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ABSTRACT

Violation of the Wiedemann–Franz law in a 2D topological insulator due to Majorana bound states is studied via the Lorenz ratio in the
single-particle picture. We study the scaling of the Lorenz ratio in the presence and absence of Majorana bound states with inelastic scatter-
ing modeled using a Buttiker voltage–temperature probe. We compare our results with those seen in a quantum dot junction in the
Luttinger liquid picture operating in the topological Kondo regime. We explore the scaling of the Lorentz ratio in our setup when either
phase and momentum relaxation or phase relaxation is present. This scaling differs from that predicted by the Luttinger liquid picture for
both uncoupled and coupled Majorana cases.

© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution-NonCommercial-
NoDerivs 4.0 International (CC BY-NC-ND) license (https://creativecommons.org/licenses/by-nc-nd/4.0/). https://doi.org/10.1063/5.0236520

I. INTRODUCTION

Majorana fermions are a particular class of fermions with the
unique property of being their antiparticles. Majorana fermions
have intrinsic topological protection from disorder. This property
renders Majorana fermions immune to decoherence, making
Majorana fermions an ideal candidate for quantum computation.
These particles manifest as a zero-energy mode in the px þ ipy
wave superconductor as initially explained by Kitaev.1 Moreover,
their presence has been anticipated in 2D topological insulators
interfaced with s-wave superconductors and separated by a ferro-
magnet.2,3 Numerous promising theoretical proposals have been
suggested for the detection of Majorana bound states (MBSs). By
examining the conductance, distinctions between topological and
trivial superconductors can be made, aiding in MBS detection.4,5

Hanbury-Brown and Twiss (HBT) non-local shot noise-like corre-
lations,6 along with non-local conductance,7 have proven effective
in distinguishing between topological and trivial superconductors,
offering a reliable method for detecting MBS. Similarly, a
Josephson junction modeled by superconductor–topological insula-
tor–superconductor can exhibit a 4π periodic current-phase rela-
tionship instead of 2π, attributed to MBS.8 Further, in

semiconductor–superconductor heterostructures,9 MBS are shown
to occur. There have been numerous attempts to experimentally
detect Majorana fermions,10–13 but irrefutable evidence for their
existence remains elusive. In Ref. 10, Majorana zero modes were
initially reported based on the observation of a zero-bias conduc-
tance peak (ZBCP) quantized at 2e2=h in a semiconductor nano-
wire coupled with an s-wave superconductor. However, this claim
was later retracted. Similarly, Ref. 11 claimed the detection of
Majorana zero modes in a hybrid semiconductor–superconductor
interface by studying the Aharonov–Bohm effect and weak antiloc-
alization, but this claim was also retracted. Other experimental
works12,13 have also focused on ZBCPs as potential indicators of
Majorana fermions, although these peaks alone may not definitively
confirm the presence of Majorana bound states (MBSs). In a recent
study,14 a signature of crossed Andreev reflection was observed in a
magnetic topological insulator that hosts the quantum anomalous
Hall effect when in proximity to an s-wave superconductor such as
niobium. This signature of crossed Andreev reflection holds con-
siderable significance for ongoing studies on Majorana bound
states. There are some theoretical proposals on the connection
between Majorana fermions and quantum metrology too.15
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There have been proposals to detect Majorana fermions using
violations in the Wiedemann–Franz law16 by studying the scaling
of the Lorenz ratio. The Wiedemann–Franz (WF) law states that
the ratio of effective thermal conductance to effective electrical con-
ductance is proportional to the temperature of the system. In our
case, the system is an Aharonov–Bohm ring composed of a topo-
logical insulator. We define this ratio as the Lorentz ratio.
Reference 16 studies the violation of the Wiedemann–Franz law in
a quantum dot junction in the topological Kondo regime17 hosting
localized Majorana bound states (MBSs). The WF law states that
the ratio of the electrical conductance to the thermal conductance
is inversely proportional to the temperature. The constant of pro-
portionality, also known as the Lorenz ratio, is a constant for all
conductors. Majorana fermions are also known to break particle–
hole symmetry (PHS) and induce violations of Wiedemann–Franz
(WF) law.16 In the presence of MBS, the Lorenz ratio has been
shown to scale inversely with respect to the Luttinger parameter.16

The setup in Ref. 16 is considered in the many body regime and
shows that the Lorenz ratio shows power-law decay as a function of
the Luttinger parameter in the setup.

In this paper, we discuss the violation of the WF law and
the scaling of the Lorenz ratio in the presence of Majorana fer-
mions using a Buttiker voltage temperature (BVT) probe,18–22

which induces inelastic scattering. We consider two kinds of
inelastic scattering in our setup: phase and momentum relaxa-
tion18,23 and with only phase relaxation.19 We study the scaling
of the Lorenz ratio with respect to the strength of inelastic scat-
tering and compare the scaling of the Lorenz ratio with the
Luttinger parameter in the many-body setup considered in
Ref. 16. In our setup, we study three cases: (i) when MBS are
absent, (ii) when MBS are present and uncoupled, and (iii)
when MBS are coupled. In a single-electron setup, the Lorenz
ratio scales differently with inelastic scattering when both phase
and momentum relaxation occur and when only phase relaxa-
tion occurs. For individual MBS, the WF law is not violated
without inelastic scattering.

The rest of the paper is organized as follows: In Sec. II, we
describe the motivation and importance of this work. Section III
describes scattering and transmission in our setup using Landauer–
Buttiker scattering formalism.24,25 In Sec. IV, we first calculate the
thermoelectric coefficients like the Seebeck, Peltier, and thermal
conductance in our setup using the Onsager relations. We then
define the Lorenz ratio and introduce inelastic scattering via a BVT
probe.20 In Sec. V, we present an analysis of our results and
compare the scaling of the Lorenz ratio with the strength of inelas-
tic scattering and compare it with the scaling seen in Ref. 16. We
end with the conclusions in Sec. VI.

II. MOTIVATION

The primary motivation of our work is indeed to detect
Majorana-bound states through the observation of a power-law
scaling in the violation of the Wiedemann–Franz law. However,
our study also aims to explore whether this power-law scaling, pre-
viously observed in the Luttinger liquid regime, is also seen using a
phenomenological model of the BVT probe with edge mode trans-
port in the Landauer–Buttiker scattering theory. This investigation

is crucial because the many-body effects that are fundamental in
the Luttinger liquid are phenomenologically incorporated into the
scattering framework via the BVT probe. Our results demonstrate
that while the nature of the violation of the Wiedemann–Franz law
with respect to the inelastic scattering parameter in a single-particle
picture remains similar between the two regimes, the power-law
scaling differs. Notably, this work represents the only study where a
violation of the Wiedemann–Franz law adheres to a specific scaling
law within the Landauer–Buttiker scattering framework, offering a
detailed comparison with the Luttinger liquid regime.16

Reference 16 studies a quantum dot junction capable of
hosting an even number of Majorana fermions to study the setup
in the topological Kondo regime.17 In special cases, the electrons in
the quantum dot can couple with twofold degenerate states. The
regular Kondo effect26 is a consequence of the coupling of mobile
electrons in a confined region to spin-degenerate states. Further, an
even number of Majorana fermions can couple non-locally, giving
rise to twofold degenerate states that can couple with electrons in
the quantum dot.17 It is known as the topological Kondo effect.17

The setup is studied in the Luttinger liquid model, which uses
many-body formalism and considers inelastic scattering due to
electron–electron interaction. The electron–electron interaction is
parameterized by the Luttinger parameter (g), with g ¼ 1 corre-
sponding to the absence of interaction, g , 1 corresponding to
attractive interaction, and g . 1 corresponding to repulsive interac-
tion. The authors of Ref. 16 show that the Lorenz ratio (W)
depends on the Luttinger parameter as W(g) ¼ 2

3g. When the setup

in Ref. 16 is in the topological Kondo regime, the Majorana-
induced boundary conditions and scattering via a splitting junction
leads to the “splitting” of a charged particle into a transmitted par-
ticle of charge 2e

3 and a backscattered hole of charge e
3. The coeffi-

cient 2
3 is the unique and universal signature of Majorana bound

states in a quantum dot junction operating in the topological
regime according to Ref. 16.

Our setup introduces inelastic scattering phenomenologically
using the Buttiker voltage probe.18,19 The Buttiker probe is an addi-
tional probe that induces inelastic scattering in the setup such that
the total charge and heat current flowing into the Buttiker probe is
zero. Unlike Luttinger liquid theory, the Buttiker voltage probe is
based on single-particle scattering theory, making it more adaptable
to setups studied using scattering theory. Further, using the
Buttiker voltage probe, we can study inelastic scattering with phase
and momentum relaxation18 and inelastic scattering with only
phase relaxation.19 In our work, we look at both electric conduc-
tance and thermal conductance. Therefore, we modify the Buttiker
voltage probe into a BVT probe, as was also done recently in
Ref. 20. The comparison between the Luttinger parameter and
inelastic scattering due to the BVT probe20 has not been studied
before. We study the scaling of the Lorenz ratio (W) with respect
to the coupling strength of the BVT probe in our setup. A BVT
probe is added to the setup, such that the total charge and heat cur-
rents going into the probe vanish but induce inelastic scattering via
both phase and momentum relaxation18 or only phase relaxation.19

Any electron/hole entering the Buttiker probe loses its phase
memory and is reinjected with a completely different phase,
leading to phase relaxation.18,19 For the case of both phase and
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momentum relaxation,18 the electrons injected into the probe from
the setup are reinjected with equal probabilities of going toward the
left or the right. Thus, the reinjection also causes the phase and the
initial momentum to be lost. To preserve the momentum while
inducing phase relaxation, one can use a pair of unidirectional
probes such that when the electrons initially traveling to the left or
the right are injected into the Buttiker probe, they are reinjected
back with the same momentum, see Ref. 19. We seek to probe MBS
using two different kinds of BVT probes, note the difference in these
results, and compare our results with the results seen in Ref. 16,
which is studied in the many body picture. Generally, in mesoscopic
devices, noise and environmental effects27 are modeled phenomeno-
logically via the BVT probe in the setup with both phase and
momentum relaxation and phase relaxation. This distinguishing
behavior of MBS as a function of inelastic scattering in the BVT
probe20 is revealed through the Lorenz ratio. The signatures distin-
guish MBS’s existence and nature (coupled or individual).

III. DESCRIPTION OF THE MODEL

A. Hamiltonian

In Fig. 1, we show our proposed model. Our proposed
Majorana Aharonov–Bohm interferometer (ABI) is based on
helical edge modes generated via the quantum spin Hall effect in
topological insulators (TIs). We mold a 2D TI into an Aharonov–
Bohm ring wherein spin–orbit coupling generates protected 1D
edge modes. The ring is pierced by an Aharonov–Bohm flux f.
The Dirac equation for electrons and holes in the ring is given as

vpτzσz þ �EF þ eA
�hc

� �
τz

� �
ψ ¼ Eψ : (1)

where ψ ¼ (ψ e", ψe#, ψh#, ψh")
T is a four-component spinor,

p ¼ �i�h @
@x is the momentum operator, EF is the Fermi energy, E is

the incident electron energy, vF is the Fermi velocity, and A is the

FIG. 1. (a) The three-terminal Majorana Aharonov–Bohm interferometer with a BVT probe, which entails both phase and momentum relaxation.18 A 2D topological insula-
tor ring with helical edge modes flowing in the outer and inner edges. The ring is coupled with two regular topological insulator leads via couplers J1 and J2 (shown in
orange). The leads connect the AB ring to the reservoirs. A third coupler connects the ring to an inelastic scatterer acting as a BVT probe,20 such that the total charge and
heat current flowing in the third terminal is zero. The ring is pierced by an Aharonov–Bohm flux. Ferromagnetic (shown in red) and superconducting (shown in cyan) corre-
lations are induced in the top arm of the ring via the proximity effect. (b) The Majorana Aharonov–Bohm interferometer with a BVT probe, which entails only phase relaxa-
tion,19 the BVT probe consists of two unidirectional probes attached to the bottom via a coupler such that the total charge and heat currents into each probe terminal is
zero. The electrons injected into each probe terminal are reinjected back into the setup via the other probe, preserving the momentum. (c) The superconductor–topological
insulator–ferromagnet junction. Majorana bound states (shown as white ellipses) occurs at the interface of the ferromagnetic (shown in red) and superconducting (shown in
cyan) layers. (d) Scattering of the edge modes at the left coupler J1. The solid and dashed lines represent the electron and hole edge modes. The black and white lines
represent the spin-up and spin-down edge modes. The double-headed arrows represent the outer edge modes, and the single-headed arrows represent the inner edge
modes, respectively.
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magnetic vector potential. MBS (shown in white) occurs in the
upper half of the ring at the junction between the superconducting
and ferromagnetic layer in the TI, which we refer to as
superconductor–topological insulator–ferromagnet junction (STIM
junction). (see Fig. 1).28–30 The Hamiltonian for the MBS is30,31

HM ¼ �σyEM , (2)

with EM denoting coupling strength between individual MBS. The
STIM junction is connected to the left and right arms of the ring
with coupling strengths Γ1 and Γ2, respectively. In Subsection IIIB ,
we outline the scattering via edge modes in the setup and calculate
the transmission probability T .

B. Transport in the system via edge modes

In a 2D quantum Hall ring with an Aharonov–Bohm flux,
localized flux-sensitive edge modes develop near the hole, while in
the leads (shown in pink in Fig. 1), edge modes are insensitive to
flux. To tune the device via an Aharonov–Bohm flux, we need to
couple the edge modes in the leads and the edge modes in the ring
so that the net conductance is flux-sensitive. It can be achieved via
couplers (shown in orange in Fig. 1) in the system that couples the
inner and outer edge modes via inter-edge scattering and backscat-
tering. There are three leads in the setup coupled to the ring. The
left and right couplers are connected to reservoirs at voltage V1 on
the left, V2 on the right and temperatures T1 and T2 at the left and
right reservoirs. A pair of MBS occur in the STIM junction on the
top of the ring and act as a backscatter, mixing the electron and
hole edge modes. Considering the electron and hole edge modes of
spins up and down, we get 8 edge modes with 4 edge modes circu-
lating on the outer edge and 4 edge modes circulating on the inner
edge. Since spin-flip scattering does not occur in our setup, we can
significantly simplify the calculation by dividing the edge modes
into two sets of edge modes of opposite spin that scatter as mirror
images of each other. It allows us to calculate the transmission prob-
abilities for a single set and double it to get the net conductance.

The first set consists of the spin-up electron and spin-up hole
edge modes, and the second set consists of counterpropagating
spin-down electron and spin-down hole edge modes. The STIM
junction couples the incoming and outgoing edge modes of each
set. Among the spin-up electron and spin-down hole edge modes,
incoming edge modes into the STIM junction are given by IMBS1

¼ (e"oL, e
"
iR, h

#
oL, h

#
iR) and the outgoing edge modes are given by

OMBS1 ¼ (e"oR, e
"
iL, h

#
iL, h

#
oR) [see Fig. 1(b)]. Similarly, among the

spin-down electron and spin-up hole edge modes, the incoming
edge modes are IMBS2 ¼ (e#oR, e

#
iL, h

"
iL, h

"
oR), while the outgoing edge

modes are OMBS2 ¼ (e#oL, e
#
iR, h

"
oL, h

"
iR). o and i stand for the outer

and inner edge modes, respectively, whereas L and R stand for the
left and right terminals. The scattering in each case is the exact
mirror image of the other. We can relate the incoming and
outgoing edge modes using a 4� 4 scattering matrix SMBS

such that OMBSi ¼ SMBSIMBSi, i [ {1, 2}, where SMBS is given by

(Refs. 30 and 31)

SMBS ¼
1þ ix �y ix �y
y 1þ ix0 y ix0

ix �y 1þ ix �y
y ix0 y 1þ ix0

0
BB@

1
CCA, (3a)

where

x ¼ Γ1(E þ iΓ2)
z

, x0 ¼ Γ2(E þ iΓ1)
z

,

y ¼ EM
ffiffiffiffiffiffiffiffiffiffi
Γ1Γ2

p
z

, z ¼ E2
M � (E þ iΓ1)(E þ iΓ2)

(3b)

and Γ1 and Γ2 are the strengths of the couplers coupling the MBS
to the left and right arms of the upper ring.

The couplers [see Fig. 1(d)] couple the inner and outer edge
modes via backscattering and the ring to the leads. In the left
coupler, the incoming edge modes for spin-up electron and spin-
down hole are given by I1 ¼ (e"o1, h

#
o1, e

"
o3, h

#
o3, e

"
i5, h

#
i5), and the

corresponding outgoing edge modes are given by
O1 ¼ (e"i1, h

#
i1, e

"
i3, h

#
i3, e

"
o5, h

#
o5). Similarly, the incoming edge modes

for spin-down electron and spin-up hole are given by
I2 ¼ (e#i1, h

"
i1, e

#
i3, h

"
i3, e

#
o5, h

"
o5), and the corresponding outgoing

spin-down edge modes are O2 ¼ (e#o1, h
"
o1, e

#
o3, h

"
o3, e

#
i5, h

"
i5). The

scattering matrix for the couplers is a 6� 6 matrix S such that
Oi ¼ SIi, i [ {1, 2} is given by Ref. 18

S ¼
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 2α
p� �

I
ffiffiffi
α

p
I

ffiffiffi
α

p
Iffiffiffi

α
p

I 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2α

p � 1
� �

I 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2α

p � 1
� �

Iffiffiffi
α

p
I 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2α

p þ 1
� �

I 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2α

p � 1
� �

I

0
B@

1
CA,

(4)

where I is the 2� 2 identity matrix. In our calculation, we take
α ¼ 1

2, however to analyze the plots of elastic scattering at couplers
in Analysis section, we also consider α ¼ 4

9 too in Eq. (4). While
traversing the ring, the spin-up electrons and holes in the edge
modes acquire a propagating phase31 as follows: in the upper arm,
left of the STIM junction

e"i5 ¼ eikel1 e
�ifl1

L e"iL, e"oL ¼ eikel1 e
ifl1
L e"o5,

h#i5 ¼ eikhl1 e
ifl1
L h#iL, h#oL ¼ eikhl1 e

�ifl1
L h#o5

(5)

for the upper arm, right of STIM junction,

e"o6 ¼ eikel2 e
ifl2
L e"oR, e"iR ¼ eikel2 e

�ifl2
L e"i6,

h#o6 ¼ eikhl2 e
�ifl2
L h#oR, h#iR ¼ eikhl2 e

ifl2
L h#i6,

(6)

such that l1 þ l2 ¼ lu, i.e., the length of the upper arm of the ring.
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For the lower arm of the ring, left of the BVT probe,

e"o3 ¼ eikel
0
1 e

ifl0
2

L e"o4, e"i4 ¼ eikd l
0
1 e

�ifl0
2

L e"i3,

h#o3 ¼ eikhl
0
1 e

�ifl0
2

L h#o4, h#i4 ¼ eikhl
0
1 e

ifl0
2

L h#i3,
(7)

for the lower arm of the ring, right of the BVT probe,

e"o4 ¼ eikel
0
1 e

ifl0
2

L e"o5, e"i5 ¼ eikd l
0
1 e

�ifl0
2

L e"i4,

h#o4 ¼ eikhl
0
1 e

�ifl0
2

L h#o5, h#i5 ¼ eikhl
0
1 e

ifl0
2

L h#i4,
(8)

such that l01 þ l02 ¼ ld , i.e., the length of the bottom arm of the ring.
The total length of the ring L is given by L ¼ lu þ ld. ke
¼ (E þ E f )=�hvF and kh ¼ (E � E f )=�hvF are electron and hole wave
vectors in the 2D TI. f is the Aharonov–Bohm flux taken in units
of the flux quantum f0 ¼ hc=e. One can similarly find the phase
acquired by the spin-down electrons and holes, which is the exact
mirror image of spin-up electrons and holes. In Sec. IV, we
describe thermoelectric transport in multi-terminal mesoscopic
systems and introduce inelastic scattering by adding a BVT
probe18–20 to the Majorana ABI.

IV. INELASTIC SCATTERING AND THE BUTTIKER
VOLTAGE TEMPERATURE PROBE

We explain the thermoelectric transport in our setup shown
in Fig. 1 using Onsager relations and the Landauer–Buttiker scat-
tering theory.24,25,32,33 We denote the charge and heat currents
in the ith terminal by current vector Isi ¼ (Isic, I

s
iq), where

Isic ¼ Is,eic þ Is,hic is the total charge current, and Isiq ¼ Is,eiq þ Is,hiq the
total heat current with spin s [ { " , # } electrons and holes. The

current vector Is,ki ¼ (Is,kic , I
s,k
iq )

T
, with k [ {e, h} being related to

force vector Fij ¼ (Vj, ΔTij)
T (where Vj is the voltage at the jth ter-

minal, and ΔTij ¼ T j � Ti is the temperature difference across the

ith and the jth terminals) by the Onsager matrix Lsr;klij such that

Is,ki ¼P j L
s,k
ij Fij, where

24,25

Ls;kij ¼
Ls;kij;cV Ls;kij;cT

Ls;kij;qV Ls;kij;qT

 !
¼ 1

h

ð1
�1

dE(δij � T ss;kk
ij (E, EF)þ T rs;lk

ij (E, EF))

� ξ(E, EF)L0(E, EF), with r = s and l = k

(9)

with L0(E, EF) ¼ G0
1 (E � EF)=eTi

(E � EF)=e (E � EF)
2=e2Ti

� �
, (10)

where δij is the Dirac Delta function, f (E, EF) being the Fermi

function f (E, EF) ¼ 1
1þe(E�EF )=kBTi

	 

, with ξ(E, EF) ¼ �@f (E, EF )

@E , T1

and T1 þ ΔTR are the temperatures of the left and right reservoirs.
In contrast, T1 þ ΔT is the temperature of the BVT probe, kB is the
Boltzmann constant, G0 ¼ (e2=�h) is the conductance quantum, E is

particle energy, EF is Fermi energy, and h is Planck’s constant. The
Onsager matrix elements describe the thermal and electrical
response to the voltage and temperature bias. Ls;kij;cV is the electrical

conductance, Ls;kij;cT is the electrical response to the temperature dif-

ference, Ls;kij;qV is the thermal response to the voltage difference, and

Ls;kij;qT is the thermal response generated due to the temperature dif-
ference due to a spin s electron or hole (s [ { " , # }) being trans-
mitted from the jth terminal into the ith terminal as a spin s
electron or hole (k [ {e, h}). T ss,kk

ij is the transmission probability
for a particle of type k [ {e, h} with spin s [ { " , # } to transmit
from terminal j to terminal i as the same particle type k and same
spin s. Similarly, T sr,lk

ij is the transmission probability for a particle
of type k [ {e, h} with spin s [ { " , # } to transmit from terminal
j to terminal i as the particle type l = k and spin r = s. MBS is a
superposition of electrons and holes of the same spin; thus, the
scattering due to MBS can cause electron–electron scattering with
same spin or electron–hole scattering between particles of the
opposite spin. Since the opposite spin edge modes are mirror
images of each other and there is no spin-flip scattering in

our system (see Fig. 1), we can write T "";kk
ij ¼ T ##;kk

ij , and

T #";lk
ij ¼ T "#;kl

ij ¼ T "#
ij;kk ¼ T "#

ij;kk ¼ 0. From Eq. (9), we can write

I",eic ¼P j L
";e
ij;cVV j þ

P
j L

";e
ij;cTΔTij and

I",eiq ¼P j L
";e
ij;qVV j þ

P
j L

";e
ij;qTΔTij,

(11a)

I#,eic ¼P j L
#;e
ij;cVV j þ

P
j L

#;e
ij;cTΔTij and

I#,eiq ¼P j L
#;e
ij;qVV j þ

P
j L

#;e
ij;qTΔTij,

(11b)

I",hic ¼P j L
";h
ij;cVV j þ

P
j L

";h
ij;cTΔTij and

I",hiq ¼P j L
";h
ij;qVV j þ

P
j L

";h
ij;qTΔTij,

(11c)

I#,hic ¼P j L
#;h
ij;cVV j þ

P
j L

#;h
ij;cTΔTij and

I#,hiq ¼P j L
#;h
ij;qVV j þ

P
j L

#;h
ij;qTΔTij:

(11d)

This section will introduce inelastic scattering in our system using
a BVT probe.20 In the setup shown in Fig. 1, an additional lead
is connected to the ABI via a coupler that connects the ABI to a
BVT probe such that the total charge current and the total heat
current flowing into terminal 3 are zero. The S-matrices for the
left and right couplers are described in Eq. (4), and they scatter
electrons/holes elastically. The BVT probe induces inelastic scat-
tering by setting the total charge and heat current passing
through itself to zero. It ensures that no net current flows out of
the setup into the probe (in Sec. VI, Analysis, we will look at the
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scaling of the Lorenz ratio with respect to the strength of inelastic
scattering in the single-particle picture). We study two types of
inelastic scattering in our setup, with only phase relaxation19 and
with both phase relaxation and momentum relaxation.18 We
compare and contrast our result with that obtained using the
Luttinger formalism.16

A. Inelastic scattering with both phase and
momentum relaxation

In the first model [see Fig. 1(a)], we use an inelastic scatterer
with both phase and momentum relaxation.18 The S-matrix for the
inelastic scatterer with both phase and momentum relaxation is
given below:

S ¼
�(pþ q)I

ffiffiffi
ϵ

p
I

ffiffiffi
ϵ

p
Iffiffiffi

ϵ
p

I pI qIffiffiffi
ϵ

p
I qI pI

0
@

1
A, (12)

where p ¼ 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2ϵ

p � 1
� �

and p ¼ 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2ϵ

p þ 1
� �

, see also
Ref. 18. When ϵ ¼ 0, then complete backscattering occurs and the
Aharanov–Bohm ring is disconnected from the Buttiker probe. It
means no electron has entered into the Buttiker probe from
Aharanov–Bohm ring, which indicates zero inelastic scattering. The
BVT probe is a phenomenological method used to incorporate the
effects of inelastic scattering in mesoscopic samples. Its primary
role is to provide a theoretical foundation, using the single-electron
transport-based Landauer–Buttiker model, to explain experimental
results where electron–electron and electron–phonon scattering
occur. This approach addresses the question of whether one can
gain insight into how inelastic effects influence electron transport
without performing an exact many-body calculation. This was the
motivation behind Buttiker’s introduction of the voltage probe
model, as discussed in Refs. 18 and 19. In this model, it is ensured
that the charge current vanishes at the voltage probe. Electrons lose
their phase memory upon entering the voltage probe and are
re-injected back into the sample with the same probability. Later,
Kilgour and Segal extended this concept by introducing the BVT
probe, as detailed in Refs. 20–22. This generalization of the
Buttiker voltage probe to thermoelectric transport ensures that both
charge and heat currents vanish at the BVT probe. Experimentally,
a voltage probe can be implemented by ensuring a purely coherent
system. Additionally, the system must be tuned to the linear
response regime (i.e., near equilibrium), which involves applying
small bias voltages (on the order of millivolts) and small tempera-
ture biases (around 1 K). Experimentally, one can also vary the
inelastic scattering parameter ϵ in a BVT as has been performed in
Ref. 34.

We can calculate the charge and heat currents for the
S-matrix given in Eq. (12) by using the respective S-matrix for the
BVT probe20 after solving for the transmission probabilities T ss;kk

ij
and T rs;lk

ij , see, Appendix A. The total charge current in the BVT
probe is thus given by

I3c ¼ I"e3c þ I"h3c þ I#e3c þ I#h3c , (13)

and the total heat current is given by

I3q ¼ I"e3q þ I"h3q þ I#e3q þ I#h3q : (14)

In order to introduce inelastic scattering via the BVT probe, we
should have I3c(V , T þ ΔT) ¼ I3q(V , T þ ΔT) ¼ 0. In our setup,
we measure the charge and heat currents in the second terminal.
The total charge current in the second terminal is given by

I2c ¼ I"e2c þ I"h2c þ I#e2c þ I#h2c , (15)

and the total heat current is given by

I2q ¼ I"e2q þ I"h2q þ I#e2q þ I#h2q : (16)

In order to find the thermoelectric coefficients and, subsequently, the
Lorenz ratio, we write I2q and I2c in terms of V and ΔT by eliminat-
ing V3 and ΔT from Eqs. (A5)–(A8). We use the condition of the
BVT probe (I3c(V , T þ ΔT) ¼ I3q(V , T þ ΔT) ¼ 0) in order to
write all the voltages and temperatures in terms of V and ΔT . Thus,
I2c and I2q can now be written solely in terms of V and ΔT as

I2c ¼ L0cVV þ L0cTΔTR and I2q ¼ L0qVV þ L0qTΔTR, (17)

where L0cV , L
0
qV , L

0
cT , L

0
qT are the effective Onsager coefficients for

conduction in the second terminal and are functions of G(T s;k
ij (E)),

S(T s;k
ij (E)), L(T s;k

ij (E)) as defined in Eqs. (A9)–(A11). L0cV is the
effective electrical conductance in the second terminal given as,
L0cV ¼ I2c

V jΔT¼0: L
0
cT is the electrical response to the temperature dif-

ference and is given by L0cT ¼ I2c
ΔTR

jV¼0. Similarly, the thermal

response to the voltage difference L0qV is given by L0qV ¼ I2q
V jΔTR¼0,

and the thermal response to the temperature difference is given by

L0qT ¼ I2q
ΔT jV¼0. The effective Onsager coefficients are then given as

L0cV ¼
X
s,k

�
Gs,k
22 þ δ

	
Gs,k
23

�
Ss,k33S

s,k
32 � Gs,k

32L
s,k
33

�� Ss,k23
�
Gs,k
33S

s,k
32 � Gs,k

32S
s,k
33

�
�
,

(18)

L0cT ¼
X
s,k

�
Ss,k22 þ δ

	
Gs,k
23

�
Ss,k33L

s,k
32 � Ss,k32L

s,k
33

�� Ss,k23
�
Gs,k
33L

s,k
32 � Ls,k32S

s,k
33

�
�
,

(19)

L0qV ¼
X
s,k

�
Ss,k22 þ δ

	
Ss,k23
�
Ss,k33S

s,k
32 � Gs,k

32L
s,k
33

�� Ls,k23
�
Gs,k
33S

s,k
32 � Gs,k

32S
s,k
33

�
�
,

(20)

L0qT ¼
X
s,k

�
Ls,k22 þ δ

	
Ss,k23
�
Ss,k33L

s,k
32 � Ss,k32L

s,k
33

�� Ls,k23
�
Gs,k
33L

s,k
32 � Ss,k32S

s,k
33

�
�
,

(21)

where δ ¼ 1P
s,k

Gs,k
33L

s,k
33�(Ss,k33 )

2
� �. The effective electrical conductance is

the total charge current generated due to the voltage difference and
is given by σ 0 ¼ L0cV . The effective thermal conductance35 is the
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heat current generated by a unit temperature bias without any
charge current. The effective thermal conductance of the setup
with Eq. (12) is then given by

κ0 ¼ I2q
ΔT

jIic¼0 ¼
L0cVL

0
qT � L0cTL

0
qV

L0cV
: (22)

Wiedemann–Franz (WF) law states that the ratio of the effective
thermal conductance (κ0) to the effective electric conductance (σ 0)
is proportional to the temperature36 of TI (T). We define the
Lorenz ratio W as

W ¼ κ0

σ 0 : (23)

When the WF law is preserved, W ¼ W0, with W0 ¼ κ0
G0
, where

G0 ¼ e2
�h and κ0 ¼ π2k2BT=3h, where T is temperature of the reser-

voirs 1 and 2. The WF law is derived from the fact that in con-
densed matter systems, both charge and heat are carried by the
quasiparticles in the conductor, namely, the electrons and holes.
Quasiparticles in conductors generally follow particle–hole symme-
try (PHS), i.e., the electron energy levels are symmetric to the hole
energy levels. When PHS is preserved in the system, the WF law is
preserved, and the Lorenz ratio is not violated.36,37 The breakdown
of PHS causes violations of the WF law. In Subsection IV B, we
include inelastic scattering with the help of the BVT probe but with
phase relaxation only.

B. Inelastic scattering with only phase relaxation

Figure 1(b) shows the MBS ABI with only phase relaxation.19

The third terminal, i.e., the BVT probe, is divided into two termi-
nals that are connected to reservoirs at voltage V3 and temperature
T þ ΔT such that the total charge current and heat current flowing
in each terminal is zero. The inelastic scatterers are connected via a
coupler described by a 4� 4 scattering matrix given by (Ref. 19)

Sp ¼
0

ffiffiffiffiffiffiffiffiffiffiffi
1� ϵ

p
I 0 � ffiffiffi

ϵ
p

Iffiffiffiffiffiffiffiffiffiffiffi
1� ϵ

p
I 0 � ffiffiffi

ϵ
p

I 0ffiffiffi
ϵ

p
I 0

ffiffiffiffiffiffiffiffiffiffiffi
1� ϵ

p
I 0

0
ffiffiffi
ϵ

p
I 0

ffiffiffiffiffiffiffiffiffiffiffi
1� ϵ

p
I

0
BB@

1
CCA, (24)

where ϵ [ [0, 1] and I is the 2� 2 scattering matrix. ϵ ¼ 1
denotes maximal coupling, while ϵ ! 0 denotes no coupling.19

Similar to the derivation of the Onsager matrix elements for the
inelastic scatterer with both phase and momentum relaxation, one
can find the Onsager matrix elements for the inelastic scatterer
with only phase relaxation, see Appendix B. First, we write charge
and heat current in Eqs. (B5)–(B8) in terms of V , and ΔTR only by
using the condition of the BVT probe (I3c(V , T þ ΔT)
¼ I3q(V , T þ ΔT) ¼ I4c(V , T þ ΔT) ¼ I4q(V , T þ ΔT) ¼ 0). This
allows us to write I2c, and I2q in terms of V and ΔT only as

I2c ¼ L00cVV þ L00cTΔTR and I2q ¼ L00qVV þ L00qTΔTR: (25)

In Eq. (25), L00cV , L
00
cT , L

00
qV , L

00
qT are the effective Onsager matrix ele-

ments for the setup with phase relaxation only [see Fig. 1(b)] and
are given by

L00cV ¼
X
s,k

Gs,k
22 þ

1
Δ
(Gs,k

23 þ Gs,k
24)((S

s,k
33 þ Ss,k34 þ Ss,k43 þ Ss,k44)(S

s,k
32 þ Ss,k42)� (Gs,k

32 þ Gs,k
42)(L

s,k
33 þ Ls,k34 þ Ls,k43 þ Ls,k44))

�

� 1
Δ
(Ss,k23 þ Ss,k24)((G

s,k
33 þ Gs,k

34 þ Gs,k
43 þ Gs,k

44)(S
s,k
32 þ Ss,k42)� (Gs,k

32 þ Gs,k
42)(S

s,k
33 þ Ss,k34 þ Ss,k43 þ Ss,k44)

�
, (26)

L00cT ¼
X
s,k

Ss,k22 þ
1
Δ
(Gs,k

23 þ Gs,k
24)((S

s,k
33 þ Ss,k34 þ Ss,k43 þ Ss,k44)(L

s,k
32 þ Ls,k42)� (Ss,k32 þ Ss,k42 )(L

s,k
33 þ Ls,k34 þ Ls,k43 þ Ls,k44 ))

�

� 1
Δ
(Ss,k23 þ Ss,k24)((G

s,k
33 þ Gs,k

34 þ Gs,k
43 þ Gs,k

44)(L
s,k
32 þ Ls,k42)� (Ss,k32 þ Ss,k42)(S

s,k
33 þ Ss,k34 þ Ss,k43 þ Ss,k44)

�
, (27)

L00qV ¼
X
s,k

Ss,k22 þ
1
Δ
(Ss,k23 þ Ss,k24)((S

s,k
33 þ Ss,k34 þ Ss,k43 þ Ss,k44)(S

s,k
32 þ Ss,k42)� (Gs,k

32 þ Gs,k
42)(L

s,k
33 þ Ls,k34 þ Ls,k43 þ Ls,k44))

�

� 1
Δ
(Ls,k23 þ Ls,k24)((G

s,k
33 þ Gs,k

34 þ Gs,k
43 þ Gs,k

44)(S
s,k
32 þ Ss,k42)� (Gs,k

32 þ Gs,k
42)(S

s,k
33 þ Ss,k34 þ Ss,k43 þ Ss,k44)

�
, (28)

L00qT ¼
X
s,k

Ls,k22 þ
1
Δ
(Ss,k23 þ Ss,k24)((S

s,k
33 þ Ss,k34 þ Ss,k43 þ Ss,k44 )(L

s,k
32 þ Ls,k42)� (Ss,k32 þ Ss,k42)(L

s,k
33 þ Ls,k34 þ Ls,k43 þ Ls,k44))

�

� 1
Δ
(Ls,k23 þ Ls,k24)((G

s,k
33 þ Gs,k

34 þ Gs,k
43 þ Gs,k

44)(L
s,k
32 þ Ls,k42 )� (Ss,k32 þ Ss,k42)(S

s,k
33 þ Ss,k34 þ Ss,k43 þ Ss,k44 )

�
, (29)
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where Δ ¼Ps,k

�
(Gs,k

33 þ Gs,k
34 þ Gs,k

43 þ Gs,k
44)(L

s,k
33 þ Ls,k34 þ Ls,k43 þ Ls,k44)

�(Ss,k33 þ Ss,k34 þ Ss,k43 þ Ss,k44)
2�
.

The effective Onsager matrix elements can find all the
thermoelectric coefficients. For the setup with the BVT probe
with phase relaxation only, the thermal conductance is given by
(Refs. 38 and 39)

κ00 ¼ I2q
ΔT

jIic¼0 ¼
L00cVL

00
qT � L00cTL

00
qV

L00cV
: (30)

The Lorenz ratio for the setup with the BVT probe with phase
relaxation only is then given by

W ¼ κ00

σ 00 , where σ 00 ¼ L00cV : (31)

The MATHEMATICA codes are available in GitHub.40

V. RESULTS

In Fig. 2, we plot the Lorenz ratio vs the strength of inelastic
scattering for the setup with both phase and momentum relaxa-
tion,18 and the setup with only phase relaxation19 in the presence
of coupled MBS, individual MBS, and the absence of MBS. We use
the parameters, Fermi energy EF ¼ 10 μeV, and flux f ¼ f0, f0
being the flux quantum hc=e. In the absence of MBS, the WF law is
preserved in all three cases, i.e., W ¼ 1 for the case of both phase
and momentum relaxation [Fig. 2(a)], and for case of only phase
relaxation [Fig. 2(b)] regardless of inelastic scattering ϵ. For the
presence of MBS, we consider two cases: individual MBS and
coupled MBS. In our setup, we consider the MBS coupling strength
EM ¼ 10 μeV when considering coupled MBS. The violation in the
Wiedemann–Franz law is the highest when EF is close to EM . Thus,
to distinguish between individual MBS (EM ¼ 0), and coupled
MBS (EM ¼ 0:3 μeV), we take EF ¼ 10 μeV.

For ϵ ! 0, the BVT probe is completely disconnected, and
there is no inelastic scattering in the setup for both cases. When MBS
are uncoupled or individual (EM ¼ 0), the Lorenz ratio (W) is one at
the limit of no inelastic scattering and decays with increasing strength
of inelastic scattering (ϵ). For the Luttinger liquid setup with individ-
ual MBS studied in Ref. 16, the Lorenz ratio W passes through one at
g ¼ 1, i.e., in the absence of inelastic scattering. Thus, our results for
individual MBS corroborate the findings of the Luttinger liquid
model studied in Ref. 16. For case with both phase and momentum
relaxation,18 the Lorenz ratio scales with inelastic scattering (ϵ) as
W ¼ 0:76

ϵ1=4
. Finally, for case with phase relaxation,19 the Lorenz ratio

scales with ϵ as W ¼ 0:71
ϵ1=4

. Thus, for individual Majorana, the Lorenz
ratioW is inversely proportional to the strength of inelastic scattering
ϵ for inelastic scattering with both phase and momentum relaxation
with factor 1/4. Similarly, the Lorenz ratio scales inversely with ϵ1=4

for inelastic scattering with phase relaxation only.
For coupled MBS, EM ¼ 0:3 μeV = 0, we see that the Lorenz

ratio is greater than one in the absence of inelastic scattering for all
three cases, i.e., W . 1 for ϵ ! 0 for case of both phase and
momentum relaxation,18 and ϵ ! 0 for the case of only phase
relaxation. In the presence of coupled MBS, PHS is broken such
that the majority of electrons and holes travel in the same direction.

It leads to a reduction in the net charge current and a commensu-
rate increase in the heat current. Thus, in the presence of coupled
MBS, the WF law is violated even in the limit of zero inelastic scat-
tering. The Lorenz ratio decays with increasing ϵ universally in the
presence of MBS, regardless of whether they are coupled or uncou-
pled. Thus, in the presence of coupled MBS, inelastic scattering can
recover the WF law at a particular ϵ. From Fig. 2, we find that the
Lorenz ratio W scaling with respect to inelastic scattering ϵ also
follows the power-law for coupled MBS. For case of both phase and
momentum relaxation18 [Fig. 2(a)], the Lorenz ratio scales with
inelastic scattering (ϵ) as W ¼ 0:74

ϵ1=5
. For the case of only phase

relaxation,19 the Lorenz ratio scales with ϵ as W ¼ 0:72
ϵ1=5

. Thus, the
Lorenz ratio for coupled MBS is inversely proportional to ϵ1=5

when both phase and momentum relaxation are present. In the
presence of inelastic scattering with phase relaxation only, the
Lorenz ratio is again inversely proportional to ϵ1=5.

VI. ANALYSIS

A. Comparison with the work of Buccheri et al.16

We compare our results with the Luttinger liquid model
studied in Ref. 16 in Table I. The setup in Ref. 16 considers a
quantum dot junction hosting MBS in the topological Kondo
regime using the many-body formalism. The Luttinger parameter g
describes electron–electron interaction in the many-body picture
with g ¼ 1 corresponding to no interaction. The authors in Ref. 16
report that weakly coupled MBS (EM � 0) violate the WF law. The
authors show that the Lorenz ratio scales as W ¼ 2

3g, i.e., the
Lorenz ratio is inversely proportional to the Luttinger parameter in
the presence of uncoupled MBS. In contrast in our setup, the
Lorentz ratio is inversely proportional to ϵ1=4 for elastic scattering
with both phase and momentum relaxation. Similarly, for only
phase relaxation case, the Lorentz ratio is inversely proportional to
ϵ1=4. Table I shows the power law scaling in our setup, either with
phase and momentum relaxation or with only phase relaxation. In
either case, one identical distinct power law violations for uncou-
pled and coupled MBS. This provides another unique method to
detect MBS in mesoscopic superconducting junctions.

From Table I, we can see that the scaling of the Lorenz ratio
changes when both phase and momentum relaxation are present in
the setup and when only phase relaxation is present in the setup.
In our setup, the major violations in the WF law arise due to the
breaking of PHS by the MBS in the upper arm. In the upper arm,
MBS causes electron–hole mixing and backscattering.30 For both
phase and momentum relaxation, the electrons and holes in the
lower arm are transmitted, and backscattered.41 This backscattering
can counteract the breaking of PHS by MBS and lead to a weaker
violation. Similar effects have been observed in Ref. 42 wherein the
authors observe the restoration of the WF law due to inelastic scat-
tering. When only phase relaxation is present, the electrons and
holes continue to travel in the same direction they initially traveled.
Thus, they do not strongly counteract the breaking of PHS by the
MBS. It can explain why the scatterer affects the violations more
strongly with only phase relaxation. Thus, we see that the scaling
changes in the presence of only phase relaxation. The unique
scaling of the Lorenz ratio in the presence of MBS with only phase
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relaxation and with both phase and momentum relaxation can be
used as a signature for MBS.

B. Effect of elastic scattering at three way junctions J1
and J2

We look for the effects of elastic scattering on the power law
scaling. In our calculations until now, we have considered strength of
elastic scattering at the three way junctions J1 and J2 to be α ¼ 1

2, see
Eq. (4). We can also study the power law scaling for a different value
of elastic scattering α at junctions J1 and J2. We only have elastic
scattering, as phase of electron is preserved in the scattering and ter-
minals 1 and 2 are current probes. In Fig. 3, we consider α ¼ 4

9 and
we observe that the power law scaling does not change. The reason
for using this S-matrix as in Eq. (4) is that it corresponds exactly to a
waveguide result, see Ref. 43. We observe that for the uncoupled

TABLE I. Comparing the violation of the WF law in our setup with the topological
Kondo model.16 The authors of Ref. 16 only study individual MBS. We study both
individual and coupled MBS. In all cases, we see power law dependence of the
Lorenz ratio on inelastic scattering; the power law factors are different for inelastic
scattering with both phase and momentum relaxation and with only phase
relaxation.

Setup
Coupled
MBS

Individual
MBS

Topological Kondo model16 N/A W ¼ 0:66
g

MBS ABI with both phase and
momentum relaxation, see Eq. (12)
and Ref. 18 W � 0:74

ϵ1=5
W � 0:76

ϵ1=4

MBS ABI with only phase relaxation,
see Eq. (24) and Ref. 19 W � 0:72

ϵ1=5
W � 0:71

ϵ1=4

FIG. 3. Effect of change in elastic
scattering: Lorentz ratio (W ) vs the
coupling strength (ϵ) of the BVT probe
for (a) with both phase and momentum
relaxation (b) with phase relaxation.
Parameters are EF ¼ 10 μeV,
EM ¼ 0:3 μeV, Γ ¼ 1 μeV, f ¼ f0,
and elastic scattering at junction J1, J2,
where f ¼ hc=e and α ¼ 4

9 and rep-
resents elastic scattering at J1 and J2.

FIG. 2. Lorentz ratio (W ) vs the cou-
pling strength (ϵ) of the BVT probe for
(a) with both phase and momentum
relaxation (b) with phase relaxation.
Parameters are EF ¼ 10 μeV,
EM ¼ 0:3 μeV, Γ ¼ 1 μeV, f ¼ f0,
and elastic scattering at junction J1, J2,
where f ¼ hc=e and α ¼ 1

2 and rep-
resents elastic scattering at J1 and J2.

FIG. 4. Effect of Majorana bound state
energy: Lorentz ratio (W ) vs the cou-
pling strength (ϵ) of the BVT probe for
(a) with both phase and momentum
relaxation (b) with phase relaxation.
Parameters are EF ¼ 10 μeV,
EM ¼ 2:55 μeV, Γ ¼ 1 μeV, f ¼ f0
and elastic scattering at junction J1, J2,
where f ¼ hc=e and α ¼ 1

2 and rep-
resents elastic scattering at J1 and J2.
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MBS case, the Lorentz ratio with both phase and momentum relaxa-
tion follows a power law 0:81

ϵ1=4
, while only for phase relaxation, it

follows a power law 0:80
ϵ1=4

, see Fig. 3. Similarly, for the coupled MBS
case, the Lorentz ratio for both phase and momentum relaxation fol-
lowed a power law of 0:89

ϵ1=5
, where as for phase relaxation, it is 0:91

ϵ1=5
, see

Fig. 3. We observe that the presence of elastic scattering does affect
the prefactor to some extent but the power law in the violation of
the Wiedemann–Franz law remains the same.

C. Effect of Majorana bound state energy

In Fig. 2, we observe that the coupled MBS has weaker viola-
tion compared to the uncoupled MBS. However, this is not always
the case. In Fig. 2, we had considered the Majorana bound state
energy EM ¼ 0:3 μeV for the coupled MBS. However, if we con-
sider EM ¼ 2:55 μeV, then the coupled MBS can have stronger vio-
lation than uncoupled MBS (EM ¼ 0), see, Fig. 4. We observe that
while the Lorentz ratio for the phase and momentum relaxation
follows a power law of 0:76

ϵ1=4
, while only for phase relaxation follows a

power law of 0:71
ϵ1=4

for the uncoupled MBS. For coupled MBS, the
Lorentz ratio with phase and momentum relaxation follows a
power law 1:05

ϵ1=5
, where as for only phase relaxation follows a power

law 1:11
ϵ1=5

. Herein also although the power law remains unchanged,
the numerical prefactor undergoes a significant change due to
change in the EM value.

VII. CONCLUSION

We studied the violation of Wiedemann–Franz law in the
presence and absence of MBS and the scaling of the Lorenz ratio
concerning the strength of inelastic scattering induced by a BVT
probe. We find that the WF law is only violated in the presence of
MBS. We studied the scaling of the Lorenz ratio in the presence of
inelastic scattering with both phase and momentum relaxation and
with only phase relaxation and compared our results with those of
the Luttinger liquid model studied in Ref. 16. We showed that the
Lorenz ratio decays with increasing strength of inelastic scattering
when MBS are present, irrespective of whether they are individual
or coupled. The Luttinger liquid model predicts that the Lorenz
ratio is inversely proportional to the Luttinger parameter with
W(g) ¼ 2

3g. In the presence of individual MBS with both phase and
momentum relaxation, the Lorenz ratio scales with inelastic scatter-
ing (ϵ) as W ¼ 0:76

ϵ1=4
, whereas for phase relaxation only, the Lorenz

ratio scales with ϵ as W ¼ 0:71
ϵ1=4

. When MBS are coupled, the scaling
is similar with W ¼ 0:74

ϵ1=5
for phase and momentum relaxation, and

W ¼ 0:72
ϵ1=5

with phase relaxation only.19 We also observe that the
presence of elastic scattering at J1 and J2 and Majorana bound
states energy does not have any impact on the power law, but the
numerical prefactor significantly changes. The results show that the
electron–electron interaction in the Luttinger liquid model is
similar to the inelastic scattering induced phenomenologically by
the BVT probe20 with both phase and momentum relaxation.18,23

Further, we show that for coupled MBS, the Lorenz ratio is greater
than one when inelastic scattering is absent and decays with
increasing ϵ. For individual MBS, the Lorenz ratio is conserved
without inelastic scattering and decays when inelastic scattering is
introduced. This distinct behavior of the Lorenz ratio in the scaling
can be used to detect MBS.

There can be several ways of implementing this work experi-
mentally. References 44 and 45 show the experimental realization of
proximity-induced superconductivity in topological insulators, which
is a key component of our setup. The superconductor–ferromagnet
junction has also been experimentally realized before,46 on the ques-
tion on the effect of the magnetic field. The magnetic field is shielded
such that it does not influence the magnetization of the ferromagnet.
This is similar to the Aharonov–Bohm effect seen in normal metal
rings and semiconductors. As such, magnetization in the ferromag-
nets will be finite. Our setup may be realized in a HgTe quantum
well, see Ref. 30. The couplers in our study can represent either elastic
scattering at J1, J2 or inelastic scattering at the BVT probe. In our
approach, the use of a BVT probe plays a critical role. Experimentally,
significant progress has already been made in deriving such BVT
probes with the realization of small Ohmic contacts that function as
voltage probes, as demonstrated in a pioneering study.34 A voltage
probe is a device through which no net charge current flows, achieved
by applying a specific voltage bias. However, our proposal requires a
BVT probe, which is slightly more advanced, wherein both the net
charge and heat currents are zero. Similarly, the couplers J1 and J2
allow elastic scattering through them. The net charge and heat cur-
rents via these couplers are non-zero, in contrast to the other coupler
through which the net charge and heat currents are zero. These cou-
plers can also be modeled as a three-way junction, similar to the
coupler used for inelastic scattering. These advancements in experi-
mental realizations underscore the feasibility and importance of the
BVT probe in understanding fundamental quantum transport phe-
nomena in mesoscopic systems, which are important for considering
many-body effects in mesoscopic samples phenomenologically.20–22
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APPENDIX A: EXPRESSION FOR CHARGE AND HEAT
CURRENT AND ONSAGER COEFFICIENTS WITH PHASE
AND MOMENTUM RELAXATION

Using the Landauer–Buttiker scattering theory, we can find
the charge and heat currents in each terminal of the setup
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described in Fig. 1(a). In our work, the left and right terminals are
at voltages V1 ¼ 0 and V2 ¼ V , respectively. Similarly, the temper-
atures of the left and right terminals are T1 and T1 þ ΔTR, respec-
tively. The BVT probe is at temperature T þ ΔT and voltage V3.
From Eq. (11), we can write the charge and heat currents for our
setup in terms of the Onsager elements as
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We are solving Eqs. (3)–(8) and using Eq. (12) for the S-matrix
of the BVT probe, one can find the transmission probabilities T ss;kk

ij
and T rs;lk

ij in the setup. Plugging the transmission probabilities in
Eqs. (A1)–(A4), along with Eqs. (9) and (10), allows us to calculate
the charge and heat currents in each terminal. We represent the
charge and heat currents in terms of the voltage and temperature
biases in a matrix notation below. The charge currents in each

terminal due to spin-up electrons and holes are given by
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The corresponding heat currents due to spin-up electrons and
holes are given by
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Similarly, for the spin-down electrons and holes, the charge cur-
rents are given as
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and the corresponding heat currents due to spin-down electrons
and holes are given by
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where G(X) is the electrical conductance for particles with trans-
mission probability X, S(X) is the Seebeck coefficient for particles
with transmission probability X, and L(X) is the thermal conduc-
tance for particles with transmission probability X. We can calcu-
late the charge and heat currents for phase and momentum
relaxation given in Eq. (9) by using the respective S-matrix for the
BVT probe20 when solving for the transmission probabilities T ss;kk

ij
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and T rs;lk
ij . In Eqs. (A5)–(A8), the electrical conductance G(T s;k

ij (E))
is given by

G
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ij (E)


¼ G0

ð1
�1

dE � df
dE

� �
	
δij � T ss;k

ij (E)þ T rs;lk
ij (E)



, (A9)

the Seebeck coefficient S(T s;k
ij (E)) is given by

S
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dE
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: (A10)

The thermal conductance L(T s;k
ij (E)) is given by
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: (A11)

APPENDIX B: EXPRESSION FOR CHARGE AND HEAT
CURRENT AND ONSAGER COEFFICIENTS WITH PHASE
RELAXATION

Similar to the phase and momentum relaxation case, we can
relate the charge and heat currents to the voltage and temperature
difference using the Landauer–Buttiker scattering theory. We set
the voltage of the left terminal at zero and the temperature at T1,
while the right terminal is at voltage V and temperature T1 þ ΔTR.
Using Eqs. (9) and (10), we relate the charge and heat currents to
the voltage and temperature biases in the matrix form as

I",e1c

I",h1c

I",e2c

I",h2c

I",e3c

I",h3c

I",e4c

I",h4c

0
BBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCA

¼

L";e12;cV L";e13;cV L";e14;cV L";e12;cT L";e13;cT L";e14;cT
L";h12;cV L";h13;cV L";h14;cV L";h12;cT L";h13;cT L";h14;cT
L";e22;cV L";e23;cV L";e24;cV L";e22;cT L";e23;cT L";e24;cT
L";h22;cV L";h23;cV L";h24;cV L";h22;cT L";h23;cT L";e24;cT
L";e32;cV L";e33;cV L";e34;cV L";e32;cT L";e33;cT L";e34;cT
L";h32;cV L";h33;cV L";h34;cV L";h32;cT L";h33;cT L";h34;cT
L";e42;cV L";e43;cV L";e44;cV L"";e42;cT L";e43;cT L";e44;cT
L";h42;cV L";h43;cV L";h44;cV L";h42;cT L";h43;cT L";h44;cT

0
BBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCA

V
V3

V3

ΔTR
ΔT
ΔT

0
BBBBBBB@

1
CCCCCCCA
, (B1)

I",e1q

I",h1q

I",e2q

I",h2q

I",e3q

I",h3q

I",e4q

I",h4q

0
BBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCA

¼

L";e12;qV L";e13;qV L";e14;qV L";e12;qT L";e13;qT L";e14;qT
L";h12;qV L";h13;qV L";h14;qV L";h12;qT L";h13;qT L";h14;qT
L";e22;qV L";e23;qV L";e24;qV L";e22;qT L";e23;qT L";e24;qT
L";h22;qV L";h23;qV L";h24;qV L";h22;qT L";h23;qT L";e24;qT
L";e32;qV L";e33;qV L";e34;qV L";e32;qT L";e33;qT L";e34;qT
L";h32;qV L";h33;qV L";h34;qV L";h32;qT L";h33;qT L";h34;qT
L";e42;qV L";e43;qV L";e44;qV L"";e42;qT L";e43;qT L";e44;qT
L";h42;qV L";h43;qV L";h44;qV L";h42;qT L";h43;qT L";h44;qT

0
BBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCA

V
V3

V3

ΔTR
ΔT
ΔT

0
BBBBBBB@

1
CCCCCCCA
, (B2)

I#,e1c

I#,h1c

I#,e2c

I#,h2c

I#,e3c

I#,h3c

I#,e4c

I#,h4c

0
BBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCA

¼

L#;e12;cV L#;e13;cV L#;e14;cV L#;e12;cT L#;e13;cT L#;e14;cT
L#;h12;cV L#;h13;cV L#;h14;cV L#;h12;cT L#;h13;cT L#;h14;cT
L#;e22;cV L#;e23;cV L#;e24;cV L#;e22;cT L#;e23;cT L#;e24;cT
L#;h22;cV L#;h23;cV L#;h24;cV L#;h22;cT L#;h23;cT L#;e24;cT
L#;e32;cV L#;e33;cV L#;e34;cV L#;e32;cT L#;e33;cT L#;e34;cT
L#;h32;cV L#;he33;cV L#;he34;cV L#;h32;cT L#;h33;cT L#;h34;cT
L#;e42;cV L#;e43;cV L#;e44;cV L#;e42;cT L#;e43;cT L#;e44;cT
L#;h42;cV L#;h43;cV L#;h44;cV L#;h42;cT L#;h43;cT L#;h44;cT

0
BBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCA

V
V3

V3

ΔTR
ΔT
ΔT

0
BBBBBBB@

1
CCCCCCCA
, (B3)

I#,e1q

I#,h1q

I#,e2q

I#,h2q

I#,e3q

I#,h3q

I#,e4q

I#,h4q

0
BBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCA

¼

L#;e12;qV L#;e13;qV L#;e14;qV L#;e12;qT L#;e13;qT L#;e14;qT
L#;h12;qV L#;h13;qV L#;h14;qV L#;h12;qT L#;h13;qT L#;h14;qT
L#;e22;qV L#;e23;qV L#;e24;qV L#;e22;qT L#;e23;qT L#;e24;qT
L#;h22;qV L#;h23;qV L#;h24;qV L#;h22;qT L#;h23;qT L#;e24;qT
L#;e32;qV L#;e33;qV L#;e34;qV L#;e32;qT L#;e33;qT L#;e34;qT
L#;h32;qV L#;he33;qV L#;he34;qV L#;h32;qT L#;h33;qT L#;h34;qT
L#;e42;qV L#;e43;qV L#;e44;qV L#;e42;qT L#;e43;qT L#;e44;qT
L#;h42;qV L#;h43;qV L#;h44;qV L#;h42;qT L#;h43;qT L#;h44;qT

0
BBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCA

V

V3

V3

ΔTR
ΔT

ΔT

0
BBBBBBB@

1
CCCCCCCA
: (B4)

Finding the transmission probabilities T ss;kk
ij and T rs;lk

ij from
Eqs. (3)–(8) and using Eq. (24) for the S-matrix of the inelastic
scatterer, we can find the charge current in each terminal of the
setup in Fig. 1(b), i.e., with only phase relaxation as
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The corresponding heat currents due to spin-up electrons and
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Similarly, the total charge current due to spin-down electrons and
holes is given by,
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and the corresponding heat currents due to spin-down electrons
and holes as,
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where G(X) is the electrical conductance for particles with
transmission probability X, S(X) is the Seebeck coefficient for
particles with transmission probability X, and L(X) is the
thermal conductance for particles with transmission probability
X. The electrical, Seebeck, and thermal conductances are given
in Eqs. (A9)–(A11).

REFERENCES

1A. Y. Kitaev, Phys. Usp. 44, 131 (2001).
2L. Fu and C. L. Kane, Phys. Rev. Lett. 100, 096407 (2008).
3J. Nilsson, A. R. Akhmerov, and C. W. J. Beenakker, Phys. Rev. Lett. 101,
120403 (2008).
4C. J. Bolech and E. Demler, Phys. Rev. Lett. 98, 237002 (2007).
5K. T. Law, P. A. Lee, and T. K. Ng, Phys. Rev. Lett. 103, 237001 (2009).
6T. Mohapatra, S. Pal, and C. Benjamin, Phys. Rev. B 106, 125402 (2022).
7C. Benjamin and J. K. Pachos, Phys. Rev. B 81, 085101 (2010).
8L. Fu and C. L. Kane, Phys. Rev. B 79, 161408 (2009).
9R. M. Lutchyn, E. P. A. M. Bakkers, L. P. Kouwenhoven, P. Krogstrup,
C. M. Marcus, and Y. Oreg, Nat. Rev. Mater. 3, 52 (2018).
10H. Zhang, C.-X. Liu, S. Gazibegovic, D. Xu, J. A. Logan, G. Wang, N. van Loo,
J. D. S. Bommer, M. W. A. de Moor, D. Car, R. L. M. Op het Veld, P. J. van
Veldhoven, S. Koelling, M. A. Verheijen, M. Pendharkar, D. J. Pennachio,
B. Shojaei, J. S. Lee, C. J. Palmstrøm, E. P. A. M. Bakkers, S. Das Sarma, and
L. P. Kouwenhoven, Nature 591, E30 (2021).
11S. Gazibegovic, D. Car, H. Zhang, S. C. Balk, J. A. Logan, M. W. De
Moor, M. C. Cassidy, R. Schmits, D. Xu, G. Wang et al., Nature 548, 434
(2017).
12J.-X. Yin, Z. Wu, J. Wang, Z. Ye, J. Gong, X. Hou, L. Shan, A. Li, X. Liang,
X. Wu et al., Nat. Phys. 11, 543 (2015).
13A. K. Nayak, A. Steinbok, Y. Roet, J. Koo, G. Margalit, I. Feldman,
A. Almoalem, A. Kanigel, G. A. Fiete, B. Yan, Y. Oreg, N. Avraham, and
H. Beidenkopf, Nat. Phys. 17, 1413 (2021).
14A. Uday, G. Lippertz, K. Moors, H. F. Legg, R. Joris, A. Bliesener,
L. M. Pereira, A. Taskin, and Y. Ando, Nat. Phys. 20, 1589 (2024).
15A. Carollo, D. Valenti, and B. Spagnolo, Phys. Rep. 838, 1 (2020).
16F. Buccheri, A. Nava, R. Egger, P. Sodano, and D. Giuliano, Phys. Rev. B 105,
L081403 (2022).
17B. Béri and N. R. Cooper, Phys. Rev. Lett. 109, 156803 (2012).
18M. Büttiker, Phys. Rev. B 32, 1846 (1985).
19M. Büttiker, Phys. Rev. B 33, 3020 (1986).
20M. Kilgour and D. Segal, J. Chem. Phys. 144, 124107 (2016).
21M. Kilgour and D. Segal, J. Chem. Phys. 143, 024111 (2015).
22M. Kilgour and D. Segal, J. Phys. Chem. C 119, 25291 (2015).
23T. T. Heikkilä, The Physics of Nanoelectronics: Transport and Fluctuation
Phenomena at Low Temperatures (Oxford University Press, 2013).
24M. P. Anantram and S. Datta, Phys. Rev. B 53, 16390 (1996).
25C. Lambert, V. Hui, and S. Robinson, J. Phys.: Condens. Matter 5, 4187
(1993).
26A. C. Hewson, The Kondo Problem to Heavy Fermions (Cambridge University
Press, 1997).
27L. Bittermann, F. Dominguez, and P. Recher, Phys. Rev. B 110, 045429
(2024).
28L. Fu and C. L. Kane, Phys. Rev. Lett. 100, 096407 (2008).
29L. Fu and C. L. Kane, Phys. Rev. B 79, 161408 (2009).
30J. Nilsson, A. R. Akhmerov, and C. W. J. Beenakker, Phys. Rev. Lett. 101,
120403 (2008).
31C. Benjamin and J. K. Pachos, Phys. Rev. B 81, 085101 (2010).
32M. Buttiker, Y. Imry, and R. Landauer, Phys. Lett. A 96, 365 (1983).
33G. Benenti, K. Saito, and G. Casati, Phys. Rev. Lett. 106, 230602 (2011).
34P. Roulleau, F. Portier, P. Roche, A. Cavanna, G. Faini, U. Gennser, and
D. Mailly, Phys. Rev. Lett. 102, 236802 (2009).
35A. Mani and C. Benjamin, J. Phys. Chem. C 123, 22858 (2019).
36R. Franz and G. Wiedemann, Ann. Phys. 165, 497 (1853).
37J. P. Ramos-Andrade, O. Ávalos-Ovando, P. A. Orellana, and S. E. Ulloa, Phys.
Rev. B 94, 155436 (2016).
38A. Mani and C. Benjamin, Phys. Rev. E 97, 022114 (2018).
39R. S. Whitney, Phys. Rev. Lett. 112, 130601 (2014).
40See https://github.com/Sachiraj/Power-law-majorana.git for “The Mathematica
Codes Used are Available on GitHub.”.

Journal of
Applied Physics

ARTICLE pubs.aip.org/aip/jap

J. Appl. Phys. 136, 224304 (2024); doi: 10.1063/5.0236520 136, 224304-13

© Author(s) 2024

 21 January 2025 05:50:48

https://doi.org/10.1070/1063-7869/44/10S/S29
https://doi.org/10.1103/PhysRevLett.100.096407
https://doi.org/10.1103/PhysRevLett.101.120403
https://doi.org/10.1103/PhysRevLett.98.237002
https://doi.org/10.1103/PhysRevLett.103.237001
https://doi.org/10.1103/PhysRevB.106.125402
https://doi.org/10.1103/PhysRevB.81.085101
https://doi.org/10.1103/PhysRevB.79.161408
https://doi.org/10.1038/s41578-018-0003-1
https://doi.org/10.1038/s41586-021-03373-x
https://doi.org/10.1038/nature23468
https://doi.org/10.1038/nphys3371
https://doi.org/10.1038/s41567-021-01376-z
https://doi.org/10.1038/s41567-024-02574-1
https://doi.org/10.1016/j.physrep.2019.11.002
https://doi.org/10.1103/PhysRevB.105.L081403
https://doi.org/10.1103/PhysRevLett.109.156803
https://doi.org/10.1103/PhysRevB.32.1846
https://doi.org/10.1103/PhysRevB.33.3020
https://doi.org/10.1063/1.4944470
https://doi.org/10.1063/1.4926395
https://doi.org/10.1021/acs.jpcc.5b08818
https://doi.org/10.1103/PhysRevB.53.16390
https://doi.org/10.1088/0953-8984/5/25/009
https://doi.org/10.1103/PhysRevB.110.045429
https://doi.org/10.1103/PhysRevLett.100.096407
https://doi.org/10.1103/PhysRevB.79.161408
https://doi.org/10.1103/PhysRevLett.101.120403
https://doi.org/10.1103/PhysRevB.81.085101
https://doi.org/10.1016/0375-09601(83)90011-7
https://doi.org/10.1103/PhysRevLett.106.230602
https://doi.org/10.1103/PhysRevLett.102.236802
https://doi.org/10.1021/acs.jpcc.9b07873
https://doi.org/10.1002/andp.18531650802
https://doi.org/10.1103/PhysRevB.94.155436
https://doi.org/10.1103/PhysRevB.94.155436
https://doi.org/10.1103/PhysRevE.97.022114
https://doi.org/10.1103/PhysRevLett.112.130601
https://github.com/Sachiraj/Power-law-majorana.git
https://github.com/Sachiraj/Power-law-majorana.git
https://github.com/Sachiraj/Power-law-majorana.git
https://github.com/Sachiraj/Power-law-majorana.git
https://pubs.aip.org/aip/jap


41H. Förster, P. Samuelsson, S. Pilgram, and M. Büttiker, Phys. Rev. B 75,
035340 (2007).
42L. Jin, S. E. Zeltmann, H. S. Choe, H. Liu, F. I. Allen, A. M. Minor, and J. Wu,
Phys. Rev. B 102, 041120 (2020).
43C. Benjamin, Electron Transport and Quantum Interference at the Mesoscopic
Scale (Lambert Academic Publishing, 2016).

44M. Veldhorst, M. Snelder, M. Hoek, T. Gang, V. Guduru, X. Wang, U. Zeitler,
W. G. van der Wiel, A. Golubov, H. Hilgenkamp et al., Nat. Mater. 11, 417 (2012).
45B. Sacépé, J. B. Oostinga, J. Li, A. Ubaldini, N. J. Couto, E. Giannini, and
A. F. Morpurgo, Nat. Commun. 2, 575 (2011).
46V. Peña, Z. Sefrioui, D. Arias, C. Leon, J. Santamaria, M. Varela,
S. J. Pennycook, and J. L. Martinez, Phys. Rev. B 69, 224502 (2004).

Journal of
Applied Physics

ARTICLE pubs.aip.org/aip/jap

J. Appl. Phys. 136, 224304 (2024); doi: 10.1063/5.0236520 136, 224304-14

© Author(s) 2024

 21 January 2025 05:50:48

https://doi.org/10.1103/PhysRevB.75.035340
https://doi.org/10.1103/PhysRevB.102.041120
https://doi.org/10.1038/nmat3255
https://doi.org/10.1038/ncomms1586
https://doi.org/10.1103/PhysRevB.69.224502
https://pubs.aip.org/aip/jap

