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The coupled DGLAP equations at smalls Taylor approximated upto the second ordér®) and are solved
analytically. Assuming a plausible relation between quamkli gluon distribution we demonstrate that the two
different sets of quark and gluon distributions are possfldm the two coupled equations not reported earlier.
Using the proper matching condition, we then obtain the eaofgx, Q2) where they will be identical.

1. Introduction

This paper reports the solution of Taylor approximat&c:?) DGLAP [1, 2, 3, 4] equations at smatl using the
Method of separation of Variables [5]. We demonstrate thah<DGLAP equations are of elliptic nature under
plausible assumptions relating quark and gluon distritmgtiand the coupled version of them have got two alternate
solutions for quark and gluon distributions a feature naiceal earlier[6]. It gives a very restrictive rangexoénd

Q? for this validity, which we study numerically as well. Taylapproximated upt@®(z?) form of the coupled
DGLAP equations [7] are:

t%q(l” " 027(:) e A0 a;;t)“’[h(ff) +J5(2)C(1)] a%fJ(a:, t)+ O‘S*ff)xz[Jp,(x)
2
IO 2 ae 1), ()
12 (0wate0) = S0 in@) + noclate )+ D als(e) + @0 g1
+ O‘;‘—f:)xz[Jg(x) + JlQ(Q?)O(t)]%q(x’t). 2)

WhereJ;'s (i=1, 2, ...12) are explicit calculable functionsafWe assumed the relation between quark and gluon
distribution [8, 9] given by,

zg(a,t) = C(t)x Y _{qi(x,t) + G(w, 1)} . 3)
Neglecting the flavor and antiquark degrees of freedom émuéd) is can be simplified to

:cg(a:,t) = C(t)xQ(J:?t)’ (4)

whereC'(¢) is a't’ dependent function.

1.1 Solution ¢!(x,t) from quark distribution equation

In standard QCD quark and gluon distributions, are in gdmaxifactorizable inc andt. To fecilitate our solution
analytically, we however use the method of separation aghlsées[5]. We assume the solution of equation (1) to
beq!(z,t) = X (x)T(t). Substituting this in equation(1) we get the solutionTdr) as:

T(t) = exp[—k?logt + D], (5)
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where— k2 is separation constant adlis an integration constant. To obtain the solutionXofr) we define,

Az, t) = a;iff)ﬂ [Js(x) + Jo(z)C(t)],

B(x,t) = “;ff)x[Jg(x> + Js(2)C (1),
C(z,t) = a;—;t)[h(x) + Ju(2)C(t)] + k2. (6)

Assuming them to be nearly and¢ independent such that(z,t) ~ A, B(xz,t) ~ B, C(z,t) ~ C. One gets
the solution for three separate cases depending on the &iga discriminant B2 — 4AC). To that end we also
need to defineim; = =B+V/D°=4A.C 1y, o —BVE_4.A.C
CASE I: B2 —4AC > 0 (Hyperbolic equation): Ifn; andm, are real and unequal i@, # my, then the solution
q" (z,t) for quark distribution of equation (1) is

¢ (z,t) = exp[—k?logt + DJ. [c1e™" + coe™2 "], @)

wherec; andc, are arbitrary constants.

CASE I1: B2 — 4AC = 0 (Parabolic equation): Here; andm, are equal £ m), then the quark distribution
solutiong? (x, t) for equation (1) is

¢’ (z,t) = exp[—k?logt + D). [c1e™" 4 coze™?]. (8)

CASE I11: B2 — 4AC < 0 (Elliptic equation): Ifm; = o + i3, andms = o — i3 are complex numbers, where
«andg are respectivelﬁf and 7““‘20[32, then the solutio’ (z,t) of equation (1) would be

¢! (z,t) = exp[—k?logt + DJ. [e**(c; cos B + ¢y sin )] . 9)
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Figure 1: Plots (a), (b) are fdB2/4AC versusQ? and (c), (d) are foi32 /4 AC versus(? at different fixedz.

1.2 Solution ¢! (z,t) from gluon distribution equation

For equation (2) we write the solution @&’ (z,¢)) = X(z)T'(t). The analysis yields again three plausible
solutions as follows:
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Figure 2: Plots (a), (b) are fdB2/4AC versusz and (c), (d) are foi32/4AC versusr at different fixedQ?.

CASE I: B2 — 4AC > 0 (Hyperbolic equation):

k21 aC(t  ByVBTaAG _Boy/BTaAc
¢ (x,t) = exp l/ (tC’(t) B0 81(5 )> dt+ F| . [016 24 T+ e 24 ‘1, (10)

where, A, B, C are the corresponding parameters similar to equation-(6}2 is separation constant aig, ¢,
are arbitrary constants.

CASE Il: B2 — 4AC = 0 (Parabolic equation):

_i2
q""(z,t) = exp [ / ( . C]zt) - Ot 5 829) dt + F| . [61€™ + épze™] . (12)
CASE I11: B2 — 4AC < 0 (Elliptic equation):
_j2 N R A
q'(x,t) = exp [/ <tCIZt) — C’}t) 8%?)) dt+ F|. [em(él cos Sz + éosin fx)| . (12)

From equations (7), (8), (9) and equations (10), (11), (1Rpstablish that’ (z,t) # ¢! (x,t). For completeness
we also record the solution of DGLAP equations taking on{y Qterms from equation (1) and (2). Here too we
obtain two non unique solutiong (z,t) andq’(z,t) using the same method as follows:

¢’ (z,t) = exp[—k?logt + D). exp[%x + ], (13)

.exp| 5 x+ é, (14)

I B — k2 1 9C(t)
q " (z,t) =exp l/ (tC(t)_C’(t) 5 )dt+F

whereB, C, B, C are the counterterms as@n(z?) andcy, ¢, are constants of integration.
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Figure 3: Plots (a), (b) are fdk(z, t) versus@? and (c), (d) are foiz(x, t) versusQ? at certain fixed.
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Figure 4: Plots (a), (b) are fd&(x, t) versusz and (c), (d) are foiz(x, t) versusz at certain fixed?.

2. Reaults
2.1 Nature of the equation

To ascertain the nature of the above equations, we numigrigelermine 82 — 44C) and (B2 — 4AC) by
taking a;ff) = (33_62Nf) 1, Ny =1, C(t) = log(%)7,0 = 2.5[10], A = 220 MeV [11] and approximating

k? = k2 = 0. Then we see graphically in which class they belong. Fig.d1&ig. 2 showB? < 4AC and
B? < 4AC indicating elliptic nature. Fig. 1 shows that such naturaligays true for anyQ?, while Fig. 2
indicates that for large, it might have a tendency to transform into a parabolic rakor graphical representation
of ¢! (z,t) # ¢'(x,t) we approximateD = 0,¢; + ¢ = U (say) for equation (9) and = 0,¢ + & = U
(say) for equation (12)/ andU are found to b&.9 x 10 and 4597 respectively, taking the input of MSTW2008
LO [12] for up quarks with the value a§? = 2 GeV? andx = 0.005 andq(x,t) = 78.44 [12]. We obtain the
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ratio R(x,t) = ;,II(&’% numerically. Correspondingly we obtain the countertdt(a, t) = qq,jl((“;’tt)) numerically
as well, taking similar approximations as in®Y for O(x) and assuming; = 0 andé; = 0. We show it
graphicallyR(z,t) and R(x,t) as in Fig. 3 and Fig. 4 for a certain range of 9°) i.e, 0.025 < 2 < 0.225 and
0.76 < Q? < 26 GeV2. From both the figures we observe that for varieusndQ?, the two quark distributions
are identical only at certaim andQ?. However it is not obvious that one will obtain such intetseg point for

any value ofr and@?. Fig. 3 and Fig. 4 illustrate that there is no allowed range ahdQ? that will coincide.

3. Conclusion

We highlight the Elliptic nature of leading ordé€r(z2) DGLAP equations at smak neglecting the flavor and
antiquark degrees of freedom.The incorporation of flavavelsas antiquark degrees of freedom and testing with
data are currently in progress.
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