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Abstract

In this thesis, the experimental prospects of measuring the Standard Model (SM) Higgs
self-coupling λS M at the International Linear Collider (ILC) are investigated. The ob-
servation of double Higgs production is necessary to directly establish a non-zero Higgs
self-coupling. Information on λS M can be extracted from a measurement of the cross
section for this process. At a centre-of-mass energy of

√
s = 500 GeV double Higgs-

strahlung is the dominant Higgs-pair production process. This measurement is extremely
challenging due to very small production cross sections and multi-jet final states which
pose large challenges to detector technologies and event reconstruction techniques.

A detailed full detector simulation of the International Large Detector is performed for a
Higgs boson with a mass of 125 GeV. The analysis is based on ILC beam parameters ac-
cording to the Technical Design Report and investigates several improvements compared
to earlier studies. These include an isolated lepton selection strategy and the application
of kinematic fits to final states with heavy-flavoured jets. Depending on the decay mode
of the Z boson, relative improvements of up to 25% are obtained in the selection of ZHH
(HH → bbbb) events. This results in a relative improvement of 10% in the measure-
ment of σZHH when combining all channels. For the SM scenario, an evidence of 3.5σ
for the observation of double Higgs-strahlung and a measurement precision of 30% on
σZHH is reached with an integrated luminosity of L = 2 ab−1 and a beam polarisation
of P(e+e−) = (0.3,−0.8). The result extrapolates to an achievable precision of 21% on
σZHH after the full ILC running scenario, which corresponds to a 5.9σ discovery for the
observation of double Higgs-stahlung. Combined with the channel HH → bbWW, σZHH

can even be measured to a precision of 16%, which corresponds to a precision of 26% on
λS M. Additionally, the impact of γγ → low-pT hadrons background is investigated, which
proves the need of advanced removal strategies, which include a detailed modelling of the
background and exploit the full power of high-granularity detectors.





Zusammenfassung

In der vorliegenden Arbeit werden die experimentellen Möglichkeiten untersucht die Hig-
gsselbstkopplung des Standardmodells λS M am International Linear Collider (ILC) zu
beobachten. Um die Existenz der Higgsselbstkopplung direkt nachweisen zu können,
muss die Produktion von Higgspaaren beobachtet werden. Durch die Messung des Wir-
kungsquerschnitts solcher Prozesse können Rückschlüsse auf λS M gezogen werden. Bei
einer Schwerpunktsenergie von

√
s = 500 GeV ist doppelte Higgsstrahlung der domi-

nante Produktionsprozess. Die Messung stellt jedoch große Anforderungen an Detek-
tortechnologien und Methoden zur Ereignisrekonstruktion aufgrund der sehr kleinen Pro-
duktionswirkungsquerschnitte und Endzuständen mit vielen Jets.

Zu diesem Zweck wird eine detaillierte Detektorsimulation des International Large De-
tectors für ein Higgsboson mit einer Masse von 125 GeV durchgeführt. Die Studie basiert
auf ILC Strahlparametern gemäß des Technical Design Reports. In der Studie werden
verschiedene Ansatzpunkte für mögliche Verbesserungen untersucht. Diese beinhalten
eine Strategie für die Identifizierung isolierter Leptonen und die Anwendung kinemati-
scher Anpassungen in Endzuständen mit schweren Quarks. Die Untersuchungen dieser
Arbeit erreichen relative Verbesserungen von bis zu 25% in der Ereignisselektion von
ZHH (HH → bbbb) und von 10% in der Messung des Wirkungsquerschnitts. Unter der
Annahme einer standardmodellartigen Kopplung kann die Existenz von doppelter Hig-
gsstrahlung mit 3.5σ Genauigkeit bewiesen sowie σZHH zu 30% Genauigkeit bestimmt
werden. Die Ergebnisse beruhen auf einer integrierten Luminosität von L = 2 ab−1 and
einer Strahlpolarisation von P(e+e−) = (0.3,−0.8). Daraus ergibt sich eine Genauigkeit
von 21% in der Messung von σZHH nach der vollen Laufzeit des ILC. Dies entspricht
einer Entdeckung von doppelter Higgsstrahlung mit einer Signifikanz von 5.9 Standard-
abweichungen. In Kombination mit HH → bbWW kann σZHH zu 16% und λS M zu 26%
Genauigkeit bestimmt werden. Zusätzlich wird der Einfluss des Untergrundes aus Pho-
toproduktion von niederenergetischen Hadronen auf die Analyse untersucht. Die Un-
tersuchung zeigt, dass anspruchsvolle Methoden zur Unterdrückung des Untergrundes
benötigt werden, die ein detailliertes Modell der Ereignisse beinhalten und die hohe De-
tailgenauigkeit der Detektoren ausnutzen.
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Chapter 1

Introduction

The Standard Model (SM) of particle physics currently is the most complete description
of the subatomic world, since this theory is consistent with the majority of all observed
phenomena. One of the key building blocks in the SM is the Higgs sector, which is
believed to be the origin of fermion and gauge boson masses by the mechanism of spon-
taneous electroweak symmetry breaking [1–3]. In the so-called Higgs mechanism, the
neutral component of an isodoublet scalar field acquires a non-zero vacuum expectation
value which gives rise to the non-zero masses of fermions and gauge bosons while pre-
serving the S U(2) × U(1) gauge symmetry. In the SM, the couplings of the Higgs boson
to the fermions and gauge bosons are predicted as a function of the respective fermion or
gauge boson mass and the Higgs mass, which represents the only free parameter of the
SM Higgs sector.

Now that a Higgs boson candidate was discovered at the Large Hadron Collider (LHC)
in 2012 [4, 5], it is crucial to investigate its properties and compatibility with the SM.
This requires a precise and model-independent reconstruction of the electroweak symme-
try breaking sector and the verification of theoretical predictions, any deviation of which
could indicate new physics beyond the SM. While precise measurements of the mass-
coupling relation represent a test of the SM electroweak symmetry breaking sector, preci-
sion measurements of the Higgs mass and couplings are not enough to establish the Higgs
mechanism experimentally. In particular the measurement of the Higgs self-coupling al-
lows to reconstruct the potential of the Higgs field. The model-independent measurement
of double Higgs production is necessary to establish a non-zero Higgs self-coupling.

Higgs-pair production plays the key role as the production process which is sensitive to
the Higgs self-coupling. Moreover, by discovering deviations from its SM prediction
it provides indirect possibilities for probing new physics scenarios and the existence of
heavy new particles. A measurement precision in the order of 20% could allow to observe
deviations from the SM and to directly reveal the nature of extended Higgs sectors [6].
For example, in the parameter region of the Two Higgs Doublet Model (2HDM) in which
the theory of of Electroweak Baryogenesis is possible, a minimal deviation of 20% from

1



2 Chapter 1. Introduction

the SM value is expected [7]. A precise measurement of the double Higgs production
cross section, and thus the Higgs self-coupling, can be an important probe of such a cos-
mological scenario. The SM cross sections for double Higgs production are very small
and unless new physics produces sizeable enhancements, the measurement is quite chal-
lenging. Combined with multi-jet final states the measurement places many challenges
on detector technologies and on event reconstruction techniques. Hence, it is crucial to
investigate the possibilities of measuring the Higgs self-coupling at particle colliders.

Direct and model-independent precision measurements can be performed at e+e− colliders
with sufficient energy. The International Linear Collider (ILC) is one of the largest next
generation collider projects, operating at energies up to 500 GeV with possible options for
an energy upgrade to 1 TeV. It is planned as a complement to the LHC to perform preci-
sion measurements of known and possibly new particles. The ILC detector performance
goals are driven by optimisation studies in full detector simulations which are based on
the precise knowledge of particle properties and their behaviour in the detector, and on
the current knowledge of technologies. The ILC detector concepts target the best possible
particle detection and reconstruction of events with multi-jet final states.

At a centre-of-mass energy of
√

s = 500 GeV, the dominant double Higgs production
process at an e+e− collider is double Higgs-strahlung ZHH. The signal events have to
be reconstructed as precisely as possible. The invariant mass reconstruction drives the
overall physics performance at the ILC and relies on an excellent jet-energy resolution.
Moreover, at a Higgs mass of 125 GeV the Higgs boson predominantly decays into a pair
of b quarks. Therefore, ZHH can result in up to six-jet final states which result in com-
plex signatures in the detector. At 500 GeV these events are produced near the kinematic
threshold and thus, the jets have significant overlap with each other. High flavour-tagging
efficiencies are required, while being robust against mis-clustering of particles into jets.
Leptonic decays of the Z boson need high track momentum resolutions which can help
in the event reconstruction. Therefore, the Higgs self-coupling measurement is directly
linked to the performance requirements of ILC detectors and event reconstruction tech-
niques. The experimental prospects of observing the SM Higgs self-coupling at the ILC
need to be investigated in order to study further improvements in detector optimisation
and event reconstruction. Therefore, we perform the Higgs self-coupling measurement
for a Higgs boson with a mass of mH = 125 GeV and investigate starting points for im-
provement as indicated by former linear collider studies.

This thesis is organised as follows:

In chapter 2, the theoretical foundations are introduced, mainly focussing on double Higgs
production and the Higgs self-coupling. The measurement capabilities at hadron and
e+e− colliders are discussed, which serves as motivation for this thesis. In chapter 3,
an overview of the ILC is given. Herein, the experimental environment and the machine
backgrounds are introduced. The wide range of high precision measurements in the ILC
physics programme sets new standards on detector technologies and their physics perfor-
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mance. In chapter 4, the ILC detector design goals and challenges are discussed. An
overview on the performance of the International Large Detector (ILD) concept is given.

The subsequent part of the thesis is dedicated to the Higgs self-coupling analysis at the
ILC. In chapter 5, the signal and background processes used in the analysis are discussed
and an overview on the analysis strategy is given. ILD physics studies are based on the in-
terplay of detector performance and analysis techniques. In chapter 6, analysis techniques
are discussed, which have been investigated and optimised in this thesis. There are several
starting points for improvement which can have large effects on the precision of the Higgs
self-coupling measurement. This concerns the isolated lepton selection, which requires
large efficiencies and purities, the γγ → low-pT hadrons background removal, and most
importantly the application of kinematic fits. In chapter 7, the application of kinematic
fits to final states with heavy-flavoured jets is evaluated. The kinematic fit performance is
studied in the presence of large missing four-momentum. This includes the investigation
of the ISR treatment in the presence of missing four-momentum from semi-leptonic de-
cays. Two strategies are explained which solve issues with the automatic ISR treatment in
final states with b and c quarks. In chapter 8, the improvements are included to the event
selection and the latter is optimised and described in detail. In chapter 9, the results of the
cross-section measurement of double Higgs-strahlung and the determination of the Higgs
self-coupling for the full ILC running scenario is discussed. This is outlined in terms of
the SM and Beyond the SM theories. An outlook is given on further improvements to
enhance the measurement precisions. Finally, the work of this thesis is concluded and
summarised in chapter 10.





Chapter 2

Higgs Self-coupling in the Standard
Model of Particle Physics

In this chapter, the theoretical foundations of this thesis are discussed with regard to the
Standard Model of particle physics (SM) and the SM Higgs boson, focussing on the Higgs
self-coupling measurement. In sec. 2.1, an overview of the SM is given, which is followed
by a description of electroweak symmetry breaking and the Higgs mechanism in sec. 2.2.
The SM Higgs boson and its properties are introduced in sec. 2.3 and a historical overview
of the Higgs search is presented. In sec. 2.4 the shortcomings of the SM are discussed.
In sec. 2.5, the measurement of the Higgs self-coupling is introduced. An overview on
possible indications to new physics is given, which can be detected as deviations from SM
Higgs self-coupling predictions. Finally, the measurement capabilities at hadron and e+e−

colliders are discussed. This serves as motivation of this thesis.

2.1 Standard Model of Particle Physics

In the 1960s and 1970s the Standard Model (SM) of particle physics emerged which
described all of the known elementary particle interactions, except gravity. The SM in-
cludes quantum chromodynamics (QCD) and the Glashow–Salam–Weinberg theory of
electroweak interactions [8–12], which contains quantum electrodynamics (QED). It is
based on two types of elementary matter particles, fermions and bosons. Elementary parti-
cles appear to be structureless and point-like. Fermions are matter particles of half-integer
spin, which satisfy Fermi-Dirac statistics [13, 14]. To each fermion there is an antipar-
ticle with the same properties, but additive quantum numbers of opposite sign. Bosons
are responsible for the interaction between matter particles. They follow Bose-Einstein
statistics [15, 16] and have integer spin.

Mathematically, the SM is built upon the requirement of local gauge invariance under the
gauge group S U(3)C × S U(2)L ×U(1)Y , accounting for the strong, weak and electromag-
netic interaction. The indices represent the charges of the groups, respectively.

5



6 Chapter 2. Higgs Self-coupling in the Standard Model of Particle Physics

The strong interaction is described by the S U(3)C symmetry group, where C indicates
the colour charge of QCD. Only particles which carry colour charge participate in the
strong interaction. Three different colour states exist, often denoted as red, green, and
blue. Gluons are the respective gauge bosons, each of which carries a combination of
colour and anti-colour. In terms of S U(3)C colour symmetry, there are nine possibilities
to combine colour and anti-colour triplets to gluons forming a colour octet and a colour
singlet (3 ⊗ 3̄ = 8 ⊕ 1). Since only colour singlet states exist as free particles, a colour
singlet massless gluon would give rise to a strong force of infinite range. Since the strong
force is of short range, physical gluons are confined. Consequently, there exist eight
physical gluons represented by the colour octet.

Electromagnetic and weak interactions are described by the symmetry group of S U(2)L ×

U(1)Y . S U(2)L describes transformations of left-handed (denoted as L) multiplets of the
weak isospin T , and U(1)Y phase transformations of the weak hypercharge Y . After spon-
taneous symmetry breaking of S U(2)L × U(1)Y via the Higgs mechanism (section 2.2),
it turns out that there is one unbroken symmetry left over, which is a combination of
S U(2)L × U(1)Y . It is a symmetry with generator

Q = T3 +
1
2

Y ≡ Qem , (2.1)

where ~T and Y are the generators of S U(2)L and U(1)Y , respectively. Adding a weak
hypercharge means that the doublet component with T3 = +1

2 obtains a positive charge,
while the other T3 = −1

2 component is neutral. Q generates exactly the symmetry group
of electromagnetism U(1)em, and the massless gauge boson of the unbroken symmetry
is the photon, which acts between electrically charged particles. The electromagnetic
interaction is described by QED. Together with the weak interaction, both are unified by
the Glashow–Salam–Weinberg theory since they behave similar at high energy scales.

After symmetry breakdown of S U(2)L × U(1)Y , the new gauge bosons of the symmetry
groups are defined as follows: Denoting the gauge bosons of the S U(2)L symmetry by Wa

µ

(a = 1, 2, 3) and the one of U(1)Y by Bµ, the physical W± bosons are defined as

W±
µ =

√
1
2

(W1
µ ∓ iW2

µ) . (2.2)

The physical photon and the Z boson are given by a linear combination of the form

Aµ = Bµ cos θW + W3
µ sin θW , (2.3a)

Zµ = −Bµ sin θW + W3
µ cos θW , (2.3b)

where θW denotes the Weinberg angle, the mixing angle of electroweak interactions. Latter
is defined by the ratio of coupling constants of S U(2)L and U(1)Y , denoted by g and g′:

tan θW =
g′

g
. (2.4)

In the SM, fermions fall into two main groups: quarks and leptons. Leptons can be further
classified by their participation in the different types of interactions. Charged leptons
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fermion
generation electric

colour
weak isospin

1 2 3 charge Q left-handed right-handed

quarks
u
d

c
s

t
b

+2/3

−1/3
r,g,b

+1/2

−1/2

0
0

leptons
νe

e−
νµ
µ−

ντ
τ−

0
−1

–
+1/2

−1/2

−

0

Table 2.1: Elementary fermions and their corresponding charges of the SM.

carry an electric charge and weak isospin. They undergo both electromagnetic and weak
interaction. Neutrinos carry weak isospin but no electric charge, and participate only
in the weak interaction. There are six flavours of quarks, including up (u), down (d),
charm (c), strange (s), top (t) and bottom (b). Quarks differ from leptons by carrying
colour charge next to electric charge and weak isospin. They can only exist as colourless
bound states called hadrons. Hadrons fall into two categories: baryons consisting of three
quarks each of which carries a different colour charge, and mesons which are formed by
a quark-antiquark pair of opposite colour charges. The elementary fermions and their
corresponding charges of the SM are listed in tab. 2.1.

All fermions have an intrinsic and Lorentz-invariant property called chirality. As closely
related quantity, helicity is defined by the direction of the particles’ spin relative to the
direction of its motion. This definition depends on the reference frame of the observer,
in which a particle can obtain either positive or negative helicity. For massless particles,
which travel with speed of light, chirality and helicity are equal. For massive particles,
helicity can change with respect to the chirality eigenstate in different reference frames.
Here, a left-chiral fermion can be observed with positive or negative helicity since there
is always a Lorentz frame moving faster than the particle. So far, all fermions but neu-
trinos have been observed in both helicity states. In general, fermions interact differently
depending on chirality. It turns out that only left-handed fermions take part in the charged
weak interaction. Left-handed fermions are paired up into fundamental representations of
S U(2)L and form doublets of fields which can transform into each other at no cost except
for the difference in their mass. Right-handed fermions are trivial under S U(2)L and form
singlet states which do not transform under S U(2)L, i. e. do not participate in weak inter-
actions. Hence, only left-handed νL (right-handed ν̄R) participate in weak interactions. So
far, there is no evidence for νR (ν̄L). This can only be consistent within the SM if neutrinos
are massless. However, observations prove otherwise (sec. 2.4).

So far, we have not discussed one of the major key building blocks in the SM, the Higgs
sector, which is the origin of fermion and gauge boson masses via the mechanism of
electroweak symmetry breaking. Since the SM Higgs boson and its properties take the
leading role in this thesis they are described in detail in the following.
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2.2 Electroweak Symmetry Breaking

An important ingredient of the SM is the spontaneous symmetry breakdown of S U(2)L ×

U(1)Y to U(1)em. In group theory language, three of the four generators of S U(2) × U(1)
are broken. Physically, this means that three of the SM gauge bosons gain masses (W±

µ

and Zµ) and one remains massless (the photon, denoted by Aµ). Spontaneous symmetry
breaking is induced by a new scalar field which has to be added to the SM Lagrangian.
The interaction of this field with the gauge boson fields must generate the gauge boson
masses. This process is called Higgs mechanism [1–3]. The Higgs mechanism represents
the simplest choice for achieving spontaneous symmetry breaking.

To understand the principles of spontaneous symmetry breaking, let us illustrate a simple
example, following [17, 18]. We consider a real scalar field φ with the Lagrange density

L = T − V =
1
2

(∂µφ)2 −

(1
2
µ2φ2 +

1
4
λφ4

)
, (2.5)

which is invariant under the discrete symmetry φ → −φ. Here, µ2, λ ∈ R. The first term
of eq. 2.5 represents a kinetic term minus an energy potential V(φ)

V(φ) =
1
2
µ2φ2 +

1
4
λφ4 , (2.6)

which is described by the last two terms. Since the ground state (the vacuum) describes
the field configuration of minimum energy, V(φ) must be bounded from below. Therefore,
we have λ > 0. For µ2 both signs are possible but only in the case µ2 < 0 the ground state
of φ is non-vanishing and the minimum occurs at

φ = ±

√
−
µ2

λ
= ±v . (2.7)

The potentials V(φ) for µ2 < 0 and µ2 > 0 are illustrated in figure 2.1. The ground state
value in eq. 2.7 is called vacuum expectation value (VEV), denoted by v. From eq. 2.7 it is
obvious that the theory at hand has two possible vacua. The important point is that either
choice for v breaks the original reflection symmetry. The symmetry of the Lagrangian in
eq. 2.5 is canceled by the arbitrary selection of one particular asymmetrical ground state.
We are obliged to work with one of them, which spoils the original reflection symmetry
of the system. To investigate the properties of the system after symmetry breakdown, we
expand eq. 2.5 around the VEV v in terms of a shifted field η. Thus, we treat the field as
fluctuations about the minimum. Such fields must be formulated as deviations from one
of the two ground states. We choose η = φ − v. The result reads

L =
1
2

(∂µη)2 + µ2η2 − λvη3 −
1
4
λη4 . (2.8)

We observe with the first two terms of the Lagrangian that η describes a particle with
physical mass

mη =
√
−2µ2 =

√
2λv2 , (2.9)
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Figure 2.1: Potential V(φ) = 1
2µ

2φ2 + 1
4λφ

4 with λ > 0. Left: for µ2 > 0 describing
a scalar field with mass µ and a ground state corresponding to φ = 0. The reflection
symmetry of the Lagrangian is satisfied. Right: for µ2 < 0, the interesting case having
two minima. Figure taken from [17].

which gives the definition of the Higgs mass in the SM. The VEV v reads v =
√
−µ2/λ and

can be determined from the Fermi constant GF according to v = (
√

2GF)−1/2 ' 246 GeV.
The higher order terms in η represent the trilinear and quartic self-interaction of η.

As a next step, let us now look at the spontaneous symmetry breakdown of a U(1) gauge
symmetry and the actual Higgs mechanism. From there it is a short way to the case
of S U(2) or S U(2) × U(1). In this case, the scalar field is taken to be complex and it
transforms under U(1) as

φ→ eiα(x)φ . (2.10)

This can be achieved by introducing a massless gauge field Aµ and by replacing the deriva-
tive in eq. 2.5 by the covariant derivative ∂µ − ieAµ ≡ Dµ. The gauging procedure renders
a Lagrangian of the form

L = (∂µ + ieAµ)φ∗(∂µ − ieAµ)φ − µ2φ∗φ − λ(φ∗φ)2 −
1
4

FµνFµν . (2.11)

Here, Fµν is the usual field strength of the gauge field Aµ. As before, we choose µ2 < 0
to achieve a ground state that is not invariant under the U(1) symmetry. A naive ap-
proach would be to expand eq. 2.11 in terms of the VEV of φ and two real scalar fields:

φ(x) =

√
1
2 (v + η(x) + iξ(x)). Then, we would observe that η plays the same role as in our

previous example. It represents a massive scalar particle. However, ξ remains massless
mξ = 0. It is important to note that it is no coincidence that one of the fields is automati-
cally massless. In fact, this can be generalised by stating Goldstone’s theorem [19]: Spon-
taneous breakdown of a continuous symmetry always implies the existence of a massless,
scalar (spin-0) particle, a so-called Goldstone boson.

It appears that our approach of finding a spontaneously broken gauge theory of weak
interactions with massive gauge bosons now lets us deal with an unwanted massless scalar
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particle. However, it turns out that there is an even more convenient approach that solves
this problem: We should note that

φ(x) =

√
1
2

(v + η(x) + iξ(x)) '

√
1
2

(v + η)eiξ/v (2.12)

to lowest order in ξ. This suggests that we should substitute another set of real fields h, θ,
Aµ as

φ→

√
1
2

(v + h(x))eiθ(x)/v , (2.13)

Aµ → Aµ +

√
1
ev
∂µθ . (2.14)

This is a certain choice of gauge, with θ(x) chosen so that h is a real scalar field, from now
on called Higgs boson. We anticipated that the theory is independent of θ [17]. Inserting
the expression into eq. 2.11 we are left with

L =
1
2

(∂µh)2 − λv2h2 − λvh3 −
1
4
λh4 +

1
2

e2v2A2
µ +

1
2

e2A2
µh

2 + ve2A2
µh −

1
4

FµνFµν . (2.15)

The second term in eq. 2.15 describes the mass of the Higgs boson. From this we deduce
the following facts: The theory now describes two interacting massive particles, the gauge
boson Aµ and the Higgs field h. In eq. 2.15, latter is described by 1

2e2A2
µh

2 and ve2A2
µh. In

particular, no massless Goldstone boson appears in the Lagrangian due to the particular
choice of expression for φ(x). The Goldstone boson has been “eaten” by the gauge boson
to render the latter massive [17] as described by the mass term 1

2e2v2A2
µ. This is called

Higgs mechanism.

One caveat remains: As stated in the beginning of this section, the SM Higgs mechanism
also involves an S U(2) gauge symmetry. In the non-Abelian S U(2)L×U(1)Y electroweak
theory, one needs to generate masses for the three gauge bosons W± and Z but the photon
γ must remain massless. By the correct choice of Higgs fields, one can deduce that after
symmetry breakdown of S U(2)L×U(1)Y one obtains mass terms for three of the four gauge
bosons. The mathematics in this case is more complicated and the complete calculation
can be found in literature [17,18,20]. However, for better understanding let us look at the
main idea of the computation. Let us start with just an S U(2)L gauge symmetry. In order
to break this symmetry spontaneously, we introduce an S U(2)L doublet of complex scalar
fields

φ =

(
φ+

φ0

)
=

1
√

2

(
φ1 + iφ2

φ3 + iφ4

)
, (2.16)

which transforms under global S U(2)L phase transformations as

φ→ φ′ = eiαaτa/2φ . (2.17)

As in our previous example, we introduce the covariant derivative ∂µ + ig τa
2 Wa

µ ≡ Dµ and
three gauge fields Wa

µ(x), where a = 1, 2, 3. The latter transform as Wµ → Wµ −
1
g∂µα −

α ×Wµ . Analogously to eq. 2.11, this gauging procedure yields a Lagrangian of the form

L = (∂µ + ig
1
2
τ · Wµ)φ∗(∂µ + ig

1
2
τ · Wµ)φ − µ2φ∗φ − λ(φ∗φ)2 −

1
4

WµνWµν . (2.18)
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Again we choose µ2 < 0 and λ > 0 to obtain a minimum in which the symmetry of the
system is broken. The minimum reads

φ∗φ =
1
2

(φ2
1 + φ2

2 + φ2
3 + φ2

4) = −
µ2

2λ
with v2 = −

µ2

λ
. (2.19)

We choose φ1 = φ2 = φ4 = 0 and φ2
3 = −

µ2

λ
≡ v2, and expand φ(x) about this particular

minimum and substitute the expansion

φ(x) =
1
√

2

(
0

v + h(x)

)
(2.20)

into our Lagrangian (eq. 2.18). Again, this leaves us with only one scalar neutral field
h(x), representing the Higgs field, which determines the masses of three of the four gauge
bosons. Our choice of φ is the simplest choice to group four fields into one S U(2)L

representation. When φ obtains a VEV, the symmetries under which it is charged are
spontaneously broken as we have seen in our simple examples. Hence, this theory leads
to a system with no massless gauge bosons.

This brings us automatically to the case of S U(2)L × U(1)Y . To the previous example,
we have to introduce an additional U(1) gauge symmetry by giving the doublet field φ a
weak hypercharge Y = +1. Then, it turns out that there is one unbroken symmetry with
the generator given by eq. 2.1, which generates the symmetry group of electromagnetism
U(1)em. By taking a complex doublet of scalar fields, adding a weak hypercharge Y and
choosing this certain form of φ0 has a simple explanation: Any choice of φ0, which breaks
a symmetry, will generate a mass for the corresponding gauge boson. However, if φ0 is
still left invariant by some subgroups of gauge transformations, as it is here the case after
adding a weak hypercharge of U(1)Y , then the gauge bosons associated with this subgroup
will remain massless. Our choice of φ0 breaks both S U(2)L and U(1)Y symmetries but
since φ0 is electrically neutral, U(1)em with the generator in eq. 2.1 remains unbroken.
The new gauge bosons after symmetry breakdown of S U(2)L × U(1)Y were introduced
in section 2.1. The W± bosons and the Z boson represent the gauge bosons of the weak
interaction. The masses of the physical W± and Z bosons can be expressed in terms of the
coupling constants of S U(2)L and U(1)Y , denoted by g and g′ as

mW =
1
2

gv , and mZ =
1
2

v
√

g2 + g′2 . (2.21)

Further calculations lead to a relation between the Z- and W-boson masses which reads

MW

MZ
=

g√
g2 + g′2

= cos θW . (2.22)

This relation represents one important prediction of the SM with its simple choice of a
single Higgs doublet in the SM electroweak symmetry breaking scenario.

Now that we have described the origin of the SM gauge boson masses, let us turn to
the fermions briefly. Up to now, the fermions remain massless in our discussion. To
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understand how mass terms for the latter can be generated, let us have a closer look at the
quantum numbers of the Higgs field φ under S U(2)L × U(1)Y . Being a doublet of S U(2),
it can combine with an anti-doublet (e.g the left-handed fermionic anti-doublet L̄) to a
gauge invariant singlet. We observe that new terms of the form

LYuk = −G (R̄ φ† L + L̄ φR) , (2.23)

where G = const. and R denotes a right-handed S U(2) singlet, are now gauge invariant.
Couplings of the form given in eq. 2.23 are called Yukawa couplings. The intriguing
feature of these is that fermionic mass terms are generated automatically once φ gets
a VEV. Then the interaction between left-handed fermion components with φ and their
right-handed components give non-zero Yukawa couplings. This kind of fermion mass
is called Dirac mass. The fermion masses are just parameters of the theory and are not
predicted as it is the case for gauge bosons.

We conclude that the Higgs mechanism generates mass terms for gauge bosons of broken
symmetries. In addition, the Higgs field is responsible for the fermionic mass terms in the
SM via its Yukawa couplings. The minimal choice of a single Higgs doublet is sufficient
to generate the gauge boson and fermion masses. The Higgs couplings to fermions, gauge
bosons, and to itself are summarised in a Lagrangian as

L = −gH f f̄ H f f̄ +
gHHH

6
H3 +

gHHHH

24
H4 + δVVµVµ

(
gHVV H +

gHHVV

2
H

)
, (2.24)

with V = W±,Z and δW = 1, δZ = 1/2, and coupling parameters defined as

gH f f̄ =
m f

v
, gHVV =

2m2
V

v
, gHHVV =

2m2
V

v2 , (2.25)

gHHH =
3m2

H

v
= 6λv , gHHHH =

3m2
H

v2 = 6λ . (2.26)

The couplings of the Higgs boson to the fermions and the gauge bosons are determined
as a function of the Higgs mass, which is not predicted by the SM and represents the
only free parameter of the SM Higgs sector. Hence, once the Higgs mass is known all
other parameters are fixed. The Higgs couplings to the fermions are directly proportional
to their masses. More massive fermions will have proportionally stronger couplings to
the Higgs. A precise reconstruction of the mass-coupling relation of the Higgs to other
particles is crucial to test the electroweak symmetry breaking sector.

A final remark on neutrino masses in the SM should be made: Massless neutrinos can
only exist in the SM if there are no right-handed neutrinos νR (ν̄L). Nevertheless, since
neutrinos seem to have non-zero masses (section 2.4), a natural explanation can be given
by simply adding νR (ν̄L), which results in a usual Dirac mass term [21]. In theory, the
existence of νR (ν̄L) is well-motivated since all other known fermions exist with left and
right chirality. Additionally, νR (ν̄L) would only participate in Yukawa interactions with φ0

(eq. 2.16) and form a weak isospin singlet which do not transform under S U(2)L (eq. 2.1).
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However, the generation of Dirac neutrino masses via the SM Higgs mechanism does
not explain why neutrino masses are so small compared to the other fermions. A way to
ensure that even with non-zero neutrino masses weak interactions couple only to νL (ν̄R)
is introduced by the Majorana mechanism [22], which generates their masses by requiring
that neutrino and antineutrino are the same particle. Here, a massive neutral fermion can
be described by a spinor ψ with two independent components by imposing the Majorana
condition ψ = ψc. Following [23] and decomposing this into right-handed and left-handed
components, it follows ψR = ψc

L. From the left-handed component ψL, the right-handed
component ψR of the Majorana neutrino field ψ is obtained via charge conjugation. Hence,
the Majorana field reads ψ = ψL + ψc

L and depends only on two components of ψL. For
more information on massive neutrinos see [24–26] and the references in [27].

2.3 The Standard Model Higgs Boson

2.3.1 Higgs Production in Hadron and e+e− Collisions

In order to investigate Higgs properties at particle colliders, we need to know about Higgs
production mechanisms and decay modes. The dominant single and double Higgs pro-
duction mechanisms at hadron and e−e+ colliders are discussed in the following.

Higgs Production Mechanisms in Hadron Collisions

At hadron colliders there are four dominant single Higgs production processes, the tree-
level Feynman diagrams of which are shown in fig. 2.2. The Higgs production process
giving the largest cross section is gluon fusion (gg → H) [28]. Since the Higgs does not
couple to gluons directly and due to the strong coupling to top quarks, the Higgs boson is
produced at lowest order by a top-quark loop. The gluon-fusion cross section suffers from
high QCD corrections and large uncertainties due to gluon structure functions [29, 30].
Additionally, this signature is overwhelmed by QCD backgrounds in the detector. The
second most dominant Higgs production is vector boson fusion (qq→ qqH) [31] in which
the Higgs boson is produced in association of a quark pair. For a Higgs mass of 125 GeV
its cross section is one order of magnitude lower than the gluon-fusion cross section.
Vector boson fusion benefits from two additional jets with high invariant mass in the
forward region, which results in a very clear signature in the detector. Additionally, it has a
well-known next-to-leading-order cross section and receives only small QCD corrections.
There is also vector-boson associated (qq̄ → HV [V = W, Z]) [32] and heavy-quark
associated (gg/ qq → tt̄H/ bb̄H) [33] production. Both mechanisms have cross sections
several orders of magnitude smaller than gluon and vector boson fusion.

There are more Higgs production mechanisms in hadron collisions but of higher pertur-
bative order. Especially interesting for this thesis is double Higgs production, which is
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Figure 2.2: Dominant Higgs production in hadron collisions. Top left: gluon fusion, in
which the Higgs is produced through a top loop. Top right: vector boson fusion, in which
the Higgs is produced together with heavy quarks. Bottom left: heavy-quark associated
production with a top pair. Bottom right: vector-boson associated production with W/Z.

sensitive to the Higgs self-coupling λ. At hadron colliders, Higgs pairs are produced
through gluon fusion [34] (fig. 2.3), vector boson fusion [35] (fig. 2.4), and double Higgs-
strahlung [36] (fig. 2.5). In each production only one diagram contains the Higgs self-
coupling vertex, while the other diagrams involve Higgs couplings to fermions or gauge
bosons respectively. Gluon fusion is mediated by fermionic triangle and box loops which
are dominated by the top quark. However, the triangle and box loops could also be medi-
ated by new-physics particles. Gluon fusion is the dominant process over the entire range
of different centre-of-mass energies, also in Higgs-pair production. The other two domi-
nant processes have cross sections of factor 10 to 30 smaller than gluon fusion. Dominant
double Higgs production cross sections at next-to-leading order in QCD and their uncer-
tainties as a function of

√
s are depicted in fig. 2.6. To larger

√
s the total cross sections of

the respective processes increase. However, these cross sections are rather low and large
luminosities are needed to confirm double Higgs production.
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Figure 2.3: Double Higgs production through gluon fusion mediated by heavy-quark
loops, mainly top which couples most strongly to the Higgs. The left diagram contains
the Higgs self-coupling vertex while the other involves Higgs-fermion couplings.
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Figure 2.4: Vector boson fusion (with V = W, Z) in which the two Higgs are produced in
association of two heavy jets. The left diagram involves the Higgs self-coupling diagram
and the other diagrams involve couplings to gauge bosons.
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Figure 2.5: Double Higgs-strahlung (V = W, Z) in which the two Higgs are produced
with either W or Z. The left diagram contains the Higgs self-coupling, while the others
involve couplings to gauge bosons.

Figure 2.6: Six dominant double Higgs production cross sections at next-to-leading order
in QCD at hadron colliders and the uncertainties. Figure taken from [37].

Higgs Production Mechanisms in e+e− Collisions

At e+e− colliders, the dominant single Higgs production mechanisms are Higgs-strahlung,
WW fusion, and ZZ fusion. Due to the ratio of the smaller neutral couplings and the larger
charged couplings the production cross section of ZZ fusion is ∼ 16 cos4(θW) [38] and
therefore suppressed by one order of magnitude compared to WW fusion. The respective
tree-level diagrams are shown in fig. 2.7. In Higgs-strahlung an on-shell Higgs is emitted
from an s-channel Z boson. It is the dominant process at small centre-of-mass energies
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Figure 2.7: Higgs production processes at e+e− colliders. From left to right: Higgs-
strahlung (e+e− → ZH), WW fusion (e+e− → νeν̄eH), and ZZ fusion (e+e− → e+e−H).

around 250 GeV since the cross section scales as s−1 and is enhanced at
√

s = mH + mZ.
The mechanism benefits of the well-known properties of the Z boson. By reconstructing
the decay products of the Z boson, Higgs-strahlung allows to search for Higgs signals and
determine its properties without any assumptions on the Higgs decay mode. WW and ZZ
fusion are formation processes of the Higgs boson in the collision of two quasi-real W
or Z bosons, which got radiated off the e+ and e− beams. The WW-fusion cross section
increases as log(s/m2

H). Hence, this process is of similar size as ZH around 350 GeV and
becomes dominant at

√
s ≥ 500 GeV. The main double Higgs production mechanisms are

double Higgs-strahlung [38–40] and WW fusion [41]. The tree-level diagrams including
the Higgs self-coupling vertex are depicted in fig. 2.8. Similar to single Higgs production,
there is also Higgs-pair production by ZZ fusion which is suppressed by one order of mag-
nitude compared to WW fusion. The Higgs-pair production cross sections have the same
scaling behaviour with energy as the single Higgs productions. Double Higgs-strahlung
gives an enhanced cross section around the threshold

√
s = 2mH+mZ+200 GeV [42]. Near

this threshold the value of the propagator for the intermediate virtual Higgs boson con-
necting to the two real Higgs bosons through λ is maximal. The WW-fusion cross section
increases logarithmically and becomes dominant around

√
s = 1 TeV. The cross sections

of ZHH and WW fusion as a function of
√

s are depicted in fig. 2.9 for mH = 125 GeV
and two different beam polarisations. Both Higgs-pair production mechanisms include
additional diagrams which do not involve the Higgs self-coupling vertex. The respective
tree-level Feynman diagrams are shown in fig. 2.10 for ZHH and fig. 2.11 for WW fusion.
The influence of these diagrams and the sensitivity of Higgs-pair production processes to
λ are discussed in sec. 2.5.

Figure 2.8: Tree-level Feynman diagrams for double Higgs-strahlung ZHH (left) and
WW fusion (right). Both diagrams involve the Higgs self-coupling vertex with λ.
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Figure 2.10: Additional amplitudes in double Higgs-strahlung ZHH which do not con-
tain the Higgs self-coupling vertex but only the Higgs couplings to gauge bosons.
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Figure 2.11: Irreducible tree-level diagrams of the WW fusion process, which do not
contain the Higgs self-coupling vertex but only the Higgs couplings to gauge bosons.

2.3.2 Higgs Couplings and Decays

The couplings to fermions are proportional to the fermion masses gH f f ∝ m f , and the
couplings to gauge bosons are proportional to the square of the corresponding boson mass
gHVV ∝ m2

V (sec. 2.2). The couplings of the Higgs boson determine its decay modes.

In fig. 2.12, the main branching ratios of the Higgs are depicted as a function of mH. It
is obvious that a Higgs boson with a mass of 125 GeV provides a very favourable situa-
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Figure 2.12: Branching ratios for the Higgs boson as a function of the Higgs mass. The
solid bands represent the corresponding theoretical uncertainties. Figure taken from [43].

tion in which a large number of decay modes are accessible to experiments that provide
large dataset sizes. The Higgs boson can directly decay to fermion pairs (e. g. bb̄, µ−µ+,
τ−τ+) and gauge boson pairs (WW?, ZZ?). The Higgs boson does not couple to γ and
g directly, since they are massless and the Higgs does neither carry electric nor colour
charge. However, the decay modes H → gg and H → γγ can occur through higher-order
loop diagrams as depicted in fig. 2.13. The decay into gluon pairs is possible through
virtual top quarks since the top couples most strongly to the Higgs due to its large mass.
The decays of H → γγ/Zγ mainly happen through a top-quark loop and a W-boson loop
(fig. 2.13). W bosons carry electric charge and thus can emit photons. In H → γγ, the W-
loop and top-loop diagrams interfere destructively. At mH = 125 GeV, the most favoured
decay mode is H → bb̄. The second most preferred fermonic decay channel is H → τ+τ−.
However, in this mass range the branching ratios of the decays to τ+τ−, cc̄, and gg to-
gether contribute less than ∼ 15%. For Higgs masses above 125 GeV, Higgs decays to
gauge bosons become dominant. Here, H → WW is the dominant decay channel. Once
this decay channel opens, the Higgs boson is expected to decay preferably into W-boson
pairs due to the larger coupling to gauge bosons compared to the coupling to fermions.
Above the threshold mH ≥ 2mW , the branching ratio of H → WW is about 100% with an
important contribution from H → ZZ. Below the W+W− threshold one of the W bosons
is virtual.

A Higgs boson with a mass of 125 GeV gives the opportunity to measure many branching
ratios very accurately since all important decay channels can be observed and have large
decay rates. These branching ratios can be converted into a precise determination of the
Higgs couplings to the corresponding particles. The investigation of the mass-coupling
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Figure 2.13: Loop diagrams of H → gg and H → γγ. The top and W boson are needed
in loops, since neither g or γ couple directly to the Higgs. In general these diagrams are
interesting for new physics searches, since any new particle could enter the loops.

relation of the Higgs to other particles represents a test of the SM electroweak symmetry
breaking sector. Since the coupling strength of the Higgs boson to fermions is proportional
to the fermion masses in the SM, measuring the top-Yukawa coupling gHtt represents a test
of this SM prediction due to the large top mass compared to other fermion masses.

2.3.3 Higgs Boson Search

Postulated in 1964 and following earlier work on electroweak symmetry breaking, the
existence of a neutral scalar particle, the Higgs, was predicted by the Higgs mechanism.
There were few theoretical constraints on the Higgs mass at that time. Early searches in the
1970s, focussing on nuclear transitions [44] and neutron-nucleus scattering [45], excluded
Higgs mass ranges between 1.03 MeV < mH < 18.3 MeV and mH < 13 MeV, respec-
tively [46]. In the 1980s further limits on the Higgs mass were imposed by experiments
studying meson decays, in which a sufficiently light Higgs was expected to decay into a
charged lepton pair. Studies of kaon decays at KEK, Brookhaven National Laboratory
(BNL), and at CERN Super Proton Synchrotron (SPS) were able to exclude Higgs masses
below 3.6 GeV [47–49]. Searches for B-meson decays B → KH with Higgs decays to
a pair of charged π, µ, or K at CLEO at the Cornell Electron Storage Ring and TASSO
Collaboration at PETRA excluded similar ranges of 211 MeV < mH < 3.4 GeV [50–52].

In the 1990s, the search for a high-mass Higgs boson at particle colliders began at the
Large Electron Positron Collider (LEP) at CERN. LEP was operated in two energy phases.
During the first phase, the collider started operating at a centre-of-mass energy around
90 GeV close to the Z-boson mass. The energy was subsequently increased to 160 GeV
in order to study W-pair production. Direct searches for the Higgs boson were performed
by considering Higgs-strahlung e+e− → ZH production (sec. 2.3.1) using HZ → bb̄Z final
states since H → bb̄ is dominant in the Higgs mass range accessible at LEP (fig. 2.12).
Moreover, exclusion limits on the Higgs mass range were obtained from high precision
measurements of rare electroweak processes [53,54], the rate of which is affected by loop
corrections involving the Higgs boson as depicted in fig. 2.14. Exclusion limits were
obtained by fitting all possible Higgs masses to the data. Nevertheless, it was not until the
discovery of the top quark [55] in 1995, when the strongest predictions for the SM Higgs
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Figure 2.14: Indirect Higgs search in rare electroweak processes the rate of which is
effected by loop corrections involving heavy quark and the Higgs boson. The top quark
contributes power-like mass corrections ∝ m2

t while the Higgs contributes logarithmic
mass corrections ∝ log(mH). Therefore, it was not until the discovery of the top quark
when predictions on the Higgs mass could be obtained in indirect searches.

mass could be obtained from these fits. The observations indicated the exclusion of the
Higgs mass below the W-boson mass of 81 GeV. As a result, the centre-of-mass energy
was gradually increased. By the year 2000, during the second phase, LEP was operated
at a centre-of-mass energy of 209 GeV. However, no significant excess was observed. In
2000, after ten years of operation and the final shutdown of the collider, LEP experiments
were able to set a lower limit on the Higgs mass to 114.4 GeV in direct searches [56].

Additional exclusion limits were placed on mH by the CDF and DØ experiments located
at the Tevatron Collider at Fermilab. Tevatron was a pp̄ collider operating at a centre-
of-mass energy of

√
s = 1.96 TeV which shut down in 2011. In summer 2012, shortly

before the Higgs discovery was announced at LHC, CDF and DØ updated their results
based on the complete data samples corresponding to an integrated luminosity of 10 fb−1.
Combining the results of the two collaborations, two regions in the Higgs mass spectrum
could be excluded at 95% confidence level [57], namely

100 GeV ≤ mH ≤ 103 GeV and 147 GeV ≤ mH ≤ 180 GeV . (2.27)

Moreover, a significant excess in data was observed in the mass range 115 GeV ≤ mH ≤

140 GeV, as shown in fig. 2.15. Assuming mH = 120 GeV, the corresponding local signif-
icance reaches 3.0σ. The global significance for such an excess measures approximately
2.5σ. By investigating separate decay modes, the largest signal-like excess was observed
in H → bb̄. Here, assuming that mH = 135 GeV, a local significance of 3.2σ was ob-
served, which yields a global significance of 2.9σ in the complete Higgs mass range.

The Higgs search continued at the LHC at CERN. In 2011, direct searches at the LHC
were based on data from proton-proton collisions, corresponding to an accumulated inte-
grated luminosity of 5.1 fb−1 at a centre-of-mass energy of 7 TeV. The ATLAS experi-
ment excluded the Higgs mass ranges between

111.4 GeV ≤ mH ≤ 116.6 GeV , (2.28)
119.4 GeV ≤ mH ≤ 122.1 GeV , (2.29)
129.2 GeV ≤ mH ≤ 541.0 GeV , (2.30)
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Figure 2.15: Tevatron results on the Higgs search for the combined CDF and DØ anal-
yses, based on 10 fb−1 of data. The observed and expected limits on the signal strength
( σ
σS M

) is shown. The green and yellow band around the expected limit correspond to
±1σ and ±2σ, respectively. Higgs masses with an observed limit below 1 can be ex-
cluded. The regions excluded by LEP, ATLAS, and CMS are also indicated. Most of
the mH region between 100 GeV and 200 GeV were excluded by LEP, Tevatron, ATLAS
and CMS experiments, except for the region between 115 GeV to 127 GeV. The results
were published in summer 2012 shortly before the announcement of the Higgs discovery
at LHC in July 2012. Figure taken from [57].

at 95% confidence level [58]. The CMS experiment excluded masses between

127 GeV ≤ mH ≤ 600 GeV (2.31)

at 95% confidence level [59]. Within the allowed mass region, an excess of events between
2σ and 3σ near a Higgs mass of 125 GeV was reported by both experiments. In 2012,
the centre-of-mass energy was increased to 8 TeV and by the end of June an additional
integrated luminosity of more than 5.3 fb−1 had been collected by each of the two experi-
ments, thereby significantly enhancing the sensitivity of the Higgs search which led to the
observation of a new heavy boson with a mass of approximately 125 GeV by the ATLAS
and CMS Collaborations. For illustration purpose, figure 2.16 shows the ATLAS results
in the dominant decay channel H → γγ. In figure 2.17 the invariant mass distribution of
the four-lepton channel observed by CMS is depicted. The high energies and luminosi-
ties enabled searches for very clear Higgs decay modes, even for those with very small
branching ratios like H → γγ and H → ZZ → l+l−l+l−. For the latter the background
is very low, while the former can be precisely measured due to the good reconstruction
of photon clusters in the electromagnetic calorimeters of the detectors. The two experi-
ments simultaneously published the observation in concise papers [4, 5]. In a combined
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Figure 2.16: Left: Invariant mass distribution for the two-photon channel using com-
bined

√
s = 7 TeV and

√
s = 8 TeV data samples collected by ATLAS. The new Higgs-

like particle appears as an excess around 126.5 GeV. Right: Probability of background
to produce a signal-like excess. Figures taken from [60].

analysis of both experiments using the total available integrated luminosity recorded at
√

s = 7 TeV and
√

s = 8 TeV and by combining different Higgs decay channels, ATLAS
and CMS determined the Higgs mass to be [62]

mH = 125.09 ± 0.21 (stat.) ± 0.11 (sys.) GeV . (2.32)

Now that a Higgs particle has been discovered, it is crucial to investigate its compatibility
with the SM at particle colliders, which is discussed in sec. 2.5. This requires a model-
independent reconstruction of the electroweak symmetry breaking sector and the verifi-
cation of theoretical SM predictions, any deviation of which could indicate new physics
beyond the SM (BSM). While precise measurements of the Higgs decays to fermions and
gauge bosons can provide sensitivity to BSM physics, the measurement of the Higgs self-
coupling λ establishes the Higgs mechanism directly. In various BSM theories, the value
of λ differs from the SM prediction. Depending on the deviation, the nature of the Higgs
sector can be identified.

2.4 Shortcomings of the Standard Model

Although the SM currently is the best description of the subatomic world, a number of
experimental observations and theoretical reasons point to the fact that the SM is incom-
plete. The SM describes only three of the four fundamental forces, leaving out gravity,
since it fails to explain why gravity is so much weaker than electromagnetic or nuclear
forces. Another open question is why there are three generations of quarks and leptons
with very different mass scales. Moreover, there are experimental observations which di-
rectly indicate physics beyond the SM. So far, these are finite neutrino masses, the baryon
asymmetry of the universe, and the existence of dark matter and dark energy.
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Figure 2.17: Left: Invariant mass distribution for the four-lepton channel of H → ZZ
using the combined complete

√
s = 7 TeV and

√
s = 8 TeV data sets collected by CMS.

Right: Probability of background to produce a signal-like excess. Figures from [61].

In the SM neutrinos are massless. However, experiments have shown that neutrinos can
convert from one flavour to another [63]. In order for neutrino oscillations to occur there
has to be mixing between neutrino flavour eigenstates and neutrino masses must be un-
equal, in particular they cannot all be zero [64]. Hence, neutrino oscillations indicate that
lepton numbers are not separately conserved and neutrinos appear to have finite masses.
Two problems arise from the latter. The first contradiction is related to the missing ev-
idence of neutrinos with right-handed chirality. The couplings to the Higgs field are re-
sponsible for fermion masses which include left-handed and right-handed chirality states
(section 2.2). In contrast to massive fermions for which both states are present, right-
handed neutrinos have not been observed yet, but must exist if neutrinos are massive. The
second contradiction is based on the missing explanation of the tiny neutrino masses com-
pared to other fermions. If the neutrino obtained its mass by coupling to the Higgs field,
the very small neutrino mass would translate into an extremely small Higgs-neutrino cou-
pling. Therefore, the mass-coupling relation of the Higgs to other particles and the mech-
anism of mass generation has to be investigated to very high precision to find possible
answers to these questions.

Two other issues in the SM arise from cosmology. One refers to the baryon asymmetry
in the universe, i. e. in the imbalance of the existing matter and antimatter. Following
cosmological data, the baryon asymmetry reads [65]

ηB =
nB − nB̄

nγ
'

nB

nγ
≈ 6 · 10−10 , (2.33)

with nB, nB̄, and nγ representing baryon, anti-baryon, and photon number densities re-
spectively. Since in standard Big Bang cosmology, baryons and anti-baryons are created
in equal numbers, the observed asymmetry must be generated during the evolution of
the universe. To explain the generation of the baryon asymmetry, a theory is needed
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which satisfies the criteria defined in [66]: (1) baryon number violation, (2) C and CP
violation, and (3) a deviation from thermal equilibrium. The SM includes the first two
aspects [67, 68] while the last aspect requires a first order electroweak phase transition
of the early universe [69, 70]. The theory of electroweak baryogenesis (EWBG) [71–73]
gives an explanation of the observed baryon asymmetry in the universe. However, in the
SM, electroweak phase transition is of second order and the theory of EWBG is ruled out.
Nevertheless, it can still be valid in theories including physics beyond the SM. A detailed
discussion of EWBG is given in section 2.5.

The second issue refers to dark energy and dark matter. According to cosmological obser-
vations, only 4.9 % of the universe consists of baryonic matter and 95 % of non-interacting
dark energy and dark matter [74]. Dark matter manifests itself through gravitational ef-
fects in galaxies, galaxy clusters, and the universe as a whole [75–77]. The presence of
dark energy relies on measurements of the expansion rate of the universe which indicate
that the expansion rate is increasing [78–80]. However, the rate is expected to slow down
due to gravitational attraction of galaxies. There are two candidates as source of the ac-
celeration, a cosmological constant giving a constant energy density in space and time, or
scalar fields giving rise to a vacuum energy density varying in space and time [81, 82].

There are also theoretical reasons which indicate physics beyond the SM. The discovery
of a Higgs boson with mH = 125 GeV engenders several fundamental questions on its
properties. There is the hierarchy problem for example, which states that the Higgs field
generates the masses of gauge bosons and fermions but its own mass is quadratically
sensitive to the mass scale of new physics which couples to it. In contrast to fermion
masses, which are protected by chiral symmetries, the masses of elementary scalar fields
are quadratically sensitive to the mass scale of new physics. If the SM is valid up to Planck
scale (ΛP ≈ 1019 GeV), the higher-order loop contributions of fermions, gauge bosons,
the Higgs itself, or new physics can be orders of magnitude larger than the natural Higgs
mass [83]. The natural Higgs mass is defined as

m2
H = m2

H,bare + δm2
H ∼ (125 GeV)2 . (2.34)

In the case of a measured Higgs mass of 125 GeV, the difference in size of Λ2 and mH

reads Λ2 ≈ 1034 × mH. This needs to be considered in

δm2
H ∝

1
16π2 (−6g2

t + g2
V + λ2)Λ2 − O(new physics) , (2.35)

with g2
t denoting the top-Yukawa coupling, g2

V coupling of gauge bosons to the Higgs
(V = W,Z), and λ the Higgs self-interaction. To keep the Higgs mass stable, it needs
to be renormalised very precisely, cancelling between tree level and the large higher-
order corrections. In other words, the SM has to be fine-tuned to a high degree since
quantum corrections and the bare mass cancel almost exactly to result in a Higgs mass at
the electroweak scale (102 GeV). Such a precise fine-tuning indicates that physics beyond
the SM should exist, which protects the Higgs mass against large quantum corrections.
Since the bare mass does not arise from a natural symmetry, it seems improbable that
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nature would choose a finely tuned mass. The accidental amount of fine-tuning is also
referred to as fine-tuning problem. The hierarchy problem indicates that not the SM but
a new physics model is valid at higher energies. It could be an indication that there is
another symmetry in which a light Higgs, such as the discovered one, is required.

The given examples represent some of the open questions of the SM and show that there
is still much to be learned about. Next to general searches for new particles, the discovery
of the Higgs boson gives the advantage of searching for new physics effects and parti-
cles beyond the SM through a precise investigation and reconstruction of the electroweak
symmetry breaking sector.

2.5 The Measurement of the Higgs Self-coupling

The Higgs mechanism is the cornerstone in the electroweak sector of the SM. Gauge
bosons and fermions acquire their masses through the interaction with a scalar field φ.
Referring to a simple example given in sec. 2.2, after spontaneous symmetry breaking the
energy potential in eq. 2.6 resulted in the Lagrangian given by eq. 2.8. By adding eq. 2.9
the potential reads as

V(ηH) =
1
2

m2
Hη

2
H + λvη3

H +
1
4
λ′η4

H . (2.36)

The first term in eq. 2.36 represents the Higgs mass while the trilinear and quartic Higgs
self-interaction are described by the second and third term, respectively. These terms
are unique in the results of electroweak symmetry breaking (sec. 2.2). Therefore, V(ηH)
is a characteristic feature in the SM and needs to be measured to establish the Higgs
mechanism experimentally. This requires not only a precise measurement of the Higgs
mass but also of the Higgs self-coupling λ. In the SM it holds λ = λ′ = m2

H/(2v2),
which means that λ is directly related to the mass of the Higgs boson. The Higgs mass
can be accurately measured at both hadron or lepton colliders. Information on the Higgs
self-coupling are experimentally accessible through double Higgs production processes
(section 2.3.1) and through triple Higgs production processes. However, the cross section
of a triple Higgs production process is reduced by three orders of magnitude compared to
double Higgs production processes [42]. The corresponding cross sections are very small,
making a measurement at any collider experiment impossible. Consequently, it is crucial
to measure the Higgs self-coupling λ very precisely in double Higgs production. Since
the Higgs mass is very precisely measured at the LHC and v is known (section 2.2), an
SM prediction of λ can be given as

λ ± δλ =
m2

H

2v2 ±
δmH

v2 mH ∼ 0.13 ± 10−3 . (2.37)

However, it needs to be investigated at particle colliders whether the then measured value
is represented by this SM prediction. The shape of the Higgs potential is highly influenced
by λ as shown in fig. 2.18 where the Higgs potential is shown for different values of λ.
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2.2 Measurement of the Higgs Self-coupling in e+e−- collisions

Φ
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λ = 0.13

λ = 0.3

λ = 1

Figure 2.4 – Sketch of the Higgs potential for different values of λ. Larger values of λ
increase the slope and make the width of the overall distribution more com-
pact, while smaller values of λ lead to a broadening of the distribution with
a smaller slope. Increasing of λ leads to an increased depth of the minimum,
but the positioning of the minimum and the intersections with the Φ-axis
remain the same.

2.2 Measurement of the Higgs Self-coupling in e+e−-
collisions

To determine the trilinear Higgs self-coupling, two processes can be used in e+e−-
collisions. Depending on the center of mass energy, the double Higgs production in
Higgs-strahlung [29–31] and the WW -fusion [32, 33] are appropriate processes for this
measurement. Fig. 2.5(a) and fig. 2.5(b) show the corresponding Feynman diagrams for
the double Higgs production in Higgs-strahlung and WW -fusion. From a theoretical
point of view, the ZZ-fusion process of double Higgs production is also possible, but this
process is suppressed by an order of magnitude compared to WW -fusion, due to the small
coupling of the Z boson to electrons [30]. The center of mass energy is a crucial criterion,

(a) (b)

Figure 2.5 – Feynman diagrams for double Higgs production in a) the Higgs-strahlung and
b) the WW -fusion.
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Figure 2.18: Higgs potential for different values of λ. For large values of λ (dashed
line) the potential obtains much more pronounced minima. Opposed to this, for smaller
values (dotted line) the depth of the minima decreases. Since the intersection with φ is
always the same the different λ values result also in a broadening or narrowing of the
distributions compared to the predicted shape. The solid line represents the SM case for
mH = 125 GeV and v = 246 GeV. Figure taken from [84].

The Higgs potentials intersect at the same value of φ. On the one hand, larger values of λ
lead to more distinct minima and to a narrow potential. On the other hand, for smaller λ
the minima flatten and the potential obtains a broadened shape.

2.5.1 Special Role of the Top Quark in the SM

The discovery of a Higgs boson with a mass of 125 GeV and so far no sign of BSM physics
at collider experiments can indicate that new physics shows up only at high energies at
Planck scale (Λ ∼ 1019 GeV). To investigate this scenario the effective Higgs potential
Ve f f (φ) = V(φ) + δV(φ) should be known up to very high values of φ. In the absence
of new physics, it is crucial to investigate whether the Higgs potential can survive up to
Planck scale. This is where the top quarks comes in. Being the heaviest known particle
in the SM, the top quark couples most strongly to the Higgs field and could offer possible
insight into new physics beyond the SM. In the SM, λ receives large quantum corrections
as depicted in fig. 2.19. Here, the leading contribution to one-loop corrections to λ comes
from the top and is defined by the second term of [85, 86]

λ '
3m2

H

v

(
1 −

Ncm4
t

3π2v2m2
H

+ . . .

)
, (2.38)

while the fist term represents tree level. Since the top quark is a fermion its loop effect on λ
is negative. The top-quark loop contributes a quartic termO(m4

t ) in one-loop corrections to
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Figure 2.19: Tree-level double Higgs production vertex and quantum corrections to the
trilinear Higgs self-coupling. Leading one-loop contributions come from the top, since it
couples most strongly to the Higgs. An O(m4

t ) term appears in the renormalised λ. Since
λ is sensitive to loop effects of heavy particles new particles with similar properties could
also contribute large corrections to the λS M prediction, denoted as effective change δλ.

the renormalised λ. Depending on the Higgs and top mass, λ has to be large enough at tree
level to avoid being driven negative by the one-loop contributions of the top quark. Since
λ and mH are closely related on tree level (eq. 2.9) this leads to a lower bound on λ and mH

called vacuum stability bound. Both Higgs mass and top mass together provide constraints
on the stability limit of the SM vacuum. For a Higgs boson with a mass of 125 GeV, the
currently measured value of the top mass is too large to ensure absolute stability. Since
the Higgs mass can be measured very precisely the leading uncertainty in this evaluation
comes from the uncertainty in the top-mass measurement [87, 88]. The current value of
the top mass predicts that λ becomes negative at ∼ 1011 GeV. This indicates that if the
SM is valid at energies beyond 1011 GeV, the absolute stability of the SM vacuum up
to Planck scale would be excluded at 95% C.L. considering mH = 125 GeV. Opposed
to this, mH = 126 GeV would allow the stability of the vacuum at the same C.L. [88].
Consequently, precise measurements of the Higgs and top masses are important to test and
to understand the fate of the SM. Due to its large impact on the Higgs sector, the top mass
is one of the most sought after parameters concerning the evaluation of SM electroweak
symmetry breaking. So far, the top quark has never been studied via electron-positron
annihilation. However, the high energies available at the ILC offer a great opportunity to
study top properties [89].

The quartic one-loop corrections to the trilinear Higgs self-coupling are a unique feature
of the top quark. Loop effects of ≈ 10 % are expected [85]. On the contrary, the one-loop
effective couplings of HVV (V=W,Z) obtain only power-like contributions of at most
O(m2

t ) from the top quark as [85, 86]

gHVV '
2m2

V

v

(
1 −

5Ncm2
t

96π2v2 + . . .

)
. (2.39)

In this case, loop effects of only ≈ 1 % are expected [85].
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2.5.2 Indications of Physics Beyond the Standard Model

In general, new physics can reveal itself not only in direct searches but also in indirect
searches represented by precision measurements of observables, which are well predicted
by the SM. Similar to the top quark in the SM, new physics can affect the trilinear Higgs
self-coupling. Since λ is sensitive to loop effects of heavy particles, new particles with
similar non-decoupling properties as the top quark in the SM can also give large correc-
tions to the λ prediction. If the loop particle is heavy it couples strongly to the Higgs
and relatively large quantum corrections are expected. Hence, its impact on the Higgs
self-coupling can become crucial. Non-decoupling effects of new heavy particles result
in power-like contributions of their mass to the measured observable, which leads to large
deviations from SM predictions. The decoupling theorem [90] does not hold if new par-
ticles receive their masses from the VEV of the Higgs field. In theories with extra heavy
scalar fields for example, the Higgs self-coupling λ can receive large non-decoupling ef-
fects from loop contributions of extra Higgs bosons if their masses are mainly generated
by the mechanism of electroweak symmetry breaking [85, 86, 91]. Large deviations be-
tween several 10 % and 100 % can easily appear.

Theory of Electroweak Baryogengesis

Models with extended Higgs sectors in which λ deviates significantly from SM predic-
tions due to non-decoupling effects also exhibit a Higgs sector with strong first-order
electroweak phase transition [91–97]. Within the framework of such models the theory
of electroweak baryogenesis (EWBG) [71–73] can be valid, giving an explanation to the
observed baryon asymmetry in the universe (sec. 2.4). EWBG includes a first-order elec-
troweak phase transition [69, 70], which is required to explain the baryon asymmetry.
Following [98], first and second order of electroweak phase transitions can be explained
in the context of EWBG. The evolution of the Higgs potential V(φ) for first and second
order phase transitions at different temperatures of the universe is illustrated in fig. 2.20.

Electroweak symmetry was broken down from S U(2)L×U(1)Y to U(1) at high-temperature
conditions of the early universe. During cool-down, spontaneous symmetry breaking was
accomplished through a phase transition, which may have set the stage for generating the
baryon asymmetry of the universe. As the universe cooled down, the vacuum became
unstable at a critical temperature Tc and underwent a phase transition from the symmet-
ric to the broken phase, in which the Higgs field received a non-zero VEV v. The latter
determines the order of the phase transition. If the phase transition was second order the
VEV would change continuously as we go from above to below Tc. φ developed a VEV as
the temperature dropped below Tc and moved from fluctuating around zero to a non-zero
value. During such a phase transition, thermal equilibrium is conserved which generally
means that the system loses memory of its initial state. Therefore, no remnants from the
unbroken phase are expected at T < Tc. In case of a first-order phase transition, the VEV
would change discontinuously, which means that there have to be two energetically de-
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Figure 2.20: The evolution of φ for different temperatures of the universe. Left: sec-
ond order phase transition, which evolves continuously in φ. Right: first order phase
transition, in which the change in the VEV is discontinuous. Figures taken from [98].

generate phases separated by an energy barrier at Tc. At very high temperatures the global
minimum of the effective Higgs potential is at φ = 0. Close to Tc a second local minimum
rises at φ , 0. At Tc both minima (φ = 0, vc) become degenerate and result in the coexis-
tence of the two phases. Here, vc denotes the VEV of the Higgs at the critical temperature
Tc. As the temperature drops further, V(φ) takes smaller values at the non-zero minimum.
However, at φ = 0, the field remains trapped at the origin although the second minimum
is the energetically favoured state. Below a certain temperature Tn, the potential barrier
becomes smaller and the probability for the field to tunnel to the true vacuum becomes
larger than the expansion rate of the universe [98]. These so-called Higgs bubble walls
separate the symmetric and broken phase. To preserve the generated baryon asymmetry,
the condition

vc/Tc & 1 (2.40)

has to be fulfilled for first-order phase transitions. Therefore, at high temperatures the
Higgs potential has to be modified, i. e. by introducing new particles as heavy singlet
scalars which strongly couple to the Higgs field. This ensures a strong first-order phase
transition since additional quantum corrections of the new heavy particles increase the
energy barrier between the broken and symmetric phase, and keep it large enough at the
time of the phase transition, making it strongly first order.

The parameter region for EWBG in the SM is experimentally ruled out by the discovered
Higgs boson with a mass of 125 GeV. Therefore, electroweak phase transition is of second
order in the SM. Nevertheless, it can still be valid in theories which include BSM physics,
two examples of which are given in the following.

Two Higgs Doublet Model (2HDM)

The simplest model with an extended Higgs sector in which the trilinear self-coupling of
the lightest SM-like Higgs can deviate in the order of O(100%) from the SM value is the
Two Higgs Doublet Model (2HDM). Typically, in the 2HDM two Higgs doublet fields,
H1 and H2, lead to five Higgs bosons: the lightest Higgs boson (h) with mass mh which is
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regarded as the SM-like Higgs boson, two charged heavy (H±) Higgs bosons, one heavy
CP-odd (A) and one CP-even (H) Higgs boson. In the 2HDM, two sources give rise to the

heavy Higgs boson masses: the VEV of the two Higgs fields
√

v2
1 + v2

2 = v ' 246 GeV
and the soft-breaking scale M. The physical masses of the extra scalar bosons read

m2
φi

= M2 +
λiv2

2
, (2.41)

where φi denotes the heavy bosons H, H± or A, and λi the coupling to the SM-like Higgs h
as φ†i φihh. The origin of the mass determines the decoupling property of the heavy Higgs
bosons. The one-loop contribution to the renormalised λ reads [86, 91]

λ2HDM

λS M
' 1+

1
12π2m2

hv2

m4
H0

1 − M2

m2
H0

3

+ m4
A0

1 − M2

m2
A0

3

+ 2m4
H±

(
1 −

M2

m2
H±

)3 . (2.42)

If the masses are predominantly generated by v (M2 . λiv2) the loop contribution to λ

does not decouple and positive quartic m4
φi

contributions to λ are expected as

λ2HDM

λS M
' 1 +

1
12π2m2

hv2

(
m4

H0 + m4
A0 + 2m4

H±

)
. (2.43)

The non-decoupling effect is maximal at M = 0. If the masses of the heavy Higgs bosons
are largely given by the gauge invariant mass term M2 � λiv2, the power-like contri-
butions disappear. Hence, one-loop effects vanish in the large-M limit according to the
decoupling theorem as

λ2HDM

λS M
' 1 +

v2

96π2m2
h

(
λ3

H0 + λ3
A0 + 2λ3

H±

) ( v2

M2

)
. (2.44)

Consequently, if m2
φi
> m2

h large corrections due to non-decoupling effects of additional
heavy bosons are expected.

EWBG is possible within the 2HDM [99–101]. The 2HDM is compatible with mH =

125 GeV for the light SM-like Higgs by making use of loop-effects of the four additional
heavy scalar Higgs bosons and exhibits a strong first-order electroweak phase transition.
Additionally, it allows for CP-violating phases which are also required for a successful
scenario of EWBG (sec. 2.4) [68]. In fig. 2.21, the expected deviations from λS M for a
light SM-like Higgs of mh = 120 GeV in the (M,mφi)-plane are depicted. The necessary
condition for EWBG (eq. 2.40) is indicated. The phase transition is strong enough first
order for mφi & 200 GeV. The deviation of λ is larger than 10% in the parameter region in
which EWBG is possible [91]. For larger M even larger mφi are required for a successful
scenario of EWBG. Deviations of λS M can be O(100%) in the 2HDM if the masses of the
extra scalar Higgs bosons are mφi ' 400 GeV and M ' 0. This example corresponds to
the maximal non-decoupling effect (M = 0).

The given examples indicate that a precise measurement of the trilinear Higgs self-coupling
can directly reveal the nature of extended Higgs sectors. The trilinear Higgs self-coupling
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Figure 2.21: Deviation of the trilinear Higgs self-coupling from SM prediction in the
2HDM. For mφ > 200 GeV EWBG is possible through first-order phase transitions
(eq. 2.40). mφ represents the mass of the additional Higgs bosons and M the soft-
breaking scale. Depending on mφ and M, large quantum effects of the additional Higgs
bosons result in deviations of the trilinear Higgs self-coupling between 10% and 100%
from the SM in the parameter region where EWBG is possible. Figure taken from [91].

is one of the most important discriminative quantities to reveal new physics models [106].
First of all, double Higgs production needs to be observed to establish a non-zero trilinear
Higgs self-coupling, which can be done at hadron or lepton colliders. It is shown that a
precision of at least 20% is required to see deviations from the SM. For example, in the
parameter region of the 2HDM in which EWBG is possible, a minimal deviation of 20 %
from the SM value is expected as shown in fig. 2.22 [7]. In this example, λ could even be
twice as high as in the SM. Therefore, we should keep in mind that if we do not live in
an SM but a SUSY world we will observe a trilinear Higgs self-coupling larger or smaller
than the expected SM value, which results in enhanced or decreased measurement pre-
cisions in collider experiments, depending on the sensitivity of double Higgs production
processes to λ. A precise measurement of the trilinear Higgs self-coupling at a collider
experiment can be an important probe of such a cosmological scenario as EWBG.

Models with fourth-generation fermions

Alternatively, new physics models with a sequential fourth generation of fermions pre-
dict large one-loop contributions to the Higgs self-coupling [102]. A fourth generation
of fermions in the SM could enhance the theory of EWBG. A fourth fermion genera-
tion introduces additional CP-violating phases to the CKM quark mixing matrix, which
also favours EWBG. Additionally, it is shown, that SUSY models with four SM fermion
generations [103,104] allow strong first-order phase transitions [105]. Moreover, a fourth-
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Figure 16: Left: Time evolution of the precision on the Higgs self-coupling for various running
scenarios, based on the existing full simulation results exploiting the decay modes H ! bb̄ and
H !WW , including an estimate of the effect of the ongoing analysis improvements (kinematic
fitting, matrix element method, colour singlet jet clustering.) The green line shows for com-
parison the precision for the 1 TeV upgrade. Right: Example of allowed values of the Higgs
self-coupling in Two-Higgs-Doublet-Models with electroweak baryogenesis normalised to the
SM value [23]. The minimal deviation is in the order of 20%, but the Higgs self-coupling could
also be twice as high as in the SM.

The most basic prediction of Natural SUSY models is that the lightest SUSY particles are
a triplett of Higgsinos, whose mass is given by the non-SUSY-breaking parameter µ . The
mass splitting within the triplet is inversely proportional to the SUSY-breaking gaugino mass
parameter m1/2. Coloured SUSY particles can be much heavier, with the t̃1 mass between 1 and
2 TeV and the gluino mass in the 1.5�5 TeV range [24].

It has been shown that these light Higgsinos can be observed at the ILC, including precise
measurements of their properties [25]. At the LHC with

p
s = 14 TeV, they can be easily ob-

served in cascade decays if the gluino is light enough, i.e. m1/2 . 0.7 TeV assuming gaugino
mass unification, c.f. the left part of figure 17. This can be extended somewhat by same-sign
dilepton searches to about 0.9 TeV. In constrast, the range of the ILC is nearly independent of
m1/2, actually in the benchmark points studied in [25] m1/2 was approximately 5 TeV. The green
shaded area indicates the region of parameter space in which the Dark Matter relic density is
not larger than the observed value, while the read lines indicate the degree of fine-tuning (the
lower DEW the less fine-tuning). With

p
s = 500 GeV, the ILC and LHC14 together cover nearly

all the region with a fine-tuning less than 30, while ILC with
p

s = 1 TeV probes the region up
to DEW = 75.

At the ILC, Higgsinos would be discovered very quickly once they are kinematically ac-
cessible. This is illustrated in the right part, which shows the discovery reach as a function of
time for our running scenarios. With the integrated luminosities of the full ILC programm, the
Higgsinos masses and cross-sections could then be measured to the level of 1% or better, which
enables to prove that the discovered particles are indeed Higgsinos, to determine the parameters

25

Figure 2.22: In the theory of electroweak baryogengesis in the framework of the 2HDM
minimal deviations of 20% from SM predictions are expected. In this example, the Higgs
self-coupling could even be twice as high as in the SM. Figure taken from [7].

generation neutrino can contribute to the dark matter density of the universe. Hence, such
models can solve various unanswered questions in particle physics (sec. 2.4). In the model
with fourth-generation fermions, one-loop corrections to the Higgs self-coupling can re-
sult in a deviation from the SM value by more than O(100%) [106].

2.5.3 Sensitivity of the Higgs Self-coupling

As shown in the foregoing, Higgs-pair production plays a key role not only as production
process which is sensitive to λ. By discovering deviations from its SM value, it provides
indirect possibilities for probing new physics scenarios and the existence of new heavy
particles. Either at lepton or hadron colliders, the SM cross sections for double Higgs
production are very small (sec. 2.3.1) and unless new physics produces sizeable enhance-
ments, the measurement of λ is quite challenging. Moreover, not all diagrams in each
production process include the Higgs self-coupling vertex (sec. 2.3.1). These additional
diagrams degrade the sensitivity of the production cross section to λ.

Sensitivity of λ in the main Production Channels at Hadron Colliders

The sensitivity of SM Higgs-pair production cross sections to the trilinear Higgs self-
coupling at hadron colliders is illustrated in fig. 2.23. The left figure shows the total cross
section σ as a function of a non-SM λ, which varies in units of λS M. The right figure illus-
trates the measurement accuracies on the cross sections which are required to be able to
extract λ from double Higgs measurements at the LHC at 14 TeV. In fig. 2.23, it is obvious
that σ becomes significantly larger for smaller values of λ. Hence, for theories in which
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Figure 13: The sensitivity of the various Higgs pair production processes to the trilinear
SM Higgs self–coupling at different c.m. energies. The left panels display the total cross
sections, the right panels display the ratio between the cross sections at a given κ =
λHHH/λSM

HHH and the cross sections at κ = 1.

boson decaying into a photon pair, 6.12% for the Higgs boson decaying into a τ pair and
21.50% for the Higgs boson decaying into off–shell W ∗ bosons.

At the time of the analysis, no generator existed for the signal process, but the matrix

22

Figure 2.23: Left: total cross sections of the dominant Higgs-pair productions as a func-
tion of λ in pp collisions at leading order (LO) and next-to-leading order (NLO) QCD
for the LHC at

√
s = 14 TeV. The LO results are illustrated by the dashed and light-

coloured bands. The NLO results are represented by the solid dark-coloured bands. The
SM cross sections are obtained for λ/λS M = 1. Figure taken from [37]. Right: the ratios
σ/σS M as a function of λ/λS M for the dominant Higgs-pair production cross sections
are shown for the LHC at 14 TeV. Figure taken from [107].

we expect λ < λS M it is possible to observe double Higgs production at hadron colliders
and test the Higgs potential. For the case with λ = 0, the Higgs self-coupling amplitudes
vanish. Then, the cross section is enhanced by approximately a factor of 2 compared to
the SM case (λ/λS M = 1). For λ > λS M the dominant Higgs-production cross sections
decrease. Although the cross sections of the three dominant Higgs-pair production mech-
anisms increase to larger centre-of-mass energies (sec. 2.3.1), the diagrams involving the
trilinear Higgs self-coupling are mediated by s-channel propagators, which get suppressed
with increasing energy. Despite the increasing SM cross sections the additional diagrams
in the respective double Higgs production process become dominant. Therefore, at high
centre-of-mass energies as 14 TeV the relative importance of the Higgs self-coupling di-
agram is suppressed with respect to the other diagrams. At leading order in gluon fusion
only one diagram concerns λ. The relative minus sign between those two diagrams results
in destructive interference and the total SM cross section is effectively reduced. Studies
show [107] that for example the cross section of gluon fusion has to be measured to 50 %
precision at

√
s = 8 TeV to be able to extract the Higgs self-coupling with an accuracy of

50 %. To reach the same accuracy on the Higgs self-coupling at
√

s = 14 TeV, the gluon
fusion cross section has to be measured to a precision of approximately 40 %. The gluon
fusion cross section obtains its minimum at λ ∼ 2.5λS M.

Sensitivity of λ in the main Production Channels in e+e− Collisions

At e+e− colliders, in both ZHH and WW fusion the additional diagrams degrade the Higgs
self-coupling sensitivity. Due to these additional diagrams the cross section σ can be
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Figure 2.24: Sensitivity factor of the Higgs self-coupling as a function of the centre-of-
mass energy for mH = 125 GeV. Figure taken from [110].

expressed as a function of the Higgs self-coupling λ [108]

σ(λ) = aλ2 + bλ + c , (2.45)

where a denotes a constant originating from the Higgs self-coupling diagram, b from the
interference between the additional diagrams and the Higgs self-coupling diagram, and c
from the additional diagrams. The precision on λ is related to the measurement accuracy
of the double Higgs production cross section σ times a sensitivity factor F and reads

∆λ

λ
= F ·

∆σ

σ
. (2.46)

Without the additional diagrams the sensitivity factor would always be 0.5. In figure 2.24
the sensitivity factor is shown as a function of the centre-of-mass energy

√
s. It reveals

a decreasing coupling sensitivity to larger
√

s. This is expected as the diagrams involv-
ing λ are mediated by s-channel propagators which get suppressed to increasing energy
with respect to the remaining other diagrams [109]. Hence, these diagrams become more
dominant at higher energies. We have to keep in mind that the ZHH cross section de-
creases to higher energies (fig. 2.9), which also results in decreasing measurement accura-
cies of the Higgs-pair production cross section. At

√
s = 500 GeV, the sensitivity factor

for mH = 125 GeV for double Higgs-strahlung reads F = 1.73 and for WW fusion at
√

s = 1 TeV this factor is F = 0.8.

The sensitivity to the trilinear Higgs self-coupling is very large just above the kinematical
threshold for Higgs-pair production. Near the threshold the propagator of the intermedi-
ate virtual Higgs boson connecting to the two real Higgs bosons through λ is maximal.
Therefore, the Higgs self-coupling diagram gives the largest contribution to the total cross
section at values of the invariant mass mHH not far from the corresponding energy thresh-
old. By weighting events with respect to mHH the sensitivity factor can be improved to

∆λ

λ
= 1.62 ·

∆σ

σ
, (2.47)
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Figure 2.25: Precision of production cross sections for WW fusion and double Higgs-
strahlung as function of λ normalised to λS M. Both, smaller and larger values of λ
compared to the SM prediction can be observed at e+e− colliders, depending on the
available energies at such collider experiments. Figure taken from [111].

for double Higgs-strahlung and to

∆λ

λ
= 0.73 ·

∆σ

σ
, (2.48)

for WW fusion at the respective centre-of-mass energies. Further information on the
weighting method based on mHH can be found in [110]. Moreover, both double Higgs
production mechanisms are complementary in their sensitivity to new physics due to the
sign of interference terms of the additional diagrams. Thus, double Higgs-strahlung and
WW fusion behave differently with respect to changes in λ. The precision on the produc-
tion cross sections as a function of λ normalised to λS M is depicted in figure 2.25. Higgs
self-coupling values of λ < λS M can be observed best in WW fusion. Since WW fusion
is the dominant process around

√
s = 1 TeV high centre-of-mass energies are required to

observe such scenarios. Opposed to this, double Higgs-strahlung events provide measure-
ments of new-physics scenarios with λ > λS M. In scenarios with EWBG, the expected
deviation of the Higgs self-coupling is λ > 1.2λS M. Scenarios as EWBG in the 2HDM
can be observed at e+e− colliders with double Higgs-strahlung already at 500 GeV to high
precision due to the larger cross sections at the respective λ.

2.5.4 Measurement Prospects of the HL-LHC

The LHC provides high centre-of-mass energies and luminosities which are necessary
since large data sets are needed to be sensitive to the measurement. However, as stated
in the foregoing, for increasing energies the Higgs self-coupling diagram is suppressed
and the cross sections are dominated by additional diagrams. Therefore, it is difficult to
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Figure 2.26: ATLAS expected limits on the size of additional contributions added to the
expected SM results, overlaid on the number of predicted total Higgs-pair events as a
function of λ/λS M for

√
s = 14 TeV and L = 3 ab−1. The limit on the total number of

double Higgs events and ±1σ , 2σ uncertainties are shown. Figure taken from [115] .

discover double Higgs production and to observe λ. If λ > λS M the sensitivity worsens due
to destructive interference of diagrams. For λ < λS M the sensitivity increases and there is a
chance to observe double Higgs production and extract information on the trilinear Higgs
self-coupling. Nevertheless, the small number of signal events needs to be separated from
large QCD backgrounds.

Several ATLAS and CMS studies have evaluated the prospects of the high-luminosity
(HL) LHC for

√
s = 14 TeV and L = 3 ab−1 for a 125 GeV Higgs boson. Gluon fusion

represents the most promising process with an NNLO cross section of σNNLO = 40.7 fb
at 14 TeV [112]. Theoretical studies [113,114] generally state larger signal significances,
i. e. ∼ 2.3σ for HH → bbγγ, than most recent evaluations of ATLAS [115, 116] and
CMS [117] which find that double Higgs production can be measured with considerably
lower significance. The discrepancy arises from the more realistic background estimation,
which includes a reliable estimate of fake rates of light jets faking photons or b jets.
These investigations include three different search channels bbWW, bbττ, and bbγγ. In
all studies the triggers are assumed to be 100% efficient. The analysis of bbWW is based
on a fast detector simulation while the bbγγ analysis uses MC truth information with
four-vector smearing to obtain more realistic results. bbττ is analysed with a combination
of both approaches. Especially bbγγ and bbττ give promising results. For bbγγ, the
expected signal uncertainty is about 67% giving a signal significance of 1.3σ. For bbττ
the signal uncertainty is roughly 105% with 0.9σ signal significance. For ATLAS and
CMS, combining bbγγ and bbττ gives a significance for Higgs-pair production of 1.9σ.
The expected uncertainty on the signal yield is about 54%. Additionally, exclusion limits
on λ/λS M with regard to BSM models are presented. Therefore, an SM cross section and
λS M are assumed. The 95% C.L. upper limit on the total number of double Higgs events
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for λ = λS M is compared to the expected number of signal events for different λ. The
ATLAS expected limits on the size of additional contributions to the expected SM Higgs-
pair events, which are overlaid on the number of total double Higgs events, are depicted
in figure 2.26 as a function of λ/λS M. The projections indicate that at 95% C.L. BSM
models with λ/λS M ≤ −1.3 and λ/λS M ≥ 8.7 can be excluded at the HL-LHC.

2.5.5 Linear Collider Studies

At linear e+e− colliders Higgs-strahlung and WW fusion provide direct access to λ. Com-
bined with very small signal production cross sections and multi-jet final states, the mea-
surement places many challenges to the detectors and the event reconstruction. At 500 GeV
information on the coupling can be extracted from a cross-section measurement of double
Higgs-strahlung. An energy upgrade to 1 TeV would offer complementary capabilities
for the observation of double Higgs production and the Higgs self-coupling measurement,
giving access to WW fusion. Over the last years many studies have been investigating
the capabilities of measuring the Higgs self-coupling using ZHH and WW fusion at e+e−

linear colliders [118–123]. All evaluations are based on a Higgs mass of 120 GeV and
apply fast detector simulations, except for [123]. Since this thesis is based on a cross-
section measurement of ZHH at

√
s = 500 GeV a brief discussion of studies using the

same production process is given in the following.

Limits on the first Fast Monte Carlo (MC) Simulations

The first ZHH analyses [118, 119] were performed with fast MC simulations. Several
assumptions were made in the fast simulation which limit the realistic view on the re-
sults: (1) all visible particles were perfectly reconstructed and used to form the signal
final states; (2) the clustered jets were smeared to simulate a given jet-energy resolution;
(3) gluon radiation, which generally is a fundamental component in a multi-jet event, was
neglected in the event generation. The probability of a quark to emit a gluon, which causes
an additional jet in the event, is about 10%. By neglecting gluon radiation, the events are
much less affected by confusion and combinatorics problems in reconstruction. Both stud-
ies were performed for

√
s = 500 GeV and L = 2 ab−1, assuming a jet-energy resolution

of 30%/
√

E. In [118], a precision on σZHH of 10% was achieved, which corresponds to a
resolution of 18% on λ. In [119], σZHH was determined to a precision of 20%, which led
to a precision of 35% on λ. Next to different event selections, the results of the analyses
rely on the examined ZHH decay modes. While [119] studied only the six-jet final state
with H → bb̄, in [118] the full branching ratio of the Z boson was used. Additionally, the
implemented vertex reconstruction was different: a parametrisation in [118] and a realistic
reconstruction in [119]. Both aspects explain the different results of the two analyses.
Moreover, both studies stressed the importance of achieving good jet-energy resolution
for an efficient signal selection. In fig. 2.27 the effect of including gluon radiation in the
event generation is illustrated. For a jet-energy resolution of 30%/

√
E, the precision on
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Figure 2.27: Precision on the Higgs self-coupling as a function of the jet-energy reso-
lution without and with gluon radiation considered. The results have been obtained in a
fast detector simulation [119]. Figure taken from [124].

the Higgs self-coupling decreases from 32% to 54% [119]. Hence, the resolution on the
Higgs self-coupling worsens by a factor of 2 when considering gluon radiation in the event
generation. Therefore, this effect cannot be neglected in a realistic simulation.

Limits on the first Full Simulation

The first full simulation was performed in [123] for
√

s = 500 GeV and L = 500 fb−1.
The six-jet channel ZHH → qqbbbb was studied since it gives the largest contribution to
the total ZHH cross section. A precision of 180% on the cross section was achieved. In
this analysis, flavour tagging of heavy quarks played a crucial role. It was indicated that by
improving the flavour-tag performance, the resolution on the cross section gives potential
improvement to roughly 95%. To compare these results with the previous fast simulations,
one has to scale the results with respect to the degrading effects due to gluon emission,
the different luminosities used in the analyses, and the evaluated Z-boson decay modes.
Considering all channels (Z → ll, νν, qq) could also enhance the measurement precision.
Especially Z → ll, since it results in a much cleaner environment despite contributing
smallest to the total cross section. Taking these effects into account, the resolutions on the
cross sections, which were achieved in the fast simulations, read 80% for [119] and 60%
for [118] for L = 500 fb−1. These results are much closer to the 95% obtained in the first
full simulation, assuming an improved vertex reconstruction. The remaining difference is
due to detector simulation models and particle reconstruction. However, to find evidence
of double Higgs production an improvement of at least a factor of 3 is required. Several
aspects were discussed which could enhance the sensitivity: (1) higher luminosities are
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needed. Then, 180% precision on the cross section corresponds to roughly 90% precision
for L = 2 ab−1. (2) A better reconstruction of jets and vertices. (3) Improvements of the
flavour-tag performance. This highly depends on the design of the vertex detector. The
flavour-tagging software should be optimised for six-jet final states instead of two-jet final
states. (4) A more detailed full detector simulation model is needed.

Most recent Full Detector Simulation for ILC

Based on a full detector simulation with a very detailed ILC detector model and by using
new flavour-tagging software, an analysis was performed for all Z decay modes (ll, νν, qq)
with HH → bbbb. The analysis strategy can be found in [108] and serves as guideline
for this thesis. The analysis was performed for mH = 120 GeV. This latest DBD full sim-
ulation could achieve 27% precision on σZHH at

√
s = 500 GeV, assuming L = 2 ab−1,

which led to a precision of 44% on λ. Additional analyses of ZHH focus on the signal
final state HH → bbWW [125]. Combining the different channels a relative improvement
of 20% is expected. Several potential areas for improvement were suggested, which of-
fer an expected relative improvement of 20% on the Higgs self-coupling precision: the
flavour-tag performance and the isolated lepton selection are crucial to reconstruct the
final states of the different decay channels. Both require very high efficiencies and puri-
ties. A large degradation is caused by the mis-clustering of particles into jets. Advanced
jet-clustering algorithms are required. The mass reconstruction is crucial to improve the
signal and background separation. Mis-clustering of jets and wrong jet pairing degrade the
mass resolution. Moreover, optimising the analysis for the Higgs self-coupling diagram
could reduce the impact of the additional ZHH diagrams.

Motivation for an updated Full Detector Simulation

Evidently, the Higgs self-coupling measurement is very challenging. Regarding the LHC
results, a full detector simulation needs to be performed with a more realistic setup for
a Higgs boson with a mass of 125 GeV. This includes the investigation of ILC machine
backgrounds (sec. 3.4.2), which have not been considered so far. The effects on the anal-
ysis need to be studied. Additionally, the various starting points for improvement need
to be investigated. One possibility is the application of kinematic fits, which are a tool to
improve the jet-energy and invariant mass resolution.

Compared to a Higgs mass of 120 GeV, for mH = 125 GeV the ZHH production cross
section is reduced by roughly 15%. The branching ratio BR(H → bb̄) also drops by ap-
proximately 14% from 65.7% to 57.8%. As a consequence, an even smaller number of
signal events is overwhelmed by the same amount of background events. By extrapolat-
ing the results in [108] to a Higgs mass of 125 GeV a precision of roughly 33% on the
cross-section measurement of double Higgs-strahlung and of roughly 53% on the Higgs
self-coupling measurement are expected. The extrapolation includes only the changes in
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branching ratio and cross section, and is therefore quite optimistic. The effects of changes
in kinematic distributions are not taken into account. They degrade the expected preci-
sions at a centre-of-mass energy of 500 GeV. For a Higgs boson with a mass of 125 GeV
the jets are even less boosted and thus have significant overlap. This degrades the per-
formance of analysis techniques, i. e. jet-clustering algorithms or flavour tagging. The
extrapolation has to be confirmed by the detailed full simulation.



Chapter 3

The International Linear Collider
and Experimental Environment

In this chapter, an introduction to the International Linear Collider (ILC) and its experi-
mental environment is given. In sec. 3.1, the reasons for a linear lepton collider are dis-
cussed. Subsequently in sec. 3.2 an overview of the ILC project is given. This is followed
by the introduction of the ILC running scenario in sec. 3.3. The experimental environment
is discussed in sec. 3.4. Herein, the ILC beam parameters and the resulting backgrounds
from beam-beam interactions are introduced, which arise from the strong focussing of the
beams at the interaction point. This is followed by an overview on the ILC accelerator
design given in sec. 3.5. A detailed description of the accelerator and its subsystems can
be found in the different volumes of the Technical Design Report (TDR) [126–130].

3.1 Reasons for an e+e− Linear Collider

In the history of particle physics lepton colliders contributed essentially to the verification
of the SM, e. g. the gluon discovery at PETRA [131, 132] or precise measurements of the
Z boson at LEP and SLC [133]. A valuable interplay between lepton and hadron colliders
was present, e. g. in the top discovery and exclusion limits in the Higgs search (sec. 2.3.3).
The top mass was predicted by LEP experiments from quantum corrections in electroweak
processes and was finally discovered in the predicted energy range at Tevatron. In turn the
top discovery allowed constraints on the Higgs mass from electroweak measurements at
LEP (sec. 2.3.3). Now after the Higgs discovery a lepton collider with sufficient energy
would give a perfect complement to the LHC to perform precision measurements.

3.1.1 Experimental Features of Lepton Colliders

Four advantages of e+e− colliders make them ideal for precision measurements and offer
discovery potential for signatures which are not detectable at hadron colliders [127]:

41
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Detail Due to the collision of two elementary particles, e+e− colliders have a well-defined
centre-of-mass energy

√
s = 2Ebeam. The problem of not knowing the initial kine-

matic configuration is not relevant and allows the use of full kinematic information
from the events in the reconstruction, e. g. the application of kinematic fits. Op-
posed to this, at pp colliders the exact kinematic configuration of each collision is
unknown since two composite particles collide. The centre-of-mass energy is not
equally distributed among quarks and gluons. Moreover, the e+e− beams can be
highly polarised which offers a promising approach for spin measurements.

Cleanliness The multiplicity of processes produced in e+e− annihilation are much lower
compared to hadron collisions. The machine background is dominated by γγ colli-
sions having a cross section six orders of magnitude smaller than backgrounds at the
LHC. This leads to controllable backgrounds even for the high luminosities. This
cleaner environment simplifies event reconstruction.

Calculability In e+e− collisions all processes proceed via weak interactions. First order
corrections to cross sections can be easily calculated and are expected to be in the
order of a few %. This improves the theoretical uncertainty on the predicted cross
sections. The enhanced theoretical and experimental precisions make e+e− colliders
sensitive even to only small quantum corrections to cross sections. This allows to
observe new physics even if it is out of the direct kinematic reach.

Democracy At e+e− colliders the couplings of the Z boson and photon to all other par-
ticles are of the same size and the production rates are only limited by the phase
space of the reaction. Despite the generally small cross sections, there is no large
hierarchy between SM and BSM physics. Therefore, no triggers are needed and
a continuous readout can be used. Moreover, all final states of decaying particles
can be used for physics analyses, which gives the opportunity to measure absolute
branching ratios and total widths and allows to identify hadronic W and Z decays.

3.1.2 Advantages of Linear Colliders

In contrast to the circulating massive protons, using electrons and positrons as beam parti-
cles in a circular collider leads to the problem of significant energy loss due to synchrotron
radiation. Synchrotron radiation occurs when relativistic particles move through a mag-
netic field which forces them on a circular trajectory. At high energies, leptons are highly
relativistic due to their small masses and the radiated photons represent a considerable
energy loss [27]. In a circular collider the energy loss rises as

∆E ∝
E4

beam

rm4 , (3.1)

where Ebeam denotes the beam energy, r the bending radius, and m the mass of the circu-
lating particles. There are two options to compensate the energy loss: either the bending
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radius is increased as indicated in eq. 3.1, or additional acceleration modules are installed.
Both possibilities lead to an increase in costs. For circular colliders cost optimisations
show a quadratic growth in costs with beam energy [134]. Applying eq. 3.1 to a linear
collider with r → ∞ we obtain ∆E → 0. Hardly any synchrotron radiation is present.
However, at linear colliders many acceleration modules have to be installed to achieve
high beam energies since the beams pass through the acceleration only once. The num-
ber of acceleration modules to achieve the desired beam energies, and therefore the costs,
are linearly proportional to the length of the accelerator [134]. Beyond beam energies of
200 GeV linear colliders are more budget-friendly than circular machines [134].

On the whole, the advantages of lepton colliders without the drawback of radiation losses,
which can be solved by guiding the beam particles along straight lines, are brought to-
gether in the concept of a linear lepton collider. Since it provides high precisions and
exactly known initial-state conditions, it is able to precisely measure particle properties
and new physics effects and therefore, is a logical complement to the LHC.

3.2 The International Linear Collider Project

Nowadays, the ILC is the only high-energy accelerator for the post-LHC era which moved
to the engineering stage. The ILC is one of the largest next generation collider projects. It
is planned as a complement to the LHC to perform precision measurements of known and
possibly new particles. Japan shows great interest in hosting the ILC and started reviews
on the project. In geological evaluations the Kitakami mountain region in the north of
the Japanese main island was selected as candidate site. In 2014, the Japanese Ministry
for Education, Culture, Sports, Science and Technology (MEXT) initiated an expert com-
mittee which investigates various issues regarding the ILC raised by the Science Council
of Japan. The ILC expert committee is divided in three subcommittees. The first sub-
committee for particle and nuclear physics investigates the ILC physics case. The second
subcommittee evaluates costs and technical feasibility, as it is described in the TDR. The
TDR was published in 2012 and consists of five volumes containing a realistic technical
design and implementation plan, including physics studies, accelerator technologies, de-
tector concepts, and engineering studies [126–130]. The third subcommittee focusses on
human resources. The outcome of this process is extremely important since it guides the
Japanese government to the decision whether or not it will officially bid to host the ILC.

3.3 ILC Operating Scenario

In its first stage the ILC can be operated at centre-of-mass energies up to 500 GeV. Sev-
eral running scenarios have been studied and evaluated by their impact on the physics
programme, especially the evolution of the physics output with time. These investigations
are based on extrapolations of the physics results published in [127]. At the ILC, the
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Figure 3.1: Timeline of the preferred ILC operation scenario, which was evaluated using
extrapolations of the physics results in [127]. The integrated luminosity is illustrated as
a function of ILC calendar years for each running energy, respectively. An ILC calendar
year includes eight months of running at an efficiency of 75%. Figure taken from [136].

most important role in the physics programme take direct and model-independent preci-
sion measurements of Higgs boson properties, the top quark, as well as direct searches for
BSM physics. The complete ILC physics programme and detailed analyses descriptions
can be found in the TDR physics volume [127].

Different scenarios were studied for 20 years of operation, after which a potential upgrade
to 1 TeV or other running energies is considered. It should be noted that the actual detailed
running scenario and the best combination of dataset sizes will follow physics results from
the LHC or even from the early operating ILC. The recommended running scenario based
on current knowledge is illustrated in fig. 3.1. The corresponding information are listed
in tab. 3.1. The updated physics results corresponding to the recommended operation
scenario of the ILC Parameters JointWorkingGroup can be found in [135]. More details
and alternative scenarios can be found in the respective document [136].

In the initial phase, starting at the full energy of 500 GeV the ILC would accumulate
500 fb−1 of data, before collecting 200 fb−1 at 350 GeV and 500 fb−1 at 250 GeV. Run-
ning at

√
s = 500 GeV is beneficial for early Higgs precision measurements since the

precisions on most of the Higgs couplings are limited by the coupling gHWW , which be-
comes accessible at

√
s ≥ 350 GeV. An energy threshold scan at

√
s = 350 GeV provides

a measurement of the top-quark mass. Here, 200 fb−1 are sufficient to improve theoreti-
cal uncertainties and to run at different polarisations. At 250 GeV Higgs-strahlung is the
dominant Higgs production and benefits from the well-known properties of the Z boson.
These allow searching and reconstructing Higgs events completely model-independent
by measuring the recoil mass from the Z-decay products [137]. Since no Higgs recon-
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Stage ILC500 ILC500 LumiUP
√

s [GeV] 500 350 250 500 350 250
L [fb-1] 500 200 500 3500 - 1500
time [a] 3.7 1.3 3.1 7.5 - 3.1

Table 3.1: Energy stages of the preferred running scenario, the final integrated luminosi-
ties and real time of each energy stage. Table taken from [136].

(-,+) (+,-) (-,-) (+,+)

250 GeV fraction [%] 67.5 22.5 5 5
L [fb-1] 1350 450 100 100

350 GeV fraction [%] 67.5 22.5 5 5
L [fb-1] 135 45 10 10

500 GeV fraction [%] 40 40 10 10
L [fb-1] 1600 1600 400 400

Table 3.2: Helicity configurations sng(P(e−); P(e+)) for each centre-of-mass energy, and
the collected integrated luminosity per beam helicity configuration [136].

struction is required the recoil mass technique is the key to a fully model-independent
reconstruction of the Higgs sector and provides high precision measurements of gHZZ and
σHZ. The initial programme requires approximately 8 years of running and is followed by
a luminosity upgrade. The respective shut down takes 18 months. Additional 3500 fb−1

would be collected at 500 GeV, before returning to 250 GeV with additional 1500 fb−1 of
data after the upgrade. The additional luminosity taken at 500 GeV concerns enhanced
measurement precisions of the top-Yukawa coupling and the Higgs self-coupling measure-
ment. The complete running scenario takes 20 years. In total, an integrated luminosity of
4000 fb−1 at 500 GeV, 200 fb−1 at 350 GeV, and 2000 fb−1 at 250 GeV is foreseen.

Additionally, the advantage of using polarised e+e− beams affects the potential reach of
measurement precisions. At the various

√
s data taking is proposed to be shared between

different helicity configurations of the foreseen beam polarisations of |P(e−)| = 80% and
|P(e+)| = 30%. The relative sharing between different helicity configurations for each en-
ergy stage and the correspondingly collected integrated luminosities are listed in tab. 3.2.
At smaller

√
s the physics programme covers mainly SM processes. Therefore, helicity

configurations of opposite signs are favoured. Since BSM physics searches are sensitive
to like-sign helicity configurations these dataset sizes are larger for

√
s = 500 GeV.
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3.4 Experimental Environment

The goal of precision measurements requires high demands on the accelerator and the
beam structure. To perform precision measurements one needs to collect large datasets in
a clean environment. The properties of particle collisions not only depend on the avail-
able centre-of-mass energies and luminosities but also on various ILC beam parameters.
Additionally, the ILC environment deals with its own background issues which need to be
mastered to perform precision measurements. The rate of hard e+e− interactions at design
luminosity is expected to be in the order of 0.1 per bunch train and therefore, contributes
less than 1% to the recorded data [130]. To achieve the optimal performance, the machine
backgrounds need to be understood and taken into account.

3.4.1 Beam Parameters

The cross section and the luminosity define the event rate Nevt = σ × L of a certain
physics process. To collect large numbers of events in a certain amount of time, large
luminosities are necessary. Both centre-of-mass energy and luminosity depend on various
other parameters defining the properties of particle collisions. These parameters mainly
concern the ILC particle bunch structure [128, 129]:

• the number of particles per bunch N,

• the number of bunches per bunch train nb,

• the time spacing between bunch trains ∆tb,

• the bunch size at the interaction point σ?
x , σ?

y , and σz .

At a collider with Gaussian beam shapes, the luminosity is related to these parameters as

L =
nbN2 frep

4πσ?
xσ

?
y

HD , (3.2)

where frep is the plus repetition frequency and HD a so-called beam enhancement factor,
which is described in context of energy loss in this section. The ILC baseline design
foresees a repetition rate of frep = 5 Hz at which so-called bunch trains are accelerated. A
bunch train is formed by nb = 1312 bunch crossings, each of which consists of N = 2 · 1010

particles. Inside of a bunch train, the bunch crossings are separated by ∆tb = 554 ns. The
baseline beam parameters of the ILC are listed in table 3.3. A luminosity upgrade can be
achieved by increasing the repetition rate from baseline frep = 5 Hz to frep = 10 Hz and
doubling the number of bunches per pulse from nb = 1312 to nb = 2625. This results in
a doubling of the average beam power and hence, the luminosity. The beam power Pbeam

reads as
Pbeam = nbN frep

√
s ∝ ηRF PRF , (3.3)
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Centre-of-mass energy
√

s GeV 250 350 500

Luminosity pulse repetition rate frep Hz 5 5 5
Bunch population N ×1010 2 2 2
Number of bunches nb 1312 1312 1312
Bunch separation ∆tb ns 554 554 554
RMS bunch length σz µm 300 300 300
RMS horizontal beam size at IP σ?

x nm 729 684 474
RMS vertical beam size at IP σ?

y nm 7.7 5.9 5.9
Luminosity L ×1034 cm−2s−1 0.75 1.0 1.8
Fractional RMS energy loss δBS % 0.97 1.9 4.5

Table 3.3: Summary table of the ILC baseline parameters for the energies 250 GeV,
350 GeV, and 500 GeV [129].

which is directly related to eq. 3.2 and proportional to the provided RF power PRF . ηRF

represents the conversion efficiency from the power of the accelerating radio frequency
cavities to the beam and usually is in the order of 20% − 65% [138]. Consequently, to
reach high luminosities high RF power and large conversion efficiencies are needed.

High luminosities are achieved by strongly focussing the bunch size of the e+e− beams at
the interaction point (eq. 3.2). To reach the ILC luminosity goals, nanometer size beams
with σ?

x = 474 nm and σ?
y = 5.9 nm are required. However, the strong focussing of

the beams at the interaction point gives rise to large electromagnetic fields. The field of
one bunch attracts the particles of the colliding bunch. As a result particles are acceler-
ated towards the centre of the oncoming bunches. The so-called pinch effect is illustrated
in fig. 3.2. The effect causes additional focussing due to the electromagnetic field of the
oppositely charged bunches, which increases the luminosity. In eq. 3.2, the beam enhance-
ment factor HD accounts for the pinch effect and typically is in the order of two [139], i.
e. the luminosity is almost doubled by the effect. However, the electromagnetic fields
force the particles to radiate photons. These so-called beamstrahlung photons represent
significant energy loss. The average energy loss δBS of a particle in the colliding bunches
is proportional to [138]

δBS ∝

√
sN2

σz(σ?
x + σ?

y )2 . (3.4)

It is important to find a balance between high luminosities and small energy loss. To
achieve high luminosities σ?

xσ
?
y has to be small (eq. 3.2). However, for small energy loss

(σ?
x +σ?

y ) has to be large. This is achieved with flat beams σ?
x � σ?

y [140]. σ?
x defines the

level of energy loss and σ?
y the possible reach of high luminosities. The radiated photons

represent the dominant machine background, as discussed in the following.
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+  _ 
e  e   Pairs

Beamstrahlung

Figure 3.1: Illustration of the pinch effect in bunch collisions. The particles
of one bunch are attracted by the electric space charge of the other and emit
photons due to their deflection. Those photons can in turn scatter to produce
electron-positron pairs.

bunch will cause them to radiate photons [48, 49], just like in any other
deflection of charged particles. These photons – in principle a special kind of
synchrotron radiation – are known as beamstrahlung, and they are produced
in vast amounts: a total power of 250 kW, i. e. 108 TeV per bunch crossing,
is carried away by beamstrahlung photons. The average energy loss δ of a
particle in the colliding bunches is given by

δ ∝ γ

Eσ∗
z

(
N

σ∗
x + σ∗

y

)2

, (3)

where γ denotes the relativistic factor of the beam particles, E is the beam
energy, N is the number of particles per bunch, and σ∗

x, σ
∗
y , σ

∗
z are the bunch

sizes at the interaction point in the respective dimensions. These energy
losses – typically of the order of 1 GeV per particle – result in a reduced
centre-of-mass energy that is available for the actual hard electron-positron
interactions, thereby broadening the beam energy and the luminosity spectra
in a similar way as initial-state radiation [50].

Equation (3) shows that the beamstrahlung can be reduced by increasing
the bunch size. However, the longitudinal bunch size σ∗

z has an upper bound
caused by the so-called hourglass effect [51], and the transverse bunch sizes
have a direct influence on the luminosity, which must be kept large. Since
the luminosity depends on the product of σ∗

x and σ∗
y and the beamstrahlung

losses depend on their sum, the solution is to make one dimension very small
and the other one much larger – as it is done for all ILC beam parameter
sets that are under discussion. Circular accelerators like LEP have an elliptic
beam profile due to the emission of synchrotron radiation in the horizontal
plane, causing a beam jitter in the x-direction, but the ILC accelerator could
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Figure 3.2: Illustration of the pinch effect. Beamstrahlung photons are created in high
electric fields of the particle bunches. These photons can produce e+e− pairs. Beam-
strahlung results in an energy loss and thus, reduces the available centre-of-mass energy
for hard e+e− interactions. Figure taken from [141].

3.4.2 Backgrounds

As discussed in the foregoing, the ILC has to cope with energy loss due to beamstrahlung
as a consequence of the strong focussing of the e+e− beams at the interaction point.

Beamstrahlung (sec. 3.4.1) is created by the interaction of the electric fields of the col-
liding particle bunches at the interaction point (fig. 3.2). The pinch effect results
in the emission of photons in the forward direction. It forms the main source of
background from beam-beam interactions. The energy loss δBS entails a reduction
of the effective energy which is available for hard e+e− interactions. At 500 GeV,
an average energy loss of δBS = 4.5% is expected at the ILC [129]. The correspond-
ing distribution is highly non-Gaussian. Hence, the large tails towards high energy
losses are the reason for the large average loss.

In this section, backgrounds from beam-beam interactions and their scattering products
are discussed. Descriptions of additional machine backgrounds, which arise from the
operation of the accelerator, can be found in [130].

Due to the large number of photons at the interaction point, three different γγ interactions
occur: between two real beamstrahlung photons, between a beamstrahlung and a virtual
photon emitted by an e+ or e− in the particle bunch, and between two virtual photons, all
of which result in large backgrounds.

e+e− pairs are produced in two-photon collisions at the interaction point and represent
a large source of background. The e+e−pairs have low transverse momenta and
result in high occupancies predominantly in the vertex detector and in the forward
detectors. This is challenging for the pattern recognition algorithms. However, the
background can be reduced by time stamping in the tracking system [130]. As a
consequence, e+e−-pair production is neglected in the event simulation, except for
the BeamCal.
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Low-pT γγ → hadrons receives contributions from virtual photons which got radiated
off the primary beam electrons, and real photons due to bremsstrahlung and syn-
chrotron radiation. This background gives rise to much lower occupancies. Its
cross section becomes extremely large and highly depends on the ILC centre-of-
mass energies. On average < N >= 1.2 events per bunch crossing are expected for
the instantaneous luminosity foreseen for the ILC500 [142]. The resulting hadrons
have low transverse momenta and appear as jet-like objects parallel to beam direc-
tion. These events act as a pileup to any other hard process and have to be taken
into account. Since the events result in real tracks and clusters, simulated events
are overlaid statistically before the reconstruction. We refer to this background as
γγ overlay throughout this thesis. For all DBD benchmark analyses the γγ overlay
does not have large impact on the measurement results. The effect of this back-
ground on the Higgs self-coupling analysis is investigated in this thesis. This study
gives a significant hint on whether more sophisticated tools are needed to deal with
this background, including a precise modelling of the γγ overlay.

Despite of not arising from beam-beam interactions, another effect – next to beamstrahlung
– responsible for a reduction of the effective centre-of-mass energy in e+e− collisions is
discussed in the following.

Initial-state radiation (ISR) The initial e+e− system can emit real photons just before
the collision. The initial-state-radiation photons are emitted from the highly rela-
tivistic incoming electrons and positrons and carry away a certain amount of energy,
reducing the effective centre-of-mass energy

√
s to
√

s′

√
s′ =

∑
i=1

(
Ei, ~Pi

)
=

(√
s − EIS R

γ ,−~PIS R
γ

)
. (3.5)

ISR can alter the available centre-of-mass energy differently for each event. The
ISR photons escape detection since they are predominantly emitted parallel to the
incoming beam. Hence, their directions are very forward and backward and the
events obtain large | cos(θmiss)|.

Beamstrahlung and ISR photons take a leading role in the evaluation of kinematic fits in
the context of the Higgs self-coupling analysis in this thesis. In the following parts of this
thesis, both effects are referred to as ISR if not stated otherwise.

3.5 Overview of the Accelerator

The ILC is designed to satisfy the anticipated energy and luminosity goals and therefore,
the beam parameters discussed in section 3.4.1. The baseline design of the ILC acceler-
ator is depicted in figure 3.3. A detailed description of the complete accelerator and its
subsystems can be found in the respective TDR volumes [126–130].
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Figure 3.3: The baseline design of the ILC. Figure taken from [126].

The baseline design foresees an accelerator length of 31 km for
√

s = 500 GeV. In case
of a 1 TeV energy upgrade, the accelerator length is increased to 50 km. The acceleration
process starts with the production of polarised electrons. The electron source consists of
a laser which illuminates a strained photocathode in a direct current (DC) electron gun
located in the central region accelerator. The chosen material for the photocathode is
gallium-arsenide. This setup allows to achieve an electron polarisation of ∼ 85%. At this
stage, the emittance of the electron beam is very large and needs to be reduced. This is
important since a large beam density is required to reach the design luminosity of the ILC.
The damping rings play an essential role since their key function is the reduction of the
transverse and longitudinal emittance of the beams. There is a separate damping ring for
the electron and the positron beam, respectively. Each damping ring has a circumference
of 3.2 km. For the damping so-called wigglers are installed. By passing the wigglers, the
electrons are forced to emit synchrotron radiation. As a result, the particle bunch becomes
more and more parallel in motion which leads to a significant reduction of the transverse
and longitudinal beam emittance. The damped electron bunches are then transported in
a 15 km long transport line to the main linac. Before feeding the electrons into the main
linac, the bunch length is compressed from 6 mm to 0.3 mm and the beam is accelerated
from 5 GeV to 15 GeV. In the main linac the electrons are accelerated to the final beam
energy used for collision.

The beam positrons are created from the electron beam after final acceleration in the main
linac. The electron beam is extracted from the main linac and passes a 147 m long helical
undulator in which the electrons generate circular polarised photons. These photons are
guided onto a titanium-alloy target creating longitudinally polarised e+e− pairs. A mag-
netic chicane helps to separate these positrons from the electrons and photons which get
dumped. The positrons are accelerated to 5 GeV before they enter the positron damping
ring. From there on they follow a path which is identical to the one described for the
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electrons. The electron and positron beams are planned to be polarised to |P(e−)| = 80%
and |P(e+)| > 30%, respectively. The latter can be increased up to 60% with an additional
collimator.

The final part of the accelerator is the Beam Delivery System (BDS) with a length of
3.5 km. The BDS transports the particles from the exit of the main linac to the interaction
point while focussing them to nanometer sizes required to achieve the high ILC luminosity
goals (sec. 3.4.1). At the interaction point, final focussing magnets demagnify the beams
to the required size and bring the electron and positron beams to collision under a cross-
ing angle of 14 mrad. The beam properties are measured inside the BDS. This includes
emittance measurements, polarimetry, and energy diagnostics [143]. A laser beam setup
in horizontal and vertical direction foresees a measurement of the beam size to 1 µm accu-
racy [129]. This is planned to be followed by a Compton polarimeter measuring the beam
polarisation P to a precision of ∆P/P ∼ 0.25% [144]. An energy measurement is planned
to be performed with an upstream energy spectrometer before collision and a downstream
energy spectrometer after collision [145]. This setup allows to take into account collision
effects. To achieve the ILC design goals, the beam energy has to be determined to a preci-
sion of ∆E/E ∼ 10−4 [129]. After collision the beams are transported to the main dumps
with an extraction line, which contains additional energy and polarisation diagnostics.

In order to be able to carry out more than one experiment at the ILC, the interaction point
is planned to be shared alternately by two independent moveable detectors in a so-called
push-pull detector operation. Two independent detectors can be moved on and off the
beam line on short time scales. The detectors of ILC will be discussed in chapter 4.





Chapter 4

The International Large Detector
Concept

The wide range of high precision measurements in the ILC physics programme sets new
standards on detector technologies and their physics performance. In sec. 4.1 the perfor-
mance goals of ILC detectors are discussed. To meet the full programme of high precision
measurements, the ILC detector concepts target the best possible particle detection and re-
construction of events with multi-jet final states. The ILC detector designs are optimised
for the particle flow approach, which is introduced in sec. 4.2. To face the physics chal-
lenges, the ILC detectors combine precise tracking with a small material budget, and high
granularity calorimeters. Therefore, in sec. 4.3, the International Large Detector (ILD)
is described. This includes a discussion of the sub-detector systems driving the physics
performance that is crucial for this study. Additionally, the ILD detector performance is
discussed, which is driven by physics optimisation studies in full detector simulations.
In order to get information on the particles produced in e+e− collisions in the ILD, four
major steps have to be performed. The events have to be generated, simulated, recon-
structed, and finally stored in a convenient data structure. The software used for each task
is introduced shortly in sec. 4.4 and 4.5. The content of this chapter follows [130].

4.1 Detector Design Challenges

To meet the full programme of high precision measurements the ILC detector concepts
target the best possible particle detection and reconstruction of events. The interesting
physics processes include heavy boson decays to multi-jet final states accompanied by
charged leptons or missing energy. Figure 4.1 illustrates a double Higgs-strahlung event
e+e− → ZHH → bb̄HH at 500 GeV. ZHH events are not suited for detector optimisa-
tion studies due to the very small production cross section. Nevertheless, the observation
of double Higgs-strahlung gives access to the Higgs self-coupling measurement, which
represents one of the most essential physics goals at the ILC and highly depends on the
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Figure 4.1: Event display of ZHH → bb̄HH at
√

s = 500 GeV at the ILD. This process
has a very small production cross section and requires an excellent detector performance.

detector performance. The observation of double Higgs-strahlung is very important for
the physics reach of the ILC project and has to be reconstructed as precisely as possible.
ZHH gives four-jet or six-jet final states depending on the decay mode of the Z boson. At
a Higgs mass of 125 GeV, the Higgs boson predominantly decays into a pair of b quarks,
which results in complex signatures in the detector. At 500 GeV these events are pro-
duced near the kinematic threshold and thus, the jets have significant overlap with each
other. High flavour-tagging efficiencies are required being robust against mis-clustering of
particles into jets. Leptonic decays of the Z boson need high track momentum resolutions
which can help in the event reconstruction, i. e. in the application of kinematic fits. A
high track momentum resolution favours the reconstruction of the Z-boson mass and sets
precise constraints on the reconstruction of the hadronic jets from the two Higgs bosons.
All mentioned aspects are directly linked to the performance requirements of ILC detec-
tors to fulfil the large range of physics programme and reach the desired measurement
precisions. The performance requirements are discussed in the following.

4.1.1 Jet-Energy Resolution

A precise event reconstruction and identification of heavy boson decays to multi-jet final
states relies on an accurate reconstruction of invariant di-jet masses. The invariant mass
of a di-jet system is given by

M2 = m2
1 + m2

2 + 2E1E2(1 − cos θ12) , (4.1)

where E1,2 represents the energy of each jet respectively, and θ12 denotes the angle between
the two jets. The masses m1,2 of the jets are assumed to be small compared to the jet



4.1. Detector Design Challenges 55

energies. Thus, the invariant mass determination depends on a precise reconstruction of
the jets in the detector. Due to the small ZHH production cross section it is essential to
reconstruct the small number of signal events very precisely. In the reconstruction the
boson mass distributions play an essential role. The jets representing the primary quarks
have to be reconstructed and paired to form the signal bosons. In reality, the precise
reconstruction of the primary quarks by measuring the jet properties is limited by

• errors in jet fragmentation and hadronisation,

• limited detector resolutions,

• particles which escape detection by travelling through ineffective regions of the
detector,

• particles which stay undetected as neutrinos,

• hard gluon radiation,

• and mis-clustering of particles into jets.

At LEP, the application of kinematic fits allowed the precise reconstruction of di-jet
masses by imposing energy and momentum conservation requirements on the events [146].
This determination was almost independent of the jet-energy resolution, which was dom-
inated by the intrinsic resolution of the Hadronic Calorimeter (HCAL). The HCAL has
the worst energy resolution of all detector sub-systems of > 55%/

√
E(GeV) [146]. This

sets limits to the achievable measurement precisions. At the ILC the impact of ISR and
beamstrahlung (section 3.4) degrades the benefits of kinematic fits. Therefore, the invari-
ant mass reconstruction driving the overall physics performance at the ILC relies on an
excellent jet-energy resolution. However, processes with very high jet multiplicities, as
ZHH, suffer from jet-finding ambiguities which dominate the mass resolution. Therefore,
these processes are less affected by the jet-energy resolution.

The performance goal is driven by benchmark studies of hadronic W and Z decays, the
masses of which differ only by 10 GeV. An invariant mass resolution comparable to the
natural widths of the bosons, i. e. ∼ 2 GeV, gives 3σ separation of the W and Z boson
mass peaks. Considering eq. 4.1 and neglecting angular uncertainties, the jet-energy reso-
lution transforms into a di-jet mass resolution σM/M = α/

√
Ei j(GeV), with Ei j denoting

the energy of the di-jet system. The ILC design goal envisages a jet-energy resolution for
hadronic W and Z decays comparable to their natural widths of

σE/E = 3% − 4% . (4.2)

In terms of classic calorimetry this is equivalent to σE/E = 30%/
√

E(GeV) for 100 GeV
jets. At

√
s = 500 GeV the relevant physics processes cover four-jet to six-jet final states

with typical jet energies between 50 GeV and 125 GeV. Since in classic calorimetry the
jet-energy resolution is limited by the HCAL the particle flow approach was developed to
fulfil this performance goal as introduced in sec. 4.2.
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4.1.2 Track Momentum Resolution

The overall tracking system presents a key element of an ILC detector. The high-precision
measurements, in particular in the Higgs sector, require advanced event-reconstruction
techniques with very high tracking efficiencies down to low momenta, and excellent two-
particle separation. Therefore, the goal for precision measurements places high demands
on the momentum resolution of charged tracks of

σ1/pT ≈ 2 × 10−5 GeV−1 ⊕
1 × 10−3

pt sin θ
. (4.3)

This performance goal is mainly driven by benchmark analyses of the Higgs recoil mass
using Higgs-strahlung events with leptonic Z → µ−µ+ decays. In the measurement, the
momentum resolution is closely related to the achievable precision on the Higgs mass.
The required level of performance ensures that this measurement is dominated by the
beam-energy spread rather than the detector resolution [130]. In case of ZHH events,
leptonic decays of the Z boson need high track momentum resolutions which can help in
the event reconstruction, i. e. in the application of kinematic fits. A high track momentum
resolution favours the reconstruction of the Z-boson mass and sets precise constraints on
the reconstruction of the hadronic jets from the two Higgs bosons.

4.1.3 Impact Parameter Resolution

The reconstruction of hadronic multi-jet events from heavy-flavoured quarks from Z, W,
or Higgs boson decays is one of the key features in most physics analyses. Consequently,
the precise identification of hadronic jets originating from heavy quarks is an important
performance goal at the ILC. At a Higgs mass of 125 GeV, the Higgs boson predomi-
nantly decays into a pair of b quarks. In case of double Higgs-strahlung, we expect four
b jets coming from the two Higgs bosons. At 500 GeV these events are produced near
the kinematic threshold and thus, have significant overlap with each other. Therefore,
high flavour-tagging efficiencies are required which are robust against mis-clustering of
particles into jets. This is achieved by a precise measurement of the track parameters of
the charged decay products within short distance of the interaction point. Compared to
jets from light-flavoured quarks, heavy quarks have special characteristics which can be
used for flavour tagging, such as the long lifetime of b hadrons and its large mass which
results in large decay multiplicities and large jet invariant masses. The decay length L of
a b hadron is large enough to be observed as a displaced vertex in the vertex detector, as
indicated in fig. 4.2. The decay products do not point back to the primary vertex. The
impact parameter defines the minimal transverse distance between the track and the ex-
pected interaction point, which is inconsistent with the primary vertex hypothesis of the
heavy-quark decay. Therefore, the performance of the vertex detector can be expressed
by the resolution of the impact parameter of charged particles. It is related to the single
point resolutions, the overall occupancy in the detector, and the location of the first mea-
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Figure 4.2: Schematic illustration of a long-lived particle decay, which can be detected
as a secondary vertex. The impact parameter of the tracks of the decay products are
different from the primary vertex position. Figure taken from [147].

surement. To satisfy the desired flavour-tagging performance the main design goal of the
ILC vertexing system is a track impact parameter resolution of

σrφ = 5 µm ⊕
10

p(GeV) sin2/3 θ
µm . (4.4)

4.1.4 Precise Knowledge of Machine Backgrounds

In addition, the ILC deals with different types of background, which must be overcome
by new detector technologies. These backgrounds result in high occupancies in the de-
tector sub-systems, especially in the forward region. The large number of γγ collisions
results in a large number of hit densities predominantly in the vertex detector. The dif-
ferent background sources can give additional tracks and clusters, which require proper
handling and precise knowledge of the background event properties since they degrade the
measurement precisions. This is extremely important for measurements with very small
production cross sections, as it is the case for double Higgs production.

4.2 Particle Flow Concept

The ILC detector designs are optimised specifically for the particle flow concept, which is
described in detail in [148, 149]. Particle flow is based on a precise reconstruction of the
four-vectors of charged particles in an event. The energy of each particle is measured with
the sub-detector giving the best energy estimation for the respective particle type. Charged
particle momenta are measured in the tracking system, photons and neutral hadrons in the
calorimeters. This demands an excellent interplay between tracking and calorimetry. The
reconstructed jet energy is the sum of the energies from the individual particles.
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Figure 4.3: The transition from the traditional calorimetric approach (left) to particle
flow calorimetry (right). Both the calorimeter and tracking system enter into the particle
flow performance. Figures taken from [148].

The composition of jets is known from LEP experiments in which the fragmentation and
hadronisation of jets were investigated [150]. Subdividing the jet energy, typically 62%
is carried by charged particles, 27% by photons, 10% by long-lived neutral hadrons, and
1.5% by neutrinos. Traditional calorimetry determines jet energies by combining energy
measurements from the electromagnetic calorimeter (ECAL) and the HCAL. With regard
to the components of a jet, this indicates that 72% of the jet energy are measured in the
HCAL which has the worst energy resolution of all detector subsystems. The ILC jet-
energy resolution goal (eq. 4.2) cannot be achieved with traditional calorimetry.

The transition from traditional calorimetry to particle flow is illustrated in fig. 4.3. The
momenta of all charged particles are measured in the tracking detectors and translated into
the corresponding particle energies. The corresponding energy deposits are then removed
from the calorimeters. This is advantageous since the tracking system provides very good
resolution compared to the calorimeters (table 4.1). Additionally, the momentum resolu-
tion of the tracking system is crucial for particle flow since 62% of the jet energy is carried
by charged particles. Large tracking efficiencies are needed even for particles with small
transverse momenta. At the same time, the particle flow approach poses challenges to the
calorimeters since they need to be able to identify and separate shower profiles of single
particles. ECAL and HCAL require very high granularity in longitudinal and transverse
direction to deal with multi-jet events. The tracking systems need to have an overall small
material budget to minimise interactions before the calorimeters, while thick calorimeters
are required to absorb the particle showers.

In the particle flow approach, only photon and neutral hadron energies are measured in
the calorimeters. Consequently, only 10% of the jet energy is measured in the HCAL and
therefore affected by its poor energy resolution. Ideally, this would lead to an overall en-
ergy resolution of ∼ 20%/

√
E(GeV) [149]. However, this demands a perfect assignment

of calorimeter energy deposits to the correct particle tracks, and a perfect separation of
nearby showers. In practice, this cannot be fully achieved:

Energy loss We suffer from energy loss if close-by neutral and charged particle clusters
are combined. Since the energy of the charged particle is reconstructed in the track-
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Component Detector Energy fraction Intrinsic resolution

Charged particle X± Tracker ∼ 0.6E jet 10−4E2
X±

Photon γ ECAL ∼ 0.3E jet 0.15
√

Eγ

Neutral hadrons h0 HCAL ∼ 0.1E jet 0.55
√

Eh0

Table 4.1: Contributions from different particle types to the jet-energy resolution. The
jet energy fraction carried by these particle types, as well as the energy resolutions of
charged particles, photons and neutral hadrons are listed. Table taken from [149].

ing detector, the charged cluster is removed from the calorimeters and thus also the
energy of the neutral cluster.

Double counting If clusters and tracks are wrongly associated some energy can be misiden-
tified as neutral hadron and double counted.

These effects contribute to the so-called confusion term. The overall jet-energy resolution
can be written as

σ jet = fX± ·σX± ⊕ fγ ·σγ ⊕ fh0 ·σh0 ⊕ σcon f usion (4.5)

= fX± ·σtracking ⊕ fγ ·σECAL ⊕ fh0 ·σHCAL ⊕ σPFA . (4.6)

Here, f denotes the jet energy fraction carried by charged particles X±, photons γ, and
neutral hadrons h0, respectively. The confusion term limits the overall performance at
higher energies. The resolution of the HCAL is the limiting factor at small energies. To
reduce the confusion term highly granular calorimeters are required.

4.3 The International Large Detector

At the ILC, physics measurements are planned to be performed with two different exper-
iments, which share the interaction point alternately. The ILC detector concepts are the
International Large Detector (ILD) [151] and the Silicon Detector (SiD) [152]. Both de-
tector concepts are designed to fulfil the performance requirements (section 4.1) and are
based on the particle flow approach (section 4.2). The main difference between the two
concepts is the central tracking detector. SiD foresees five layers of silicon trackers and
the ILD employs a Time Projection Chamber (TPC). Since this thesis is based on an ILD
full detector simulation, the ILD detector concept is described briefly. Further information
and detailed descriptions of the ILD and SiD detector concepts can be found in [130]. A
schematic sketch of ILD is shown in figure 4.4. For this analysis, the performances of
the vertex detector, the tracking system and the calorimeters are most important, all of
which are introduced in the following. The detector is enclosed by a return yoke, which is
instrumented to recover energy leakage from the calorimeters, and for muon identification
purposes. A surrounding superconducting coil provides a magnetic field of 3.5 T.
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Figure 4.4: Schematic illustration of the ILD detector concept. Figure taken from [153].

4.3.1 Vertex Detector and Flavour Tagging Performance

The interaction point (IP) is surrounded by a multilayer vertex detector, consisting of sev-
eral layers of silicon pixel sensors. The vertex detector design and the impact parameter
resolution (eq. 4.4) are crucial for achieving the goal of precise flavour tagging of heavy
particles. The first layer of the pixel vertex detector is located at 1.6 cm from the IP, which
allows measurements of displaced vertices very close to the IP. A spatial resolution better
than 3 µm near the IP, a pixel occupancy below a few percent, and a material budget below
0.15% of a radiation length per layer satisfy the performance goal. Another important as-
pect for the vertex detector is the timing resolution, which is crucial to reduce the machine
backgrounds which create high occupancies in the vertex detector. High occupancies de-
grade the tracking performance and thus reduce the flavour-tagging capabilities.

Two vertex designs are currently studied: the baseline design foresees a vertex detector
consisting of three double ladders, each of which has pixel sensors on both sides, giving
six measurement points. The second design foresees five equally spaced single-sided
layers giving five space points per track. In comparison, the first technology has a slightly
worse resolution, but so-called mini vectors can be combined with the hits of a double
layer which helps to improve pattern recognition capabilities [154]. Three pixel sensor
technologies are investigated for ILD: CMOS Pixel Sensors (CPS) [155], Fine Pixel CCD
(FPCCD) sensors [156], and DEPleted Field Effect Transistor (DEPFET) sensors [157].
Since each technology does not fully satisfy all the detector requirements a combined use
is discussed. This allows to benefit from the respective advantages of each technology.

The vertex detector performance is illustrated in fig. 4.5. The left figure shows the impact
parameter resolution of single muon events as a function of the transverse track momen-
tum for different polar angles. The design goal (eq. 4.4) is indicated by the solid lines.
The achieved impact parameter resolution outperforms the targeted performance down to
a track momentum of 1 GeV. In the right figure, the purity as a function of the b and c tag-
ging efficiency is shown for ZZZ → qq̄qq̄qq̄ events at

√
s = 500 GeV and

√
s = 1 TeV,
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Figure 4.5: Flavour-tagging performance at the ILD, estimated from a detailed GEANT4-
based full ILD detector simulation. Left: impact parameter resolution as a function of
the transverse momentum for different polar angles. The solid lines depict the design
goal for different angles of the track with respect to the beam axis. Right: purity as a
function of the efficiency for b- and c-tagged jets for Z → qq̄qq̄qq̄ at

√
s = 500 GeV and

√
s = 1 TeV. Figures taken from [130].

respectively. In the events, the Z bosons decay into the same quark flavour. The colours
indicate the separation of b-tagged jets from udsc jets (red), c-tagged jets from udsb jets
(green), and c-tagged jets when considering only b quarks as background (blue). The
results degrade to high energies. This is also observed for increasing numbers of jets in
an event due to the busy environment which degrades the reconstruction performance.
However, the excellent performance of the entire tracking system leads to outstanding
abilities in flavour tagging. The presented results do not include the effects of γγ overlay.
Currently, this is under study. First results show a degraded performance [154, 158].

4.3.2 Tracking System and Performance

The vertex detector is surrounded by the tracking system, the central detector of which is
the TPC. The TPC provides a measurement of particle momenta via their specific energy
loss dE per track length dx depending on the distinctive particle masses. This gives a
powerful tool for particle identification. Since the tracking detectors have to deal with
multi-jet events with high track multiplicities, they have to provide very high tracking
efficiencies and precision while staying robust against machine backgrounds. The TPC
records up to 224 three-dimensional space points per particle track and therefore provides
huge pattern recognition capabilities. The large number of measurement points results in
a momentum resolution of δ(1/pT ) ' 10−4 c/GeV. This corresponds to a transverse point
resolution better than 100 µm for the complete drift and a double hit resolution of < 2 mm.
As required by particle flow, the TPC is designed with minimum material budget, which
helps to reduce effects of machine backgrounds per bunch crossing.
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Figure 4.6: Achievable transverse momentum resolution for different polar angles for
single muon events. The solid lines illustrate the design goal for different angles: θ = 30◦

(green) and θ = 85◦ (blue). Figure taken from [130].

The silicon part of the tracking system consists of the Silicon Inner Tracker (SIT) and
the Silicon External Tracker (SET), both of which link the TPC to the vertex detector
and the calorimeter system. They provide additional space points before and after the
TPC, which contribute to an improved momentum resolution. The large number of mea-
surement points in the overall tracking system yields the targeted momentum resolution
(eq. 4.3). The SIT especially improves the reconstruction of low-pT tracks and therefore
plays an important role in the identification of the low-pT background from the γγ over-
lay (section 3.4.2). Next to high spatial precision, silicon detectors have a good timing
resolution relative to the time separation of ∼ 300 ns of ILC bunch crossings. This allows
time stamping of tracks and the identification of the corresponding bunch crossing within
a bunch train to a precision of 2 ns. The end cap component behind the TPC endplate
(ETD) and the forward tracker (FTD) complete the silicon tracking system providing low
angle tracking coverage.

The tracking performance is illustrated in figure 4.6 and figure 4.7, respectively. Figure 4.6
depicts the transverse momentum resolution of the entire tracking system as a function of
the track momenta for single muon events. The solid lines indicate the performance goal
(eq. 4.3). For θ = 85◦, the momentum resolution goal is reached over the entire momen-
tum range from 1 GeV up to 200 GeV. For θ = 30◦ the achieved performance degrades
but is still compatible to the detector design goal. The tracking efficiencies are studied
using six-jet events from tt̄ decays at 500 GeV and 1 TeV, respectively. The studies have
been performed with a detailed GEANT4-based [159] full detector simulation of ILD. Ef-
fects of pair background and γγ overlay are taken into account. The tracking efficiency
as a function of the track momentum and of the polar angle are shown in figure 4.7, re-
spectively. Tracks with a momentum larger than 1 GeV obtain a reconstruction efficiency
of almost 100%. For the entire range of polar angles an average efficiency of 99.7 %
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Figure 4.7: Tracking efficiency at ILD as a function of the momentum (left) and as a
function of the polar angle (right), studied for 6-jet events of tt̄ decays in the presence of
pair background for

√
s = 500 GeV and

√
s = 1 TeV. Figures taken from [130].

can be achieved. The very large efficiencies for large | cos(θ)| verify an excellent forward
tracking performance of ILD. A slightly worse performance can be observed for tracks
with low transverse momentum. New approaches to increase the tracking performance
for low-momentum tracks are under investigation [154,160,161]. The increasing number
of γγ-overlay events to higher centre-of-mass energies results in a degradation of the effi-
ciency for low-momentum tracks at

√
s = 1 TeV. Nevertheless, the results verify that the

tracking design goals are fulfilled.

4.3.3 Calorimeter System

The tracking system is surrounded by highly granular calorimeters. The calorimeter sys-
tem consists of an ECAL, which is enclosed by the HCAL. Both are highly segmented
sampling calorimeters. To minimise the material budget in front of the calorimeter, they
are placed inside a magnetic coil. Being the main cost driver, the latter stipulates a com-
pact ECAL. Additionally, the particle flow approach demands high granularity in trans-
verse and longitudinal direction to identify the shower profiles of individual particles. In
the ECAL, this can be achieved by using tungsten as absorber material. Tungsten fulfils
the requirements of

• a small Molière radius (RM = 9 mm) favouring a separation of close-by showers,

• a large ratio between interaction length (λI = 99 mm) and radiation length (X0 =

3.5 mm). In the ECAL this induces early photon and electron showers, and late
hadronic showers.

In general, the energy resolution of a calorimeter is defined as

σE

E
=

a
√

E
⊕

b
E
⊕ c =

√
a2

E
+

b2

E2 + c2 . (4.7)
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Here, a/
√

E describes a stochastic term, b/E noise and background fluctuations, and c
a constant associated to calibration errors. For high energies, σE/E is limited by c. For
smaller energies σE/E is limited by noise and statistics. To ensure the best energy res-
olution the ECAL is segmented into 30 layers. The HCAL offers energy measurements
of neutral hadrons, which need to be separated from charged hadron showers. Therefore,
also the HCAL is highly segmented. Stainless steel is used as absorber material. It pro-
vides an interaction length of λI = 17 cm and a radiation length of X0 = 1.8 cm, and can
be used as supporting structure. A BeamCal and LumiCal are positioned in the very for-
ward region of the detector. The LumiCal provides luminosity measurements via Bhabha
scattering events to a precision of ∆L/L ∼ 10−3 [129].

4.3.4 Particle Flow Performance

At the ILC the interesting processes consist of four- to six-jet final states with typical
jet energies between 80 GeV and 250 GeV at

√
s = 500 GeV and

√
s = 1 TeV. At

250 GeV four-jet final states with jet energies of approximately 60 GeV are studied. The
jet-energy resolution goal (eq. 4.2) requires an excellent interplay between tracking and
calorimeters. In figure 4.8 the ILD particle flow performance is illustrated as a function
of the jet energy. The figure is based on Z → qq̄ events with q = u, d, s. The particle flow
performance varies with energy. The energy resolution from traditional calorimetry (blue)
shows an increase to higher jet energies. This is due to energy leakage of high-energetic
jets out of the HCAL. An assumed typical stochastic constant term (red) performs better at
higher jet energies. The particle flow approach (solid black) performs best and is mainly
limited by confusion towards higher energies. At higher energies, the reconstruction of the
individual particles in a jet is more difficult since the jets are more collimated. For small
jet energies the performance is driven by the jet-energy resolution which is dominated by
the neutral hadron reconstruction. Nevertheless, the overall design goal is achieved.

However, the respective study applies several assumptions to prevent effects which de-
grade the particle flow performance, and thus the jet-energy resolution [149]:

• Z decays into light quarks (u, d, s) are investigated. Light jets do not suffer from
missing energy from semi-leptonic decays as it is the case for heavy quarks, e. g.
b→ clν. Missing energy degrades the jet-energy resolution.

• ISR and beamstrahlung cause missing energy and are not included in the analysis.

• To avoid mis-clustering of jets in the jet-finding procedure the total energy for
Z → qq̄ is divided by two. Jet mis-clustering degrades the event-reconstruction
performance and energy resolution. At the ILC, this is crucial due to the measure-
ment of generally four-jet to six-jet final states. At higher energies, jets are strongly
collimated, which results in a small energy resolution. At small energies, in reality
jets are less collimated and the jet mis-clustering has a large influence.
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Figure 4.8: Particle flow performance of ILD. Simulated jet-energy resolution of Z →
uds events with particle flow algorithm. Figure taken from [149].

• Due to confusion the observed jet-energy resolution is not described by σE/E =

α/
√

E(GeV). The energy resolution is determined using RMS 90. The RMS 90 is
defined as the RMS in the smallest region of reconstructed energy that contains
90 % of the events. It is introduced to reduce the sensitivity to tails since the effects
of confusion lead to an inherently non-Gaussian energy distribution.

• There are significant beam related backgrounds. The increasing number of low-
pT γγ → hadrons events per bunch crossing for higher centre-of-mass energies
is not included in this study. However, it needs to be considered in particle flow
reconstruction. Calorimeter clusters may contain hits from more than one particle
particularly in the forward region of the detector. In presence of such background
events, it is important to identify and remove the corresponding events as precisely
as possible.

Some limitations in the reconstruction of primary quarks (section 4.1.1) are not covered
by the ILD definition of the jet-energy resolution, which highly depends on the particle
flow performance (figure 4.8). Jet fragmentation and hadronisation as well as limited res-
olutions of the detector are taken into account. It does not cover missing energy from
semi-leptonic decays and mis-clustering of jets. At the ILC, invariant mass reconstruc-
tion relies on an excellent jet-energy resolution due to the impact of large beamstrahlung
(section 3.4) which do not allow the application of kinematic fits. However, by including
these particle flow degrading effects in the kinematic fit the combined use of particle flow
and kinematic fitting could help to improve the reconstruction of particle four-vectors and
offer improvements to the measurement performances at the ILC.
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The ILD performance has been studied in terms of technical performance criteria and opti-
misation studies of selected physics processes. Testbeam campaigns with prototype setups
allow to investigate single detector components. However, to study the complete detector
setup a detailed full detector simulation is crucial. A realistic reconstruction with detailed
knowledge on mechanical aspects provides a realistic picture of the overall detector per-
formance. The optimisation of the detector concept in terms of particle flow requires a
high level of detail in the simulation. The presented performance studies are based on a
full GEANT4 [159] detector simulation and the analysis framework ILCSoft [162]. The
software chain is introduced in the following.

4.4 Event Generation

Events are generated using the Monte Carlo (MC) event generator WHIZARD 1.95 [163].
WHIZARD is ideal for the event generation of physics processes at the ILC since it allows
to include parameters as ISR and beamstrahlung, and user-defined beam polarisations. In
the generation procedure, WHIZARD calls two elements internally:

• the tree-level matrix element generator O’Mega [164,165]. O’Mega computes helic-
ity amplitudes for any physics process. It supports SM processes and a large number
of BSM models. The O’Mega output is used as input in WHIZARD.

• for fragmentation and hadronisation of the generated events PYTHIA [166] is used
since WHIZARD only generates hard interactions. Hereby, the hadonisation tune to
LEP data is used, as provided by OPAL, which is essential for particle flow [167].
The PYTHIA library is called from inside WHIZARD and no external interface is
needed.

The generated events can be written to files of various standard formats. Here, the standard
output StdHep is used. After event generation, the passage of the events through the
detector material is simulated. ILCSoft [162] provides a framework for the simulation
and reconstruction of the generated events.

4.5 Software Framework

ILCSoft [162] includes various software packages which are developed by the linear col-
lider community. ILCSoft provides a persistency framework for linear collider studies,
and an event data model given by LCIO (Linear Collider I/O) [168]. The LCIO event data
model provides classes for the generated and reconstructed objects as well as relations
between different object classes. This allows to reproduce entire physics processes, e. g.
decay chains from generator level to reconstruction level. As created by the event genera-
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tor, the MC truth particles are contained within the MCParticle class. During simulation,
the simulated particles are added to the existing list of MCParticles.

At reconstruction level, there exist four main classes. The ReconstructedParticle
class serves as foundation for most physics analyses storing every reconstructed particle.
New subset collections of ReconstructedParticle can be created, e. g. holding single
particles as identified isolated leptons, or compound objects like jets consisting of many
reconstructed particles. The central ReconstructedParticle class, however, always
contains a list of tracks, clusters and reconstructed particles, which are included in ad-
ditional collections. This allows to retain any required information. LCIO can be easily
extended for user-specific purposes, i. e. if one needs to store additional information for a
respective analysis.

4.5.1 Detector Simulation

The interactions of the generated particles in the detector are simulated with Mokka [169].
Mokka is a GEANT4-based [159] simulation tool. GEANT4 provides a tool for simulating
the passage of particles through the detector material. Physics lists steer the underlying
physics processes to achieve a good agreement between simulation and testbeam cam-
paigns. It allows to impose various factors on the particles, e. g. the size of magnetic
fields or the rate of energy loss of the particles in the sub-detector systems.

Mokka requires as input the event samples generated by WHIZARD and a detailed and re-
alistic model of the full detector, including dead material, labelling, support structures,
or gaps. Currently, there are various ILD detector models available for simulation stud-
ies, only differing in calorimeter technologies. In this thesis, the ILD detector model
ILD_o1_v05 is used which includes a silicon-tungsten ECAL and an analogue HCAL.
The simulated events are written into an LCIO output file, which is the standard output for
ILC related studies. The LCIO data files contain lists of MC particles and particle hits in
the sub-detector systems.

4.5.2 Beam-Background Overlay

Due to the large cross section of the low-pT γγ → hadrons background (section 3.4.2)
several interactions per bunch crossing are expected. The interaction rate depends on
the centre-of-mass energy at the ILC. On average < N >= 1.2 (2.7) events per bunch
crossing are expected at

√
s = 500 GeV (1 TeV) [142]. Giving additional real tracks

and clusters in the detector, these events have to be taken into account properly in the
reconstruction. Based on the cross section model in [170], the events are generated with
PYTHIA and simulated with Mokka. Arising from different vertices than events from hard
interactions, in the simulation their z position from the interaction point is smeared with
a spread of 300 µm (225 µm) for

√
s = 500 GeV (1 TeV), representing the Gaussian

beam profile [130]. To simulate their effects, the background events are statistically laid
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over the events from hard interactions before the reconstruction. At the time of the MC
mass production for the TDR an overestimated number of < N >= 1.7 (4.1) events was
mistakenly overlaid for the

√
s = 500 GeV (1 TeV) event samples [130]. This results in

overall pessimistic results of the Higgs self-coupling analysis with γγ overlay.

4.5.3 Standard Event Reconstruction

Using the LCIO data format, the reconstruction of the events is performed with Marlin
(Modular Analysis and Reconstruction for the LInear Collider) [171]. The analysis modules
are structured into so-called processors, which contain specific reconstruction algorithms
and perform the actual computing task. The processors analyse data in an LCEvent and
create a new defined output collection, which is added to the events or directly written
to the initial collection. Such an output collection can be re-used as input for one of
the subsequently executed processors. A steering mechanism reads the LCIO files and
processes them on an event-by-event basis. The executing order of a set of processors is
chosen by an editable XML steering file. The XML file allows to modify global parameters
and processor parameters, e. g. input files, the number of processed events, or processor
input collections.

The standard event reconstruction starts with pattern recognition in the tracking detectors
using the packages Clupatra and FwdTracking. The KalTest and FullLDCTracking
packages perform a global track fit and the combination of different track segments from
various sub-detectors, respectively. The list of tracks serves as input to the particle flow
algorithm (PFA), which is embedded in the software package PandoraPFANew [148].
So-called particle flow objects (PFOs) are given as output, which represent charged and
neutral reconstructed particles in the detector. The PFOs serve as foundation for physics
analyses and further reconstruction tools. Also part of the standard reconstruction is
LCFIVertex and LCFIPlus [172]. Both packages provide vertex finding, jet clustering,
and flavour tagging. Only vertex finding is run by default in the standard reconstruction.

Various analysis tools are included in MarlinReco [173]. Depending on user-specific
needs various processors are provided, e. g. for lepton finding, jet clustering, or kinematic
fitting. Existing processors can be easily extended by users and new processors can be
build independently and included to an analysis specific XML steering file. Additionally,
Marlin goes hand in hand with ROOT [174, 175]. ROOT provides an object-orientated
framework for data analyses in high energy physics. Marlin allows to create analysis
processors which create simple ROOT Trees with a column-wise Ntuple structure from
LCIO collections after executing the desired reconstruction steps. This way, user-defined
information can be stored in an Ntuple data structure and analysed using ROOT.



Chapter 5

Event Reconstruction and Analysis
Strategy

The Higgs self-coupling analysis is based on a full GEANT4 [159] detector simulation.
The analysis strategy in this thesis follows the DBD Higgs self-coupling study for a Higgs
mass of 120 GeV in [108]. To study the Higgs self-coupling for a Higgs boson with a
mass of 125 GeV and considering the γγ overlay, the signal and background processes
used in the analysis are generated, simulated and reconstructed, following the MC mass
production chain as discussed in the foregoing chapter and as provided by ILCSoft [162].
The signal and background processes used in the analysis are introduced in section 5.1.
Hereafter, the analysis strategy is described in section 5.2, which includes a discussion of
the main analysis steps. Finally, an overview on the standard reconstruction tools used in
this study is given in section 5.3.

5.1 Signal and Background Processes

To study the Higgs self-coupling for a Higgs boson with a mass of 125 GeV the same
background processes and the corresponding data samples are used as in [108]. The
background samples were created in a private production equivalent to the official MC
mass production [130] (sec. 4.4 and sec. 4.5). The signal and background processes,
which include a Higgs boson, are produced for a Higgs boson with a mass of 125 GeV.
Following the standard procedure, event samples were created for the polarisation states
P(e−e+) = (+1,−1) and P(e−e+) = (−1,+1). These allow to weight all events with respect
to the desired beam polarisation. To study the effect of the γγ overlay all samples are
simulated with and without the γγ overlay, respectively. To be consistent with the TDR
mass production an overestimated number of < N >= 1.7 events are overlaid. This gives
overall pessimistic results. In the future, the analysis should be re-run with data samples
including the correct number of overlaid events.

69
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P(e−e+) (0.0, 0.0) (−0.8, 0.0) (−0.8, 0.3) (−0.8, 0.6)

wLL
pol 0.25 0.45 0.315 0.18

wLR
pol 0.25 0.45 0.585 0.72

wRL
pol 0.25 0.05 0.035 0.02

wRR
pol 0.25 0.05 0.065 0.08

Table 5.1: Event weights for different beam polarisations determined with eq. 5.1. The
weights for the opposite-sign polarisation can be obtained by exchanging R and L.

Generally, the cross section of a certain process can be expressed with respect to a desired
beam polarisation as

σP(e−e+) =

(
1 − Pe−

2

) (
1 + Pe+

2

)
σLR +

(
1 + Pe−

2

) (
1 − Pe+

2

)
σRL , (5.1)

where σLR denotes the cross section at P(e−e+) = (−1,+1) and σRL the cross section at
P(e−e+) = (+1,−1). Similar terms exist for σLL and σRR which are not listed in eq. 5.1
since in the Higgs self-coupling analysis the considered SM processes are only sensitive to
P(e−e+) = (−1,+1) and P(e−e+) = (+1,−1). For the ILC baseline polarisation P(e−e+) =

(−0.8, 0.3), the polarisation weights read

σ(−0.8,0.3) = 0.585 ·σLR + 0.035 ·σRL . (5.2)

The resulting weights for all four helicity states for various polarisations are listed in
tab. 5.1. Additionally, the number of events used in the event selection need to be weighted
corresponding to the integrated luminosity (here L = 2 ab−1). Combined with the polari-
sation weighting this leads to an overall weighting factor of

wtot =
σ ·L
Ngen

· wpol , (5.3)

where Ngen denotes the number of generated events of a certain process and helicity state,
and wpol the polarisation weighting factor.

5.1.1 Signal Process

The analysis is based on a full GEANT4 detector simulation, considering
√

s = 500 GeV
and L = 2 ab−1, and the ILC baseline beam polarisation of P(e−e+) = (−0.8, 0.3). At
these conditions, the ZHH cross section is σ(ZHH) ∼ 0.2 fb for mH = 125 GeV. This
corresponds to approximately 395 events.

The Higgs self-coupling analysis is performed by dividing ZHH into three channels with
respect to the Z-decay mode (Z → ll, νν, qq) as sketched in fig. 5.1. This assumption can
be made if the three channels are statistically independent. In llHH, an isolated lepton pair
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Figure 5.1: Signal channels categorised by the decay mode of the Z boson. The lepton
channel Z → ll (left), the neutrino channel Z → νν (middle), and the hadron channel
Z → qq (right). The final state with HH → bbbb is investigated in this thesis.

requirement rejects all full-hadronic events. Therefore, llHH is statistically independent
of qqHH. The missing energy in ννHH is not satisfied in both llHH and qqHH. Thus,
ννHH is statistically independent of the other two channels.

Separate samples are produced for each channel as listed in tab. 5.2. During event genera-
tion the Z decay has been restricted to one of the respective decay channels. The data sam-
ples include all Higgs decay modes. The largest fraction of events in the samples are ex-
pected to be Higgs boson decays into a pair of b quarks with BR(H → bb) ≈ 57.7 % [27].
This channel represents the desired signal final state in this thesis. Contributions of ZZ
fusion and WW fusion are not considered since they are negligible at

√
s = 500 GeV.

Lepton Channel

From the overall 395 ZHH events, only 10% correspond to llHH, which is equivalent
to ∼ 40.5 events. Considering HH → bbbb leaves 14.2 events. Although llHH gives
the smallest contribution to ZHH, it offers the cleanest final state with four b jets from
the two Higgs bosons and two isolated leptons originating from the Z boson. To avoid
complications of τ decays we focus on l = e, µ in the event selection of ZHH → llbbbb.

In this channel backgrounds contribute with only small missing four-momentum in the
final state. Processes with more than two neutrinos in the final state can be easily re-
jected by missing transverse momentum (pT ) requirements. Backgrounds with at least
one isolated lepton in the final state are taken into account, due to possible inefficiencies
in isolated lepton finding. Full-hadronic backgrounds are also considered which result in
four-jet and six-jet final states. However, the events can be suppressed by efficient isolated
lepton identification.

Neutrino Channel

Roughly 20% of the ZHH events correspond to ννHH, which is equivalent to 80.1 events.
Only 28.5 events correspond to ννbbbb. The final state consists of four b jets and missing
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signal σ [fb] Nexp [evts] fraction Ngen [evts]

llHH (llbbbb) 0.02 (0.007) 40.5 (14.3) 10% ( 3.6%) 3.45 · 105

ννHH (ννbbbb) 0.04 (0.014) 80.1 (28.5) 20% ( 7.2%) 3.91 · 105

qqHH (qqbbbb) 0.14 (0.049) 273.1 (99.5) 70% (25.0%) 1.13 · 106

Table 5.2: Summary of signal channels for a Higgs mass of 125 GeV. The given numbers
correspond to the ILC baseline polarisation P(e−e+) = (−0.8, 0.3) and L = 2 ab−1.

energy equivalent to the Z-boson mass. In the event generation no discrimination is made
between the different neutrino flavours.

In contrast to the lepton channel, backgrounds with missing four-momentum are evaluated
in context of this channel. This includes backgrounds with two neutrinos in the final
state. Due to inefficiencies in the isolated lepton identification semi-leptonic backgrounds
are also considered. Moreover, since ISR can carry a certain amount of energy which
stays undetected, four-jet and six-jet full-hadronic backgrounds can pass a missing energy
requirement and need to be considered. ISR does not carry pT since these photons are
very forward and backward. Backgrounds with more than one isolated lepton in the final
state can be easily suppressed and are not evaluated in this channel.

Hadron Channel

The largest contribution of ∼ 70% to the total number of ZHH events is given by qqHH.
This is equivalent to 273 events, 99.5 events of which correspond to qqbbbb. This chan-
nel results in a challenging environment in the detector. Providing a six-jet final state with
at least four b jets, which generally have larger multiplicities compared to light jets, the
hadron channel poses high demands on the reconstruction software and detector technolo-
gies (section 4.1).

As discussed in the neutrino channel, semi-leptonic backgrounds are taken into account.
Additionally, next to six-jet full-hadronic backgrounds, four-jet full-hadronic backgrounds
are considered due to possible mis-identification caused by mis-clustering and gluon radi-
ation. Six-jet full-hadronic backgrounds are taken into account which include at least two
b jets in the final state. Events with large missing four-momentum can be suppressed by
missing pT requirements. Moreover, backgrounds giving up to eight-jet final states, i. e.
ttg, ttZ, are taken into account in this channel.

The entire backgrounds used in this analysis are discussed in the following.

5.1.2 Background Processes

The small signal production rate is overwhelmed by a large number of different SM back-
ground processes. Since large efficiencies in flavour tagging at the ILC (sec. 4.3.1) allow
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the identification of b jets, all SM backgrounds with two or more b quarks in the final
state are considered in the analysis. Two-fermion background can be easily suppressed
by flavour tagging and is not taken into account. The various background processes are
summarised in tab. 5.3.

The most challenging background is represented by ZZH and ZZZ. The former process
has a rather small production cross section of σ = 0.898 fb compared to ZZZ with σ =

12.18 fb. Feynman diagrams for both background processes are shown in fig. 5.2 in case
of Z → ll. Both backgrounds can give the same final state as the signal. Therefore,
it is crucial to reconstruct these backgrounds very precisely to be able to discriminate
the events from signal events. In order to suppress such backgrounds, the most essential
discriminative variables in the event selection are boson mass distributions which take a
leading role this thesis. ZZH samples with the final states of llqqH, ννqqH, and qqqqH
are generated by restricting one Z to the desired decay mode and the other to Z → qq.
The samples for the ZZZ background correspond to the final states of llbbqq, ννbbqq, and

background σ [fb] Nexp [evts] Ngen [evts]

ZZH (total) 0.63 1259.4 8.76 · 105

→ llqqH 0.08 150.9 1.91 · 105

→ ννqqH 0.22 447.0 2.96 · 105

→ qqqqH 0.33 662.6 3.89 · 105

ZZZ (total) 12.18 2.4 · 104 4.16 · 105

→ llbbbb 0.03 69.5 1.49 · 105

→ ννbbbb 0.05 96.8 1.08 · 105

→ qqbbbb 0.07 140.5 1.59 · 105

tt → lνbbqq (total) 370.05 7.40 · 105 5.84 · 106

→ eνebbqq 124.23 2.48 · 105 2.46 · 106

→ µνµbbqq 122.97 2.46 · 105 2.01 · 106

→ τντbbqq 122.85 2.46 · 105 1.37 · 106

tt/WWZ → bbqqqq (total) 312.03 6.24 · 105 3.88 · 106

→ bbcssc 77.95 1.56 · 105 1.31 · 106

→ bbuddu 78.07 1.56 · 105 1.03 · 106

→ bbcsdu 156.01 3.12 · 105 1.54 · 106

ttZ/H 1.09 2.20 · 103 8.49 · 104

ttg (g→ bb) 1.05 2.11 · 103 8.25 · 104

bbbb 20.12 4.02 · 104 1.02 · 106

llbb 166.07 3.32 · 105 6.53 · 106

ννbb 136.40 2.73 · 105 4.79 · 105

Table 5.3: Summary of background processes used in the analysis. Here, l = e, µ, τ. The
listed numbers correspond to L = 2 ab−1 and P(e−e+) = (−0.8, 0.3). The tt/WWZ →
bbqqqq background only includes final states with two b quarks. In ZZZ and ZZH at
least two b jets are present.
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qqbbqq. Here, qq represents a quark pair of the same flavour, i. e. uū, cc̄. However, final
states with at least two light jets can be well-suppressed using flavour-tag information.
The challenging contribution of ZZZ and ZZH is given by final states with four b jets.

The second most challenging background is given by full-hadronic final states bbqqqq
(q = u, d, c, s), i. e. bb̄cs̄dū, bb̄ud̄dū, and bb̄cs̄sc̄. Example Feynman diagrams which
contribute to this background type are shown in fig. 5.3. These events come from WWZ
and tt̄. In this case, the most challenging background in the event selection is bb̄cs̄sc̄,
which requires large flavour-tagging efficiencies of b jets combined with a small fake rate
for c jets. c tagging is less effective in the event selection, since the short life times of c
and the secondary vertices result in less effective c tagging compared to b tagging. Also
originating from tt̄ and WWZ are semi-leptonic backgrounds lνbbqq, i. e. lνbbcs, lνbbdu
(l = e, µ, τ). Example Feynman diagrams are shown in fig. 5.3. These backgrounds
include one isolated lepton and a neutrino causing missing four-momentum. Moreover,
hadronically decaying τ can make b tagging less effective. Semi-leptonic background can
be suppressed by either selecting an isolated lepton pair or rejecting events with isolated
leptons. Moreover, tt̄Z/H and tt̄g events are taken into account. Gluon radiation and
Z/H → qq can result in up to eight-jet final states. However, the cross sections of these
processes are comparably small.

Also considered in the analysis are backgrounds which come from ZZ, Zγ, bbZ, ννZ and
llZ. These backgrounds give llbb, ννbb and full hadronic final states. For the latter, bbbb
is dominant, since backgrounds as bbqq (q = u, d, c, s) are well-suppressed by flavour-
tagging requirements. Example Feynman diagrams are shown in fig. 5.4.

5.2 Analysis Strategy

The analysis is based on the strategy used in [108]. The analysis is performed for a Higgs
boson with a mass of 125 GeV. So far the low-pT γγ → hadrons background has not
been considered in previous analyses yet and is investigated in this study. Therefore,
the analysis is performed for the case with and without overlay to get an estimate of its
effects. In the following, the main steps of the event selection are outlined and explained.
To compare changes in the event selection strategy refer to [108]. The crucial steps in the
preselection and final selection are investigated in this thesis.

5.2.1 Preselection

The preselection is very similar for the three channels. It already offers many starting
points for possible improvements in the analysis, which can be investigated and optimised.
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Figure 5.2: Example ZZH and ZZZ background diagrams for the same final state as the
signal. The example diagrams correspond to the channel with Z → ll.
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Isolated Lepton Tagging

Depending on the evaluated signal channel, it is important to select or reject events with
isolated leptons. In both the ννHH and qqHH channel no isolated lepton is present in
the final state. Leptons can only occur as part of a jet. The isolated lepton selection can
be used as veto against semi-leptonic backgrounds. In the llHH channel, the final state
includes two isolated leptons. Selecting events with two isolated leptons helps to suppress
full hadronic backgrounds and semi-leptonic background processes. In llHH the mass of
the lepton pair has to be consistent with the Z-boson mass within |Mll − MZ | < 40 GeV.
The isolated lepton selection is the first step of the analysis, in which large background
contributions can be rejected. Thus, high efficiencies and purities are needed.

Overlay Removal

In the analysis with γγ overlay, the overlaid events need to be identified and removed
from the reconstructed particle list to recover the original events. Then, it is possible to
investigate the impact of the overlay on the Higgs self-coupling measurement. So far, the
γγ overlay has not been considered in previous Higgs self-coupling analyses. Therefore,
this study gives a significant hint on whether more advanced removal strategies and more
sophisticated tools are needed which include a precise modelling of low-pT γγ → hadrons
background and exploit the full power of high granularity detectors. To investigate the
effects of the γγ overlay on the analysis the standard DBD overlay removal strategy needs
to be evaluated and optimised.

Jet Clustering and Flavour Tagging

All other PFOs are then clusters into either four or six jets, depending on the investigated
signal channel, and flavour-tag information are obtained. Mis-clustering of jets can de-
grade the mass reconstruction. Therefore, advanced clustering algorithms are required.
Flavour-tag information are crucial, since the Higgs decays predominantly into a pair of b
quarks. Moreover, flavour tagging plays a crucial role also in the jet pairing of the six-jet
final state of qqHH, as discussed in the following.

Jet Pairing

Double Higgs-strahlung events result in four- and six-jet final states. Due to the small
ZHH production cross section it is essential to reconstruct the small number of sig-
nal events very precisely and suppress the large background contributions. Since boson
masses play an essential role in the event selection the jets representing the primary quarks
have to be reconstructed and finally paired to form the signal bosons. The clustered jets
are paired to form the bosons of the signal final state by choosing the jet pair combination
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with the smallest χ2

χ2 =
(M( ji j j) − M(H))2

σ2
H

+
(M( jk jl) − M(H))2

σ2
H

+
(M( jm jn) − M(Z))2

σ2
Z

, (5.4)

in which σH = 7.2 GeV represents the Higgs mass resolution, and σZ = 6.0 GeV the Z-
mass resolution. Taking different values for σH does not affect the jet pairing. The natural
width of the Higgs boson is very narrow for the investigated Higgs mass (ΓH < 10 MeV),
and thus the detector resolution on the Higgs mass is significantly larger than the natural
width of the Higgs boson [127]. M(H) and M(Z) denote the nominal Higgs and Z mass,
respectively. Eq. 5.4 can be modified for various final-state hypotheses. In the lepton and
neutrino channel jets are combined to the two Higgs bosons by using a light constraint
on the Higgs masses as |M j j − 125 GeV| < 80 GeV. In the hadron channel flavour-tag
information are necessary to find the correct jet pairs.

5.2.2 Challenges in Higgs Mass Reconstruction

Compared to neutrinos and leptons, the precise reconstruction of the primary quarks by
measuring jet four-momenta is limited. The primary quarks fragment into quark-antiquark
pairs and gluons. These fragments share the initial four-momentum of the quarks. This
process is called parton showering. The fragments tend to move collinear to the direc-
tion of the initial quark. Shower fragments following a particular direction are known
as jet. Due to the colour confining nature of QCD, the fragments form colour singlet
hadrons. This is known as hadronisation. The average number of hadrons in a jet in-
creases logarithmically with the energy of the initial quark. Moreover, quarks can emit
gluons. Gluons produce additional jets which have different characteristics compared to
the jets initiated by a quark. At higher energies, a gluon-initiated jet is broader than a
quark-initiated jet. Additionally, gluon jets contain hadrons with higher multiplicity than
that of quark-induced jets. Aspects limiting the reconstruction of quarks were listed in
sec. 4.1.1. Mis-clustering and the wrong jet pairings are two aspects degrading the mass
resolution. Possible semi-leptonic decays of b and cascade c quarks also lead to wrongly
reconstructed jet four-momenta. Moreover, since the ZHH events are produced close
to energy threshold at 500 GeV, the jets are less collimated and a significant overlap is
present. While in both the lepton and neutrino channel only four jets need to be combined
to form the two Higgs bosons, the hadron channel ZHH → qqbbbb is very challenging
with its six-jet environment. There are 45 possible combinations to form the signal final
state of ZHH. It is challenging to find the correct pairing, since many jet-pair combina-
tions obtain small χ2. In this channel, jet pairing is prone to errors due to combinatorics.
The mis-identification of the correct jet permutation is rather high for two permutations
with very small differences in their χ2 value. Therefore, in the hadron channel a b-tag
requirement is used to support the jet pairing by choosing the permutation with smallest
χ2 (eq. 5.4). A detailed discussion is given in chapter 8.
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5.2.3 Final Selection

The number of background events is significantly reduced in the preselection. However,
the background in each channel is still three orders of magnitude larger than the sig-
nal. The main idea of the final selection is the usage of multivariate analysis techniques
(MVA) as implemented in TMVA [176]. MVAs take into account the correlations between
variables used for the event selection which is also the main advantage over cut-based
strategies. Various classifiers are available. Detailed information can be found in [176].
The best MVA classifier is evaluated by testing different algorithms. The training algo-
rithm creates a mapping function which is used to calculate whether an event is signal-like
or background-like. Statistically independent event samples of known processes are re-
quired for training and testing in order to prevent overtraining. Overtraining indicates that
the output classifier is sensitive to statistical fluctuations of the training sample. This is
often the case for limited statistics. The statistical fluctuations can lead to an overesti-
mation of the discriminative power between signal and backgrounds. The best classifica-
tion techniques are boosted decision trees (BDT) [177,178] and artificial neural networks
(MLP) [176]. However, in TMVA the training time of BDTs is an order of magnitude
shorter than for neural nets. Decision trees with gradient boosts (BDTG) are also less sen-
sitive to overtraining. Moreover, compared to neural nets, decision trees are insensitive to
the amount of input variables and poorly discriminating variables. While neural nets have
difficulties to deal with such variables, BDTs ignore non-discriminating variables [176].

In the analysis, several MVAs are trained for the dominant backgrounds after preselection.
Also considering the limited statistics, training just one MVA for the entire background
in each signal channel would degrade the performance of the MVA classifier, since the
strongest impact during training would be given by the largest background process. Con-
sequently, since the various background types have very different event topologies and
different weights, separate MVAs are trained to suppress the dominant backgrounds. The
MVAs are trained sequentially, which means that the foregoing cuts of the event selection
are considered in training. This also includes cuts on previous MVA outputs. In [108]
MLPs are used. However, in this thesis various MVA techniques have been evaluated and
optimised to see if the background suppression can be improved. The use of BDTGs in-
stead of MLPs results in a relative improvement of the signal significance by 10% in the
lepton channel and by 5% in the neutrino channel. In the hadron channel both classifiers
give similar results. The input variables for MVA training are optimised in this thesis. A
detailed discussion is given in chapter 8. Before MVA training, precuts on specific signal
channel properties are applied to reduce the backgrounds and be more sensitive to the
signal. The cuts on the BDTG outputs are optimised with respect to the maximum signal
significance σ = s

√
s+b

in the final selection. Since each BDTG is trained for one back-
ground type respectively, optimising the optimal cut values suggested in training could
suppress other background types. For BDTG training additional statistically independent
data samples for signal and backgrounds are used. The weights for the different processes
are normalised to the corresponding cross sections and beam polarisation.
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Lepton Channel

After preselection the dominant backgrounds are: (1) ZZ → llbb, (2) semi-leptonic back-
grounds lνbbqq, and (3) the background processes ZZH and ZZZ. For each of the three
background types an MVA is trained. In the event selection, the events are divided into
electron-type and muon-type events. The MVAs are trained by using kinematic vari-
ables. However, due to the limited statistics combined MVAs are trained since the used
input variables are of similar shapes for both lepton-type events, since final-state radiation
(FSR) is recovered in the events. Nevertheless, training three MVAs for the electron-type
and muon-type events respectively, could improve the event selection. More statistics
would be needed. Additional precuts on the boson masses and missing transverse mo-
mentum are applied in [108] before training to be more sensitive to the signal. At the
end of the event selection, the application of flavour-tag information is evaluated to select
ZHH → llbbbb events after the background suppression via MVA. A detailed discussion
is given in chapter 8.

Neutrino Channel

In the neutrino channel, missing energy consistent with the Z mass is carried away by
neutrinos. Missing energy and missing transverse momentum requirements are applied,
which especially concern fully-hadronic backgrounds after the preselection. In the signal
missing transverse momentum can occur from semi-leptonic decays in the jets and Z →
νν, while missing energy is also carried away by ISR. Backgrounds with only two b jets
are suppressed with additional cuts on the Higgs masses and the invariant mass of all
PFOs, which should be equal to the mass of the two Higgs bosons in case of the signal.
After these precuts, the dominant backgrounds are given by bbbb, lνqqbb and ννbbbb. For
the three background categories separate MVAs are trained. Flavour-tag information are
used at the end of the event selection of select the desired ννbbbb final states.

Hadron Channel

After preselection in the hadron channel, which includes an isolated lepton veto and
flavour-tag requirement in the jet pairing, additional precuts are applied to reduce the
large number of background events before MVA training. MVAs are trained for bbbb,
and for the full-hadronic backgrounds bbqqqq (q , b) and qqbbbb. In the final selection,
all events are separated into two categories, called “bbHH dominant” and “light qqHH
dominant”, according to the flavour tag of the two jets from the Z-boson decay. The sum
of b likeliness of the two jets assigned to the Z is illustrated in fig. 5.5. The b likeliness is
shown for true bbHH and qqHH events, as well as true HH → bbbb events. At large b-tag
values the events are well-reproduced. At small b-tag values, the true bbHH and bbbbbb
events show different distributions. This is due to the jet-pairing requirement and will be
discussed in chapter 8. We have investigated that by optimising and performing the event
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Figure 5.5: The combined flavour tag btagZ of the two jets which are assigned to the
Z-boson decay in the qqHH channel. The γγ overlay is not included.

selection without such a separation of qqHH into two categories, the signal significance
is degraded by 10% compared to the evaluation of the two separate categories. There-
fore, this strategy [108] is also adapted in this study using the threshold btagZ > 0.54
for “bbHH dominant” and btagZ < 0.54 for “light qqHH dominant”. This threshold
reproduces the events most precisely.

Similar to the lepton channel, the kinematic distributions look similar for both categories.
Due to limited statistics, combined MVAs are trained. While the selection cut on the first
MVA output (bbbb) should not differ for both categories, the cuts on the second (bbqqqq)
and third (qqbbbb) MVA output are slightly adjusted and optimised for the different cat-
egories. Training separate MVAs could enhance the signal selection. However, larger
statistics would be needed (chapter 8). Since this channel gives the largest contribution to
the overall ZHH events, optimising this mode is very important.

The event selection and MVA training for the three channels is discussed in chapter 8. Af-
ter the event selection the combined ZHH significance is determined, indicating whether
double Higgs production can be observed at the ILC at

√
s = 500 GeV using ZHH events.

Additionally, the ZHH cross section is extracted, which gives information on the achiev-
able precision of the Higgs self-coupling measurement.

5.3 Standard Analysis Tools

Most of the analyses of multi-jet final states apply jet-clustering algorithms and flavour-
tagging tools as it is the case for double Higgs-strahlung events. As indicated in the
foregoing, the resulting information are necessary to reconstruct the final states. Various
analysis tools are included in MarlinReco [173], e. g. processors for lepton finding, jet
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Figure 5.6: Schematic sketch of the Durham jet-clustering algorithm. Two (pseudo)
particles i and j having the smallest angular distance θi j and energy min(E2
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clustered into a new pseudo particle k.

clustering, or kinematic fitting. Such processors can be easily extended and new proces-
sors can be build independently and included to the analysis. The standard analysis tools,
which are basically used in ILC physics studies and in the Higgs self-coupling analysis,
are described in the following. This includes the standard jet-clustering and γγ overlay
removal algorithm, and the flavour-tagging procedure.

5.3.1 Jet Clustering

In the event selection, reconstructed particles are clustered into jets using the Durham al-
gorithm [179, 180], the description of which is based on [180]. Next to the Durham algo-
rithm, there are various jet-clustering algorithms available for physics analyses. Durham
is the most frequently used algorithm. In this analysis non-standard algorithms for e+e−

studies play a role in context of the γγ-overlay removal (sec. 6.2) and will be described
in the next section. The Durham algorithm is based on the relative distance measure yi j

between two particles i and j and reads

yi j = 2min(E2
i , E

2
j )

(1 − cos θi j)
E2

CM

. (5.5)

Here, θi j denotes the angle between the particles i and j, Ei, j the energy of the respective
particle, and ECM the centre-of-mass energy of the event. The Durham algorithm evaluates
yi j for every pair of reconstructed particles. A schematic sketch is shown in fig. 5.6. The
two particles with smallest relative distance yi j are clustered to a pseudo particle k by
combining their four-momenta pµk = pµi + pµj . This recombination is called E scheme. The
Durham algorithm is an iterative process which terminates when the number of merged
pseudo particles matches the number of requested jets. Compared to the exclusive kt jet-
clustering algorithm (sec. 5.3.2) in which certain particles are clustered into beam jets
and removed from the particle list, Durham involves all particles in the clustering of the
requested number of jets. Additionally, the algorithm provides two output parameters
ym,m+1 and ym−1,m. m denotes the number of requested jets. These parameters can be
explained as follows: Starting with n particles, the iterative clustering procedure gives
n−1, n−2, n−3, . . . ,m clustered objects until the predefined number of jets m is reached.
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For instance, after iteration (n − 1) the resulting pseudo particle k is further away from a
third and now closest particle h than was the nearest of the two original particles i and j
before clustering: ykh > min(yih, y jh). Hence, the pseudo particle k which was clustered
from particles i and j, has a larger smallest distance to the now nearest particle in the next
iteration: yn−1,n > yn. Until m is reached and the jet-clustering algorithm is terminated, the
smallest distances after every iteration follow

yn−1,n < yn−2,n−1 < . . . < ym−1,m . (5.6)

Consequently, ym−1,m represents the smallest distance between the two closest jets in an
m-jet configuration. This parameter is an important measure to separate events with m-jet
topologies from events with (m − 1)-jet and (m − 2)-jet final states. ym−1,m is expected
to be large if the event is consistent with the predefined m-jet configuration. The second
output parameter ym,m+1 describes the relative distance between an object and its nearest
neighbour before merging in the last iteration step. If the event is consistent with the
predefined m-jet configuration, ym,m+1 is expected to be small. This parameter can be used
to separate m-jet final states from events with (m + 1)-jet or (m + 2)-jet topologies.

5.3.2 Standard Overlay Removal

Similar to the beam remnants in pp collisions, the overlaid γγ events (sec. 3.4.2) have
small transverse momenta. They are detected in the forward region of the detector and re-
semble jets which move along beam line. These characteristics allow to apply an overlay-
removal strategy based on the exclusive kt jet-clustering algorithms, originally developed
for hadron-collider analyses (sec. 5.3) [181, 182].

The general technique is based on exclusive jet-clustering algorithms, in which not all
reconstructed particles in an event are assigned to hard final-state jets but also to two
additional very forward jets. The particles in these so-called beam jets get removed from
the reconstructed particle collection. The exclusive kt jet-clustering algorithm, which is
included in FastJet [183] in ILCSoft, is applied to unselect the overlaid particles. The
exclusive kt algorithm is based on two distance measures [184]

1. the distance di j between each pair of particles i and j defined as

di j = d ji = min(p2
ti, p2

t j) ·
∆R2

i j

R2 , (5.7)

with pti,t j denoting the transverse momentum of particle i and j with respect to beam
direction, and R representing the jet radius parameter defined as ∆R2

i j = (yi − y j)2 +

(φi − φ j)2. Here, yi and φi denote pseudo-rapidity and azimuth angle of particle i,
respectively.

2. the distance diB between every particle and the beam, which reads

diB = p2
ti . (5.8)
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In the exclusive kt algorithm the values of diB and di j for every particle i and every pair i j
are evaluated. Among both distances the smallest value is determined. If di j < diB, particle
i and j are paired to a so-called pseudo jet by combining their four-vectors pi + p j. If diB <

di j, particle i is assigned to the forward beam jets and removed from the particle list. This
procedure is iterated until the number of jet candidates is equal to the number of requested
jets N jets. Thus, N jets serves as termination threshold for the exclusive kt algorithm. After
the jet-clustering procedure we are left with two beam jets and the requested number
of hard jets. By considering only particles included in the hard jets and by discarding
the two beam jets, the bare events without overlay can be recovered. The hard jets are
decomposed back into single PFOs which are then used in the analysis. Since in this
clustering procedure we are only interested in the overlay removal, the requested number
of jets N jets can differ from the original event topology. Requesting more jets has no
impact on the reconstruction of the final-state processes later in the analysis and can be
interpreted as improving the resolution of the algorithm.

5.3.3 Vertex Finding and Flavour Tagging

Vertex finding and flavour tagging is performed using LCFIPlus [172] which is embedded
in ILCSoft and described in the following. The description is based on [172]. LCFIPlus
includes algorithms for vertex finding to reconstruct primary and secondary vertices, for
jet finding optimised for heavy-flavour jets, and for flavour tagging based on multivariate
analyses implemented in TMVA [176]. In LCFIPlus vertex finding is performed before jet
clustering and flavour tagging to prevent effects from jet-finding ambiguities, i. e. wrongly
grouped secondary vertices.

Vertex finding is part of the standard event reconstruction. However, during the overlay
removal particles are removed from the event collection, which can alter the results
of the vertex finder. As a result, vertex finding needs to be re-run. The vertex
finder is implemented as a χ2 minimiser and split into primary and secondary vertex
finding. In primary vertex finding all reconstructed particles are fitted and a global
χ2 is determined for all the tracks in the event. If a track contributes the largest
to the global value and its χ2 is larger than a predefined threshold, it is removed.
The procedure is iterated until only tracks with a χ2 below the threshold are left
over. Secondary vertex finding concerns tracks which do not arise from primary
vertices. Those tracks are paired, while certain criteria need to be fulfilled [172],
e. g. neutral particles, so-called V0 particles, which decay or convert into a pair of
charged tracks are rejected. V0 particles leave signatures which resemble b and c
quarks. Filters are applied which reconstruct and remove V0 particles, as K0

s ,Λ
0

or photon-pair conversion, from the list of particles. The identification is based on
kinematic variables of the track pairs. To identify vertices with more than two decay
products all tracks are tested if they are compatible with the vertex candidates. In
such a case the tracks are attached to the track pairs. This is repeated until no more
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tracks can be combined according to the selection criteria. To avoid using tracks in
more than one vertex the vertices are sorted with respect to the number of tracks and
their χ2 value. The first vertex is selected and the related tracks are removed from
other vertices. This procedure is iterated until no more vertex candidates remain.

Jet clustering is applied after vertex finding in LCFIPlus. This way the vertex informa-
tion are preserved in the jet-clustering stage since jet-clustering algorithms could
cluster particles from the same vertex into different jets, which would degrade the
flavour-tagging performance. The vertices are identified first and combined if the
opening angle between them is ≥ 0.2 rad. The particles of these vertices are used as
seed jets for jet clustering. The basic jet-clustering algorithm relies on the Durham
algorithm (section 5.3.1). The reconstructed jets contain all vertex information.
Hence, the design of LCFIPlus is optimised for efficient flavour tagging of jets. A
detailed description of the LCFIPlus jet finder can be found in [172].

Flavour tagging is based on a neural net approach implemented in TMVA [176], and com-
bines track and vertex information to distinguish b, c, and light jets. According
to the number of reconstructed vertices, the jets are grouped into different sets.
For each set a multivariate classifier, a so-called Boosted Decision Tree (BDT), is
trained for three flavour hypotheses: b, c, and uds. The set of input variables is
listed in [172]. The input variables are normalised with respect to the jet energy to
remove the jet energy dependence. The latter cannot be avoided due to acceptance
cuts and detector effects, which are not invariant as a function of the jet energy.
Therefore, various classifier weighting samples are provided, covering a wide range
of centre-of-mass energies. Event samples with six-jet final states are employed for
500 GeV. For each jet the routine returns a flavour-tag value between 0 and 1, cor-
responding to the flavour likeliness of the jet. For b jets we expect a peak at 1, and
a peak at 0 for jets of the other flavours. As a result flavour-tag information can be
used in the event selection of physics studies.



Chapter 6

Reconstruction Improvements

In this analysis, the three different signal final states need to be reconstructed with high
efficiencies. As discussed in the previous chapter, the analysis strategy provides several
starting points for improvements. In the context of this thesis, three crucial analysis steps
are investigated and optimised:

1. The selection of isolated leptons requires high efficiencies and purities to suppress
large background contributions and keep as much signal events as possible. De-
pending on the signal channel, events with isolated leptons are selected or rejected.
A neural net based strategy is developed and discussed in sec. 6.1.

2. The γγ overlay (sec. 3.4.2) needs to be identified and removed from the recon-
structed particle list to recover the bare events. So far the γγ overlay has not been
included in previous Higgs self-coupling analyses. In sec. 6.2 the standard DBD
removal is studied and optimised to investigate the impact on the analysis.

3. Jets are paired to form the bosons of signal and background processes. Miscluster-
ing and wrong jet pairings degrade the mass resolution. Tools to improve invariant
mass resolutions are kinematic fits which take a leading role in this thesis. The
concept of kinematic fits is introduced in sec. 6.3. Analysis applications are studied
using default settings of MarlinKinfit [185] and are discussed in sec. 6.4 and 6.5.

6.1 Isolated Lepton Tagging

In the following, the isolated lepton selection is described in context of llHH. In this
channel events are selected which contain an isolated lepton pair consistent with MZ.

DBD Isolated Lepton Selection

The isolated lepton identification used in [108] is a cut-based method which is mainly
based on the energy distributions in the calorimeters. Electrons deposit almost their entire

85
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Figure 6.1: Schematic sketch of a defined cone around the direction of a reconstructed
particle with momentum ~P. The cone angle is denoted by θ.

energy in the ECAL, whereas muons deposit just a small fraction of their energy in the
ECAL and HCAL. Opposed to this, charged hadrons shower in the HCAL.

There are four main contaminations [108]: (1) Semi-leptonic decays from b and c quarks,
i. e. b→ clν and c→ slν. (2) Semi-leptonic W decays in case of H → WW. (3) Charged
pions π± which interact in the ECAL and produce π0 → γγ. They shower in the ECAL
and resemble electrons. (4) High-energetic π± which do not shower in the HCAL and
reach the yoke. These pions can be mis-identified as muons.

Compared to isolated prompt leptons, mis-identified particles in (1) - (3) have generally
smaller momenta and more particles around them from parton showering and fragmen-
tation. To reduce mis-identification, information on the impact parameters d0 and z0 are
used to constrain leptons to the primary vertex. Additionally, a so-called cone energy is
defined. A cone with an angle θ is defined around the momentum of each particle and the
energies of the particles inside the cone are summed up (fig. 6.1). Here, cos(θ) = 0.98.
Further discrimination is achieved by using the total momentum P and the yoke energy.
The applied cuts for the isolated electron and muon selection can be found in [108].

Optimised Isolated Lepton Selection

A new strategy is developed which is based on neural net training of a multivariate classi-
fier (MVA). The so-called IsolatedLeptonTaggerwas initially developed for the Higgs
self-coupling analysis (ZHHll4JLeptonSelectionProcessor), but can be modified to
either reject events with isolated leptons or select events with one or more isolated leptons.
Using samples with two isolated leptons in the final state, i. e. e+e−HH and µ+µ−HH, neu-
ral nets were trained against full hadronic bbbb background samples. For the selection of
one isolated lepton, lνbbqq samples are used and trained against bbbb events. The sam-
ples were generated for

√
s = 500 GeV and include the γγ overlay. Neural nets were

trained separately for electron-type and muon-type events. The respective weight files are
available for analysis processors. The input variables are shown in fig. 6.2 for electron
and in fig. 6.3 for muon classification. Both MVAs share following input variables:

• Cone energy: if charged (neutral) PFOs are considered, it is called charged (neutral)
cone energy. It is expected to be large for mis-identified PFOs as isolated e±/µ±.
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Figure 6.2: Input variables for electron-type events. Description can be found in the text.

• Energy ratio E/(E + Econe): a cone around the direction of a reconstructed particle
is defined and the energies are summed up. Since isolated leptons have a small cone
energy, the energy ratio is close to 1.

• Total momentum: mis-identified leptons generally have smaller momenta com-
pared to isolated prompt leptons. Therefore, the total momentum is taken into ac-
count.

• Impact parameters d0 and z0: the isolated leptons from the Z boson are expected
to originate from a primary vertex.

• Cone angle cos(θlarge
cone ): in this case, the cone angle is defined as cos(θlarge

cone ) = 0.95,
to take into account the size of the jets. The cos(θlarge

cone ) of every PFO is evaluated.
Since mis-identified leptons can be part of jets, their cosine of the larger cone angle
is expected to be larger compared to isolated leptons.
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Figure 6.3: Input variables for muon-type events. Description can be found in the text..

The only difference in input variables for electron-type and muon-type events are the
following:

• For electrons: the ratio of the energy in the ECAL and the total calorimeter energy
EECAL/Etot

CAL, and the ratio between the total calorimeter energy and the momentum
Etot

CAL/P. Both distributions are expected to give larger values for isolated leptons.

• For muons: the total calorimeter energy Etot
CAL = EECAL + EHCAL, and the yoke

energy. The latter is expected to be larger for isolated muons.

The neural nets are trained – and tested in the analysis – for charged PFOs which fulfil
similar requirements as the DBD selection strategy. The neural net is trained for electrons
which satisfy 0.5 < Etot

CAL/P < 1.3, P > 5 GeV, EECAL/Etot
CAL > 0.9, and which are

constrained to the primary vertex by using information on d0 and z0. Muons are selected
if they satisfy Etot

CAL/P < 0.3, P > 5 GeV, Eyoke > 1.2 GeV, and if they originate from the
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Figure 6.4: Neural net output for the electron-type (left) and the muon-type (right). Par-
ticles are selected as isolated electrons if they fulfil MVA > 0.5 and as isolated muons if
they satisfy MVA > 0.7. The neural net output can be written into a particle collection.
The distribution can be read out in the analysis and optimised in the final selection.

primary vertex, also using d0 and z0. The classifier output is used for the isolated lepton
selection. Additionally, the neural net output can be written into a particle collection and
used for particle selection.

Only charged reconstructed particles, which pass the previously listed selection cuts, are
tested with the corresponding weights. These lepton candidates receive an MVA classifier
value. Particles are selected as isolated lepton if they pass a selection cut on the MVA
classifier output as shown in fig. 6.4. Isolated electrons with MVA > 0.5 and isolated
muons with MVA > 0.7 are selected.

The selection efficiencies of the cut-based DBD strategy [108] and the optimised neural-
net based strategy are listed in tab. 6.1. Compared to the DBD strategy the optimised
strategy achieves an improved isolated lepton selection. The signal selection efficiency is
slightly increased and the suppression of the hadronic and the semi-leptonic backgrounds
is significantly improved. For the same signal efficiency, the background suppression is
enhanced by a factor of 10.

In the llHH channel, events are selected with an isolated lepton pair of opposite charge,
which is consistent with the Z mass. The MVA outputs of the two selected leptons are
sorted by size. This results in a larger and smaller MVA value. The signal is expected to

efficiency (%) eeHH µµHH bbbb eνbbqq µνbbqq

DBD selection 85.7 88.4 2.8 · 10−2 1.44 0.10
optimised strategy 87.0 89.1 1.7 · 10−3 0.32 0.02

Table 6.1: Efficiencies of the isolated lepton selection strategy in [108] and the optimised
neural net based strategy. The background suppression is improved by a factor of 10 for
the same signal efficiency.
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have two isolated leptons and thus two large MVA values, while background processes as
lνbbqq, which survive the isolated lepton selection, are expected to have one large and one
small MVA value. These MVA outputs are written as parameters to a lepton collection.
Since mvalarge and mvasmall are useful for the background suppression, they can be read
out in the analysis and optimised in the final selection.

6.2 Optimised Overlay Removal

The effects of the γγ overlay (sec. 3.4.2) have not been considered in previous Higgs self-
coupling studies. However, the effect of this background on the analysis is investigated in
this thesis. The overlaid γγ → low-pT hadrons events need to be identified and removed
from the reconstructed particle list to recover the original events. Then, it is possible to
investigate the impact of the overlay on the Higgs self-coupling measurement. Addition-
ally, this study gives a significant hint on whether more advanced removal strategies and
more sophisticated tools are needed which include a precise modelling of low-pT γγ →

hadrons background and exploit the full power of high granularity detectors.

Removal Strategy

The exclusive kt clustering algorithm (sec. 5.3) is included in FastJet [183] in ILCSoft.
It allows to request a fixed number of jets N jets and R parameters of R ≤ π/2. N jets can
differ from the original event topology since hard gluon radiation can cause additional
jets. To achieve an optimised overlay removal, the most efficient combination of both
parameters is evaluated. This is done by comparing Higgs mass distributions after the
overlay removal to the ideal case without γγ overlay. Generally, to compare the distri-
butions after overlay removal to the ideal Higgs mass, MC truth information are used to
remove the overlaid particles from the events. In figure 6.5 the Higgs mass distributions
of ZHH → llbb̄bb̄ events for different R parameters are shown for N jets = 4 (left) and
N jets = 6 (right), respectively. These two N jets configurations are chosen since N jets = 4
represents the llHH final state hypothesis and larger N jets can be interpreted as improv-
ing the resolution of the algorithm. The figures already indicate that better results can be
achieved with N jets = 6.

Removal Performance

Fig. 6.5 indicates that better results can be achieved by requesting a larger number of jets
N jets. This is verified by investigating the overlay removal performance for different N jets

and R parameter combinations in an evaluation of

1. the reconstructed energy efficiency E f j/Enoovl after overlay removal, which is de-
fined by the total energy E f j of the four Durham jets after overlay removal divided
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Figure 6.5: Exemplary Higgs mass distributions for different R parameters for N jets = 4
(left) and N jets = 6 (right) for ZHH → llbbbb. The overlay removal has to be optimised
to recover the bare events most precisely.

by the total energy Enoovl of the four Durham jets without overlay.

2. a shape comparison of the Higgs mass distributions after overlay removal to the
result without overlay. Therefore, a χ2 test is performed.

The corresponding performance plots are illustrated in fig. 6.6 for N jets = 4 and N jets = 6,
respectively. The respective results of both performance tests are listed in tab. 6.2. It is
evident, that the choice of N jets influences the performance of the overlay removal. The
increase of efficiency slows down to larger R parameters in both cases. R parameters < 1.0
can be excluded. For N jets = 6 larger efficiencies and smaller uncertainties are obtained
over the entire range of R parameters compared to N jets = 4.
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Figure 6.6: Performance plots of the overlay removal using exclusive kt jet clustering.
Left: reconstructed energy efficiency for different R parameters. Right: χ2 for different
R parameters. The corresponding results are listed in table 6.2.
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energy efficiency

R N jets = 6 N jets = 4

0.8 0.960 ± 0.043 0.920 ± 0.075
0.9 0.968 ± 0.039 0.931 ± 0.072
1.0 0.973 ± 0.035 0.941 ± 0.072
1.1 0.977 ± 0.033 0.949 ± 0.061
1.2 0.979 ± 0.030 0.956 ± 0.061
1.3 0.982 ± 0.028 0.961 ± 0.058
1.4 0.983 ± 0.027 0.965 ± 0.055

1.57 0.984 ± 0.026 0.968 ± 0.053

χ2/nd f

R N jets = 6 N jets = 4

0.8 9.255 26.064
0.9 4.958 18.147
1.0 2.699 12.188
1.1 1.432 8.267
1.2 0.953 5.654
1.3 0.943 3.697
1.4 1.309 2.797

1.57 1.972 2.539

Table 6.2: Performance tests for N jets = 4 and N jets = 6. Left: reconstructed energy efficiency for
different R parameters. Right: χ2 of the χ2 test for different R parameters.

To evaluate an optimised R parameter, a χ2 test is performed. For N jets = 6 overall better
χ2 values can be achieved over the entire range of R parameters. Focussing on R ≥ 1.0, the
smallest χ2 is obtained at R = 1.3. Taking into account the results of the energy efficiency
test, at the respective R parameter the efficiency reads 98.2% for N jets = 6. Consequently,
an optimised overlay removal is achieved most efficiently for N jets = 6 with R = 1.3. This
is consistent with the evaluated channel ννHH. The R parameter reads R = 1.3 for all
three channels. Since qqHH is a six-jet final state, N jets = 8 is requested. The effect of the
γγ overlay on the analysis is discussed in chapter 9.

6.3 Kinematic Fitting

6.3.1 Motivation

Double Higgs-strahlung events result in four- and six-jet final states. Due to the small
ZHH production cross section it is essential to reconstruct the small number of signal
events very precisely and suppress the large SM backgrounds. Since boson mass distribu-
tions play an essential role in the event selection, the jets representing the primary quarks
have to be reconstructed and finally paired to form the signal bosons. As discussed in
sec. 5.2.2, the precise reconstruction of the primary quarks by measuring jet properties is
limited due to the complicated processes of fragmentation and hadronisation. All limiting
aspects are listed in sec. 4.1.1. By exploiting the known measurement resolutions and by
imposing well-known demands on specific properties, the reconstruction of particle four-
momenta can be improved and the compatibility of an event with a specific hypothesis
can be tested. A useful tool to improve the invariant mass resolutions and enhance the
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jet-energy resolution are so-called kinematic fits. The applications of kinematic fits to the
Higgs self-coupling analysis play a central role in this thesis, since they offer several areas
of potential improvement by

• optimising the event selection of the current analysis strategy (sec. 5.2) by improv-
ing boson mass resolutions of the signal and background processes. In the current
analysis strategy mass distributions are used as input variables for neural net train-
ing. Especially in the suppression of backgrounds with the same final state particles
as the signal, the discriminative power of the neural net outputs is very important.
Such background processes are given by ZZH/Z.

• changing the analysis strategy by introducing new variables obtained from the kine-
matic fit as input to neural nets or as simple cut. Different fit hypotheses are evalu-
ated with respect to their discriminative power between signal and background.

• improving the jet-boson assignment which influences the correct jet pairing. This
was investigated in [84]. It was shown that by combining two fit hypotheses, or
the fitted four-momenta with the jet pairing used in the current analysis strategy
(eq. 5.4), boson mass distributions can be improved. The results in [84] are used in
the investigation of kinematic fits in this analysis.

Kinematic fits take into account measurement resolutions and so-called constraints, which
generally represent known properties of the event. These are formed by conservation of
energy, momentum, and the masses of the initial particles. A complete set of imposed
constraints is called fit hypothesis. In general, the measured parameters are subject to
measurement errors, and therefore do not fulfil all constraints exactly. The kinematic
fit varies the measured quantities under the condition that the imposed constraints are
fulfilled, taking into account the allowed uncertainties. How much a measured parameter
is allowed to vary depends on the measurement errors. Per definition, the results of the fit
satisfy all applied constraints, e. g. by requiring energy conservation the energy balance
after kinematic fitting is exactly 0. These constraints are ineffective as selection variable
in an event selection.

At the ILC, the mass reconstruction relies on the realisation of the particle flow concept
and the achievable jet-energy resolution, as discussed in chapter 4. However, particle flow
does not consider effects from mis-clustering of jets, ISR and beamstrahlung, or missing
energy from semi-leptonic decays. However, these effects can be implemented into kine-
matic fits. The combined use of particle flow and kinematic fitting can help to improve
the reconstruction of particle four-vectors at the ILC. In this study MarlinKinfit [185]
is used for kinematic fitting, which is available within Marlin [171] in ILCSoft. The
general concepts of kinematic fitting and methods of evaluating the fit performance are
described following the detailed description in [185]. Hereafter, the applications of kine-
matic fits to the analysis are discussed.
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6.3.2 General Concept and Working Principle

The kinematic fitting procedure is an iterative process, which is based on the Principle of
the Least-Squares and the method of Lagrange Multipliers [186], minimising the variable
χ2

T with respect to the applied constraints and measurement resolutions. χ2
T reads

χ2
T = χ2(η, a) +

K∑
k=1

λk · fk(η, ξ) +

L∑
l=1

χ2
l (η, ξ) . (6.1)

The first term represent the usual χ2, which describes the deviation between the measured
and fitted quantities as

χ2(η, a) = (η − a)TC(η)−1(η − a) , (6.2)

with η representing the vector of measured observables, e. g. containing the energy E
and the angles θ and φ of the detected objects. a denotes the vector of the fitted quan-
tities, which is the initial guess in the iteration procedure. The energy E, the transverse
momentum pT , and the angles θ and φ of jets and leptons can be measured with finite
resolution. As required by the fit, the corresponding errors are described by Gaussian
functions. Therefore, these variables represent candidates for specific parameterisations
of measured objects. In equation 6.2, C(η)−1 represents the covariance matrix which con-
tains the estimated measurement errors and possible correlations.

The constraints are described by the second and third term of equation 6.1, allowing the
consideration of unmeasured parameters, like neutrinos. λk represents Lagrange multipli-
ers and fk(η, ξ) k functions of hard constraints, which impose an exact requirement on the
reconstructed events, i. e. energy conservation. Here, ξ gives a set of J unmeasured quan-
tities, i. e. (px, py, pz) of a neutrino. Each unmeasured variable consumes one degree of
freedom ν. Since a neutrino for example stays undetected, a number of parameters remain
unmeasured and must be calculated from the measured parameters by using some of the
constraints. The unmeasured momentum of the neutrino follows from three-momentum
conservation. The number of degrees of freedom ν of the fit is defined as

ν = Nm − N f + n , (6.3)

where Nm is the number of measured parameters and N f the number of fitted parameters.
Here, n is defined as n = K−J, with K representing the total number of applied constraints.
Depending on K and J the fit is called nC fit, e. g. a fit with energy and three-momentum
conservation is a so-called 4C fit.

A mass constraint taking into account the natural width of a particle represents a so-called
soft constraint. These soft constraints do not impose a precise requirement on the recon-
structed event and are described by χ2

l (η, ξ). This term vanishes if the soft constraints are
fulfilled. The χ2 minimisation with respect to the parameter sets yields the best estimates
for the parameters when

∂χ2
T

∂ηi, ξ j
= 0 , (6.4)
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16 KAPITEL 2. GRUNDLAGEN

Die Bedingung r�2
T = 0 enthält M + K einzelne Gleichungen, mit de-

nen man M + N Parameter bestimmen möchte. Für N < K kann man
also ein überbestimmtes Gleichungssystem formulieren, das gerade der oben
erwähnten redundanten Information entspricht. Die Anzahl der Freiheitsgra-
de K + L � N , die die weichen Nebenbedingungen miteinbezieht, liefert ein
Maß für die Redundanz.

Die Lösung dieses Gleichungssystems ist i. d. R. zeit- und rechenauf-
wendig. Es gibt verschiedene Algorithmen – sogenannte Fitter –, die dies
schrittweise tun. Abbildung 2.2 illustriert die Aufgabe eines Fitters anhand
eines Beispiels mit zwei gemessenen Parametern und einer harten Nebenbe-
dingung. Weitere Details zu verschiedenen Fittern finden sich in [9].

Abbildung 2.2: Aufgabe eines Fitters: Ausgangspunkt für die Parameter ⌘1, ⌘2

sind i. d. R. die Messwerte a1, a2. Dort ist �2 = 0, aber die Nebenbedingung
ist nicht erfüllt. Von dort aus soll sich der Fitter schrittweise der Lösung zu
nähern. Dies ist der Punkt mit dem kleinsten �2, für das die Nebenbedin-
gung erfüllt ist. Die Vorlage für diese Abbildung wurde freundlicherweise von
Benno List zur Verfügung gestellt.

Fasst man das �2
T als Maß dafür auf, wie gut eine Fithypothese zu den

Messwerten passt, lassen sich kinematische Fits auch zum Test verschiedener
Fithypothesen nutzen: Man fittet alle in Frage kommenden Hypothesen und
akzeptiert diejenige mit dem kleinsten �2

T .

Solution

Constraint
contours

Starting
point

χ2 contours

Figure 6.7: Working principle of the fit engine. The fit varies the measured parame-
ters iteratively, approaching a solution for the smallest χ2. The latter is reached at the
intersection point of the constraint and χ2 contours. Figure taken from [187].

which at the same time satisfy the equation of constraints as

∂χ2
T

∂λk
= fk(η, ξ) = 0 . (6.5)

The difference between the measured and fitted values is expected to be small if an event
fulfils the applied fit hypothesis. In this case, χ2 is in the order of ν. A soft constraint adds
0.5C to the fit.

In terms of software, in the fitting procedure the system of equations is solved by a so-
called fit engine. In MarlinKinfit, three fitting algorithms are available in different fit
engines: OpalFitter, NewFitter and NewtonFitter. The latter is used in the analysis.
Details can be found in [185]. The general working principle of the fit engine is illustrated
in fig. 6.7. This example includes one hard constraint and two parameters. The fitting
procedure starts with the measured values a1 and a2 at the starting point χ2 = 0. In each
iteration the parameters are varied, slowly approaching the solution with the smallest χ2.
At the intersection point of the χ2 contour and the constraint contour the fit obtains a
solution. As input, the fit engine uses information about the so-called fit objects and the
applied constraints. Neutrinos, jets, or leptons are treated as fit objects, which contain
information about measured parameters and their parametrisation before and after the
fit, including the respective covariance matrices. According to the explanations in the
foregoing, the fit objects are parametrised by a specific set of quantities. The fit objects
are described in the following and are summarised in table 6.3.

Lepton Fit Object Leptons are treated as one measured object and are parametrised by
(1/pT , θ, φ). The transverse momentum pT can be measured very precisely by the
tracking system. The ILD detector provides excellent tracking systems which are
designed to reach the asymptotic momentum resolution σ1/pT = 2 × 10−5 GeV−1
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fit object parameters mass property

hadronic jets (E, θ, φ) m 3×measured
leptons (1/pT , θ, φ) m 3×measured

neutrinos (px, py, pz) 0 3× unmeasured
Zinvisible (px, py, pz) 91.18 GeV 3× unmeasured

ISR photon pz 0 1× pseudo-measured

Table 6.3: Parametrisation for different fit objects. The mass of hadronic jets is non-vanishing and
chosen as constant. For the purpose of this analysis, the Zinvisible fit object was developed. It
allows to treat Z → νν̄ decays in final states.

(sec. 4.1) [130]. In contrast to muons, electrons can also be parametrised by the en-
ergy measured in the calorimeter instead of using 1/pT , since electrons and photons
from final-state radiation and bremsstrahlung are both measured in the calorimeter
and combined with the measured momentum in the tracking system.

Jet Fit Object Hadronic jets are parametrised by (E, θ, φ) and with non-vanishing mass
m. Here, θ and φ represent the polar and azimuth angle, respectively. Invariant mass
resolutions are dominated by the jet energies rather than the jet angles. Therefore, in
this analysis we take the angular resolutions as constant in the fit. For a successful
fit performance the jet-energy resolution σE is crucial, since σE enters the fit in the
covariance matrix C−1. At the ILC, considering a superb particle flow performance,
the ideal resolution reads 30%/

√
E for 100 GeV jets (sec. 4.1) [130]. However, in

reality several aspects degrade the particle flow performance which have not been
included in the evaluation of the energy resolution goal (sec. 4.3.4). It does not
account for mis-clustering of jets, or missing energy from semi-leptonic decays.
Neutrinos from semi-leptonic decays of b quarks and to a lesser degree c quarks can
carry away a certain amount of energy which adds to the measurement uncertainties
of the reconstructed b jets. Consequently, for such events momentum and energy
conservation is not automatically fulfilled. In [84] a detailed study of jet energy
uncertainties of ZHH → llbbbb events was performed in context of kinematic fits.
The result is used in this study and the energy resolution reads

σE

E
=

(56.8 ± 0.4)%[
√

GeV]
√

E
⊕

(330 ± 1)%[GeV]
E

. (6.6)

ZHH events are produced close to kinematic threshold at
√

s = 500 GeV. The
jets are less boosted, which results in some overlap. Combined with high jet multi-
plicities, the invariant mass resolution is dominated by jet-finding ambiguities rather
than the jet-energy resolution. Therefore, at smaller energies the resulting jet-energy
resolution worsens quickly. This is taken into account by the second term in eq. 6.6.
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Neutrino Fit Object Neutrinos stay undetected and their properties remain unmeasured.
The neutrino fit object adds three unmeasured parameters to the fit (px, py, pz), each
of which consumes one constraint. In case of one neutrino in the parton-level final
state, its three-momentum can be derived from three-momentum conservation.

Zinvisible Fit Object The neutrino channel includes missing energy from Z → νν̄. Ap-
parently, introducing two neutrino fit objects to the fit, which are constrained to
the Z-boson mass, seems to be the most simple way to treat missing energy from
Z-boson decays in the fit. However, two neutrino fit objects introduce six unmea-
sured parameters, which have to be compensated by at least seven constraints to
ensure that the fit is not trivial. To solve this issue and to be able to use kinematic
fits in every ZHH mode, the Zinvisible fit object is developed, describing Z → νν̄.
The Zinvisible fit object works similar as the neutrino fit object. Its three momen-
tum follows from three-momentum conservation in an event, introducing only three
unmeasured parameters to the fit. These can be easily compensated by requiring
energy and momentum conservation, and by imposing mass constraints. While the
neutrino fit object is considered massless, the Zinvisible fit object automatically
imposes one mass constraint of Mνν = MZ to the fit.

ISR Photon Fit Object An ISR photon fit object provides treatment of ISR and beam-
strahlung photons (sec. 3.4) in the kinematic fit [187]. In this thesis, both are simply
referred to as ISR in the context of kinematic fits. The ISR photon fit object allows
to take into account a single photon which is emitted parallel to the beam along z
direction. Since these photons are very forward and backward in the detector, their
transverse momentum is fixed to px = py = 0 and they only affect energy conser-
vation and longitudinal momentum conservation pz. It is parametrised by the total
missing pz of an event, which is then converted to EIS R

γ = | − pz|. It helps to satisfy
energy and momentum conservation since small angle ISR escape through the beam
pipe. The ISR photon fit object was developed and tested successfully using u and d
jets in WW processes [187]. The parametrisation is performed in a way that events
without, with small, and with large missing energy from ISR are reconstructed cor-
rectly. After the fit, the same mass resolution was achieved for events with and
without significant ISR [187]. In this analysis, ISR recognition can be much more
challenging due to additional missing four-momentum from semi-leptonic decays
of the b quarks from the Higgs bosons. It needs to be tested whether it still works
properly. Additionally, the application of the ISR photon fit object in combination
with the Zinvisible fit object has to be evaluated, since it compensates the presence
of the neutrinos from the Z decay.
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6.3.3 Fit Performance Measures

Goodness of Fit χ2 and Fit Probability P(χ2)

The goodness of fit is given by χ2, which implies that the result of the minimisation gives
a quantitative measure of the overall agreement between fitted and measured objects. The
probability density function of χ2 for ν degrees of freedom is given by [188]

f (χ2; ν) =
2−

ν
2

Γ( ν2 )
(χ2)( ν2−1) exp(−

χ2

2
) . (6.7)

If all measurement errors are estimated properly and no systematic errors are present we
expect a mean χ2 equal to ν, which concludes that the events are well described by the
chosen uncertainties and constraints. ν has large impact on the shape of the χ2 distribution.
For small ν, the χ2 distribution is highly skewed. The χ2 distribution becomes more
symmetric for increasing ν, before finally approaching a Gaussian shape for large ν. If
the events do not fulfil the requirements imposed by the fit, the χ2 distribution deviates
from these expectations and obtains a peak at higher or lower values. χ2 can be converted
into the so-called fit probability P(χ2) as follows [188]

P(χ2) =

∞∫
χ2

f (χ′ 2; ν) dχ′ 2 = 1 − F(χ2; ν) , (6.8)

where F(χ2; ν) denotes the cumulative χ2 distribution for a certain ν. P(χ2) represents the
probability for obtaining a χ′ 2 which is larger than χ2 in a new minimisation with similar
measurements and the same model. Eq. 6.8 indicates that P(χ2) is distributed between
0 and 1. Large values of χ2 correspond to small P(χ2), while small χ2 correspond to
large P(χ2). Any deviation of P(χ2) from a uniform distribution indicates that either the
measurements or the fit hypothesis are incorrect.

Moreover, P(χ2) gives information on whether the estimation of the measurement errors
is correct. A correct error estimation is important since the measurement resolutions enter
the fit in the covariance matrix C−1. In the fit, the definition of χ2 always assumes that
the measured parameters and the corresponding errors are Gaussian distributed. However,
this does not automatically indicate that they are well described. Figure 6.8 illustrates
the importance of precisely estimated uncertainties for the fit performance. A schematic
sketch of the behaviour of various χ2 and the corresponding P(χ2) distributions for three
different types of events is shown. Here, the sketch corresponds to a fit with ν = 5. Events
which are Gaussian distributed and well described obtain a χ2 distribution as indicated
in green. The corresponding P(χ2) is normal distributed between 0 and 1. Compared to
events which satisfy a fit hypothesis, the χ2 distribution peaks at larger or smaller χ2 for
events which do not fulfil the fit hypothesis. This is indicated in red and blue, respectively.
The red distribution describes the case in which the errors are underestimated, resulting in
overall smaller P(χ2). Due to an underestimation of errors also those events receive small
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² χ P(χ²)0 1

Figure 6.8: Example distributions for χ2 (left) and the corresponding P(χ2) (right) for a
fit with ν = 5. The green lines correspond to a fit with well-estimated errors. The blue
line corresponds to a fit in which the errors are overestimated. The red line illustrates a
fit with underestimated uncertainties. P(χ2) for the fit with correct errors is uniformly
distributed, whereas the other two fits obtain peaks at large or small P(χ2), respectively.

fit probabilities which generally fulfil the applied fit hypothesis. If P(χ2) was used as
selection variable applying a simple cut would then reject signal events. Hence, we would
lose signal events due to an underestimation of the errors in the fit. The blue distributions
correspond to the case in which the errors are overestimated. The overall smaller χ2

results in a peak at larger P(χ2). An overestimation of the errors would affect events
which do not fulfil the fit hypothesis since these events obtain an overall larger P(χ2).
Then, background events would survive a cut on P(χ2), degrading the signal selection
efficiency. In reality there is often a peak at low P(χ2), which corresponds either to events
that are not well described by the fit hypothesis, or to the presence of systematic errors.
We strive to minimise these cases by improving the fit hypothesis description.

Pull Distributions

Although events can be well described by the applied fit hypothesis, an incorrect error
parametrisation of the measured quantities can result in biased P(χ2) distributions to either
smaller or larger P(χ2). A way to guard against this is given by pull distributions [189].
Pull distributions give a useful measure to test the reliability of the assumed uncertainties
on the measured parameters. In the kinematic fit pull distributions describe the deviation
of the fitted from the measured values normalised to the errors on the measured and fitted
quantities. In constrained fits the pull of the measured parameter x is defined as [189]

pull(x) =
xm − x f√
σ2

m − σ
2
f

. (6.9)

xm±σm denotes the measured value and its resolution before fitting, and x f ±σ f the value
and corresponding error after fitting. The determination of σ f is highly non-trivial and
was implemented in context of this thesis. A detailed calculation can be found in [190].
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0 Pull(x)

Figure 6.9: Schematic illustration of pull distributions of the variable x. The green dis-
tribution corresponds to the fit with well-estimated errors. The blue pull corresponds to
a fit with overestimated errors, whereas the red pull illustrates a fit with underestimated
uncertainties. Both are shifted from 0 and are of non-Gaussian shape.

The investigation of pulls gives an indication on whether the used input resolutions are
correct or not. A schematic sketch of pull distributions is shown in figure 6.9. If the
measurement values and uncertainties are determined precisely and no systematic errors
existed, the deviation between measured and fitted values should form a normal distri-
bution which is centred at 0 with a standard deviation σ of 1 (green). In this case, the
kinematic fit is just as probable to increase a specific value as to decrease it taking into ac-
count the used fit hypothesis. A non-Gaussian shape indicates that the measurement errors
are not normal distributed or the fit hypothesis is wrong. A shift from 0 to either positive
or negative values indicates a bias in the measured parameters, the reason of which can
be systematic errors. Likewise, a deviation of σ from 1 indicates that the uncertainties on
the measurements are either overestimated (blue) or underestimated (red). Hence, σ con-
tains information about the size of the input errors. In case of overestimated measurement
uncertainties σm the pull is too narrow, whereas an underestimation of σm results in a too
broad distribution.

6.3.4 Building of Fit Hypotheses

Next to the fit objects, the fit engine uses information on the applied constraints. The fit
objects describe the final state particles, while a set of constraints form a fit hypothesis.
The various possibilities of implementing kinematic fits in the analysis require different fit
hypotheses for each application (sec. 6.3.1). The final state and the event properties need
to be well-described by fit objects and fit hypotheses. Therefore, several fit hypotheses are
evaluated for different purposes in their application to the analysis. The lepton channel
ZHH → llbbbb is used as benchmark. The lepton mode can be described by four jet
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fit objects and two lepton fit objects. Since this mode does not have missing energy in
its initial state, it is ideal as benchmark process to study the full potential of kinematic
fits with regard to the Higgs self-coupling analysis. Later, the results are applied to all
three signal channels and evaluated individually. The different constraints which can be
combined to a fit hypothesis are described in the following, before the fit hypotheses are
discussed which are used in the analysis.

Energy and Momentum Conservation Energy and momentum conservation represent
hard constraints imposing an exact requirement on the reconstructed events as∑

i

Ei = 500 GeV , (6.10)

∑
i

~Pi = 0 . (6.11)

Soft Mass Constraints If the natural width of a particle can be resolved by the detector,
it needs to be considered in the fit. This is done by a soft mass constraint. A soft Z-
mass constraint can be imposed on Z → l−l+. The invariant mass of the two leptons
has to be equal to MZ taking into account the decay width ΓZ as

Mll = MZ ± ΓZ = (91.18 ± 2.49) GeV . (6.12)

In this case, the lepton resolutions are much better than the natural width of the Z
boson. Hence, a slight deviation from the nominal Z-boson mass would not be due
to measurement resolutions but to the natural width of the Z boson. The contribution
of the soft constraint to the total χ2

T (eq. 6.1) vanishes if the constraint is fulfilled.
The fit assumes a Gaussian shape for the invariant mass of a particle. However, the
Z-boson mass is described by a Breit-Wigner function [186]. Consequently, in the
fit the Gaussian σ needs to be expressed in terms of ΓZ: the Breit-Wigner function
drops very slowly compared to a Gaussian. Hence, it adds only small values to
the total χ2

T and does not contribute significantly to P(χ2) for events with large
differences between fitted and generated Z mass, here denoted as ∆m. A Gaussian
distribution contributes large values to the total χ2

T for events with large ∆m, thus
influencing P(χ2) more effectively. By expressing σ in terms of ΓZ, the Gaussian
describes a Breit-Wigner shape at least for events with small ∆m as

σ =
k2Γ2

Z

2 ln(4k2 + 1)
, here: k = 1.0 , (6.13)

where k represents the value of ∆m until which the Gaussian describes the Breit-
Wigner shape and both intersect. More details can be found in [191]. As a result,
events with small ∆m obtain only small contributions to χ2

T from the soft mass
constraint. For events with large ∆m, χ2

T is highly influenced by the soft constraint
due to the steep rising of the Gaussian approximation. This leads to small P(χ2) for
events in the tails of the Breit-Wigner distribution.
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Hard Mass Constraints Hard constraints can be enforced on the masses of di-jet sys-
tems. Di-jet masses are then fixed to a certain value. Applying hard mass constraints
to ZHH gives delta peaks at 125 GeV for both Higgs masses after the fit. In this
case, imposing a soft mass constraint would give the same result as the hard mass
constraint since the total width of the Higgs boson is too narrow to be resolved by
the detector.

Equal-Mass Constraint The equal-mass constraint represents a hard mass constraint
which is useful for the investigation of fitted mass distributions. The fit assumes
an averaged invariant mass for two di-jet systems. Jets are paired and fitted so that
the di-jet pairs obtain equal masses

Mi j = Mkl . (6.14)

Wrong estimated jet-energy resolutions, missing energy due to ISR or semi-leptonic
decays, or mis-clustering of jets degrade the fit performance. Fit hypotheses with
equal-mass constraints are easily affected by these limitations, e.g. in processes
with different bosons as ZZH. In this case, the equal-mass constraint usually leads
to fitted masses between the nominal Higgs and Z mass. The b quarks from the
Higgs decay can decay semi-leptonically, causing missing energy and momentum
in the jets. This, as well as detector inefficiencies can cause a mis-reconstruction of
the Higgs as a Z boson by the fit, giving a mass close to MZ. Due to this constraint,
ZZH is then reconstructed as ZZZ.

In the current analysis strategy, mass distributions play a central role since they are used
for the signal and background separation as input variables for neural net training. Espe-
cially the separation of backgrounds with the same final state particles as the signal require
large discriminative power of the neural net outputs. Such background processes are rep-
resented by ZZH and ZZZ. Large contributions are also given by tt̄ backgrounds, but not
considered for the investigation of kinematic fits. More details can be found in chapter 8.
A large variety of fit hypotheses for the signal ZHH and dominant backgrounds ZZH
and ZZZ are studied. The most promising results, which are used throughout the entire
analysis are described in the following. Commonly used in all fit hypotheses are energy
and momentum conservation. Additionally, a soft Z-mass constraint on the two isolated
leptons is imposed. Before the fit, final-state radiation and bremsstrahlung photons are
recovered to ensure an accurate Z-mass reconstruction. The main difference in the various
hypotheses relies on the treatment of the masses of the hadronically decaying bosons.

Equal-Mass Hypothesis The main application of kinematic fits is the improvement of
mass resolutions used in the event selection. Therefore, an equal-mass constraint
is imposed on the two di-jet pairs from the bosons. The fit hypothesis represents
a 5.5C fit in the lepton and hadron channel, and a 2.5C fit in the neutrino channel.
The fit hypothesis is denoted as equal-mass fit (eqm).
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Signal Hypothesis The second application is the evaluation of variables from the fit,
which can improve the event selection. Therefore, hard Higgs mass constraints
to 125 GeV are imposed on the two di-jet pairs. The fit hypothesis represents a
6.5C fit in the lepton and hadron channel, and a 3.5C fit in the neutrino channel.
The signal hypothesis is denoted as ZHH fit.

Background Hypotheses There are two fit hypotheses each of which describes one of
the dominant background processes:

• For the ZZH background process a soft Z-mass constraint is enforced on one
of the di-jet pairs and a hard Higgs mass constraint on the other one. The fit
hypothesis represents a 6C fit in the lepton and hadron channel, and a 3C fit in
the neutrino channel. The background hypothesis is denoted as ZZH fit.

• For the ZZZ background, a soft Z-mass constraint and a hard Z-mass constraint
are imposed on the jet pairs. The fit hypothesis represents a 6C fit in the lepton
and hadron channel, and a 3C fit in the neutrino channel. The background
hypothesis is denoted as ZZZ fit. The fit hypothesis helps to separate the
two background processes, since ZZH fulfils the hard Z-mass constraint and
only one of the soft Z-mass constraints. The second soft constraint adds large
contributions to the overall χ2, which results in smaller P(χ2) for ZZH events.

6.4 Fit Performance of Default Setup

The investigated signal final states, in which both Higgs bosons decay into a pair of b
quarks, can suffer from missing four-momentum from ISR and semi-leptonic decays of
the b quarks. The fit performance on ZHH → llbbbb events is investigated. Therefore,
the fit is applied to the events using the default settings of MarlinKinfit [185], which
do not automatically include ISR photon treatment. This allows to get a first impression
of the fit performance.

The quality of the fit is visible in the distribution of P(χ2), which is an important measure
to evaluate performance issues. P(χ2) obtains a uniform distribution if the errors of the
measured parameters are Gaussian distributed and the events fulfil the fit hypothesis. A
peak at smaller or larger P(χ2) results from events which are not well-described by neither
the fit hypothesis nor the measurement resolutions. Fig. 6.10 shows P(χ2) of the equal-
mass fit as a function of the total missing energy before fitting (

∑
Evis − 500 GeV). There

is a large event population at small P(χ2). These events have large missing energy, the
source of which can be semi-leptonic decays as well as ISR. The dominance of the energy
constraint is visible by the sharp edge on the left side of the distribution towards larger
missing energies, which is also impacted by the jet energy uncertainties allowed in the
fit. Since the equal-mass fit favours ZHH events, this observation indicates that the large
population at smaller P(χ2) is not caused by the wrong fit hypothesis but missing energy
in the events. Hence, missing energy degrades P(χ2) and thus the fit performance.
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Figure 6.10: Left: P(χ2
eqm) as a function of the total missing energy before fitting. Miss-

ing energy comes from ISR and semi-leptonic decays and degrades the fit performance.
Left: Jet energy pulls of the ZHH fit (orange) and the equal-mass fit (blue).

Another measure to evaluate the fit quality regarding measurement errors of fitted param-
eters are pull distributions. Since missing energy degrades the performance of P(χ2) we
focus on the energy pulls out of all measured quantities which parametrise the jets in the
kinematic fit. For ZHH events two pull distributions are shown in fig. 6.10, which corre-
spond to the equal-mass fit (blue) and the ZHH fit (orange), respectively. The energy pulls
of the four jets are added to one histogram. For both fits, the pulls are of non-Gaussian
shape, which is biased to smaller values. The broad distributions indicate that some events
are shifted stronger than others to fulfil the fit hypotheses. The shifted peak indicates that
the fitted value is generally larger than the measured value. This is due to the energy con-
servation constraint. Energy conservation is not fulfilled for events with missing energy.
If an event suffers from large missing energy, the shift in the pull is more pronounced.
Moreover, it becomes visible that the impact of different mass constraints is small. The
widths of the pulls are not a reliable measure, since the fitted Gaussians do not describe
the distributions properly and are just applied to get an estimate of the mean.

6.5 Application of Fits to the Analysis Concepts

The applications of kinematic fits to the analysis (sec. 6.3.1) are investigated using the
default settings of MarlinKinFit. ISR treatment is available but not enabled by default.
The applications of kinematic fits to the analysis concepts are introduced in the following.

6.5.1 Hypothesis Testing

One aspect of using kinematic fits in the Higgs self-coupling analysis is improving the
event selection strategy by including variables obtained from the fit, i. e. χ2 or P(χ2).
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Figure 6.11: χ2
zzh vs. χ2

zhh scatter plot obtained from kinematic fitting. ISR is not treated
in the fit. A promising separation of signal and background events can be observed. This
distribution represents a valuable variable for the event selection as input for neural net
training. First investigations indicate a relative improvement of 20% in llHH.

Promising results are achieved with the ZHH fit and the ZZH fit. The ZHH fit hypothesis
has discriminating power between signal and backgrounds. Since the hard Higgs mass
constraints need to be fulfilled exactly by the events, ZZH and ZZZ events do not satisfy
the fit hypothesis. The ZZH fit hypothesis offers a good separation between signal and
backgrounds to large P(χ2). The ZHH events fulfil the hard Higgs mass constraint, but
not the soft Z-mass constraint on the second jet pair. Therefore, ZHH events receive
large contributions to χ2 from the soft mass constraint which leads to small P(χ2). In
figure 6.11, a scatter plot of the corresponding χ2 distributions of both fit hypotheses is
shown. A very clear separation of signal and backgrounds can be achieved. Signal events
obtain smaller χ2 values and thus larger P(χ2) for the ZHH fit hypothesis. For the ZZH
fit, the χ2 values of the signal are larger and thus indicating smaller P(χ2). As expected,
ZZH events show the opposite behaviour for the respective fit hypotheses. This results
in the very clear separation of the events. First investigations show that by adding this
distribution as input variable to the respective neural net (sec. 5.2) a relative improvement
in the lepton channel of 20% can be obtained compared to the current analysis strategy.
The impact on the event selection in the Higgs self-coupling analysis is discussed in detail
in chapter 8. In both cases γγ overlay is not included (sec. 5.2).

6.5.2 Mass Reconstruction

The mass distribution of the most energetic Higgs boson before and after the equal-mass
fit is shown in figure 6.12 for signal and backgrounds, respectively. The signal mass
resolution is improved. Both sides of the distribution are shifted to larger masses after the
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Figure 6.12: Higgs mass for signal and backgrounds before and after the equal-mass fit,
respectively. So far ISR is not considered in the fit.

fit. This is very pronounced for the left side of the mass distribution and the conspicuous
tail to larger masses. The shape of the background distribution is less affected by ZZZ
events, due to the much smaller cross section compared to ZZH after the preselection.
Before fitting the Higgs boson mass is obtained by using the jet pairing of eq. 5.4. The
background distribution obtains peaks at around 125 GeV and 91 GeV. As expected by
the equal-mass constraint, the fit chooses a mass value between the nominal Higgs and Z
mass, represented by the peak at around 110 GeV after the fit. However, a second peak at
around 90 GeV is present. Seemingly, next to the small contribution of ZZZ events, ZZH
events have been mis-reconstructed by the fit. Plausible reasoning can be missing energy
and momentum in the events.

In conclusion, missing four-momentum degrades the fit performance and has large impact
on the mass reconstruction. ISR and beamstrahlung can be present in the events, but are
not yet considered in the fit. Additionally, the impact of missing four-momentum from
semi-leptonic decays of b jets on the fit performance and the ISR treatment needs to be
studied. The impact of missing four-momentum from ISR and semi-leptonic decays are
studied in the following chapter. Strategies to include both effects in kinematic fits are
evaluated, solving performance issues in processes with heavy-flavoured jets.



Chapter 7

Considering ISR and Semi-leptonic
Decays in Kinematic Fits

In the investigation of kinematic fits, we cannot simply consider energy and momentum
conservation due to the presence of ISR. Additionally, the investigated processes contain b
jets. Compared to light quarks, b quarks can decay semi-leptonically, i. e. b→ clν, with a
branching fraction of BR( b→ semi-leptonic)∼ 10.7 % [27]. The neutrinos in such decays
carry a certain amount of four-momentum. Both effects cause missing four-momentum.
The results of the previous chapter indicate that missing four-momentum degrades the fit
performance. Since ISR reduces the effective centre-of-mass energy it has to be taken
into account. However, it needs to be studied whether an automatic ISR recognition, as
generally provided by the ISR photon fit object, is still possible for events with additional
missing four-momentum from semi-leptonic decays of b and cascade c quarks. In sec. 7.1,
the effects of treating ISR in kinematic fits are discussed. Subsequently in sec. 7.2, the fit
performance is evaluated. Hereafter, different approaches are discussed which provide an
ISR treatment in processes including b jets. In sec. 7.3, a strategy is presented in which
ISR is treated on an event-by-event basis using ISR properties. The developed strategy
yields an optimised mass resolution. Hereafter, a more sophisticated approach is investi-
gated in which semi-leptonic decays are considered. The impact of semi-leptonic decays
on kinematic fitting and therefrom arising issues are discussed in sec. 7.4. A strategy of
correcting missing energy in the jets is introduced in sec. 7.5. Since the investigation is
based on MC truth information, an outlook on particle identification tools on reconstruc-
tion level is given in sec. 7.6. By correcting the jet energies, potential improvements in
the fitting procedure are investigated with regard to the fit performance, effects on the ISR
recognition, and mass resolution as discussed in sec. 7.7. In the following, the investi-
gations are illustrated using ZHH → llbbbb as benchmark process. To investigate the
full potential of kinematic fits the γγ overlay is not included. Unless noted otherwise, the
shown figures correspond to the equal-mass fit.
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Figure 7.1: Fitted mass distribution of the most energetic Higgs boson for ZHH obtained
from the equal-mass fit without (dark blue) and with ISR considered (light blue). The fit-
ted mass distribution for the background processes ZZH and ZZZ are also shown without
(red) and with (orange) ISR in the fit.

7.1 Considering ISR in the Fit

ISR can be treated with an additional ISR photon fit object which helps to satisfy energy
and momentum conservation constraints (sec. 6.3.2). Since more than one ISR photon can
be present in an event, the ISR photon fit object takes into account the most energetic ISR
photon, which is emitted along z direction [187]. It is parametrised by the total missing
pz of an event, which is converted into ISR energy. So far, the ISR feature has not been
tested in processes with heavy jets. Compared to light jets, four-momentum conservation
of reconstructed b jets is not necessarily satisfied, since b and cascade c quarks can decay
semi-leptonically, i. e. b→ clν and c→ slν. In a first attempt the ISR photon fit object is
included in the fit for all events as in [187]. The resulting mass distribution of signal and
backgrounds is shown in fig. 7.1. For better comparison, the fit result without considering
ISR is also shown. Generally, considering ISR should lead to a correct reconstruction of
events independently of the amount of ISR energy [187]. However, following issues arise:

• Not including ISR in the fit affects events with ISR. In this case, to satisfy energy
and momentum conservation missing four-momentum is compensated by assigning
all energy and momentum to the jets. This results in an overestimation of the jet
four-momenta and leads to a bias to larger masses.

• Considering ISR in the fit is expected to work well for events with ISR. The lon-
gitudinal component of missing pz in such events is assigned to the ISR photon fit
object as EIS R

γ = | − pz| and the jet four-momenta should be reconstructed correctly.
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Abschnitt 5.2.1 mit der begrenzten Genauigkeit der rekonstruierten Daten
erklären. In Abb. 5.14 fällt im Vergleich zu Abb. 5.2 außerdem eine erhöhte
Zahl von Ereignissen mit Efit ⇡ 0 und Egen

fehl > 0 auf. Dies lässt sich durch die
deutlich größeren �2-Beiträge bei kleinen Energien (Abb. 5.13) erklären. Im
Gegensatz zu Abschnitt 5.2.2 werden die �2-Beiträge hier allerdings nicht so
groß, dass eine korrekte Darstellung der fehlenden Energie im Fit unmöglich
wird.

(a) (b)

(c)

Abbildung 5.14: Vergleich der gefitteten Photonenergie mit der fehlenden
Energie auf Generator-Ebene für ein Photon mit bessere Spektrumsnähe-
rung. (a) zeigt die vollständige Verteilung, (b) mit dem zusätzlichen SchnittP

Egen
fehl �

��P pfehl,gen
z

�� < 5 GeV. (c) zeigt den Ausschnitt aus (a) für Egen
fehl < 5

GeV.

Abb. 5.15 zeigt den Vergleich der beiden Photonfitobjekte auf dem vollständi-
gen Datensatz anhand der invarianten 2-Jet-Massen vor (a) bzw. nach (b)
dem Fit, der Fitwahrscheinlichkeit (c) und der Summe der ungefitteten Jet-
energien plus der gefitteten Photonenergie (d).
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Figure 7.2: Fitted photon energy as a function of the generated ISR and beamstrahlung
energy (both denoted as ISR throughout this thesis). Left: for e+e− → WW. Figure
taken from [187]. Right: for the equal-mass fit of ZHH → llbbbb events.

Opposed to this, the fit assigns “fake” ISR to events without ISR. This fraction of
four-momentum is then missing to the jets and results in an underestimation of the
fitted jet four-momenta. In the reconstruction of boson masses, this leads to a biased
mass distribution to smaller values.

7.2 Fit Performance with ISR

The kinematic fit compensates four-momentum conservation by increasing or decreasing
the four-momenta of the fit objects. This leads to biased boson mass distributions to either
smaller or larger values depending on the ISR treatment. Therefore, the fit performance is
evaluated by using three measures:

1. the fitted ISR energy compared to the generated ISR energy,

2. the jet energy pulls, since including ISR in the fit should improve the pulls compared
to the fit without ISR,

3. and the fit probability as a function of the total missing energy before fitting which
gives an indication of the fit performance for events suffering from missing energy.

In fig. 7.2 the fitted photon energy is shown as a function of the generated photon en-
ergy for light jets in e+e− → WW [187], and the equal-mass fit using ZHH → llbbbb
events. Compared to light-flavoured jets, in which the photon energy is well reconstructed
by the fit, for events with heavy jets the fitted photon energy is overestimated for many
events. Especially, this concerns events with small generated photon energies. Requir-
ing P(χ2) > 0.0001 gives better results. The respective photon energy correlation of the
equal-mass (left) and the ZHH fit (right) are shown in figure 7.3. The hard constraints
on the two Higgs masses in the ZHH fit lead to a better correlation. However, even then
the fitted and generated photon energies are not as well correlated as for light jets. In the
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Figure 7.3: Fitted photon energy as a function of the generated photon energy after
applying a cut of P(χ2) > 0.0001. Left: for the equal-mass fit. Right: for the ZHH fit.

events additional missing four-momentum from semi-leptonic decays could falsify the
photon reconstruction. This becomes even more obvious when looking at P(χ2) of the
equal-mass fit with ISR considered as a function of the total missing energy before fitting
(
∑

Evis−500 GeV) as illustrated in figure 7.4. Compared to the fit without ISR considered
(left), similar results for events with approximately (

∑
Evis−500 GeV) & −20 GeV can be

observed. Events with larger missing energy obtain larger fit probabilities when consider-
ing ISR in the fit. However, a large event population is still present at small P(χ2) over the
entire range of (

∑
Evis−500 GeV). Events with small P(χ2) have additional missing four-

momentum which leads to wrong results. Since ISR is considered in the fit, the source
of additional missing four-momentum are semi-leptonic b and cascade c decays. The fit
does not distinguish between different types of missing four-momentum. ISR reduces
the effective centre-of-mass energy, while semi-leptonic decays cause missing energy and
momentum in the fragmentation and hadronisation of jets.

The energy pulls for fits without and with considering ISR are shown in figure 7.5. The
energy pulls of the four b jets in the signal final state are added to one histogram. The
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Figure 7.4: P(χ2) as a function of the total missing energy before fitting. Left: without
ISR treated in the equal-mass fit (sec. 6.4). Right: with ISR treated in the equal-mass fit.



7.2. Fit Performance with ISR 111

 / ndf 2χ  44.54 / 17

Constant  15.5±  2357 

Mean      0.0178± -0.8362 

Sigma     0.024± 1.115 

pull(E)
-10 -5 0 5 10

nu
m

be
r o

f e
ve

nt
s

0

500

1000

1500

2000

 / ndf 2χ  44.54 / 17

Constant  15.5±  2357 

Mean      0.0178± -0.8362 

Sigma     0.024± 1.115 

 / ndf 2χ  23.73 / 17

Constant  15.1±  2213 

Mean      0.0189± -0.5084 

Sigma     0.018± 0.966 

 / ndf 2χ  23.73 / 17

Constant  15.1±  2213 

Mean      0.0189± -0.5084 

Sigma     0.018± 0.966 

 / ndf 2χ  23.73 / 17

Constant  15.1±  2213 

Mean      0.0189± -0.5084 

Sigma     0.018± 0.966 

 / ndf 2χ  23.73 / 17

Constant  15.1±  2213 

Mean      0.0189± -0.5084 

Sigma     0.018± 0.966 

 / ndf 2χ  23.73 / 17

Constant  15.1±  2213 

Mean      0.0189± -0.5084 

Sigma     0.018± 0.966 

 / ndf 2χ  44.54 / 17

Constant  15.5±  2357 

Mean      0.0178± -0.8362 

Sigma     0.024± 1.115 

 / ndf 2χ  23.73 / 17

Constant  15.1±  2213 

Mean      0.0189± -0.5084 

Sigma     0.018± 0.966 

 / ndf 2χ  19.72 / 16

Constant  18.7±  3168 

Mean      0.0119± -0.3125 

Sigma     0.0138± 0.9076 

pull(E)
-10 -5 0 5 10

nu
m

be
r o

f e
ve

nt
s

0

1000

2000

3000
 / ndf 2χ  19.72 / 16

Constant  18.7±  3168 

Mean      0.0119± -0.3125 

Sigma     0.0138± 0.9076 

 / ndf 2χ  25.59 / 16
Constant  17.7±  2827 

Mean      0.0120± -0.2751 
Sigma     0.0151± 0.9278 

 / ndf 2χ  25.59 / 16
Constant  17.7±  2827 

Mean      0.0120± -0.2751 
Sigma     0.0151± 0.9278 

 / ndf 2χ  25.59 / 16
Constant  17.7±  2827 

Mean      0.0120± -0.2751 
Sigma     0.0151± 0.9278 

 / ndf 2χ  25.59 / 16
Constant  17.7±  2827 

Mean      0.0120± -0.2751 
Sigma     0.0151± 0.9278 

 / ndf 2χ  25.59 / 16
Constant  17.7±  2827 

Mean      0.0120± -0.2751 
Sigma     0.0151± 0.9278 

 / ndf 2χ  19.72 / 16

Constant  18.7±  3168 

Mean      0.0119± -0.3125 

Sigma     0.0138± 0.9076 

 / ndf 2χ  25.59 / 16
Constant  17.7±  2827 

Mean      0.0120± -0.2751 
Sigma     0.0151± 0.9278 

Figure 7.5: Jet energy pulls for ZHH → llbbbb events of the ZHH fit (orange) and equal-
mass fit (blue). Left: without ISR considered (sec. 6.4). Right: with ISR considered. In
direct comparison, a large improvement can be seen in both fits when considering ISR.

widths of the pulls are not a reliable measure, since the Gaussian does not describe the
distributions properly. Compared to the fit without ISR, a tremendous improvement can
be seen for both fit hypotheses when considering ISR. In particular the distributions are
much more symmetric indicating an improved event reconstruction in the fit including
ISR. Considering ISR helps to fulfil four-momentum conservation. Therefore, the shift to
smaller values is less dominant and the large tail to negative values is improved. The tail
indicated that some events were shifted much stronger by the fit without ISR to satisfy
the constraints. The pulls are still of non-Gaussian shape and the peak is shifted from
0. The shifted peak indicates that the fitted value is generally larger than the measured
value before fitting and the errors fulfil ∆E f it < ∆Emeas.. This is still caused by the energy
conservation constraint. Despite of having treated ISR in the fit, energy conservation is not
fulfilled for b jets in which the b and cascade c quarks decay semi-leptonically. Therefore,
two different approaches of solving the issues with ISR recognition and additional missing
four-momentum are investigated in this thesis:

1. A strategy on an event-by-event basis is developed to identify events with and with-
out ISR by using ISR characteristics as missing energy and large | cos(θmiss)| values
since low angle ISR escape detection through the beam pipe. This does not provide
an automatic ISR recognition in the fit as for light jets, but is a simple approach to
decide whether to include the ISR photon fit object in the fit for certain events.

2. Semi-leptonic decays of b and c quarks cause a mis-reconstruction of jet momenta in
the fit since the additional missing four-momentum is mis-identified as ISR. Missing
four-momenta from semi-leptonic decays do not allow an automatic ISR recogni-
tion. A strategy is developed in which missing energy from such decays is corrected
in the jets. The impact on the fit performance is studied.
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Figure 7.6: Higgs mass after the equal-mass fit without and with considering ISR. Events
are separated with respect to Evis. Events with small missing energy are independent of
the ISR treatment. Events with large missing energy depend on the ISR consideration.

7.3 Strategy for an Event-specific ISR Treatment

The first approach allows working around the issue with automatic ISR recognition in the
fit. In this strategy all events are categorised into “without” and “with” ISR by using ISR
characteristics as missing energy and | cos(θmiss)|. This allows for an event-specific ISR
treatment, which yields an optimised Higgs mass resolution.

7.3.1 Event Identification using ISR Properties

Events with significant ISR at small angles miss a certain amount of energy. The fitted
Higgs mass without and with ISR treated in the fit is shown in fig. 7.6. The events are
separated with respect to Evis. Events without significant missing energy obtain similar
mass distributions regardless of the ISR consideration in the fit. These events are popu-
lated around 125 GeV. Opposed to this, events with significant missing energy depend on
the ISR consideration. These events obtain different mass distributions, biased to either
smaller or larger masses. This indicates that a mere requirement on missing energy is not
effective in the event categorisation. This is supported by the relation of visible energy and
χ2, as depicted in fig. 7.7. In the fit without ISR considered, events with Evis . 490 GeV
are shifted to larger χ2 and thus smaller P(χ2). Opposed to this, including ISR in the fit
moves the events to smaller χ2 and thus larger P(χ2). Events with Evis & 490 GeV are
hardly affected by the ISR treatment. Therefore, especially events with Evis . 490 GeV
depend on the ISR consideration and need additional differentiation using | cos(θmiss)|.
Since ISR photons are emitted at small angles in the beam pipe, events with ISR tend
to have large | cos(θmiss)| values next to missing energy. In the foregoing it seemed that
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Figure 7.7: χ2 of the fit without (left) and with ISR (right) as function of Evis for ZHH →
llbbbb. Considering ISR results in improved χ2 for events with large missing energy.

events with small missing energy are independent of the ISR consideration. Something
different can be observed when looking at | cos(θmiss)| as a function of the fitted Higgs
mass for fits without and with ISR as depicted in fig. 7.8. Fitting without considering ISR
results in a bias to larger masses for events with large | cos(θmiss)|. This is anticipated since
the jet four-momenta are overestimated by the fit when compensating ISR to ensure four-
momentum conservation. Additionally, the same fit shows a rather unbiased mass distri-
bution around 125 GeV at small | cos(θmiss)|. However, considering ISR results in a bias
to smaller masses over the entire range of | cos(θmiss)|. For events with small | cos(θmiss)|
the fit underestimates the jet four-momenta by assigning some four-momentum to “fake”
ISR. However, a shift to smaller masses for events with large | cos(θmiss)| is not expected.
These events are expected to have ISR and thus indicate an issue with the automatic ISR
recognition in the fit. This issue can be caused by the presence of missing energy and
momentum from semi-leptonic b and cascade c decays. In this case, the fit mis-identifies
additional missing four-momenta as ISR which results in a wrong event reconstruction. In
general, events with large | cos(θmiss)| are better represented by the fit with ISR, as shown
in fig. 7.9. The observations indicate, that information on both | cos(θmiss)| and Evis need
to be combined to categorise the events with respect to their ISR content.
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Figure 7.8: | cos(θmiss)| as a function of the fitted Higgs mass M(H1) for ZHH → llbbbb
events without ISR (left) and with ISR (right) considered in the equal-mass fit.
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Figure 7.9: | cos(θmiss)| as a function of χ2 for ZHH → llbbbb events without ISR (left)
and with ISR (right) in the equal-mass fit.

7.3.2 Optimised Event Categorisation

The separation strategy of events with and without significant ISR is depicted in fig. 7.10.
Missing energy is present over the entire | cos(θmiss)| range, which again indicates that
energy alone does not give valuable information for the event separation. Most of the
events are placed in the region of large | cos(θmiss)| in which events with large ISR are
expected. Events with small | cos(θmiss)| and only small missing energy correspond to
events without significant ISR. Therefore, the events are categorised as

no ISR: Evis ≥ X GeV or | cos(θmiss)| ≤ Y , (7.1)

ISR: Evis < X GeV and | cos(θmiss)| > Y , (7.2)

and treated differently in the fit. The strategy yields an optimised Higgs mass distribution.
Combining all events after having treated them differently in the fit should give an unbi-

evis [GeV]
300 350 400 450 500

|
m

is
s

θ
|c

os

0

0.2

0.4

0.6

0.8

1

0

20

40

60

80

100

120ISR

Figure 7.10: | cos(θmiss)| as a function of Evis for ZHH → llbbbb events. Missing energy
is present over the entire range of | cos(θmiss)|. The red box indicates the area in which
the events should be treated with ISR in the kinematic fit.
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Figure 7.11: Gaussian mean (left) and σ (right) of the combined Higgs mass distribution
as a function of | cos(θmiss)| for different visible energies for ZHH → llbbbb events.

ased combined mass distribution. Referring back to the Higgs mass distributions shown
in fig. 7.1, the combined Higgs mass should ideally be represented by the left side of the
signal mass distribution without ISR considered (dark blue) and the right slope of the sig-
nal mass distribution with ISR considered in the fit (light blue). Since the biased sides of
these distributions are caused by events which do not satisfy the imposed ISR treatment
in the respective fits, selection thresholds X and Y for Evis and | cos(θmiss)| are determined,
giving an optimised unbiased combined mass resolution. Therefore, various combinations
of | cos(θmiss)| and Evis are evaluated in terms of the combined Higgs mass. The thresholds
of Evis and | cos(θmiss)| have to be evaluated for each signal channel individually due to the
close relation to an optimised mass resolution.

The ISR treatment with the ISR photon fit object works well for photon energies larger
than the detector resolution [187]. Therefore, four energies around 490 GeV are evaluated
for | cos(θmiss)| values between 0.70 and 1.00. To decide which combination of | cos(θmiss)|
and Evis gives the best mass resolution a Gaussian is fitted to the combined mass around the
centre of the peak. Fig. 7.11 shows the Gaussian mean and standard deviation σ resulting
from the Gaussian fits as a function of | cos(θmiss)|. Ideally, the mass distribution with the
smallest σ and with a mean close to 125 GeV should give the optimised result. However,
we observe a conflict of goals. While the mean values are close to the nominal Higgs mass
at small | cos(θmiss)|, the standard deviations improve to large | cos(θmiss)|. Therefore, either
a broader distribution close to the nominal Higgs mass is chosen, or a slightly shifted
distribution to larger masses but with better resolution. The latter is chosen since this
strategy yields an optimised mass resolution. Overall smaller mean values are obtained
for larger energies over the entire | cos(θmiss)| range and σ obtains a minimum for Evis =

490 GeV. The thresholds are selected as

Evis = 490 GeV , | cos(θmiss)| = 0.89 . (7.3)
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There is no large difference in the mass resolution if a slightly different | cos(θmiss)| and
Evis is chosen, since the Gaussian is fitted around the centre of the peak. However, the
distributions are less symmetric. Selecting smaller or larger | cos(θmiss)| values results in
larger tails to smaller or larger masses, respectively. Then, more events are mistakenly
treated with ISR in the fit. This is also the case for Evis. By choosing smaller Evis some
events are mis-reconstructed by the fit, since missing energy does not solely originate
from ISR but also from possible semi-leptonic decays of b and c quarks. The selected
combination gives the best resolution with small and symmetric tails to both sides. The
optimised combined result for ZHH → llbbbb is shown in fig. 7.12 and discussed in the
following.

7.3.3 Results of the Mass Reconstruction

Fig. 7.12 illustrates the combined Higgs mass for ZHH → llbbbb events compared to the
results of the equal-mass fit without and with ISR considered, respectively. Due to the de-
veloped strategy the combined mass distribution successfully approaches the left side of
M(H1) without ISR consideration (dark blue) and the right slope of M(H1) with ISR con-
sidered in the fit (light blue). Additionally, the Higgs mass before fitting is shown (green).
Despite the conflict of goals in the developed strategy, using kinematic fits and applying
the event-specific ISR treatment results in an optimised mass resolution. In fig. 7.13 the
mass distribution for the ZZH/Z backgrounds before fitting, without and with ISR in the
fit, and the combined results are depicted. The separation of these backgrounds and the
signal is very important for the Higgs self-coupling analysis, since theses processes have
the same final state particles. The mass distribution is not much influenced by ZZZ due
to its small cross section compared to ZZH after preselection. Generally, the equal-mass
fit shifts the Higgs and Z-boson masses to a central value, represented by the peak around
110 GeV. A second peak around 90 GeV is present which does not correspond solely to
ZZZ events, but also originates from ZZH events with additional missing four-momentum
from semi-leptonic b and c decays. This is discussed in the following section.

To compare the discriminating power of the Higgs mass for the signal and the discussed
background processes before and after fitting, a simple selection cut can be applied to
the lower mass distribution since ZZH/Z events need to be suppressed. For example, by
selecting events with mH > 115 GeV the signal selection efficiency improves by more than
15% from 62% to 71%. The corresponding significances NS /

√
NS + NB before and after

fitting are illustrated in fig. 7.14. A significant improvement can be achieved by applying
kinematic fits and the developed strategy. The separating power for signal events and
the discussed background processes is improved. The impact on the analysis needs to be
studied, since the generally large number of background events from different processes
overwhelm the signal events.

To summarise, the developed strategy allows ISR treatment on an event-by-event basis.
The combined mass distributions obtain an optimised mass resolution and result in an
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enhanced separation of signal and background events. However, the conflict of goals in
this strategy points to the need of a more sophisticated approach to solve the issues with
the automatic ISR recognition in the fit. Events with additional missing four-momentum
from semi-leptonic decays are not treated correctly by the kinematic fit with the ISR pho-
ton parametrisation, and thus degrade the fit performance. The observations indicate that
by considering missing energy from semi-leptonic decays in the jets, the fit performance
could be improved and the issues with the automatic ISR recognition could be solved.
Therefore, the possibility of considering semi-leptonic decays in the kinematic fit and the
impact of such an advanced approach on the fit performance is studied in the following.

7.4 Impact of Semi-leptonic Decays

7.4.1 Effect on ISR Consideration and Mass Reconstruction

The most obvious issue of missing four-momentum from semi-leptonic decays in b jets
regards the ISR recognition in the kinematic fit. The generated ISR energy is not well
reconstructed by the fit. Additional missing four-momentum from semi-leptonic decays
leads to biased boson mass distributions to either smaller or larger values depending on
whether ISR is considered in the fit. The respective effects are obvious by looking at the
ZZH/Z background mass distributions in fig. 7.13. The various background distributions
show a peak at around 90 GeV which is more pronounced for the fit with ISR compared
to the fit without ISR. This peak can be explained in terms of additional missing four-
momentum from semi-leptonic decays: In case of the equal-mass fit with ISR considered,
the fit does not discriminate between different sources of missing four-momentum. Addi-
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tional missing four-momentum is assigned to ISR which results in a wrong reconstruction
of boson masses to smaller values. Since the equal-mass constraint yields an averaged
boson mass, and due to the missing four-momenta from semi-leptonic decays, the ZZH
events then resemble ZZZ and are mis-reconstructed by the fit since they do not naturally
satisfy the equal-mass constraint. Events without missing energy are reconstructed cor-
rectly. Such a mis-reconstruction can also be present in the fit without considering ISR,
which results in an overestimation of the jet four-momenta. In case of ZZH events, the
total missing four-momentum results in smaller fitted masses but the overestimation of
the jet momenta shifts more events closer to 110 GeV. Consequently, the second peak at
around 90 GeV is not as dominant as for the fit with ISR.

Despite of having improved the mass resolution by applying the event-specific ISR treat-
ment, especially the background mass distributions indicate that missing four-momenta
from semi-leptonic decays lead to a mis-reconstruction of boson masses. This can be im-
proved by correcting missing energy from semi-leptonic decays in the jets. Since the ISR
treatment in the kinematic fit works well for u and d quarks [187], correcting missing en-
ergy from semi-leptonic decays in heavy jets could enable an automatic ISR recognition
and improve the event reconstruction in the fit.

7.4.2 Effect on Energy Error Parametrisation

The success of kinematic fits strongly depends on a correct error parametrisation of the
measured quantities of the various fit objects. Recently, the error parametrisation of jet
energies for ZHH → llbbbb events was studied in detail in [84]. In this study, the un-
certainties on the jet energies are obtained by using MC truth information. ∆E jet is deter-
mined by comparing the initial quark energies to the reconstructed jet energies. Each jet
is associated to the corresponding initial quark by choosing the combination in which the
MC quark has the smallest angular distance to the measured jet. The difference between
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Figure 7.15: Deviation of reconstructed jet energy from the corresponding MC quark.
Left: energy deviation of u and d quarks in WW processes. Right: energy deviation of b
jets in ZHH processes. Figures are taken from [84].
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the energy of the measured jets and the associated MC truth quarks are filled into his-
tograms each of which covers 10 GeV of the quark-energy range. Examples are shown in
fig. 7.15 for light and heavy quarks, respectively. Such distributions are used to determine
the jet-energy resolution σE, which enters the kinematic fit in the covariance matrix C−1

as
∆E jet = E jet ·σE . (7.4)

For light quarks the distributions are Gaussian shaped without significant tails. Com-
pared to light jets, these non-Gaussian tails are dominant for b jets. They originate from
missing energy caused by semi-leptonic decays. Semi-leptonic decays represent an im-
portant source of error on σE, since they are not included in the definition of the MC truth
quark. σE is determined by fitting Gaussians in the range of ±0.75 · RMS to the core of
the distributions. Hence, the tails are excluded and the estimate of σE (eq. 6.6) is rather
optimistic. As a consequence, ∆E jet is underestimated especially for events with large
missing energy. If the energy deviations between reconstructed jets and initial quarks are
not included in the fit, they degrade the fit performance. Considering the non-Gaussian
tails in the jet-energy resolution could enhance the fit performance, since ∆E jet for events
with additional missing energy becomes large enough so that the kinematic fit is more
likely to be successful. The impact of the non-Gaussian tails is visible in the mean of the
distributions. For b jets the mean is shifted to small values. The shift of the mean can be
improved by correcting missing energy from semi-leptonic decays.

7.5 Strategy of Jet Energy Correction

This strategy takes advantage of the fact that every neutrino from semi-leptonic decays
is accompanied by a charged lepton, the energy of which can be measured to very high
precision. The strategy to correct for missing energy from semi-leptonic decays in jets is

Ejet - Equark

    Equark       

0

jets without
 leptons

90%

Ejet - Equark

    Equark       

0

jets with 
leptons
10%

Ejet - Equark

    Equark       

0

corrected 
distribution

10%

Figure 7.16: Schematic sketch of the idea for correcting jet energies. Left: in 90% of
the jets no semi-leptonic decays of b or c quarks are expected. Middle: 10% of the jets
contain semi-leptonic decays, which result in non-Gaussian tails to smaller jet energy
fractions. Right: missing energy from semi-leptonic decays is corrected for in these
10% of the jets. Considering the tails leads to a broader distribution σnolep < σlep.
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schematically illustrated in fig. 7.16. The branching ratio of semi-leptonic b decays reads
BR(b→ semi-leptonic)∼ 10.7% [27]. Therefore, roughly 90% of the jets do not suffer
from missing energy from semi-leptonic b decays and do not require a correction of their
energy. In this case, the energy deviation of the reconstructed jet from the respective initial
quark is Gaussian distributed without significant tails. In roughly 10% of the jets, missing
energy from semi-leptonic b decays is expected. Since cascade c quarks can also decay
semi-leptonically, missing energy from c and b decays is considered in this investigation.
In this case non-Gaussian tails are visible in the energy deviation distributions and need
to be considered in σE to include proper uncertainties in the fit. Therefore, missing en-
ergy in these jets is corrected by adding a fraction of the energy carried by the charged
lepton which accompanies the neutrino in such decays. The energy correction broadens
the distribution of the energy deviation, so that σnolep < σlep, but at the same time the
non-Gaussian tails are taken into account.

All jets are divided into jets “without leptons” and “with leptons”. Jets without leptons
do not need any correction of their energy. The errors on the jet energies are given by
(eq. 6.6)

∆E jet =

√
(0.568)2E jet + (3.301)2 . (7.5)

Jets are assigned to the second category if they contain at least one lepton. In this case, the
neutrino energy Eν is corrected for by taking advantage of the precisely measured lepton
energy Elep. Eν can be described as fraction x of the corresponding Elep as

Ecorr
jet = E jet + Eν = E jet + x · Elep . (7.6)

Here, x can be determined through the lepton-energy fraction as

x =
Elep(

Elep + Eν

) ⇔ Eν =

(
1
x
− 1

)
Elep . (7.7)

Figure 7.17 illustrates the lepton energy from semi-leptonic decays divided by the total en-
ergy of the lepton-neutrino pair. For semi-leptonic b and cascade c decays the distribution
shows a correlation to which a Gaussian is fitted. The mean and σ of the Gaussian give an
estimate of x and ∆x. The energies of leptons and neutrinos which do not originate from
semi-leptonic b and c decays are uncorrelated. These distributions are based on MC truth
information and derived from approximately 1000 events. For now, to investigate the full
potential of the jet-energy correction in kinematic fitting, this requirement is sufficient. In
sec. 7.6, the quality of this approximation is discussed by giving an outlook on particle
identification tools on reconstruction level.

Combining eq. 7.6 and eq. 7.7, the corrected jet energy reads

Ecorr
jet = E jet +

(
1
〈x〉
− 1

)
Elep , (7.8)

where 〈x〉 denotes the mean. The errors on the corrected jet energies read

∆E2
jet,corr = ∆E2

jet +

(
∆〈x〉
〈x〉2

)2

E2
lep +

���
���

��:0(
1
〈x〉
− 1

)
∆E2

lep . (7.9)
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Figure 7.17: Left: lepton energy fraction from semi-leptonic b and c decays in the jets
based on generator level. The correlation gives a rough estimation of the missing energy
which needs to be corrected in the jets. Right: lepton energy fraction from other decays.

The last term includes the error on the lepton energy ∆Elep, which is given by the track
momentum resolution of the ILD tracking system (sec. 4.1). For high momenta a track
momentum resolution of σ1/pT = 2 × 10−5 GeV−1 is achieved [130]. Therefore, ∆Elep can
be neglected. Using the fit results of fig. 7.17, Ecorr

jet and ∆E2
jet,corr can be written as

〈x〉 = 0.65→ Ecorr
jet = E jet + 0.54 · Elep , (7.10)

∆〈x〉 = 0.31→ ∆E2
jet,corr = ∆E2

jet +
(
0.73 · Elep

)2
. (7.11)

The corrected jet energy enters the kinematic fit as described by eq. 7.10. ∆Ecorr
jet enters

the fit as
∆Ecorr

jet =

√
(0.568)2E jet + (3.301)2 + (0.73 · Elep)2 . (7.12)

The introduced jet-energy correction procedure is added to the kinematic fit. In the anal-
ysis, after searching for leptons from semi-leptonic b and c decays in the jets, the sum of
the lepton energies in each jet is used for the energy correction procedure. Jets without
leptons from semi-leptonic decays obtain a total lepton energy of Elep = 0.0 GeV and
thus keep their original energy and the corresponding error (eq. 7.12 becomes eq. 7.5).
The impact of the jet-energy correction on the ISR recognition and on the fit performance
is investigated in the following.

7.6 Lepton Identification

In this investigation, leptons in the jets are identified using MC truth information. To get
an estimate of the potential improvement in kinematic fitting by correcting semi-leptonic
decays, the study is based on particle identification (PID) of cheated e± and µ± with a total
momentum larger than 3 GeV. This choice of threshold is based on fig. 7.18, which
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Figure 7.18: Parent ID of leptons which are found in the jets. Left: parent ID of leptons
with a total momentum larger than 3 GeV. These leptons originate predominantly from
semi-leptonic b and c decays. Right: parent ID of leptons with a total momentum smaller
than 3 GeV. These leptons are mainly identified as from light mesons.

shows the parent IDs of leptons in the jets above and below the threshold of 3 GeV,
respectively. Leptons with P > 3 GeV predominantly come from semi-leptonic b and
c decays, which have particle identification numbers between 400 and 600 [27]. Leptons
with a total momentum below this threshold mainly originate from light mesons. The
latter have particle ID numbers between 200 and 400 [27].

As cross check, the presented study was also performed by requiring a mother particle
with a PID number corresponding to c and b mesons, instead of using a momentum cut.
Compared to the actually used cheated lepton selection, requiring a mother particle ex-
cludes any misidentification. Both cases of cheated lepton identification can be compared
by looking at | cos(θmiss)| as a function of the fitted Higgs mass after jet-energy correction,
as shown in figure 7.19. The Higgs masses do not show significant differences after fit-
ting. Consequently, the identification of semi-leptonic b and c decays is not an issue if
leptons can be found, even without information on impact parameter or secondary ver-
tices. Hence, for now it is sufficient to perform the study by identifying cheated leptons
with P > 3 GeV, since it gives a realistic estimate of particle identification.

The analysis is based on data samples, which are reconstructed using the standard DBD re-
construction (sec. 4.5). However, there have been many efforts in software development,
including improvements in PID tools [192–194]. At the time of this thesis, this large
variety of PID tools was not included in the standard DBD reconstruction and is now im-
plemented to a new reconstruction. Re-reconstructing the data samples can clearly benefit
from the new PID tools in the new reconstruction. Therefore, this should be performed in
the future. The new reconstruction includes the following PID tools:

• BasicPID uses traditional variables for particle identification which include infor-
mation on impact parameters and on calorimetric energy deposits, i. e. Eecal/(Eecal +

Ehcal) and Etot/Ptot.

• dE/dx uses information of each track in the tracking system. It is based on the well-
known energy loss dE of a particle per length dx in the TPC, depending on the mass
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Figure 7.19: |cos(θmiss)| as a function of M(H1) obtained from the equal-mass fit with
ISR considered and jet-energy correction applied. Left: cheated leptons are identified by
requiring a mother particle with a PID corresponding to b and c mesons. Right: cheated
leptons are identified with a total momentum of P > 3 GeV, since b and c decays are
most dominant in this region.

of the respective particle. Consequently, dE/dx is a useful tool for the identification
of particles with different masses, i. e. µ and π. This PID tool is not well suited for
electrons, which are highly relativistic due to the very small mass.

• ShowerPID is based on cluster shapes of well-known particle showers (hadrons,
e, µ, γ) in the calorimeters. The characteristics of clusters are used to distinguish
tracks. This is useful to separate π and µ. Muons are detected as minimum ionising
particles (MIP) in the calorimeters, while π is measured as hadronic shower.

• LikelihoodPID is based on output classifiers of multivariate techniques, which use
various parameters as input. The parameters concern energy deposits in the calorime-
ters, cluster shape variables, and parameters based on dE/dx in the tracker. Conse-
quently, LikelihoodPID combines information of the first three PID approaches.

The quality of the PID tools on reconstruction level with respect to 3 GeV leptons are
shown in fig. 7.20 and 7.21. The identification efficiency and fake rates for electrons and
muons for the available PID tools are illustrated.

Except for dE/dx, particle identification looks reasonably well for electrons. The elec-
tron identification is extremely pure with > 90%. The best performance is given by the
LikelihoodPID approach. The muon identification is more challenging. LikelihoodPID
gives a muon identification efficiency of almost 90%. However, the misidentification rate
as pions is roughly 10%. dE/dx gives a muon identification efficiency of roughly 75%
with a large fake rate as π. Muon identification obtained with ShowerPID is less promis-
ing, due to the challenging separation of low-energetic muons and pions. Depending on
the energy, low-energetic µ can already deposit their energy in the ECAL or the HCAL.
Low-energetic π can also start showering in the ECAL. In this case it is very challenging
to identify both particle types. Muons are identified best by the BasicPID reconstruction
tool.
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Figure 7.20: Tools for particle identification. Electrons with a total momentum larger
than 3 GeV can be well identified using the BasicPID or LikelihoodPID tools in the new
reconstruction software. The fake rates are small.
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Figure 7.21: Tools for particle identification. Muons with a total momentum larger than
3 GeV can be identified using BasicPID or LikelihoodPID in the new reconstruction
software. The fake rate is larger than for electrons, but in a reasonable range.
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With regard to these information, the identification of semi-leptonic b and c decays should
not be an issue. The new PID tools result in large identification efficiencies for electrons
and muons. The identification of leptons in jets with a total momentum of 3 GeV is not an
issue on reconstruction level. For now it is sufficient to perform this study by identifying
cheated leptons with a threshold of P > 3 GeV, since it gives a realistic estimate of particle
identification on reconstruction level.

7.7 Improvements due to the Energy Correction

The correction of missing energy from semi-leptonic decays in the jets results in improve-
ments regarding the jet energy uncertainties, the fit performance, and the automatic ISR
recognition in the fit. All aspects are discussed in the following.

7.7.1 Jet Energy Uncertainties

The energy correction procedure is expected to broaden the distribution of the jet energy
deviations for jets with missing energy from semi-leptonic decays while improving the
non-Gaussian tails. The effect is visible in the mean of the energy deviation histograms as
discussed in section 7.4. The effect of the jet-energy correction on the mean and the errors
of the mean of ∆E jet−quark/Equark is shown in figure 7.22 for the case without and with
energy correction, respectively. For better comparison reason, the red lines are visual
indications of the interesting region. The data points correspond to 25 of the energy-
deviation histograms (e. g. fig. 7.15) each of which corresponds to 10 GeV of the quark
energy range. The shift of the means to lower energy deviations is improved. The mean is
shifted closer to the centre around 0 of ∆E jet−quark/Equark. However, mis-identified leptons
and light mesons, i. e. kaons and pions, can cause an overestimation of the jet energies.
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Figure 7.22: Energy deviation between initial quarks and reconstructed jets as a func-
tion of the quark energy before (left) and after (right) jet-energy correction. The means
and errors of 25 energy deviation histograms are shown, each of which corresponds to
10 GeV of quark energy. The red lines are visual indications for better comparison.
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Figure 7.23: Fit probabilities P(χ2
eqm) of the equal-mass fit for ZHH → llbbbb events

(left) and ZZH → llqqH events (right).

7.7.2 Fit Performance

The jet-energy correction becomes visible in P(χ2). The kinematic fit varies the measured
parameters with respect to their allowed measurement resolutions and under the condition
that the applied constraints are fulfilled. If errors are wrongly estimated events obtain
small P(χ2) or the fit fails completely. If all errors on the measured parameters are Gaus-
sian distributed, P(χ2) obtains a uniform distribution. Peaks at 0 and 1 indicate a wrong
estimation of the uncertainties or fit hypothesis. The fit probability of the equal-mass fit
for ZHH events and ZZH events is shown in fig. 7.23, respectively. Since ZZH events
do not naturally satisfy the equal-mass constraint, the fit probability decreases to larger
values. For ZHH events a very flat distribution is achieved by correcting the jet energies.
The distributions after energy correction receive a slightly larger peak at 1, indicating
overestimated measurement uncertainties. Additionally, smaller peaks at 0 are obtained.
Among different aspects, peaks at 0 are influenced by an underestimation of measurement
errors (sec. 6.3.3). This is expected, since 90 % of the b jets do not receive an energy
correction and keep the original uncertainties (eq. 7.5), in which the non-Gaussian tails
were excluded [84]. It was stated that the results are rather optimistic and the jet en-
ergy uncertainties are underestimated [84]. The overestimation of jet energies can arise
from the simple estimation of lepton energies used in this strategy and from misidentified
light mesons. However, the new strategy results in a significant improvement in the fit
performance for ZHH events.

The effect of the energy correction is also visible in fig. 7.24. P(χ2) as a function of
the total missing energy before fitting (

∑
Evis − 500 GeV) is shown with and without

treating ISR, respectively. Both distributions include the energy correction. For better
comparison reason and to see the effect of the energy correction on the fit performance,
the “original” Evis is used in both plots although fractions of lepton energies have been
added to Evis during the correction procedure. In both cases, events with missing en-
ergy obtain improved P(χ2) after correcting missing energy from semi-leptonic decays.
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Figure 7.24: P(χ2
eqm) after energy correction for ZHH → llbbbb as a function of the total

missing energy before fitting. Left: without ISR in the fit. Right: with ISR in the fit.

Both plots can be compared to fig. 7.4 without energy correction. Without ISR consider-
ation, correcting missing energy gives overall better results for events with approximately
(
∑

Evis − 500 GeV) & −60 GeV. Events without ISR but missing energy from semi-
leptonic decays obtain improved P(χ2), since energy conservation is now fulfilled. For
events with large missing energy from semi-leptonic decays, the fit includes larger errors
on the jet energy and is more successful. The recent error parametrisation is sufficient
and therefore not affected for events without missing energy. Considering ISR in the fit
also gives better results after correcting the jet energies. Without the latter, P(χ2) started
already decreasing for events with roughly (

∑
Evis−500 GeV) . −10 GeV (fig. 7.4). This

is significantly improved by correcting the jet energies. Especially, enhanced P(χ2) can be
achieved for events with (

∑
Evis−500 GeV) & −50 GeV. Also events with larger missing

energy receive much better P(χ2).

The energy pulls of the b jets after jet-energy correction are shown in fig. 7.25 for the
fits without and with ISR considered. The pulls correspond to the equal-mass fit (blue)
and the ZHH fit (orange). Compared to the pulls without energy correction (fig. 7.5), a
tremendous improvement can be achieved by using the energy correction. Especially in
the fit without considering ISR, the large tail to smaller values is removed which indi-
cated that some events were shifted much stronger by the fit to satisfy four-momentum
conservation. The pulls of the fits without ISR considered are still slightly shifted towards
smaller values, which reflects that the energy correction is not completely eliminating the
bias towards smaller jet energies. This is expected since ISR is not considered. In the fits
with ISR considered, the energy correction results in a symmetric pull distribution. The
pulls of both fit hypotheses are slightly shifted to larger values. This is expected since
90% of the jets keep the originally determined jet energy resolution (eq. 7.5). Excluding
non-Gaussian tails in the determination of σE gives optimistic results and underestimated
jet energy uncertainties [84]. Therefore, the results are consistent with the expectations.
With regard to these results, the large impact of semi-leptonic decays is now evident. The
correction of the jet energies results in a substantial improvement of the fit performance.
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Figure 7.25: Energy pull distributions of ZHH → llbbbb for the equal-mass fit (blue)
and the ZHH fit (orange) after correcting for missing energy from semi-leptonic decays
in the jets. Left: without considering ISR in the fit. Right: considering ISR in the fit.

7.7.3 Automatic ISR Recognition

The second aspect of correcting semi-leptonic b and c decays in the jets is the investigation
on whether it allows an automatic ISR recognition as for light jets [187]. Since the ISR
photon fit object is parametrised by missing pz (sec. 6.3.2), the additional missing energy
and momentum in b jets results in performance issues. This is obvious when looking at
the correlation between the fitted ISR energy and the generated photon energy. Without
energy correction, the energies are not well correlated as for light jets (fig. 7.2).

The correlation of the photon energies after jet-energy correction are shown in fig. 7.26
for the equal-mass fit. After correcting missing energy in the jets, less missing energy
is present in the events which can be assigned to ISR. An improved correlation can be
observed. The region above the diagonal is less populated which contains events with
overestimated fitted photon energies. Especially events without generated photon energies
obtain improved results. In these events, missing energy from semi-leptonic decays was
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Figure 7.26: Fitted ISR energy as function of the generated photon energy after energy
correction in the equal-mass fit: without cut (left), cut on P(χ2

eqm) > 0.0001 (right).
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Figure 7.27: Generated photon energies compared to fitted photon energies for ZHH →
eeHH (solid lines) and ZHH → eebbbb (dotted lines) events. Left: without jet-energy
correction. Right: with jet-energy correction. The jet-energy correction strategy allows
a more precise reconstruction of ISR energies by the fit.

mis-identified as ISR. This can also be observed in the various ISR energy distributions
as shown in fig. 7.27. The ISR energies of the equal-mass fit and ZHH fit are compared
to the generated photon energies for ZHH events, once without energy correction (left)
and with energy correction (right). The dotted lines show the results for the desired signal
final state ZHH → eebbbb. The new strategy leads to a much more precise reconstruction
of ISR energies. Over the entire range of ISR energies, the fit hypotheses give similar
results. The drop at ISR energies below ∼ 10 GeV results from the parametrisation of
the ISR photon fit object, which works well for photon energies larger than the detector
resolution [187]. The photon reconstruction at such ISR energies is arbitrary since the fit
either overestimates ISR energies or assumes no ISR at all.

7.7.4 Mass Reconstruction

The improvements in the fitting procedure with regard to a better ISR reconstruction also
affects the fitted mass distributions. Generally, ISR events are very forward and backward
and occur at large | cos(θmiss)|. Previously, when considering ISR in the fit, those events
were reconstructed with a bias to lower masses due to additional missing energy in the jets
(sec. 7.3.1). Events at small | cos(θmiss)| values, which do not contain ISR, also received a
bias to smaller masses. Ideally, the ISR parametrisation should give unbiased resolutions
for all events [187]. Correcting missing energy in the jets solves this issue. | cos(θmiss)| as
a function of the improved mass distribution is shown in fig. 7.28. For better comparison
reason, the plot without energy correction, as presented in sec. 7.3.1, is repeatedly shown
here. After the jet-energy correction the bias in the mass distribution is vanished over the
entire range of | cos(θmiss)|. Events with and without ISR are well reconstructed by the fit.

The fitted Higgs mass distributions before and after jet-energy correction in the fits with
and without considering ISR, are compared in figure 7.29 and figure 7.30 for signal and
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Figure 7.28: | cos(θmiss)| as a function of M(H1) with ISR considered in the equal-mass
fit of ZHH → llbbbb events. Left: without jet-energy correction. Right: with jet-energy
correction. Due to the jet-energy correction, the bias to smaller masses vanished.

backgrounds, respectively. The mass distributions without energy correction (light and
dark blue) have already been discussed in section 7.3.3. The orange and red distributions
correspond to the fit after jet-energy correction with and without ISR treatment.

Fit without ISR After applying the semi-leptonic energy correction the remaining miss-
ing energy in the events should be due to ISR. In such events missing energy is
compensated by increasing the jet four-momenta, since four-momentum conserva-
tion needs to by satisfied. This leads to a biased Higgs mass to larger values. In
case of the ZZH and ZZZ backgrounds the peak at around 90 GeV vanished due
to the overestimation of jet four-momenta in the events. However, a small contri-
bution of ZZZ events should be visible in such a peak. The overestimation of jet
four-momenta moves ZZZ events to larger masses.

Fit with ISR The signal distribution results in a symmetric shape. The shift to smaller
masses vanished completely after having applied the jet-energy correction. Except
for very small masses a slight shift is vaguely perceptible. The background distri-
bution shows the expected peak at around 110 GeV and the anticipated small peak
at 90 GeV corresponding to ZZZ events.

The correction of missing energy in the jets results in improved mass distributions at
generally larger masses compared to the fits without energy correction. Therefore, the
fit with ISR and energy correction (orange) and the fit without ISR (dark blue) obtain
similar shapes. The correction of missing energy from semi-leptonic decays results in a
tremendous improvement of the fit performance and enables an automatic ISR recognition
for b jets as for light jets. Additionally, boson masses are well reconstructed corresponding
to the initial boson hypothesis of a process. To compare the discriminative power to the
event-specific ISR treatment and the mass distributions without fitting, one can apply an
example cut on the lower edge of the distribution to suppress ZZH/Z background events.
For example a cut of mH ≥ 115 GeV results in a signal selection efficiency of 69%.
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Figure 7.29: Comparison of various M(H1) distributions after the equal-mass fit of
ZHH → llbbbb events. Illustrated are the results without and with jet-energy correc-
tion for the equal-mass fit with and without ISR considered, respectively.
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The selection significance NS /
√

NS + NB for a lower cut on the Higgs mass for the two
discussed strategies and before fitting is shown in fig. 7.31. Despite of being slightly less
effective in the selection compared to the event-specific approach, the energy correction
strategy is used in the following parts of this thesis since it solves issues with the fit
performance and ISR parametrisation. Nevertheless, its effect on the analysis and neural
net training has to be investigated in the following.

The strategy for correcting missing energy from semi-leptonic decays can be applied to
events independent of kinematic fits. Correcting semi-leptonic decays in the jets can also
enhance the standard jet pairing procedure (eq. 5.4) to find the di-jet pairs corresponding
to the desired boson hypothesis.

7.8 Hypothesis testing in both Strategies

The scatter plot of the χ2 distributions for the ZHH and ZZH fit after applying the event-
specific ISR treatment and jet-energy correction are shown in fig. 7.32. Compared to
the default settings (fig. 6.11), events without significant ISR should give the same re-
sult. Events with significant ISR should obtain larger P(χ2) (smaller χ2) since they are
treated with ISR in the event-specific approach. This is evident in the less populated re-
gion close to the diagonal at larger χ2 for both fit hypotheses. After the event-specific ISR
treatment the events are mainly concentrated at smaller χ2. Nevertheless, a very clean
separation of signal and backgrounds can be obtained. Signal events obtain smaller χ2

and thus larger P(χ2) in the ZHH fit, and larger χ2 and smaller P(χ2) in the ZZH fit. ZZH
events show the opposite behaviour for the respective fit hypotheses. Also shown is the
result after jet-energy correction. The events show similar behaviours and result in a clear
separation of signal and backgrounds. Nevertheless, it is hard to see a difference with re-
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zhh scatter plot for the event-specific ISR treatment (left) and
the jet-energy correction strategy (right). Both χ2 distributions show a promising event
separation. First investigations lead to a relative improvement of 20% by adding these
distributions to the neural nets in the Higgs self-coupling analysis.

spect to the discriminating power between signal and backgrounds. By applying a cut on
the distributions, the signal efficiency reads 75% for the first strategy for the optimal cut
χ2

ZZH/χ
2
ZHH > 0.75 giving a signal significance of 2.1σ and 82% for the energy correction,

in which χ2
ZZH/χ

2
ZHH > 0.5 represents the optimal threshold with a significance of 1.9σ.

In the latter the background suppression is less effective. The corresponding significances
NS /
√

NS + NB are shown in fig. 7.33. Both strategies give similar results. First investiga-
tions using the default kinematic fit settings indicated a relative improvement of 20% by
adding this distribution to the neural net training. This needs to be confirmed for the jet-
energy correction strategy. The energy correction strategy represents the more advanced
and clean approach to deal with heavy-flavoured jets and ISR in kinematic fits, and is used
in the Higgs self-coupling analysis.
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Chapter 8

Event Selection

In this chapter, the event selection of the three signal channels is described, following the
strategy introduced in sec. 5.2. The investigated improvements in analysis techniques and
the developed semi-leptonic jet-energy correction are included in the selection of ZHH
events. As first step of the analysis a preselection is performed to improve the signal-
to-background ratio before separate MVAs are trained for the dominant backgrounds in
each signal channel. The background is five orders of magnitude larger than the signal.
The suppression of background events before MVA training allows to achieve an optimal
selection performance. The separate MVAs are trained sequentially. Hence, all foregoing
selection cuts are considered. At the end of the signal selection flavour-tag information
are used. The signal modes are discussed individually. In sec. 8.1, the selection of the
lepton channel is introduced and described in detail. Since the neutrino and hadron modes
follow the same strategy, the important aspects of the selection are outlined. This includes
a brief discussion of the kinematic fit results. The event selection of the neutrino and
hadron channel are illustrated in sec. 8.2 and sec. 8.3, respectively. Hereafter, the results
of the event selection are summarised and discussed in sec. 8.4. The outlined results do
not take into account the γγ overlay. The effect of the overlay is discussed later in this
thesis. The respective results are listed in the appendix A. The semi-leptonic correction
(sec. 7.5) is applied to all jets in which a lepton is present.

8.1 Lepton Channel

8.1.1 Preselection

As discussed in sec. 5.2, by using the optimised isolated lepton strategy (sec. 6.1) events
are selected which include a pair of isolated leptons, the mass of which is consistent with
the Z-boson mass within |Mll − 91 GeV| < 40 GeV. This requirement suppresses semi-
leptonic and full-hadronic events from tt, WWZ, and ZZ. Misidentified leptons in these
events must be part of a jet. Hence, their momentum is relatively small and the cone

135
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energy large. These variables are used in MVA training of the isolated lepton selection
strategy (sec. 6.1) and thus allow a good background suppression. However, the isolated
lepton strategy is not optimised for τ events to avoid complications of the non-trivial τ
decays. Hence, at this stage of the analysis only electron and muon signal events survive
the preselection and the number of signal events is reduced by one third. The preselection
results are listed in tab. 8.1. In total, 25.5 events of llHH pass the isolated lepton selection.
From originally 13.5 eeHH events and the same amount of µµHH events, 12.5 events of
each category survive the selection, while 0.5 events correspond to ττHH. Optimising the
lepton selection strategy also for τ can be useful to include ττHH signal events. If the
selection of ττHH gave similar results as the eeHH and µµHH channels, including this
mode could improve the precision of the ZHH cross-section measurement by relative 8%.
Moreover, less than 10% of τ decay leptonically and a dedicated algorithm to identify
hadronic τ decays could improve the background suppression.

After the isolated lepton finding, all other reconstructed particles are clustered into jets,
which are then paired to form the signal bosons by using eq. 5.4 (sec. 5.2). During jet-
pairing, the di-jet pairs have to fulfil |Mi j − 125 GeV| < 80 GeV. Even this loose require-
ment on the Higgs masses rejects tt and ZZ backgrounds. The preselection reduces the
total background by three orders of magnitude, while keeping ∼ 55% of the signal. As
mentioned before, this is due to the missing isolated τ selection.

The preselection results are listed in tab. 8.1. Since the generated MC statistics are limited,
the MC statistical errors on the expected number of events for each process after every
selection cut are listed. The expected number of events N after each cut can be calculated
with N = NexpNa

MC/N
b
MC, using the generated number of MC events before selection Nb

MC,
the number of MC events after the respective selection cut Na

MC, and the expected number
of events weighted to the corresponding cross section and luminosity Nexp = σ ·L. For
the latter, no systematical error is considered. The relative error on the number of events
1/

√
Na

exp after a selection cut decreases one over the square root of the selected MC sample
size Na

MC. For example, to obtain a relative error of 10% for Nexp = 5 events the generated
MC data sample size should be 20 times larger than the expected number of events. After
preselection, there already is a lack of statistics in the full-hadronic backgrounds. At this
stage, the relative error on the number of six-jet full-hadronic background events reads
roughly 20% and the relative error on the number four-jet full-hadronic background events
is roughly 25%. Although these backgrounds do not play an important role in the lepton
channel more statistics could be useful.

Before MVA training, cuts are applied to reduce background events and make the MVA
training procedure more sensitive to the signal. Hence, cuts are applied on variables which
reconstruct the signal properties (fig. 8.1). The cuts are chosen such that the signal effi-
ciency is as large as possible, but at least 80%. Backgrounds which do not satisfy the
requirements are excluded. If needed, these cuts can be tightened later in the selection.
The first choice of variables are the two Higgs masses M(H1) and M(H2). First, a cut
on the first Higgs boson mass of 60 GeV < M(H1) < 180 GeV is applied to the events
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Figure 8.1: Preselection variables after having applied all foregoing cuts.

(fig. 8.1a). Then, the same thresholds are imposed to M(H2) (fig. 8.1b). These cuts mainly
reduce ZZ → llbb events. The second choice of variable is the missing transverse momen-
tum. The llHH mode does not include large missing pT . Missing pT can only occur from
semi-leptonic decays of b and cascade c quarks, the missing energy of which is corrected
for in the jets on a statistical basis (sec. 7.5). ISR does not affect the transverse momen-
tum. The events need to satisfy mpt < 70 GeV (fig. 8.1c). By applying this cut, the lνbbqq
background is again suppressed by almost 30%. The third choice of selection variable is
the thrust, which reflects the anisotropy of an event. It indicates whether there is a special
direction favoured by the events. Perfectly spherical events obtain values close to 1/2,
while back-to-back two-body decays receive values close to 1. Since ZZ is a two-body
s-channel process those particles are very forward and backward and the thrust is close to
1. The signal obtains smaller values, since it is a three-body decay. Therefore, the events
have to fulfil thrust < 0.9 (fig. 8.1d). This requirement rejects roughly 35% of llbb. After
preselection, the background is still three orders of magnitude larger than the signal.
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8.1.2 MVA Training and Final Selection

The main idea of the final selection is the application of multivariate analysis techniques
(MVA), as described in sec. 5.2. Separate MVAs are trained for the three dominant back-
ground processes using the package of TMVA [176] (sec. 5.2). Separate MVAs are trained
since the various background types have very different event topologies and different
weights. In the analysis the MVAs are trained sequentially, which means that all foregoing
cuts of the preselection and final selection are considered in training. This also includes
selection cuts on previous MVA outputs. The dominant backgrounds are: (1) ZZ → llbb,
(2) semi-leptonic backgrounds lνbbqq, and (3) ZZH and ZZZ which have the same final
state as the signal. For each of these background types a boosted decision tree (BDTG)
is trained. Statistically independent data samples are used. The weights for the different
processes are normalised to the corresponding cross sections and beam polarisation.

Although in the llHH channel, the events are categorised into electron-type and muon-
type events in the event selection, combined BDTGs are trained due to the limited statis-
tics. The BDTGs are trained using kinematic variables. The input variables are of similar
shape for both lepton-type events, since in eeHH final-state radiation photons (FSR) are
recovered. Training separate BDTGs for both categories could improve the event selec-
tion. In this case, more statistics would be needed. In the following, the input variables
for the three different BDTGs are introduced.

First BDTG: llbb vs. llHH (llbbbb)

The most dominant background after the preselection consists of two leptons and two b
jets in the final state. It originates from ZZ, ZZ?, bbZ, and llZ processes. Due to possible
gluon radiation and cascade decays to b quarks, mis-clustering of jets can lead to a wrong
reconstruction of such events as four-jet final states, which then survive the preselection.
The optimised input variables for BDTG training are described in the following. The
corresponding distributions are shown in fig. 8.2.

• M(Z): Since some background events originate from a t-channel process, the two
charged leptons in the final state are not from a Z decay. In such events the recon-
structed Z mass does not peak at the nominal Z mass, which is indicated by the flat
distribution at the tails (fig. 8.2a).

• thrust: The thrust indicates whether there is a special direction favoured by the
events. Since ZZ → llbb is a two-body decay those particles are very forward and
backward and the thrust is close to 1. The signal obtains smaller values, since it is a
three-body decay (fig. 8.2b).

• costhrust: Since most of the backgrounds are two-body decays, they are very
forward-peaked. Hence, they are much closer to beam direction compared to the
signal. This is visible in the polar angle of the thrust axis (fig. 8.2c).
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Figure 8.2: Inputs for bdtg(llbb) training. The descriptions can be found in the text.

• pjmax (2 jets): As a test, the events are reconstructed as two-jet final states. Then,
the jet momenta of background events are relatively large compared to the signal.
The largest jet momentum offers discriminative power (fig. 8.2d).

• cos jzmax: The largest angle between the reconstructed Z and the other two jets of
a four-jet event helps to reduce backgrounds from bbZ, where Z is radiated from
one of the b quarks. In this case the Z is very close to one of the two b jets, since
the events are very boosted (fig. 8.2e).

• npf os and npf osmin: The total number of PFOs helps to discriminate between
two b-jet background and four b-jet signal events. Signal events contain much more
PFOs compared to the background, since they include four b jets. Moreover, the
smallest number of PFOs in a jet is used (fig. 8.2f, fig. 8.2g).
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Figure 8.3: Classifier response of the first BDTG: llbb vs. ZHH (llbbbb).

• yminus: The Durham parameters given by the Durham jet clustering algorithm
(sec. 5.3.1) allow to discriminate events with different numbers of jets in the final
state. Events are clustered into four-jets. In this case yminus indicates the likeliness
to be a four-jet event instead of a three-jet event. Thus, this variable is useful to
discriminate backgrounds with less jets compared to the signal (fig. 8.2h).

• yplus: In case of clustering particles into two jets, yplus denotes the likeliness with
which events are misidentified as three-jet events instead of two-jet events. Hence,
the signal tends to receive larger values compared to the background (fig. 8.2i).

The classifier response of the BDTG is shown in fig. 8.3. A clear signal and background
separation can be achieved. The resulting classifier weights are applied to the analysis.
The optimal cut on the output is suggested to be 0.78. Since combined BDTGs are trained
for electron-type and muon-type events due to finite MC statistics, this cut is included in
the training procedure of the second BDTG. However, it is optimised in the final selection
for both lepton-type categories separately according to the maximum signal significance
σ = s

√
s+b

. This way other background types than llbb can be suppressed. To train separate
BDTGs for each category, twice the statistics is needed.

The bdtg(llbb) distributions for the electron-type and the muon-type events are shown in
fig. 8.4 after preselection. The entire cutflow of the final selection is listed in tab. 8.2.
The errors on the expected number of events are also listed. The optimised cut on the
first BDTG reads bdtg(llbb) > 0.87 for electron-type events (fig. 8.4a) and bdtg(llbb) >
0.28 for muon-type events (fig. 8.4b). The cut on bdtg(llbb) is much more strict for the
electron-type compared to the muon-type events due to the large contribution of eebb.
Moreover, a much larger contribution of eνbbqq events survives the preselection compared
to µνbbqq and τνbbqq. Also the full-hadronic six-jet background is part of the background
contribution to the electron-type category. As mentioned before the relative error on the
number of bbqqqq events is 21%. Therefore, this result has to be taken with care. More
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Figure 8.4: a) A cut of bdtg(llbb) > 0.87 is applied to electron-type events. b) A cut of
bdtg(llbb) > 0.28 is applied to muon-type events.

statistics could be useful to get a clearer picture of the suppression of bbqqqq events. To
obtain a relative error of at least 10% on the number of events, the MC sample size should
be almost 30 times larger than the expected number of events.

Second BDTG: lνbbqq vs. llHH (llbbbb)

Even though lνbbqq is largely suppressed by the preselection, it still gives the second
largest contribution to the background. The semi-leptonic background consists of eνbbcs
and eνbbud events and the corresponding µ and τ modes. It originates from tt and WWZ
processes. After the foregoing selection cuts, there is a relative error of 10% on the number
of eνbbqq events. A relative error of almost 20% and 35% is present for µνbbqq and
τνbbqq, respectively. In this case, even more statistics is needed for the training of one
combined BDTG. For example, to obtain a relative error of 5% on the respective number
of events at this stage of the analysis, 8 times larger MC sample sizes are needed for
eνbbqq, 30 times larger for µνbbqq and 180 times larger for τνbbqq, respectively. The
input variables for BDTG training are discussed in the following.

• visible energy: The total visible energy for signal events is larger than for back-
ground events, which contain one neutrino in their final state (fig. 8.5a).

• M(Z): Backgrounds which pass the isolated lepton requirement include one misiden-
tified lepton. Since the events are from tt, the reconstructed invariant mass of the
two selected isolated leptons is very different compared to signal events (fig. 8.5b).

• plmin: Since there is just one isolated charged lepton in the background final state
the other misidentified lepton must be part of a jet. This lepton has a smaller mo-
mentum compared to isolated leptons. The smallest lepton momentum gives dis-
criminative power for signal and backgrounds (fig. 8.5c).
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Figure 8.5: Inputs for bdtg(lνbbqq) training. The descriptions can be found in the text.

• M(b34): The four jets in the final state can be ordered from the largest to smallest
b likeliness. The background includes two b jets and two light jets. Since the
background comes from tt the two light jets are reconstructed as from a W decay.
The invariant mass of the third and fourth jet is reconstructed as W boson (fig. 8.5d).

• missing pt: Since there is one neutrino in the final state of the background events,
the missing transverse momentum is larger compared to the signal (fig. 8.5e).

• npfos: Generally, b quarks have larger multiplicities compared to light jets. Since
the background events include only two b jets, the total number of PFOs in back-
ground events is smaller than in signal events (fig. 8.5f).

• mvasmall: The classifier output obtained in the developed isolated lepton strategy
offers separation power. In the isolated lepton selection (sec. 6.1) leptons receive
an MVA value and are selected as isolated if they pass the selection cuts on the
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Figure 8.6: Classifier response of second BDTG: lνbbqq vs. ZHH (llbbbb).

classifier outputs. In llHH, an isolated lepton pair is selected. Each of the two
leptons receives an MVA value. The two values are sorted by size, which results
in a larger and smaller MVA value. Both signal leptons have large MVA values,
while lνbbqq events have one large and one small value, which corresponds to the
misidentified lepton. Therefore, the smaller MVA value is useful for background
suppression. It provides one of the most important variables in training (fig. 8.5g).

The background statistics is very limited since the preceding selection cuts reduce the
number of background events significantly. However, the BDTG training does not suffer
from overtraining. Overtraining indicates that the output classifier is sensitive to statistical
fluctuations of the training sample, which is often the case for limited statistics. Statistical
fluctuations can lead to an overestimation of the discriminative power between signal and
backgrounds. BDTGs are less sensitive to overtraining than MLPs. This is one aspect of
using BDTGs in this analysis instead of MLPs as in [108].

The classifier response is shown in fig. 8.6. A clear signal and background separation is
visible. The optimal cut value is 0.79 and is included in the training of the third BDTG.
The selection cut on bdtg(lνbbqq) is again optimised for the largest signal significance in
both categories. The optimised thresholds are larger compared to the optimal cut sug-
gested in training. For electron-type events the threshold reads bdtg(lνbbqq) > 0.97
(fig. 8.7a) and for muon-type events bdtg(lνbbqq) > 0.85 (fig. 8.7b). The optimised
thresholds on bdtg(lνbbqq) most likely are due to few statistics. More statistics is needed
to study whether the tight cuts and the respective background rejection are reliable. At
this stage of the event selection all other background processes have large statistics and
small relative errors on the number of expected events (tab. 8.2).

Third BDTG: ZZH/ZZZ vs. llHH (llbbbb)

The third dominant background includes processes which have the same particles in the
final state as the signal. These backgrounds are ZZZ and ZZH. The cross sections of these
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Figure 8.7: a) A cut of bdtg(lνbbqq) > 0.97 is imposed on electron-type events. b) A cut
of bdtg(lνbbqq) > 0.85 is imposed on muon-type events.

processes are not large, but since they have the same final state as the signal they are more
difficult to suppress. Especially in this case the discriminative power of the MVA output is
very important. Mass distributions play an important role as input parameters for BDTG
training. Hence, the kinematic fit results are taken into account and are evaluated.

At this stage of the analysis, the data samples used for BDTG training still have very
large statistics, even after applying the foregoing cuts. The relative error on the expected
number of background and signal events is below 1% after the cut on bdtg(lvbbqq). In the
following the input variables are discussed and the distributions are shown in fig. 8.8.

• χ2
ZHH

and χ2
ZZH

: As discussed in the preceding chapters, both variables are obtained
from kinematic fits and are included in BDTG training. Both variables have shown
an advanced signal and background separation. By adding these variables to the
MVA, first investigations indicate a relative improvement of 20% in the event selec-
tion. However, the results are based on the kinematic fit without ISR treatment and
without semi-leptonic correction. It needs to be confirmed for fit results including
both effects since such fits give less discriminative power in signal and background
separation (sec. 7.8). It turns out that in BDTG training the χ2 distributions are the
most important variables in ranking and separation (fig. 8.8a, fig. 8.8b).

• M(H1) and M(H2): The Higgs masses are important parameters to separate ZZH/Z
from ZHH. The four jets are paired to form the signal bosons with eq. 5.4 (sec. 5.2)
and by applying kinematic fits. Various combinations of Higgs masses have been
tested as inputs. The fitted masses are highly correlated. The correlation is larger
than 90%. The correlation degrades the separation power of the BDTG. By using
only one Higgs mass the separation power is also decreased compared to the use
of both masses before fit. Using both Higgs masses is useful, since ZZH/Z back-
grounds cannot fulfil the two-Higgs hypothesis. Moreover, the fitted masses are
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Figure 8.8: Inputs for bdtg(llbbbb) training. The descriptions can be found in the text.
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much more correlated to χ2
ZHH and χ2

ZZH, degrading the separation power of these
variables in training. Hence, to assure the improvements by adding χ2

ZHH and χ2
ZZH,

both masses without fitting are included even though the fitted masses give an en-
hanced background rejection (sec. 7.7.4) (fig. 8.8c, fig. 8.8d).

• M(H) (ZZH) and M(Z) (ZZH): The events are reconstructed according to the
ZZH hypothesis. These boson masses are correlated to the ZHH final-state recon-
struction, but give additional power to suppress ZZH. The Z and the Higgs masses
are obtained without and with fitting. For the latter however, the hard-mass con-
straints used in the ZZH fit hypothesis fix the masses to a certain value. Neverthe-
less, the masses before fitting can be related to the fit results, by only considering
the masses for the best jet permutation of the fit in every event. They are less cor-
related with M(H1) and M(H2) compared to the respective masses without fitting.
This improves the separation power of the BDTG (fig. 8.8e, fig. 8.8f).

• M(Z1) (ZZZ) and M(Z2) (ZZZ): The events are reconstructed according to the
ZZZ hypothesis. The masses are used to suppress the respective background. At this
stage of the analysis, ZZZ is much smaller compared to ZZH. Various combinations
of masses without and with fitting have been tested. Similar to the ZHH hypothesis,
the fitted masses of the Z bosons are very correlated. Therefore, the Z-boson masses
without fitting are used as inputs (fig. 8.8g, fig. 8.8h).

• p1st (ZZH) and cos1st (ZZH): ZZH includes a t-channel diagram with one Higgs-
strahlung from a Z boson. The emitted bosons move very fast in forward direc-
tion. This property can be effectively used by reconstructing the events according
to ZZH. The boson candidate with the largest momentum among the three bosons
is identified. The largest boson momentum and its polar angle reflect the t-channel
properties. They are less important in training, but excluding them from training
still slightly decreases the separation power of the BDTG (fig. 8.8i, fig. 8.8j).

• p1st (ZZZ) and cos1st (ZZZ): Similar to ZZH, ZZZ includes a t-channel diagram
with one Z strahlung from the electron line. Also in this case, the boson candidate
with the largest momentum is identified and the largest boson momentum and its
polar angle are used (fig. 8.8k, fig. 8.8l). The properties are correlated to p1st (ZZH)
and cos1st (ZZH) (∼ 80%), degrading the separation power.

The BDTG response is shown in fig. 8.9. Since the Higgs masses are the most discrimi-
native quantities next to the χ2 distributions from the kinematic fit, a cut on bdtg(llbbbb)
helps to suppress all other background processes as well. The overall relative improve-
ment of the separation power of the BDTG response by adding the information obtained
from the kinematic fit is about 5%. In total, a relative improvement of 20% can be achieved
in the selection of llHH by adding kinematic fit variables. This is discussed at the end of
this chapter.
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Figure 8.9: Classifier response of the third BDTG: ZHH/Z vs. ZHH (llbbbb).

The distribution of bdtg(llbbbb) for electron-type and muon-type events is depicted in
fig. 8.10. The absence of backgrounds at large bdtg(llbbbb) for both lepton-types is vis-
ible. At this stage, the relative error on the expected number of events for ZZH and
ZZZ is small. It reads 2% for ZZZ and 1% for ZZH in the electron-type category. In
the muon-type category the relative error is 1% on ZZZ and ZZH, respectively. The se-
lection cut is again optimised for both channels. In the electron channel, a threshold of
bdtg(llbbbb) > −0.41 leads to 7.9 ± 0.6 background events in total. The largest contri-
bution to the error is given by eνbbqq. There are 4.03 ± 0.03 ZHH events remaining,
2.6 events of which are ZHH → eebbbb events. In the muon channel, a selection cut of
bdtg(llbbbb) > −0.28 leads to 8.9 ± 0.5 background events in total and 5.1 ± 0.03 signal
events, where 2.8 are ZHH → µµbbbb events. The final selection is listed in tab. 8.2.
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Figure 8.10: a) A cut of bdtg(llbbbb) > −0.41 is applied on electron-type events. b) A
cut of bdtg(llbbbb) > −0.28 is imposed on muon-type events.
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Figure 8.11: Jet with the third largest b likelihood.

8.1.3 Flavour Tag Information

So far, no flavour-tag information are used in the event selection. The backgrounds are
well-suppressed by the BDTGs based on kinematic variables only. However, the number
of background events is still larger than the number of signal events. One possibility to
reject more events with two or even less b jets in the final state is given by flavour-tag in-
formation. This also refers to ZHH events, in which at least one of the Higgs bosons does
not decay into a pair of b quarks. This allows to extract the desired HH → bbbb signal
mode. To evaluate the flavour tag the four jets are ordered from largest to smallest b like-
lihood bmax1, bmax2, bmax3, and bmax4. Since all of the considered events contain at
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Figure 8.12: Jet with the third largest b likelihood for ZHH → llHH after preselection.
Events with H 9 bb are present at small values. A tight cut on bmax3 selects ZHH →
llbbbb events.
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least two b jets, bmax1 is large and bmax4 is small for signal and background events. The
most discriminative variable is bmax3. The distributions for both lepton-type categories
are shown in fig. 8.11. Only very soft cuts give an optimised signal significance at this
stage of the analysis: bmax3 > 0.03 for electron-type (fig. 8.11a) and bmax3 > 0.01 for
the muon-type (fig. 8.11b) events. The cuts do not have large effects on the background
rejection, especially keeping in mind the limited statistics. Nevertheless, flavour-tag in-
formation can be used as optional feature to select ZHH → llbbbb events by applying a
tight cut on bmax3. This is shown in fig. 8.12 for llHH events after preselection. Events
with one Higgs decaying into a channel other than H → bb are located only at small
bmax3 values, while HH → bbbb peaks at large values. By increasing the selection
threshold, more background events can be rejected and the desired signal mode can be se-
lected. Since the optional b-tagging feature at the end gives a clear separation especially of
H → WW, ττ, bb, the event selection strategy can serve the basis for further investigations
of other Higgs decay modes.

8.2 Neutrino Channel

The important aspects of the optimised ννHH event selection are discussed in the follow-
ing. The event selection follows the same strategy as discussed for the lepton channel.
First a preselection is applied to reduce the large background contribution. Then, sepa-
rate BDTGs are trained for the dominant backgrounds. In every training the foregoing
selection cuts are considered. Lastly, flavour-tag information are used in the selection.
The cutflow for the entire selection is listed at the end of this section in tab. 8.3. The
background events which contribute to ννHH were discussed in sec. 5.2.

8.2.1 Preselection

The preselection of the neutrino channel follows the same strategy as in the lepton chan-
nel. In the lepton channel the most powerful preselection requirement is given by the
isolated lepton selection, which rejects 95% of the total background contribution. In the
neutrino channel, the isolated lepton selection is used as veto against events which contain
at least one isolated lepton. Hardly any background considered in the neutrino channel
includes isolated leptons. This requirement mainly reduces lνbbqq events by almost 70%.
The largest contribution to the remaining events is given by τνbbqq. Less than 10% of
these events are from leptonic τ decays. A dedicated algorithm to identify hadronic τ
decays could further improve the background suppression. The isolated lepton selection
is optimised to find isolated e and µ. In 90% of eνbbqq and µνbbqq one isolated lepton is
found. Thus, the veto efficiency for events with one lepton is 90%. In the signal, roughly
22% of the events are rejected, only 3% which correspond to ZHH → ννbbbb (tab. 8.3).
Mainly H → ττ and H → WW events are suppressed. After jet pairing to reconstruct
the signal bosons, the background contribution is suppressed by only 55% at this stage of
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the ννHH preselection. In order to reduce backgrounds more effectively flavour-tag in-
formation are already included in the preselection. bmax3 is the third largest b-tag value
and is useful to suppress background events with less than three b jets. Moreover, as dis-
cussed in sec. 8.1.3, it allows to reject ννHH events in which at least one Higgs does not
decay into a pair of b quarks. A tight cut on bmax3 gives access to HH → bbbb events.
Therefore, bmax3 > 0.2 is applied to the events, which rejects 99% of ννbb. Since this
background has a large cross section roughly 2300 events pass the criteria. Additionally,
85% of lνbbqq is suppressed. The largest contribution to lνbbqq is given by τνbbcs events.
In this process the secondary vertices of the τ and c can make b tagging less effective. The
total background is reduced by one order of magnitude (tab. 8.3). Since the flavour-tag
efficiency scales to the power of the number of jets, improvements regarding flavour tag-
ging have large effects on the analysis. The desired signal final state includes at least four
b jets. Thus, by improving the b-tagging efficiency for the same purity by 5% would result
in relative 20% more signal events after preselection.

Similar to llHH additional cuts are applied before BDTG training, which represent proper-
ties of the signal mode. First, selection cuts are applied to M(H1) (fig. 8.13a) and M(H2)
(fig. 8.13b). Both masses should satisfy values within 60 GeV and 180 GeV. This rejects
ZZ and full-hadronic six-jet events from tt and WWZ. ZZ background can be suppressed
by thrust < 0.9 (fig. 8.13c). In contrast to llHH, the two neutrinos in the neutrino chan-
nel cause a reduced visible energy and large missing transverse momentum. Therefore,
the missing transverse momentum should satisfy 10 GeV < mpt < 180 GeV (fig. 8.13d).
Moreover, the visible energy in an event needs to fulfil evis < 400 GeV (fig. 8.13e).
In signal events missing energy originates from Z → νν and ISR. Missing energy from
semi-leptonic b and cascade c decays in the jets is corrected for and should not contribute
largely. The visible energy requirement rejects full-hadronic backgrounds, in which the
missing energy can only occur in the jets, i. e. bbqqqq and bbbb. Moreover, the invariant
mass of all reconstructed particles should be consistent with the mass of the two Higgs
bosons M(HH) (fig. 8.13f). Therefore, the events have to fulfil M(HH) > 220 GeV. This
requirement rejects bbbb and ννbb events. After applying the additional cuts the back-
ground contribution is again reduced by almost one order of magnitude and the signal
efficiency is roughly 90% with respect to the preselection (tab. 8.3).

8.2.2 MVA Training and Final Selection

After preselection three separate MVAs are trained for the dominant backgrounds. Also
in this channel using BDTGs instead of MVAs as in [108] gives 5% improvement on
the ννHH event selection results. At this stage the dominant backgrounds are again: (1)
bbbb, (2) semi-leptonic background lνbbqq, and (3) ZZH/Z with the same final state as
the signal ννbbbb. A summary of input variables and the corresponding distributions are
listed in A.1. The important aspects of the final selection are discussed in the following.
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(c) thrust
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(d) missing transverse momentum
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(e) visible energy
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Figure 8.13: Preselection variables in the neutrino channel. All distributions are shown
after having applied the respective previous cuts.
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First BDTG: bbbb vs. ννHH (ννbbbb)

After preselection, the dominant background is bbbb. The b-tagging and missing energy
requirements in the preselection were less effective for these events. Enough statistics
is available for BDTG training after preselection. The relative error on background and
signal events is less than 1%. The entire collection of input variables for training and the
corresponding distributions are given in A.1.1. Especially important in the BDTG training
are visible energy, missing transverse momentum and the thrust even though these vari-
ables have been used as precuts. Missing energy and transverse momentum in bbbb can
occur in the jets and from ISR. However, ISR photons do not carry transverse momentum
since they are very forward and backward. Therefore, missing transverse momentum can
only occur in the jets. Missing energy from semi-leptonic b and cascade c decays is cor-
rected in the jets. Hence, the signal has larger missing energy and missing pt compared to
the background (A.1.1).

The classifier response and the bdtg(bbbb) distribution for signal and backgrounds af-
ter preselection are shown in fig. 8.14. The optimal cut suggested in training reads
bdtg(bbbb) > 0.81. However, the threshold is optimised in the final selection with re-
spect to the maximum signal significance σ = s

√
s+b

. The optimised selection cut reads
bdtg(bbbb) > 0.94, since applying a more strict cut on bdtg(bbbb) allows to suppress
large amount of other backgrounds besides bbbb. The total background is suppressed by
60%, while keeping more than 70% of ννHH and 80% of ZHH → ννbbbb with respect to
the previous cut on M(HH). 99% of bbbb events do not pass this requirement and lνbbqq
is suppressed by 50%. The full-hadronic six-jet background does not satisfy the missing
energy and momentum requirements and is suppressed by 95%. Hence, the properties
of bbbb used in training are very discriminative to select signal events and reject large
amount of background. The optimised bdtg(bbbb) cut is considered in the training of the
second BDTG.
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Figure 8.14: a) Classifier response of the first BDTG. b) bdtg(bbbb) for signal and back-
grounds after all foregoing cuts. bdtg(bbbb) > 0.94 is applied to the events.
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Second BDTG: lνbbqq vs. ννHH (ννbbbb)

The largest background contribution is given by lνbbqq. The semi-leptonic background
consists of eνbbcs, eνbbud and the corresponding µ and τ modes. These processes come
from tt and WWZ decays. So far, the eνbbqq and µνbbqq processes are well suppressed
by the selection. However, τνbbqq events, especially τνbbcs in which the τ and c jets
can make b tagging less effective are very challenging. In order to discriminate τνbbqq,
background variables are used as BDTG input which are obtained by reconstructing the
events as five-jet events from τνbbqq. The jet with the smallest number of PFOs repre-
sents the τ jet. The remaining four jets are ordered by b likeliness. The two jets with
the smallest b likeliness are reconstructed as W boson. The top mass is reconstructed by
combining one of the b jets with the W-boson candidate, which results in two possible
top-mass combinations. The top and W masses are used as inputs. Moreover, since some
τ decay into a high-energetic charged π, the largest momentum of all PFOs can provide
separation power. The entire collection of input variables and the corresponding distribu-
tions can be found in A.1.2. The classifier response and the bdtg(lνbbqq) distribution for
signal and backgrounds after all foregoing cuts are shown in fig. 8.15. The optimal cut
value suggested in BDTG training reads bdtg(lνbbqq) > 0.18. However, the threshold is
optimised with respect to the maximum signal significance. The optimised selection cut
gives bdtg(lνbbqq) > 0.67. By applying this selection cut the total background is reduced
by ∼ 95%, while keeping 70% of ννHH with respect to the previous cut on bdtg(bbbb).
Relative 95% of τνbbqq do not pass the selection cut. Nevertheless, the remaining 5%
still correspond to 700 events. At this stage of the analysis the relative errors of some
backgrounds become large, i. e. ννbb obtains a relative error of 18% and bbbb of 10%. To
get a better picture on the suppression of the events, larger statistics is needed. To reduce
the relative error on both background types to 5%, 20 times more statistics is needed for
ννbb and 60 times more for bbbb with respect to the expected number of events.
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Figure 8.15: a) Classifier response of the second BDTG. b) bdtg(lνbbqq) for signal and
backgrounds after all foregoing cuts. bdtg(lνbbqq) > 0.67 is applied to the events.
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Third BDTG: ZZH/Z vs. ννHH (ννbbbb)

The third BDTG is trained for background processes as ZZH/Z → ννbbbb. After the
previous selection cuts, there is still enough statistics available for BDTG training. The
relative error on the number of ZZH and ZZZ events is 1%, respectively. The relative
error on the number of signal events is below 1%. The same input parameters are used
in training as for llHH. Similar to llHH, the boson mass distributions without fitting are
used in training to avoid large correlations between input variables, which degrade the
separation power of χ2

ZHH and χ2
ZZH obtained from the fit. In the neutrino channel, missing

four-momentum is carried away by Z → νν. In order to be able to perform kinematic
fits in this mode and to ensure that the fit is non-trivial, the Zinvisible fit object was
developed which is described in sec. 6.3.2. The Zinvisible fit object automatically imposes
one mass constraint of Mνν = MZ to the fit. The fit has to satisfy the Z-mass constraint
parametrised by the missing energy. However, the application of the ISR photon fit object
in combination to the Zinvisible fit object had to be evaluated, since the ISR photon fit
object is parametrised by the total missing pz of an event. In fig. 8.16 P(χ2) of the ZHH fit
(fig. 8.16a) is exemplary shown for signal events, as well as the χ2 scatter plot (fig. 8.16b)
which is fed to the BDTG. The semi-leptonic correction provides improvements since less
missing energy is present in the events. However, the missing energy in the events from
either ISR or Z → νν cannot be distinguished. P(χ2) indicates that the ISR consideration
in the fit distorts the fit probability. The missing energy in the final state would require
further developments for a successful ISR treatment. Hence, in the neutrino channel in
the fit ISR in not considered. Nevertheless, the developed Zinvisible fit object allows the
application of kinematic fits without ISR consideration with very good fit performance.
P(χ2) is well-distributed. The classifier response and the bdtg(ννbbbb) distribution for
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Figure 8.16: a) P(χ2) of the ZHH fit for signal events. The semi-leptonic correction
without ISR treatment gives an enhanced fit performance. b) χ2

zzh vs. χ2
zhh for fits without

ISR consideration and with semi-leptonic energy correction. The developed Zinvisible
fit object allows the application of kinematic fits. However, the missing energy in the
final state would require further developments for a successful ISR treatment.
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Figure 8.17: a) Classifier response of the third BDTG. b) bdtg(ννbbbb) for signal and
backgrounds after all foregoing cuts. bdtg(ννbbbb) > 0.3 is applied to the events.

signal and background events are shown in fig. 8.17. The selection cut is optimised to
bdtg(ννbbbb) > 0.3. By applying this cut ZZH/Z is suppressed by roughly 80%. The
total background is again suppressed by relative 42% after this cut.

8.2.3 Flavour Tag Information

Lastly, flavour-tag information are used to reject background events. After BDTG classi-
fication flavour tagging is crucial in this channel since there are still 525± 13 background
events remaining, the majority of which is given by τνbbqq events. At this stage of the
event selection, the relative error on some background events is larger than 10%, i. e.
ννbb (20%), eνbbqq (12%), and bbbb (12%). However, the error on τνbbqq is small.
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Figure 8.18: Sum of the third and fourth largest b tag after all cuts for background and
signal events. bmax3+bmax4 > 1.08 provides a very important threshold to suppress the
majority of background events, especially full-hadronic and semi-leptonic backgrounds.
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Events passing the selection so far are predominantly τνbbcs. The τ and c quarks can be
misidentified as b jets and require large flavour-tagging efficiencies. The jets are ordered
in descending order by b likeliness. The most discriminative variables are the third and
fourth largest b likelihood, the sum of which is used in the selection. The distribution
is shown in fig. 8.18. Due to the flavour-tagging requirement in the preselection, values
bmax3 + bmax4 < 0.2 are not possible. At large values only signal events are present,
next to bbbb and ZZH/Z → ννbbbb. Other backgrounds are populated at small values.
The optimised cut reads bmax3 + bmax4 > 1.08, which reduces τνbbqq from 414 ± 12
to 2.5 ± 0.9 events, which are given by τνbbcs. In total after this selection cut, 7 ± 1
background events pass the neutrino channel selection and 5.6 ± 0.04 ννHH events, 5.5
events of which are ZHH → ννbbbb.

The b-tagging efficiency scales as εn, where n denotes the number of b jets in the sig-
nal final state. In the desired signal final state, there are at least four b jets. Therefore,
improving the flavour tag could result in large relative enhancements of the selection. A
relative improvement of 5% in the b-tagging efficiency would give relative 20% more sig-
nal events for the same purity. Thus, after the event selection, 6.8 signal events would
pass the selection, 6.7 of which correspond to ZHH → ννbbbb. This would enhance the
signal significance in this channel by relative 20%.

8.3 Hadron Channel

The hadron channel gives the largest contribution (∼ 70%) to ZHH. Therefore, optimis-
ing this mode is very important. Providing a six-jet final state with at least four b jets
poses high demands on the reconstruction software and detector technologies. In this
channel, background processes are taken into account which have four or more quarks in
the final state, at least two of which have to be b quarks. Also considered are ttZ and
ttg backgrounds which can result in up to eight-jet final states. The basic analysis steps
were discussed in sec. 5.2 and the strategy follows llHH and ννHH. In the following the
challenging aspects of the selection are discussed.

The preselection includes an isolated lepton veto. The veto efficiency is 90% to reject
events with one isolated lepton. Events with one or more isolated leptons are rejected.
This allows to reduce semi-leptonic backgrounds lνbbqq by 70%. The largest contribution
to the events is given by τνbbqq. Less than 10% of these events are from leptonic τ decays,
which could be suppressed by a dedicated algorithm to identify hadronic τ decays. This
could further improve the background suppression. Next to the isolated lepton veto, the
six jets are paired to form the signal bosons (eq. 5.4 in sec. 5.2). Jet pairing requires
flavour-tag information as explained in the following.
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8.3.1 Mass Reconstruction and Jet Pairing

The challenges in mass reconstruction have been discussed in sec. 5.2.2 in context of the
event selection. While in both the lepton and neutrino channel only four jets need to be
combined to form the two Higgs bosons, ZHH → qqbbbb is very challenging with its
six-jet environment. There are 45 possible combinations to form the signal final state of
ZHH. It is difficult to find the correct pairing, since many jet-pair combinations obtain
small χ2. Hence, jet pairing is prone to errors due to combinatorics. A btag requirement is
used to support the jet pairing by choosing the permutation with smallest χ2 (eq. 5.4). At
least four jets in an event need to have a b likeliness larger than 0.16. These four jets are
paired to form the Higgs bosons. If more than four jets in an event fulfil the requirement,
the respective jet permutations are also evaluated as Higgs candidates. Since the dominant
backgrounds predominantly contribute six-jet final states, the flavour-tag requirement re-
jects events which do not have four b jets in the final state. In this thesis, several btag
thresholds have been studied since the actually used requirement in [108] of four jets with
btag > 0.16 rejects ∼ 15% of desired ZHH → qqbbbb events. However, applying a
more loose btag degrades the mass resolution. This is shown in fig. 8.19 for two different
flavour-tag requirements. The Higgs mass is obtained for the ZHH → qqbbbb hypothe-
sis. Although both distributions are of similar shape, wrong jet pairings become mainly
visible in the tails of the distributions. The tails to smaller or larger masses are reduced for
btag > 0.16. Requiring btag < 0.16 leads to increasing tails especially to smaller masses,
since events with semi-leptonically decaying W bosons from H → WW or with H → ττ

pass the requirement. Additionally, by requiring btag < 0.16 even more background
events survive the selection, which then need to be suppressed with tight cuts in the final
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Figure 8.19: Normalised Higgs mass distribution M(H1) for two different tag require-
ments in the jet pairing of ZHH → qqHH events with eq. 5.4. The wrong jet pairings
are predominantly present in the tails to smaller or larger masses.
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selection. As a consequence, the relative gain in the number of signal events is lost. At
the end of an event selection, the larger background contributions and the degraded mass
resolutions result in up to 20% relative degradation of the signal significance in the hadron
channel. Especially here, a relative improvement of the flavour-tagging efficiencies could
have large impact on the event selection. Assuming a relative improvement of 5% in the
b-tagging efficiency for the same purity would lead to relative 20% more signal events
after requiring four b tag larger than 0.16. Also kinematic fits suffer from combinatorics
in case of qqHH and the possible 45 jet permutations. This poses a challenge to the esti-
mation of measurement resolution and the applied constraints in the fit hypothesis, which
have to be chosen carefully to increase the chances of finding the correct permutation in
six-jet final states. The effect of choosing wrong jet permutations is overwhelming espe-
cially in case of the equal-mass fit. In contrast to hard mass constraints, the equal-mass fit
does not fix di-jet masses to a certain value. Many small χ2 are obtained with very small
differences. The semi-leptonic correction only gives a small improvement to the mass
reconstruction in the fit of qqHH. Therefore, the discussed flavour-tag requirement has
been implemented to the fit hypothesis which allows the reconstruction of boson masses
in the six-jet configuration. The fit results are consistent with llHH (sec. 7.7.4). Never-
theless, besides combinatorics at

√
s = 500 GeV, the invariant mass resolution of ZHH is

dominated by jet-finding ambiguities rather than the jet-energy resolution.

8.3.2 Additional Preselection Cuts

After preselection, additional precuts are applied to reduce the number of background
events before BDTG training. Apart from the b-tag requirement, the variables are identical
to llHH. The preselection results are listed in tab. 8.4. All expected number of events are
listed with the corresponding errors. In order to have a unified collection of precuts for all
three signal channels, the two Higgs masses need to fulfil 60 GeV < M(H1) < 180 GeV
(fig. 8.20a, fig. 8.20b) and 60 GeV < M(H2) < 180 GeV (fig. 8.20c, fig. 8.20d). The
events have to fulfil missing pT < 70 GeV(fig. 8.20e, fig. 8.20f). This cut reduces lνbbqq
events by almost 40% with respect to the previous cut. Additionally, the events need to
satisfy a thrust value smaller than 0.9 (fig. 8.20g, fig. 8.20h). The requirement rejects 66%
of bbbb. As a conclusion, after b-tag and isolated lepton requirement all other precuts are
nearly 100% efficient on signal events and reduce the background by a factor of two.

8.3.3 MVA Training and Final Selection

After preselection the dominant backgrounds in the hadron channel are: (1) bbbb, (2)
bbqqqq (here: q , b), and (1) qqbbbb. The identification of six-jet background is crucial.
It requires well-reconstructed masses, which are the most important variables in the sig-
nal and background separation. Moreover, flavour tagging is very important to suppress
backgrounds as bbcssc. The identification rate of b and c jets has to be large.
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Figure 8.20: Preselection variables after having applied the respective foregoing cuts.
The backgrounds with large cross sections (left) and smaller background processes plus
signal (right) are shown in separate plots due to the different scales.
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Figure 8.21: a) The combined flavour tag btagZ of the two jets which are assigned to the
Z-boson decay in the qqHH channel. b) M(H1) for ZHH → qqbbbb. The masses of true
bbHH (bbbbbb) and qqHH (qqbbbb) are compared to the distributions of reconstructed
particles after applying the separation with btagZ.

Similar to the lepton channel, in the final selection all events are separated into two cat-
egories, called “bbHH dominant” and “light qqHH dominant”, according to the flavour
tag of the two jets from the Z-boson decay. The sum of b likeliness of the two jets which
are assigned to the Z is illustrated in fig. 8.21a. The b likeliness is shown for true bbHH
and qqHH events, as well as for true HH → bbbb events. At btagZ & 1.0 the recon-
structed events reproduce the true events well. At btagZ . 1.0 the true bbHH and bbbbbb
events show different distributions. This is due to the jet-pairing requirement. Four jets
with btag > 0.16 are assigned to the two Higgs bosons. The other two jets are assigned to
the Z boson. Consequently, btagZ is well-reproduced for Z decays into light jets, which
obtain small btag values. For events with six jets with btag > 0.16, all permutations
of possible jet pairings are tested for the three bosons. In such events the jet pairing is
prone to errors due to combinatorics. Consequently, wrong jets can be assigned to the
Z and the btagZ at smaller values is different for bbHH and bbbbbb events. We have
investigated that by optimising and performing the event selection without such a sepa-
ration of qqHH, the signal significance is degraded by 10% compared to the evaluation
of the two different categories. Therefore, this strategy [108] is also adapted in this study
by using the threshold btagZ > 0.54 for “bbHH dominant” and btagZ < 0.54 for “light
qqHH dominant”. Different thresholds have been evaluated in this thesis. However, the
original threshold gives the best results. This is shown in fig. 8.21b. The Higgs mass
distribution of true bbHH (bbbbbb) and qqHH (qqbbbb) events are compared to the dis-
tributions of reconstructed particles after requiring a cut on btagZ. Similar to the lepton
channel, the kinematic distributions look similar for both categories. Due to limited statis-
tics, combined MVAs are trained. While the selection cut on the first MVA output (bbbb)
should not differ for both categories, the cuts on the second (bbqqqq) and third (qqbbbb)
MVA are optimised for the different categories. The signal-to-background ratio in “bbHH
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dominant” is better than in “light qqHH dominant”, since the full-hadronic background
bbqqqq from from tt and WWZ contribute to this category. Training separate MVAs could
also enhance the signal selection. However, larger MC samples would be needed. The
detailed list of input variables for training, the corresponding distributions, and the re-
spective classifier response can be found in A.2. In the following the important aspects
and optimisation steps for the three separate BDTGs are discussed. The final selection
results of the two categories are listed in tab. 8.5 at the end of this section. The table also
includes the errors on the number of events after each selection cut.

First BDTG: bbbb vs. qqHH (qqbbbb)

After preselection, the dominant background is bbbb. Enough statistics is available for
BDTG training, even after having applied all foregoing selection cuts. The relative error
on background and signal events is less than 1%. The collection of input variables can be
found in A.2.1. A brief overview is given in the following.
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Figure 8.22: bdtg(bbbb) after preselection for large backgrounds (left) and small back-
grounds plus signal (right). bdtg(bbbb) > 0.90 is applied to the events in both categories.
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Since bbbb originates predominantly from ZZ, the thrust axis allows to separate signal
and backgrounds. Moreover, the events are reconstructed as four-jet final states which
represent the bbbb background. The four jets are paired to form two Z bosons. The
respective masses M(Z1) and M(Z2) are used as inputs, since signal events obtain much
larger masses compared to the background. The largest jet momentum of the four-jet
hypothesis and of the six-jet hypothesis also give overall smaller values for signal events
compared to background events. Similar to the first BDTG in llHH, the total number of
PFOs gives discriminative power, since the six-jet final state with at least four b jets has
much larger multiplicities. Lastly, Durham parameters are used for various jet hypotheses.
The optimal cut suggested in training reads bdtg(bbbb) > 0.90. This cut is taken into
account in the training of the second BDTG. For signal and backgrounds bdtg(bbbb) is
shown in fig. 8.22 for “bbHH dominant” and “light qqHH dominant”, respectively. In
both categories the threshold is optimised with respect to the maximum signal significance
after this cut. The optimised cut gives the same value of bdtg(bbbb) > 0.9 for both
categories. The total background contribution is reduced by 70% in “bbHH dominant”,
and by 55% in “light qqHH dominant”. In both cases the signal efficiency reads 83%.

Second BDTG: bbqqqq vs. qqHH (qqbbbb)

The second dominant background after preselection are events with two b jets and four
light jets in the final state. Such events are coming from ZZH, ZZZ, tt, and WWZ. The
former two only give small contributions, since they have much smaller cross sections
compared to tt and WWZ. tt and WWZ have very large cross sections. Even though the
b-tag requirement in the preselection suppresses 97% of this background, it still gives
the second largest contribution to the total background. At this stage of the analysis,
the statistics is very large even after applying all foregoing cuts. While there is enough
statistics to train a separate BDTG for “light qqHH dominant” with a relative error of 1%
on the number of background events, “bbHH dominant” requires more statistics. In total
a relative error of 19% is present. The largest contribution to the relative error is given by
tt → bbuddu (∼ 18%). To train a separate BDTG for this category with a relative error of
1%, 40 times the MC data size is needed with respect to the expected number of events.

The discriminative power of the second and third BDTGs are very important in the event
selection of qqHH, since they deal with six-jet final states. The entire list of input vari-
ables and the corresponding distributions can be found in A.2.2. Mass distributions play
the dominant role as input parameters in training. Next to M(H1) and M(H2), the masses
of tt (fig. 8.23a, fig. 8.23b) and the W bosons from t → bW (fig. 8.23c, fig. 8.23d) provide
discrimination power. Like in the lepton channel, the two Higgs masses after kinematic
fitting are highly correlated, which decreases the separation power of the classifier. The
masses without fitting are used. In order to obtain the top and W masses the six jets are
paired by choosing the best jet permutation with the smallest χ2

tt
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Figure 8.23: Optimised input variables for bdtg(bbqqqq) training. The descriptions can
be found in the text. The complete set of input variables is given in A.2.2.

χ2
tt =

(M( j1 j2) − MW)2

σ2
W

+
(M( j3 j4) − MW)2

σ2
W

+
(M( j1 j2 j5) − Mt)2

σ2
t

+
(M( j3 j4 j6) − Mt)2

σ2
t

,

(8.1)
where j5 and j6 are the most-like b jets. M( j1 j2) and M( j3 j4) represent the W-boson
masses (MW = 80.4 GeV) and M( j1 j2 j5) and M( j3 j4 j6) the top masses (Mt = 174 GeV).
Here, the W-mass resolution reads σW = 4.8 GeV and the top-mass resolution σt =

20 GeV. The smallest χ2 (fig. 8.23e) from ZHH pairing and from χ2
tt (fig. 8.23f) are also

used for separation.

Since tt is one of the dominant background processes in all three signal channels, in-
vestigating kinematic fits for the tt hypothesis can improve the signal and background
separation. This should be performed and evaluated in the near future. In training, the
respective χ2 distributions from a kinematic fit can be less correlated to the masses with-
out fitting. This can enhance the discriminative power of the classifier as it is the case for
ZZH/Z backgrounds in the lepton channel. Investigating kinematic fits for tt events could
lead to 5% relative improvement on the BDTG response.

The optimal cut value as suggested in the BDTG training reads bdtg(bbqqqq) > 0.33 and
is considered in the training of the third BDTG. Nevertheless, this cut is again optimised
for the two different categories with respect to the maximum signal significance. For
“bbHH dominant” the optimised threshold reads bdtg(bbqqqq) > 0.28 and for “light
qqHH dominant” bdtg(bbqqqq) > 0.61 (fig. 8.24). Especially in “light qqHH dominant”
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Figure 8.24: bdtg(bbqqqq) after all foregoing cuts for large backgrounds (left) and small
backgrounds plus signal (right). bdtg(bbqqqq) > 0.28 is applied to the events in “bbHH
dominant” and bdtg(bbqqqq) > 0.61 to the events in “light qqHH dominant”.

this tight cut is important to reject the large background contribution since the signal-to-
background ratio in this channel is much larger compared to “bbHH dominant”. In this
category, the background is suppressed by ∼ 80% and the signal by ∼ 30%.

Third BDTG: qqbbbb vs. qqHH (qqbbbb)

Like in the lepton channel a separate BDTG is trained for ZZH and ZZZ backgrounds.
Despite of having rather small cross sections, these backgrounds are very difficult to sup-
press. At this stage of the analysis, the relative MC statistical error on the number of back-
ground events is roughly 1%. The same input variables are used as in llHH and ννHH.
The input variables and the corresponding distributions are listed in A.2.3. The kinematic
fit results are evaluated in the context of this BDTG. As example the fit probabilities of the
equal-mass fit are shown in fig 8.25. The semi-leptonic correction results in an enhanced
fit performance with ISR consideration. Compared to the lepton channel χ2

ZHH and χ2
ZZH

from the kinematic fit are less discriminative (fig. 8.25b). Nevertheless, next to M(H1)
(fig. 8.26c) and M(H2) (fig. 8.26d) theses variables represent the most important input
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Figure 8.25: a) Fit probability for signal events in the equal-mass fit. The semi-leptonic
correction with ISR treatment gives an enhanced fit performance. b) χ2

zzh vs. χ2
zhh scatter

plot for the fit with ISR consideration and the semi-leptonic energy correction. The χ2

distributions have less discriminative power compared to llHH.

variables in separation. As already discussed in sec. 8.1.2, the mass distributions without
fitting are used to avoid large correlations between input variables which would degrade
the separation power of the classifier output. As in the lepton channel, for M(H) (ZZH)
(fig. 8.26e) and M(Z) (ZZH) (fig. 8.26f) the masses without fitting are linked to the best
jet permutation obtained by the ZZH kinematic fit hypothesis. The optimal cut value for
the combined BDTG is bdtg(qqbbbb) > −0.10. Optimising this value for both categories
gives bdtg(qqbbbb) > −0.25 for “bbHH dominant” (fig. 8.27a) and bdtg(qqbbbb) > 0.17
for “light qqHH dominant” (fig. 8.27a).

8.3.4 Flavour Tag Information

Similar to the previous channels the selection by BDTGs is followed by flavour-tag re-
quirements. This is very difficult since the backgrounds include two to six b jets in the
final state, as well as c jets. The discrimination between c and b flavours needs very large
flavour-tagging efficiencies (sec. 4.3.1). Compared to b tagging, c tagging is limited due
to the short lifetime and the low number of tracks from secondary vertices. In the flavour
tagging (sec. 5.3.3) bc tagging was discarded as it showed no performance improvements.

The most discriminative flavour-tag threshold is given by the sum of the third and fourth
largest b likelihood bmax3 + bmax4. The distributions for both categories are shown in
fig. 8.28. At this stage of the analysis in “bbHH dominant” the largest contribution to
the relative MC statistical error is given by bbuddu (22%) and lνbbqq (18%), while in
“light qqHH dominant” the relative errors on the number of events are below 5% for the
various backgrounds. In “bbHH dominant” the optimal cut on the b tags is given by
bmax3 + bmax4 > 1.22. This suppresses ZZ → bbbb, and bbcsdu and bbcssc from tt and
WWZ. Full-hadronic six-jet backgrounds from ttbb and ttZ are also suppressed. In “light
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Figure 8.26: Optimised input variables for bdtg(qqbbbb) training. The descriptions can
be found in the text. The complete set of input variables is given in A.2.3.

qqHH dominant” the optimal cut is given by bmax3 + bmax4 > 1.18. The requirement
rejects 95% of bbcssc and 93% of bbcsdu events, which give the largest contribution
to the total background in this category. Nevertheless, only 82% of bbuddu events are
suppressed.

The results of the selection are listed in tab. 8.5. After having performed the basic event
selection strategy 22±1.3 background events and 8.5±0.1 signal events pass the selection
in “bbHH dominant”. 8.0 events of the signal correspond to ZHH → bbbbbb. In this case
a relative improvement of the b-tagging efficiency by 5% for the same purity would result
in 10.2 signal events, 9.1 of which correspond to ZHH → bbbbbb. This evaluation is
made by scaling the efficiency for εn with n = 4 b jets. However, in the “bbHH dominant”
channel, if εn with n = 6 is assumed, the number of signal events result in 12.2 events for
the same purity, 10.9 of which are ZHH → bbbbbb.

Opposed to this, a very large number of background events pass the selection in “light
qqHH dominant”. This is mainly due to the generally much larger signal-to-background
ratio in this category compared to “bbHH dominant”. In total 261±5.6 background events
pass the selection. To reduce the large number of background events, additional cuts are
evaluated. The additional cuts are applied to “light qqHH dominant” only. They were
tested in context of “bbHH dominant”, but no further signal and background separation
was achieved. Especially, the application of additional cuts in “bbHH dominant” is ques-
tionable due to the large relative MC statistical errors at this stage of the analysis.



8.3. Hadron Channel 171

 bdtg(qqbbbb) 
-1 -0.5 0 0.5 1

 e
ve

nt
s 

/ 0
.0

4

10

210

310

410

bbbb
bbcsdu
bbuddu
bbcssc

bbqqνl

ILD preliminary
-1 = 500GeV, 2000 fbs

) = (+0.3,-0.8)-,e+P(e

 qqHH analysis→ZHH 

(a) “bbHH dominant”

 bdtg(qqbbbb) 
-1 -0.5 0 0.5 1

 e
ve

nt
s 

/ 0
.0

4

1

10

210

310 qqHH
ZZH
ZZZ
ttZ
ttbb

ILD preliminary
-1 = 500GeV, 2000 fbs

) = (+0.3,-0.8)-,e+P(e

 qqHH analysis→ZHH 

(b) “bbHH dominant”

 bdtg(qqbbbb) 
-1 -0.5 0 0.5 1

 e
ve

nt
s 

/ 0
.0

4

10

210

310

410

bbbb
bbcsdu
bbuddu
bbcssc

bbqqνl

ILD preliminary
-1 = 500GeV, 2000 fbs

) = (+0.3,-0.8)-,e+P(e

 qqHH analysis→ZHH 

(c) “light qqHH dominant”

 bdtg(qqbbbb) 
-1 -0.5 0 0.5 1

 e
ve

nt
s 

/ 0
.0

4

1

10

210

310 qqHH
ZZH
ZZZ
ttZ
ttbb

ILD preliminary
-1 = 500GeV, 2000 fbs

) = (+0.3,-0.8)-,e+P(e

 qqHH analysis→ZHH 

(d) “light qqHH dominant”

Figure 8.27: bdtg(qqbbbb) after all foregoing cuts for large backgrounds (left) and small
backgrounds plus signal (right). bdtg(bbqqqq) > −0.28 is applied to the events in “bbHH
dominant” and bdtg(bbqqqq) > 0.17 to the events in “light qqHH dominant”.

The distributions of the selection variables can be found in A.2.4. Events are selected
which have a b likeliness of bmax3 > 0.85, before additional cuts to the ZHH boson
masses are applied to select events corresponding to the signal hypothesis. The Z-boson
mass from ZHH pairing is very important in the selection of “light qqHH dominant”.
It has not been used as input for BDTG training, since the distributions have different
shapes in both categories (fig. A.11), which can be explained as follows: After having
suppressed the bbbb background with a cut on bdtg(bbbb) the Z-mass distributions are
dominated by tt → bbqqqq, which obtain a large tail to smaller masses due to wrong
jet pairing of tt background to form ZHH. Since “light qqHH dominant” includes 50
times more bbqqqq events after the cut on bdtg(bbbb) compared to “bbHH dominant”,
the tail to smaller masses is very pronounced. Therefore, this variable is not used as input
for bbqqqq suppression. In this category, the events have to satisfy 40 GeV < M(Z) <
110 GeV. This requirement suppresses ∼ 30% of the total background and only ∼ 12% of
the signal. However, after this cut various backgrounds obtain large statistical errors, i. e.
bbcssc (7%), bbcsdu (10%), bbuddu (18%). Therefore, the results have to be taken with
care in context of the following cuts on M(H1) and M(H2) of 90 GeV < M(H1/2) <
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Figure 8.28: bmax3 + bmax4 after all foregoing cuts for large backgrounds (left) and
small backgrounds plus signal (right). bmax3 + bmax4 > 1.22 is applied to the events in
“bbHH dominant” and bmax3 + bmax4 > 1.18 to the events in “light qqHH dominant”.

140 GeV. These allow to suppress the total background by additional 63%, while only
losing 20% of the signal. Nevertheless, at this stage MC statistical fluctuations limit the
realistic background suppression. The results of the hadron channel are listed in tab. 8.5.
The additional cuts lead to 55 ± 2.0 background events and 12.6 ± 0.1 signal events in
“light qqHH dominant”. Also in this case, by assuming 5% relative improvement in b-
tag efficiencies, the number of signal events would increase by relative 20% for the same
purity. Then, 15.3 signal events would pass the event selection.

8.4 Event Selection Summary

The event selection strategy was optimised and the achieved improvements of analysis
techniques, i. e. isolated lepton finding, semi-leptonic energy correction, and kinematic
fits, were included in the selection strategy. The results of the event selection are listed in
tab. 8.6 and are discussed and summarised in the following.
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8.4.1 Signal Significance

So far a counting experiment was performed to determine the cross section of double
Higgs-strahlung, in which ZHH was divided into statistically independent channels. In
each channel n events are observed, which consist of signal ns and background events nb.
The background events nb are known, while the number of signal events ns is unknown.
These represent the new process, in this case double Higgs-strahlung, which needs to be
observed to get access to information on the Higgs self-coupling. Two types of signifi-
cances can be determined which indicate whether double Higgs-strahlung events can be
observed in the respective signal channels. A procedure for searches with small statistics
is applied, which allows the use of Poisson statistics [195].

Since ns and nb can be treated as independent Poisson random variables with mean s and b
respectively, n = ns+nb is also a Poisson random variable with mean s+b. The probability
to observe n events is then given by

p(n; s, b) =
(s + b)n

n!
exp (−(s + b)) . (8.2)

Excess Significance

Typically, the question of interest is whether the observed number of events nobs in data
is due to statistical fluctuations of the background, assuming no signal is present. Hence
this assumption (null hypothesis) represents a background-only experiment. This can be
quantified by the probability (p value) that the background-only model gives statistical
fluctuations equal to or exceeding the expected number of events n

p(n ≥ nobs) =

∞∑
n=nobs

p(n; s = 0, b) = 1 −
nobs−1∑

n=0

bn

n!
exp (−b) . (8.3)

The p value is independent of s. The “excess significance” σe is often defined as the
number of standard deviations that a Gaussian variable would fluctuate in one direction to
give the same p value

p(n ≥ nobs) =

∞∫
σe

1
√

2π
exp (−x2/2) dx = 1 − Φ(σe) , (8.4)

where Φ(σe) denotes the Gaussian cumulative distribution [27]. The excess significance
can be obtained with σe = Φ−1(1 − p(n ≥ nobs)). In the large statistics limit Gauss
approximations give σe = n−b

√
b

which leads to the well-known formula s
√

b
[27].

Measurement Significance

Assuming an alternative hypothesis, in which signal and background exists, the p value
of observing events equal or less than the expected number of events n is defined as in
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ZHH channel s (HH → bbbb) b σe σm

eeHH 3.9 ± 0.03 (2.6) 7 ± 0.6 1.29σ 1.07σ
µµHH 5.1 ± 0.03 (2.8) 9 ± 0.5 1.48σ 1.26σ
ννHH 5.6 ± 0.04 (5.5) 7 ± 1.0 1.78σ 1.50σ
bbHH 8.5 ± 0.10 (8.0) 22 ± 1.3 1.75σ 1.57σ
qqHH 12.6 ± 0.1 (10.9) 55 ± 2.0 1.65σ 1.55σ

Table 8.6: Results of the event selection corresponding to an integrated luminosity of
L = 2 ab−1 and a beam polarisation of P(e+e−) = (0.3,−0.8). The number of signal
events s, background events b, σe and σm for each signal channel are listed.

eq. 8.2. In this case the p value can also be expressed as

p(n ≤ nobs) =

∞∑
n=nobs

p(n; s, b) =

nobs∑
n=0

(s + b)n

n!
exp (−(s + b)) . (8.5)

The significance is determined similar to eq. 8.4 and is called “measurement significance”
σm. In the large statistics limit the definition leads to the significance formula of s

√
s+b

[27].

The combined signal excess significance is determined in the next chapter, giving indica-
tions on whether double Higgs-strahlung can be discovered or at least scientific evidence
can be found with an integrated luminosity of L = 2 ab−1 and a beam polarisation of
P(e+e−) = (0.3,−0.8) at a centre-of-mass energy of

√
s = 500 GeV.

The event selection results and the corresponding measurement and excess significances
in each channel are listed in tab. 8.6. The event selection results are summarised in the
following. This includes a discussion of the achieved improvements in the event selection.
The relative improvements, which are stated in the following, always refer to previous
preliminary results of this thesis [197]. In total, σe and σm of the llHH channel are
improved by relative 25% in µµHH and 15% in eeHH, respectively. In the neutrino
channel an overall relative improvement of 10% is achieved, while almost 15% relative
improvement is obtained in the results of the qqHH category in the hadron channel. For
bbHH the yields are consistent with previous results.

8.4.2 Event Selection Improvements

MVA Classifier Training

Several MVA classifiers have been evaluated. The best classification is achieved with
BDTGs. Compared to artificial neural nets, they provide a 10% relative improvement of
the significances in the lepton channel and 5% in the neutrino channel. Decision trees
are less sensitive to the amount of input variables, poorly discriminating variables and
overtraining. Overtraining can result in an overestimation of the separation power between
signal and backgrounds. It can be due to limited statistics in the training samples.
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Due to the finite MC statistics separate BDTGs are trained for the dominant backgrounds
in each signal channel. Training one BDTG for the entire background degrades the clas-
sifier performance since the strongest impact is given by the largest background process.
Additionally, since the BDTGs are trained sequentially even more statistics is needed.
This especially affects bdtg(lνbbqq) training in the lepton channel. At this stage of the
event selection, the relative MC statistical error on eνbbqq is 10%, on µνbbqq 20%, and
on τνbbqq 35%. To obtain a relative statistical error of at least 5% before training, 8
times more eνbbqq, 30 times more µνbbqq, and 180 times more τνbbqq MC data sizes
are needed with respect to the expected number of events. Moreover, in the lepton and
hadron channel the events are separated into two categories. Without such a separation
the respective event selection results are degraded by 10% compared to the evaluation of
separated event categories. However, due to the limited statistics combined BDTGs are
trained for the two categories. Training separate BDTGs for each category could enhance
the event selection. However, even more statistics is required. In the hadron channel this
concerns tt → bbqqqq events. At least 50 times larger MC data sizes for bbuddu and 6
times for bbcssc are required to obtain a relative error of 5% before BDTG training.

Isolated Lepton Selection

The isolated lepton selection strategy provides MVA variables which are used to suppress
lνbbqq backgrounds. The MVA variable of the second identified lepton is the most impor-
tant variable in the training of bdtg(lνbbqq) in the lepton channel. Moreover, the isolated
lepton finder improves the background suppression by a factor of 10 for the same signal
efficiency. The selection efficiency is larger than 90% for two isolated leptons in an event.
Additionally, the isolated lepton strategy is used as veto in the neutrino and hadron chan-
nel. The veto efficiency is roughly 90% to find and reject events with at least one isolated
lepton. However, the strategy is not optimised for τ events. Therefore, in llHH only two
third of the signal events pass the isolated lepton selection. Including a proper method
for τ identification can be useful to select ττHH signal events. Since less than 10% of τ
decay leptonically, a dedicated algorithm to identify hadronic τ decays can also improve
the background suppression.

By selecting ττHH events in the lepton channel, the signal significance and the measure-
ment precision on σZHH can be improved. If similar results for ττHH are achieved as in
µµHH and eeHH, this can lead to 8% relative improvement of the precision on σZHH.

Flavour Tagging and Mass Reconstruction

Flavour tagging plays an important role in the event selection. In the lepton channel
flavour-tag information can be used as optional feature to select H → WW, ττ since the
optimised strategy already provides a very large signal purity. The lepton channel selec-
tion can provide a foundation to select various Higgs decay modes.
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In the neutrino channel, it is crucial to suppress the large amount of background events
after separation using BDTGs. Before applying a flavour-tag requirement, the dominant
background in this channel is τνbbcs, in which both the secondary vertices of the τ and
the c quarks can make b tagging less effective. However, very high b-tagging efficiencies
allow to reject the background by more than 99%.

In the hadron channel, flavour tagging already plays an important role in the boson mass
reconstruction, by both the smallest χ2 and the kinematic fit. ZHH → qqHH gives 45
possible combinations to form the signal bosons. Therefore, jet pairing is prone to errors
due to combinatorics which can be solved by including flavour-tag information in jet
pairing. This b-tag threshold is important since it already rejects large amount background
events and has large impact on the mass resolution. A degradation of 20% on the signal
significance in this channel is observed if 20% more soft b tags are used in jet pairing.

Moreover, improvements of the flavour-tagging efficiency would have large effects on the
analysis, since the efficiency scales with the number of jets εn. In the signal final state
at least four b jets are considered. Since flavour-tag information play a crucial role in
the event selection not only in the final selection but also in jet pairing of the hadron
channel, optimising the b-tagging efficiencies by 5% for the same purity can enhance the
significances in the neutrino channel and in the hadron channel by relative 20% and the
precision on the measurement of σZHH by relative 11%.

Kinematic Fits and Semi-leptonic Correction

The most important selection variables are invariant masses. Therefore, the impact of
kinematic fits on mass resolutions have been investigated to suppress ZZH and ZZZ back-
grounds. The semi-leptonic energy correction is applied to all jets in the analysis in which
a lepton is found. This allows to enhance the reconstruction of final state particles, since
the missing four-momentum is improved. The χ2 distributions obtained from the fit are the
most important input variables in BDTG training. By adding these variables to training
the classifier response has been improved by relative 5%. In order to avoid a degradation
of the separation power of these variables, the bosons masses without kinematic fitting are
included in training, even though the fitted masses have better separation power. This way
large correlations between input variables can be avoided, which degrade the discrimina-
tive power of the classifier. A relative improvement of 20% on the results is obtained.

One of the dominant backgrounds in all three signal channels is tt. Especially in the
hadron channel it is important to identify six-jet backgrounds. To identify tt backgrounds
investigating kinematic fits for the tt hypothesis can improve the selection. The respective
χ2 distributions should be less correlated to the masses without fitting. This can enhance
the discriminate power of the classifier as it is the case for ZZH/Z. Similar to the separa-
tion of ZZH/Z, investigating kinematic fits for tt could lead to 5% relative improvement of
the BDTG response. This can improve the significance in the hadron channel by relative
5%.





Chapter 9

Analysis and Results

In this chapter, the achievable precisions for the measurement and observation of double
Higgs-strahlung and the Higgs self-coupling are determined. Therefore, in sec. 9.1 the
combined signal significance is calculated which indicates whether it is possible to obtain
experimental evidence for the observation of double Higgs-strahlung at the ILC at

√
s =

500 GeV and L = 2 ab−1. Moreover, the Standard Model (SM) cross section σZHH is
determined in sec. 9.1.2 which gives information on the achievable precision on the Higgs
self-coupling. In sec. 9.1.3 the achieved improvements are discussed in context of the
analysis results. σZHH is determined for various beam polarisations in sec. 9.1.4 which
allows to estimate the expected measurement prospects for the full ILC running scenario
in sec. 9.1.5. The results of the γγ overlay analysis are discussed in sec. 9.1.6. Finally,
in sec. 9.2 the extraction of the Higgs self-coupling is outlined. Herein, the measurement
prospects for the Higgs self-coupling are discussed in context of the SM and beyond the
SM (BSM) physics. Finally, an outlook on additional improvements and ongoing efforts
is given in sec. 9.3.

9.1 Prospects for Discovery and Measurement of Higgs-
Pair Production

9.1.1 Combined Excess Significance

In the event selection ZHH is divided into statistically independent channels. For each
mode, excess and measurement significances were calculated individually (tab. 8.6) using
a procedure for searches with small statistics, which allows the use of Poisson statis-
tics [195]. The determination of the combined signal significance is based on the same
procedure. However, in this case a test statistic is calculated from the background-only
and signal-plus-background hypotheses, which can be used to estimate how probable the
observed result is with respect to the background-only hypothesis. The signal excess sig-
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nificance for the combined ZHH process is determined with a standard likelihood ratio
technique using Toy Monte-Carlo. The background-only experiment is simulated using
Toy Monte-Carlo generated from the background-only measurement.

According to the Neyman-Pearson Lemma [186] the most powerful test statistic one can
construct is the likelihood ratio of the signal-plus-background hypothesis (eq. 8.2) and the
background-only hypothesis (eq. 8.3). In the respective likelihood function the different
channels i are combined, which is performed as a product of their Poisson factors. The
likelihood ratio reads

L(s + b)
L(b)

=
∏

i

(si + bi)ni exp (−(si + bi))
bni

i exp (−bi)
, (9.1)

in which the index i denotes the event selection results of each signal channel. Since
usually the difference of the logarithms rather than the ratio itself is considered [27], the
test statisticsχ2 reads

χ2 = −2∆ ln L = −2(ln L(s + b) − ln L(b)) = −2 ln
(

L(s + b)
L(b)

)
. (9.2)

The likelihood ratio produced using a Toy Monte-Carlo is shown in fig. 9.1. χ2 under the
background-only hypothesis is shown in blue, and χ2 under the signal-plus-background
hypothesis is shown in red. The probability of the background-only hypothesis to fluc-
tuate to the observed result in data is calculated by taking the median of the signal-plus-
background hypothesis as the “observed” value. This is the maximum of the respective
distribution as denoted by the black vertical line in fig. 9.1. The combined excess signif-

)b/L
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Figure 9.1: Results of the hypothesis test using the test statistic χ2. The blue and red lines
correspond to the background-only and signal-plus-background hypothesis, respectively.
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icance of the observed value under the background-only hypothesis is σ = 3.5σ. Conse-
quently, evidence to observe ZHH events at the ILC can be found for a Higgs boson with
a mass of 125 GeV at 500 GeV centre-of-mass energy, using 2 ab−1 of data and a beam
polarisation of P(e+e−) = (0.3,−0.8).

9.1.2 Cross-section Measurement

As discussed in sec. 2.5.3, the measurement of double Higgs production provides direct
access to information on the trilinear Higgs self-coupling. The ZHH cross section is di-
rectly related to the precision on the Higgs self-coupling (eq. 2.46). The cross-section
measurement is performed in a parameter estimation using the standard minimum likeli-
hood method [186]. The combined likelihood of the signal-plus-background hypothesis
is defined by the product of eq. 8.2 of the signal channels i, in which only si is related to
the cross section σZHH as

si = NZHH · BRi · εi ·σi , (9.3)

since NZHH = σZHH ·L, where L denotes the integrated luminosity (here L = 2 ab−1).
BRi denotes the branching ratio and εi the selection efficiency of mode i. σi represents the
fusion contribution in channel i, which is not taken into account since it is negligible at
√

s = 500 GeV. Therefore, the likelihood function contains only one unique parameter
NZHH, which is determined by minimising

χ2 = −2 ln
(

L(s + b)
L(b)

)
. (9.4)

This is shown in fig. 9.2. The errors on NZHH are given through χ2
min ± 1 as indicated by

the horizontal line. The result reads

NZHH = 396.9+125
−116 . (9.5)

Since NZHH = σZHH ·L, the cross-section measurement with an integrated luminosity of
L = 2 ab−1 and a beam polarisation of P(e+e−) = (0.3,−0.8) results in

σZHH = (0.198 ± 0.060) fb . (9.6)

This corresponds to a measurement precision on the SM cross section of

∆σZHH

σZHH
= 30.3% . (9.7)

The theoretical SM cross section for double Higgs-strahlung (sec. 5.1) reads σZHH =

0.198 fb for a Higgs mass of 125 GeV and beam polarisation of P(e+e−) = (0.3,−0.8).
Assuming L = 2 ab−1, in total 395 signal events are expected at

√
s = 500 GeV. Conse-

quently, the achieved result corresponds very well to the expected SM cross section.
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Figure 9.2: χ2 as function of the total number of signal events NZHH , which should be
consistent to σZHH ·L. The horizontal line represents the errors (χ2

min ± 1).

9.1.3 Effects of Analysis Improvements

The enhanced measurement prospects for double Higgs-strahlung by including the achieved
improvements, which are obtained in this thesis, can be compared to

• the extrapolation of the results from the DBD full detector simulation for a Higgs
boson with a mass of 120 GeV (sec. 2.5.5) [108].

• the results without taking into account the analysis improvements of the kinematic
fit [196], by simply performing the basic analysis strategy for a Higgs mass of
125 GeV following [108]. The respective results already include the optimised iso-
lated lepton strategy (sec. 6.1).

The extrapolation predicts a precision of roughly 33% on σZHH. However, this assumption
is rather optimistic since it includes only changes in the branching ratio and in σZHH to
larger Higgs masses. For mH = 125 GeV the branching ratio of BR(H → bb) drops
by relative 14% and σZHH is 15% smaller compared to mH = 120 GeV. The effects of
changes in kinematic distributions are not taken into account. At

√
s = 500 GeV the

ZHH events are produced near the kinematic threshold. Compared to mH = 120 GeV, the
jets are even less boosted and have significant overlap with each other. Besides the rather
small cross section and the four-jet or six-jet final states, this poses large challenges on
jet-clustering and flavour-tagging techniques. At

√
s = 500 GeV, the precision on σZHH

is significantly limited by jet-finding ambiguities rather than jet-energy resolution.

Despite of being rather optimistic, the extrapolation results are confirmed by prelimi-
nary results of this analysis, which only include improvements from isolated lepton find-
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ing [196, 197]. A precision of 33% on σZHH is achieved. By applying the improved
analysis technique of kinematic fitting to the analysis and by optimising the event selec-
tion strategy, i. e. using BDTGs instead of MLPs, the result is enhanced to a precision
of 30% on σZHH, which corresponds to a 10% relative improvement. Consequently, the
results of this thesis exceed the expected precision obtained from the rather optimistic
extrapolations of former analysis results.

Even though a very large improvement was achieved in the lepton and neutrino channel,
the results of the hadron channel dominate the accuracy of this measurement since it gives
the largest contribution of events to the ZHH process. At

√
s = 500 GeV, the six-jet final

state is dominated by jet-finding ambiguities. Further optimisations with respect to jet
clustering and jet pairing are important. Moreover, since flavour-tag information play a
crucial role in the event selection of this channel, not only in the final selection but also in
jet pairing (sec. 8.3), optimising the b-tagging efficiencies by 5% for the same purity can
enhance the precision on σZHH by relative 11% to 27.2%. The result can also be enhanced
by selecting ττHH events in the lepton channel of ZHH. Assuming similar results for
ττHH as they are achieved in µµHH and eeHH can lead to 8% relative improvement.
Then, σZHH can be measured to a precision of 27.9%. By including both aspects to the
ZHH analysis this would result in a total 19% relative improvement and would lead to a
measurement precision of 25.5% on the double Higgs-strahlung cross section assuming
an integrated luminosity of L = 2 ab−1 and a beam polarisation of P(e+e−) = (0.3,−0.8).
This would correspond to a combined signal significance larger than 4σ.

9.1.4 Effect of different Beam Polarisations

The results of the SM cross-section measurement are estimated for various beam polari-
sations. The Higgs self-coupling analysis is performed with different polarisation weights
(sec. 5.1). The respective results are based on the optimised selection cuts in the event
selection for P(e+e−) = (0.3,−0.8) which were discussed in chapter 8. The selection cuts
have not been optimised individually for each beam polarisation. In tab. 9.1 the results
for the different beam polarisations are listed, each of which corresponds to an integrated
luminosity of L = 2 ab−1. The electron beam polarisation is always taken as constant
with |P(e−)| = 0.8, while |P(e+)| is either increased from the ILC baseline polarisation of
|P(e+)| = 0.3 to |P(e+)| = 0.6 or decreased to |P(e+)| = 0.0.

In case of reversed polarisation signs, the results differ only by relative 3% in the precision
on the σZHH measurement. However, the combined significance is enhanced by on aver-
age 20% for P(e−) = +0.8 configurations. This is expected, since for polarisation states
with P(e−) = +0.8 the relative cross section of backgrounds with a W boson, i. e. WWZ,
are smaller compared to polarisation configurations with P(e−) = −0.8, since the W boson
cannot couple to right-handed electrons or left-handed positrons in the SM. Moreover, the
Z-boson coupling does also depend on the weak isospin. Thus, the cross section of the
signal and background processes including a Z boson, i. e. ZZH, are also reduced. Hence,
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P(e+, e−) ZHH channel s (HH → bbbb) b σe σm

(0.3,−0.8) eeHH 3.9 (2.6) 7.0 1.29σ 1.07σ
µµHH 5.1 (2.8) 8.9 1.48σ 1.26σ
ννHH 5.6 (5.5) 6.9 1.78σ 1.50σ
bbHH 8.5 (8.0) 21.9 1.75σ 1.57σ
qqHH 12.6 (10.9) 55.0 1.65σ 1.55σ

combined excess significance 3.5σ
measurement precision on σZHH 30.3%

(−0.3, 0.8) eeHH 2.9 (1.9) 4.2 1.18σ 0.92σ
µµHH 3.8 (2.0) 5.3 1.37σ 1.10σ
ννHH 3.6 (3.5) 1.1 2.72σ 1.54σ
bbHH 5.9 (5.6) 7.0 1.89σ 1.58σ
qqHH 8.3 (7.8) 16.0 1.85σ 1.64σ

combined excess significance 4.8σ
measurement precision on σZHH 29.4%

(0.0,−0.8) eeHH 3.1 (2.1) 5.6 1.08σ 0.86σ
µµHH 4.2 (2.2) 7.6 1.30σ 1.08σ
ννHH 4.5 (4.4) 5.6 1.59σ 1.28σ
bbHH 6.7 (6.3) 17.0 1.45σ 1.30σ
qqHH 9.6 (8.8) 43.1 1.38σ 1.27σ

combined excess significance 3.5σ
measurement precision on σZHH 34.7%

(0.0, 0.8) eeHH 2.3 (1.6) 3.5 0.96σ 0.70σ
µµHH 3.1 (1.6) 4.4 1.19σ 0.93σ
ννHH 3.1 (3.0) 1.2 1.94σ 1.30σ
bbHH 4.7 (4.4) 6.1 1.59σ 1.32σ
qqHH 7.1 (6.5) 15.1 1.63σ 1.44σ

combined excess significance 4.2σ
measurement precision on σZHH 33.7%

(0.6,−0.8) eeHH 4.7 (3.1) 8.5 1.39σ 1.17σ
µµHH 6.3 (3.4) 11.7 1.62σ 1.40σ
ννHH 6.8 (6.7) 8.9 1.95σ 1.67σ
bbHH 10.2 (9.7) 26.6 1.81σ 1.64σ
qqHH 14.1 (13.0) 69.6 1.60σ 1.52σ

combined excess significance 4.2σ
measurement precision on σZHH 28.7%

(−0.6, 0.8) eeHH 3.4 (2.2) 4.9 1.26σ 1.01σ
µµHH 4.3 (2.3) 6.1 1.45σ 1.20σ
ννHH 4.3 (4.2) 1.1 2.68σ 1.81σ
bbHH 6.5 (6.2) 7.5 2.03σ 1.68σ
qqHH 9.7 (8.8) 18.9 2.00σ 1.79σ

combined excess significance 5.5σ
measurement precision on σZHH 27.8%

Table 9.1: Results for different beam polarisations. The number of signal events s, the
number of background events b, and the excess σe and measurement σm significance
for each signal channel are listed, as well as the combined signal significance and the
achieved precision on σZHH . The results for each beam polarisation correspond to an
integrated luminosity of L = 2 ab−1.
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the background contamination is much smaller for polarisations with P(e−) = +0.8.
Increasing |P(e+)| results in a relative improvement of roughly 6% of the precision on
σZHH and the combined signal excess significance. Decreasing |P(e+)| degrades the preci-
sion on σZHH and the signal significance by relative 15%. This is not the case with respect
to the signal significance of P(e+e−) = (0.3,−0.8). The event selection is optimised for
this polarisation in contrast to the other results. Optimising the selection for the other
polarisation states, i. e. BDTG training with the correct polarisation weights, could lead
to even better results.

9.1.5 Prospects for the Full ILC Running Scenario at 500 GeV

In the preferred ILC running scenario (sec. 3.3) a total integrated luminosity of 4 ab−1 is
planned to be collected at 500 GeV. Data taking is proposed to be shared between the two
opposite-sign helicity configurations of the foreseen beam polarisations of |P(e−)| = 0.8
and |P(e+)| = 0.3. Therefore, by combining the results of the respective reversed-sign
polarisation states, a measurement precision on σZHH of 21.1% and a combined signal
significance of 5.94σ is achieved, which indicates a large discovery potential for double
Higgs-strahlung at the ILC after the full running scenario. The measurement prospects for
|P(e+)| = 0.6 even lead to a measurement precision on σZHH of 19.9% and to a combined
signal significance of 6.92σ.

For a Higgs mass of 125 GeV the second most dominant Higgs decay mode is H → WW.
Next to this thesis using HH → bbbb, the Higgs self-coupling analysis at

√
s = 500 GeV

is performed for ZHH events with the final state HH → bbWW [125]. By combining
both channels, additional 20% relative improvement of the precision on σZHH can be
achieved. This results in a precision of 16.8% on σZHH after the full ILC running scenario
and corresponds to a roughly 8σ discovery for the observation of double Higgs-strahlung,
which establishes a non-zero Higgs self-coupling in the SM.

9.1.6 Effect of Overlay

The effect of the γγ overlay on the measurement has not been studied so far in previous
Higgs self-coupling analyses and provides a significant hint on whether the DBD overlay
removal (sec. 5.3.2) works satisfactory or whether more advanced strategies are needed.
For DBD benchmark analyses [130] the γγ-overlay removal strategy did not have large
impact on the measurement results.

The removal strategy has been optimised for this analysis, as discussed in sec. 6.2. The
results of the analysis with γγ overlay are given in tab. 9.2 corresponding to an integrated
luminosity of L = 2 ab−1 and a beam polarisation of P(e+e−) = (0.3,−0.8). A combined
signal significance of 3.4σ is achieved. The precision on the SM cross section σZHH reads
35.8%. Hence, the γγ overlay leads to a relative degradation of ∼ 15% compared to the
results without overlay. However, one should keep in mind that this degradation refers
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ZHH channel s (HH → bbbb) b σe σm

eeHH 3.5 ± 0.02 (2.4) 10 ± 0.8 1.10σ 0.93σ
µµHH 3.9 ± 0.03 (2.5) 7 ± 0.4 1.29σ 1.07σ
ννHH 5.2 ± 0.04 (5.1) 8 ± 1.0 1.57σ 1.34σ
bbHH 8.5 ± 0.06 (8.0) 23 ± 1.4 1.61σ 1.46σ
qqHH 6.8 ± 0.06 (6.1) 33 ± 1.8 1.13σ 1.03σ

combined excess significance 3.4σ

Table 9.2: Results of the event selection corresponding to an integrated luminosity of
L = 2 ab−1 and a beam polarisation of P(e+e−) = (0.3,−0.8). The γγ overlay is added in
the simulation and the standard DBD overlay removal is applied in the analysis. Signal
s and background events b, σe and σm for each signal channel are listed.

to only small changes in the number of events after the selection. Moreover, the results
are rather pessimistic since at the time of MC production an overestimated number of
< N >= 1.7 background events was statistically laid over the simulated events per bunch
crossing, instead of the expected < N >= 1.2 at 500 GeV. Nevertheless, the observation
indicates that the DBD overlay removal using the exclusive kt jet clustering algorithm is
not sufficient for this analysis and that more advanced techniques need to be developed.

Next to the rather small cross section, the ZHH events result in four-jet or six-jet final
states, since for the investigated Higgs mass of 125 GeV the decay channel H → bb is
dominant. The jets are hardly boosted and have significant overlap with each other, since
the events are produced near the kinematic threshold at

√
s = 500 GeV. In the exclu-

sive kt clustering algorithm particles are clustered into hard-interaction jets and additional
very forward beam jets (sec. 5.3.2). The particles in the beam jets are removed from the
reconstructed particle list to recover the bare events without overlay. Hence, in case of
the less boosted and rather overlapping jets from ZHH, reconstructed particles other than
overlaid background events are removed from the particle list and falsify the event prop-
erties. More sophisticated tools are required which include a detailed modelling of the
background and exploit the full power of high-granularity detectors. Since the respective
investigations are ongoing (sec. 9.3) we focus on the results without overlay.

9.2 Determination of the Higgs Self-coupling

9.2.1 Extracting λSM at 500 GeV

The measurement of double Higgs production provides direct access to information on the
trilinear Higgs self-coupling. The precision on σZHH is directly related to the precision on
the Higgs self-coupling (eq. 2.46). The sensitivity of double Higgs production processes
to λ was discussed in detail in sec. 2.5.3. In the SM the relation of the measurement
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precision on σZHH and λ for double Higgs-strahlung reads (eq. 2.47)

∆λ

λ
= 1.62 ·

∆σ

σ
, (9.8)

for a Higgs boson mass of 125 GeV and a centre-of-mass energy of
√

s = 500 GeV.
This factor is based on the event-weighting method, which was introduced in sec. 2.5.3.
Without weighting the sensitivity factor reads 1.73 for double Higgs-strahlung in the SM.
The precision of 30% on the SM ZHH cross section leads to a precision of 49% on λS M,
assuming L = 2 ab−1 and P(e+e−) = (0.3,−0.8). The combined measurements for the
two reversed-sign polarisation states of |P(e−)| = 0.8 and |P(e+)| = 0.3, each of which
corresponds to L = 2 ab−1, achieve a precision of 34% on λS M.

After the full ILC running scenario (sec. 3.3) at 500 GeV and with a total integrated lu-
minosity of 4 ab−1, the ILC provides a measurement precision of 16.8% on σZHH which
leads to a precision of 26.6% on λS M. The achieved precision corresponds to an evidence
larger than 3σ for the existence of λS M. The results are based on the combination of the
dominant channels HH → bbbb and HH → bbWW. Extrapolating these results in view
of the anticipated 19% relative improvement due to ττHH and 5% enhanced flavour-tag
efficiencies, this would result in a measurement precision of 21.5% on λS M.

9.2.2 Prospects for λSM after Energy Upgrade

An energy upgrade to
√

s = 1 TeV should also be considered. At this energy, the WW-
fusion production becomes accessible (sec. 2.3.1). The WW-fusion process is also studied
and updated for mH = 125 GeV for HH → bbbb and HH → bbWW in detailed full
detector simulations for

√
s = 1 TeV, respectively [197]. Combining the respective results

leads to a measurement precision of 16% on λS M, assuming L = 2 ab−1. Moreover, the
Higgs self-coupling precision can reach 10% in case of L = 5 ab−1 [135]. The discussed
Higgs self-coupling projections take into account the expected relative improvement due
to the enhanced analysis techniques. The results are based on the analyses without γγ
overlay since the efforts of modelling and understanding the γγ overlay are ongoing [198].

9.2.3 Measurement Prospects for λ , λSM at the ILC

So far, the results are based on the assumption of a solely SM theory. However, λ is
one of the most important discriminative quantities to reveal new physics (sec. 2.5.2). In
various extended Higgs sectors, λ can deviate by significantly more than a few percent
from SM predictions. In such cases, next to large deviations from the SM prediction, it is
also possible to measure λ with much better precision. This is due to the complementary
behaviour of WW-fusion and ZHH cross sections in their sensitivity to new physics with
respect to changes in λ, which results from the sign of the interference terms of the addi-
tional diagrams in the respective final states (sec. 2.5.3). New physics can give sizeable
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enhancements to the double Higgs production cross sections, which can be directly ob-
served in the cross-section measurement. For each production mechanism, extrapolated
measurement precisions on the Higgs self-coupling are illustrated in fig. 9.3 as a function
of λ/λS M for L = 4 ab−1. The extrapolation is based on the λS M results of this thesis for a
Higgs mass of mH = 125 GeV before implementing the achieved analysis improvements.
The results are combined with the results of the channel HH → bbWW [125], which leads
to additional 20% relative improvement. The changes in the cross sections with respect to
λ are shown in fig. 2.25 (sec. 2.5.3).

As an example and without focussing on a particular BSM model, if λ = 2λS M (fig. 9.3a)
the Higgs self-coupling can already be measured to very high precision at the ILC at
500 GeV with ZHH, while at 1 TeV WW fusion would not give sufficient precision espe-
cially in the region of 1.25 < λ/λS M < 1.75. In the λ = 2λS M scenario, the sensitivity fac-
tor for ZHH would improve from 1.73 to approximately 1.08 without weighting method,
and from 1.62 to roughly 1.02 with weighting method [111], since for λ > λS M the Higgs
self-coupling and interference diagrams become more dominant than the additional di-
agrams in the ZHH final state. Assuming a total integrated luminosity of 4 ab−1 and a
beam polarisation of P(e+e−) = (0.3,−0.8), which is reasonable according to the ILC run-
ning scenario (sec. 3.3), σZHH is enhanced by 60% compared to the SM. This leads to a
measurement precision of 14% on λ which represents a 7σ discovery and 3σ deviation
from the SM value [111]. Including the analysis improvements to the extrapolation leads
to a measurement precision of 13% on λ at

√
s = 500 GeV. The same precision can be

achieved in case of λ = 0.5λS M with WW fusion at
√

s = 1 TeV using 5 ab−1 (fig. 9.3b).

(a) (b)

Figure 9.3: Extrapolated accuracies of λ, combined with the results of the channel
HH → bbWW [125] as function of λ/λS M. The figures are based on the results of
the full detector simulation for a Higgs mass of mH = 125 GeV before implementing
the achieved analysis improvements. a) for ZHH at

√
s = 500 GeV. The improvements

of this analysis are indicated as green stars. For λ > λS M, the Higgs self-coupling can
be measured to high precision with ZHH already at 500 GeV. b) for WW fusion at
√

s = 1 TeV. For λ < λS M, the Higgs self-coupling can be measured very precisely with
WW fusion, which requires high energies. Figures are modified and taken from [111].
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Models of electroweak baryogengesis in the 2HDM (sec. 2.5) expect minimal deviations
of 20% from SM predictions. In the parameter region of the 2HDM in which electroweak
baryogengesis is possible, λ could even be twice as large as in the SM. The latter corre-
sponds to the example for λ > λS M which was discussed in the foregoing. In scenarios
with electroweak baryogengesis the expected deviation in the Higgs self-coupling from
the SM value results in a larger cross section for double Higgs-strahlung and in a smaller
cross section for the WW-fusion process. Thus, scenarios with electroweak baryogenge-
sis are possible to be observed to a very high precision with double Higgs-strahlung at a
centre-of-mass energy of

√
s = 500 GeV at the ILC.

As a result, the observation of double Higgs production and the Higgs self-coupling are
possible at the ILC. The results of this analysis show that it is possible to observe double
Higgs production and obtain scientific evidence of the existence of the SM Higgs self-
coupling. With regard to new physics models, which predict deviations from λS M, the
ILC provides great discovery potential already at an energy of

√
s = 500 GeV.

9.3 Outlook on further Ideas for Improvement

The expected precision on λS M obtained from the measurement of σZHH is illustrated in
fig. 9.4 as a function of the centre-of-mass energy

√
s. The results correspond to the pre-

ferred ILC full running scenario (sec. 3.3). A total integrated luminosity of L = 4 ab−1 is
assumed, which is reasonable according to the ILC running scenario. During data taking,
the beam polarisations of P(e+e−) = (±0.3,∓0.8) are considered. The red distribution in-
dicates the theoretical precision by assuming 100% signal efficiency and no background.
The blue distribution illustrates the realistic precision obtained from full-simulation stud-
ies based on the λS M results of this thesis for a Higgs mass of mH = 125 GeV before
implementing the achieved analysis improvements. The results are combined with the
channel HH → bbWW [199]. The achieved improvements of this thesis are indicated
by the green star. At

√
s = 500 GeV the perfect analysis gives 6% precision on λS M.

The previous full simulation results led to a precision on λS M of 30%. The improvements
achieved in this thesis result in a precision of 26% on λS M for the full ILC running sce-
nario (green star). The gap between the perfect scenario without background and 100%
signal efficiency and the results obtained in this thesis indicates possible room for further
improvements [200]. There are a lot of efforts ongoing in detector optimisation and event
reconstruction. The Higgs self-coupling analysis is very complex and could benefit from
any improvement. Several ongoing investigations are briefly discussed in the following.

Matrix Element Method

The sensitivity of double Higgs production cross sections to the Higgs self-coupling is
degraded by additional diagrams, which do not include the Higgs self-coupling vertex
(sec. 2.5.3). For double Higgs-strahlung the sensitivity factor reads 1.62 with weighting
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✸

Figure 9.4: Accuracies of λS M for a Higgs mass of 125 GeV as function of the centre-
of-mass energy

√
s. The results correspond to the preferred ILC full running scenario. A

total integrated luminosity ofL = 4 ab−1 is considered, which is reasonable according to
the preferred ILC running scenario. A beam polarisation of P(e+e−) = (0.3,−0.8) is con-
sidered. The improvements achieved in this thesis result in a relative 10% improvement
and lead to a precision on λS M of 26% for the full ILC running scenario (green star). A
perfect scenario without background and 100% signal efficiency indicates the potential
for further improvements (red line). Figure is modified and taken from [200].

at 500 GeV. Without the degrading effects of the additional diagrams the sensitivity fac-
tor would read 0.5. In this case, the achieved measurement precision of 30% on the SM
cross section σZHH would lead to a precision of 15% on λS M for an integrated luminosity
of L = 2 ab−1 and P(e+e−) = (0.3,−0.8). With respect to the full ILC running scenario
this would lead to a precision of 10.6% on λS M for HH → bbbb and even of 8.6% in
combination with the channel HH → bbWW. Therefore, a significant improvement of
the measurement precision on λS M can be reached by optimising the analysis strategy for
the Higgs self-coupling diagram instead of ZHH in general. One possibility is given by
the application of the so-called matrix element method. A matrix element tool [201, 202]
was developed within Marlin, which provides libraries to calculate matrix elements for
specific channels. For calculation only the four-momenta of the final state particles are
required. The libraries include the amplitudes of the additional diagrams of ZHH. The
corresponding matrix element can be used to weight the results with respect to the Higgs
self-coupling diagram. This would allow to optimise the analysis strategy for the Higgs
self-coupling diagram only instead of ZHH and could minimise the degrading effects of
the additional amplitudes.
Moreover, the matrix element tool provides the amplitude calculation of several back-
ground processes. According to the Neyman-Pearson Lemma [186], the likelihood ratio
of matrix elements from different processes is expected to provide large discriminative
power between signal and backgrounds and can be included in the event selection.
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Jet Clustering

In this study, jet-clustering ambiguities rather than jet-energy resolution dominate the
ZHH event reconstruction. At

√
s = 500 GeV the events are produced near the kine-

matic threshold and thus, the jets are less collimated and have significant overlap. There-
fore, mis-clustering represents one important limiting factor of the measurement preci-
sion. By assuming perfect jet clustering the precision on the cross section of double
Higgs-strahlung, and thus the Higgs self-coupling can be improved by relative ∼ 40%.
Consequently in case of perfect jet clustering, the achieved 30% precision on σZHH would
be improved to absolute 18% for an integrated luminosity of L = 2 ab−1 and P(e+e−) =

(0.3,−0.8). For the full ILC running scenario, this would lead to a precision of 12.8% on
σZHH for HH → bbbb for L = 4 ab−1, shared between the polarisation configurations of
|P(e−)| = 0.8 and |P(e+)| = 0.3. Combined with HH → bbWW, this would give 10.1%
precision on σZHH and 16.5% on λS M.

However, the development of new jet-clustering algorithms is very difficult. Investigations
show, that the Durham jet-clustering algorithm (sec. 5.3.1) starts having clustering issues
when the number of the remaining mini-jets is ∼ 20. Advanced clustering algorithms need
to be developed to combine these mini-jets. The main idea to improve the jet clustering is
to reconstruct the entire parton-shower history of the hard process by using perturbative
QCD. Investigations are ongoing [203].

Flavour Tagging

Flavour tagging plays an important role in the analysis. If the b-tagging efficiencies were
improved by 5% for the same purity, this would lead to an 11% relative improvement of
the precision on σZHH and λS M. In this case, the achieved precision on the cross section of
30% can be enhanced to 27% for an integrated luminosity of L = 2 ab−1 and P(e+e−) =

(0.3,−0.8). The combined signal significance can be improved by almost 15% to 4.0σ.
After the full ILC running scenario, this would lead to a measurement precision of 19% on
σZHH for HH → bbbb and even of 15.2% on σZHH in combination with HH → bbWW.

In context of detector technologies such an improvement of flavour-tagging efficiencies
depends on the impact parameter resolution. The decay products of heavy quarks do not
point back to the primary vertex. The impact parameter is the minimal transverse distance
between the track and the expected interaction point (sec. 4.3.1). So far, b and c jets can
be identified if the distance between the primary vertex and the decay vertex is sufficiently
large. Both flavours are discriminated based on the lifetime and the invariant mass of the
charged decay products. Hence, momentum resolution and particle identification down to
low momenta are important for flavour tagging.

Since the ZHH events with predominantly H → bb are hardly boosted compared to two-
body processes i. e. ZZ or ZH at

√
s = 500 GeV, the displaced vertices of the b quarks are

shorter and more difficult to reconstruct. For such events the flavour-tagging performance
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can be enhanced by improving the impact parameter resolution of the vertex detector.
This can be done by bettering the point resolution of the vertex detector, or by moving the
vertex detector closer to the interaction point. However, this would give rise to much larger
occupancies due to pair background. Higher occupancies would degrade the tracking
and flavour-tagging performance. To reduce the larger occupancies the timing resolution
needs to be improved to reduce the integrated number of bunch crossings. Neither of the
current readout technologies (sec. 4.3.1) can provide very good spatial point and timing
resolutions at the same time. Therefore, the combination of different technologies would
allow to benefit from the advantages of each technology.

Nevertheless, since the physics studies are based on an interplay between detector perfor-
mance and analysis techniques, improvements of the flavour-tagging software LCFIPlus
(sec. 5.3.3) are ongoing [204]. The use of isolated leptons from semi-leptonic decays can
provide further discriminative power between heavy-flavoured and light-flavoured jets.
This requires very good particle identification, which is closely linked to high tracking ef-
ficiencies and low track fake rates to correctly identify tracks which belong to secondary
vertices. The TPC contributes largely to particle identification with a declared goal of a
dE/dx resolution of 5% [130]. Moreover, the mass reconstruction from the charged ver-
tices can benefit from recovering neutral jet components. Two third of the jet content is
composed of charged particles, i. e. π±, and neutral hadrons, i. e. KL. One third of the jet
is carried by π0, which decay into γγ and leave most of their energy in the ECAL. In total,
95% of the photons in a jet originate from these π0 decays. Therefore, the π0 → γγ recon-
struction is the key for improvements in the vertex mass recovery. Several investigations
are ongoing [204, 205].

Isolated Lepton Tagging

The isolated lepton selection or rejection is an important tool in the event selection. In
the developed strategy in this thesis the background suppression is bettered by a factor
of 10 for the same signal efficiency. Nevertheless, the strategy is optimised for e and
µ. Therefore, the biggest loss in the signal efficiency occurs in the isolated lepton se-
lection in the lepton mode of ZHH. An efficient τ finder would allow to properly select
ττHH events in the analysis. If similar results were achieved as in µµHH and eeHH, this
could improve the precision of σZHH by relative 8%. Since less than 10% of the τ decay
leptonically, a hadronic τ finder could also enhance the background suppression. Inves-
tigations are ongoing, based on methods which rely on the accurate knowledge of the τ
production vertex and the precise measurement of its decay products [206]. The prospects
of identifying τ decays at the ILD are very good, since the dominant decay modes are
τ → π±π0ντ, 3π±ντ, π±ντ . The charged π can be measured very precisely in the tracker,
while the identification of π0 → γγ is possible in high-granularity calorimeters.
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Particle Flow Concept in Kinematic Fitting

The kinematic fit is a tool to improve mass resolutions by taking into account the measure-
ment resolutions of the fitted objects. At the ILC the mass resolution relies on the particle
flow performance (sec. 4.3.4) and the achievable jet-energy resolution σE (sec. 4.1.1),
which is limited by the detector performance. The current parametrisation of the jet-
energy resolution is applied to all jets in the events independent of their particle content.
σE is determined from the measured jet energy. In this thesis, the missing energy of
semi-leptonic b and c decays in the jets is included in the definition of σE (eq. 7.12), as
explained in sec. 7.5. Further enhancement can be achieved by calculating the jet-energy
resolution σE individually for each jet, based on its particle content. This would exploit
the full power of the particle flow and high-granularity detectors (sec. 4.2).

The jet-energy resolution of charged particles can be calculated by the covariance matrix.
σE of photons is determined using the ECAL energy resolution σE

E = 16%
√

E
⊕2% [130] while

σE of neutral hadrons is determined using the HCAL resolution σE
E = 50%

√
E
⊕1% [130]. The

overall jet-energy resolution is defined by eq. 4.6. This study is currently ongoing [207].
The key to optimal particle flow performance is cluster separation in the calorimeters to
limit degrading effects as confusion.

Since jets are mostly composed of charged hadrons as π± the tracking performance is
crucial which is directly linked to particle identification. One third of the jet energy is
carried by π0 which decay into γγ and thus leave most of their energy in the ECAL.
Since about 95% of the photons in a jet originate from these π0 decays, the origin of the
pions and photons needs be reconstructed precisely, i. e. Ks → π0π0, ∆ → nπ0. Particle
identification tools with large identification efficiencies and small fake rates (sec. 7.6),
as well as high-granularity calorimeters are crucial to separate low momentum µ and π.
Software reconstruction efforts are ongoing [192, 193, 205] .

Overlay Removal

For all DBD benchmark analyses [130] the γγ overlay did not have large impact on the
measurement results. The effect of this background on the Higgs self-coupling analysis
was investigated in this thesis. The overlaid events need to be identified and removed from
the reconstructed particle list to recover the original events. Therefore, the DBD overlay
removal was optimised for this study (sec. 6.2). As a result, the degradation of the analysis
yields was minimised to absolute 15%. Nevertheless, the observation indicates, that more
advanced removal strategies are needed in the Higgs self-coupling analysis, which require
a detailed modelling of the background and exploit the full power of high-granularity
detectors as the ILD.

To identify the products from the γγ collisions an explicit reconstruction of the events
is needed. One of the most dominant subprocesses in the γγ overlay is given by vector-
meson dominance in which the photons predominantly oscillate into a neutral ρ meson
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γγ → ρ0ρ0 [170]. For example, the neutral vector mesons can convert into charged π

as ρ0 → π+π−. The reconstruction of the decay products would allow to exclude the
respective overlay events. However, investigations have shown that the simulation of
the DBD γγ-overlay events are neither representing the state-of-the art nor an updated
description of the expected model. Therefore, a new description and precise simulation of
the overlay events have to be developed before a realistic investigation of the effects of the
overlay on the Higgs self-coupling measurement is possible. Efforts of better modelling
and understanding the γγ overlay are ongoing [198].

Moreover, the detailed simulation of the overlay events would allow to exploit the vertex
information, and thus determine the vertex position of the background particles to identify
the events. The overlay events have a shifted interaction point in z direction along the
length of the bunch compared to the primary interaction point of signal events. The bunch
spread in z direction is ∼ 300 µm at the ILC and the track impact parameter resolution
∼ 10 µm (sec. 3.4). Therefore, efficient low-momentum tracking and vertex finding would
allow to reconstruct the interaction point of the γγ-overlay events when the shift is several
10 µm.
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Conclusion

The discovery of the Higgs boson candidate in 2012 was a milestone in the history of
particle physics. One of the most important tasks in nowadays particle physics is the
investigation of its properties and its role in the Standard Model (SM). This requires a
precise investigation and model-independent reconstruction of the electroweak symme-
try breaking sector (EWSB). Any deviation of SM predictions could be an indication to
new physics beyond the SM (BSM). The Higgs mechanism is the cornerstone in the SM
EWSB sector. The Higgs potential is a characteristic feature in the SM and needs to be
measured to establish the Higgs mechanism experimentally. This requires not only a pre-
cise measurement of the Higgs mass, but also of the Higgs self-coupling λS M. At particle
collider experiments, it needs to be investigated if the measured value is represented by
the SM prediction. To establish a non-zero Higgs self-coupling, Higgs-pair production
needs to be observed in a model-independent cross-section measurement. Indications to
BSM can already be given from this measurement since new physics can give sizeable
enhancements to the cross section.

Therefore, the prospects of observing Higgs-pair production at the International Linear
Collider (ILC) at

√
s = 500 GeV have been investigated in this thesis. The analysis is

performed for a Higgs mass of 125 GeV. It is based on a full ILD detector simulation
and on ILC beam parameters according to the Technical Design Report. At the ILC, λ
can be measured directly in double Higgs-strahlung predominantly with HH → bbbb at
√

s = 500 GeV. Very small production cross sections and multi-jet final states pose chal-
lenges on the detector performance and event reconstruction. Boson mass distributions
play an essential role in the event selection. Therefore, the jets have to be reconstructed
as precisely as possible and paired to form the signal bosons. In reality, the reconstruction
of primary quarks by measuring jet properties is limited by errors in fragmentation and
hadronisation, undetected particles, jet mis-clustering, and limited detector resolutions.

A tool to improve the invariant mass resolutions are kinematic fits, which have been in-
vestigated in detail. Their application to events with heavy-flavoured jets has required a
detailed study of missing energy from Z → νν, initial-state radiation (ISR), and semi-
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leptonic decays of b and cascade c quarks. Since energy and momentum conservation
is the most powerful constraint in kinematic fitting, all mentioned aspects degrade the fit
performance. The analysis has been performed by dividing ZHH into statistically inde-
pendent modes with respect to the decay of the Z boson (Z → ll, νν, qq). Therefore, a
strategy has been developed to consider Z → νν in kinematic fits, which allows to suc-
cessfully apply kinematic fitting to the signal final state ννHH.

The signal final state with HH → bbbb can suffer from missing four-momentum from
semi-leptonic decays of the b and cascade c quarks. The additional missing four-momenta
cause a mis-reconstruction of jet momenta in the fit, and thus do not allow an automatic
ISR recognition as provided for light jets. Therefore, two strategies have been developed
which deal with the ISR treatment in the fit of heavy-jet final states.

The first strategy allows to work around the issues by treating ISR in the fit on an event-
by-event classification using ISR characteristics. This does not provide an automatic ISR
recognition but is a simple approach to decide whether to include the ISR photon treatment
in the fit for certain events. The developed strategy yields an optimised mass resolution.
A more sophisticated approach has been developed in which semi-leptonic decays are
considered. Missing energy from such decays has been corrected for in the jets by adding
a fraction of the energy carried by the charged lepton, which accompanies the neutrino
in semi-leptonic decays and the energy of which can be measured to very high precision.
The energy correction results in a tremendous improvement regarding the fit performance,
since non-Gaussian tails are taken into account in the jet-energy resolution. Moreover,
it enables an automatic ISR recognition as for light jets. This leads to improved mass
resolutions, which give an enhanced signal and background separation by more than 10%
compared to the masses without fitting. The semi-leptonic jet-energy correction has been
applied to events independent of kinematic fitting, since correcting semi-leptonic decays
in the jets can enhance the jet-pairing procedure.

Additionally, several fit hypotheses have been studied in terms of new variables, i. e. the fit
probability and the goodness of the fit, which provide an enhanced signal and background
separation. These variables have been added to the event selection. Relative improve-
ments of up to 20% in the event selection of the signal channels have been achieved by
including the variables to the strategy.

Isolated lepton finding is another important tool in the analysis, which requires large ef-
ficiencies and purities in the signal selection of llHH and in the background suppression
of all signal channels. A neural-net based isolated lepton strategy has been developed.
For the same signal efficiency, the background suppression is enhanced by a factor of 10.
Moreover, it provides parameters which can be used in the event selection.

Optimising the analysis strategy using boosted decision trees (BDTG) results in additional
improvements. Since BDTGs are less sensitive to non-discriminating input variables and
overtraining, relative betterments of 10% in llHH and 5% in ννHH are achieved. Com-
bined with the achievements in kinematic fitting and isolated lepton tagging, relative im-
provements are obtained in llHH of 25% in µµHH and 15% in eeHH, as well as 10% in
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ννHH, and 15% in qqHH (q , b), while equal results are achieved for bbHH. The results
of this thesis lead to a 10% relative improvement of the measurement precision on the
double Higgs-strahlung cross section σZHH. For the SM scenario, an evidence of 3.5σ for
the observation of double Higgs-strahlung and a measurement precision of 30% on σZHH

is achieved, assuming an integrated luminosity of L = 2 ab−1 and the beam polarisation
of P(e+e−) = (0.3,−0.8).

Prospects for the achievable measurement precision after the full ILC running scenario
have been provided by the investigation of various beam polarisations. After the full
running scenario and a collected integrated luminosity of L = 4 ab−1, a precision of
21% on σZHH is achieved, which corresponds to a 5.9σ discovery of double Higgs-
strahlung. Moreover, a precision of even 16% on σZHH is achieved in combination with
the HH → bbWW channel. This leads to a precision of 26% on λS M after the full ILC
running scenario. The results of this study exceed the expected precision obtained from
extrapolations of former analysis results, which even were very optimistic since they did
not take into account effects of kinematic distributions for a Higgs mass of 125 GeV.

Moreover, λ is one of the most important quantities to reveal new physics models. WW
fusion and ZHH are complementary in their sensitivity to new physics. Both processes be-
have differently with respect to changes in λ. At

√
s = 500 GeV, double Higgs-strahlung

can provide measurements of new physics scenarios with λ > λS M. Models of electroweak
baryogengesis in the 2HDM expect deviations from λS M of at least 20%. In this theory, λ
can even be twice as large as in the SM. In such a scenario, the improvements of this thesis
provide a precision of 12% on σZHH after the full ILC running scenario. This leads to a
precision of 13% on λ, which represents a 7σ discovery combined with HH → bbWW.

The effect of the γγ → low-pT hadrons background has also been studied, which has
not been considered in previous Higgs self-coupling studies. By optimising the standard
removal strategy, the degradation of the results was minimised to 15%. However, this
indicates that more sophisticated removal strategies are needed, which include a precise
modelling of the background and exploit the full power of high-granularity detectors.

Moreover, since the results of the analysis are based on the interplay of an excellent de-
tector performance and event reconstruction, more ideas have been discussed which pro-
vide improvements of the measurement precisions, i. e. flavour tagging, jet clustering, or
the application of matrix element methods to enhance the cross-section sensitivity to the
Higgs self-coupling vertex.

To summarise, the results of this thesis show that it is possible to observe double Higgs
production and obtain scientific evidence of the existence of the SM Higgs self-coupling at
the ILC at an energy of 500 GeV. Continuing the efforts in detector optimisation and event
reconstruction provide possibilities for large improvements of the measurement precisions
of σZHH and λ. In this thesis a relative improvement of 10% leads to a precision on σZHH

of 16% and of 26% on λS M after the full ILC running scenario. Moreover, with regard to
new physics models the ILC provides a great discovery potential already at a centre-of-
mass energy of 500 GeV using ZHH events.
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Appendix

A.1 Neutrino Channel

A.1.1 Input variables of first BDTG

The first BDTG in the neutrino channel is trained for bbbb background events against
ννHH (ννbbbb) signal events. The input variables are shown in fig. A.1.

• visible energy: Since the signal has missing four-momentum in the final state, the
visible energy can offer separation power. Missing energy can occur from semi-
leptonic b and cascade c decays in the jets. However, this is corrected for in the
analysis by applying the semi-leptonic energy correction. Nevertheless, missing
energy can also be caused by ISR in the events (fig. A.1a).

• missing pT: Similar to the visible energy, missing transverse momentum offers dis-
crimination power. However, in this case ISR does not carry transverse momentum
since the ISR photons are very forward and backward. Missing transverse momen-
tum can only occur in the jets in bbbb (fig. A.1b).

• thrust: The thrust reflects the anisotropy of an event, indicating if there is a special
direction is favoured by the event. Since the bbbb originates from a two-body decay,
most of the PFOs in each event are very forward and backward and therefore the
thrust value is close to one. The signal is a three-boson decay. The thrust of the
background is larger compared to the signal (fig. A.1c).

• pjmax: The largest jet momentum of the six-jet hypothesis gives overall smaller
values for signal events compared to background events and thus provides separa-
tion power (fig. A.1d).

• M(Z1) and M(Z2): The four jets are paired to form two Z bosons, representing
the background. The respective masses M(Z1) and M(Z2) are used as inputs, since
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Figure A.1: Input variables of the first BDTG training bdtg(bbbb) in the neutrino chan-
nel. The descriptions can be found in the text.

signal events obtain much larger masses compared to the background (fig. A.1e,
fig. A.1f).

A.1.2 Input variables of second BDTG

In the neutrino channel, the second BDTG is trained to suppress lνbbqq background
events. The input variables are shown in fig. A.2. Since τνbbqq gives the dominant
background contribution to the semi-leptonic background at this stage of the analysis, the
BDTG includes many variables which describe properties of the τ decay.

• npfos: The signal consists of four b jets in the final state, while the background
includes only two b jets. Since b jets have very large multiplicities compared to light
jets the total number of PFOs is larger for signal events compared to background
events (fig. A.2a).

• missing M(Z): In the signal the total missing invariant mass should be consistent
with the Z-boson mass. However, the line shape is skewed by beamstrahlung and
ISR. The missing energy from semi-leptonic decays in the jets is corrected for and
should not contribute (fig. A.2b).
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Figure A.2: Input variables of the second BDTG training bdtg(lνbbqq) in the neutrino
channel. The descriptions can be found in the text.
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• M(H1) and M(H2): The reconstructed invariant masses of the two Higgs bosons
provide separation power. The Higgs masses without kinematic fitting are used in
BDTG training (fig. A.2c, fig. A.2d).

• npfosmin: The events are reconstructed as five-jet events from τνbbqq. The jet with
the smallest number of PFOs represents the τ jet (fig. A.2e).

• M(W1) and M(W2): Since the jet with the smallest number of PFOs is identified as
τ jet, the remaining four jets are ordered by b likeliness. The jets with the smallest
b likeliness are reconstructed as W bosons (fig. A.2f, fig. A.2g).

• M(t1) (t t) and M(t2) (t t): The top mass is reconstructed by combining one of the
b jets with the reconstructed W-boson candidate. This results in two possible top-
mass combinations (fig. A.2h, fig. A.2i).

• pcmax: Since some τ decay into a high-energetic charged π, the largest momentum
of charged PFOs can provide separation power (fig. A.2j).

• yminus: The Durham parameter for the five-jet hypothesis indicates whether the
event is consistent with the clustered number of jets. The signal receives much
smaller values since it is not compatible to the five-jet final state (fig. A.2k).

A.1.3 Input variables of third BDTG

The third BDTG in the neutrino channel is trained for ννbbbb events from ZZH/Z back-
ground processes, which give the same final state particles as the signal. Since the same
input variables are used for training as in the lepton channel (sec. 8.1.2), we spare the
repetition of the variable descriptions. The corresponding figures are shown in fig. A.3.
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Figure A.3: Input variables of the third BDTG training bdtg(ννbbbb) in the neutrino
channel.
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A.2 Hadron Channel

A.2.1 Input variables of first BDTG

The first BDTG in the hadron channel is trained for bbbb background events against qqHH
(qqbbbb) signal events. The input variables are shown in fig. A.4. The BDTG classifier
response is shown in fig. A.5.

• costhrust: Since ZZ → bbbb is a two-body decay, the events are very forward-
peaked. Since these events are much closer to beam direction compared to the
signal, the polar angle of the thrust axis provides separation power (fig. A.4a).

• pjmax (6 jets): The signal events are produced near kinematic threshold at 500 GeV.
Compared to the background, the signal events are less boosted. Therefore, the
largest jet momentum offers separation power (fig. A.4b).

• yminus: Several Durham parameters are used as input for BDTG training since
the jet multiplicity is different for the bbbb background than for the signal. The
Durham parameters Y65 (yminus), Y54 and Y43 offer discriminative power. Since
these parameters are of similar shape only one example is shown (fig. A.4c).

• npf os: The signal gives a six-jet final state with at least four b jets. Therefore, the
total number of PFOs is larger compared to the background (fig. A.4d).

• npf osmin: The smallest number of particles in a jet when reconstructing the events
as six-jet final state offers separation power. Since the four-jet of background is
clustered into six-jet final states, the background obtaines smaller values compared
to the signal (fig. A.4e).

• M(Z1) (4 jets) and M(Z2) (4 jets): The events are reconstructed as four-jet final
states representing the background. The four jets are paired to form the two Z
bosons. While the background peaks at the nominal Z mass, the signal obtains
much larger masses (fig. A.4f, fig. A.4g).

• pjmax (4 jets): The largest jet momentum in the four-jet final-state hypothesis pro-
vides additional discrimination power. The largest jet momentum for background
events is much larger, since the ZZ events are much more boosted at 500 GeV com-
pared to the signal (fig. A.4h).

• cos jmax (4 jets): Since the background events are more boosted than the signal,
the polar angle of the jet with the largest momentum in the in the four-jet hypothesis
offers discrimination power (fig. A.4i).
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Figure A.4: Input variables of the first BDTG training bdtg(bbbb) in the hadron channel.
The descriptions can be found in the text.
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Figure A.5: Classifier response of the first BDTG in the hadron channel: bbbb vs. ZHH
(qqbbbb).
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A.2.2 Input variables of second BDTG

In the hadron channel, the second BDTG is trained to suppress bbqqqq background events
from tt, WWZ, ZZH, and ZZZ. The latter have very small cross sections compared to tt
and WWZ and therefore do not contribute largely. The BDTG classifier response is shown
in fig. A.6. The input variables are shown in fig. A.7.

• Several variables have been discussed in sec. 8.3.3. This concerns M(t1) (t t) and
M(t2) (t t) (fig. A.7a, fig. A.7b), M(W1) (t t) and M(W2) (t t) (fig. A.7c, fig. A.7d),
and χ2 and χ2

t t (fig. A.7e, fig. A.7f).

• M(H1) and M(H2): The Higgs masses without fitting are used, since they offer
discriminative power to suppress bbqqqq backgrounds (fig. A.7g, fig. A.7h).

• npf os: The total number of PFOs is larger for the signal, since signal events include
at least four b jets (fig. A.7i).

• pjmax (6 jets): The largest jet momentum of the six-jets final-state hypothesis
is smaller than for tt background events, since ZHH is less boosted at 500 GeV
(fig. A.7j).

• cosbmax: The cosine of the angle between the two most-like b jets offers separation
power (fig. A.7k).

• M(Z): The reconstructed Z-boson mass of ZHH is not used in training but listed in
here, since it would provide additional separation power. The tails to smaller masses
in the backgrounds results from the pairing of tt events to the signal final state. Since
more tt events contribute to “light qqHH dominant”, the distribution is much more
pronounced for this signal category. Since in “bbHH dominant” just few tt events
are present, the bump to smaller masses is less pronounced for this category. Since
one combined BDTG is trained, the distributions which look different for the two
categories are excluded (fig. A.7l). Training separate BDTGs would allow the use
of this variable.
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Figure A.6: Classifier response of the second BDTG in the hadron channel: bbqqqq vs.
ZHH (qqbbbb).



A.2. Hadron Channel 207

M(t1) (tt) [GeV]
100 150 200 250 300

no
rm

al
is

ed

0

0.02

0.04

0.06

0.08

signal
background

ILD preliminary

 qqHH analysis→ZHH 

(a)

M(t2) (tt) [GeV]
100 150 200 250 300

no
rm

al
is

ed

0

0.02

0.04

0.06

0.08

signal
background

ILD preliminary

 qqHH analysis→ZHH 

(b)

M(W1) (tt) [GeV]
50 100 150 200

no
rm

al
is

ed

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

signal
background

ILD preliminary

 qqHH analysis→ZHH 

(c)

M(W2) (tt) [GeV]
50 100 150 200

no
rm

al
is

ed

0

0.02

0.04

0.06

0.08

0.1

0.12

signal
background

ILD preliminary

 qqHH analysis→ZHH 

(d)

2χ
0 50 100 150 200

no
rm

al
is

ed

0

0.05

0.1

0.15
signal
background

ILD preliminary

 qqHH analysis→ZHH 

(e)

tt
2χ

0 50 100 150 200

no
rm

al
is

ed

0

0.05

0.1

0.15

0.2

0.25
signal
background

ILD preliminary

 qqHH analysis→ZHH 

(f)

M(H1) [GeV]
50 100 150 200

no
rm

al
is

ed

0

0.01

0.02

0.03

0.04

0.05
signal
background

ILD preliminary

 qqHH analysis→ZHH 

(g)

M(H2) [GeV]
50 100 150 200

no
rm

al
is

ed

0

0.01

0.02

0.03

0.04

0.05

signal
background

ILD preliminary

 qqHH analysis→ZHH 

(h)

npfos
100 150 200 250

no
rm

al
is

ed

0

0.01

0.02

0.03

0.04

0.05
signal
background

ILD preliminary

 qqHH analysis→ZHH 

(i)

pjmax (6jets) [GeV]
100 150 200 250

no
rm

al
is

ed

0

0.01

0.02

0.03

0.04

0.05
signal
background

ILD preliminary

 qqHH analysis→ZHH 

(j)

cosbmax
-1 -0.5 0 0.5 1

no
rm

al
is

ed

0

0.01

0.02

0.03

0.04
signal
background

ILD preliminary

 qqHH analysis→ZHH 

(k)

M(Z) [GeV]
0 50 100 150 200

no
rm

al
is

ed

0

0.02

0.04

0.06

0.08

0.1
signal
background

ILD preliminary

 qqHH analysis→ZHH 

(l)

Figure A.7: Input variables of the second BDTG training bdtg(bbqqqq) in the hadron
channel. The descriptions can be found in the text.



208 Appendix A. Appendix

A.2.3 Input variables of third BDTG

The third BDTG in the hadron channel is trained for qqbbbb events, which give the same
final state particles as the signal. Since the same input variables are used as in the lepton
and neutrino channel we waive the variable descriptions. The BDTG classifier response
is shown in fig. A.8. The corresponding figures are shown in fig. A.9.
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Figure A.8: Classifier response of the third BDTG in the hadron channel: qqbbbb vs.
ZHH (qqbbbb).

A.2.4 Final selection variables

In “light qqHH dominant” after the basic selection strategy further cuts have to be applied
to reduce the large background contribution. The distributions after final selection are
shown in fig. A.10.

1. Events are selected which have a b likeliness of bmax3 > 0.85, before additional
cuts to the ZHH boson masses are applied to select events corresponding to the
signal hypothesis (fig. A.10a, fig. A.10b).

2. The Z-boson mass from ZHH pairing has not been used as input for BDTG training,
since the distributions are of different shape for both categories as explained in
sec. A.2.2. In “light qqHH dominant”, the events have to satisfy 40 GeV < M(Z) <
110 GeV (fig. A.10c, fig. A.10d).

3. After the cut on M(Z) various backgrounds obtain large statistical errors, i. e. bbcssc
(7%), bbcsdu (10%), bbuddu (18%). Therefore, the results have to be taken with
care in context of the following cuts on M(H1) and M(H2) of 90 GeV < M(H1/2) <
140 GeV (fig. A.10e, fig. A.10f, fig. A.10g, fig. A.10h).

The additional cuts lead to 55 ± 2.0 background events and 12.6 ± 0.1 signal events after
the final selection in “light qqHH dominant”.
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Figure A.9: Input variables of the third BDTG training bdtg(qqbbbb) in the hadron chan-
nel.
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Figure A.10: Additional separation variables for “light qqHH dominant”. Each distribu-
tion is shown for signal and small backgrounds (left) and large backgrounds (right) after
having applied the respective foregoing cuts.



A.3. Results for Analysis with Overlay 211

 M(Z) [GeV]
0 50 100 150

 e
ve

nt
s 

/ 3
 G

eV

0

1000

2000

3000 bbbb
bbcsdu
bbuddu
bbcssc

bbqqνl

ILD preliminary
-1 = 500GeV, 2000 fbs

) = (+0.3,-0.8)-,e+P(e

 qqHH analysis→ZHH 

(a) “light qqHH dominant”

 M(Z) [GeV]
0 50 100 150

 e
ve

nt
s 

/ 3
 G

eV

0

50

100

150

200 bbbb
bbcsdu
bbuddu
bbcssc

bbqqνl

ILD preliminary
-1 = 500GeV, 2000 fbs

) = (+0.3,-0.8)-,e+P(e

 qqHH analysis→ZHH 

(b) “bbHH dominant”

Figure A.11: Reconstructed Z-boson mass after isolated lepton rejection and b-tag re-
quirement in jet pairing for the background processes giving the largest contribution.

A.3 Results for Analysis with Overlay

The tables for the analysis with γγ overlay can be found on the following pages.

• The preselection results of the lepton channel are listed in tab. A.1.

• The final selection results of the lepton channel are listed in tab. A.2.

• The complete selection results of the neutrino channel are listed in tab. A.3.

• The preselection results of the hadron channel are listed in tab. A.4.

• The final selection results of the hadron channel are listed in tab. A.5.
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