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Abstract

In this thesis we study the connection between conformal symmetry breaking
and the the renormalization group. In the first chapter we review the main
properties of conformal field theories (CFTs), Wilsonian RG and describe how
renormalization induces a flow between different CFTs. The prominent role
is given to the trace of energy-momentum tensor (TEMT) as a measure for
conformal symmetry violation. Scaling properties of supersymmetric gauge
theories are also reviewed . In the second chapter the quantum action principle
is introduced as a scheme for renormalizing composite operators. The framework
is then applied to derive conditions for UV finiteness of two-point correlators of
composite operators with special emphasis on TEMT. We then proceed to discuss
the application of the Feynman-Hellmann theorem to evaluate gluon condensates.
In the third chapter the basic elements the Trace anomaly on curved space are
examined. The finiteness results from Chapter 2 are given physical meaning in
relation with the RG flow of the geometrical quantity d (coefficient of (R in the
anomaly). The last chapter is dedicated to the a-theorem. First we apply some of
the results derived in Chapter 3 to extend the known perturbative calculation for
the flow of the central charge 3, for gauge theories with Banks-Zaks fixed point.
In the last part we review the main ideas of the recent proof of the a-theorem by
Komargodski and Schwimmer and apply their formalism to re-derive the known

non-perturbative formula for AgS, of SUSY conformal window theories.



Lay Summary

Our description of the world around us depends on the scale at which we observe
it. Looking at the table we don’t see the atoms that it is made of. As we zoom in
we start seeing these atoms and their interactions. Particle physicists zoom even
further inside the nucleus to reveal its constituents - quarks. In theoretical physics
the process of zooming in (changing the typical distance scale) can be described
mathematically using the so called renormalization. Theories which are invariant
under renormalization have a special kind of symmetry called conformal. In this
thesis we have investigated the connection between breaking of this conformal
symmetry and renormalization which is quantified in terms of the conformal or

trace anomaly.
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Chapter 1

Introduction

The renormalization group remains to be one of the most useful and universal
theoretical frameworks in the modern physics. The connection between renor-
malization and conformal symmetry has been known since the advent of RG in
1970s [9 [6] and continues to be an active research field. On the one hand the high
precision calculations of beta functions have allowed for the theoretical discoveries
of weakly coupled conformal fixed points in both IR [7] and more recently also in
the UV [8]. On the other hand the lattice QCD shed some light on the possibility
of strongly coupled conformal gauge theories [9, [10].

Despite this progress there is still a lot of work to be done. For example it is
not clear under what conditions (number of flavours etc.) can a strongly coupled
gauge theory become conformal in IR (boundary of conformal window) or whether
the standard model has a conformal UV completion. Resolving these questions
could have profound phenomenological consequences similar to the impact of the
discovery of asymptotic freedom on high-energy QCD.

Since the world we live in is not conformal (at the energies accessible to our
accelerators), it is also important to understand how the conformal symmetry
becomes broken and what are the consequences of its violation. The breaking of
conformal symmetry is very efficiently quantified through the trace anomaly. It
is the aim of this thesis to investigate the trace anomaly using a range of modern

tools and techniques.

The thesis is structured as follows. In the rest of the present chapter we will

introduce the basic concepts related to conformal symmetry and RG flows. In



the second chapter the quantum action principle will be presented and we will
demonstrate its application to define renormalized operators. We then continue
the Chapter 2 by examining UV finiteness of 2-point correlators of composite
operator and the chapter finishes with the discussion of gluon condensates.
Chapter 3 deals with the trace anomaly on curved spaces and its relation to
the fourth moment. Finally, in Chapter 4 we review the current status of the
a-theorem and present our calculations of Aa for weakly coupled gauge theories
and N =1 SUSY in the conformal window.

1.1 Conformal Field Theories

1.1.1 Basics

One possible way of extending the Poincaré group is to consider the conformal
symmetry. The conformal group consists of coordinate transformations that

preserve the surface of an infinitesimal lightcone:
ds* = n,datds” =0 . (1.1)

It clearly includes the Poincaré group as its subgroup and also additional
transformations that rescale the distances ds?> — Q2ds?. These are dilatations

and special conformal transformations. The infinitesimal version of these read

ozt = Azt Dilatations (1.2)

Szt = (x?fr —2ztz¥f,)  Special conformal transformations, (1.3)
which correspond to the following set of generators

D= ixt0, Dilatation (1.4)

K, = (2?0, —2x,2"0,)  Special conformal transformation . (1.5)

Together with generators of Poincaré group (M,

vy P, = 10,) they form the con-

formal Lie algebra isomorphic to that of SO(4,2). The additional commutation



relations are

K]
[ B,
(K Ko
K,]
M o]

(1.6)

[P

2, D — 21M,,

[ i(Mup Ko — Nuo K ) -

Representations of this algebra are formed using radial quantization wherein the
dilation operator D plays the role of the Hamiltonian with eigenvalues being the

scaling dimensions and eigenvectors the corresponding operators
[D,0] =iA0 . (1.7)

Operators then map to states through acting on the vacuum (state-operator
correspondence).  The lowest weight state/operator is called primary with
momentum and special conformal generators acting as raising and lowering
operators respectively by increasing/decreasing the scaling dimensions.
Unitarity imposes strict bounds on possible scaling dimensions of spin s states
in CFT [I1]. For example it can be shown that for spins 0, 5,1 1n d = 4 the
following inequalities hold

Ag > 1 (1.8)
3
L > 2 .
Ay >3 (1.9)
Ay >3, (1.10)

1.1.2 The Energy Momentum Tensor

For scale invariant field theories (SFTs) which are invariant under dilations the

following conserved Noether’s current called dilatation current exists [12] :
jp =T} +V*, (1.11)

where T}, is the conserved (0*7), = 0) energy-momentum tensor and V* is the

Virial current. The scale invariance implies :

T, = -9, V". (1.12)



For full conformal invariance we also need the current corresponding special

conformal transformations to be conserved:
K" = (2°n"® — 22¥2®)TF — 22" VH + 21" (1.13)

where the conservation of the above current (0, K" = 0) together with ((1.12)) is
satisfied if [13]
10, = —0,0,L" . (1.14)

for some operator LWD In practice 0,0, L* can be cancelled by local term called

an improvement term ﬂ to satisfy

Th =0 (1.15)

for conformal invariance. Throughout this paper we will use the terms scale and
conformal invariance interchangeably. Whether the scale invariance is enough
to guarantee conformal invariance in d = 4 is still an open question subject to
ongoing research [14].

As an example we can consider free massless fermions with the following energy-

momentum tensor
Ty = ihy, 0,0 . (1.16)

The trace T}/ vanishes by virtue of fermion equation of motion 49,1 = 0 so the
theory is conformal.

The energy momentum of free massless scalar reads:
1 2
Tuu = u¢au¢ - 5%11(&?) . (117)
Tracing this equation yields
1
Th = —0" D¢ = —§D¢2 +¢0g . (1.18)

Note that the second term ¢[J¢ vanishes by e.o.m and we end up with

1 2
Ty = 306", (1.19)

'To prove ([1.14) one also needs to assume symmetry of T}, which follows from the Lorentz
invariance.

2We will describe how this is done later on in Section



which is of the form (1.14) with L, = %gb%wj and therefore the theory is
conformal.

The conformal symmetry can be broken classically for example by adding masses
to particles. For example for fermions and scalars this introduces explicit
symmetry breaking terms T# = map and = m2¢? respectively. In this thesis
we will be mostly interested in quantum breaking of conformal symmetry induced
by scale dependence of couplings. The next section is devoted to explaining basics

of this process.

1.2 The Renormalization Group

1.2.1 The traditional approach

Correlation functions in QFT involve UV divergences. For a theory to be well

defined these need to be removed by addition of local counterterms to the

Lagrangian. These counterterms will correspond to new interactions or modify

the existing ones. It is important to note that divergences in QFT are local (

polynomials in external momenta) otherwise we would not be able to introduce

corresponding local counterterm in the Lagrangian.

The systematic process of adding such counterterms to the Lagrangian to make

the correlators finite is called renormalization. The procedure will necessarily

introduce a scale dependence (running) of the couplings.

To see this let us consider an example of ¢* with
ﬁzhw¥+&#&+lA4, (1.20)

2 2 4!
where m and A are finite parameters of the theory. As it stands this theory
contains some UV divergent diagrams. For example to deal with divergences in

the 4-point function of ¢ one introduces the following counterterm
1 4
L— L+ E)\Ct¢ , (1.21)
where A\ is designed to absorb the UV divergences of the 4-point function

C(p1y ey 2y A) + iAet = T(p1, ooy Pas A)ren, = [finite] | (1.22)



where T'(p1,...,ps, A) = i\ + A% x (divergent) contains UV divergent Feynman
diagrams (in particular the "fish” diagram at order \?). E| This means that A\
will be a function of coupling A and an arbitrary mass scale that was introduced
during the regularization. For example this could be the UV cutoff or u¢ in

dimensional regularization. To lowest order in perturbation theory we can write
At = 1A +O0(N) . (1.23)

In more standard notation one writes
At = NZyg— 1), (1.24)

where

Similarly by requiring a finite two-point function introduces mass and kinetic
counterterms

m*(Zym — 1), (Zy —1)(09)* . (1.26)
It is seen that the original Lagrangian now becomes equivalent
1 1 1
Lo = §Zz(égzs)? - §me2¢2 + ZZ4A¢4 : (1.27)

To make things bit cleaner one defines a bare field with canonically normalised

kinetic terms
o=\ 220 . (1.28)

The bare mass and bare coupling are then introduced

mg = Zy ' Zpmm? (1.29)
Moo= Zy2Z4\ (1.30)

so that the bare Lagrangian retains the original form
1 2, 1 95 1 4
Lo = 5(8@250) + 5m0¢0 + E)\quo (131)

This bare Lagrangian now depends on UV divergent parameters as opposed
to finite renormalized parameters (¢, m, ). The Lagrangian itself is not an

observable so this is not a problem as long as it yields finite physical quantities.

3At this stage the splitting in (1.22) is schematic. At higher orders ). feeds back into
I'(p1,...,pa, A+ Act) and an iterative renormalization procedure has to be set up.



The bare Lagrangian cannot depend on the arbitrary scale . This means that
we need to choose the pu dependence of renormalized quantities so that the bare
ones are p independent. By differentiting bare parameters with respect to u we

obtain renormalization group equations (RGEs):

d d

Ao = —A= 1.32
dh’l[l, 0 0 — dln,u /B)\v ( )
where
By = A d In(Z;7;1) (1.33)
A dln 274 '
is called the beta function. Similarly one can introduce the field anomalous
dimension
_ L1 d In Z (1.34)
7 2dnp 72 '

In(Z,*Z,,) . (1.35)

Since any correlator can be calculated in terms of (¢, m, A) we see that (74, Ym, 5))
encode the scaling properties of the entire theory. This is the idea behind Callan-
Symanzik equations which assert that bare correlators (correlators formed from

bare fields) are independent of .

d

m@o(ﬁ)---%(%» =0. (1.36)

Which then implies the following RGE by virtue of equations ((1.33)),(1.34)) and
(T.35)

0 0 )
<alnp, Oy T e, n%) (@(p1).--0(pn)) = 0. (1.37)

This equation can be used to study behaviour of correlators under dilations
(1.4) in momentum space [I5]. A simple dimensional analysis shows that under

rescaling p; — e 'p;

9, 0 9,
(8lnu * dlnm + ot + Nddﬁ) (p(e™"p1)-d(e'pn)) = 0. (1.38)

Plugging this back to (1.37]) we get

0 0

(57 gy~ (1 ) g = 0+ o)) (0 i)t p) =0 (139



This equation is solved along characteristics defined by % = [\ and dld% =
_(1 + '7m)

t
(p(e™p1)-dle™" Pa)) |t = (P(p1)-- O (Pn))|i=0 exp [nd¢t+n/ %(A(t/))dt’] ,

’ (1.40)
where the ’|;” subscript indicates that the solution is a function of the coupling
A(t) and mass m(t) evolving along the characteristics starting at A(t = 0) =
A(p), m(t =0) = m(u). Upon taking p; — pse’ in the above solution one finds
that

t
(O )l o = (0000 Nleexp |~ (ndt + 0 [ u0enar )]

’ (1.41)
By studying in the large ¢ limit, some information about the UV behaviour
of correlators can be revealed, which is something that will be exploited later on
in this thesis.
Before we proceed we need to discuss the issue of scheme dependence. One
may always choose a different A,y — AL, in to define a different (finite)
renormalized correlator. The new counterterm A, will differ from the old one
by a finite (possibly p—dependent) constant. The choice of this finite constant
defines the renormalization scheme. The choice of scheme is entirely arbitrary
as long as the physical observables and bare quantities remain unchanged. The
renormalized Green’s functions themselves are not observables, only the resulting
cross-sections, masses of particles etc. are truly scheme independent quantities.
Typically one picks a scheme that suits purposes of given calculation. For example
the on-shell scheme is defined so that the renormalized mass m is equal to the
physical pole mass of the full propagator A(—k? = m?)|en_sney = 0. Perhaps the
most popular is the minimal subtraction scheme (MS) where the counterterm is
chosen to include divergences only.
It is worth mentioning that beta functions and anomalous dimensions do depend
on scherneﬁ since they are entirely determined by the choice of counterterms. This
does not necessarily mean that they are devoid of physical content as we will see

in the next section.

4Tt can be shown that the LO coefficient g of 7, and first two coefficients 8y, 81 of the beta
function are scheme-independent



1.2.2 An intuitive approach- Wilsonian RG

Wilsonian RG represents an alternative point of view on the issues discussed above
where the scaling of fields and couplings arises naturally from coarse graining of
the underlining UV physics. In this formalism there always exists a cutoff A which
is much larger than masses or momenta of IR degrees of freedom and therefore
effectively separates the potentially unknown UV physics from observable IR. This
idea has lead to very successful program of effective field theories where one can
study low-energy regime of field theories without the knowledge of corresponding
UV Lagrangian.

To introduce some basic ideas of Wilsonian RG let us consider again the example
of scalar field theory where momentum modes with p? > A? have been integrated
out

d4k ikx
oa(z) = /|k|§A (27?)46 o(k) . (1.42)

The couplings and renormalization factors of this theory will depend on A with
1 2 L o o 1 4
LA(9) = 5067 + SmA(M)6* + AW (1.43)

This Lagrangian describes UV physics at the scale A. To get an effective
Lagrangian at some lower scale A’ the modes with energies A > |k| > A’ need
to be integrated out using the Euclidean path integral. One defines the effective
Lagrangian £, through

ot = /D%zkle'@_MAd% : (1.44)
After performing this path integral one obtains

Lo = 3200 A)@6 + 3P (V)6 + AW + (W) (145

n>2

The new couplings ¢, correspond to operators of higher dimension allowed by

the global symmetry ¢ — —¢ and will appear suppressed by inverse powers of

A’. For low energy processes with the typical energy E < A’ these operators
E

will contribute factors 7. In principle one should also include higher derivative

corrections such as ¢[1%¢ but these will be again suppressed by inverse powers of
A

In practice the path integral (1.44) is computed using the background field
method. In the background field formalism one splits the field ¢ = ¢p + 00,



where ¢, is treated as background field and ¢ = ¢p>k>as is path integrated
over. To lowest order this can be done explicitly (see [A.1]) giving results:

Z(AN) = O(AA)?)

m*(\) = m*(A) + 1617T2A(A)(A2—A’2)+ 16W2A(A)m21n(%)+0(>\(/\)3)
AW) = AQ) - 1637T2)\(A)21n(%) + O (1.46)

Next step is to rescale the field ¢ — Z(A,A))"2¢ and define the renormalized

parameters

AA) = Z72(A, A)AN) (1.47)
m2(A) = Z7V(A, N)ym2(A) (1.48)

to bring to the same form as the original Lagrangian so that the
entire procedure can be repeated by integrating out modes between A’ > |k| > A”
etc. [l

In the last step the RG equations are obtained by taking A’ infinitesimally close
to A and studying the change in effective Lagrangian. This is done by introducing
a blocking parameter a so that A’ = e®A and then differentiating %ﬁ,\/\azo. It

is then used to define for example the beta function through

d d

r = AJA(A) - “dlna

AA)a=0 - (1.49)

To LO (1.46) may be used to give 8y = 25 2(A) + O(A3). Note that in (1.49)

1672

it was implicitly assumed that <= \(A) = 0. This is reminiscent of (1.32) and

indeed, in Wilsonian context one can think of bare couplings as some initial UV

values that evolve into IR under RG flow. A natural question to ask is whether
the far UV and deep IR limits exist. We will now turn to this question following
closely the reasoning presented in [16].

The main question is whether the cutoff A can be safely taken to infinity to define
a continuum limit. To study this one may wish to invert :

A(A)
exp / dy) _A : (1.50)
xw Bx)oon

5Note that the mass also requires additive renormalization to tame the quadratic divergence
in (1.46), which is related to the naturalness problem.

10



where p represents some IR cutoff scale (for example it could be the mass of a
particle). First, we may analyse whether the UV limit A — oo exists. Clearly
this can happen only if the integral

A(o0) d
/ A (151)
OB

diverges. This in turn implies that ) has zero at A\(oco). If this happens we say
that theory has an wultraviolet fixed point and becomes scale invariant for high
energies. The UV scale invariance of such theory follows from observation that
in the far UV any finite mass can be neglected since m < A so the only source
of scale breaking is the running coupling A. In general we recognize two types of

scale invariant UV behaviour.

e Asymptotic Freedom
The theory becomes free in the UV. This property is desirable since it
allows for reliable perturbative calculations for high-energy processes. A
most famous example of such theory is QCD [I7, 18] which consists of free
quarks in UV. Assuming that A > 0 this means that coupling will gradually
decrease towards zero as we increase A and the LO beta function takes the

following form close to UV fixed point:
By = —bpA\" T+ O\ (1.52)
with r, by > 0. The solution to this equation reads:
A(N) = () (1 + rboA(p)"t) ™" | (1.53)

where the RG time ¢ = In A/p was used. This solution decays for large ¢ so

the use of perturbation theory in this regime is justified.

e Asymptotic Safety
The theory is scale invariant and interacting in the UV. Such fixed point
was first found by Wilson [19] using € expansion about 4D. More recently
nontrivial UV fixed points were discovered in gauge-Yukawa theories []. If
the beta function is positive A will increase until it reaches the critical value

A* when the beta function vanishes. Close to this point

Pr = —lal(A=A"), (1.54)

11



for some constant |a|. The solution reads
(AA) = X) = (A(n) = A)e el (1.55)

Hence the coupling approaches its asymptotic value A* exponentially fast.

In both of the above cases the theory becomes conformal, which means that all the
scaling dimensions become physical observables (c.f (L.7))). Thus for the example
at hand would need to approach a constant v* for large p.

The remaining possibility is that ) does not vanish in the UV and the coupling
continues to grow until it blows up at a scale Aypp called Landau pole which can
be determined from (|1.50))

ApLp = pexp (/ @) . (1.56)
Aw) B

Existence of Landau poles does not imply that the theory is wrong. It simply
means that theory should be understood as some effective low energy description
which breaks down for energies comparable with A;p where more input is needed
(new states, interactions etc.). An example of theory with a Landau pole is QED,
however here the small value of fine structure constant forces Arp > Mpiancr SO
the high energy QED computations are justified for all practical purposes.

It now remains to discuss the deep IR behaviour when all the masses are set
to zero so that theory doesn’t have any explicit IR cutoff. The question now is
what happens when © — 0 in . As before the 1.h.s needs to diverge which
happens when there is an infrared fized point where 55\(A(0)) = 0. Just like in
the case of UV fixed point it can be Gaussian (non-interacting) and the previous
discussion applies with by — —by in so that A(u) — 0 for g — 0. The above
example of ¢! in 4 dimensions falls into this category. Also, for example QED
has this property - interaction between electrons is screened at large distances.
The examples of interacting IR fixed points will be studied in more detail later
on in the Section [[.3.4l

In case the theory doesn’t possess an IR fixed point, the limit © — 0 can’t be

taken, the coupling A\ — oo at some finite scale u,. which can be obtained from

(T50)
< dA
fle = JLEXD (/ —) ) (1.57)
M) P

Usually this scale signals confinement phase transition where the strong dynamics

takes over and physics needs to be described in terms of corresponding bound
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states (e.g. in QCD these would be pions, glueballs etc.).

1.2.3 Trace Anomaly and Composite Operator

Renormalization

In this section we will present yet another conceptional view on RG flows. Let us
summarize what we have learnt so far. We saw that renormalization generates
scale dependence of the couplings. For theories with continuum limit this flow
begins at a UV fixed point with A = \* where the theory is conformal. The
position of this point can be inferred from zeros of beta functions.

Let us now revert this reasoning so that instead of deducing the UV fixed point
from RG flow we will generate a flow by deforming a CFT in the UV. This is
done for example by adding a primary operator O to the CFT action [f

S = Scrr + )\/d4a:0(:c) : (1.58)

In a generic case, this won’t be a CFT any more and the coupling A\ will acquire
dependence on RG scale. As we saw in Section the operator O has a
definite scaling dimensions Ap = dp + ¢, where dp denotes its naive engineering
dimension and 7, is its anomalous dimension. In the generic case this anomalous
dimension won’t be just the sum of anomalous dimensions of its components (e.g
#(x) in O(z) = ¢*(z)) as additional renormalization is needed to deal with UV
divergences when all the components are defined at the same point.

Based on dimensional analysis one can see that close to the UV conformal theory
lowering the cutoff A — A’ the deformation will behave as A ~ (AX/)(AO_4). We
then distinguish between three cases. If Ap > 4, the deformation will vanish
as the cutoff is lowered and thus it won’t affect the IR so the corresponding
operator is called irrelevant. If Ap < 4 the operator is called relevant and the
deformation will grow in the IR to drive the flow away from the original CFT.
An example of such flow can be seen in deforming massless Yang-Mills theory by
a quark mass mgq which will flow between a theory with Ny quarks to the one
with Ny — 1 quarks as we change m from 0 to co. The deformation with Ap = 4
is called marginal and it runs logarithmically so that no further information can
be inferred without the knowledge of its beta function. Usually such theories

possess an IR fixed point where the corresponding beta function vanishes. Only

6Conformal symmetry can also be broken spontaneously via vev of some operator but here
we don’t consider that case.
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the latter two cases lead to an interesting IR behaviour since theories that differ
by an irrelevant operator are in the same universality class and are expected to
flow to the same IR CFT. In fact in the remainder of this thesis we will be mostly
interested in the case of marginal deformations.
As we already mentioned above, the running coupling A\(u) breaks the conformal
symmetry. This breaking of conformal symmetry condition is quantified
by the trace anomaly:

T =B[0) +... (1.59)

where the dots represent equations of motion and possibly other operators that
vanish when applied to physical states so these will be neglected in the present
thesis. A rather peculiar example is massless QCD [20] whose coupling appears

in the combination %lg%(GZV)Q so that the deformation corresponds to A = g% with

18,
TH = —5?[(6:#”)2] +.en (1.60)
where § = (‘ﬁ—ﬁz is the logarithmic QCD beta function and the notation |...]

in (1.59) and indicates that the operator [O] is renormalized so that
physical operator T remains finite. The renormalization of a composite operator
is quite difficult task in general. One needs to ensure that single insertions of the
renormalized operator into correlation functions remain finite and this can induce
mixing with operators [21].

Assuming that O does not mix with other operators its renormalization is reflected

through the appearance of the anomalous dimension vo defined through

_d
dlnp

(0] =70[0] . (1.61)

In the case at hand one might deduce the renormalization of [O] directly from
(1.59) and the physicality of T which implies the following important condition:

d
TH = . 1.62
dlnpy * 0 (162)
Together with ([1.59)) this implies that:
dln 3
= 1.63
0= Ung (1.63)
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The above can be straight-forwardly generalized to the case of multiple marginal

couplings {g*} with the following trace anomaly

_ A
O=T/=0 0a] (1.64)
where g4 = dl‘ngA. Due to mixing of operators under renormalization, the

anomalous dimension becomes a matrix v%. More explicitly

_d
dlnp

[04] =£[05] . (1.65)
We can use ([1.62)) again to derive a condition

B4 = 654 (1.66)

For the cases where the mixing matrix can be diagonalized 7§ — 70, the
equation ([1.66)) simplifies drastically and the relation (1.63]) can be generalized

dln 4
= 1.
For non-diagonal case ([1.66|) can be solved by writing A = 63‘35—2 to give
op4
Vi = agF (1.68)

The above analysis is only valid for exactly marginal operators, which is the
main focus of this thesis. Deforming the UV CFT by relevant operator amounts
to explicit breaking of conformal symmetry by the dimension of the coupling (see

the discussion at the end of Section [1.1.2]). Thus for CFT deformed by relevant
coupling A to operator O with the UV scaling dimension Ay we get:

where v\ = —g%ﬁi. A well known example is obtained by deforming massless
QCD ([1.60]) by quark mass operator gg which leads to
I ]' /8 a 2 _
U _5?[((;‘”) |4+ (1 + ym)mlaq] - (1.70)
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1.3 Renormalization in SUSY

Supersymmetric gauge theory is constructed by writing down a general gauge in-
variant action that is simultaneously invariant under the action of supersymmetry
generators 0, Q. This can be done in an elegant manner by using superfields (see
Appendix [B.2). Projecting to 66 component of a chiral superfield the SUSY
invariance is achieved since it gets annihilated by the SUSY raising operator ()
and becomes a total space-time derivative under the action of Q. || Similarly it
can be seen that the highest component (6262) of any superfield is mapped to
a total derivative under the action of @, Q. Using the property of Grassmann
variables that the integral df? picks up the 62 term (and similarly for df? and 6?)

one can now write a SUSY, gauge-invariant Lagrangian

1 1 _
L= d02TrW2+(h.c)+§ / do*do*®Te ™V ® + / dPW(®) + (h.c)

= i

(1.71)
where the superfields (®,®7,V) together with their gauge transformation
properties have been defined in the Appendix The holomorphic function
W is called the superpotential. In addition to the SUSY and gauge invariance
one also requires invariance under the global R-symmetryf that rotates fs and

fields simultaneously:
R®(0,7) = " ®(e "0, z) . (1.72)

The R-charge r has to be determined in such a way that leaves invariant.
For example, with W = m®? we need r = % (N.B. the measure also transforms
d6* — e~%*dh* ). This symmetry (together with other U (1) symmetries) becomes
an important tool to constrain the form of the low energy effective actions.

Now we proceed to discuss the perturbative renormalization properties of .
We will follow the reasoning of [22]. The non-renormalization can be also
understood diagramatically from supergraphs [23].

The usual statement of non-renormalization theorem is that the superpotential
W (00 components of superfields are called F-terms) doesn’t renormalize in the
perturbation theory. This can be readily understood by looking at the action
. Notice that the interaction vertices carry an integral over all superspace

"this follows from Q = D — 2i00

8In SUSY there exists a combination of U(1) charges that does not commute with the SUSY
charges. If we go to higher SUSY theories the R-symmety also rotates the SUSY charges (say
in A/ = 2 we have SU(2) x U(1) R-symmetry ).
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[d6%d6?. Hence also the gauge vertices (V3 V*) can be written in this way
after expanding the W? in terms of V using and using that D? behaves
as df? in combination with the d#? measure. But since the superpotential is
of the form d?0)V and the superfield propagators only contain superspace delta
functions [23] which can’t remove the extra df? we conclude that the vertices
can’t contribute to the renormalization of F-terms. This can be directly applied

to the renormalization of the mass
Zmm®? (1.73)

where one concludes that Z,, = 1. Note that by (1.29)), this implies a non-trivial

relation

V= —%vm (1.74)
between the field and mass anomalous dimension in SUSY theories.
The non-renormalization theorem does not apply to the matter kinetic term
with factor of d§?df? (such terms are called D-terms), which do indeed receive
perturbative corrections contributing to the anomalous dimension 7. Similarly,
as we have seen the W? can actually be written as a D-term and thus can have a
running coefficient in front of it in perturbation theory which generates the beta

function of the theory as will be seen shortly.

1.3.1 The Konishi Anomaly

We start by reviewing some basic knowledge about chiral anomalies in non-
supersymmetric YM theories. Any theory containing a chiral fermion has

anomalous axial current [24], 25] with

, T S
8M]f1 = @tr(GwG” ) 5 (175)

where C?W = %EWPUG""’ is the Hodge dual of G* and T% is the Dynkin index of
the representation of R of the chiral fermion. The chiral anomaly coefficient in
can be calculated from the massless fermion triangle with j, insertion at
one of its tips.

Alternatively, this can be seen as a quantum anomaly of the Jacobian under a

chiral rotation [26]
W — ey
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) — e (1.76)

which does not leave the path-integral measure invariant

D()D(¢) — D()D(v) expltrln J + trin J] . (1.77)

Here J, J correspond Jacobians under rescaling (1.76)). The equation (1.76)) can

> (6% 1 . . ;

To preserve the invariance of the path integral one needs to to include a new

interaction tr(GG) by means of the following term in the action:

HYM =
~ 5 Tr(GG) (1.79)

The Yang-Mills angle 6y, transforms under the chiral rotations (¢ — 1))
QYM — QYM — 20éTR . (180)

In non-trivial topological backgrounds the anomaly ((1.75)) can be related to the

fermion zero modes through the Aytiah-Singer index theorem [27]:

/d%Tr(Gé) . (1.81)

T T g
Where n,, and n; count the fermion zero modes and antifermion zero modes
respectively.

The integer in is a topological invariant called index. In particular if the
R.H.S of is nonzero it means that G/, doesn’t vanish at the boundary of
space-time which is true for example for an instanton configuration. For instanton

configurations, which are self-dual (G = +G) we have:
e=Sinst — a7 & — oG (1.82)

The equation (|1.82)) is then understood as n—instanton configuration amplitude
and clearly, it becomes more significant as the coupling grows larger so it is a
non-perturbative effect. It has been shown by Adler and Bardeen [28] that the
chiral anomaly does not receive any higher loop corrections in perturbation

theory. In addition the topological character of the anomaly prevents it from any
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non-perturbative corrections.
All of the above extends to SUSY quite naturally. Here one considers the Konishi

anomaly [29] under a superfield rescaling

®— P
of - Pt (1.83)

As before, under such rescaling the path-integral measure D(®)D(®') pick up a
contribution from anomalous Jacobian under ([1.83]) which amounts to a shift in
the Lagrangian

OéTR
1672

LSYM — LSYM -+ /d92W2 + (hC) . (1.84)
Note that one can also recast the Konishi anomaly into an operator equation
using the resulting anomalous Ward identity [29]:

ow

ToW? + &— 1.85
R + 5P ( )

1-
—D*®TeV® =
g7 T ¢ 1672

which is valid as an operator insertion up to contact terms.

Few remarks about this SUSY generalization of are in order. First, notice
that taking imaginary o — ¢ amounts to chiral transformation. Using we
see that reduces to (1.78)) (the extra factor of 1/2 comes from the fact that
superfield ® contains a Weyl fermion so we need two superfields to form a Dirac
fermion). Next observation is that taking a real o amounts to rescaling of matter

fields by real parameter, which is closely related to conformal transformation of

fields. By using (1.83]) and (B.25|) again with « real we get

CVTR 2
1672~ 7

Lsym = Lsym — (1.86)

where the fermionic part was omitted. This is indeed reminiscent of QCD trace
anomaly. The remarkable property is exactness of Konishi rescaling anomaly for
general o. For real o a similar rescaling anomaly can be defined in the absence
of SUSY [30], where it receives further loop corrections. SUSY allows one to
extend the exactness of chiral anomaly to a general field rescaling which is a very
powerful tool as will be seen later on in this thesis. A more thorough investigation
of the Konishi anomaly has been carried out in [31] for certain classes of gauge
groups such as the adjoint representation of SU(N) and Sp(N) groups using the

Wess-Zumino consistency conditions.
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Exploiting same ideas as above SUSY allows for very natural incorporation of 6y,
by complexifying the inverse gauge coupling g%. Looking at (B.25)) it is readily
seen that the topological term from ((1.79)) can be written as I'm(d6*W?). Thus

complexifying g% in (1.71])) we can write Lagrangian with 8y-;; more compactly as

1 21172 1 2 1172
Louge = 15— / APTW? 4 (hc) = T / aPTW?) . (187)
where the holomorphic coupling
4y QYM
=—+ - 1.
T 92 o1 ( 88)

was introduced. This parametrization will be important when deriving the
standard nonrenormalization theorem for coupling which is reviewed in the next

section.

1.3.2 SUSY Beta Functions

The discussion of this section is based on ideas in [32]. Before we proceed to
discuss SUSY beta functions, there is one further important concept that we
have to introduce - the holomorphy [33][34] . The main idea is that one can treat
the couplings as background fields (expectation values of some very heavy fields).
Then the couplings \; that appear holomorphically ﬂ in the UV action (couplings
of the F-terms) also have to appear holomorphically in the low energy effective
theory. In combination with the R-symmetry this puts severe constraint on the
form of low energy Lagrangians and it can be used to determine the form of the
SUSY beta function.
At the one loop level the Wilsonian evolution of g% from A to a lower scale A’ is
given by

1 1 bo A

ORIV

(1.89)

where by = 3T — >_ Tk, is calculable by adding up one loop contributions from
all the superfield components. Going to the complexified coupling ([1.88) we note
that the RG evolution of 7 is holomorphic. Also, since rotating 6y, by 27 leaves

the physics invariant we require:

T—T1+1 (1.90)

9As in the theory of complex of functions, the holomorphy requires explicit dependence on
A; only, whereas the anti-holomorphic function depends only on )\;f
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to be a symmetry of the theory. The Wilsonian beta function of 7 is then defined

through ((1.49)
d

= f(r), (1.91)

where the function f(7) needs to be periodic in 7. This allows one to expand f

in Fourier series

fr) = ane™™ . (1.92)

n>0
This sum is to taken only over n > 0 since Re(2mit) = —% so that
f(r(A)) — %2 as A — oo which is expected from (1.89) (in another words

we expect the beta function to be consistent in the weak coupling limit). Note

that ay = 12"—7‘3 is the all-loop perturbative running of g% since n > 0 terms are

which cannot arise in perturbation theory (c.f instantons in

proportional to e ¢

(1.82))). Hence as far as perturbative corrections go, the evolution (|1.89) seems
to be exact. Just as for Konishi anomaly the one loop exactness arises because
we can treat g% and 0y, as parts of the same coupling in SUSY. However this
reasoning is not quite complete.

Since neither the holomorphy, nor the nonrenormalization don’t disallow the
matter kinetic term to run, the matter fields do renormalize (at all loops) and
this has to be taken into account in Wilsonian approach. After integrating out
the physics between A and A’ as in the effective IR Lagrangian will take

the form

1

b = 4g2(A)

1 _
/ dGQTrW2+(h.c)+§Z(A’,A) / dO*d*®Te "V &+ / doPW(®)+(h.c)
(1.93)
where #A,) is given by (|1.89)). In Section|1.2.2]we saw that in a Wilsonian scheme
one works with canonically normalized fields and the rescaling

1
b5 —¢ 1.94

VZ (194
needs to be performed before calculating the beta function. Such rescaling comes
at a prize of Konishi anomaly (1.86]) which clearly contributes to the running of
g% in ((1.93). In fact by using (|1.86) with o = —% In Z one can easily see that the
rescaling ([1.94]) leads to a new, shifted effective coupling

1 1 bo A Tg

PA) M) s N s AN (1.95)
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By making infinitesimal variation of the cutoff and using 8, = —g* 5% one obtains
g
the NSVZ beta function

3

1672

Bnsvz = — (bo +TR) , (1.96)

where v = dl%ln Z. Usually, the NSVZ beta function comes with the

denominator o which arises because of the choice to work in a particular
- 872
normalization of the gauge field with & in front of W2. To get the action to

g2
the canonical form one needs to take V' — ¢V, which again leads to an extra

contribution to % through the Konishi anomaly. In this thesis a non-canonical
normalization is assumed so that (1.96]) remains the correct beta function of the
theory.

1.3.3 The Anomaly Multiplet

The main idea is that in SUSY, the anomaly currents form a supermultiplet [35],
Jae whose lowest component is a current jg, H, the lowest fermionic components
are the the conserved SUSY currents sy, Efj and the second bosonic component

involves the energy momentum tensor 7),,. Omitting the auxiliary fields E:

. «a 1 = nNo s vy 2 1 o
T, = ]Ru—f—Qa(s#—ga#s)—i—Q#sd—l—Qa 9<2TW_gnuvT5+§€quoapJR)+"‘ (1.97)

where the Pauli mapping J, = 77%Jas to map from between SL(2,C) and
Lorentz indices. One also needs to impose the following condition

DY Toe = Do X | (1.98)

where X is a chiral superfield D4 X = 0. Equations (1.97) and (1.98)) determine
the form of X. In particular by using that X|pz = $D*X|y_g_o we get

1 =4 2 .
Xlp2 = ZDaDajadlgzgzo =3 " +i0 - Jr . (1.99)
Thus we see that the supersymmetry forces the trace anomaly to be on a par with
chiral anomaly. This is something that has been already seen in Section [1.3.1]in

the context of Konishi anomaly.

10The notation might be slightly confusing here, since for non-conformal theory the current
Jr does not need to correspond to an R-symmetry in general.
N These are necessary to keep the number of fermionic and bosonic d.o.f. equal
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If either X = 0 or X = D?Y for some anti-chiral superfield Y, the theory is
superconformal. By examining ((1.99) we see that X = 0 corresponds to

TH=0; 9-jr=0; (1.100)

which is consistent with the conformal symmetry condition as expected.
™

Thus we see that in a superconformal there exists a conserved current jgz which
will correspond to a well defined R-charge of the theory. The fact that this R-
current and the energy-momentum tensor (and therefore the dilatation current
(1.11])) are related by supersymmetry means that for each operator there will be
a relation between its scaling dimension A (dilatation charge) and its R-charge
R. Using the properties of superconformal algebra an explicit relation can be
derived [306],[37]

A= gR : (1.102)
the relative numerical factor % nicely corresponds to the one in as one would
intuitively expect. The equation (|1.102]) represents a very powerful constraint on
the field theory, in that it equates the internal abelian symmetry with spacetime
symmetry. Since the R-charge is simply additive quantity just like an electric
charge, in practice implies that the scaling dimension of composite
operators (c.f Section is equal to the sum of dimensions of its constituents.
From the superconformal symmetry implies the following relation

[D, 0102] == Z(Al + AQ)OlOQ 5 (1103)

where A; and A, are the scaling dimensions of O; and O, respectively.

It is not the purpose of this thesis to review all the beautiful consequences of
superconformal symmetry, however the relation (1.102)) will be essential for the
discussion in the next section.

At the end of this section we to turn to a relevant example of SUSY gauge theories.
For SUSY Yang-Mills theories the form of X is well known [38]

2 Wby
X = §[3W—zi:<1>i£+

1 _
T triV? + 3 > uD*®le V@] | (1.104)

2The latter case X = D?Y corresponds to
T = 4005 ; (1.101)

where 7 is the scalar component of Y. This can be derived via useful identity D?>D?Y = 1600Y
true for any antichiral superfield Y and it is indeed consistent with ({1.14]).
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Here the first two terms represent the explicit scale violation by the superpotential
the second term is the one-loop trace anomaly contribution with by defined as
in the previous section and the third term represents the contribution from
anomalous dimensions of the matter fields. The following exercise can give some

insight into the NSVZ beta function. If we take zero superpotential WW = 0 and

apply the Konishi anomaly ((1.85) the (1.104]) becomes:

2

X =—
31672

aW2(bo + Y Trvi) - (1.105)

By projecting on the 6? component using (B.25)) one obtains

1 1
T — =
k21672

(bo + Z Tryi)G* . (1.106)

This is perfectly consistent with the gauge theory trace anomaly formula (|1.60))
if
_dlng g

- ——9 Tri) | 1.107
ﬁ dln,u 167'('2( 0+Zz: sz)/) ( )

which is in accordance with ((1.96)).

1.3.4 The Conformal Window

Let us now consider SU(N,) gauge theory with SU(Ny) x SU(Ny) flavour
symmetry. The matter sector contains chiral superfields ® and ® transforming

in fundamental and anti-fundamental representation representations respectively.
This theory has Tp = 1/2, T = N, and the NSVZ beta function reads:

3
f=- 1(“;2 [(BN. — Ny) + Nyl . (1.108)

For the asymptotically free case with Ny < 3N, the above beta function has an

IR fixed point with:
3N,

_Nf

V=1 (1.109)

The above condition determines the anomalous dimension of composite operators
made out of chiral superfields ®, ®. This follows from the discussion in the
previous section namely ((1.103). For example the dimension Agg of the
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composite s-meson ®® is given by

Npp =247 =3-225. (1.110)

Here it was used that the scaling dimension of superfields ® and dis 1+ %
Note that the scaling dimension of a superfield ® = ¢ + ... is equal to the
scaling dimension of its lowest component (s-quark) ¢. Therefore the dimension
of composite s-quark ¢¢ is equal to Agg- In Section we saw that unitarity
imposes constraints on dimensions of fields in CFT. In particular for scalar
operators the relation holds which in turn imposes condition

3N,

2> . 1.111
> 5 (1111)

Together with asymptotic freedom bounds Ny < 3N, the bound ((1.111)) defines

the so called conformal window
3
§Nc < Ny <3N, (1.112)

which comprises the SUSY gauge theories with IR fixed points.
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Chapter 2

Quantum Action Principle, Contact

Terms and Condensates

This chapter is devoted to study of matrix elements of composite operators
and their products. In the previous chapter we have already touched upon
the topic of renormalization of composite operators in Section when
considering the important physical example of trace anomaly. In fact, composite
operators are often related to physical observables (e.g. currents or the energy-
momentum tensor in QCD) so it is important to be able to define their matrix
elements systematically. In essence, the present chapter introduces two important
theoretical tools to achieve this goal - the quantum action principle (QAP) and the
Feynman-Hellmann theorem. Both of these are based on the idea of differentiation
wrt finite external parameter and thus can be seen as complementary. A
particular emphasis will be given to explicit examples to illustrate usefulness
and beauty of these ideas in practical computations.

This chapter is divided into three parts. In the first section we introduce the
concept of Quantum Action Principle (QAP) in the presence of local couplings
and use it to define renormalized two-point functions of composite operators.
This part does not contain any new results per se, but it aims at providing an
explicit pedagogical application of the local coupling formalism in QFT. As a
warm up exercise, the formalism will be first applied to free fields and then we
will move on to more physically relevant examples of scalar and pseudoscalar
glueball operators in QCD. The discussion presented in Section is based on
notes written together with my supervisor Dr. Roman Zwicky.

The second part of this chapter contains the bulk of new results contained in
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[3] that have to do with finiteness of two-point functions of gauge invariant
composite operators with particular emphasis on correlators of trace of the energy-
momentum tensor (TEMT). The main tool here are RGEs corresponding to
contact terms and the QAP is utilized directly to show the finiteness of TEMT
correlators in the presence of condensates.

Finally in the last section the Feynman-Hellmann theorem is used to define gluon
condensates in various theories. The problem is approached from Hamiltonian
point of view rather than conventional Lagrangian formalism. Again, the explicit
examples of relevant computations are presented to clarify the formalism. This

section is based on a published paper [39].

2.1 OPE, contact terms and QAP

Contact terms appear in practical computations involving the operator product
expansion (OPE) [40-43] in configuration space whenever the two coincidence
limit is considered where they correspond to delta functions d(z — y) and
derivatives thereof. They do play an important role as they are associated with
anomalies (see [44H40] for recent progress), which will be discussed in more details
in the next chapter. For now let’s just mention the example from the previous
chapter - the chiral (triangle) anomaly which can be understood as a contact
term in the 3-point function of currents. On the other hand contact terms
are not important when studying the (massive) spectrum of 2-point functions
(e.g. QCD sum rules [47] or lattice QCD [48]) since they bear no relation to the
spectrum. At the technical level one may view contact terms as the counterterms
of the short distance singularities 1/(z — y)" of the OPE. In euclidean space,
assumed throughout, two operators at small distance allow for an OPE [40] which

is schematically given by
z—0
(04@))[05(0)] "= = 2 p@I0cO] + 06, (21)

where as before the [..]-brackets denote the renormalization of the operators
or normal products in the language of the original papers [41H43]. In these
works the OPE was shown to hold in perturbation theory and has also enjoyed
phenomenological success in the non-perturbative regime where it is expected to
hold [49].

For a theory close to a trivial fixed point, such as QCD in the ultraviolet (UV),
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it makes sense to parametrize
&ip(w) = (a%)\dem a2 CY () | (2.2)

Above dc is the engineering dimension [[]of Oc and C§(z) are the dimensionless
Wilson coefficients subject to logarithmic corrections in perturbation theory.
The OPE is well-defined for x # 0 but exhibits local divergences in the
limit 2 — 0 requiring additional renormalizationf] This becomes necessary
for example when the 2-point function is analysed in momentum space which
amounts to integrating over d*x. Since the divergences are local the prescription
to renormalise O4O0p is the same as for any other composite operator [41], 42].
Namely, add all operators of equal or lower dimension with the same quantum
numbers to the bare Lagrangian and allow them to appear only once in the
perturbative expansion. These operators are precisely the operators O 4 appearing
on the right-hand side in (2.1]).

We will see that this renormalization procedure becomes automatic when the local
quantum action principle (QAP) is used to generate n-point functions since finite
answers are guaranteed by construction (differentiating finite quantities with
respect to finite parameters). The cancellation of divergences becomes explicit, in
the sense of distributions, upon Fourier transformation into momentum space. We
now proceed to review the consequences of QAP applied to the 2-point functions

followed by examples of free scalar, fermion and a QCD-like gauge theories.

2.1.1 Quantum Action Principle with local couplings

Schwinger’s QAP [50] ensures that functional differentiation of the renormalised
(finite) generating functional and parameter is finite. This has been exploited
to define a scheme for renormalised composite operators [51H54] with particular
important applications in the context of the trace anomaly in QED [55], QCD
[20, 56] and curved space [57, [58]. The idea to work with local couplings
emerged from at least two avenues. First in the mathematical renormalization
program of Epstein-Glaser [59-61] where fields are interpreted as operator-valued
distributions in coordinate space. Second through quantum field theory in

curved space time from the synthesis of functional differentiation wrt the metric

IFor a non-trivial UV fixed point one needs to replace dc — Agv where Agv is the scaling
dimension of O¢ at UVFP.

2The OPE (2.1)) itself might be viewed as a (point-splitting) regularisation of the operator
040sB.
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and Callan-Symanzik equations [62H65]. The local renormalization group (RG)
served as the basis of a thorough perturbative investigation of the a-theorem [66]
and continues to evolve into new aspects [67, [68]. Crucially, finiteness of the
QAP is extended to local couplings provided all terms in the coupling including
derivatives allowed by symmetry and dimension are added to the bare action [63].
Differentiating the generating functional wrt two local renormalised couplings is
finite and also generates the 2-point function as well as a local contact term.
Hence the contact term is to cancel the local divergences of the 2-point functions
discussed in the context of the OPE.

This work relies on the renormalised QAP which states that functional differentia-
tion wrt to a parameter and renormalization as well as path integration commute.
This has been shown to hold in d = 4 — 2¢ regularisation (DR) in the MS-scheme
[52]. Let the bare action be defined by S*™* = Sp 4 S

So = /ddxg()q(x)OA(x),

st = [dtout Ly O @B () + 0@ . (23)
where the couplings g;' are dimensionless (this assumption can be lifted) and
summation over repeated indices, such as A, is implied unless otherwise stated
hereafter. This is similar to the procedure in Section [1.2.3 The vacuum graph
counterterm action S contains up to (9g)*-terms which are omitted since only
2-point functions are studied in this part of the thesis. In a curved background one
needs to add terms like Ricci scalar squared and mixed terms of the metric and
couplings [66]. The QAP defines the VEV ({(...) = (0|...|0)) of a local renormalised

composite operator

([Oa()]) = (=0a@)) In 2 = [finite] , (2.4)

via a single variational derivative]

J 0

3 The partial derivatives are distinct from spatial partial derivatives in that indices run
over roman letters. Moreover, in the examples where the couplings and operators are not
as simply related as in a modified variational derivative § A(z) Will be defined such that
[Oa(x)] = 04(z)S holds and Eq. below will be adapted to 6 — ¢ enforcing a covariant like

notation.
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The couplings g () and the operators O (z) are conjugate to each other and take
on roles reminiscent from statistical physics such as an external magnetic field
and the magnetisation in the Ising model. In fact the QAP can be applied to any
parameter of the theory, not just couplings (see footnote [3). Double variational

differentiation, with ¢ standing for the connected component, leads to

0 (@ —y) = (=0))(—0aw) In Z = (=0p()){[Oal)])

= {[0a@)][0W))e = ((I5)[Oa()])) = [finite] ,  (2.6)

a sum of expressions which is finite (hence the superscript ren stands for
renormalized). We will study the specifics of this renormalization in Sec. [2.2]
The derivative of the operator is the contact term which can be written in terms
of delta functions and derivatives thereof (to be discussed in the next section).

More concretely, following some of the notation in [66],

(O [0a@))), = Kip([Ochd(x —y) + p ' Lip(DD?(x —y) . (27)

with O = 9,0%, §(z) = 6 (x) and | 7, indicating that couplings and sources
assume constant and zero values respectively. An explicit formula for K9p
in terms of renormalization constants is given further below and LY, does
correspond to the term in the vacuum graph counterterm action S¢ .
Eq. is correct for a theory where all couplings are dimensionless. The UV-
singularities of the 2-point function, in , can be analysed in terms of the
OPE (2.1) which for an asymptotically free theory read (cf. and (2.2)))

ca T cL T
(OA@NOsO) = 220y + S8y 1wz, 29

with additional contact terms at x — 0. L.e. terms proportional to the d(x) and
derivatives thereof with coefficient function which can be either finite or infinite.
The 1 ({(1) = 1) denotes the unit operator which corresponds to the perturbative
contribution. Upon Fourier transformation, at large p? the following OPE-like

expression can be defined

Lap(p*) = / d'ze™([04(2)][0p(0)])c = Chpp)p™(1) + Clhp(p){(Oc])(2.9)

where the unity term and the ([O¢])-condensate terms now include UV diver-
gences from integrating over x = 0. By power counting higher condensate terms

are free from divergences in perturbation theory. From the viewpoint of the QAP
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1) the divergences that arise upon computation are cancelled by

Clhp — Liap = [finite] ,

CS s — Ky = [finite] (2.10)

the (0%§(x) and 6(z) contact terms K9, LYz in Eq. (2.6). In the remaining part
of this work these cancellations will be shown to work in explicit examples. It
is self-understood that these principles work for higher point functions as well

albeit in more complicated ways.

Formulae for Composite Operator renormalization

The aim of this section is to clarify the meaning of the renormalised operators
appearing in (2.6 as well as the functional derivative thereof. For a bare action

as in ([2.3)) the relation between bare and renormalised couplings is parameterised

95 (%) = go{g" (@)}, {0"g" (x)}) (2.11)

indicating a possible derivative dependence with n being a positive integer.ﬂ
Writing (2.4) in more detail

([0aW)]) = (—daw)InZ = (0aq)S)
= (a [ olab 08() + J (O @D @) 212

and the ansatz
([0a(2)]) = Z,°(0p(2)) + Z,*(2){(O1) , O1=1, (2.13)
and one obtains

z," = <5A(x)50>|03(x): da(gd)
Z,Hx) = (0awSN)|p, = LapD?¢"(x) (2.14)

where the bars stand for projection on the corresponding operator. Note that

Z B in the constant coupling limit corresponds to RG mixing matrix of O4. The

4In a practical computation, using perturbation theory to perform the OPE, one needs to
check that the remaining divergences are local e.g. [69H7I].

5Given the scaling dimension of O4 one expects n to be bounded from above by power-
counting.
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formula for Z ,% has been presented in [54] [72] for example, although the mixing
with identity Z,1(x) was not included in these works. Eqn. ([2.14]) then allows
for explicit formulae of the contact terms in (2.7) by differentiating (2.13]) wrt
local coupling

KgB = 614(:5) [OB(y)H[OC]é(a;—y) = (aAaB g(j)j) (Z_I)DC

= (aAZBD)(Z_l)DC = (8BZAD)<Z_1)DC )

LIJZlB = 5A(ac) [OA<y)]|,ud*41E12§(x—y) - 5A(:E)ZBl(y)Ol|“d741525(m_y) : (215)

2.1.2 Free scalar example

In the following two subsections we will illustrate some of the above ideas on the
simplest possible models - free massive scalar and fermion. Even in such models
divergences arise (for example by closing propagators) and we will demonstrate
how QAP can be used to define finite insertions of the mass operator in both
cases.

Consider a free field theory of a single real scalar field of mass dimension (d—2)/2

described by the following partition functionﬁ

z — /D¢€fddz(;(am(x))2+;m2(z)¢>2(x)+d(;Q)A%nmmd(:r)) (2.16)

where m?(z) is regarded as a source term and Al = contains a counterterm and a
vacuum energy contribution. The vacuum energy counterterm Al is determined
by requirement of the finiteness of the functional derivative

1

m?([¢%]) = <_5m(x))|..70 In Z,, = m*(¢?) + (O/lx%md = [finite] . (2.17)

The symbol Sm(z) denotes

- 0
=2— 2.1
Om(a) dlnm?(z)’ (2.18)

the conjugate derivative to O,, = m?¢?® in the sense of Eqs. (2.4]2.5).

6Above mg = m was silently assumed since the theory is free. Moreover, a term of the
form §L(z) = k(Om)?(x) ought to be added as a counterterm, resulting in a m2J§(z — y)-term
in (2.7), if an OPE with quadratically divergent terms was considered, e.g. ¢*(z)¢?(y)-term.
Since only a ¢?(z)¢?(y)-term is examined, which is logarithmically divergent, there is no need
to discuss the above mentioned counterterm.
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Evaluating the condensate appearing in Eq. (2.17)) in d = 4 — 2¢

k1 m? 21
n _ 1 0
(97 = / (2m) k2 +m?2 1672 ¢ +0(€), (2.19)

fixes the divergent part of AL

2 1

AL — ~
mm 1672 €

O(e%) . (2.20)

Choosing Al = —2/(1672€) correspond to the MS-prescription.

¢*(r)¢*(y)-OPE and Contact Terms from Quantum Action Principle

In the following the OPE of the two dimension two operators

~1 ~m
Cmm Cmm

<[¢2(I)][¢2(0)]>C = 22(d-2) <1> + 2(d—2) <[¢2]> +..., z#0, (2'21)

is considered and in the case at hand ([¢*(2)][¢*(0)]). = (¢*(x)¢*(0)). holds
since the ¢? only mixes with the identity. The z2~?-term is not divergent upon
integration and we shall therefore not discuss it any further but focus on the unit

operator term which diverges logarithmically.

Applying the idea of section [2.1.1} in particular Eq. (2.6)), leads to

Lom(z —y) = (_Sm(y))‘jo(_gm(:r)) In 2, = (_gm(y))’\yom2<[¢2(x)]>

= mY{[¢*@)][0°(W)])e — 6(x — y)2(m*([¢7]) + mIAS,,,)
me 1

= 2 0(@)o(y))? + 0 — gy + O() = [fnite] ,(2.22)

872

finite expression. It is noted that formally K" = 2 (2.7)) is finite which is
consistent with the previously mentioned 22~%-term being finite. The euclidean

propagator is given by

(p(x)p(0)) L (14 O(e,In(mz)mz)) , == V. (2.23)

= Un2 pd—2

Finiteness in Eq. (2.22]) means that the Fourier transform exists in d = 4 — 2¢
and the limit ¢ — 0 can be taken smoothly. Somewhat symbolically

= — + Z6(), (2.24)
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where the reg stands for regularised. This can be established explicitly by using
the d-dimensional Fourier transformation formula. It is seen that the Fourier

transform of the singular part of the propagators

/ddxeiq'(x_y)ég—;m = — # % + O(° Ing?) , (2.25)
cancels the contact term pole exactly. This establishes that S (z — y) is
finite in the limit x — y in the sense of distributions. Note that potential infrared
(IR) divergences in the limit ¢ — 0 are regularised by the mass m in the complete
theory. This establishes C1 ~— Al = [finite] as a special case of with
Cr. & K] being separately finite.

2.1.3 Free fermion example

This section parallels the discussion of the free scalar field in Section and
will be kept rather short. Consider a free field theory of a single Dirac fermion

described by a generating functional

Zms = /D\I/D\Ile_fddw(‘l’(w)(a—mf(w))\lf(w)JriLhmmf(w)Dmf(x)Jrd(dl_l)A]}nfmfm‘}(w)) 7

(2.26)
with local mass parameter m(z). Notice that in this case a counterterm m Omy
needs to be included to cancel the quadratic divergence in the two point function.

[

The vacuum graph counterterm Al

is determined by requiring

mymg
_ - - 1 )
M ([VW]) = (O (2) 10 Zonf | p=const. = My (W) — A,lnfmf—(d — 1)m§lc = [finite] ,
(2.27)
the single variation to be finite and the variational derivative is defined by
- 4]
Omr(z) = ——— . 2.28
£ = 5In my(z) (2.28)
The value A%lfmf]MS = — ;31 follows from (2.26) and
- d trfif —my] m§ 1
V) = o 0. 2.2
m (W) mf/ (2m)d k2 —i—m? 472 € +0(€) (2:29)

TOf course, if we were to consider higher point functions we would need to include O(CJ, m?c)
counterterms.
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To determine L} = we need to apply two scale derivatives on the functional ([2.26))

and set the mass to constant

memf (37 - y)‘mf:const, — <_6mf(y)>‘j0(_5mf(m)) In me
= m{([VV(2)][TC(Y)])e — Lyymm ;D3 (z — y)

1o —y) (my (00 — ﬁm%}w)

= (@)U ()) (¥ (y) Y (2)) — L, m305( — y)
31

w2 e

= [finite] , (2.30)

7+ and it is noted that formally

Kﬁ:}cmf =1 (2.7). The finiteness of the expression above is assessed through the

leads to a finite expression if we choose L} =

Fourier transform

/ddazeiq'(x_y)rmfmf (z—y) = 7 / (ddk tr[(ik u mf)O(k ™ 51) + mf)]

—m
T]@m)d (k2 4+ m2)((k+ )2 +m3)
2mfcq2 1 Smj‘c 1

. - - 0
1672 ¢  4n2 € +0(€)
3md 1
_ f (219
=12m73(¢%) — Taot O(e") o), (2.31)

where (¢?) is a shorthand for the bubble integral (2.19) with mass m = m;, whose
divergent part does indeed render (2.31) finite as expected from the QAP.
It is interesting to see that both Ll —and A%lfmf can be obtained directly via

background field calculation. Indeed, the path-integral (2.26)) can be performed

In / DYDY [ V@ @-ms @)V (@) — %tr mAE (2.32)

1
where ALz = —(@—my(x))(@+ms(z)). The above determinant can be evaluated

by heat kernel methods (see Appendix for details of such calculations)

11 1 1
= - -mmy —
216m2e T T 16n

1 ) 1 .
§tr1n A2 2m;1”2 + [finite] . (2.33)

The counterterms in ([2.26|) need to be chosen to cancel these divergences to yield

. . . . . . 1 21 1 _ 3 1:
finite effective action which implies L;,,,, = gz ¢ and A7, = 725 ¢ in accordance

with the results obtained by direct calculations (2.29), (2.31]). Note that for a
fermion with SU(N.) (global) symmetry the trace (2.33) picks up a factor of ..
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2.1.4 G?*(2)G?*(y)-gauge theory correlator - CP-even sector

CP-even sector with local gauge coupling

Consider a gauge theory of the QCD type with Ny massless fermions and gauge
bosons in the fundamental and adjoint representations of some semi-simple
compact gauge group respectively. The theory is described by the generating

functional (or partition function)
2, = /DADque_Seve“ , Seven = Sg + S§ + S;t , (2.34)

where the quark fermion term, S; = [d*zq(lP)q, with zero mass will play no

further role since it is proportional to EOM (this will be explained in more detail
in Section [3.1.1)). The gauge kinetic part is given byﬁ

1

OEAE (2.35)

1
S, = Z/ddwa’ O, =
where bare and renormalised (local) coupling go and g are related by ([2.11))
9o() = Zyg(ax) =" | (2.36)

and G* = G G, G, = i[Dy, D,], covariant derivative D, = 0, —iA%T* and T*
a Lie algebra valued matrix in the fundamental representation of the gauge group.
The counterterm action parameterises all dimension four terms as function of the

local coupling

1
Sy = /ddﬂfﬂd‘4(gL§g(Dln 9)* +0(In’ g)) , (2.37)

up to total derivative terms. Below the determination of L;g and K is discussed
e The divergent part of L;g is determined by requiring a finite generating

functional W (g), in particular for the coefficient of the (JIn g?>-term. The
generating functional W (g) is evaluated using the background field method

8 Composite operators of gauge theories are classified into three types [73]: Class I [IIa]
gauge invariant (GI) operators non-vanishing [vanishing] by virtue of the equation of motion
(EOM) and non-GI operators of class ITb (gauge fixing). Since class I does not get admixtures
of class II operators in the MS-scheme [54] and class II operators do not contribute to 2-point
function, unique focus on class I operators is justified for this work. Class I consists of O, and
mqqq with the latter vanishing for massless quarks as assumed here.
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for the local coupling g(z). At leading order this is equivalent to using the
heat kernel method cf. Appendix figure

1 1
W(g) = /ddx,ud_4 [( i ) — ngg] (Olng)? + 00" In? g,€°) ,

2¢ 1672
(2.38)
where nylspv,) = N2 — 1 is the dimension of adjoint representation.
Finiteness of the generating functional requires L;g = iISGW;fQ in the MS-

scheme at leading order (LO). The result for L7 is identical to the one of
Jack and Osborn [66] [Eq.5.5] (taking into account that these authors use
the d = 4 — € convention). For later comparison the next-LO (NLO) result
from [66] [Eq.5.8] is also quoted

Ly, s = oy (i + as (l (17Nc - ENF) - @)) +0(as"), (2.39)

1672 \ 2¢ 4e 3 2¢2

where a, = ¢*/(47)? and 5 is the first coefficient of the beta function given
explicitly in Appendix [C.J]

The quantity K, follows from the renormalization factor Z ¢ where
[Oy] = 2,90, + ... denotes the renormalised composite operator in the
absence of local couplings and the dots stand for class II operators which
can be discarded for the purpose of this work (cf.footnote . To discuss Z 7

it is advantageous to introduce renormalised composite operator following

@12)

([Og()]) = (=04(a)) In 2, (2.40)

with conjugate functional derivative

_ ) o
R A S S 2.41
%9(2) dInl/g%(x) dIng(z) (241)

The renormalization factor Z,9 is deduced from Eq. (2.13))

0 1 0lnZ
9 — — 9
z, T /g In (9223) (14 T g ), (2.42)

with the difference that the variation of the logarithm is taken since the
term (g°Z7)~" is part of the definition of the operator (2.35)). Using the beta
functions 8 and /3 (cf. Appendix|C.1|for definitions) Z ¢ can be transformed
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into its most commonly used form

z9 = i (1+ (d2_54>>_1 . (2.43)

The expression above agrees with the original result in [20]. Finally, the
quantity K7, follows from Z ¢ and ([2.15)

Z9 -1 Z9

R = <QQZ§> (agg2Z§)
O0lnZ 9*InZ, O0lnZ
= —2((1 )~ ! —2(1 !

<( * 81119) 01n ¢? ( alng)>

zahzgﬁ N 2(d - 4)
5 s

(2.44)

with the amendment Z 9 — Z 9/(g*Z?) for the same reason as mentioned
bellow Eq. (2.42)). The latter quantity is expanded in as to extract the
perturbative % polesﬂ

Ky = 4o 2] as [ 4 22)

€ €

B35 B B1(B1 + 200) " 353]
2

+ 4as4
[ €3 € €

+ O(as’, €°) (2.45)

The anomalous dimension of the d-dimensional operator O, is deduced from

[@2-43)
dinZyg dInZ7dlng

B dlnp o Olng dlnp

= Oy (2.46)

5! =
and is indeed the correct anomalous dimension known in the literature.
The definition in (2.46) is equivalent to 4,9 = —dIn[O,]/dInu since the

bare coupling and the bare operator are independent of the renormalization

scale.

G?(x)G*(y)-OPE and Contact Terms from QAP

Here we will verify by comparison with known results from the literature that

the counterterms we found by applying local coupling QAP, indeed correspond

9The results for KY, in (2.44) and 1Z{1/Zy1 in [74] [Eq.4.7] are identical up to finite terms.
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to divergences of the G?(z)G?(y) OPE. The coordinate space OPE of the gauge

kinetic term reads

_C@) . @)
(OO O))e = (1) + ZLZ(O,)) +... 2 £0,  (247)

where the dots stand for higher order condensate terms. The divergent parts,
of the corresponding momentum space OPE (2.9) (d = 4 — 2e-convention), are

extracted from [71]

C;Q div - 4 (477')2 <g + ? ((TNC - gNF) P )) + O(CLS s )C248)
and [69, [70]
golay = 4 (%2 {&} +a,’ [_50251 2&}) + O(as*,€”) . (2.49)
€ € €

From it follows that C1 — Ll and CY — K, are finite. This is easily

verified from the explicit expression of C;g 2.48]), L;g E and CY, -
(2.44]) respectively.

2.1.5 GG(x)GG(y)-gauge theory correlator - CP-odd sector

CP-odd sector with local 6(z)-angle

The aim of this section is to investigate the same matters as in the previous
section for the CP-odd sector of the gauge theory and to demonstrate how the
renormalization of the the topological density works. The latter mixes with the
derivative of the axial singlet current (e.g. [75])[F| under renormalization. The

two operators discussed in this section are
Op = in GG = ip® PG o3G5 . Opyy = —0,JL (2.50)

where J{' = gy*vs5q and it is noted that the minus sign in the definition of Ogy,
is the result of two factors of ¢. In this section we show how the corresponding

counterterms follow from the background field computations when using a local

0The axial singlet current also renormalises Z, J58J5 # 1 (e.g. [75]). This would be easy to
integrate into the formalism of this work but is beyond the specific scope of this section and
therefore omitted.
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theta angle. To study CP-odd correlators only, it is enough to localise theta angle

0 — 0(x) since CP-odd and CP-even sectors don’t mix under renormalization.

In the CP-odd sector the generating functional is augmented
Zg,gaJ5,9 - /DADqu_e(SCVCH+SOdd) ) Sodd = S@ + Sgt + Sgaj5 ’ (251)
by the CP-odd termd'["7]

Si= [ d's 0@ 0uw) . Sy, = [ g, (6)Oan)

1
Sgt= /dda; /Ld"l(ngg(Dﬁ)Q + O(#?) + total derivatives) , (2.52)

where both g3, Lg, parametrise divergent counterterms and are functions of the
gauge coupling. Renormalized single insertion is then given in terms of formula
(2.13))

(100]) = (=00))| 1, 10 Zg.g0s5.0 = (O0) + 2" (O}, Z,"" = g5, . (2.53)

with the conjugate derivative as in ([2.5)). Note the presence of purely background

coupling term

Suy = [ 568, (005) Oas) = = [ lagh, 0w 0-3) = [ a5, (0,0) 22

(2.54)
is necessary to cancel a divergent contribution to fermion self-energy proportional
to @9ys. Other potential counterterms involving higher derivatives of 6 are
excluded on the grounds of power-counting (there is no dimension 2 operator
in this theory). Bellow we show that indeed a background field contribution
appears already at one loop level and outline its calculation. Afterwards

the determination of L}, and K}, will be discussed.

o Writing Oy = 0 K¢s with K¢g (with Kfig = 4ie"*?7 A%93 A% 4+ O(A?) being

the Chern-Simons current) the topological term with local §(z) assumes the

HLiberty is taken in choosing the normalisation of the Sy action. The parameter fqcp with
6 = —1/(647%)0qcp is the proper angular variable with periodicity of 27. The normalisation is
of no particular concern to us and chosen on grounds of convenience. The factor of 7 in front of
GG is consistent Minkowski space continuation and assures that the real part of 6 is an angular
variable.

12The f-parameter does not renormalise in QCD-like theories in perturbation theory (cf.
however, footnote and this is why no distinction between bare and renormalised parameter
is made. The equation below serves as the definition of g Js-
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00

Figure 2.1 Diagram corresponding to the one loop counterterm computation in

Eq. (2.56) using the background field method. The modification of
the gluon propagator is discussed in Appendiz[A.2.3,

form

Sy = /dda:H(:U)Og = —/ddx(aﬁ(m)) K (2.55)

This introduces a correction to gluon propagator (A.18). To simplify the
computation of g, we can choose 9§ = const. , which allows us to use
standard Feynman diagram techniques. In particular the LO part of g9 s
can be obtained from the divergent contribution of the diagram on Fig. [2.1

to the fermion self-energy

dk kgks

(2m)? (k%2 4+ P?)3

dk 1

(2m)? (k2 + P?)
1

= —12Cra;P0ys + O(e") , (2.56)
€

»® = —l—SCFngO‘W‘S’ya”yg%awH/ —i—O(eO)

= +12CF92%75(’L0/ 5+ O(e)

where P is proportional to external momentum and a combination of

Feynman parameters irrelevant for the determination of % pole at this order.
Thus by using (2.53]) we find that

MS

1
298J5 = gng ’divergent - 212CFas + O(GSQ) ’ (257)

where a MS-scheme was chosen. This result is manifestly gauge invariant
to this order due to the presence of €% in . The value in
is consistent with the result in the literature [75] (Z,°" = Zg; in [75])
which was obtained through direct renormalization of the single insertion
of topological density operator. In principle the method of this section
can be extended to higher orders in perturbation theory, however a special
care has to be taken when defining 5 in dimensional regularization beyond
leading order. Above it was implicitly used that in QCD the topological

term does not renormalise in perturbation theory i.e. Z,/ = 1.
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e The L}, counterterm in (2.52) is determined, as previously, by requiring
the VEV to be finite for local couplings. At LO the generating functional
W () is evaluated, using the heat kernel cf. Appendix figure[A 1] and
yields

—116n 1
_ d,. d—4 g\ _ tr1 2 np3 0
W (0) = /d T [( 5 167r2) QL%} (00)° + O(as, 0"0°,€”) . (2.58)

Finiteness of the generating functional requires

—216n,
2¢ 1672

Liplus = + O(a,) . (2.59)
Note that the O(6?) expression for W (6) given in the Appendix agrees
with results in the literature (c.f. the O(#?) part in Eqgs. (23),(24) of [76]).

e The quantity Kj, is formally given by Kjy = (0Z,/) (27,7,
However, in perturbation theory O, does not mix into Oy = 0 - K since the
latter is effectively a dimension three operator from the viewpoint of power
counting. This means that O, cannot appear as a divergent operator on
the right-hand side in and Z,%|ys = 1. Since Z,7 = 1 in perturbation
theory it follows that Kj|us = 0[F]

GG(z)GG(y)-OPE and Contact Terms from QAP

Again we would like to compare our local coupling calculation with known OPE

results. Consider the OPE of the topological density

éo%e(f) ége(f)

{(Oo(2)]0s(0)])e = 357 (1) +

(O +.... =40,  (2.60)

and the divergent part of the momentum space OPE can be extracted from[71]]

o e (e (B C3n) — ) L oga2, )2.61)
div (4m)2 \e € €

1
CBG

13 These arguments are not necessarily expected to hold non-perturbatively. For example
in N/ = 2 supersymmetric gauge theories [77] instanton contributions lead to S-functions of 6
and g depending on both parameters (with the 6 variable remaining 27-periodic). This implies
mixing between Oy and Oy which affects the renormalization.

14We have checked the LO result. The NLO result in [7I] ought to be correct despite not
considering the mixing of the 9-J5 with Op under renormalization since (9-J5(x)Og(y)) and
(0-J5(x)0-J5(y)) themselves vanish at LO and therefore do not affect the NLO result itself. At
NNLO one has to take the mixing affects the result and has to be taken into account cf.[78].
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By it is to be concluded that C}, — L1, is finite, which is easily verified
from the explicit expressions in ([2.59)) and ([2.61]) at LO. The finiteness of Kj, and
therefore CJ, warrants some discussion since the Fourier transform of the z~%-term
by itself is divergent [ dze*z~¢ ~ 1/e. The resolution is that Cj, — 0 and that
it is a contact term mentioned after that are responsible for the contribution.

In this case the contact term is finite which we explicitly demonstrate in Appendix

D.1

2.1.6 Summary and Discussion

In this section we illustrated the appearance of contact terms in practical
computation of the OPE with use of QAP. This is closely related to the use
of the QAP in defining a renormalization-scheme for composite operators (e.g.
[20, GIH58] [72]). Examples discussed include a free scalar field theory as well
as the (G2(2)G*(y)) and (GG(x)GG(y)) gauge theory correlation functions (in

Section [2.1.2| and [2.1.4] respectively). The counterterms were determined by

localising the couplings and imposing finiteness on the generating functional. This
automatically renders all (multiple) variational derivatives finite with the contact
terms in the OPEs being cancelled by local counterterms depending on local
couplings. The principle was hereby explicitly verified for the double variations
in free field theories and interacting gauge theories by comparing with results from
the literature. The new results include an explicit expression of the contact term
in ([2.44) in terms of YM [-function. The same result was simultaneously obtained
in [74], although observations of the finiteness (see Sec. of this thesis) were
not made in this work. Explicit calculations using of the local coupling 6(z) to
renormalize Gé(a:) and its products that we presented in Section m provides

and extra consistency check to the formalism of [66, [79].
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2.2 Contact terms of two point functions

We start this discussion by reviewing briefly some of the ideas presented in Section

and introducing some new notation. Consider a two-point function’]

Lap(p*) = / d'ze™*([04()][05(0)])e = Chp(p*)p" (2.62)

in a 4-dimensional euclidean space where ¢ stands for the connected component,
(...) for the vacuum expectation value (VEV), [O 4 g| are renormalised (composite)
operators of dimension four and C%j therefore a dimensionless function. We
saw in that the latter might be thought of as the Wilson coefficient of the
identity operator. The coefficient C} 5(p?) is potentially logarithmically divergent
by power counting. In coordinate space this divergence results from z — 0
divergences which can be removed by local counterterms within the standard
renormalization program. The (UV-finite) renormalized correlation function I'%y
is obtained from the bare one I' 45 by splitting the bare Wilson coefficient CY 5 (p?)

into renormalised Ci{? (p?) and a counterterm Li{? part

Cls(P®) = Cir () + Li% | (2.63)

where it follows from the local character of UV divergences that LY% doesn’t
depend on momentum. The splitting (2.63)) defines a subtraction scheme, which

we denoted by superscript R. In the coordinate space this translates into

%,(0) = (Oa)[080)), ~LHEO*0(), (261
=l ap(x?)

which is the familiar form . The QAP analysis from previous section then
allows for interpretation of the scheme R in as a choice of a local coupling
counterterm L5RX0g4(2)0gP(z) in (2.3). The correlators I'%, and T'yp clearly
agree at nonzero separation (z # 0) so the ’bare’ function C}z(p?) in is
nothing but the Fourier transform of the correlator at a nonzero separation and
as such it contains UV divergences in general. In Section and Section [2.1.5
we saw that in perturbation theory these divergences appear order by order as
poles in €. It is a purpose of this section to elucidate under what conditions these

poles resum and LY% (and therefore C% 5(p®)) becomes finite.

15 A extension of the discussion of condensate corrections is deferred to Section [2.2.6] within
the OPE of QCD-like theories.
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2.2.1 Dimensional Regularisation with one Coupling

At first we restrict ourselves to one coupling as = as(u) whose scale dependence
will frequently be suppressed throughout. In the MS-scheme with DR (d = 4—2¢)

the counterterm [

1,MS _ Qi(as) 1 _ 1 1 2
LQQ (1) = Z T Qi(as) = Ql,o + Ql,la’s + O(ay) (2.65)

n>1

is a Laurent series in € with dimensionless residues which are functions of the
running coupling only. Other subtraction schemes are defined by including an
arbitrary finite remainder function fr(as) so that Lég = ngfls + fr(as). We
start by deriving a RGE for Lég in a generic scheme, particularizing to MS later

on. The starting point is the renormalised correlation function
—2¢ 1R 1R\ —2€
Coo(P*)p™* = (Coo (W*) + Lgg) ™™ (2.66)

which follows from adapting (2.62) and (2.63) to DR. Suppose that [Og] can be
made RG-invariant by multiplying by a function kg (as), i.e.

d
dln p

r@lOq(x)] =0, (2.67)

which will be the case for the upcoming examples. It is then convenient to define

the operator

1 d
Dp=——-r2 =2 2.68
< m%dln,uﬁQ 7Q+dln,u’ (2.68)
with y
Yo = Jinn In ko = 200, In kg |, (2.69)
where B — dngs — _ ¢4 B is the d-dimensional logarithmic S-function. In the

dlnp
last equality in (2.69) mass-independence of the MS-scheme was used. Applying

Dg to (2.66) and using the scale independence of the bare Wilson coefficient,
DoCho(p?) = 0, leads to the following RGE

€ d —4€
12 (27 + m)ﬂ 2 Légg = _ZXSQ ; (2.70)

16Extension to the non-diagonal case will be given at the end of the section, several couplings
will be discussed in Section [2.2.5| and we comment on scheme (in)dependence further on.
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where ZXSQ = DQCéjg is a finite function of as. Noting that Lég depends on y

only through the running coupling the equation above can be written as
5 1L,R
<(€ —7q) — Balnas> Lgo = XSQ . (2.71)
In particular in the MS-scheme ([2.65|) one gets
Xoo = Oa, (a;Q1) . (2.72)

From now on we will mostly focus on MS— scheme (we will discuss the effects of
scheme-change in Sec. [2.2.5)). The ordinary differential equation (ODE) (2.71]) is
solved by

a MS
1MS s XQQ(“) du
IS = / o oy a0 (2.73)
which shows the MS-property that all higher pole residues of Lég S follow from
the first one (encoded in xg)g5). Above afV = a,(c0) is the coupling at the UV

fixed point and Iyyl,, is the integrating factor

_(1a)\* o) —exp [ — [ 2@ dv
[UV(asau) - (M(U)) ’ I’YQ( Sy ) = exp < ; B(U) v ) : (2'74)

It is the function I, which decides on whether or not the integral diverges for
u — alV and Iyy serves as a potential UV-regulator. A more refined analysis
requires to distinguish whether the UVFP is of the asymptotically free (AF)
alV = 0 or asymptotically safe (AS) type a’V # 0.

Asymptotically free theory

In order to analyse the integrals in ([2.74)) it is convenient to perform the change

of variable from w (recall that u corresponds to as) to the RG-time ¢t = Inp'/u

dlnu
dt

= 28(u) , (2.75)

with p playing the role of reference scale and y' being integrated over. In the

2

new variable Iyy — e 2¢ and ngls become

Log =2 /0 XGo (1) L (e Mdt - L (1) = e Joree (2.76)
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In the asymptotic regime a leading log (LL) analysis is sufficient. Assuming
B(u) = —e+ 8 = —e — Bou+ O(u?) the LL relation (L.53) is given by

caze 2t s

€ + Poas(l — e~2) T 1+ 2Bt

u(t) = + O(e) , (2.77)
with the initial value u(0) = as and UV-value u(oo) = 0. The anomalous
dimension is parameterised by 7o = asyg0 + O(a?) implying the asymptotic
behaviour I,,(t) ~ t7 with = vg0/fo. Assuming a perturbative ng ~ "
for t — oo with n > 0 (n = 0, i.e. xpg = O(a), being the nominal case) the

condition for UV finiteness is

14700 <y o LM R0 FIMS (it (2.78)

Bo

It is instructive to consider the formula for n =0

1MS
Loo~ =~

= Q%o
€ + Boas(1 — e~2)) Fo- O ay(Bo + g0

Q, 7Q,0
1 0o e—Qete—WOdt (1+@)1+ Bo — 1
2Q1,
0

1 as — + Na,?

_ Q%O i 7Q,0 + ( BOVQ,O (’VQ,O) ) + O(QSS) : (279)
P \e 2¢? 6e3

which leads to divergent terms when expanded in a;. Provided (2.78)) is met for

n = 0 the ¢ — 0 limit is finite and gives

FLMS _ Q%,o (2.80)
@ as(Bo +7g0) '

Two important remarks are in order. First when is expanded in powers of
as then 1/e-poles appear irrespective of whether condition is met. This is
an example where perturbation theory gives the wrong indication. In other words
the as- and e-expansion do not commute. The € — 0 followed by a; — 0 limit does
not exist for the Og-correlation function. In cases where the correlation function
is related to a physical observable, such as the TEMT correlation function, there
are as-dependent prefactors which assure a smooth limit (or uniformly converging

€ — 0 limit).

TFor B(u) = —e + 8 = —e — Bou” + O(u) this leads to u(t) = (ase 2'/") /(e + Boas" (1 —
e 2T 5 a (1 + 2rBoalt) "1/ for € — 0 provided » > 0. This does not change conclusions
in this paragraph.
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Asymptotically safe theory

The non-trivial fixed point is characterised by generally non-vanishing anomalous
dimensions vo = 7 + (as — ay¥)ygo + . ... The integrating factor assumes the
form I, (t) ~ 1", The exponential behaviour dominates over the polynomial
behaviour of x¢5. Hence the sign of 7, decides on the convergence

v <0 = LEMS 20 (fnige] | (2.81)
If v, >0 Lclggl S diverges and if 77, = 0 then the analysis of AF in the previous

section applies.

2.2.2 Some further remarks

In summary the presence or absence of UV divergences depends on the anomalous
dimension 7o and the leading power behaviour of the xgg. A more detailed
comparison is instructive. In the AF-case the condition depends on both
quantities mentioned above whereas in the AS-case it only depends on the
anomalous dimension at the FP. The polynomial behaviour of xgq is overruled
by the exponential behaviour of the anomalous dimension. This is reminiscent
of marginal flows requiring specific analysis in order to determine whether or not
they are relevant or exactly marginal, whereas relevant and irrelevant flows are
settled from the start. The behaviour of the AS-case is similar to the case of
a scale or conformaly invariant field theory. The 2-point function of operators,
of scaling dimension Ap = do + 7o, is given by (O(z)O(0)) ~ (z?)~2°. In our
case dp = 4 and the Fourier transform of the p*-structure is convergent provided
Yo < 0 in accordance with the criteria for an AS theory .

A priori the divergent structure of 2-point function of dimension four operators

in momentum space reads (d = 4)
Lup ~ aAgy +bp*Aly + cp®In Ayy + [finite] (2.82)

for a cut-off regularisation. Above a, b, ¢ are dimensionless functions of Ayy /o
where o is some reference scale. In this section it was shown under what
conditions cpr(Auv/ o) In Ayy = [finite] holds for Ayy — oo in DR (symbolically
InAyy > 1/e). Since DR is defined only in perturbation theory one might

question as to whether the result holds outside this framework. An argument
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in favour is that perturbation theory is trustworthy in the UV and that the
LL approximation should therefore be sufficient. One assumption though is
that the UV divergences can be captured as a Laurent expansion in powers of
1/e. Whether or not this is valid outside perturbation theory is unknown since
DR is only defined perturbatively. It is well-known that DR is blind to power
divergences since no explicit scale is introduced into the integral regularisation

other than the pre-factor pu~2¢.
than being a result.lﬂ

Hence apr = bpr = 0 is built into DR rather

2.2.3 QCD-like gauge theory as an example

We consider a QCD-like gauge theory, i.e. N; massless fermions in a fundamental
representation coupled to gluons in the adjoint representation (cf. Section .
In particular this means that g # 0 at least at some length scales. We start this
section by discussing the finiteness of the (G?G?)- and the closely related (©0)-
correlator is established@ followed by a discussion of the physical consequences:
unsubtracted dispersion relation and scale independence. In Section the
discussion is extended to the QCD OPE with condensates.

Correlation functions of the field strength tensor
We consider the two-point function of the field strength correlation function, with

1 2
[O,] = [g_gG I (2.83)

where the above operator is the field strength tensor squared defined in Section

2.1.4L From (2.43),(2.67) it follows that Kg = B (ct. Appendixfer the QCD -

function conventions) and therefore we have that v, = 20, QSB = 7,005 + O(as?).

This leads to a simple form of the integrating factor (2.74))

L, (ay, 1) = ( ? (?)) . (2.84)

8Let us mention, in passing, that it has been argued by Bardeen [80] that cut-off
regularisations are not a natural choice for renormalizable theories. For example when a theory
exhibits a global chiral symmetry one would preferably use a chirally invariant regularisation
as otherwise the Ward Identities need to be fixed by adding local counterterms.

19The gg-correlator, as an example which is generally not finite, is discussed in Section m
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The corresponding Laurent series (2.73)) takes on the form

IMS ) _ 1 s MS () Bl p(as) 2Ed_u
0 =g [ owesa (Gag) - e

For this theory the relation (2.72) gives

0
Xog (a2) = 5 —(asg1) = 1§ +O(as) ~ O(a)), (2.86)

where we used the LO expression for the first pole g = 91170 + O(as) that was
calculated in (see Appendix for higher order contributions to gi) .
From this and v,0 = —208, we therefore conclude that the inequality is
satisfied with 1 — 2 < 0. This means that

LEMS(¢) 230 LLMS — [finite] (2.87)

It is instructive to consider this constant at LL explicitly

1 1
1MS; 910 €/(Boas)—0 FLMS| Ji0
L = 20 |

= finit 2.88
w0 T et Boa, o, — utel, - (2.88)

as it becomes apparent that the correlation function is not finite for as — 0
either. One should keep in mind that the field strength correlation function is not
a physical quantity unlike the closely related correlation function of the TEMT
to which we turn to now. Before doing so let us emphasise that in perturbation
theory divergent contact terms appear and by expanding we reproduce the
divergent terms in [69, [7T] at NLO and NNLO respectively. To obtain agreement
it is important to expand the term to the power 2¢ in the integrandm

Correlation functions of the trace of the energy momentum tensor

Using ((1.60) TEMT takes the following form in d dimensions

T, = © + Ocom + Ot , (2.89)

20 One uses that (‘:L((ab')))26 = exp(e [ (u'%qé;'))) e o).
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where for the YM action with (2.83) we get

o=-210, (2.90)

and Ocom, Oy correspond to EOM  and gauge fixing part of the trace of the energy
momentum tensor. The Og-part does not contribute to physical observables,
Ocom contributes to the (p*)° structure so we can therefore concentrate on ©. E
Adapting the notation [Or] = © [ in analogy with (2:83), together with

(2.90) amounts to
Crr(r?) = 7 Co(P*) (2.91)
which in turn implies relation between the corresponding pole series

52
LAYS — %L;ngS + [finite] . (2.92)

The quantity L;;A S is then obtained from (2.85)) by multiplying by the pre-factor,
partial integration and subtracting the finite constant in (2.92)) (see the footnote

20)
o= (o () (G6) -2 )som e

The limiting expression E%ﬂ%/[ S is manifestly finite and well-behaved in the limit

6 — 0 and a, — 0. For instance, the LL-expression is given by ngy S|LL =
91.0/4Poas. Tt is to be concluded that both C} (p®) and Chp(p®) are finite.

There are two immediate consequences of the finiteness of LLMS and Li3™ that

we would like to discuss in the following subsections.

e The bare Wilson coefficients C},(p®) and Cf(p?) are finite. This means
that both C}/(p*) and C7p(p?) satisfy an unsubtracted dispersion relation
since the dispersion integral has to converge as otherwise it would result in
e-divergent terms. This is illustrated at LL in Section [2.2.3]

e The crucial difference is that finiteness of C} (p?) only seems to be true
if the theory isn’t conformal with 8 # 0 whereas Ci.,.(p?) is well defined
also for § = 0. This suggests that the latter is the fundamental, physical

Z'Where the fermions are massive we can use (1.70)) so that © — © + Nym (1 + v, )qq.
22This notation is consistent since as we saw in Section [1.2.3| the trace anomaly doesn’t
renormalize [©] = O.
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quantity. It might not be so surprising because of the vanishing of ©, which

tends to smoothen the short-distance behaviour of its correlators.

Explicit convergent dispersion representation for leading log

The starting point is the LL expression (2.88]). The associated logarithms can
be obtained from LLMS by replacing €™ « —In"(1/p?) (which is derived in
Appendix from the bare correlation function) and by dimensional analysis

n

this implies €™ <+ — In"(—p?/u?). Considering the LL expression one gets

0D, = OB+ (1)
= ()

B 911,0 In(—p?/ 1) gio _ 9%,0 .
1+ asBO ln(_p2/:u2) asﬂo (lsﬁo

e—0

- (L350)

»

e~ "——1In" (—%) e—0

©w

("), (2:94)

with
B 1
1+ asBoIn(—p?/u2)’

Since z(p?) is finite for p> — 0, it obeys an unsubtracted dispersion relation of

z(p?) = L/r 7(5) (2.96)

C 2w Jps—p?

z(p®)

(2.95)

the form

where T is such that no singularities are crossed. The singularities of z(p?) are a
branch cut p? > 0 and a pole in the euclidean domain at p? = p2 = — ;ﬂe_bo%l. The
latter is an IR effect having to do with breakdown of LL approximation at lower
p where subleading effects need to be considered, therefore not relevant for the
UV finiteness discussion. It is convenient to split the dispersion representation
into the pole part

o) = T + 807 (297)

and the integration over the cut

i“(p?)zl/oodsM_/m ds 1

T s—p2—i0 s—p2—1i0(1+afoln(s/u?))? + (afom)?
(2.98)

Above it was used that z(s) — 0 for s — oo as otherwise the arc at infinity

would contribute to the dispersion integral. This is the formal solution and it
is easily seen that for finite p? the integrand behaves [~ ds/(sln(s/p?)?) < 0
which is finite. The integral (2.98) is explicitly evaluated in the Appendix to
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reproduce the expression in (2.97). The dispersion relation for the TEMT-part
simply Cir ()|, = 53 /4a5"CLy (7). -

The quantity C},(p?) is scale independent and physical

In a theory with one scale a quantity with one momentum is given by
o(p*/ 12, as(pn/ o)) where g is a reference scale, e.g. Aqep, which we suppress
further below. In the case where ¢ is a physical quantity and therefore
independent of the renormalization scale the functional dependence simplifies

to
d

dlnp
Furthermore we expect ¢(as) < as from vanishing of TEMT in far UV. We will
demonstrate that this is the case for C..(p?) at LL starting with (2.97)) one gets

e(P*/1? as(1?) =0 & o =@(as(p®)) . (2.99)

do () gk
4 1+ a,(2) B n(—p?/i?) 4

Crr(P*)lie = Boas(p?) + O(B1),  (2.100)
indeed a function which depends on a(p?) only and vanishes fast enough for large
p?. Note if we had subtracted [_/;g from C;g(pQ) then we would have obtained
Crr(P?)ILL = g1080(as(p*) —as(p?)) which is not physical in the sense that there’s
pu-dependence.

Hence the following dispersion representation holds

1 [~  Im[Ck (s
C;T(pQ):;/O ds%. (2.101)

which is distinct from the LL expression in that there are no spurious singularities
on the negative axis. Note that in principle one may still add an arbitrary, but
as(p)-independent, constant on the RHS by changing the theory by a local term
in the UV. This constant should not impact on any physical prediction cf. Section
3.2

2.2.4 (g-gauge theory correlation function

Finally we consider the example of bifermion scalar operator

On]=1lqq], Km=m (2.102)
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for which m|gq] = mogq is an RG-invariant. The parameter m does not enter the
dynamics and is regarded as a source term only. The relevant input to (2.71)) or
the criteria (2.78) is given by V0, XM5 and (5. The leading order of the mass

anomalous dimension is given by
Ym = Ymots + O(as®) ,  Ymo = —6Cp (2.103)

where Cp = (N? — 1)/(2N) Xmm = 0., (asm1), mi(as) = mio+ O(as), myg =

NCNf (cf. LY  in Section and [y is given in Appendix . This means
that in the formula (2.78)) we take n =0

3(N? — 1)/(4N,)
LLMS _ (g _Jm0 = e 25N 2.104
finite] < = ) T TI/3N. = 2/3N; (2.104)

This criteria is satisfied for Ny > (9 + 2N2)/(2N,) which for N. = 3 implies a
value for Ny > 4.5.

The leading order expression for the pole function is given by

oBo I+ 752
LLMS| (1""@) o —1 (2.104) LLMS| mio

1,0 as(Bo + Ym,0) as(Ym,o + 50()2.105)

From this expression it is seen that an ¢ — 0 limit exists for 1 + v,,,0/50 < 0

only as indicated on the right. For QCD with three massless flavours Ny = 3 and

N. = 3 the expression is divergent. Expanding in as one obtains

1 'm,00s m + 'm 2 as2
LY L =mug (Z - 722’2 1 Botmo GS o)) ) +0(a®),  (2.106)

from where the leading poles in [R1, [82] are recovered.

For the sake illustration let us quote the LL result, obtained by replacing ein —
- hln ;152 )
o
DS 1eal?) = [ e (0)laa(e)laa(0)]0)

2 TYm,0
(1 - asBln (_ﬂ—pg>)1+ -1
as(ﬁ() + ’ym,O)

2
= —pMmipo

+... (2.107)

where the dots stand for condensate contributions. Expanding in a4 In (_“—;) the

O(as*)-LL expression matches the result in [81].



Following Section we explicitly demonstrate at LL that the bare correlator,

multiplied by k2, = m?(u), is p-independent in the following sense

m? (1) Do (P°, 1) = pig f(as(1®/1g), m/ o, */ 113)
= p'm*(p*)F(as(p?/115)) (2.108)

and o being an arbitrary reference scale. First we note that the renormalised

correlator

m*(p?)
as(p?)(Bo + Ym.,0)

m2
mQ(M)Fx%LL(PQ) = P2 <—m1,0 + mio (1) ) )

" as(1)(Bo + Ym.o)
(2.109)

splits into a p-independent non-local and a p-dependent local term. If we now
restrict to the convergent case satisfying (2.104]), then the second term is equal

to (2.105)) and in the e — 0 limit

m* (W)L (p?) = m® ()L (%) + L
m?(p?)
as(p2>(ﬁ0 + me,O) 7

= —p’myg (2.110)

which satisfies (2.108) in analogy with (2.100)).

2.2.5 Multiple couplings and finiteness of TEMT correlators

In this subsection we proceed to show finiteness of (©©)-correlator for a general
field theory with UV fixed point. We start by considering an RG flow generated by
deforming the UV theory by some marginal operators {O4} with corresponding
couplings {g#}. This will induce a trace anomalyﬁ

0 = 3404], (2.111)

Z3Three possible structures are neglected. EOM and gauge-fixing terms can be omitted for the
same reasons as before. It is assumed that no virial currents © = 9-V 4. .. are present implicit
in the assumption that the UVFP is conformal (no non-trivial unitary scale but not conformally
invariant theories are known to date). Terms of the form © = —[J¢? +. .. originating from non-
conformally coupled scalars can be improved (cf. Sectionfor the definition of improvement
term). An exception is the chirally broken phase but since the term is relevant in the IR and
not the UV we do not need to consider it for the purposes of this section.
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where beta functions for couplings ¢# of the theory read

d 4

s gt =pt - eyt (2.112)

:dlnu

with £4 being the explicit (evanescent) mass dimension of g* in 4 — 2e dimensions
The the theory has an UV fixed point so that 4 — 0 for u — oo. The
generalisation of (2.66) to the non-diagonal case is straightforward and given by

Chp(®)p > = (Chp(0°) + Lip ) u ™. (2.113)
The multiple coupling generalisation of (2.71]) reads
(L5 —26)Lig = —2xs . (2.114)

where % is a finite function of couplings of the theory and £z denotes the Lie

derivative on a 2 tensor in coupling space
LoLyyy = 0aB Lty + 08B L3E + B0 Ly (2.115)

(04 defined in (2.5))). The generalization of ([2.71]) is seen through the anomalous

dimension formula

'?AB = aABB
= 0aBP =6, e =7, — 5,0, (2.116)
which follows from —%-(6) = 0 in flat space. The above equation is the analogue
np

of v =794 = 20111,185’ stated below (2.83). The reason for v, = 4, is that we
used the logarithmic S-function for QCD-like theories for which the O(e)-term is
coupling independent. The quantity x5 generalising (2.72) is then given by

1 1 1)
Xap = (1 + (€ + %) + §€Q9Q6Q) iy, LS =Y % . (2.117)

n>1

The RGE ([2.114]) can be solved by the method of characteristics in terms of the

anomalous dimension matrices 4,7

AR () = 2 / 1, (OxEp(B) 1P (E)e > dt (2.118)
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where the t-dependence of x%, inside the above integral comes in through the

running of couplings defined at the scale pe' and

L) = (exp ( /0 t?y(t’)dt’) 1,5 (2.119)

It can be shown that?4

A

BAI(1) A" = B2 (t) - (2.120)

As previously CL,(p?) = $43BCY 5(p?) and the generalisation of (2.92) reads

L7 (u) = B*BP Ly (1) + [finite] = 2 / ) BA)BP ()X Sp(t)e > dt + [finite] .
’ (2.121)
We will now argue that the e — 0 limit of the above expression can be safely taken.
Assuming xap = O(t""48) with nyp > 0 the integrand of is controlled
by the S-functions for large ¢t which tend to 0 by the UVFP-assumption.

The criteria for finiteness of L;? are easily generalised. For the cases of AF
([1.53) and AS (L.53), close to UVFP we have 8% = —8%/(47)*(¢9)'*7e + ... and
ro > 0 and % = |CLQ|(QQUV —g9) + ... Expressed in the RG time variable ¢

(assuming large t) this reads

B ~ t(”;cﬂ B ~ el (2.122)
This means that the terms in the integrand in vanish at least as ¢t~2~°
or are exponentially suppressed which guarantees convergence of the t-integral.
Hence the € — 0 limit can be taken safely and L}X is finite which is the aimed
result. Moreover the limit is uniform defining a smooth function of running

couplings.

Is C1., renormalized? Just as we argued in Section for one coupling, finite-
ness and p-independence implies that CL(p?) is physical and only depends on p?

through running of couplings (assuming the theory in question is renormalizable).

24This follows by writing 54 (u)I(t),Z = fP(t) which satisfies the differential equation
O.fB = fcﬁcB(t) with initial condition fZ(t = 0) = BB(u). It is easy to show using (2.116)
that f2(t) = BB(t) is the unique solution to to the initial value problem.
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It is still possible to define a splitting
Chr(p?) = BABPCY (0% 1) = CRr (% ) + BABPLEE (2.123)

where we defined C%F’R — BABBCLE 45 and € — 0 limit is assumed in the last
equality. Using the p-independence of Ci..(p?) and (2.114)) one can verify that

d
T Crr ) = —rﬁAﬁBLAB = 268"\ K5 (1) (2.124)

The above equation is consistent with

!/

BABBLLR — 2/ BAG BB (1) R (1) 5 , (2.125)
which is obtained by taking e — 0 limit of the integral in (2.121)) and changing

. . . . /
the integration variable via % = el

Scheme dependence Finally we would like to discuss the scheme dependence of
Li‘g, xR5. First, let us consider a change in subtraction scheme ([2.63)), obtained

by adding an arbitrary finite term to the counterterm part
LR = AR 4 wap, (2.126)

where wap is an arbitrary finite function of the couplings. From (2.114]) we find
the transformation law of %5 under (2.126))

/ 1
Xap = Xip — éﬁﬁwAB - (2.127)

Using the definition (2.115]) of the Lie derivative Lz together with the above

equation it is easily verified that
BB = P — 58005 BPus) (2,128
Second, we might consider a scheme change for the renormalized couplings
gt =g, (2.129)

which is analogous to a coordinate transformation in General Relativity. Using

(2.6) it is easy to see that Li’g transforms as a tensor under the ’'coordinate’
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change (|2.129)
(L35) = (0499 (0p9") Ly - (2.130)
After some algebra it can be shown that just as in Riemannian geometry the Lie

derivative (2.115)) commutes with coordinate transformations (2.129)) and
(X58) = (9499 (09" )xEp (2.131)

transforms covariantly.

2.2.6 OPE-extension with condensates

So far we have treated the correlation function (2.62) within the framework of
perturbation theory in the sense that the vacuum condensates were neglected.
To include non-perturbative contributions to OPE we need to extend to
include the condensates. A detailed discussion of OPE with condensates was
given in Section with explicit results for QCD in the Section In
this section, some of these results will be restated with particular emphasis on
finiteness of contact terms.

We start by writing for our QCD example

Tgg(p*) = Cgy(P*)p*(1) + Cg (0){[Oy]) - (2.132)

It is our aim to investigate whether or not the Wilson coefficient ng(pz) , in
analogy to C} (p?) is finite or not. In Section we found that contact

divergence of CY (p®) is given by ({2.44)

20,0  2(d—4) :
Ko = aAgﬁ + ( - ) /B0 [finite] . (2.133)
Thus we see again, that % poles resum to yield a finite expression assuming 5 # 0.
From ([2.139) it then follows that C9 (p?) is finite in the limit € — 0 but divergent
in each order in perturbation theory just as C;}g. It is again instructive to write

down the LL expression

-1
L+ ayfo In(=p*/p?) °

Coy(P) e = (2.134)
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which has a (UV)-convergent dispersion integral.

We now proceed to discuss correlator of EMTs
Lrr(p?) = C(p*)p*(1) + C(p°)(O) | (2.135)
where Ck. is given by (2.91]) and
5
Crr(r) = 5C5, (") - (2.136)

It follows that CL; is RG invariant. The contact divergences of CL, are given
by K%n(p?) = S5K9, = (d — 4) + Oy which is manifestly finite at each order
in perturbation theory as well when every quantity, e.g. beta-function, is treated
consistently in d-dimensions. Hence one can write down convergent dispersion
relations for both CY, (p®) and C7..(p*) as done in Section m The LL expression

1 Boas
214 a,f In(—p?/p?)

which is RG invariant as expected.
We can generalise this argument by using (2.1 and (|{1.64])

Chrr)lus = = LA, (2137

Trr(p®) = Crr(P”)p* (1) + Y CEr()([Oc)) | (2.138)
C

where CS,(p?) = BABBCYL(p?). In the language of Section each of the
operators 04 corresponds to a deformation by a local coupling g* and above we
have assumed that all these deformations are marginal operators. In Section|2.1.1
it was argued that divergences of C§ 5 (p?) are cancelled by local counterterm K§p
so that

CSs(p?) — K§y = [finite] (2.139)

where KGp was given in (2.15) in terms of RG mixing matrix Z,’. Using (1.65))
we get
BAKG, = =75 = [finite] . (2.140)

Therefore we also have

AP K, = [finite] | (2.141)

which guarantees the finiteness of C%,..
With the finiteness of the condensate contribution to EMT OPE we have
concluded this section. So far we have only discussed behaviour of the Wilson

coefficients. To completely determine the short distance behaviour of two point
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function, the knowledge of condensates is needed. Section is devoted to this
topic.

2.2.7 Summary and Discussion

In the second part of this chapter we re-examined the contact terms as solutions
to their respective RGEs. Bulk of this discussion (in particular the formulas
(2.73),(2.93),(2.118])), (2.121))) and the finiteness analysis represent new results

that appeared in [3]. In the literature it usually assumed (see for example [57],

[69]) that the correlator (©©) has short-distance divergences that appear in the
small coupling expansion. We have shown how these apparent divergences arise
by expanding the finite expression in a,. Physical consequences of these
results will be considered in the next chapter of this thesis.

The RGE solutions we provided were given in terms of closed form integrals
with % poles resummed. A particular care was given to their scheme-dependence.
Asymptotic analysis of these integrals allowed us to draw conclusions about UV-
convergence of OPE beyond the conventional perturbative investigations. We
derived a condition on anomalous dimensions of operators that guarantees well
defined € — 0 limit of contact terms. This was then related to the convergence
of corresponding dispersion relations. The physically most interesting case was
the two point function of trace of the energy-momentum tensor (TEMT). Our
momentum space analysis of this correlator has shown that large logarithms
resum into RG evolution of the coupling constant leaving an expression satisfying
unsubtracted dispersion relation. The reason for this is that the short-distance
behaviour of TEMT correlators is influenced by the presence of UVFP where
the vanishing of TEMT counteracts the contact divergences. The UV finiteness
was shown to hold even in the multiple coupling case and with non-perturbative
condensate contribution included. As a possible extension of this work one could
consider redoing the same analysis with different regularization from DR, which

could be helpful to understand the issue of potential power divergences.

2.3 Gluon Condensates in Hamiltonian Formalism

In this section we will delve further into the idea that differentiating finite/-

physical quantity wrt to renormalized coupling produces an insertion of the
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renormalized operator. Only this time the couplings will be kept constant and
emphasis will be on matrix elements of physical states rather than correlators.
The main tool here is the Feynman-Hellmann theorem [83], which was originally
derived in quantum mechanics, but it applies straightforwardly to quantum field
theory in the case where the relevant part of the Hamiltonian is known. One
such example is the fermion mass term of a gauge theory H,, = mqq e.g. [84].
The Hamiltonian formalism of gauge theories is not straightforward because of
the elimination of two degrees of freedom from the vector potential one of which

is associated with the gauge freedom.

In [85] a Feynman Hellman relation for the gauge coupling constant was obtained
by combining the trace anomaly, renormalization group equation (RGE) and the

Feynman Hellmann theorem for the fermion mass. The relations read [85]:

0 o B 1 1.

95,5 = 3ol 5@l (2.142)
0 1,1

ga_gAGT: - §<?[G2]>0 (2-143)

where G* = G,,,G* is the field strength tensor squared, the subscript ¢ stands
for the connected part, ¢ denotes a physical state (normalisation to be specified
below) and (X), = (0|X]|0) corresponds to the vacuum expectation value
throughout. The scheme dependence of the matrix elements on the right hand
side is determined by the scheme dependence of the couplings on the left hand
side. The partial derivatives are understood in the sense of the RGE. That is to
say implicit dependencies of other parameters on the coupling are not considered
by definition. In Eq. the momentum is taken to be independent of M, as
in [85] | Relation is valid for the following normalisation of states,

(p(E',p)o(E,p)) = 2B,(2m)P~1 D (5 — 1), (2.144)

where D stands for the space-time dimension. The cosmological constant Agr
contribution in ([2.143)) was defined as <T“u)0 = DAgr. The goal of this section
is to derive these relations, after all, using a Hamiltonian formalism. The key
observation is that by a canonical transformation (rescalings in the gauge coupling

constant), one can obtain a suitable form of the Hamiltonian.

The following presentation is organised as follows. In Section [2.3.1] we pursue

Z5The latter is of significance (Section [2.3.3)) for the derivation of the trace anomaly matrix
element from an RGE for the Energy.
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the derivation of relations within the Hamiltonian formalism. In
Sections [2.3.2] and we illustrate the formula within the Schwinger
Model and the N = 2 super Yang Mills theory (Seiberg-Witten theory).
Relevant comments on the transformation of the measure under the canonical
transformation can be found in Appendix [D.2]

2.3.1 (Re)derivation in the Hamiltonian formalism

The suitable canonical transformation of the Hamiltonian

In the Hamiltonian formalism of a (non-abelian) gauge theory 7 = E and A are
the independent canonically conjugate variables. (e.g. [86])@ The Hamiltonian

reads,

H =M, +He+ Mg,

1 - - .
H, = 5(E2 + B*) —q(i7-D —m)q, (2.145)

where D = 0 + igff is the gauge covariant derivative and ¢ stands for fermions
(quarks) in some representation of the gauge group. The magnetic field is defined
as 2By, = €;;Gij = €i;(0;A; — 0;A; +ig[A;i, Aj]). The term Hg = AJG® with G* =
((DE)*+qt*yoq) corresponds to Gauss’ law (i.e. one of Maxwell’s equations). The
expression H¢ is associated with primary and secondary constraints (resulting in
gauge transformation). Both Hg and H¢ vanish on matrix elements of physical

states and shall therefore be omitted hereafter.

Our strategy is to make the dependence on the coupling g as simple as possible

through the canonical transformation,

— 1 —
A—-A
g
E — gE (2.146)
This leads to a Hamiltonian of the form,
1, ,= 1 = -
H, = 5(92E2 + ?BQ) —q(iy-D +m)q, (2.147)

26The variable Ay is degraded to be a Lagrangian multiplier imposing Gauss’ law in (cf.. Hg
below) and 7y = 0 is at the heart of all the difficulties with the Hamiltonian formalism of gauge
theories (parameterised by He below).

63



where, crucially, the only g-dependence is in front of the electric and magnetic
field terms. It is important to note that the transformation in Eq.
leaves the measure of the path integral DEDA invariant. First the transfor-
mation does not affect the equal time canonical commutation relation,
[A¥ (30, %), Ey(z0,7)] = 1686P 1 (# —); the (simple) Jacobian is therefore trivial.
Second the measure is not affected by a rescaling anomaly of the type [87] since the
two transformations in exactly cancel each other (as outlined in Appendix

D3).

Gluon condensates from Hamiltonian

The Feynman-Hellmann theorem [83] in quantum mechanics (here (plp) = 1)
states that p 5

SB, ) = (el 2 HOe) (2.148)
where \ is a parameter. It is crucial that |p) is an eigenstate of the Hamiltonian
H. The rest follows from the normalisation being independent on the parameter
A. The adaption to quantum field theory solely involves the incorporation of the
specific normalisation convention . The right hand side of , in our

case, is obtained by differentiating ([2.147))

la 11

d 27172
Ho=0 8~ 24

957 GG (2.149)

This form is very close to Egs. . In particular a Lorentz invariant
result has emerged from the non-covariant Hamilton formalism as is usually
the case. Note, the Hamiltonian is a physical quantity and is therefore not
renormalized. Below we shall write the Hamiltonian in terms of renormalized

quantities which is natural since the physical quantities are matrix elements

thereof. Identifying (H)o = AgT one gets (2.143) from ([2.149):

0 0 0 11,
ga_gAGT = <989H>0 +Agryg g (010) == 2(92 [G™])o - (2.150)
——

=0

For the derivation of (2.142) the factor E, in the normalisation ([2.144))
complicates the algebra and we shall use /2E,|p) = |¢) below restoring the
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factor in the end.

E, 0 1

o . 0, D ; TR (e
98—ng —gag<90|H|90>c— <¢!gag%|<ﬁ>c+ v gag<90|so>c— <90!gg [G]*|®).

=0
where V is the volume. Above we have identified (27)P~ 16~V (F—p') = [dP 'z
(in the sense of distributions) since the Hamiltonian is given by H = [ d”~'zH.
Restoring the normalisation (2.144]) we get an expression,
0

1
2E,g—E, = {p|—[G? 2.151
o955 <90|92[G Jlo)e s (2.151)

which is equivalent to (2.142]). We have therefore rederived Eqs. (2.142)2.143)) in

a Hamiltonian framework which was the main goal of our work. We proceed to

llustrate the formula in three models where exact results are known.

2.3.2 Examples

The relation (2.142) was used [88] to derive the scaling corrections to the hadron
masses in two alternative ways. It therefore constitutes one independent check.

Below we provide three further examples.

Photon mass in the Schwinger Model

Two dimensional quantum electrodynamics, known as the Schwinger model
[89, Q0] (for a review cf.. [91]), has served as a test ground for many formal
approaches and lattice simulations. A curious feature of the Schwinger model is
that the photon acquires a mass through the chiral anomaly as the 7" in quantum
chromodynamics. This is sometimes referred to as a dynamical Higgs mechanism.

The photon mass is:

M2 =—. (2.152)
™

The relation ([2.142)) adapted to the Schwinger model, for a massive photon state

at rest, reads:

0 1

—M? = ——(7|G?y). . 2.153
eas My = =5 (116" (2.153)
Above G? = G,,G" is the electromagnetic field strength tensor squared and e is

the charge of mass dimension one. The latter does not receive any renormalization
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(vanishing beta function).

In order to obtain ([2.152)) from (2.153|) we have to evaluate the matrix element

{(v|G?|7). for which we resort to the operator solution of the Schwinger model
[92] (e.g. chapter 10 [91]). The field strength tensor is given by

G = geuymz , (2.154)

where 0 = 0,0" is the Laplacian and ¥ is a canonically normalised free field
of mass e?/m. Choosing the connected part automatically fixes the scheme of
the matrix element, which incidentally corresponds to normal ordering as used in
ordinary perturbation theory: (G?)o = 0. This is not surprising since there is no
scheme ambiguity on the left hand side as the coupling does not run. Through

an explicit computation in terms of creation and annihilation operators one gets,

G? —12 g —M“——46—2 2.155
(NG h)e = e 2(=M;)* = —4—, (2.155)

where the factor of 2 is of combinatorial nature and we have replaced 0 — —¢? =
—Mf. Inserting ([2.155]) into (2.153)) we get:

9 ., e , €

where C'is a constant. From the limit e — 0, where we expect M, — 0, we infer
C = 0 and therefore (2.156]) corresponds to the exact result (2.152)) known in the
literature. In essence we have shown that (2.154) and (2.153)) implies the Photon

mass ([2.152]).

As an additional, but not necessary test, we can verify whether is
compatible with an RGE. The trace of the energy momentum tensor in massless
QED, in terms of bare quantities, reads 7%, = —(D — 4)L + cf., where EOM
stands for terms which vanish by the equation of motions. The latter are not of
interest for us as we shall evaluate the trace on physical states. Using D = 2 we

get
1
T y)e = —§<7|G2|7>c : (2.157)

and since 2M2 = (7|T* |y). it can be combined with (2.153)) into

(e% —2JM?=0 = M =C'¢ (2.158)

where C” is a constant (C’ = 1/ according to (2.152))) and the equation on the
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right hand side corresponds to an RGE. In fact the latter is equivalent to an
equation based on dimensional analysis on grounds of the fact that there are no

running quantities in the Schwinger model.

Vacuum energy in massive mutliflavour Schwinger model

The Schwinger Model with N; massive fermions has aspects which are known
exactly (cf.. [93] and references therein). The model has got a global SUL(Ny) x
SUR(Ny) flavour symmetry which is explicitly broken down to SUy (Np) by the
fermion mass term. The spectrum consists of one massive boson (the massive
photon of the proceeding section) and N]% — 1 quasi Goldstone boson, similar
to the ' and the octet m, K,n in quantum chromodynamics. The situation is
though distinct in that the quark condensate does not form in the massless case
and the quasi Goldsone bosons show scaling behaviour of a critical theory. The
vacuum energy is proportional to the mass gap squared (for m < e cf.. [93] and

references therein):

2N 2
Agr o M gle gy = = . 2.159
From the trace anomaly equation one gets:
1, » _
2Agr = —§<G Yo + Npm{qq)o - (2.160)

The analogous equation for four dimension is given in [85]. The adaption of
the G%-term to two dimensions has been discussed in the previous section and
the anomalous dimension of the mass is zero. Using (2.143) and Nym¢(gq)o =

o)
mz-AgT one gets

0 0
2Agr = e—Agr + m=—Agr = (e + 1) Acr (2.161)
ae 3?71 N——
-2
a consistent result. Summarising we obtain (G?)o = —2n.Agr and Nym{qq)o =

NmAgr. Again (2.161) reveals itself directly equivalent to an RGE for Agr =

Agr(m,e)

Oe om

Above Ay, = 2 is the scaling dimension of the Agy which is free from anomalous
scaling as it is an observable. As (2.158) Eq. (2.162)) is merely an equation that

<e2 + mi — AAGT) Agr(m,e) =0. (2.162)
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follows from dimensional analysis since all the scale breaking is explicit and not

anomalous.

Magnetic monopole in Seiberg-Witten theory

The N' = 2 pure super Yang-Mills theory (with gauge group SU(2)), known as
Seiberg-Witten theory [94], has features which are known exactly. In particular
it is known that BPS states obey [94],

M. ny = 2|2 with  Z =nea+npap , (2.163)

where n. and n,, count the units of electric and magnetic charges. Exact solutions
for a and ap along with the effective coupling constant 7(a) constitute part of
the work of Seiberg and Witten [94]. First we are going to derive Eq. for
the BPS sector. In the magnetic BPS sector the relevant part of the Hamiltonian
reads [94]

12 = 113
Hpps = ;D¢-D¢+ 5?32 , (2.164)

where we shall comment on the (non-)significance of the extra 1/g*-factor in
front of the scalar kinetic term shortly below. Note, Maxwell’s equations imply
E = 0 for static solution with B # 0 (magnetic monopole). The fermionic terms
are absent by construction of what is known as a BPS state in supersymmetry.

Using the BPS equation,

. 1 -
D¢|BPS) = —B|BPS) , 2.165
¢|BPS) 7 IBPS) (2.165)

the total Hamiltonian becomes,

B?, (2.166)

and the A = 2 supersymmetry, which is responsible for the 1/g*-factor in front
of the kinetic term in , effectively introduces a factor of 2 in the relation
. This can be seen explicitly by differentiating, with respect to the coupling
constant (2.149)),

1 =, F—o 1
ga_gHBPS:_z?B2 = —?GQ (2.167)

and comparing with Eq. (2.167). In summary we have shown that in Seiberg-
Witten theory ([2.142]) holds on the BPS subspace. Conversely assuming that the
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formula (2.142)) is true we know that (2.165)) has to hold for Hgpgs in (2.164)).

Unlike in the Schwinger model we cannot compute the matrix elements in (2.167))
on the BPS states directly. We may turn things around and use the formula to
express the matrix elements for the magnetic monopole in terms of ap which is
known explicitly in terms of the coupling constant. Formula adapted for
N = 2 supersymmetry (with factor of two difference as explained above) reads:
OM?

— ) (2.168)

R _
(0.1 G0, m)e = —g—

In order to evaluate the right hand side we use M(207nm) = 2n2 |ap|* (2.163)) and

ga% = —1wZ where w = g%,
1 8]\/[(207%) . Oap dat, . Oap Oay,
n2 ow 200p 5, + v, 1 = Srilapg = —an
8aD
= —167Imla},—— 2.1
67 Im[a}, (97'] (2.169)
This leads to
1 2 dap
m)| o ylm))e — _mI H— 21
((0,n )\ggG (0, 72m)) 82 lap— "] (2.170)

The function ap is known [94]

v(T) d _
_ \/51\/ @ ()= 14 (2.171)
m 1 xTr° —

A7)

with v = u/A? where u = (¢?)¢ is a modulus and A is a dynamical scale and

ap(T)

constitute important parameters of the theory. The function A(7) is given in [95].
We have checked numerically that the condensate is zero for gp o 1/g — 0 and
increases monotonically as a function of gp. The coupling gp corresponds to the
magnetic coupling and is dual to the electric coupling g. Loosely speaking the

magnetic monopole condensate is governed by the magnetic coupling gp.

2"In doing so use the fact that ap is a holomorphic function of holomorphicity in 7 = 4mi/g?+
Lp
27
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2.3.3 Trace anomaly and the Hamiltonian

In this section we show how the matrix element of the QCD trace anomaly (|1.70))

follows from an RGE of the Hamiltonian matrix elements. We consider
1)
hg,m, u,p) = (H(p)|H|H(p) BE2 2(E,(p)? (2.172)

where p = [p] denotes the spatial angular momentum which is considered to be
an external parameter. By the latter we mean that it is in particular independent
on M, in accordance with the remark below Eq. . This type of matrix
element satisfies an RGE of the form (e.g. [15])

0 0 0
— —m(1 — + Ay —p=—)h =0 2.173
(6gag m(1+7)5— + A pap) (g,m, p1,p) =0, (2.173)
where A, = 2 is the scaling dimension of (2.172)) which corresponds to the
engineering dimension since E, is a physical observable. Using the fact that

the p-dependence is known exactly, h = 2E2 = 2(M? + p*), one can rewrite
[E20) o

8 a Aeff E2 o Aeff _ M‘i
(598—g—m(1+7)8—m+ 2B, =0, AR = B (2.174)
The two derivatives in (2.174)) can be substituted by the relation (2.142) and
m%Ei = m(qq),. One obtains,

[G*])e + (1 +7)m{(ad])s . (2.175)

which corresponds to the well-known matrix element of the trace anomaly (|1.70))
between a physical state (e.g. [85]).

Note that this section corresponds to the, almost, backwards derivation of [85]
where the Feynman-Hellmann relation is derived from the trace anomaly.
Furthermore it is also closely related to heuristic derivation of the trace anomaly
using 7%, %ﬁ(,u). The main reason for presenting the derivation is to clarify
how matters work out for states with non-zero spatial momenta (i.e. M7 #
E?). The latter necessitate an RGE where the external momenta are taken into

account.
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2.3.4 Summary and Discussion

In the final section of this chapter we have derived the relations in Eqgs. ,
previously obtained in [85] through the trace anomaly, the Feynman-Hellmann
theorem and an RGE, in a Hamiltonian formulation of gauge theories. This
derivation is new and it extends the original proof [85] in that it can be directly
applied to gauge theories with multiple couplings.

The derivation presented here contains two ingredients. First, we start by
eliminating the terms which vanish as matrix elements from the Hamiltonian. In
this way we bypass the notoriously difficult problem of gauge fixing. The second
step is a canonical transformation which arranges the Hamiltonian in such a way
that only the E? and B%-terms depend on the gauge coupling. The derivative with
respect to the gauge coupling then gives rise to the explicitly Lorentz invariant
result. A subtle point, which we have verified in Appendix is that the
canonical transformation is free from rescaling anomalies of the Konishi type.
One possible advantage of the Hamiltonian derivation is that it makes it clear
that the relations holds for gauge theories with more than one gauge coupling.
Furthermore we have tested the relation within the Schwinger Model and the
N = 2 super Yang Mills theory (Seiberg-Witten theory). An interesting extension
of this work would be further independent verification of relations within
the AAS/CFT framework or lattice simulations. Another possible venue could

be application to cosmological models, where gluon condensate may parametrise

QCD contribution to cosmological constant through (2.142)).
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Chapter 3

Curved Space and Moments

Large part of the preceding chapter was devoted to correlators of composite
operators. In particular we studied the correlators of the energy-momentum trace
(EMT) operator. In this chapter we will give those correlators more geometrical
meaning when considering a QFT in curved space. We will start this chapter
discussing how by coupling the theory to a curved background the metric can
serve as a source for the energy-momentum tensor. This does not come without
the price since introducing the curvature introduces and extra scale which means
that even if the theory is CFT, there will still be a c-number violation of the

conformal symmetry through curved space trace anomaly [96]

1

TP = —B.FEy — 241 4d0H, H=
p 6114 50W+ ) (d—].)

R, (3.1)

where the constants 3,, 3., d in front of the above geometrical terms (to be defined
later in this chapter) have physical meaning and are called central charges. In
this chapter (and the next one) we will study how some of these central charges
change along the RG flow.

Correlators of the EMT are then renormalized by adding suitable gravitational
counterterms to the action [97]. We saw how this works in Section for local
couplings. This time the metric will take a role of local coupling. The resulting
counterterms can then be seen as a source of the trace anomaly through
their non-invariance under Weyl transformations. In the first part of this chapter
we will review process focusing on the R? counterterm.

Finally the connection with the results from Section will be made. The

finiteness of EMT correlators will gain concrete physical meaning in association
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with the flow of central charge d. The result in Section and the analysis
presented in Section [3.2] are part of [4].

3.1 Trace anomaly in curved space

This section is mostly meant as a review of the work of Freeman [58] and Hathrell
[57]. In particular we will concentrate the connection between gravitational
counterterms and the trace anomaly in curved space. It will be very useful
introducing the basic technology and terminology that is needed when treating

gauge theories coupled to curved metric.

3.1.1 EMT and the Weyl transformations

We have already studied the energy-momentum tensor in Section where it
was associated with the Noether’s current of coordinate transformations. The
alternative definition follows when we couple the theory to a metric g, and

consider the variation of the action

2 65

= Vi) 32

TM”(‘r)

where g = det g,,,,. This suffices to define insertions of 7}, into Green’s functions

2 0
V909 ()

which holds up to potential contact terms that may arise if operators O; depend

(T (2)O1(21) . .. On () = (O1(21) ... Op(22)) (3.3)

on the metric.
The TEMT can then be written
2 0S

Tﬂu(;p) = ﬁglﬂ’ 5 (@) (3.4)

This equivalent to varying the action w.r.t.. to an infinitesimal transformation of
the metric

G = € G - (3.5)

This transformation is called Weyl rescaling. We saw in Section that EMT

can be understood as a response to a dilation. Indeed, the Weyl rescaling can be
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viewed as a local rescaling of distances with

VAT (2) = < Ok (3.6)

In fact the connection of Weyl rescaling with dilatations and special conformal
transformations can be made more precise. In the language of Riemannian
geometry the conformal transformations ([1.2)) are diffecomorphisms that rescale

the metric

oz, =&,
1
0Guw = _<§vp§p)g;w . (3.7)

Where &£ are the Killing fields corresponding the Lie algebra of the conformal
group SO(4,2). From ({1.2) we have

= Azt Dilatations

&= (2" —2atav f,) Special conformal transformations (3.8)
To relate the above with infinitesimal Weyl rescaling
39w = —20(2) g, ,
one makes the following association
1
a(z) = Zv#&‘ : (3.9)
Substituting (3.8)) in (3.9) we get the respective Weyl parameters

alx) = A Dilatations

alx) = —2(x-f)  Special conformal transformations (3.10)

Next we are going to consider few examples of how (3.6)) can be used to find the
EMT.
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Free scalar field

A general action for free, massless scalar field coupled to curved space reads

SO — % / d*z\/gop[~0+ CR]¢ , (3.11)

where [J = V? and R is the Ricci scalar. A Weyl variation (3.6) of this action

this action reads

(0) )
(?j(m) - %(2 — d)\/g¢[-0+ (R]o + %\@ {_@

+2(d — 1)@ O¢* , (3.12)

where we used the identities from Appendix The first term in the above
equation is proportional to the equation of motion so it can be ignored in the

final expression for EMT

1] (d—2)
T, == |- 2(d — 1)¢ | O¢? 1
=5 |52 2= 1] o0 (3.13)
where we have taken the flat limit g, — J,,. Note that for d = 4, ¢ = 0 the
above expression reduces to the canonical trace (1.19). We can now see how the
(@=2) the
A(d—1)

trace (3.13]) can be made to vanish. In fact this procedure can be defined for a

generic theory with

improvement procedure from Section |1.1.2] works. By choosing ( =

T =00 , (3.14)

I

with O being a dimension 2 operator. This precisely the form required for

conformal invariance(l.14). By including a counterterm —mR(’) to the

Lagrangian, the total Weyl variation will vanish leaving 7%, = 0.

Fermion field
The action of free, massless fermion coupled to curved space reads
§&) = / dx Jgu I | (3.15)

where ) is the curved space Dirac operator defined using spin connection w.

The Weyl variation of this action can again be evaluated using formulas in the
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Appendix

T+ \/ngﬁl/} , (3.16)

w da(x)

§5@  (d-1)
T2
where ? = B — B The above operator is proportional to the fermion
equation of motion. Note that this conclusion does not change when we include
gauge interaction ¥ A1y - one simply replaces the Dirac operators in with
gauge covariant derivatives. Thus the contribution of fermions to gauge theory
EMT is g1 5 5
( ) (ww +1 50

The above form implies that ©, does not contribute to correlators of the full

0, = )S . (3.17)

gauge theory EMT (2.89)). To show this one starts from the observation that

using functional integration by parts it can be shown [21]
(Oy(21)...0p(zN)) x Z(W(:El — 2;)(Oyp(2)...04(xN)) - (3.18)

One can now continue this procedure until left with single insertion of ©, which

gives 0. The same arguments hold if we include arbitrary number of insertions of

O o [G?] in [B.18) since G* = 0.

Gauge theory in dimensional regularization

The curved space action for gauge field can be written as

1 1
S == /ddx\/g—QG2 , (3.19)
4 90
where G? = G, GL” with rank 2 antisymmetric field strength tensor G, =

O, A, — 0, A — f“bCAZA,C/. Rather remarkably the connection has cancelled in
the expression of curved space field strength, which leaves it independent of the

metric. The Weyl variation then gives
TH — (4— ) GG (3.20)
: 4¥7 g3
Taking the flat space limit and using the notation of Section [2.1.4] we get

1
T, = (4—d)70,. (3.21)
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In Section it was shown that up to physically irrelevant operators O, =
zJ ~1[0,] where Z 2 was given in (2.43). Plugging this back to (3.22)) we get

T =0 =—-50,], (3.22)

which is perfectly consistent with (2.90)).

Note that we have chosen to ignore the gauge fixing terms

\/ECYLO(VMA"“)Q +/9eV*(D,c) . (3.23)

As already discussed in Section m these do contribute to the total 7%,. This
contribution obtained by the Weyl variation of the above term involves the ghost
EOM and a BRS variation, hence it has to vanish when inserted into physical
matrix elements [20, [56].

Up until now we have only been discussing operator contributions to the trace
anomaly ignoring the purely background terms allowed by symmetries (e.g R?

etc.). In the next section we will address these contributions.

3.1.2 Gravitational counterterms

We now proceed consider correlators of . As was demonstrated in Section
2.1] in traditional perturbative approach products of operators require additional
renormalization that involves adding countererms to cancels the contact term
divergences. In this section we will follow the same recipe for products of EMT.
The QAP (cf. Section is applicable if the metric is treated as local source.
The main point of this section is to motivate that on general grounds one expects

the trace anomaly in curved space to take the form
Tu,u(x) = @dyn + @grav 5 (324)

where Ogy, = BA[O 4] represents the dynamical breaking of conformal symmetry
discussed in Section [.2.3] and

1
(d—1)

Ourav = —faby — ByH? — BW? +4dH , H= R, (3.25)

is the pure gravitational contribution. Our aim now is to elucidate how the central
charges Sq, By, Be, d arise.

Working in dimensional regularization with d = 4 — 2¢ we add all the possible
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metric dependent,local counterterms allowed by diffeomorphism symmetry. These

will be parametrised by the following Lagrangian

Egrav = CloE4 + b0H2 -+ C0W2 s (326)
where H = ﬁR,
E,=R), , —4R., + R’ (3.27)
and A 5
W*=R*® ——— R 4+ ——  _R? (3.28)

ST (d—=2)" (d—1)(d—-2)
is the square of d—dimensional Weyl tensor. For massless theory, these are the
only possible local terms consistent with diffeomorphism invariance.ﬂ
Just as we did in Chapter 2 we split the bare coefficients ag, by, ¢y into a finite

part and a pole series L, = > _ %= (implicitly assuming a MS-scheme). Thus

n>0 en
agp a+ L,
bo | =p Y| b+L, | . (3.29)
Co c+ L,

The respective beta functions are defined

s __d (3.30)
6}7 ~dlnp :
Be c

Using that ﬁao = ((d—4)+ 04+ Ba%)ao = 0 etc. and (3.29) we can derive
the following relation

B a B

G | = —d=d] b |+]| B with

Be c B

Ba L,

B | = Qe=pa)| L, | . (3.31)
Be L.

Thus we see that scale dependence of a,b, ¢ is determined from their respective

pole functions. In the following section we will expose the intimate relationship

In general one should also include the Einstein-Hilbert term A?H and the cosmological
constant A*, however as there are no power divergences in dimensional regularization we can
set these to 0
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between these pole functions and the dynamics of the theory. Before we proceed
we would briefly like to turn to the issue of scheme dependence of 3,... So far the
MS-scheme was implicitly assumed for L, .. Let us choose a different subtraction

scheme
:z,b,c = La,b,c + fa,b,c ; (332)

with f, 5. being some finite functions of the couplings. Since the bare constants
(3.29)) should remain p-independent for any scheme we take (', V', ') = (a, b, c) —
fape (up to possibly p-independent constants) so that the relations (3.31)) are

preserved with corresponding beta functions transforming as

ﬁ;,b,c - Ba,b,c - 5A8Afa,b,c . (333)

Determination of L, .

The counterterterms L, . are determined via the QAP as in Section We

start again from the generating functional

Z= / D(py)e 5 @om) (3.34)

for the action
S = den(¢ia guu) - Sgrav(g;w) (3'35)

with counterterms (3.26)) included Sgray = [ dd:c\/gﬁgrav. The QAP is applied via
differentiation of In Z w.r.t. « and setting the background to be flat at the end.

In particular taking two derivatives we obtain

55 68 528
<5a(0) 5a(m)> a <5oz(())5oz(x) )

— [finite] , (3.36)

where the () are taken in the flat space. From (3.6 and (3.24)) we obtain

62 Sgrav

(Odyn(0)Oayn(z)) + <m’ﬂat>

= |[finite] . (3.37)

In the above equation we set the flat space condensates to 0 so that for example

the contact term <%) = O. To evaluate the variations of Sy, We can use

2The condensate contact terms for EMT have been discussed in the previous chapter (see
2.2.6|)
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the following trick. Setting the metric to be conformally flat
G = €205, (3.38)

means that doing the variations w.r.t. « become simply functional derivatives
w.r.t. s. Expressions for individual geometric terms in this space are give in the
Appendix This approach has a downside that we will not be able to evaluate
the cq contribution this way as the the invariant 7?2 vanishes on conformally flat
spaces with .

Hence to find the second term in we need to evaluate Sgray on the
background and expand to O(s?). This can be readily done using the expressions
for 4, and R from Appendix and we see that if we discard total derivatives
the only O(s?) comes from expanding /gH? givingﬂ

Seray = /dda:e(4_d)s4bo(Ds)2 +0(s%) (3.39)

Taking the two functional derivatives is now straight-forward exercise and (3.37))
can be readily finished

(T (2)T",(0)) = (©(2)©(0)) + 8by[*6') (x) = [finite] , (3.40)

where we suppressed the 'dyn’ subscript defining ©4y, = © to make connection
with previous chapters of this thesis (cf. (1.64)). Above we have defined the

renormalized correlator

2

(T%,(x)T",(0)) 55(2)35(0)

In 2|, (3.41)

through functional derivatives of the path integral (the higher point
functions (7%,7%,T7,) etc. are defined analogically). From (3.40) we see that
the correlators (T* T%,) and (©©) agree at = # 0, with the only difference being
the purely gravitational contribution from byH? supported at = 0. This also
means that the correlator (7%, 7%,) is not unique since under the addition of a local
term 0Lgray = wold 2 it acquires an extra contribution 8w(1?d(x). On contrary,

the 'bare’ correlator (©0©) remains unchanged under such a shift.

3The advantage of using H = ﬁR becomes clear when expanded in terms of s where the

extra d-dependent prefactor drops out.
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We can now take the Fourier transform of the above equation
L, = / dze™ (T" (x)T",(0)) = Trr(p?) + 8bop* = [finite] (3.42)

written in the familiar notation of Section (we take again [Or| = @)ﬁ By
comparing the respective pole functions in (3.42)) (see (2.66) and (3.29)) we can

obtain the non-trivial, known [5§], relation

1
Ly, = —éL;ﬁ;“S : (3.43)

which quantifies the advertised relationship between gravitational counterterms

and the dynamics which studied in the previous chapter. A similar relationship

can be found between the three-point function and L, and we will return to

it in the next chapter. At last we only state the L. relation given in [58] for
s s

completeness. It can be obtained from —>—~-—%—InZ for which one needs
dguv (0) d9pc ()

non-conformally flat metric to get

bop* = [finite] , (3.44)

, 8
[ (0,000 () + 4(d - 3)(d + Dewp' + T
where ©,, is the dynamical energy-momentum tensor. A similar equation

involving ag can be derived by considering the three point function of TEMT.

Application to gauge theory

The discussion so far has been completely general, but from now on we will
specialize to the Yang-Mills case with one marginal coupling g (although most of
the arguments can be readily generalized to multiple couplings). Starting again
from the actionﬂ (3.19), we include the purely gravitational part

1

S 4/dd:r\/§i2G2+/d4x\/§£grav. (3.45)
90

The TEMT is again obtained from (3.6)) using the identities given in the Appendix
[E1l

1
4

4The choice of subscript s in (3.42) is justified through derivatives w.r.t. s.
5We neglect the fermionic and gauge fixing parts for the reasons discussed around ({3.18))

and (3.19) respectively.

T = (4 —d)70, — (4 — d)(aoEs + boH? + coW?) — 4by0H . (3.46)
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This is not yet the desired form of TEMT. To complete the exercise one
needs to factor in the mixing of O, with the background terms E,, H* W? OH
under renormalization. To determine the relevant mixing coefficients the QAP
of previous section will be useful (the equation (2.14) in Section can be
directly applied). The contribution of Ey, H?, W? can be found by differentiating
the Lgqp W.r.t. coupling 2Ing (cf. (2.41)). Thus we get [57]

2(d—4 8
[Og] = (T)Og + ZgaE4 + Zngz + chW2 + M(d4)g<a + L,)OH , (3.47)

where 3 is defined by using the conventions of Appendix and

2(d—4 ab.c
Zga,b,c _ _M(d—4)% (La,b,c + (5%4)) . (348)

These equations were derived using (3.31]) and BlingLa’b’C = %ﬁ[«l,b,c. In the
last section the we described a method for finding L, . in terms of 2,3-point
functions of energy-momentum tensor. Notice that the last term o + L, ﬁ can’t
be obtained by this method as there is no counterterm proportional to [JH in the

Lagrangian. Instead, we will apply the QAP directly to ([O,]) using

a3 (0 g, = (~O@IONO) + (5 Ol = [nite] . (349)

where © is the dynamical trace anomaly (3.22)). The variation %@)[OQ] can be
worked by applying identities from Appendix directly to (3.47). Neglecting

the flat space condensate contribution one obtains

_ / 2 (6(2)[0, (0)]) + u(d_4)%(a 4+ L)y = [finite] . (3.50)

Multiplying this equation through g and comparing with (3.42) we obtained a
consistency relation
Ly=L, (3.51)

The consistency condition for ¢ can be found by applying the finite operator

4_f to (3.50). Invoking the RG invariance of (©©) then yields

1
Bdlnp

1 d

———pl? L,) = |finite]| . .52
Famg" (0 + Lo) = [finite] (3.52)

6The coefficient é in front of ¢ + L, is chosen out of convenience anticipating that O,

appears in the combination 3 [O4] in TEMT
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Recalling the definitions of [, in (3.31) together with (3.51) implies that

-4 @[, = —pB,. Since o is finite function of the coupling we have —t ¢ =
11n nu
B%MU the condition (3.52)) becomes equivalent to
1 By :
=5 (—20 — ?> = [finite] . (3.53)

We can expand this Laurent series and demanding means the poles need to vanish.
For example vanishing of the first pole finally implies

o= _1b (3.54)

28
This implies that all the information about the gravitational part of the trace
anomaly (3.46) is stored in the three functions L,.. This relation will also be
important later on when discussing the fourth moment.

Finally we can use ([3.47)) to substitute for the first term in (3.46|). Together with
the consistency condition (3.51)) this yields

T" = —%B[OQ] — BuBy— ByH? — BW? — 4(b— 0)0OH | (3.55)

where the beta functions Ba,b’c have been defined in . It is readily observed
that has the desired form (3.24]).

This concludes our rather lengthy review of the trace anomaly in curved space.
Throughout this section we did not make any assumptions about the finiteness
of TEMT correlators or resummation of the poles. The main purpose was to
introduce the counterterms ag,by and their associated beta functions. We are
now ready to apply the results of Section to the quantities we have just
introduced. Our discussion in this chapter will revolve around the H? term and
the consequences of finiteness of L. The detailed analysis of 3, term will be
given in Chapter 4. Before we move on let us comment on the apparent tension
between the existence of anomalies and the finiteness of EMT two-point functions

proven in Section [2.2]

3.1.3 Finiteness and the R? anomaly

As was demonstrated above, the anomalies can be associated with UV-divergences
and so one might wonder whether this means that the corresponding R2-anomaly
in (3.25)) is absent. In a generic example this will not be the case since it is the
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In p-terms which signal the presence of the anomaly which are of course present
despite the e-poles resumming to a finite expression. We will show however, that
it is always possible to choose a subtraction scheme where the anomaly vanishes.
Let us first look at the QCD example again. We can obtain the expression for f,
by substituting the explicit form of L}, from (see the Appendix for
the definition of g1) into (3.43))

o= ) = 160 [T () e, 3o

which is clearly non-zero. |Z| In fact we see that vanishes only at fixed point
with 3 = 0 which is consistent with the observation that R? vanishes in CFT
[96, O8].

Note that can be written as (3, = BalingB, where

B==>["a, (é) u (1 - g) g (u)du . (3.57)

" 32 u s

This is not a coincidence since by inspecting we find that B = %L;’%ﬂ S(e =
0) = —Ly(e = 0), which is well defined as was shown in the Section [2.2.3] By
choosing f, = B in (3.33) we then conclude that there exists a scheme where
B = 0 along the flow. Using the finiteness of L7:)° that we proved in Section
we can generalize this argument to multiple couplings. From the relation
(13.31))

By = lim (2 — BAO4) Lo(€) = —BAO4Ly(e = 0) (3.58)

where we used the finiteness of L, that follows from the finiteness of L2 and
the relation E| Thus we can always find a scheme with 5, = 0 by choosing
fo = —Ly(e =0).

This result is non-trivial especially in theories with multiple couplings, where
it is not a priory clear that (3, can be written as a scale derivative of some
finite function. Here the finiteness of (©O) was crucial in defining such a
function . To the author’s knowledge this has not been demonstrated in the
literature. Another side result is the explicit expression and its application
to extend the QCD R2-anomaly to O(a?) by using the recent update of the
(G*G?) in Appendix [G.1]

"From one infers that 8, = O(a,?) since g1 = O(a,") and that the R2-anomaly-term
is absent for theories with 8 = —Bgas which is the case for pure N/ = 1 supersymmetric QCD.
Both facts are consistent with the explicit computations in the literature.

8We also assume that lim,_,o L is uniform and smooth (i.e with well-defined derivatives) so
that the ¢ — 0 limit and the derivatives in commute.
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3.2 Flow of OJR anomaly from (O(x)O(0))

The correlation function of the TEMTY
Lrr(p?) = / d*ze™(0(2)0(0)). = Crp(p*)p* (3.59)

is an object that contains a wealth of information on the RG-flow in the form of

moments

(27 = / d'z (22)3 (O(2)0(0)). (3.60)

In particular in two dimensions the c-theorem [99] can be written as the second
moment of energy momentum correlation function [100], using the normalisation
(T”p>CFT = —(6./(247)R, where . = 1 for a free scalar field,

AB, = YV — gt = 37r/d2x 72(0(2)0(0)). > 0. (3.61)

Positivity then follows from reflection positivity of (©(z)©(0)) for x # 0 as well as
the finiteness when integrating over d?z. This is equivalent to having a convergent
dispersion relation as discussed in previous sections. This type of argument is
sketched in the original paper discussing spectral representations and c-theorems
[TOT]. We recall from Section that in four dimensions the VEV of the TEMT

in curved space reads

(17,) = —§<[GQ]> — B.Ey— BW? = B,H>+4d0H, H=

R 3.62
with E4, W? and R being the Euler, the Weyl squared and the Ricci scalar and
the cosmological constant is set to zero. The analogue of the c-theorem in four
dimensions is known as the a-theorem Af, > 0 [102] and it will be the main
subject of Chapter 4. The d-term has not received much attention since it can

be shifted by a local counterterm in the action £ = 6b- H? results in d — d — db.

9The restrictive structure of (3.59)) follows from the flat-space translational Ward Identity
(

[ d*ze™ T (045(x)0,5(0)). = Pa%,yél"(o) + Péé)wf(” + PO(E,Q (0). From the traces of the spin
Oland 2 structures, PC@Y)M ~ p* and P(g,)a.y = 0 (note Pégg% = cr), one infers that T (p) ~
Crr(?).
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In what follows we aim to show that

Loty >0, (3.63)

Ad=dW - g = L
293

within the framework used in this thesis. Furthermore we will show that the
quantities in (3.63)) can be unambiguously defined and provide explicit scheme-
independent formulas for calculating them. Positivity will follow from the
reflection positivity of and the previously discussed finiteness of the ©0-
correlator in momentum space. In Section [3.2.1] we will present a derivation of
(3.63) and related it to the contact term formulas from Section . An explicit
MS computation of Ad valid for weakly coupled gauge theories in Section m
serves as a check using the results of Section [2.2.3] The delicate issue is the
convergence of (x?), which is necessary for Ad to be physical, is discussed in
Section m These two sections are of help to discuss the status of Ad as a
physical observable in Section supplemented with comments on the earlier

literature.

3.2.1 Ad as the fourth moment of (9(z)0(0))

The link between the two quantities in Eq. is provided by the QAP
(differentiation wrt. a Weyl parameter ([3.38))). This will used in Section [3.2.1]
by extracting the anomaly from the IR effective action. In Section the
formalism of Section will be used to provide formulas useful for explicit

evaluation of Ad.

Derivation using the IR effective action
The IR effective action takes the following form

InZ = —d® / d*e/gH* + ... | (3.64)
where the dots stand for non-local and Weyl-invariant contributions. The local

part of (3.64]) is dictated by the IR trace anomaly. To eliminate the Weyl-invariant

(e.g W?) terms in (3.64) we choose a conformally flat background

Guv = 6—25(:5)5“” s (365)
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in which the effective action takes the form
In 2 = —4d™® / d*z(0s)? + O(s°) . (3.66)
On the other hand In Z is the Euclidean path integral of
z (/ D¢i€—5dyn(¢i7guu)+b0fd4a:\/§H2) : (3.67)

depends on dynamical fields ¢; and by is the gravitational counterterm cf. (3.26]).
In the conformally flat background ([3.65))

Z = ( / D¢i6—5dyn(¢i,s)+4bofd4w(Ds)2+0(s3)) , (3.68)

To find b™ we need to perform a derivative expansion of the above expression to

extract the ((Js)? and compare it with (3.66)).

Sayn(Pir §) = Sayn(di) + /d4a:s(x)@(:p) +..., (3.69)

where Sgyn(¢;) is the flat-space action and ... stand for terms which do
not contribute to ((s)? in the derivative (and s) expansion. The dynamical

contribution is extracted by first expanding the exponential about s = 0
1
/ D(¢;)e Stm(@s) = 1 — / d'zs(x)(0(x)) + 5 / / d*zdys(z)s(y)(O(z)O(y))
+0(s°) (3.70)

where () stand for flat-space VEVs. The four derivative term (3.66)) is matched
by Taylor expanding the double integral term in (3.70]) by

s(y) = s(x)+-- '+%(IE—y)“(l’—y)”(x—y)”(ff—y)aauauap@ﬁ(ﬂ?)+@(35) - (3.71)

Using the Euclidean rotational symmetry the following replacement

L (1= ) (57007 4 506 4 605 | (3.72)

(z—y)H(z—y)(z—y)(r—y) — 71

is valid under the integral. Changing the integration variable to y = z + x one

gets
5 | [ dsdts@sewenn) = 5 [ dasar [axeceo) .

87



+ g [ desta)Osta) [ dazt0(:)00)

(3.73)
Substituting (3.70)) in (3.68|) and using the derivative expansion (3.73]) leads to

1
_CzIR — an}4f(Ds)2 — bo + ﬂ d4224<@<2)@(0)> . (374)

Next we use the result of Section (2.2]) that the bare coupling by = [finite], so we
can match it with the UV anomaly. Indeed, had we not deformed the UV CFET
with © = 0 we would have no flow with d™® = dVV so that (3.74)) implies

by = —dVV . (3.75)

and the desired result

~ 1
Ad = 355 d*22*(68(2)0(0)) (3.76)
follows by subtracting by from both sides of (3.74]). The integral in (3.76) is UV
finite and it involves the bare correlator so it can be understood as integral over
all space with an infinitesimal sphere removed from the origin, which guarantees

its scheme-independence.

Flow of d from the RG analysis

From ([3.59)) it follows that the fourth moment is related to the IR limit of Ck.,.

by [

1
263
with 02 = 0,,0pe. Combining this with (3.76) we get

Cir(0) = 2T 77 (p*) | om0 = d*z x*(0(x)0(0)). , (3.77)

-1
Ad = gC;T(O) : (3.78)

p>—0

10Tt is assumed that Ct.;. is regular at small momentum with C1.,.(p?) " =" CL.,.(0)+O(B(p?)).
This is justified by the observation made in Section m that Cl.,. depends on momentum
only through running couplings at p?.
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The relation allows us to use the methods of Section to find way to calculate
Ad. First, we recall that

Crr(p®) = B48°Chp () , (3.79)

where Cl 5 is defined as in (2.63). Next, we define a MOM-type scheme [103]
defined implicitly by the condition

Ci{JgOM(pQ =u?)=0. (3.80)
From ([2.124]) we have
d
dlnMCﬁOM(p ) = 2xpr (1) = 28" 6505 (1) | (3.81)

with CEMOM defined as bellow (2.123). This equation can be formally solved
subject to the boundary condition (3.80)). Together with the solution (2.125|) for
BABP L™ we get

,u dﬂl 00 d,U/
Chrir) = 2 [ T [ i
p Iz

[ J/ N J/

TV Vv
1,MOM 1,MOM
CTT (vaﬂ) BAﬁBLAB

o0 d/l//
= 2 [ e
P M

_ A QB MOM dy’
_ 2/pw 94 () (3.52)

Above p denotes the positive square root of p?. Finally, we take the p — 0 limit

of (3.82)) and use (3.78) to find that

Ad = / BABEANOM (), ) : (3.83)

At first glance, appears scheme-dependent. Choosing a different scheme
MOM — R, the integrand of transforms following . However
it is easy to see that the difference is proportional to a total scale derivative
WL a7 - B4BBw4p, which doesn’t contribute at both limits of the integral where the

beta functions vanish (assuming the existence of UV and IR fixed points). We
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can therefore finally write a scheme-independent expression

!/

=1 1 [ ~dp
Ad = 5Ch0) = 7 [ A0 (3.84)

which links the flow of d to calculable quantities like Y%, and beta functions.

3.2.2 Ad in QCD-like Theories

In this section the formula (3.84) will be verified for QCD-like theories by direct
use of the MS-scheme expressions for 3, & L; from Section [3.1.2] The relation
between b and d was established in ([3.55)

d(p) = a(p) =b(p), o™V =0 (3.85)

where o(u) = o(as(p)) is a quantity related to the renormalisation of G* in a
curved background (see and the related discussion). In some more detail
the bare by in the Lagrangian (3.26) (with ¢ — 0 allowed by finiteness of L,
(13.43) is

by = bV = —d"V = b(p) + Ly(p) (3.86)

where we remind the reader that the u-dependence arises from a4(p). From the

explicit expression of L;%/[ S given in (2.92)) and (3.43), it is observed that (¢ — 0
implied)

Ly(p) = —3% i s Ou (g) u (1 - ai) g (u)du

B 1 B
- (—) ugh(u)du

1 [ g
= —oM5 — 3/, Oy (Z) ugt(u)du (3.87)
where in the last line the formula o = —f,/(23) (3.54) was used along with the
formula for 3, (3.56). Taking the IR fixed point limit (a, — a,'®) in (3.87) we

get

h (S) ugr(u)du . (3.88)

~
=N
@»—1
Z
Il
|
q)—«
-
£
»
|
| —
c\g
(&)
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Further using Ly(a?) = YV — bR (3.86) and taking into account ¢V = 0 one
arrives at
-1 et 1yd d
Ad = — Oy ﬂ ugldu———/ 60 (ugt)— v / B2y Msu,
32 Jo u U
)
where we used a change of variables = Qd“ B and the definition ([2.86} ng

Ou(ugl) in the last equality. The equatlon is in agreement with (| -
(B4 — ) which constitutes a check of the formalism.

We finish this section by a concrete example of QCD-like theory with a weakly-
coupled Banks-Zaks fixed point.

Ad to O(a!) at the Banks-Zaks fixed point Finally, let us compute Ad for
explicit example of the Banks-Zaks FP using the formula . We assume the
theory is in the conformal window (asymptotically free with IR FP). To justify
perturbative treatment one needs to have evidence that there is a weakly-coupled
FP and the result of ¢} to a given order in PT. The Banks-Zaks FP appears for
theories with the combination of N, and Ny such that —f3;/5 is very small. It
turns out that in this regime a,™ is small (see Appendix for detailed analysis)
and that there is a weakly-coupled FP which can be determined from 3(as™®) = 0.
The first pole residue gt is known at NNLO [69] and given in the Appendix .
Using with expressions for beta function and gi from Appendix and
Appendix respectively we get
5 _ﬁlgll 0

— ) IR2
Ad = ol (as™)

1
- _(2529%,0 + 51911,())(asm)3

1
T 6l ( /3391 ot 5291 1+ 5191 2) ( Qs )4 + O(as5) . (3.90)
It is observed that the first term is positive since 5; < 0 and 91170 > () in accordance
with Ad > 0. Positivity of Ad is a consistency check for the existence of weakly
coupled FP. In Section 4.2| we will return to this computation and give an explicit

manifestly positive expression in terms of the parameter k = — ;1 /0.
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3.2.3 UV and IR convergence of the fourth moment (2%)

For (3.63) being a useful way to compute Ad the moment integral needs to
be finite. The latter can either diverge in the IR (for x — o0) or in the UV
(x — 0). The discussion of the UV-convergence parallels the one in Section

2.2l It is convenient to analyse this question using a Kallén-Lehmann spectral

(%) :/OOO dspg . (3.91)

S

representation

The integration variable s is of mass dimension two and the spectral function p,
p(P*)0(po) = (2m)* Y 6(pn — p)|(n(pn)[©[0)]* , (3.92)

is defined as a formal sum over the complete set of physical states. For clarity we
would like to emphasise that 6(pg) on the LHS is the step-function.

The spectral function behaves like
p(s) ~s572, (3.93)

close to the FPs where A is the scaling dimension of the most relevant operator[H]
As in section it is useful to distinguish the cases of a non-trivial (AS) and
trivial (AF) FP. The case where there is spontaneous breaking of chiral symmetry
is subtle and needs a special attention.

For non-trivial FPs Ayy > 4 and Ajg < 4 (a similar analysis has been done in
[104]) . Then the fourth moment (x*) converges both in the UV and in the IR.
For the trivial FP A = 0 which is potentially both divergent in the IR and UV
and requires a refined discussion taking into account the logarithmic behaviour.
For the trivial UV FP the criteria in section ([2.2)) were sufficient to show finiteness
for QCD-like theory and the same conclusion holds for multiple couplings. An
asymptotically free theory in the IR behaves in the same way with s — s~! which
leads to the same integral as in the UV. Finally we remark that possible power

divergences of the type ¢;A* + cop?A? € T'pp = [ €(O0) vanish when plugged

into (3.77)).

The case of a spontaneously broken symmetry, such as chiral symmetry in QCD, is

more cumbersome [104} [105] since the trace anomaly contains a term © = On?+ ..

"The identity operator (cosmological constant) which is an IR effect has to be cancelled by
a UV-counterterm as otherwise p(s) ~ s~2. Strictly speaking such a term must be added to

[2-89).
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at the classical level (e.g. [105]) with 7 being the pion field. This EMT cannot
undergo the improvement proposed in [106] which removes the term above, since
the improvement term is incompatible with chiral symmetry [105] E Hence one
has to take this term into consideration. In the limit of free pions the critical
term comes from a bubble graph I'zr(p?) ~ p*In(4m2 — p?) + ... which leads to
(x1) ~ In(4m?2) + .... The latter diverges in the limit m, — 0. This observation
seems to invalidate the as a basis for a flow variable in the case of a chirally
broken IR phase. Unlike in the UV-case it does not seem possible that this
behaviour is improved by resumming interactions since corrections necessarily
come with additional powers of p?/f? where f, is the pion decay constant. A
series of the form In(4m2 — p*) > o, o (p?/f2 In(4m2 — p*))"™ does not resum to
anything which is finite in the limitipz, m?2 — 0 since each coefficient n > 1 of the

series vanishes in this limit and the xy # 0 term therefore leads to a divergence.

Comments on lower moments

Other moments are also of interest. The zeroth moment (z°) is related to the
cosmological constant and has been put forward in connection with a proof of the
a-theorem using a spherical background [107]. The second moment (z?) is related
to the induced Ricci scalar in the action [I08] as well as the entanglement entropy
[109]. The moments (z%?) are better behaved in the IR so we do not need to
discuss them any further. In the UV (z%?) are worse behaved. Generally (z") ~
(A3,)Avv=" Hence (2°) and (2?) are therefore quartically and quadratically
dependent on the UV-cut off for a trivial FP. In our analysis using dimensional
regularisation (DR) and the MS-scheme no such divergences have shown up.
This is of no surprise since it is well understood that dimensional regularisation
is blind to power divergences (c.f. the discussion around in Section [2.2).
Let us mention that it has been argued by Bardeen [80] that in theories cut-off

regularisation are inappropriate for theories with classical conformal symmetry.

12 Another way to see this is to note that the the TEMT in QCD (formulated in terms of
quarks and gluons) is free from scalar ambiguities and therefore one would expect the same to
be true for the TEMT in chiral perturbation theory since the two are equivalent at low energy
[105].
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3.2.4 Ad as a physical observable and comments on the

literature

A necessary condition for Ad to be physical is the convergence of the moment

representation. Should the Ad diverge in the UV then this would necessitate a
subtraction constant for the spectral representation
L p(s)

Ad = — ds——= 3.94

293 J, s3 (3:94)

and since Ad is a constant only it would then be void of any useful information.

Whereas it was possible to show UV convergence, the IR convergence in the

case of a spontaneously broken continuous global symmetry remains unclear.

Assuming convergence it is then clear from the spectral representation that Ad is

scheme independent. Furthermore in Section we showed directly how (3.84))

is scheme-invariant.

This deserves some further discussion since it is well known that d itself is scheme
dependent since a Weyl variation of R? induces CIR so that d receives contribution
from a local R? in the action [I10]. Such a modification of the path integral
needs to be independent of any scale dependent coupling and is therefore a true
constant. We refer the reader to the concluding section in Hathrell’s paper [57] for
a nice discussion from the viewpoint of an RG equation analysis. This suggests
that it is the free field theory (the UV fixed point) values which are ambiguous.
Indeed for free field theory the (- and dimensional-regularisation yield d = —18
and d = 12 (in units of (684072)~1) respectively [I10]. From the viewpoint of
the flow this undetermined constant is an initial conditions which cancels in Ad
(13.94]) which is as stated before a scheme independent quantity provided we can
assure convergence. In order for Ad to be a useful observable one would need
to able to compute cz, in a given scheme, at each FP separately. It would seem
that if the particle content of the UV and IR theory remain the same as is the
case in the conformal window with massless degrees of freedom, the ambiguity
should drop out in a concrete computation. The discussion of the Banks-Zaks
FP at the end of Section is an encouraging example in this direction. In the
case where the UV and IR particle content is different we do not have a way to
compute Ad through d”V minus d'® since the ambiguity seems to depend on the
field content as the free field theory result of the (- dimensional-regularisation

suggests.
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At last we take the chance to comment on the literature. The connection of (x%)
with induced R%-gravity was made in [I11] without linking it an interpolation of
central charges of CFTs. It was Anselmi who puts forward the fourth moment
(x*) as a candidate for measuring the irreversibility of the flow [112] who also
offers a derivation. He initially proposes that AS, and Ad are proportional to
each other but later states that this is only possible for marginal deformations
[113]. In section we will return to this conjecture and asses its validity.

3.2.5 Summary and Discussion

The central part of this section was a proof of the equation . This equation
is a sum rule relating the flow of the coefficient d in to the fourth moment
. In Section the relation was proved using the IR effective action
for background (conformal) gravity. Although the result was already known in the
literature [IT1], 112], our independent analysis elucidated some of the questions
regarding scheme-dependence and finiteness of the fourth moment. In doing this
the language and results of Section were instrumental. The methods we used
in the Section (for example the use of MOM-scheme in (3.82)) were novel
in this context and helped to establish the main result . The equation
(3-84) relates Ad to calculable quantities such as beta functions and M (cf.
(2.117))). Explicit dependence of on known quantities was not only useful
in calculating Ad in theories with weakly coupled Banks-Zaks fixed point, but
also to demonstrate directly its scheme independence.

The finiteness of (©0) correlators was again crucial. First, it allowed us to take
the € — 0 limit of L, and therefore interpret the bare coefficient by as an arbitrary,
finite initial condition for the flow of d. The infamous scheme dependence of d
was then translated into the choice of the constant by, which has no influence on
the physics (it corresponds to a finite pure background counterterm).

Secondly, the UV finiteness allows one to deduce the positivity of Ad. This can

be seen as follows. We can define a quantity

1) = % /| (0o 20 (3.95)

which is manifestly positive-definite by reflection-positivity. Since the § — 0 limit
of (3.95)) is well defined, it follows by basic real analysis that

Ad =1limI(5) >0 (3.96)

6—0

95



which proves the asserted positivity.

Finally, let us comment on the IR convergence of the fourth moment. We saw
that for theories with IRFP the IR finiteness was guaranteed by vanishing of
TEMT in this regime. For chirally broken theories this was not the case and we
were not able find a resummation argument similar to the one in Section 2.2l We

plan to study this issue further in the future.
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Chapter 4

The a-theorem

In this chapter we will discuss the so called a-theorem (although we use the
term f,-theorem which is more consistent with the notation of the present thesis
adopted from [65]). The main idea is very intuitive. In Section we discussed
how in the Wilsonian picture renormalization amounts to integrating out high-
energy modes. This implies that the RG flow is irreversible in the sense that the
massive modes are ’dissipated’ along the flow. A rigorous argument would require
finding an effective measure for degrees of freedom and proving that such function
is strictly decreasing along the flow. As the RG flows stops at a conformally
invariant fixed point, we would expect this function to be stationary there and
reduce to some calculable quantity. Finding such a function in four dimensions is
equivalent to proving the a-theorem. It could provide constraints on IR degrees
of freedom in ways similar to the t’"Hooft anomaly matching [114].

In the language of the present thesis the a-theorem amounts to finding a function
a({g*(p)}) of running couplings {g(u)} that is decreasing under the RG flow
and reduces to the central charge 8, (cf. (3.1)) at a fixed point. In relation
to the monotonicity properties of RG flows we recognize three ’strengths’ of the

a-theorem ordered from the bottom (lower one implies the upper)

a’V —a® > 0 Weak a-theorem
a< 0 Strong a-theorem
a= —pPBBx%5  Gradient flow of a (4.1)
where a = —ﬁAagiAa and x%p is positive definite (and scheme-dependent in

general). We will start the chapter by reviewing the progress up to date
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concentrating on d = 2 and d = 4 with particular focus on the recent proof
of 4D a-theorem by Komargodski and Schwimmer (K-S) [115]. In Section [4.2]
we will provide a formula analogical to for AB,. Using the results from
Section [3.2.2] and this formula, we will extend the known results for Aj, of gauge
theories with Banks-Zaks fixed point. The last section is based on a published
paper [2], where the non-perturbative expression for Aj3, of N'=1 SUSY in the

conformal window was derived by calculating the dilaton effective action.

4.1 Historical development of the a-theorem

A function with correct monotonicity properties was found for the first time
in two dimensions in famous Zamolodchikov’s c-theorem papers [99, 116]. The
result defined a function of couplings called ¢, which was proven monotonically
decreasing along the RG flow and becomes equal to the central charge d]at fixed
point. The proof involves correlators of EMT and relies on unitarity /reflection
positivity. The physical interpretation of the result as a spectral measure of the
two point function of EMT came later through the work of [101] [117].

We already discussed in Section that another viable candidate for the c-
function is the coefficient 5. of R in the d = 2 trace anomaly, which satisfies the
weak c-theorem as a consequence of positivity of the second moment .
The success and countless verifications of the c-theorem motivated people to look
for an analogical quantity in higher dimensions. An obvious candidate would be
one of the coefficients in . The coefficient d was initially discarded due to
its scheme dependence, although some works, including this thesis provided an
evidence for d-theorem (see Section . The coefficient 3. was found to be non-
decreasing in some cases [101]. One then remains with f, coefficient. In [102]

Cardy proposed a candidate for the a-function in d = 4

a /54 d4x\/§<T“u) (4.2)

which uses the property that the other two terms (W2 and (OR) in ({3.1]) vanish on
spherical backgrounds and therefore the function reduces to 3, at fixed points.

Here the connection with d.o.f. comes by writing association of the free-field

IFor a correlator of 2 energy-momentum tensors in d = 2 CFT the central charge is defined

through (T'(2)T(0)) = (62/42) +...
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trace anomaly with the number of zero modes of the Laplacian [II8JP} Despite
the amount of activity in the field during 1990s, a proof of Cardy’s conjecture
appeared only 10 years later [I07]. This proof was later shown to be incomplete
[119] due to a possible contact term ambiguity. To the best of our knowledge this
issue still remains unresolved.

In the meantime, the major breakthrough came through the work of Jack and
Osborn [66, 120] who calculated directly the flow of /3, in perturbation theory.
Using local coupling techniques (cf. Section on curved background they
managed to prove that (3, is decreasing in perturbation theory. The main tool that
allowed the proof were the consistency relations between coefficients of various
local coupling/gravitational counterterms in the effective action. More precisely

they defined a function [; which reduces to 3, at fixed point and satisfies
B& = _5BBBX?43 ) (4'3)

where X‘ZxBﬁ is positive-definite to LO in perturbation theory, which proves the
strongest version of a-theorem in perturbation theory (in vicinity of a
Gaussian fixed point). By utilizing Local Callan-Symanzik equations the authors
of [67] recently extended this result to include nearly marginal perturbations
about non-trivial fixed points.

The advent of AdS/CFT lead to non-perturbative evaluation of the trace anomaly
in theories which admitted gravity dual [121]. This eventually paved the way for
holographic c-theorem [122], where the relation between the central charge (5, and
the entanglement entropy of the dual was established. Other non-perturbative
computations of the flow of 5, came from SUSY and we will review these in
Section 4.3l

The full proof of the weak a-theorem (the first line of ([4.1)) appeared few years
ago in the work of Komargodski and Schwimmer [I115] and we will summarize the

main aspects of this proof in the following section.

Overview of K-S proof

In this section we will review main points the recent proof of the a-theorem of [123]

with particular emphasis on the techniques and ideas. One starts by imposing

2Recall from appendix that the free field trace anomaly corresponds the Heat Kernel
expansion lim;_, tr exp(—tA) = trl

3More concretely X% p is the MS-scheme coefficient of Gm,é)#gAaugB in the trace anomaly
with local couplings.
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invariance under Weyl transformations via the background compensator field
(dilaton) 7 which transforms as 7(z) — 7(z) + a(z) under Weyl transformations

so that the combination

gw/ = 6_2Tg/u/ (44)

remains Weyl invariantﬂ In addition all the mass scales are promoted to fields
M — Me™™ to compensate for explicit violations of scale symmetry. The
theory coupled to dilaton is therefore scale/ Weyl-invariant and anomaly matching
techniques may be applied to the conformal anomaly. The theory coupled to
(background) dilaton is formally scale invariant and therefore the total anomalies
in UV and IR have to matchﬂ. It can be then shown [I15] that the effective action
in IR takes the form

S™Mg, 7] = CFT™ (g, + fQ/d4$\/—§fI~l— KJ/d4£Bf{2 + /{'/d‘lm\/—gﬁﬂ
— (BYY — By /d4x\/—_g (TE4 +4G" 9,70, — 4(07)°01 + 2(87’)4)

(Y = A [ateymgrw o 0 -8 [ ey
(4.5)

where the hatted quantities correspond to geometric terms formed from the metric
and thus are manifestly Weyl-invariant (ergo they don’t contribute to the
anomaly). The three terms in last two lines of are defined so that their
Weyl variation balances the Weyl variation of CFT! Rﬁ This effective action is
directly analogous to the Wess-Zumino term [124] of pions in connection with the
the axial anomaly (here gravity plays the role of background gauge field).

In order to simplify the analysis it is useful to choose a specific background. In this
case one picks the flat background g,,, = 7,,, which conveniently eliminates the
last line of (4.5) and all the quantities depending on derivatives of the unhatted
metric. Thus reduces to

$Mgu,7) = CFT™ i) + 3% [ d'ae™ (@1 = (0r)%) + 6x [ d'a (@r - (@r)?)°

(B — g%y / d'e (0r)°0r — 200" (4.6)

“Note that K-S use g, — €2“g,,,, convention for Weyl transformations. Also, since the proof
uses unitarity, the Minkowski space conventions will be used in this subsection.

5This is in direct analogy with the t’Hooft anomaly matching argument where the dilaton
has taken the role of spectator fermions which cancel the anomaly.

6This can be seen by using —%CFTIR =BIRE, +....
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The term proportional to AS, can be isolated using the constraint
Or = (97)?, (4.7)

which is equivalent to the EOM Oy = 0 for the scalar field y = 1 — e™", which
simplifies the dilaton-dependent part of (4.6]) to

(B - g / I'e(0)" + O(C) (48)

From this K-S conclude that Ap, can be extracted from the four point, on-shell
(p? = 0), forward (t = 0 and s = —u) amplitude AX7XX(s)

AON(5) = 2ABus? 4 ... (4.9)

where dots stand for the sub-leading contributions proportional to beta functions
etc. Finally, the leading s? term is disentangled from the rest of the amplitude

through the dispersion relation []

1 T AXX XX
AB, = —/ g5 AT (4.10)
s>0

T 53

where the positivity of above integral follows from the applying the optical
theorem to ImAXXXX(s) [123]. This proves the weak a-theorem conjecture in
d=4.

4.2 Formula for the flow of 3,

In this very short section we will apply the formula

!/

1 [ d
A= [ 18" (s — He) T (.11)

to calculate Ag, for gauge theories with Banks-Zaks fixed point. The function
%5 was defined in and x%X5o represents its three-point counterpart. A
derivation of this relation along the lines of our discussion in Section [3.2.1] is
presented in Appendix It can be shown (cf. the paragraph bellow in
Appendix that is scheme independent, finite and hence well-defined

*

"To derive this relation one actually needs to assume analyticity of the amplitude (A(s)* =
A(s*), which might be problematic in the absence of a mass gap [65].
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relation. This formula is new, although as we show at the end of Appendix|G.2.2)]
the MS-scheme version of it can be obtained from the formulas of [66]. Where
this work extends the known literature is the use of generic scheme R and the
related discussion of the scheme-(in)dependence.

By comparison with we see that the first term in is equal to 2Ad. The
three-point contribution in is subleading in the (conformal) perturbation
theory, so close to the fixed point (at the lowest order in PT) Ap, ~ 2Ad. For
the relation AS, = 2Ad to be exact the second term has to vanish which would
put some non-trivial constraints on the 3-point functions of the theory. It would
be tempting to assume such a relation as it would give an alternative Euclidean
proof of the a-theorem similar to the d = 2 argument . For example, in
curved space AfS, can be linked to a 2-point function evaluated on the space of
constant curvature [I07]. In the paper [I112] it was proposed that for classically
conformal theories 2Ad = A, which was verified for a QCD-like theory up to
order O(a?) (or O(k®) as explained bellow). Here we use to extend this
QCD result to few more orders.

We will consider again the case of weakly-coupled QCD-like gauge theories (see

Section (3.2.2) with [Oy] o [G?] (see (2.83) and (2.86)) for which the difference

AB, — 2Ad is proportional to

3 W 1 o[ o ms das
) 5 ngg M' Y ) Xggg 4y (4.12)

To see at which order this correction contributes one needs to count powers of the
Banks-Zaks parameter K = 3 BO - < 1 rather than as. Hence a; ~ O(k) and 3 ~
O(k?). From (4.11)) it can be seen | that O(k™) corresponds to n loop beta function
and (n — 1) loop XMS. This means that if x> ~ O(x") the correction (4.12)

contributes at O(x"™*). This implies that the correction (4.12)) can potentially

appear at O(k*) which corresponds to 4 loop beta function, 3 loop xb and 1
loop ngg calculation. We Checkedﬂ

MS — O(k?), (4.13)

ngg

which seems to support Anselmi’s conjecture to O(x®). As a side result we get
O(r1) expression for AS, directly from ([3.90). To this end we will need the zero

8We checked the LO by direct calculation of the G? three-point function in momentum space
and projecting on the Kéllén function. The NLO in x can be deduced from the background
field calculation result of Jack and Osborn (cf. eq [5.8] in [66]).
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of four-loop beta function (cf. Appendix |C.2))

as = = ——
’ B Bi

n_ b (1 BT Q03— BiBy)

> +0(8y) - (4.14)

Plugging this expression to (3.90) and using AB, = 2Ad + O(k®) we get

2
AB, ! N2 k2 (1 + 2 (1) K+ w/&) + O(K) . (4.15)

~ 360072 25 33. 254

Note that LO and NLO agrees with the expression in [66]. Note that also
extends these results by one more order in k. The O(x?) term is new and rather
reassuringly the factor of (5 has dropped from the final expression. With the
knowledge of the four loop expression gig one could easily extend this expression
to O(K®).

We therefore validated the 2Ad = A, conjecture of [I12] to another two orders
in k. From our discussion it follows that an all-order proof would follow from
vanishing of x> at O(k?®) and beyond, which we could not verify. In any case, a

999
satisfactory non-perturbative argument for this is not known to us.

4.3 N =1 anomaly the from the dilaton effective

action

Let us start by reviewing the progress on a-theorem in SUSY. An exact expression
for the difference of the ultraviolet (UV) and infrared (IR) Euler anomaly
Aa = ayy — aig was derived for N' = 1 supersymmetric gauge theories by
Anselmi, Freedman, Grisaru, and Johansen (AFGJ) [125]. Thereafter it has
served as a fruitful laboratory for testing different techniques by rederiving the
result. Examples include verification up to fourth loop order [126], the use of
the local renormalization group (RG) [67] and employing superspace techniques
assuming a gradient flow equation [68]. In the latter case an expression valid
outside the fixed point has been obtained [68] of a form conjectured earlier by a

perturbative approach [127].

In this section AS,|x=1 is derived by using the techniques of conformal anomaly

matching and dilaton effective action. The latter were used by Komargodski and

103



Schwimmer (KS) [115, 123] to derive the a-theorem Aa > 0 as conjectured in
1988 by Cardy [102]. A crucial ingredient is the introduction of an external field
called the dilaton by coupling it to the renormalization scale u — pue™®), thereby
introducing a local scale interpretation analogous to the the local RG pioneered
by Shore [128, [129]. The locality of the approach is crucial and served Jack and
Osborn to derive a proof the a-theorem at weak coupling (i.e. perturbation
theory) by using it as a source term in a field theory in a generic curved
background. KS and later Komargodski [123] focused on the four point dilaton
function and were able to prove the a-theorem based on analyticity assumptions.
Details of the proof were outlined in Section [4.1} In the next few paragraphs we
present a literature review of some of the things that we already mentioned in
this thesis.

In essence the dilaton serves as a compensator field to the Weyl-rescaling
g — e g, . (4.16)

The transformation corresponds to changing distances locally and implies
that coordinate and momenta invariants change as 22> — e 2*@)z2? and p* —
e?*@)p2 Variation of the logarithm of the partion function with respect to the
Weyl-parameter results in the vacuum expectation value (VEV) of the trace of
the energy momentum tensor (TEMT). For a theory on a curved space, with no

explicit scale symmetry breaking, the TEMT is parametrised by [130], 131]
Ograv = — B4 Bs — By W? — 8. H? + 4d0H | (4.17)

where as before the abbreviations

R
0=T1" H=—— 4.18
P d—1" (4.18)
are used throughout. The quantities £y = R 5 — 4R, + R*, W? = R? 5 —
ﬁwa + mRZ and R are the Euler density, the Weyl tensor squared

and the Ricci-scalar; and R, and R, denote the Riemann and Ricci tensors.
The Euler density Ej is a topological quantity and the Weyl tensor squared 142
vanishes on a conformally flat space. The absence of 3., and therefore the H?-
term, in a 4D conformal field theory (CFT) was shown in [98]. For the detailed
discussion of LR we refer the reader to Section 3.2, The constants S, By, 5. and
d depend on the dynamics of the theory. Their free field values for various spins

were computed in [130]. Note, the non-vanishing of §, and /3, therefore establish
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the conformal or Weyl anomaly in 4D [130, [I31]. This discussion is structured as
follows. In Section[4.3.1]the general framework is outlined by restating some of the

results of [I15] in a language appropriate for this work. The specific construction

is presented and illustrated in sections [4.3.2| and [4.3.3| respectively. In Section
4.3.4] in particular [£.3.5 the AFGJ Euler anomaly result is rederived within our

framework using the Konishi anomaly. This result has been published in [2].

4.3.1 General framework

Consider a massless theory with fields ¢ and a coupling g. The path integral is
given by
a0 _ / Do), e=SWae) (4.19)

where the action Sw is to be understood in a Wilsonian sense and W is
proportional to the negative free energy. For the purposes of this work Sw is
interpreted to be on a renormalization trajectory from the UV to an IR fixed
point. In massless theories correlation functions depend on ratios of ¢*/u? where
q denotes an external momentum. Hence the renormalization scale transforms as
i — e~ *p under the Weyl-rescaling. An external field, known as the dilaton T,

is introduced in the action

Swilg(p), u, ¢) = Sy = Swlg(pe™), pe’, ¢) . (4.20)

transforming under Weyl-rescaling (4.16|) as
ToT+a, (4.21)

such that the product pe” is Weyl-invariant. The dilaton therefore serves as
a spurion (or compensator) formally restoring scale invariance. In this work no
dynamic nature is attributed to the dilaton field which is in line with [123] but not
the first paper [I15] on the a-theorem in 2011. The dilaton serves as a source term
for the TEMT and when made a local field the (yet to-be-defined) Wess-Zumino
term carries the information on the Euler anomaly. Promoting the dilaton to a
local field 7 — 7(z) requires local Weyl invariance and demands changes similar
to passing from global to local gauge invariance. The specific implementation will
be discussed in the the explicit examples. The space-dependence of 7 augments
the couplings to local objects g(i) — g(ue™™). Note that the functional form

pe” renders local Weyl-rescaling equivalent to a local RG transformation. The
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path integral becomes 7-dependent,

eV = / [D]e 5 = / (D], e SwokeTne.0) (4.22)

The quantity W, corresponds to the generating functional of the correlation

function (connected component) of the traces of the EMT. The Wess-Zumino

action can be read off from and
Swz = / d*z2 (207(07)* — (071)*) + O(R) , (4.23)

where we saw it to be the source term of the Euler anomaly S,. Above R stands
for the non-dilaton curvature background. More precisely, using arguments of
conformal anomaly matching it was shown that the difference of the UV and IR

dilaton effective action, with with gfyy gy = g(00,0),

AW, = /*gw dg d,W, = —/ A1 110, Wr = Wi (i)~ Wi (gi) = ABa Szt

h (4.24)
contains a term proportional to Swyz times the sought after quantity ApS, =
Ba(puv) — Ba(pur) [115]. Hence determining AfS, reduces to finding 0y, ,W-.
Note that the second equality in follows from ([F.19)) in the limit m — 0
and using dg/f = dIn p.

IR

4.3.2 Dilaton dependent conformal factor

In this work a theory is considered which can be reinterpreted as a free field

theory in a conformally flat background
g = e 205, (4.25)

which carries the information on the RG flow parameters. Above 6,5 denotes the
flat Euclidean metric with positive signature. The adaption to Minkowski space

is straightforward as it results in the appearance of various factors of ¢ only. By
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using (F.23)) from the appendixﬂm
O Wy = /d4x\/§ (©), , (4.26)

and (4.24)) we may write a more explicit formula for the difference of the Euler

anomaly Aa

AB, = — /OO d1n g /d4x\/§<@>7|swz, (4.27)

(e}

where denotes the following projection

‘Swz
(0), = —B.Ey — ByH? = (0)] 5, Swz + ... . (4.28)

The coefficients 3, and 3, depend on the dynamics of the theory. We have omitted
the OJH which can be removed by suitable counterterm and therefore won’t be
relevant to the discussion. The Wess-Zumino action Sywyz is defined in (4.23])
and we follow the rule that the tilde denotes geometric quantities, e.g. E, and
H?, evaluated in the background metric gﬂ. The quantity Aa is determined
once f, and f3, are known. In the next section we will discuss a very simple
toy model that illustrates these ideas and will serve as a stepping stone for the

N = l-computation.

4.3.3 Weyl anomaly of free scalar in conformally flat space

We consider a scalar field theory on a flat space, focusing solely on the kinetic

term

Swl) = [ d'az(n)5 8,000, (4.20)

thereby ignoring other contributions. The usefulness of this construction will,
hopefully, become clear in the following sections. Taking Z(u) — Z(ue™™)
amounts to passing to S, ([£20). The factor Z(ue™™) can be absorbed into
the metric by a local Weyl-rescaling by choosing a@ = s in with

1 -
s(pe™) = —iln Z(ue™ ™) = g\ = Z,y . (4.30)

9Note that metric is not a physical or geometric metric as it does not transform like
under Weyl-rescaling s(7) — s(7 + «) unless s(z) = x. The latter is the case in [I15],
gox = 6*27(“’3)5M7 and constitutes one of the differences with respect to our approach.

10The subscript 7 refers to the VEV of the trace of the EMT with respect to the partition

function (4.22).

" Conformal flatness of g implies that W2 = 0.
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The theory then becomes a field theory on a conformally flat space with metric

guy ‘)
Sy (1) = / d'e\/3E DYDY (4.31)

Above Df,s) = 0, — (0,s) denotes the Weyl-covariant derivativ analogous to
the covariant derivative in gauge theories. The coefficients of the trace anomaly
(4.17) for a theory with metric g,,» and one free scalar field are given by (cf.
[T10, 130] or the explicit computation in appendix [A.3])

1 1 1

7 free Qo ~ free free o
b=y H=0. €==20G. %0 = 355762 ~ om0 (-0

or equivalently (©), = —aﬁfﬁe(fh — 200R). As stated earlier, the coefficient ¢ is
of no importance for this work and is therefore discardedﬁ. The Euler density in

terms of s is given by

VEE, = 2 0(0s)? — 9 - (9s(0s — (95)?))) . (4.33)
Using the explicit form s = —1 In Z(pue™) the Euler term becomes
VEEs = —[/’0(07)* + (277 — 29%)0X(9x70r) — 40 (0a7(07)?) —

6vY(07)°0r — 3v*4(07)*] ,  (4.34)

where here and below we use the abbreviation ¥ =

dlog 2 and the following

expressions

10InZ(pe) 1 Ol Z(u)

Oy =707, 0Ops=— QW p(#e)z—ﬁﬁaﬂ, T=

Olnp

(4.35)
have been used. The quantity Af, is obtained by integrating over dlnu and
projecting on Swz. In doing so v and 4 can be treated as being space-independent,
since expanding y(ue™) = y(u) + O(7(z)) leads to terms which are not contained
in Swyz. Furthermore it is then clear that the first line in (4.34) can be discarded
since it is a total derivative and therefore inequivalent to the Sy bulk-

term. In order to project the second line of (4.34]) on Swyz (4.23)) it is convenient

12 Adding the Weyl-covariant derivatives is equivalent to the replacement O — [ — %R which
is the usual conformally coupled scalar in a curved space of metric g,».

13Reader recall that in Sectionwe concluded that the UV (bare) value of (R is ambiguous
and therefore devoid of physical content.
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(following [115],[123])E|
Or = (07)*, (4.36)

under which all four-derivative invariants vanish, except for

SWZ| = /d4x 2(07)2. (4.37)

Using (4.27) and performing the integral over dln p we get

1 ree
Aa = §CL€0) [3141 + A2] s (438)
where
S . Yuv 9 9
Ay =/ dln g 295 =/ dy 27 = (Yov = Mr) »
—00 TR
> 2 I 2 3 3
Ay = / dlnp 3y :/ dy 3v*= (Wv — Mr) 5 (4.39)
—00 YR
and yruv = Y(g9iruy) are the values of the anomalous dimensions at the

respective fixed points. For further reference the final result (4.38) is stated
with explicit coefficients A; and A,

ABe = 5 (O = ik) + 307y — i) alsy - (4.40)

N | —

This result constitutes an important intermediate result for the derivation of

Aa]/\/zl.

4.3.4 N =1 supersymmetric gauge theory

The theory considered in this section is a N = 1 supersymmetric gauge theory
with flavour symmetry SU(Ny) x SU(Ny) and gauge group SU(N,). The action
can be written in terms of the usual vector superfield V' and matter superfields
(q)f,&)f) as, e.g. [132],

1 ~ -
Swp) = /d6 p (M)trWQ—i—hc A= Z (g, o Z /d8z®}6_2vcl>f+/ dsz@}e_w(l)f} ,
f

(4.41)

4We note in passing that Eq. (4.36] is the lowest order equation of motion [I15] when a
dynamic nature is attributed the dilaton.
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where W? is the supersymmetric gauge field kinetic term, ¢ is referred to as
the holomorphic coupling constant parametrisation and d®z and d®z include

integration over the fermionic superspace variables.

The main tool in deriving AS,|yx=1 is the use of the Konishi anomaly [29] [133]
134]. The latter is illustrated in appendix as a method to derive the NSVZ
beta function. In Section [4.3.5)the Konishi anomaly is used to write the Wilsonian
action such that the RG flow can be absorbed into the metric. This procedure

makes it amenable to the free field theory computation in the dilaton background
discussed in Section [4.3.3]

4.3.5 Ap,|y=1 from Dilaton effective Action

We consider the N/ = 1 supersymmetric gauge theory with Wilsonian effective
action given in (B.26]). Choosing a rescaling factor, with v, = —by/N; (B.31)),

3 v+/2 .
(Pf, @) — (%) (®y, ) (4.42)

on the matter fields the Konishi turns the action into the following form

2trW2 +hec +

Swln) = / dﬁzg o
—Z /dSZZ @J}eZV@f—i—/dgzZA(u)(f}eW@f} , (4.43)

with

Z(p) = Z(p, 1) (%l)V : (4.44)

where p/ > pu is an arbitrary scale which can be thought off as a UV cut-off Ayy.
Crucially, the RG ﬂo is absorbed into the precoefficient Z (1) in front of the
matter term. Eq. is the analogue of the action for the scalar field
to the degree that the running of the theory is parametrised by a coefficient in
front of the matter kinetic term. As previously mentioned inverts, to some
degree, the rescaling trick to derive the NSVZ beta function in Appendix |D.2]

15hy that we mean that all p-dependence in the action (£.43) is now in Z (1) leaving the
coefficient of trW? depending only on the UV scale .
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Again following the procedure in (4.20)) a dilaton is introduced through

ro\
To keep the procedure manifestly supersymmetric, following [135], the dilaton is

promoted to a (chiral) superfield 7" such that

~

T =7+4iw, Z(ue')| = Z(ue). (4.46)

Above w is the axion and the bar stands for projection on to the lowest
component of the multiplet. It will be seen that Z in (4.43) can be absorbed
into the background geometry by a local Weyl-rescaling. To preserve local SUSY
invariance the Weyl transformations are promoted to super-Weyl transformations.
Under the latter, the trW2-term is invariant whereas the matter term transforms
as follows (cf. [130])

/ B0t o — / dBze e Nl VP (4.47)

with the superfield A = a+ifS+. .. being the super-Weyl parameter corresponding
to o in (4.16]). Note that such a formalism is automatically local Weyl-invariant
and that there is no need to introduce the Weyl-covariant derivatives as in
(4.30). Furthermore, the transformation amounts to a Weyl-rescaling of
the vielbein]

ey e ze 2|ey=e ). (4.48)

Upon identifying o = s in Eq. (4.30))

ey — €, =1/ ZT(,u)eg . (4.49)

The action Sy (ue?) (4.43) can then be written in a manifestly locally supersym-
metric form; cf. Section 6.3 in [I37]. Eq. (4.49) results in

= ~a~a —2s(pe” T 1 7 7(z
gor = é0ey =¢? g s, slue”) = —Eln Z(pe™™®) . (4.50)

Notice that the UV scale p' is arbitrary and that therefore a physical quantity

6Under a super-Weyl transformation, the supersymmetric generalization of vielbein

i
transforms as Ej — e’%e’%Eﬁ, which corresponds to the standard Weyl transformation
ey, — e~ ey, after projecting on the lowest component of Ejj. In the interest of clarity we would

like to add that e, = ¢;; on flat space.

111



like (©), should not depend on it. Since the geometric terms E, and H? are
independent of E the form of implies that @ and ¢ are p/-independent
and therefore constants. This means that a and ¢ assumed the values at the
(free) UV fixed point and the geometric quantities are to be evaluated in the
background metric g,y carrying the dynamic information. This allows to recycle,

in large parts, the computation in Section |4.3.3] as outlined below.

A free theory in a curved background is in particular conformal and therefore
free of the R2-term (i.e. ¢ = 0). Since the dilaton couples to the matter part
only, the trace anomaly is exhausted by the free field theory computation of
the matter-fields in the curved background with metric . Equivalence to
the example in the previous section is achieved through the formal replacement
Z =7 (following from (4.50])) which implies v — §v = v — 7. and the change in
the number of degrees of freedom v. More precisely the matter superfield consists

of a complex scalar and a Weyl fermion which contribute [130]

U — 2 (4.51)

V= 2‘ ‘
C-scalar 2 Weyl-fermion 2

in units of a real scalar field. This number has to be multiplied by the number
of colours 2N (two matter-field per flavour) and N, (the SU(N,.) Casimir of the
adjoint representation). Hence Aa is given by 2N chl/Aa| Now,

YUV, IR—6YUV,IR

(vov, Yr) = (0,7,) implies (dyuv, 07r) = (—7%,0) and therefore

ABa|v=1 = ? Np(—2 + 373)@%‘3’3 . (4.52)
We note that is indeed the same as the non-perturbative result quoted
in (Eq.4.18) in [125] when taking into account the explicit form of v, (B.31)).
The formula above is valid in the conformal window 3/2N. < N; < 3N,, where
the UV theory is asymptotically free and the IR theory acquires a non-trivial
fixed point (see Section for more details). Within these boundaries the
anomalous dimension v, takes on the values —1 to 0 and the quantity Aa is
therefore manifestly positive in accordance with the a-theorem. The latter has
been proven for N' = 1 supersymmetric theories by using R-symmetries and
is known as a-maximization [I38]. The adaptation to gauge groups other than
SU(N,), provided they are asymptotically free, amounts to replacing the SU(N..)-

Casimir N, by the corresponding Casimir of the group.

17To see this notice that these terms depend on derivatives of s only (cf. (4.33))). The latter
are related to the anomalous dimension y(ue™) through the relation (4.35) which is independent
of .
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4.3.6 Summary and Discussion

The main result of this section was derivation the difference of the Euler term Af,
in N = 1 supersymmetric gauge theories in the conformal window. We
obtained an explicit expression as a function of the anomalous dimension
at the fixed point and the free-field Euler anomaly for matter sector. This result
was known [125], but our derivation is novel in the use of dilaton effective action,
which can serve as a direct non-perturbative check of the formalism of[115].

By an appropriate rescaling of the matter superfield and choosing the Weyl-
parameter « to equal the logarithm of the matter prefactor (4.50]), the
computation was shown to be equivalent to one of the (free) UV theory in a curved
background carrying the information on the flow. This allowed for Af,|x=1 to
be computed from the free field theory example, in Section |4.3.3] with a simple
formal replacement for yig and yyy. It is noted that the structure of AfB,|n=1 is
completely given by the Wess-Zumino term of the dilaton effective action. The
aspect of matching the computation with a free theory bears some resemblance
with the original AFGJ-derivation [125] in that independence on an RG-scale is
exploited in evaluating certain quantities in the UV where they correspond to
free field theory computations. An extension to the non-supersymmetric case is
not straightforward because it relies on the one-loop exactness of the rescaling

anomaly in supersymmetric gauge theories. From sections [D.2] and [£.3.5] it is

seen that an exact expression of Aa in non-supersymmetric theories is related
to finding an exact beta function. The Konishi anomaly is a rescaling anomaly
which in N/ = 1 supersymmetric theories is, by holomorphicity, bound to the
axial anomaly. The latter is generally one-loop exact by topological protection
of the axial charge. In non-supersymmetric theories there is no holomorphicity
and the Konishi anomaly is an unknown function which could be determined
order by order in perturbation theory. We end the section with remarks of the
speculative and qualitative kind. Reformulating a gauge theory as a free theory
in a curved background is reminiscent of the anti-de Sitter space/conformal field
theory duality which has given rise to a lot of work and inspiration over the past
two decades. The extension to theories with more than one relevant coupling
is not immediate. One might wonder whether bi-gravity, whose renormalization
group flow has been studied in [I39], might be a possible avenue for a theory
with two relevant couplings. A practical requirement is that the UV theory is

asymptotically free in order to retain computability.
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Conclusions

In this thesis we explored the properties of the trace anomaly in various contexts.
The topics we have covered range from the renormalization of composite operators
and their matrix elements to QF T on curved space. Whereas the latter two might
seem as totally unrelated areas, we have tried to paint a coherent picture where
each chapter was built on top of the previous ones using the same tools. Among
the most prominent of the tools permeating this thesis were the quantum action
principle (QAP) and renormalization group equations (RGEs). The QAP served
us as a guideline to relate the information on correlators of composite operators to
the coefficients of certain background field counterterms in the action. RGEs were
then used to study scaling properties of these coefficients and their contribution

to the trace anomaly.

Our initial pedagogical discussion of QAP in Chapter 2 involved localizing
the couplings in space. We demonstrated by independent background field
calculations how the resulting effective action for local couplings reproduces the
divergences of two-point functions found by direct OPE evaluation. The entire
procedure was mimicked later on in Chapter 3 to recover the divergences in the
gravitational effective action by treating the metric as a local coupling associated
with the trace of energy-momentum tensor (TEMT). In section we explored
the analogy between local couplings and metric even further by absorbing the
renormalization of the gauge coupling inside the metric and therefore treating
both as formally equal. Given the holographical nature of this construction
(short-distance physics projected on long distances via geometry) it would be
interesting to understand if it is in way connected to AdS/CFT.

The Feynman-Hellmann theorem discussed in Section and QAP might be
seen as related concepts in that both are prescriptions to obtain renormalized
quantities by differentiation of finite/physical quantity with respect to a finite

parameter.
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In Section 2.2 RGEs were used to show that the correlators of TEMT are UV
finite when the divergences/logarithms are resumed. The argument can be in
principle extended to higher point correlators of TEMT (cf. Appendix for the
three-point function discussion). In particular the covariant language and scheme
transformations introduced in Section equipped us with a universal
way to keep track of scheme-dependent quantities throughout this thesis. In turn
this allowed us to conclude the scheme-independence of formulas , .
The UV finiteness of TEMT correlators was crucial to ensure a well-defined,
positive expression for Ad in terms of the fourth moment. As an extra corollary
of finiteness we have found a general way to define a scheme where the R?
anomaly vanishes. The question of IR finiteness of the fourth moment and
therefore the validity of relation for the theories with phase transitions
(e.g. chirally broken QQCD) remains open for future research. Perhaps clarifying
the IR convergence would also bring some new insights about anomalies.
Analysis of RGE for the generating functional in Section[£.3]lead to a key equation
(4.26]) which relates the trace anomaly on a special curved background to
the flow of the dilaton effective action. This allowed us to calculate AfS, as
a coefficient of the dilaton Wess-Zumino term in the effective action and thus
demonstrate the validity of the abstract a-theorem proof [I15] on an explicit

non-perturbative example of supersymmetric conformal window. More examples

of such kind would be desirable.
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Appendix A

Background Field Calculations

A.1 The background field calculation of effective

Lagrangian

We would like to perform a path integral over (1.43). First, let us drop A
indices for clarity and make substitution ¢ = ¢, + d¢ in the Lagrangian ((1.43)).
Expanding to quadratic order in d¢ we get:

1 1 1
£(6) = L(ow) + 5 (000 + 5067 Im* + D] +0(66F) . (A1)
used that the background field ¢,: is assumed to satisfy the classical equation of

motion 5%)5]@5:(1) = 0. Neglecting the self-interaction of ¢ the path integral of

L becomes Gaussian and
Ly =—In / Dépe F0n+99) ~ L(pp) —In / Dige 0?29 (A.2)
where the kinetic operator of reads
A= %(—D +m® + %mi,) : (A.3)
The Gaussian path integral can be done

/D5¢6_5¢A6¢ = (det A)_% = exp (—%Tr log A) : (A.4)
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This trace can be easily computed in momentum space if we take ¢, = const.

for simplicity

Ao (AR e s L A
Trlog A = ,Wln(k: +m +§)\¢A,). (A.5)

To obtain dependence on ¢, we expand the logarithm
Ap%, 1 A\

1 1
In (K 4+ —Apy) = In (K? )+ = - = . (A
n (k”+m +5 Pp) = In( +m)+2(k‘2+m2) 8(k:2+m2)2+ (A.6)

Substituting this expansion into the expression for Ly = L(¢pp/) + %Tr log A, so
the LO contributions to ¢3, and ¢%, in (1.45]) will read

oo o 1 A d'k 1
mi(N) = m (A)+§/\(A)/A/ ST (A7)
MN) = A(A)—;)\(A)Q/, (%4 (k2+n11(A)2)2' (AS)

These integrals are doable giving [[]

m2(N) = mQ(A)Jr1617T2>\(A)(A2—A’2)+167T2)\(A)m21n(%) (A.9)
AN = A(A)—163W2A(A)21n(%). (A.10)

The LO contribution to the kinetic term (9¢/)? can be found by using derivative
expansion of (A.4]), however it turns out this contribution is proportional to a

total derivative O¢3, and therefore vanishes.

A.2 Heat Kernel evaluation of the generating

functional W

A.2.1 CP-even sector WW(g)

In this appendix we outline the computation of the LO generating functional
W(g) = InZ, (2.34). There are a number of simplifications at LO. First in the

chosen normalisation #F 2 the fermion term is independent of ¢ and we can be

"'We choose to neglect inverse powers of A, A’ in the following equation.
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discarded. Only quadratic terms need to be retained
Sy — / Az ALAD)PAY Sy — / d'z ALAL)PAY (A.11)

where at LO Z; can be neglected. The inverse spin 1 propagators read

< 1 1
1)ab ab
Afw) = 29(x)? (00, + 0,0, +2(0Ing - 9) — 20, In g0d,]6* ,
= 1 1
1)ab - ab
Aller = POE [~0,0, + 20, In g0,]0"" (A.12)
with the latter being the localised version of the Feynman gauge. Finally the
generating functional at LO is given by (A,(}V) = A(l + A(l))

Wi(g) _ /DADque—<sg+sf+ng)’ = (det AL))71/2 = exp—gTr Al

(A.13)

which is amenable to a heat kernel expansion by using Schwinger’s formula

LO

1 n 1 [=dt iAW)
W = —§TrlnAl(w) = 5/0 YTr(e . (A.14)

The heat kernel can be evaluated in DR using the plane-wave basis expansion
[140] Tr(e‘tAE}v)) = ns0bn ¢"z*. Its divergent part is given by

Waiv(g) = Ebzx ; (A.15)
where
by = 1Z7T2 / d’z [(Olng)® + O(In’ g) + 9by] . (A.16)
with total derivative term
8 o 4
oby = ED Ing+ 58(81ng Olng) — 1—5D(81ng) (A.17)

The latter is irrelevant for this thesis since it vanishes for a functional derivative

w.r.t. coupling but is given for the sake of completeness only.
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Figure A.1 FEwvaluation of the generating functional W at LO, by the use of the
heat kernel method, CP-even (left) and CP-odd (right) respectively.

The relevant divergent parts are given below Eqs.(A.15) and (A.19)).

A.2.2 CP-odd sector W (0)

To calculate the contribution from Oy at LO it is convenient to perform a partial
integration on 6(z)Oy for which the quadratic kernel is given by

(A(’)ffl’, = —4ie" P (0,0) 056" . (A.18)
The 6-dependent contribution to the effective action is obtained by replacing
Af}u) — AE}V) + Afw with regard to the previous section. To simplify matter g = 1
is assumed since the purely #-dependent terms are sufficient. The heat kernel

expansion yields

b6‘
~(0) = 2L Al
Waiy (0) 5¢ (A.19)
with
0 16n, d 2 3 o
i=—153 | d' [(36)* + O(6°) + o] | (A.20)
and as previously an irrelevant total derivative term
2
b = -3 [0(06 T9) + DO(96)?] . (A.21)

A.3 Free theory trace anomaly in conformally flat

background

In this appendix the trace anomaly of a free scalar field theory (4.31)) is evaluated

on a conformally flat background g,) = e‘Qs(w)ép,\. The path integral is Gaussian
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and evaluates to

/Dgzﬁ =5 — Vdet AO) = exp —§Tr In A© (A.22)

where A = [—E + %RQ] is the conformal Laplacian obtained from (4.31])
by integration by parts. The contribution can be evaluated using Schwinger’s

formula

1 dt
W=—-TrinA® = / Tr(e_tNO)) . (A.23)
2 2 J, ¢
The trace anomaly is obtained from W by using (F.22) and Weyl covariance of
A©
[o¢] o d
/ Az /3(0) — / dt Tr(A® 0y — _ / a5 T )
0 0

= limTr(e _tA(O)) =y, (A.24)

t—0

where b4 is a coefficient of the asymptotic Heat Kernel expansionﬂ

(e =3 bt (A.25)

n>0

Using the plane-wave basis (see for details of this calculation) to evaluate

the trace we obtain

/ d*z+/g(O) = 2910 d*z[300%s —200(9s)? — 40+ (9s((9s)* —Os))] , (A.26)

which decomposes into the the following invariants

1 1o~ 1=
d* = d*z\/g(—=OR+-FE A2
[devEe) =~ [dovVE-30R+ 1E) . (a2

where the geometric quantities R and Ejy are defined with respect to the metric
Gpr(s) given above. The result quoted in (4.32)) follows by comparing the equation
above to (4.17)).

2By covariance we mean the following transformation property 2 J g’“’ég%A(O) =2A0)

3Here we have ignored the quadratic and quartic divergences which need to be subtracted
by suitable counterterms. In a supersymmetric theory those divergences cancel to zero.
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A.3.1 Asymptotic expansions of the heat kernel

We wish to perform the expansion explicitly by using the Fujikawa’s
method [I40]. To expand the kernel in flat space basis we first need to transform
the variables ¢ — g~1/%¢ so that functional metric (¢|¢) = [ d*z\/gd(x)p(x)
becomes the flat-space one. In this basis the kinetic operator becomes A©) =
g V4 /gA®g=1/4 Hence for the conformally flat metric g, = e 2@§,, one

needs to use the following operator
AO) = ¥4 205 -0+ (Os + (9s)?)] (A.28)

where [ is the flat-space Laplacian. The asymptotic behaviour of the trace ((A.25))

now amounts to large M = ¢t~ /2 expansion of
\ A
/d z(z| exp(—wﬂx) : (A.29)

This trace can now be computed in the plane-wave basis with (k|z) = e*** and
use the fact that for any regular function f one has f(9)e?** = ¢ f(0 + ik)

. A o AO)
/d x<m|exp(—m)|x> = /d x/d kexp(—m)‘a_m“k . (A.30)
From (|A.28]) we have

oo = —€ 1=K + 2ik(0 + 9s) + O + 205 - 9 + (Os + (9s)*)] . (A.31)

After the rescaling k — ME the trace (A.29) becomes

M* / d*x / d*ke'™ exp(—e 7k* + %O) : (A.32)
where 2
O = 2ike®(d + s) + BM[D 4205 -9+ (Os + (9s)?)] - (A.33)

We see that the large M expansion amounts to expanding the exponential in
(A.32) about exp(—e~?*k?) up to fourth order in 5;. We will focus on the fourth-
order which corresponds to by in (A.25]). Since the operators in the exponent are

not commuting we need to use Dyson series-type expansion

1 4 1 1 .
exp(—e®k* + MO) = exp(—e*k?)(1 + /0 dt e*adHotMo
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1 1 . t d 1 .
dt e~ 2dm =0 / dt' e mr — 0 4 A.34
—l—/o e i ) e e vidhs ( )

where

eddxy — Xy X (A.35)

In this expansion we will neglect all the terms having derivatives at the end since
those correspond to total derivatives.

We perform the momentum integrals first. After taking into account the
rotational symmetry of the integrals (e.g [ d*k k*k” oc 6" [d*k k? ) we end

up with expressions of the form:

/d4k3k320‘ exp(—e?k?) = ¢~ (4F20)s / d*k k¥ exp(—k?) = n°T'(a + 2)e~H20)s
(A.36)
Due to rather large number of integrals, the actual calculation was automatized
using Mathematica with package xAct to obtain the final result .
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Appendix B

Superfield Methods

B.1 Useful SUSY identities

v® = e*Pug
UV = UV
Vaa = O,

advﬂ

Grassmannian variables 6., 0,:

92 = 0,0
= df,do”

/d92 /d@?—()
/w%:/ww

62 = 5%(0)
a «
C?a __zi§; —-19 aaa
_ 0 N
Qo'c - _87 +Z€ aozoc
0 a
L%M—-ég—'+29 8aa

(B.9)
(B.10)

(B.11)
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= 0
Dd _ T = 'Qa oy B12
5ge — 0°0 (B.12)

With the following anticommutation relations:

{Qaa Qo’z} - iﬁad (BlS)
{Do, Ds} = —i0ua (B.14)

B.2 Superfields

We will try to stick to Wess and Bagger [136] conventions (see Appendix A). A
most concise description can be found in [I4]. Superfields can be thought of as
representations of the supermultiplets in the superspace (7, 0q,04). Generally

we have:

G(2,0.0) = g(z) + 0y (z) + Ox(z) + 05" 0v,(x) + ... (B.15)

This works because the 6, coordinates themselves carry spin % index, thus provide
a natural representation of SUSY so that g has spin 0, ¢/ has spin %, v spin 1 etc.
The SUSY transformations @), () that can be expressed as differential operators
in the superspace (Appendix A) acting on (B.15) reshuffle the components of G
(e.g Qug(z) = i0%0,a9). In the NV = 1 language one encounters two types of
multiplets. We have the chiral supermultiplet (¢, ¢, F) (complex scalar ¢, Weyl
fermion 1 and another complex scalar F E[) represented by chiral superfield ®
with:

Dy® =0 (B.16)

We can always choose a coordinate system y* = a* + i0o*0, where D, = —80%
so that (B.16]) simply tells us that @ does not depend on the 6:

® = ¢(y) +0u(y) + 0*F(y) (B.17)

Clearly, the product and the sum of two chiral superfields is again a chiral
superfield (this follows from the Leibnitz rule and linearity of D).

To construct a gauge theory one needs to define the wvector supermultiplet
(A, A, D) with the gauge field A,,gaugino A\* and a real scalar D that we

!The scalar field F really ensures that we have the same number of bosonic and fermionic
degrees of freedom off-shell. For the on-shell states we integrate F using equations of motion
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integrate out using equations of motion. It is represented by a real superfield:
V=vi=vere | (B.18)

where T is the generator of gauge group. In the Wess-Zumino gauge (V3 = ()
one has:

V = —00hGA" + 60N — if%0N + %029‘21) , (B.19)

Matter superfield ® transforms under a fundamental representation of the gauge
group and SUSY invariance is achieved by promoting the gauge parameter A =
A®T® to a chiral superfield

DA = 0 (B.20)
so that the transformation
® - P (B.21)
preserves the condition (B.16)). Under the same transformation the gauge
superfield transforms as
eV = eheVe it (B.22)

Thus a gauge invariant interaction with a gauge coupling g is achieved via
ole Ve . (B.23)

Another gauge invariant term is formed from the gauge strength superfield W,

(precise expression in the Appendix A)
1_
W, = —ZD%*VDaeV : (B.24)

Which itself is a chiral superfield that transforms under the adjoint representation
of the gauge group and thus we can form a gauge invariant term of the form
TrWw W Note that the #6 component of this combination contains the usual
gauge kinetic terms:

1 ) ~ -
aWa W, = =St wa%—itr GWG" — 2N DA+ (DY, (B.25)

’99 -

where the first two terms involving the field strength tensor G and its dual

G represent the usual gauge field part of QCD and the latter two are the

superpartners.
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B.3 N =1 effective action and the Konishi

anomaly

In this appendix we will repeat some of the arguments from section with the
notation more suitable for section [4.3] Using arguments of holomorphicity it can
be argued that the running of the coupling g, of the Wilsonian effective action of
the supersymmetric gauge theory (4.41)), is one-loop exact [32] 132] and reads

1 bo | W 6 2
1 - -

+ §Z<M)Z [ / d*z0he Y Dy + / d*z0he V' dy] . (B.26)

f

where by = 3N, — Ny and ¢/ > p is an arbitrary scale which can be identified
with the UV cut-off Ayy. Rescaling the matter fields by

(D), Df) = Z7V2(D), D)) (B.27)

is accompanied by the Konishi anomaly [29] [133] 134], and leads to the effective
action [32]

1 . .
Swip) = /dﬁzﬁtrﬂﬂ +h.c. + Z [/dsz@}e_w@f + /dsz@}e_wcbf} )
(VY
f
(B.28)
where the running has been removed from the matter term and all the running
is absorbed in front of the gauge field term which in this case defines the running

gauge coupling to be

1 1 1 !
o~ 7 & <b0 In " = Nyln Z> . (B.29)

The y/-independence of ¢g(p) implies an RGE which solves to the holomorphic
NSVZ beta function [142H144]

d 3Nf

= = — — V) . B.
B et =9 Tz ) (B.30)
Above we have used the following notation
Jln Z(p)
=7 « = —bg/Ny =1—3N./N; . B.31
Y= o/Ny 3N./Ny (B.31)
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In the range 3/2N, < Ny < 3N, the theory is in the so-called conformal window

(see sectio for more details).
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Appendix C

Beta Functions

C.1 Conventions for QCD beta function

In this work the bare beta function B of DR is defined as

dlng (d—4)
dlnp 2

g = +8. (C.1)

We draw the reader’s attention to the fact that the logarithmic S-function ((C.1J)

is used throughout in order to keep the formulae more compact. Explicitly

2
_ . 2 3 4 _% _ 9
ﬁ - ﬂOas ﬁlas 52015 53615 ey Qg A (47T)2 (CQ)

where y_3 in MS-scheme can be found in [145]. The first two coefficients read

11 4 34 20
Bo = (gcA - gNFTF) , B = (303; — ENCNFTF —4CpTpNF) ,

where Cr, Cy are quadratic Casimir operators of the fundamental (quark) and
adjoint (gluons) representations, Ny the number of quarks and tr[T%T?] = Tpdé®
is a Lie algebra normalisation factor of the fundamental representation. For

SU(N,) these factors are given by

CNZ-1

= N,
CA c CF 2Nc )

Tp = (C.3)

1
5
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C.2 Banks-Zaks type Fixed Point at four loops

In this appendix we summarise the BZ fixed point. We consider Ny quarks
in the fundamental representation of SU(N.) coupled to gluons in the adjoint
representations. The four loop beta function is parametrised by

_dlng

B _(B(Jas + ﬁlas2 + ﬁQasg + ﬁ3a84> 9 as = J . (C4)

- dlnp

The O(x?) calculation in section corresponds to in the MS-scheme [145]

Bo = —gﬁNc IS —(22—5 - ?ﬁ)Nf ;b= —(% - %“)NS ;
By = (% +275(3) N, ; (C.5)
with LN N,
K= QT . (C.6)

The parameterisation of the coupling in terms of a4 is convenient as it avoids
additional factors of . In the limit x < 1, which is achieved by taking N. to
infinity with Ny = (11/2 — k) N,, the beta function develops a perturbative IR
fixed point at

(265 — B1s)

= ) Lo, (©.7)

where we expand in fy «x k. Plugging this expression back to (C.4)) yields
B(ast) = O(K®).

2
aSIRz—% (HB%? + 63
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Appendix D

Miscellaneous Calculations

D.1 OPE of topological density - the C,-term

In this appendix we sketch the computation of the ége—term of the OPE ({2.60). In
performing the OPE at the tree level, the following propagator (Feynman gauge

assumed) is needed

(0aAp(1)0,A5(0)) = —0p50a05(d(2)6(0)) , (D.1)

where (¢(x)$(0)) is the free field propagator as given in (2.23)). The contribution

to the coordinate and momentum space Wilson coefficient reads
&gy = —2'0(6(2)0(0) = 2°3(x) = Cly = 2", (D2)

where the Green’s function property [(¢(z)¢p(0)) = —d(x) was used. This is
an example where contact terms appear in the z-space OPE as discussed below
(2.8)). The result (D.2) is consistent with [I46] when taking into account the

continuation to Minkowski space.

D.2 Rescaling Anomaly in Hamiltonian language

In section we have used a particular canonical transformation (2.146|) and

one might wonder whether the measure is anomalous under this transformation.
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Generally any rescaling of a field which is gauged, produces anomalous term
proportional to the kinetic term of the corresponding gauge field [87]. We shall
see that for the transformation ([2.146)) the effect cancels. Let us write (2.146)) for

a generic transformation

(9)E . (A.3)
The anomalous Jacobian of the DEDA measure is

mdet 29@) et (f(g)l‘;(m ~v) 0 ) _

0Q(y) f(9)d(x —y)

In det (f(%)l f(og)> 6(z —y) = Indet d(z —y) . (A.4)

It is proportional to an expression independent of f(g) and therefore justifies
our manipulations in section [2.3.1L The second equality sign is the crucial step
where we use the fact that the A and E can be expanded in the same set
of eigenfunctions. For the chiral anomaly this is not the case since left and
right handed fermions have different eigenfunction, or more precisely a different
number of zero modes. For an arbitrary rescaling the two dimensional matrix on

the second line has not got unit determinant and will therefore depend on the

transformation [87].
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Appendix E

LL QCD Results

Note: Contents of this appendix appear in [3].

E.1 Form of leading logs of C;g

The leading terms in the bare correlation function take the form

/ A7 (0]G () G2(0)|0)e, = k'Y wo“zg)”_l ( “Z)m (E.1)

n>0 P

with k£ being a constant which is immaterial for the argument. Upon renormalis-
ing the operator [G?] = Z42G? and the coupling ay = a,Z,, with Zg: = Z,_ in

the LL approximation one finds

)nfl

[t oG aGH o, = 1Y 2

n>0

(E.2)

where
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=(-1)"" +"In" (“—22) : (E.4)

confirming the rule €™ «» —In"(—p?/u?) used in section [2.2.3]

Note that non-local divergent terms in (E.4)) are avoided since the sum, somewhat
magically,

n—

n

:(—1)j(n—j)l(n_j> =0, 0<l<n. (E.5)

‘]:
only contributes for [ = 0 and [ = n. We note that such non-local terms could

not be eliminated by local counterterm in perturbation theory.

E.2 Explicit evaluation of dispersion integral

As a check the integral (2.98|) is integrated explicitly. This is best done by

changing variables to s = u?e¥ which results in an integral

o [T dyeY 1
Q?(p ) o /_oo dyey _p2/lu2 ((1 + asﬁoy)Z + (a5077->2 ) (E6)

with a poles at y. = —1/(asBy) & i and a series of poles y,, = In(—p?/u?) +
im(2n + 1) for n > 0. The integration contour can, for example, be closed in the
upper half plane. The y, pole result in the pole term in and the series of
poles y,,, = In(—p?/p?) + im(2n + 1) for n > 0 leads to a series

1 1

7 = TQ/p%_(m)%<1+asﬁo(1n(—p2/u2)+z‘7r<2n+1))2+<aﬂo7r)2
1 2
= T ) o

which can be resumed into an analytic form. The final result is consistent with
Eq.(2.97) which was the aim of this appendix.
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Appendix F

Curved Space ldentities

F.1 Weyl rescaling identities

Weyl rescaling is defined

—2
G — € G .

Volume rescaling

VI~ e g
The variation identity
) )
— = 2g"” )
Yo’ ogH

Trace of energy-momentum tensor with action Sg reads

) 4]

(5gHVSE - _SE .

" = 2"
vITl, =2 Yol

Weyl variation of Ricci tensor and Ricci scalar

5 d d
)
50 () R(z) = 2R(x)6(z —y) +2(d — 1)D6W (z —y) .

Variation of Weyl tensor squared

B
da(y)

W2(x) = aW?(2)0 D (z — 9) .
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Euler density:

J

WEd(ﬂf) = 4B4(2)8' (x — y) — 8(d = 3)G"'V,0,6 (x — y) , (F.7)

where we used the Einstein tensor G, = R, — % 9w R

The variation of [1 and Dirac operator read

0 4 -
M(wm = 26D (z —y)O— (d —2)0"6'D(x — y)0,
5029)? N %(d +1)IO =) - %(d -D)Ps(x—y).  (F8)

Weyl variation of conformally coupled scalar

) 1 1
sa(z) /ddfc\@(m— (d— 1)R>¢ = —(d—2)/g(z)(O— E 1)R)gz5(x) . (F.9)

Weyl variation of fermion

1

/ A /G = —(d - 1/G)b(@) B () , (F.10)

da(x)

<~ —
where ) = B — [p. And finally the gauge field action variation

J , )
sa(z) / d'e /4G, = —(d = VGG, (@) | (F.11)

F.2 Conformally flat identities

Use a conformally flat metric

S (F.12)
The Ricci tensor reads
R, = (d—2)(8,0,5 + 0,50,8) + 6,,(0s — (d — 2)(9s)?) , (F.13)
yielding the Ricci scalar
R=2(d—1)e % (Ds — %(d - 2)(83)2) : (F.14)
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On conformally flat manifold W? = 0 and the Euler density close to d = 4 — 2¢

reads

Vi, = —dky %D(ez“(as)Q)+(9(626583((1—e)(85)2—Ds))

+2¢k g€ (—205(9s)* 4 (0s)* — 2¢(0s)?) . (F.15)

where kg = (d — 3)(d — 2). Note that continuing beyond d = 4, (G.10) receives
an evanescent contribution which is not a total derivative.

The scalar Laplacian takes the form
Vi=0O-(d—2)ds-0. (F.16)

Spin connection becomes

w;j = 5{;8’3 — 52(9% (F.17)

yielding a very simple form of the Dirac operator

D= e3sde2® (F.18)

F.3 Renormalisation group equations for I/

In this appendix we summarise the RG equation obeyed by W and how they
relate to the trace anomaly. For future reference and completeness an explicit
scale symmetry breaking term in form of a matter mass term is added. The

quantum vacuum transition amplitude W obeys an RG equation

0 9] 0 dlnm
(81nu+68_g_7m81nm>wzo7 fym:_@ln,u ’ (E.19)

which follows from ‘Z—W = 0 Assuming a space-dependent metric, dimensional
L

analysis gives an equation of the form

0 0 o J B
(8lnu+8lnm+2/dwg (m)ég“”(a:))w_o' (F.20)

!Throughout this paper ¥ = —7,, is the anomalous dimension of the squark composite
operator whereas other authors [68] [127] use the anomalous dimension of the superfield ® as
v = 7. The relation between the two is =27 = Ypm; i-€. Y]this work = 27|[68 127

n
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Equations (F.19JF.20) can be combined into an RG equation with no explicit

p-derivative

The adaption of these equation to W, involves replacing u — pe” everywhere.

Note, if 7 is made space-dependent then g(ue™) and m(ue™) and the partial

derlvatlves are to be replaced by functional derlvatlves ; [d*x 69( and 8 —
[dteso— - respectively.
A definition of the trace of the EMT is given by
v 5
©) = —o &) (F.22)

Vg(x) 0g (x)

where g(z) denotes the determinant of the metric. Combining (F.22)) with (F.20)

the following equations are obtained

% w, (F.23)

d4l’\/_ expl

[ V& @) =

where the subscripts “anom” and “expl” refer to anomalous and explicit scale

breaking respectively.
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Appendix G

Central Charge Calculations

G.1 Extension of R*-anomaly term to O(a,’)

Note: Contents of this appendix appear in [3].

The O(a,”)-term is new due to the effort of [74] in computing gi,. Recall that

gt is a coefficient of the first pole in the Laurent expansion

1 1
LLVS ::g%(as)g +—g%(a8)25-+,,, (G.1)
of the (G*G?) contact term .

The relevant expression of gf(as) = g1+ g1 1as + g1 ,0:> + O(as?) is taken from
[74]

1 Ny
910= 5 (G.2)
17 10
9111 :gllo —Ca— —N¢Tr ),
' ' 2 3
11 22351 14 799
L =4gt (C%(=C+ =) — CuNpTR(— —
i 91,0( Al 6 Gz + 1206 ) ANpTE( 3 Gz + 31 )
107 49
NpTp(2¢; — —) + —T2N?

with (3 being the Riemann zeta function at the value 3 and n, is the number of
gluons or the dimension of the adjoint representation ny, = CaCp/Tr|sun.) =
N2 — 1. The O(as®) contribution agrees with [58] [Eq.7.7] at the level of 3y and
(1 which straightforwardly extends to QCD-like theories.
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From ([3.56]) one then obtains 3, up to O(a,°). We give the result in terms of the
first pole in L;, by the MS-type relation[l]

By = 20, (ash1) = 8B 3a,> + 10B; 4a,* + 12B; 5a,° + O(a,®) | (G.3)
where
1 1 2.1 1 1
Bz = 51 1650519170 , Bia= 120 - 16(45191,0 + 6505291 0 + 3605191 1) 5
1
Bis = =55 15(120051912 + 508082910 + (245082 + 1557) 91,1 - (G.4)

Comparing with [57, 58, [66] we find agreement with [57, 58] to the computed
order of O(a,?) and with [66] to order O(a,*). The fact that 3, is proportional

to the beta function is consistent with g, being zero in conformal field theories
[96,, [98].

G.2 Extension to three-point functions

In this appendix we discuss the extension of finiteness discussion to 3-point
functions and the consequences for 3, anomaly. The main goal is the derivation
of (G.20]). Contents of this appendix are based on author’s unpublished work.

G.2.1 Finiteness of ¢, and the Relation ¢LUV = YV /2
As shown in [3], the contact terms of TEMT 3-point function

M aipy) = P, [ dladye =m0 ©@0WO0). . (G
decompose into two structures

Xs = py +p, + 02 — 2030 + P30t + op?)
Py =py+p, +p1, (G.6)

with A3 being the true 3-point structure and P; being related to the 2-point

function by a variational derivative. Both structures were shown to be finite.

!The extra factor of 2 in the first equality w.r.t. [57, 58] originates from the d = 4 — 2¢
versus d = 4 — € convention.
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Below we exploit the finiteness of the Az-structure to conclude finiteness of €L,
similar to the steps leading to finiteness of L; in Chapter 3. Assuming momentum
conservation p, = —(ps +py), A3 = 4 [(pz - py)* — p2p}] and the the associated

projector ]5,\3)\3 =1is
P, = 1 [(8 -0,,) — 0% 92 ] (G.7)
3 96 Pz Py Pz "py |

for which the Pj-structure automatically vanishes (Py, Py = 0).

Taking three Weyl variations and Fourier transforming one obtains

A ‘ 53
M) (p, = P /d4 dAyetPez+pyy) InZ
EEE] (p 7py) A3 Zz ye 5S($)5S(y)(55(0) n
= (2kaao — 8by — M{H(paupy)) = [finite] . (G.8)

where M}ATS% is defined in and the abbreviation ky = (d — 4)(d — 3)(d — 2)
is introduced. The finiteness of MC(F’}’% ensures finiteness of (2kgag — 8by). Since
bo has been shown to be finite [3] it is to be concluded that the quantity kqaq is
finite. Like for by in this means that the e — 0 limit kqa¢ is meaningful

lim kgap = lim ky(LYY + a"V) = —28YV . (G.9)
e—0 e—0

In the last step we used that aVV is finite and that LYV = % The latter follows

from 3, = —(dl‘i“ — 2¢)L, and the stationarity property dliuLgV = 0 at FPs

(which can be seen by writing L, ~ x1 + 22(g%9 — ¢®YV) with 215 constants and
using B9V = 0). Eq. (G.9) is a relevant observation as this implies finiteness of

the corresponding term in the dilaton effective action.

G.2.2 Flow of Aj, the IR effective action

Let us start by writing the d-dimensional Euler term as a sum of a four

dimensional and an evanescent term

VEEL = 00 — kge**(—20s(0s)* + (9s)* — 2¢(9s)*) | (G.10)

2The specific combination 2kgag — 8by comes from differentiating (3.26)) three times w.r.t. s
in d-dimensions.
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where we have assumed the conformally flat metric g,5 = 6’23(1)5(15 and kg ~ €
is defined below ((G.8). The total derivative term

00 = —4(d—3)(d—2) BD(eQ“((?S)Q) + 0(e**9s((1 — €)(0s)* — Os))| , (G.11)

corresponds to a topological term that survives the d — 4 limit. The evanescent
part of the gravitational counterterms (3.26)) becomes the Wess-Zumino term of

the dilaton effective action in [115]
Loravity O ao/ddx\/E(E4 —00) = —kdao/ddx(—2D3(65)2 + (0s)* — 2¢(9s)*)
= 2Bgv/d4x(—2Ds(03)2 +(05)) =28V Sy 2 , (G.12)

where we have used (G.9)). In the preceding argument the finiteness of kqao (and
bo) was essential to ensure UV finiteness of the dilaton effective action and match

the the bare coefficient of Wess-Zumino term to the Euler anomaly SYV.

Similarly, the IR effective action contains the term 28RSy, which contributes

to (3.66) at O(s®)
In Z = —4d™ / d*z(0s)? — (461F — 8d™) / d'z(9s)’0s +... . (G.13)

We are now ready to put all the pieces together. By Fourier transforming the
third functional derivative with respect to s of (G.13]) we see that at low momenta
the LHS of (G.8) behaves as

—(48 — 8d™\\5 4 ... | (G.14)

where the dots stand for nonlocal contributions subleading in the momentum
expansion. Applying P,, to the RHS of (G.8) one gets

M (Das Dy lpampao — (4BYY — 8dVY) = — (4 — 8d™) | (G.15)

where we used that (2kqag —8by) = —(48YY —8d"V) for € — 0. The 3-point sum

rule in momentum space follows
AB, = 2Ad — 1M“B’( )| (G.16)
a — 4 TTT pvay Pa=py=0 - .
Assuming regularity of M}’}?’% the p,, p, — 0 limit can be taken from any direction.
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In particular if we choose p, = —p, = p — 0 we can define a one-variable function

Clrr (%) = MY (pe, —p2) (G.17)

satisfying
AB, =2Ad — CTTT( ) - (G.18)

It turns that all the properties and proofs related to Cl.,. that we discussed in
Section can be easily extended to Cl,,. In particular repeating the steps

leading to -,- we get
A B [pC MOM dy’
CTTT =2 ﬁ B XABC (/U—M, ) (G.19)

where \NOM is obtained from the contact term corresponding to A3 structure
in ((G.6)) using a covariant extension of to 3-points. Scheme dependence
follows again from the property that the integrand transforms as a total scale
derivative $P0p (8438 B°wapc), for some finite function w4 pc parametrizing the
3-point scheme change. Clearly, this doesn’t contribute at the UV/IR limits of
the above integral.

Substituting this back into (G.18]) we get the final scheme-independent result

!/

1 [~ d
=5 | B (= 8 e) T (G-20)

Note that the MS-scheme version of this equation can be obtained from the result
(3.17b) of [66] for A, which reads

d /
/ 58 W ) L (G.21)

where Xfﬂ{gs is corresponds to a specific counterterm composed of local couplings
and the Einstein tensor. From (3.23) of [66] one gets

d
(XG> — AN + a5 B9)BABE = (— VasB'5%) (G.22)

where Vg is some scheme-dependent function. The term on the RHS vanishes

3Note that xi; and and X5, of [66] corresponds to X and P A BC respectively in the notation
of this thesis.
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when inserted into ((G.21]) and one gets
A_EOOMSAB_MS A B ey A G .23
Ba = 5 (XABﬁ 5} XapcB 878 )_M/ ) (G.23)
0

which is equivalent to (G.20)) evaluated in the MS-scheme.
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