on a regionAwhich is described by a PEPSwith local invariance given by a finite group,G (see
equation (7)). Then theHaar average ofZ1 equals the partition function of amodified classical Isingmodel of spins
{ }sx residing on the same lattice with Ising action given by

[{ }] ( ) ( ) ∣ ∣ ( )å å h= - - - - - +
~

 s d s h D s s G
1

2
log 1

1

2
log 1 log const, 9x

x
x x x

x y x y
xy x y

, :

where dx is the physical bond dimension of the tensor at x,Dxy the virtual space bond dimension between tensors at x
and y, andDx the total dimension of the tensor at x. The variable hx is the boundary field which is 1 for Îx A and -1

Figure 2.Graphical representation of the symmetry constraint on a given vertexwith four associated edges.
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for Îx A. The non-local term is characterized by the number of domainwalls in a particular spin configuration, η,
and the cardinality of the finite groupG.

If we instead have an average over ( )r=Z Tr A0
2 , thenwe have the same correspondence but with a uniform

boundary pinning field, i.e. = "h x1,x .

Proof.Webegin by consideringZ1 (andZ0) in a slightlymore convenient form,

( ) [( ) ] ( )r r r= = Ä Z Tr Tr , 10A A1
2

( ) [ ] ( )r r r= = ÄZ Tr Tr . 11A0
2

where the second equality forZ1 is a result of using the so-called ʼswap trick’; the operator A swaps the two
copies of the system in regionA only. It is important to note for late that A acts only on the physical degrees of
freedomat each vertex and not the internalHilbert spaces. In order to constrain our quantum state to onewhere
local tensors areG-symmetric, we restrict otherwise random tensors to symmetric subspaces. To do this, we
need to introduce our symmetric subspace projector,

∣ ∣
( ) ( )åº Än

Î

Ä 
G

U g
1

. 12x
g G

x

x

x

Wecan then project the otherwise random states living on each vertex onto the symmetric subspace using
this projector to obtain a slightlymodified expression for the numerator of the entropy,Z1, from the trivial case.
Wewill do this on a uniform square lattice ( = "n x4,x ) for simplicity. The formalism extends to any random
PEPS tensor networkwith localG-symmetry in terms of operators acting upon virtual subspaces for each edge in
the interaction graph.

By inserting our subspace projector and equation (6) into our expression forZ1 and then taking the random
(Haar) averagewe obtain,

⎡

⎣
⎢

⎤

⎦
⎥⨂ ∣ ∣ ∣ ∣ ( )= ñá ñá

~

Ä Ä Ä Z xy xy V VTr . 13
x y x y

A
x

x x x1
, :

2 2 2

Note that the average ofZ1 follows through to just an average over the randomvertex states ∣ ñVx since the
trace is a linear operator and the rest of the expression is not random.Additionally, we do not have the adjoint of
the projector on the right side of the average as it commutes through the average.

To compute this average, wemake use of ∣ ∣ñ = ñV U 0x x x and then take the average as an integration of
unitaries with respect to theHaarmeasure [17],

∣ ∣ ∣ ∣ ( )(∣ ∣ ∣ ∣)( ) ( )† †òñá Ä ñá = Ä ñá Ä ñá Ä =
+
+


V V V V dU U U U U
I

D D
0 0 0 0 . 14x x x x x x x x x x x x x

x x

x x
2

In this expression, Ix denotes an identity operator and x the swap operator each acting on the two copies of the
Hilbert space at vertex x. x is defined in a similar way as A, swapping the two copies of the state at vertex x,
including the virtual spaces unlike A. Replacing the average in the expressionwith this result, we nowhave an
expression consisting of 2N terms forN vertices. Each of the terms indicates all combinations of either an
identity or swap on each vertex,

⎡

⎣
⎢

⎤

⎦
⎥( )

⨂ ∣ ∣ ( ) ( )=
 +

ñá +
~

Ä Ä   Z
D D

xy xy
1

Tr . 15
x x x x y x y

A
x

x x x1 2
, :

2 2

In order to simplify this expression, we introduce a classical spin variable, sx, where = +s 1x to indicate the
use of an identity and = -s 1x to indicate the use of a swap operator. This representation forms the basis for our
correspondence and leads us to consider Z1 as a partition function of spins { }sx such that

( )
{ }

[{ }]å= -Z e , 16
s

s
1

x

x

and

⎡

⎣
⎢

⎤

⎦
⎥( )

⨂ ∣ ∣ ( )[{ }]  º
 +

ñá-

~

Ä Ä

=-

  e
D D

xy xy
1

Tr . 17s

x x x x y x y
A

x
x

x s
x2

, :

2 2

s.t. 1

x

x

The trace in this equation is over an expressionwhich is a tensor product of terms acting on different parts of
theHilbert spaces describing two copies of anN-vertex PEPS. Thefirst part of the expression inside the trace
consists of allmaximally entangled density states describing internal lines in the network and acts trivially on the
dangling indices. The swap A acts only on the physical indices of the regionA and the symmetric subspace
projector acts non-trivially on only the virtual indices. The remainder of the expression is either a swap or
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identity depending on the spin variable. Each of these swaps act on physical and virtual spaces independently and
thus can be considered as a tensor product of swaps on each space.

Altogether, then, we aremotivated to split the trace as the expressionwithin is a tensor product of operators
acting independently on the physical and virtualHilbert spaces.We denote the physical space by the subscript∂
and virtual space by the subscript v such that,

⎡

⎣
⎢

⎤

⎦
⎥

( )
[ ]

⨂ ∣ ∣ ( )

[{ }] =
 +



´ ñá  

-
¶ =- ¶

~

Ä Ä
=-

Ä

 

 

e
D D

xy xy

1
Tr

Tr . 18

s

x x x
A x s x

v
x y x y

x x x s x v

2 s.t. 1 ,

, :

2 2
s.t. 1 ,

4

x
x

x

The trace over physical indices can be simplified by considering one operatorwhich is either a swap or
identity depending upon the combination of swaps in the expression. In order to do this, we introduce a variable
hx (the same boundaryfield as in [14]),

⎧
⎨⎩

¯
( )= + Î

- Î
h x A

x A
1,
1, .

19x

The trace over the physicalHilbert space is then over an operator which is a product of swaps dependingwhether
Îx A or not andwhich term in the partition functionwe are concernedwith. This allows us towrite the trace as

[ ] [ ] ( )( ) =¶
=-

¶ ¶ ¶
+  Tr Tr . 20A

x s
x

x
x

s h

s.t. 1
, ,

3

x

x x
1
2

Weuse this particular expression to describe an operatorwhich is a swap or identity as desired for a particular
combination of sx and hx. The result is a trace over a product of operators acting independently on the physical
Hilbert spaces associatedwith each vertex, x.

As such, the trace amounts to a product of traces on each space individually. Each of these traces is dx
2 if it is

over an identity and dx if it is over a swap, where dx is the dimension of the physicalHilbert space of the vertex x.
This depends on sx and hx in the sameway the operator does so that our trace above is simply

⎡
⎣⎢

⎤
⎦⎥

[ ] ⨂ ( )( ) ( ) ( ) = =¶ ¶
+

¶ ¶
+ +  dTr Tr . 21

x
x

s h

x
x

s h

x
x

s h
,

3
,

3 3x x x x x x
1
2

1
2

1
2

This is thefirst ingredient in arriving at an evaluated expression for equation (17)
The second trace, however, is somewhatmore involved as a result of the terms coming from the symmetric

subspace projector. Tomake thismoremanageable, wewill break apart the trace as a trace over individual edges
in the tensor network. To do so, wefirst need to look at the projectorwe have introduced. This operator consists
of unitaries which are independently applied to the virtualHilbert spaces surrounding a particular vertex. As
such, we can split the tensor product of all such operators into operators acting upon both copies of a given
virtualHilbert space. Thus,

∣ ∣
[(( ( ) ( )) ) (( ( ) ( )) )] ( )( ) ( )

 

= å  Ä ¢ Ä Ä ¢

Ä
=-

Ä

¢ ¢ ~ ¢
+

¢
+

 

 
G

U g U g U g U g
1

. 22

x x x s x v

N g g g g x y x y x x xx
s

y y yy
s

2
s.t. 1 ,

4

2 , , , , :
3 3

x

x x y y

x y
1
2

1
2

Essentially, whatwe have done is written our product of projectors and conditional swaps as a product of
operators acting uponHilbert spaces associatedwith a particular edge in the tensor network and its copy (the
primed variables). This includes the unitary representation on each virtual Hilbert spaces aswell as the swaps
applied.We have rewritten the sumas a sumover four independent group elements chosen fromG to specify
thatwe have all termswhere each virtual subspace in an edge and its copymay have a different group element
attached to it. TheN in the prefactor is simply the number of vertices in our tensor network, coming from a
subspace projector being applied to each vertex.

We canwrite this expression a littlemore compactly in terms of the trace wewish to compute, leaving

⎡

⎣
⎢

⎤

⎦
⎥⨂ ∣ ∣

∣ ∣
[ ] ( )  å ñá = W

~

Ä Ä

=-

Ä

¢ ¢ ~
~ xy xy

G
Tr

1
Tr 23v

x y x y x
x

x s
x v N

g g g g x y x y
x y x y

, :

2 2

s.t. 1
,
4

2
, , , , :

, :

x x x y y
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where the argument of the tracewewish to compute is

∣ ∣ ( ( ) ( ) ( ) ( ))( ) ( )( ) ( )W = ñá Ä Ä Ä ÄÄ
¢ ¢ ¢

+
¢
+ xy xy U g U g U g U g . 24x x y y xx

s
yy

s2 3 3x y
1
2

1
2

The conditional swap operators herework in the sameway as before, either flipping the spaces connected by
maximally entangled states or not.We can thus combine this into one swap operator acting on either the ¢xx
subspaces or the ¢yy subspaces conditioned by sx and sy,

∣ ∣ ( ( ) ( ) ( ) ( ))( ) ( )( )W = ñá Ä Ä Ä ÄÄ
¢ ¢ ¢

+ xy xy U g U g U g U g . 25x x y y xx
s s2 3x y

1
2

This then leads us to two possibilities. If no swap is applied, thenmaximally entangled states reside in the x and y
virtualHilbert spaces and ¢x and ¢y Hilbert spaces separately. Thus, our expression inside the trace becomes a
tensor product of group elements ( )-U g gx y

1 and ( )¢ ¢
-U g gx y

1 acting on disjointHilbert spaces after tracing out one

virtualHilbert space and its copy. The inverse comes frommoving the operator fromoneHilbert space to
another through themaximally entangled state andmultiplying group elements together.

On the other hand, applying the swap connectsmaximally entangled states from x to ¢y and y to ¢x . Now,
whenwe take a partial trace we are left with just one operator acting on a virtualHilbert space and its copy but
not independently. This operator is given by ( )¢

-
¢

-U g g g gx y x y
1 1 .We can consolidate these two possibilities in the

follow equation,

⎧
⎨
⎩

[ ]
[ ( ) ( )]

[ ( )]
( )

d d

d
W =

Ä = =

= ¹
~

¢
-

¢ ¢
-

¢ ¢

¢ ¢
-

¢
-

¢ ¢

U g g U g g D s s

U g g g g D s s
Tr

Tr

Tr
26x y x y

xx x y x y xy xy x y x y

xx x y x y xy xy x y x y
, :

1 1 2

1 1

The traces are evaluated as Kronecker deltas becausewe have a trace of a regular representation (or direct sumof
regular representations if the bond dimension is to be larger) such that the trace over any non-identity element is
zero. This introduces a subtlety into the available states since the trace for ¹s sx y can be nonzero for some
nontrivial group elements residing on the lattice. Note thatwe still obtain the same factorsDxy orDxy

2 that appear
in the trivial case following from a trace over swapped and non-swapped spaces.

Returning to the original expression, we nowhave a product of delta functions dependent on our Ising
variables which is being summed over group elements corresponding to each vertex in the tensor network. In
order to fully evaluate the expression, we then need to count the number of terms in the sumover group
elements for which the product of delta functions depending on the Ising variables is nonzero.

In order to perform this counting, we first partition configurations { }sx into subsets given by the number of
domainwalls, η, in the lattice. This will enable us to determine the number of factors in the product.

Let’s first consider if we have one cluster (all sx=1 or all = -s 1x ) then no swaps are applied anywhere andwe
only have conditions of type d d ¢ ¢xy x y . These conditions tell us that vertices connected by edges on the tensor
networkmust have the same group element associatedwith it, gx=gy for a given link. Thus, the only such terms
which are nonzero in the sum are the ones for which all vertices in the tensor network have the same group
element applied to each virtual index. This is independently and similarly true for the second copy of the tensor
network. Thus, we have ∣ ∣G 2 total nonzero terms in the sum sincewe have ∣ ∣G possible group elements residing
on each vertex in the tensor network as well as its copy.

Now, supposewe add one domainwall to the Ising lattice describing out tensor network so that we have two
clusters. This changes terms associatedwith edge crossing the domainwall to four-index deltas, d ¢ ¢xy x y. These
delta functions are associatedwith links connecting two regions inwhich the lattice is otherwise homogenous in
group elements, i.e. crossing a domainwall. Each of these δʼs associatedwith a particular domainwall describe
the same condition, =¢

-
¢

-g g g gx y x y
1 1. It is important to note that this condition is the same for each edge crossing

the domainwall since group elements outside and inside the are the same for any nonzero term (following the
d d ¢ ¢xy x y condition). Unlike the other type of factors in the product, this one only restricts one of the four groups
elements associatedwith a link rather than two. This then gives us the freedom to determine onemore set of
group elements within the tensor network that would give nonzero terms, adding amultiplicative factor of ∣ ∣G to
these termsThus, if we have η domainwalls, then there are ∣ ∣ ∣ ∣ ∣ ∣=h h+G G G2 2 nonzero terms in the sum. So,
returning to equation (23),

⎡

⎣
⎢

⎤

⎦
⎥⨂ ∣ ∣ ∣ ∣ ( )( )  ñá = h

~

Ä Ä

=-

Ä + -

< >

+ xy xy G DTr . 27v
x y x y x

x
x s

x v
N

xy
xy

s s

, :

2 2

s.t. 1
,
4 2 2 3

x

x y
1
2

Now, combining this expressionwith equation (21), we obtain

∣ ∣
( )

( )[{ }] ( ) ( ) =
 +

h
-

+ -
+

~

+e
G

D D
d D , 28s

N

x x x x
x

s h

x y x y
xy

s s
2 2

2
3

, :

3x x x x y
1
2

1
2
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which gives us the associated Ising action

[{ }] ( ) ( )

( ) ( ) ∣ ∣ ( )

å å

å h

=- + - +

+ + - + -
~

 s d s h D s s

D D N G

1

2
log 3

1

2
log 3

log 2 2 log . 29

x
x

x x x
x y x y

xy x y

x
x x

, :

2

Wecanwrite this in a slightlymore useful form inwhichwe can collect several terms as a constant that will be the
same in both free energies associatedwithZ1 andZ0,

[{ }] ( ) ( ) ∣ ∣ ( )å å h= - - - - - +
< >

 s d s h D s s G
1

2
log 1

1

2
log 1 log const. 30x

x
x x x

xy
xy x y

Weget the same expression forZ0 butwith a hx=1 everywhere. ,

This is the Ising action for our locally symmetric random tensor network and forms the basis of amodified
Isingmodel which lends itself to computing the Rényi entropywhichwe do below.

Entanglement EntropywithNontrivial Topological Term
Webegin computation of the entropy by considering a connected boundary regionAwith reduced density
matrix rA.Wewill further allow the regionA to be disjoint whichwill be important due to the presence of the
non-local term. The secondRényi entropy ( )S A2 is given by equation (8).We can consider the numerator and
denominator separately and denote thembyZ1 andZ0, aligningwith lemma 1. The entropy average can be
expanded in powers offluctuations d = -Z Z Z1 1 1 and d = -Z Z Z0 0 0

⎜ ⎟
⎛
⎝

⎞
⎠

( ) ( ) ( )åd
d

d d
= -

+
+

= - +
-

-
=

¥ -
S A

Z Z

Z Z

Z

Z n

Z

Z

Z

Z
log log

1
. 31

n

n n

n

n

n2
1 1

0 0

1

0 1

1
0

0

1

1

which has suppressed fluctuations at large enough bond dimension [14]. Note that if we follow the previous
result, this suppression is dependent on the physical bond dimension scalingwith the virtual bond dimension
and thus exceeding a physically relevant regime of small physical bond dimension.We address this regime in the
following subsection as this claim to suppressed bond dimension is necessary to demonstrate an area law
expression. In any case, if the conditions aremet for thefluctuations to be suppressed, thenwith high probability
we can approximate the entropywith the averages performed separately overZ0 andZ1,

( ) ( )= - -S A
Z

Z

Z

Z
log log . 322

1

0

1

0

The ’;’ is employed to describe an asymptotic equality that holds under appropriate conditions forwhich the
fluctuation vanishes. Note that we drop the average on the entropy above and compute it as its averagewith high
probability, following the previous result (section 7 of [14]). This is the case for a bond dimension scaling
exponentially in the volume of the region, and perhaps even polynomially under certain physical assumptions
[14]. In any case, from lemma 1we see thatZ1 andZ0 are both partition functions of classical Isingmodels so that
the entropy is then a difference of free energies of thesemodels,

( ) ( ) -S A F F , 332 1 0

at an inverse temperaturewhich is function of the bond dimensions. At large bond dimension (low temperature)
the systemwill preference the ground state. In these circumstances, then, this difference of free energies can be
approximated by a difference in ground state energies. In theZ0 case, this ground state is a ferromagnet with all
spins aligned inwhich the Ising action (equation (30)) is a constant. Note in particular that h = 0 in this case
since the state is uniform in spin and there are no domainwalls.

In theZ1 case, the ground state is a bitmore subtle. If we allow the physical bond dimension to take on a large
enough value aswith the virtual bond dimension ( »d Dx xy), the ground state is characterized by aflip of spins
in the regionA from the ferromagnetic field, introducing a ∣ ∣¶D Alog xy energy cost due to ∣ ∣¶A non-aligned edges
aswell as an additional constant ∣ ∣Glog coming from the singular domainwall. Note further that ifA consists of
m disjoint regions, then the added constant becomes ∣ ∣m Glog now that the state possessm domainwalls.

We can say then that, with high probability, the 2ndRényi entropy of the regionA scales asymptotically in
bond dimension (inverse temperature)with the boundary of this region,

( ) ∣ ∣ ∣ ∣ ( ) ( ) - = ¶ - +S A
Z

Z
A D m G olog log log 1 34xy2

1

0

whereα is a constant dependent on the virtual bond dimension. Note that if our bond dimensionsDxy and dx are
equivalent and allowed to be arbitrarily large, thenwe have an area law entropy regardless of the shape of the
regionA.Moreover, we can see then how the topological entanglement entropymanifests in the entropy average
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as a difference in domainwalls in the classicalmodel ground states. Additionally, for a disjointm regionsA, we
have an additional prefactor ofm in the non-local term.

We can now attempt to present an expression for theVonNeumann entropy byway of an upper and lower
bound. In doing so, we take them=1 case of a single connected regionA and remark at the end of this section
about the case of largerm. TheVonNeumann entropy is lower bounded by the secondRényi entropy so that it
follows immediately from above that

( ) ∣ ∣ ∣ ∣ ( ) ( )¶ - +S A A D log G olog 1 . 35xy

Next, wewish to upper bound theVonNeumann entropy.We do this byfirst bounding themaximal
Schmidt rank. Consider a state ∣yñdescribed by an arbitraryG-injective PEPS tensor network.We then consider
a bipartition of the physicalHilbert space into regionsA and A .We can then act on the region A by a linear
operator MA composed of local operationswhich purifies the degrees of freedom in A . This produces a state
∣ ( )∣f yñ = Ä ñMA whose Schmidt rank is greater than or equal to that ofψ state since MA is acting only on
region A by local operations and can therefore only increase themaximal Schmidt rank.However, since the
state isG-injective, we have an invariance given by this bipartition,
∣ ∣ ( ) ∣ ( )∣ ∣∣ ∣ f f få ñ = ñ = ñ-

Î
Ä ¶

¶G U g P Gg G
A

A
1 . For clarity, recall thatP(G) is our symmetric subspace projector,

now applied along boundary edges. Ourmaximal Schmidt rank of a state ∣ ∣r y y= ñáA is then upper bounded
by the rank of this projector since it is otherwise purified. This leads us to a rank of ∣ ∣¶A -manyDxy subspaces,

( ) ( ( )) ( ( )∣ ) ( ∣ ∣) ∣ ∣ ∣ ∣ ( )∣ ∣r fñ = = ¶ -¶
¶ S A D G A D Gmax log rank log rankP G log log log . 36A A xy

A
xy

Thus, we have shown that ourVonNeumann entropy is upper bounded by a general area law form in the
G-symmetric case and is similarly lower bounded, though asymptotically so.OurVonNeumann entropy then
asymptotically has the desired tight bound,

( ) ∣ ∣ ∣ ∣ ( ) ¶ -S A A D Glog log 37xy

whereα is a constant dependent on bond dimensions, and ∣ ∣¶A is the size of the boundary of regionA. It is
important to note that this requires the assumptions of large bond dimension underwhichwhichwe can specify
a Rényi entropy of the appropriate form for a lower bound.

Regarding the case of >m 1, the lower bound follows straightforwardly from equation (34) for anA
comprised ofm disjoint regions. As for the upper bound, since the bipartition of the PEPS intoA and A now
requires a partition into +m 1 regions, the projector ( )¶P GA now consists ofm sums of unitary representations
applied on each of them boundaries ofA. In otherwords,

( )∣ ∣ ∣ ( ) ( ) ∣∣ ∣ ∣ ∣f fñ = å å ñ¶
-

Î
Ä ¶

Î
Ä ¶P G G U g U gA

m
g G

A
g G

A m1 where ∣ ∣¶A i denotes the number of edges crossing
the boundary of the ith disjoint region inA. Essentially, the group element associated to each edge in the
projector expression needs to be the same for each disjoint part ofA but not between each region so thatwe have
mmultiples of them=1 projector.

Assumption of Small Physical BondDimension
The previous result is relevant in regimeswhere the physical bond dimensions can be taken as arbitrarily large,
such as the holography setting inwhich the topologically trivial result has been employed [14]. There are two
issues in the above logic, however, whenwe consider the regime of small physical bond dimension (allowing the
virtual dimension to be large as before).

Thefirst issue is that we need to still be able to say that the F1 free energy at low temperature is that offlipped
spins in the regionA in order for the difference in free energies to give the appropriate area law expression. This is
clearly not the case when D dxy x and for small regionsAwhere the cost of non-aligning spinswill be
overshadowed by the cost from any non-aligned edges.We can conceivably resolve this issue by further
constraining the regionA to be such that it’s surface area-to-volume ratio is sufficiently small. In other words,
constrained such that ∣ ∣> ¶V d A Dlog logx xy, or ∣ ∣/ /¶ >A V d Dlog logx xy. Another solution this issuemay be
to think of the regionA on a renormalized lattice inwhich the number of vertices in the regionA is growingmore
rapidly than edges on the region’s boundary with each step in renormalization. In both of these instances, the
goal is to create a situation inwhich is it preferential in energy for the spins in regionA to beflipped as any cost
saved by reduction in the surface areawould be outweighed by the cost offlipped spins in the volume ofA. These
conditions seemplausible andmay bemore easily demonstrated in their extremes, but are unable to present a
rigorous argument here.

The second issue is that we can’t bring this result to a regime of small physical bond dimensionwithoutfirst
accounting for the suppression offluctuations in 25 in this same regime. A rigorous proof of suppressed

fluctuations following the logic of [14] requires the expression ( )
( )

( )

( ) -¥ 1
Z

Z

n

n
1

2

1
, 2

to be sufficiently small. Here, the

expression uses higher order Rényi entropy (described in appendix A). The superscript¥ indicates a regime of
large bond dimension, i.e. the ground state per the correspondence. A connectionmade in the previous result is
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that this secondmoment, the average of ( )( )Z n
1

2, can be computed by interpreting it as a partition function of a
so-called Sym n2 -spinmodel. Thus, the above expression being sufficiently small is equivalent to the partition
function of this Sym n2 -spinmodel at some bond dimension = =D d Dx xy remaining close in value to it’s large
D limit. This can be shown to be the case for certain values ofDwhich givens a condition under which the
fluctuations are suppressedwith high probability. In the previous results, this is demonstrated for exponentially
scaling bond dimensionwhich applied to both physical and virtual bond dimensions.

Sowhat dowe do thenwhen the physical bond dimension is kept small? It seems possible thatwemaymake
a similar argument by allowing the virtual bond dimension to be sufficiently large. In this case, we run into the
first issue yet for a slightly differentmodel, the Sym n2 -spinmodel. Assumingwe’ve resolved thefirst issue, then,
wemight say that the appropriate constraints on regionA are such that the largeDxypartition function of the
Sym n2 -spinmodel is that same as whenwe allowed dx to grow largewithDxy, i.e. the have the same low energy
configuration. Again, amore rigorous proof of such is challenging. Fromhere, itmay be possible to set a
conservative bound by considering theminimumcost incurred aswas done previously or even attempt a low
energy expansion of the partition function. This is yet another challenging task given the assumptions that would
need to be placed on the regionA. Nonetheless, it seems possible that under these assumptions, fluctuations
might be suppressed given the virtual bond dimension scales exponentially, or perhaps even polynomially.

We remark thatwhile the correspondence we’ve constructed applies regardless of bond dimension, a
rigorous account of the entropy area lawwith correction, (averaged of random tensor network states) only
applies when both the physical and virtual bond dimensions are allowed to be arbitrarily large. It is thus left to
the reader as an open question, albeit a conceivable one, whether or not the later statementmay still be true for
small physical bond dimension.

3. Conclusions and FutureWork

In this paper we extended themethod of [14], providing a connection between the computation of Rényi
entropywith a difference of free energies of an Isingmodel.We generalize thismethod to include a local
symmetry at each tensor in the tensor network lending itself to a non-local term in the Isingmodel and
correspondingly a topological entanglement entropy present in the area law.We argue that this formholds
exactly at zero temperature aswell as low temperatures where bond dimensions scale exponentially, perhaps
polynomially, following previous results (see [14]).While a specific case is presented, we expect these results
generalize to any dimension and for any symmetry given by any local,finite group.We can also see how the
topology of regionA presents itself in the topological term, adding a power to ∣ ∣G in the logarithmby enforcing
more domainwalls in the non-trivial free energy expression. Thus, we have shown that a randomPEPS tensor
network subject to a local symmetry has an area lawwith high probability at sufficiently large bond dimension
(low temperature). This allows us to go beyond consideration of renormalizationfixed point PEPSwhen
demonstrating an area lawwith topological entanglement entropy by showing such an expression for generic
tensor networks with local symmetry.

The primary drawback of our approach is the difficulty in rigorously demonstrating the area law expression
for generic randomPEPS states in the regime of small physical bond dimension.While we suggest some possible
assumptions underwhichwemight recover the desired result in this regime, amore rigorous resolution to this
drawback is left as an open question. A resolution to this questionwould be an important consideration if one is
interested in extended these results into a condensedmatter regime.Nonetheless, our results are still relevant in
the large bond dimension regimewhich can be considered in holography as was done previously. Here, one can
see how certainwormhole geometries (domainwalls in the bulk)may give rise to a constant correctionwhen the
entropy ismeasured on the boundary. Following this direction, onemight extend our results by considering
states with different representations for each link as a connection to holographic coherent states as described
in [15].

It’s worth noting that our construction, alongside the original results from [14], provide amethodology for
relating features of tensor networks to terms in a classical spinmodel. Thismight allow someone to extend our
model to a larger class by including other features. For example, onemay encompass all string-netmodels by
way of generalizing the symmetry to includeMPOs symmetries [18]. This would require determination of a
symmetric subspace projector for anyMPO symmetry or another way to represent a generalized symmetry on
an otherwise random tensor network. Another avenue of interestmay be to extend theG-symmetric random
tensor network construction to onewhere additional tensors without associated physicalHilbert spaces are
added to the network. It also appears straightforward to extend the correspondence to constructions like
Projected Entangled Simplex States whereby our entanglement occurs on simplices constructed frommultiple
vertices rather than between adjacent vertices, perhaps givingway to classical spinmodels with several-body
interactions.
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AHigher Rényi Entropies

In this section, wewill extend our results to a computing higher Rényi entropies. This is primarily done to
demonstrate how the topological correctionmanifests in higher entropy expressions.

We generalize the secondRényi entropy to the n-th Rényi entropy defined by

( )
( )

( )
r

r
=

-
S A

n

1

1
log

Tr

Tr
. 38n

A
n

n

Wechoose variables ( )Z n
1 and ( )Z n

0 for our numerator and denominator, respectively.

ClassicalModel Correspondence forHigher Rényi Entropies
Wecanwrite a generalization of theorem 1, extending the correspondence of these traces to partition functions
of classical spinmodels. The proof for this will follow the same structure as before butwillmake use of some
examples to elaborate as needed.

Theorem2ProjectedN-copyTrace/ModifiedN-spin IsingModel Correspondence. Let ( ) r=Z Trn
A
n

1 for a
reduced densitymatrix on a regionAwhich is described by a PEPSwith local invariance given by a finite group,G
(equation (7)). Then theHaar average of ( )Z n

1 is equivalently described by the partition function of amodified
classical n-spinmodel of spins residing on the same lattice with Ising action given by

[{ }] ( ) ( ( ) ) ( ( ) ) ∣ ∣ ( )å å åc c cG = - G - G G - + G - +
h

h
-

< >

- d h D n n Glog log log const 39x
x

x x x
xy

xy x y
1 1

i

i

where dx is the physical bond dimension of the tensor at x andDxy the virtual space bond dimension between tensors at
x and y. The functionχ counts the number of cycles of a permutation group element. Gx is the permutation group
element corresponding to the value of the spin on the same vertex. The variable hx is a boundary field which is an
identity on then copies, x, for Îx A and a cyclic permutation on then copies, ( ) x

n , for Îx A. The non-local term
is characterized by a permutation group element associated to a particular domainwall, hi, between clusters, Ghi

, and
the cardinality ofG.

If we instead have an average over ( )( ) r=Z Trn
A

n
0 , thenwe have the same correspondence but without a

boundary pinning field, i.e. = "h x,x x .

Proof.Wefirst consider ( )Z n
1 which can bemodified by a generalization of the ”swap trick”wherewe instead

permute the n copies of the state cyclically in the regionA, the action of which is given by the operator ( )CA
n . It’s

important to remember that the action of this variable is cyclic whichwill be relevant later in this section.With
this inmind, we canwrite

[ ] ( )( ) ( )r r= = ÄZ CTr Tr , 40n
A
n n

A
n

1

Our average onZ1 is now an average over n copies of ∣ ∣ñáV Vx x . This average is a symmetric subspace
projector of the n-fold tensor powerHilbert space [17] so that

∣ ∣ ( )åñá = GÄ

G Î

V V
C

1
41x x

n

n x Sym
x

, x n

wherewe replace the gxnotation frompreviousworkwith Gx to specify group elements coming from the n-copy
average and not elements of our local symmetries groups. This is to avoid confusion between the two and keep
consistencywith our former definition for gx. These Gx are permutation group elements acting upon n copies of
a single siteHilbert space but can be non-cyclic group elements unlike the single site operation by ( )CA

n . The
normalization constant
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( )!
( )!

( )=
+ -

-
C

D n

D

1

1
42n x

x

x
,

remains the same as in previous work, representing a sumof traces over each group element in Symn acting upon
each single siteHilbert space of vertex x.

Fromhere, we can split the trace into virtual and physical Hilbert space traces as done in section 2 since the
permutations still act independently on theseHilbert spaces and the local symmetric projectors are still acting on
the virtualHilbert spaces. The physical trace then shows up in the Ising action in the sameway as in [14].Wewill
give the expression for this termwhenwith the full expression for the Ising action below.

Beforewe do this wemustfirst deal with the trace over virtualHilbert spaces. The permutation group
elements act in a similar way to the swap operators from above. Rather than expressing them as operators
depending on Ising variables, however, we leave the operators in the general fromof Gx to indicate that they are
some particular permutation group element acting upon all copies of a particular virtual subspace of x. This
allows us to rewrite equation (23) as

⎡

⎣
⎢

⎤

⎦
⎥⨂ ∣ ∣

∣ ∣
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{ } { }

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< >xy xy

G
Tr

1
Tr 43v

xy
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x
x

n

x
x v nN g g

g g
xy

xy,
4

, ,
, ,

,x xn

y yn

x y1

1

where GÄ
x v,

4 represents the action of Gx of the four n-copy virtualHilbert spaces at vertex x. Note the additional
sumwhich runs over all combinations of Gx and Gy. Sincewe are nowworkingwith n-copies of our state, we

have a local symmetry projector acting on each of the copies resulting in a prefactor of
∣ ∣G

1
nN andwe have n group

elements associate with each copy for both sides of a particular edge on the tensor network. TheΩ in the above
expression is constructed in the sameway and is given by

∣ ∣ ( ( ) ( ) ( ) ( ))( ) ( ) W = ñá Ä Ä Ä Ä Ä G Ä GÄxy xy U g U g U g U g . 44n
x x y y x v y v, ,n n1 1

Performing a permutation on the virtualHilbert spaces copies of vertex x and on vertex y is the same as
performing a different permutation on x or y and an identity on the other. This new permutation on x is given by
a composition of Gx v, and G-

y v,
1 , the inverse group element. Since this is still just an arbitrary group elementwe

can just leave Gx v, andmake Gy v, an identity,mirroring equation (25).
Since composition of group elements is again a group element, we can reduce the sumover Gx and Gy to just a

sumover all possibilites for Gx whereΩ becomes

∣ ∣ ( ( ) ( ) ( ) ( ))( ) ( ) W = ñá Ä Ä Ä Ä Ä G ÄÄ xy xy U g U g U g U g . 45n
x x y y x v,n n1 1

Wecan now consider different cases for different permutation group elements, Gx v, . The action of this
operator permutes the group elements in the virtualHilbert space and its copies associatedwith one vertex of a
given edge.We now consider the permutation of group elements on each side as a relative shift in the copies
associatedwith vertex x and y, respectively. This can be given by a single permutation of group elements on one
side. Since themaximally entangled states associatedwith each edge are attached to a particular copy of the edge
Hilbert space, permutation of operators on these spaces then allows us to push the unitaries on one side of the
edge through as inverses in every possible configuration.

At this point we introduce what is called an edge group element, = -e g gi y xi i
1 , tomake our expression

simpler. It is easy to seewhy this is useful if the permutation is an identity sincewe’re doing nomore than
pushing together each copy of the edge independently. Ifmultiple such copies of an edge are dependent, thenwe
get a unitary of a product of these edge group elements. For example, if the permutation is a flip on two copies of
aHilbert space and an identity on the rest thenwe canwrite some unitary operator ( )- -U g g g gx y x y

1 1
i j j i

for some i

and j tensoredwith a unitary over one edge element for every other copy. Since a trace is invariant under cyclic
permutation of operators within the trace, it follows that the nontrivial unitary can also bewritten as

( ) ( )=- - -U g g g g U e e
y x y x i j

1 1 1

i i j j
. This can be extended to any number of dependent copies of an edge such that we

can always write our unitaries in this way.Note that these unitaries are unique up to cyclic permutation of edge
group elements.

With this inmind, Gx v, then connects copies ofHilbert spaces on one side of an edge to copies on the other
sidewhich gives rise to tensors of all possible unitaries over edge group elements where each edge group element
shows up only once in the expression. This allows us to define amap from [ ]W< >Tr xy to [ ]W¢Trx given by
translating the cycles associatedwith a particular permutation group element to unitaries over edge group
elements corresponding to these cycles. Here, the trace over x indicates a trace over theHilbert space and its
copies for one side of a particular edge (we’ve brought operators throughmaximally entangled states and
reduced the other side to an identity). As a specific example, suppose Gx v, is given by the cycles ( )( )23 145 for the
group Sym5 where ( )ijk describes a cyclic permutation of operators inHilbert spaces i, j, and k (in this case we
have ordered an edgeHilbert space and its copies in someway). Then the instance ofΩ containing this particular
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permutation can also bewritten as ( ) ( )W¢ = ÄU e e U e e e2 3 1 4 5 where each unitary operator acts on theHilbert
space associatedwith its particular edge group elements. Note that these unitary operators are unique up to
cyclic permutations just as the indices in the cycles of a permutation group element are.

Enumerating these possibilites for large order permutation groups is burdensome, butwe present the cases
for Sym4 as an example. Here, { }Îi j k l, , , 1, 2, 3, 4 with none of these indices being equal.
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We see that considering the trace this way again gives us a product of Kronecker deltas as before. Returning
to the connection to an Isingmodel, we have the same Symn-spinmodel with the same boundaryfield as in
(Hayden et. al.) butwe nowobtain additional factors of ∣ ∣G depending on solutions to equations given by the
product of delta functions. It is important to note that the expression is otherwise identical to the previously
obtained result. The higher order entropy permutation affects the number of nonzero terms in a sumof
expressions that are otherwise unchanged by the topological symmetry.

There is a subtle difference, however, in that the number of additional solutions across each domainwall in
the Symn-spinmodel is not simply ∣ ∣G but amultiple thereof. Nontrivial unitaries in the trace (those containing
more than one edge group element) give rise toKronecker deltas with additional solutions. Each nontrivial
Kronecker delta gives another set of ∣ ∣G solutions so that the additional factors of ∣ ∣G introduced at each domain
wall depends on the relative permutation across the domainwall.We quantify the number of these extra
solutions by using ( )c Ghi

to indicate the number of cycles in the relative permutation across a domainwall
indexed by hi.

The number of added solutions at a given domainwall is then ( )c- Ghn
i
. This coincides with no additional

solutions if there is not a domainwall ( ( )c = n), one additional solution if the relative permutation is a swap
on two copies ( ( )c Ä = -  n 1ij ), and -n 1 additional solutions if the relative permutation is a cyclic
permutation ( (( ))c =n1 1). The prefactor can then bewritten in a slightlymore complicated form as before
so that

⎡
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-

xy xy G G DTr . 47v
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xy
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,
4 1

i

i
x y

1

The product over hi is a product over all domainwalls in a particular configuration, { }Gx , of the Isingmodel
lattice. Notice how the separate product over bond dimensions translates to the same result as previouswork,
butwe nowhave a power of ∣ ∣G translating to the topological entanglement entropy aswewill we seemore
clearly below.

In amore concise way, we are considering a particular configuration, determining the relative permutation
across a domainwall, and then constructing an equivalence to a systemof equations given by a product of
Kronecker deltas.We can systematically count the number of solutions to determine the addition factors of ∣ ∣G .
Fromherewe canwrite the Ising action as

( )
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with the boundaryfield, hx, given by

⎧
⎨⎩

¯
( )( )=

Î
Î




h
x A

x A

,

, .
49x

x

x
n

Grouping the constant terms in the Ising action, we recover equation (39).
For ( )Z n

0 , the same analysis holds with a trivial boundary fieldwhereby hx is an identity everyhwere. ,

Higher Rényi Entropies for aNontrivial Topology
Now,we attempt towrite down the formof a generalized Rényi entropy of a randomPEPS subject to a non-
trivial topology. Applying theorem2, we can againwrite the entropy as a difference of free energies,
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1 0

where the superscript on the free energiesmeans thatwe are referring to the free energy of our n-spinmodel
following the correspondence. At large bond dimension, or low temperature, the free energies are approximated
by ground state energies. To determine the ground state, we note that the internal bond dimension term in the
Ising action is zerowhen G = Gx y , encouraging a ferromagnetic state inwhich the n2 -spins are aligned. The
boundary terms vanishwhen the particular cycle is alignedwith the boundarymagnetic field so that Gx is a cyclic
permutationwithin themagneticfield and  otherwise. This encourages a uniform identity state without a
magnetic field and exactlym domainwalls around the regionAwith amagnetic field. The relative permutation
across these domainwall is a cyclic permutation so that the sumover domainwalls is simply - n1 . Thus,

∣ ( )( ) ( ) ∣ ∣ ( ) ∣ ∣ ´
- ¶ - -Z econst. 51n

D
n D A n m G

1 inf
1 log 1 log

Without themagnetic field, there is a ferromagnetic phase inwhich the ground state energy is a constant. So, we
canwrite the difference of free energies and therefore the entropy as

( )∣ ∣ ∣ ∣ ∣ ( ) ( )= ¶ - +S A A D m G olog log 1 . 52n D inf

This recovers the area law form as desired.We do this in the case where = =d D Dx xy such that both physical
and virtual bond dimensions are allowed to be arbitrarily large. It remains as a secondary open question if the
small physical bond dimension case can be accounted forwith higher Rényi entropies as for the second.
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