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Nonstabilizerness or ‘magic’ is a key resource
for quantum computing and a necessary con-
dition for quantum advantage. Non-Clifford
operations turn stabilizer states into resource-
ful states, where the amount of nonstabilizer-
ness is quantified by resource measures such
as stabilizer Rényi entropies (SREs). Here,
we show that SREs saturate their maximum
value at a critical number of non-Clifford oper-
ations. Close to the critical point SREs show
universal behavior. Remarkably, the deriva-
tive of the SRE crosses at the same point in-
dependent of the number of qubits and can be
rescaled onto a single curve. We find that the
critical point depends non-trivially on Rényi
index a. For random Clifford circuits doped
with T-gates, the critical T-gate density scales
independently of a. In contrast, for random
Hamiltonian evolution, the critical time scales
linearly with qubit number for a > 1, while is a
constant for a < 1. This highlights that a-SREs
reveal fundamentally different aspects of non-
stabilizerness depending on a: «a-SREs with
a < 1 relate to Clifford simulation complexity,
while a > 1 probe the distance to the closest
stabilizer state and approximate state certifi-
cation cost via Pauli measurements. As tech-
nical contributions, we observe that the Pauli
spectrum of random evolution can be approxi-
mated by two highly concentrated peaks which
allows us to compute its SRE. Further, we in-
troduce a class of random evolution that can be
expressed as random Clifford circuits and ro-
tations, where we provide its exact SRE. Our
results opens up new approaches to character-
ize the complexity of quantum systems.

1 Introduction

Nonstabilizerness or ‘magic’ has been proposed as the
resource theory of fault-tolerant quantum comput-
ers [51]. It lower bounds the non-Clifford resources
needed to run quantum computers [25] and relates
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to the complexity of classical simulation algorithms
based on Clifford operations [3].

Nonstabilizerness monotones are non-increasing un-
der Clifford operations, while applying non-Clifford
operations can enhance the amount of nonstabiliz-
erness of a state. On a quantitative level, the re-
lationship between quantum complexity and num-
ber of non-Clifford operations is an intensely studied
topic [16, 29, 35]. As nonstabilizerness is a measure
of complexity for quantum computers and a necessary
condition for quantum advantage, it is paramount
to understand how nonstabilizerness depends on the
number of non-Clifford operations [7, 35, 45, 52].

A wide range of magic monotones have been pro-
posed, such as stabilizer rank [3], min-relative en-
tropy of magic [4, 35] and log-free robustness of
magic [25, 35]. These measures probe different as-
pects of nonstabilizerness. In particular, the log-free
robustness of magic can be related to the complex-
ity of a classical simulation algorithm, while the min-
relative entropy of magic is related to the distance to
the closest stabilizer state. However, they require an
optimization program to be computed, making them
in general intractable for the study of larger system
sizes. Thus, methods to feasibly approximate these
monotones are desired.

a-Stabilizer Rényi entropies (SREs) have been pro-
posed to quantitatively explore nonstabilizerness har-
nessing their efficient numerical [19, 26, 30], ana-
lytic [36, 50] and experimental accessibility [1, 18, 21,
22, 40]. Here, the Rényi index « indicates the mo-
ment of the SRE. They are monotones for pure states
for a > 2 [28], while monotonicity can be violated for
a < 2 [20]. SREs relate to phases of error-corrected
circuits [38], quantify the entanglement spectrum [48],
bound fidelity estimation [24, 31, 32], characterize the
robustness of shadow tomography [5] and characterize
pseudorandom states [12, 23]. Further, SREs charac-
terize many-body phenomena [13] such as phase tran-
sitions [19, 47], frustration [39], random matrix prod-
uct states [9, 27, 37, 42], localization [49] and out-of-
time-order correlators [10, 29, 31]. SREs also lower
bound other intractable magic monotones [20, 22].

Here, we study a-SREs for random Clifford circuits
doped with T-gates, as well as random Hamiltonian
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evolution in time. We reveal that SREs saturate their
maximal value at a critical T-gate density g, or crit-
ical time ¢ o in the thermodynamic limit. Around the
critical point, the the SRE become universal, which
we demonstrate by the derivative of the SRE crossing
at the critical point for all number of qubits N. Fur-
ther, by a simple rescaling we can collapse the deriva-
tive to a single curve, hinting at a possible connection
to phase transitions.

For random Clifford circuits doped with T-gates,
SREs grow linearly with number of T-gates until
reaching a critical T-gate density which is indepen-
dent of number of qubits N for any «. In contrast, for
random Hamiltonian evolution @ < 1 SREs increase
exponentially at short times, becoming extensive al-
ready at 1/poly(N) time. In contrast, a > 1 SREs
grow independent of NV with a critical time that is lin-
ear with N, which we find to be a tight lower bound
of the stabilizer fidelity.

We argue that @« > 1 and a < 1 probe differ-
ent aspects of nonstabilizerness and relate to different
quantum computational tasks. «a < 1 SREs (espe-
cially @ = 1/2) relate to the number of superpositions
of stabilizer states needed to represent a given state
which characterizes the cost of Clifford-based simula-
tion algorithms as well as cost of fault-tolerant state
preparation. In contrast, & > 1 SREs can be seen as
the distance to the closest stabilizer state which for
example characterizes the cost of Pauli-based fidelity
certification.

We argue that Clifford simulation and state certi-
fication become inefficient at the same T-gate doping
for Clifford circuits. In contrast, for random evolution
these two tasks have completely distinct timescales.
In particular, Clifford simulation of random Hamilto-
nian evolution becomes difficult beyond exponentially
small times, while (approximate) state certification is
possible up to constant times.

Thus, while both Clifford simulation and state cer-
tification with Pauli measurements are intrinsically
linked to nonstabilizerness, the efficiency of these
tasks is in general not correlated. Their efficiency
depends on two very different aspects of nonstabiliz-
erness, which can be probed with a-SREs.

As technical contributions, we show that random
Hamiltonian evolution has a Pauli spectrum with two
distinct peaks, which allows us to compute its SRE.
We also introduce a type of random evolution which
can be expressed as Clifford circuits with small rota-
tions, which possesses an analytic form of the SRE for
a=2.

Our main results are summarized in Fig. 1, while
the critical T-gate density and time are shown in Ta-
ble 1.

Index Random Clifford+T
o= qc,0 = 1
a<?2 qc,az(l—a)%
a=2 | qes=log(2)/log(3)
o> 2 Ge,a ~ —%
Random evolution
a=0 tia =0
0<a<l 2y~ %
l<a<2| 2, ,~-52Nn(2)
a>2 t2,~ 5=Nn(2)

Table 1: Critical T-gate density gc,o for random Clifford cir-
cuits doped with T-gates and critical time ¢ for evolution
with random Hamiltonians. At ¢c,« and tc,o, SREs converge
to their maximal value for N > 1.

2 Stabilizer Rényi entropy

For an N-qubit state |¢), the a-SRE is given by [30]

My (|9)) = (1 =) (27N > (@loly)™) . (1)
c€EP

where « is the index of the SRE and P = {c}, is the
set of all 4V Pauli strings o € {I, X, Y, Z}¥ which are
tensor products of Pauli matrices. We note the limit
a — 1, which can be easily shown using I’'Hopital’s
rule and is called the von Neumann stabilizer en-
tropy [20]

Mi(j9)) = =27 Y ($lole)* n({lo]y)*) . (2)

oceP

For convenience, we also define the SRE density
Mo = My /N . (3)

M, is a resource measure of nonstabilizerness for
pure states [51]. SREs are faithful, i.e. M, = 0
only for pure stabilizer states, while M, > 0 for
all other states. Further, M, is a monotone for
a > 2 [28], i.e. non-increasing under free opera-
tions, which are Clifford operations that map pure
states to pure states. Note that for o < 2 SREs can
violate the monotonicity condition [20]. For all «,
SREs are invariant under Clifford unitaries Ug, i.e.
My (Uc |¥)) = My(|¢)). SREs are also additive with
M (1) ©16)) = Ma($)) + Mal(|)). Note that M,
are not strong monotones for any « [20]. As Rényi
entropies, SREs are monotonously increasing with de-
creasing a, i.e.

Nn(2) > My > My >0 (4)

for a < .
As other nonstabilizerness monotones, we also con-
sider the min-relative entropy of magic [4, 35]

Diuin(4)) = —log( max

|¢)ESTAB

| (l6) ) o)
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Figure 1: Overview of main results. We study two models: a) Circuits composed of randomly chosen Clifford circuits Uc
doped with Nt = ¢N T-gates, where N is the number of qubits and ¢ the T-gate density. b) Evolution in time ¢ for random
Hamiltonians starting from an initial stabilizer state. c) a-stabilizer Rényi entropy (SRE) M, increases monotonously with ¢
and t until converging to a constant. For large N we observe a sharp transition to maximal SRE M7 (horizontal dashed
line) for a critical T-gate density gc, or critical time tc o (vertical dashed line). The derivative of M, crosses at the critical
point for all N and the dynamics close to the critical point can be mapped onto a single curve (see Fig.2 and Fig. 4). d)
Critical T-gate density ¢c,« and time t. . as function of Rényi index a. Both gc,o and ¢« vary non-monotonously with « as
they probe different aspects of nonstabilizerness complexity. In particular, critical time tc o changes its scaling from constant

(@ <1)toteo ~ VN (a>1).

where the maximum is taken over the set of pure sta-
bilizer states. Here, Fstap = max|)eSTAB | <w|¢> |2
is the stabilizer fidelity. D, measures the distance
between |1) and its closest stabilizer state. It is upper
bounded by Dpin < N In(2), which is asymptotically
reached for Haar random states [35]. The SRE lower
bounds D, for N > 1
a—1

Duin14)) 2 “= Ma (1))

We also consider the log-free robustness of magic [25,
35]

(@>1). (6)

LR(p) = log

min,, {Z:zﬂp—zl”ﬂh}] , (7)

where S = {n;}; is the set of pure N-qubit stabilizer
states. The SRE lower bounds the log-free robustness
for a > 1/2 [25, 30]

LR(9)) > 3 Ma(l0))

Finally, the SRE is a lower bound to the stabilizer
nullity v > M, which is given by
v(|)) = Nn(2) — In(s(|¢))) (9)

where s([¢)) = [{o : (1| o [¢)?> = 1} being the size of
the set of all Pauli operators that stabilize [¢).

(@=1/2). (3

3 Clifford circuits with T-gates

We now study the SRE for random circuits composed
of Clifford unitaries and T-gates [16]. We consider a
circuit of Nt layers consisting of randomly sampled
Clifford circuits Uék) and the single-qubit T-gate T' =
diag(1, exp(—im/4)

Nt
[(Nr)) = UPT[(T © Inv-0)UPT 10y . (10)
k=1

For Nt = 0, we have Clifford states, while for Npo ~ N
we have highly random states [29].
Analytic SRE. The average SRE of such states is
known exactly for oo = 2 [30]
4+ (2N - 1) (742‘34(;\1]1\’71)21\1)>NT
(3+2%)

M2(NT) = —1In

(11)

For N > 1, this simplifies to
3\
M)~ -mitxa - (3)710

where we defined the T-gate density ¢ = Np/N. We
study the SRE density mo = My /N in Fig.2a for dif-
ferent N. We observe that mo increases linearly with
q and converges to a constant for large gq. For large
N, we observe that the convergence appears to be
a sharp transition to the maximal SRE my = In(2)
which occurs at a critical T-gate density g 2. We de-
termine g, 2 by studying the scaling at finite N [41].
We find that O;mso as function of ¢ exhibits scale-
invariant properties, i.e. the curves for different N can
be mapped onto each other by appropriate rescaling
around the critical point, a hallmark for phase transi-
tions [41]. In particular, we find that J,ms intersects
for all NV at the same point, which gives us gc 2. Us-
ing Eq. (12), we find that the intersection occurs for
all N at the critical T-gate density

4
Qe,2 = 1n(2)/ln(§) ~ 2.40942 . (13)

In Fig.2b we plot the derivative 9;m2, observing that
for all IV the curves indeed intersect at ¢. 2. In Fig.2c,
we observe that by shifting ¢ with g2 and rescaling
with N, we can collapse the curves of different IV,
as expected for the scale-invariant behavior close to
critical points [41].
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Figure 2: Universal behavior of 2-SRE for random Clifford + T circuits. a) mo against T-gate density ¢ = Nt /N for different
N. Black vertical dashed line is transition T-gate density gc,2 = In(2)/1n(4/3) b) Derivative of SRE in respect to T-gate
density 0ym2 against ¢ with universal crossing for all N at critical g2 = In(2)/In(3). €) Collapse of d;m2 against ¢ when
shifted by gc,2 and scaled by N. Close to the critical density gc 2, curves for different N intersect at a single point and can be
mapped onto each other by a simple rescaling, which is hallmark of universality.

Next, we investigate the case a = 0
Mo(j)) =T (D O((Wlo [¥)*)) - NIn(2)  (14)

where ©(x) is the Heaviside function with O(z) = 0
for £ < 0 and ©(x) = 1 for x > 0. Stabilizer states
are stabilized by a commuting subgroup G of 2V Pauli
strings with (¥|o |1/1)2 =1 for ¢ € G. The group G
has N generators. Applying a T-gate on a stabilizer
state breaks at most one generator of GG, resulting in a
state with NV —1 generators and 2"V~ stabilizing Pauli
strings. In fact, each additional T-gate can break only
one generator. Thus, we find My < Nrln(2) and
My < N1n(2) [30]. When the T-gate is applied after
a random Clifford circuit, the T-gate will break one
of the generators of G with overwhelming probabil-
ity. Thus, with overwhelming probability Nt ~ N
T-gates are necessary and sufficient to reach My = 0,
thus the critical T-gate density is gc0 = 1.

Approximation of SRE. We now provide an esti-
mate for the transition for other a. A single T-
gate applied on a Clifford state gives an SRE of
MI = (1-a) ' In(27* + 3). For a = 0, each addi-
tional T-gate increases My by the same amount M,
yielding My = NtM{ until reaching the maximum
Mpax = Ny M for Nt = N.

We find a similar analytic relationship for « = 2. In
particular, for large N > 1, Eq. (11) shows that each
additional T-gate increases M, by MJ] until the SRE
is maximal. Thus, we have My =~ NTM;*F, where N is
the number of applied T-gates. As shown in Fig. 3a,
we observe numerically that this linear relationship
between M, and Nt also applies for other «, i.e.

M, (Nt) =~ Np ML . (15)

The critical T-gate density g, is reached when the
SRE becomes maximal, which we can approximate
with
1
N
Next, we estimate the value of the maximal SRE for
N > 1. First, we recall the fact that nonstabilizerness

M M . (16)

Qec,a =~

approaches the asymptotically the maximal possible
value for randomly chosen states [35]. Thus, by es-
timating the SRE of a random state for large N we
can approximate M**. A random state is spread out
over the whole Pauli spectrum where for simplicity we
assume a uniform distribution with (1| o [1)* = 2=V
for o € P/{I}. While such a state is not a positive
density matrix, we find from numerical studies that
this spectrum is a sufficiently good approximation of
an actual random Pauli spectrum for large N. In
fact, we find the concentration around our predicted
value for highly random states as shown in Fig. 5a for
t = 1.5. Using our ansatz, we find

M=~ MM = (1 - a) " @7 ) (@0 [9)*)
oceP
=1 -a) @2 N1+ @Y —1)27V)
~ (1 —a) tn(2™N 4 2N0-)

As further confirmation, our result matches MEar of
Haar random states up to constant corrections [50],
where Haar random states are known to have asymp-
totically maximal nonstabilizerness [35] (see Ap-
pendix A for explicit comparison). Now, in the limit
N > 1 we find

a<2: MI*™ ~NIn(2)

a>2: MM ~—(1-a) 'NIn(2) (17)
Note that our result matches numerical simulations
shown in Fig. 3b and the analytical values known for

a =0 and a = 2. We can now compute the critical
T-gate density by inserting Eq. (17) into Eq. (16)

In(2)
<2: gao~(1l-—a)——=
o> q: ( a)ln(2,a+%)
In(2)
>2: N . 18
« de,a ln(Z*O‘—&-%) (18)

4 Random basis evolution

We proceed to investigate another circuit model which
can be seen as a type of random time evolution. It
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consist of a deep Clifford circuit as in Eq. (10) with
many layers d, but replace the T-gates with a pa-
rameterized rotation R,(6) = exp(—i6/20,). A sim-
ilar model with randomly chosen 6 has been shown
to produce highly random states [15]. Here, instead
we choose very small 0. In particular, we choose
0 = 2t/\/d with d > N

() = Uém,i[l (Rz (jg) ® IN_l) uP0) .

(19)
Here, we can interpret ¢ as evolution time. We ar-
gue that this circuit model describes a type of (time-
dependent) random evolution: In particular, if we re-
gard one layer, it consists of transformation into a
random basis with Clifford Uék) and z-rotation in the
transformed basis by small angle § = 2¢/+/d. This can
be seen as a kind of a trotterized evolution with time-
dependent Hamiltonian H(t) which rapidly changes
between different bases. We find numerically that the
dynamics matches closely the evolution time of ran-
dom Hamiltonians as shown in Appendix B.

For t = 0, Eq. 19 gives a Clifford state |0), while
for t ~ /N the SRE converges to the average value
of the SRE for Haar random states. We compute M,
for Eq. (19) analytically using the result of Ref. [30]

My(#,d,N) = —In[(3+2V)" 14+ 2V —1)x (20)

7.22N —3.9N 4 oN (9N 4 3)cos(40) — 8 d)}
8(22N — 1) '

In the limit of N > 1, d > N and using 0 = % we

find approximately
My(t) ~ NIn(2) — In(4 +2Ve %) (21)

giving us

My(t) =~ 4t (22)
for t < v/N. We confirm this scaling in Fig.4a.
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Figure 3: Saturation of a-SREs for random Clifford circuits
doped with T-gates. a) M, divided by a-SRE per T-gate
M against T-gate density g. The crosses denote the critical
T-gate density qc,« as derived in Eq. (18). b) M, divided by
maximal SRE MJ® from Eq. (17) derived for N > 1. We
show N = 14 qubits and average over 20 random instances,
where we note that due to self-averaging the variance in SRE
is small.

Similar to circuits with Clifford and T-gates, we
find a transition in the SRE when it converges to
its maximum. In particular, we observe that the
derivative 92 M5 (t) in respect to t? intersects at t2 =
1N In(2) for all N as shown in Fig.4b. We observe
that the curves collapse onto a single line when shifted
by t? in Fig.4c, demonstrating its scale-invariant be-
havior.

Finally, we study the circuit model for the min-
relative entropy of magic Eq. (5). From numerically
studies of our deep circuit model up to NV < 5, we find
that

Diin(t) ~ t? (23)

up to a time t2 ~ NIn(2), where it then converges
to the average value of Haar random states (see Ap-
pendix C). From the bound Eq. (6) we have for
a =2 [20]

1
Dmin(t) > ZMQ(t) ~ t27 (24)

where as last step we inserted Eq. (22) for the N > 1
limit. Comparing Eq. (23) and Eq. (24), we find that
the bound is approximately saturated, demonstrating
that Eq. (24) is indeed a tight bound and cannot be
improved further.

5 Random Hamiltonian evolution

Next, we study the evolution of states under random
Hamiltonians [6]. We evolve an initial random stabi-
lizer state [¢(0)) = |1)sTaB) state

[%(t)) = e [ (0)) (25)

in time t. The Hamiltonian H is chosen as a random
matrix sampled from the Gaussian unitary ensemble
(GUE).

We now calculate the SRE for the evolution with
the random Hamiltonians. First, we define the fidelity
F with the initial stabilizer state

F=[{@(0)[¢®)) (26)

For t < 1, we find up to second order in ¢

F(t) ~| (|1 —iHt - %H%Q ) P =~
L— (| H? [¢) — (4] H [4)*)

We now normalize H such that (| H?|y) —
(| H 1) = 1 on average for |¢)) chosen from 2-
designs, which is achieved by demanding that on av-
erage one has tr(H?) = 2% + 1. This normaliza-
tion factor can be computed exactly via the fact that

. 2 _ tr(H?)
2-designs have on average (Y| H?|¢)) = 55~ and

(| H |[ip)? = % This restricts the eigenvalue
spectrum of H within [—2, 2] independent of N. This
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Figure 4: Universal behavior of 2-SRE for random basis evolution model Eq. (19). a) M, against time ¢ for different N. b)
Derivative in respect to t* of SRE 8,2 Mo against t. Black vertical dashed line is critical time t2 = iNln(2). c) 0,2 M against
t2 shifted by t2. Hallmark of universality is the crossing of all curves at the critical point t2 and collapse to a single curve.

leads to am N-independent growth of correlations as
proposed in Ref. [6].

With this normalization of H, we get on average
for short times ¢t <« 1

F(t)~1—1t. (27)

Due to Levy’s lemma, observed expectation values
such as F'(t) concentrate with exponentially high
probability around its average for each sampled
state [43].

Approximation of Pauli distribution. We now want
to find an approximation for M, (t) as function of time
t. For this, we need to understand the distribution
of expectation values 5,(t) = B, = (¥(t)|o|¥(t))
of |1(t)). The distribution 82 = (ip|o|)? is the
Pauli spectrum, i.e. the distribution of the square
of Pauli string expectation values. In total, there
are 4V Pauli strings 0. Any state can be written
as p =27V B,0, where 27V 3" 32 =1 for pure
states.

We have an initial stabilizer state [1(0)), which is
stabilized by a commuting subgroup G of |G| = 2V
Pauli strings. For any ¢ € G, we have 32 = 1. In
contrast, for o/ ¢ G we have 32, = 0, where the com-
plement of G contains 4" — 2V Pauli strings.

Now, how does the Pauli spectrum 3, (t)? change
when the stabilizer state is evolved in time ¢? For
t = 0, the Pauli spectrum has two peaks at 82 = 0
and 32 = 1. For t > 0, the two peaks shift and diffuse.
However, we observe numerically that the two peaks
remain highly concentrated even for relatively large t.
Note that for Haar random states, the concentration
has been proven [50]. We show the histogram of the
Pauli spectrum in Fig. 5a Note that up to ¢t < 1,
there are two distinct peaks with a gap in between
them. Note that Fig. 5a is a logarithmic plot, and
the peak for small 32 appears broad in logarithmic
space, but is actually very concentrated close to its
mean value. Let us now approximate the two peaks
as Delta-functions centered around their mean value.
For many qubits NV > 1, we can easily compute the
average of each peak, i.e. Bgec ~ F?, and 5§¢G ~
2-N(1 - F?).

With decreasing F', the gap between 53&0 and
5366‘ decreases, and the two distributions merge when
F(t)? < 27N, As we will find, this happens at the
critical time. We confirm numerically that different
instances of H sampled from the GUE show similar
spectrum.

SRE of random evolution. We now approximate the
Pauli spectrum of |¢(¢)) by its two observed mean val-
ues. First, we split M, into its contribution stemming
from Pauli strings in 0 € G and o ¢ G.

My =(1—a) "2~ ) " |B,**) =
(1—a) " @ Ny 161 + D 186 *])

ceG o¢G

Next, we approximate 2., = F? and 5§¢G
27N(1 — F?) and use that |G| = 2V and |G| =
4N — 2N ~ 4N for N > 1, yielding our main ap-
proximation for the SRE

M (F) ~ (1 —a) tn(F2> +2V0=2)(1 = F2)) (28)

Now, we regard the limit of ¢t < 1 and N > 1. Here,
we apply the first order Taylor expansions F'(t) ~
1—1%,1—F(t)? = 2t? and In(F(t)) ~ —t? and insert
them into Eq. (28).

First, we study @ < 1. We first demand that
2N (1 — F2)* < Lor t < 527 NI/ e,
exponentially small times

2&
Ma<1 ~ (1_a)—l2N(1—a)(1_F2)a ~ 172N(1_a)t2a .
(29)
The growth in M,.; is polynomial in t and ex-
ponential in N. Beyond exponentially small times

oN(U=a)(1 — F2)* > 1 and 1* < L, we get for a < 1

Mycr ~(1 —a) Y (N(1 —a)In(2) + aln(l — F?)) ~
a ~In(26*) + Nn(2). (30)

In particular, for ¢ ~ 1/poly(NN), we find extensive
Ma<1 ~ N.
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and N > 1.

Next, we regard the case a = 1, 12 < %

Here, we have
My =2"NY"B2Im(p2) =

—F?In(F?) - (1-F>)Im@2 N1 - F?) =
2F?In(F) + N(1 — F*)In(2) — (1 — F?)In(1 — F?) =
2(1 — t2)%#? + 2Nt*In(2) — 2% In(2t?) =~

2t%(N In(2) — In(2t%)) . (31)

Finally, we study the case a > 1, where we find

20 o 2a
—aln(F)N oz—lt .
(32)
where we highlight that the growth is independent of
N. For a = 2 we have M, ~ 4t2, matching the result
for the evolution in random bases of Eq. (22). Also
note that by comparing with Eq. (6) it is easy to see
that all & > 1 provide tight lower bounds to Dy .

Our analytic results match numerical simulations as
shown in Fig. 5b,c for all investigated o and N. While
we assumed small ¢ for the approximations, we ob-
serve that our equations match our numerical studies
until the critical time where the SRE becomes max-
imal. We show additional numerical results and the
error relative to the approximations in Appendix D.

Critical time. We now estimate the critical time
tc,o for evolution with random Hamiltonians using our
approximation. While these equations were derived
for the limit of small ¢, our numeric suggest that the
approximations work well up to the critical time when
the SRE becomes maximal. We define the critical
time ;o as the time when the SRE converges to its
maximal value, i.e. My(tc,o) = MP**, where Mpa*
has been computed in Eq. (17) and we consider N >
1. We now study % for different o and its scaling
with N.

First, SRE for a = 0 as given by Eq. (14) relates
to the number of Pauli expectation values which are
exactly zero. The GUE evolution evolves all elements
of the Pauli spectrum non-trivially and makes them
non-zero with overwhelming probability, thus we get
()| o |1p(t))* # 0 for ¢ € P for any t > 0. Thus,
the critical time is at

Mysi =~ (1—a) Hn(F?*) = T

tC,O = 07 (33)

matching the divergence observed in Eq. (29). Next,
we study 0 < a < 1. Here, inserting Eq. (30) into
My (te,o) = M gives us

1
t2 o~ 3 (34)
Most importantly, we find that the critical time is
independent of N.
Finally, for @ > 1 we find using Eq. (32) that the

critical time grows linearly in NV

17
l<a<?2: tga%—TaNln(Q),
’ o

1
t2 o ~=—N1n(2). (35)

>2:
@ 2c

Note that there may be constant corrections to t.
not captured by our first-order approximations. How-
ever, we argue that the scaling of ¢, with N is accu-
rately captured by our approximations, as we get a
good match between our derived formulas and numer-
ical studies. Our approximations were derived with
the first order approximation of the fidelity F ~ 1—¢2.
We numerically study the behavior of F for larger .
We find F ~ et up to a time ¢t ~ v/N. When in-
serting F ~ e~ into Eq. (28), we also get Eq. (32),
indicating that Eq. (32) is indeed valid up to t ~ v/N.
We note that at a« = 1 a transition from constant to
linear scaling occurs. We believe logarithmic correc-
tions could appear here, however this warrants further
studies.

Finally, as we show in Appendix B, the Pauli spec-
trum and SRE of the GUE evolution matches closely
the dynamics of the random basis evolution of Sec. 4.
We also observe that the SREs for both models match.
Thus, we argue that the scale-invariant behavior that
we shown analytically in Sec. 4 for random bases evo-
lution also emerges for the evolution with random
Hamiltonians.

6 Complexity and SRE

We now show that SREs can be related to the com-
plexity of different operational tasks, where the type
of task depends on «. In particular, we relate o > 1
to approximate fidelity estimation, while @ < 1 to
Clifford simulation complexity.

First, we note that for a > 1, the SRE is similar
to Dmin, which is the distance to the closest stabi-
lizer state [22]. We find that the previously proven
lower bound [20] is indeed tight for random evolu-
tions Eq. (24) which we numerically confirm in Ap-
pendix E. Note that numeric evidence shows that
SREs for a > 1 also provide an N-independent upper
bound to Dpin [22]. As such, we argue that SREs
with a > 1 probe the closeness to the nearest stabi-
lizer state.

SREs with a = 2 have been shown an explicit oper-
ational meaning: They give a lower bound on fidelity
estimation [8, 31]: Given a target state |¢), one can
estimate the fidelity with actual state p by measur-
ing Pauli expectation values [8]. The number of sam-
ples m to estimate the fidelity is lower bounded as
m 2 exp(Mz(|1)))), while an upper bound is given by
m < exp(Mo (1)) [31]-

In Appendix F, we show an explicit fidelity esti-
mation algorithm whose efficiency is directly given
by Ms(|1)): Fist, we note that fidelity estimation
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Figure 5: a-SREs of random Hamiltonian evolution. a) Pauli spectrum plotted as histogram, where we show the probability
C of observing the Pauli expectation values 52 = (] o |1)). We show different ¢ of GUE evolution for N = 10 averaged over
20 random instances. For clarity, we do not show the trivial identity operator (| I |1/))2 = 1 of the spectrum. For t > 1, Pauli

spectrum is mostly concentrated around 82 = 27N ~ 1073,

b) SRE M, against ¢ for different & and N = 12, where dashed

lines are approximations Eq. (32), Eq. (29), Eq. (30) and Eq. (31). The sudden change of the dashed line for o < 1 is due to
the change from Eq. (29) to Eq. (30) at 2¥(1=)(1 — F?)* = 1. ¢) SRE M, against N for t = 10~ 2. Dashed line is fit with
approximations. Our model accurately describes a-SREs of random evolution as function of N and ¢, allowing us to predict

overall scaling and critical time ¢ .

works especially well when [¢) is a stabilizer state.
Now, if [¢)) is not a stabilizer, but close to sta-
bilizer state, then one can use this stabilizer state
as a proxy for fidelity estimation: Omne estimates
the fidelity of p with the closest stabilizer state
argmax . | (Y[Ystag) [>. We show that when
[t) is close to a stabilizer state, this is a good ap-
proximation of the fidelity, where the quality de-
pends on Ms(|¢)). In particular, we show in Ap-
pendix F that this scheme has an error AF <
24/1 — exp(—Mz(]¢)))) and gives a non-trivial approx-
imation of the fidelity as long as Ma(|¢)) < log(4/3).

In contrast, SREs with a < 1 (especially o = 1/2)
show behavior similar to the log-free robustness of
magic LR [25, 35, 44] or max-relative entropy of
magic [4, 35]. They respectively relate to the neg-
ativity of the mixture of stabilizer states, or the num-
ber of superpositions of stabilizer states needed to
represent a given state. LR has been used to esti-
mate fault-tolerant state preparation complexity and
relates to the complexity of Clifford based simulation
algorithms. These algorithms simulate quantum cir-
cuits as Clifford circuits injected with nonstabilizer
gates, where the simulation complexity commonly in-
crease exponentially with the number of nonstabilizer
gates [3]. In fact, M;/, has been used as a proxy
for LR to evaluate simulation complexity of Clifford-
based simulation algorithms [44]. Further, we find
that the lower bound LR > %Ml/g Eq. (8) is tight
for random evolution (see Appendix E). Additionally,
My is a lower bound to the stabilizer nullity v > M,
which characterizes the complexity of Clifford-based
learning algorithms [11, 14, 17, 33].

SRE dynamics and complexity. Now, we study the
complexity of different tasks for doped Clifford cir-
cuits and random evolution using SREs.

For Clifford gates injected with T-gates, SREs con-
verge for all a to their maximum M, ~ N at T-gate
density g ~ const. This is because each T-gate affects

only a discrete subset of the Pauli spectrum. We nu-
merically find that Dy, and LR appear to show this
behavior as well. This implies that fidelity with the
closest stabilizer state and classical cost of simulation
with Clifford+T correlate. In particular, for ¢ ~ 1/N
and thus M, = const, one can efficiently simulate
and learn the state [11, 17, 33], as well as estimate
the fidelity [31]. In contrast, for ¢ ~ const and thus
M, ~ N simulation, learning and fidelity estimation
is unlikely to be efficient [2, 3, 29].

In contrast, SREs for random evolution shows
widely different behavior depending on «. This is be-
cause random evolution affects all Pauli strings even
at short evolution times. For a@ > 1, M~ grows as
x t2 and converges to its maximum at t; o>1 ~ V'N.
For ¢t = const, we have M,~1 = const and Dy, =
const, i.e. the evolution is close to a stabilizer state
in terms of fidelity. Thus, at ¢ = const one can ef-
ficiently certify the fidelity of random evolution (see
Appendix F).

a < 1 shows a completely different behavior, grow-
ing extremely fast with ¢: For a = 0, Mj is maximal
for any ¢ > 0, which implies that stabilizer nullity v is
maximal, rendering known near-Clifford learning al-
gorithms inefficient [11, 17, 33]. For 0 < o < 1, SREs
saturate rapidly at constant evolution time t; < a<1 =
%. Further, extensive M,.1 ~ N is reached already
for t 2 1/poly(N). This hints that simulating random
dynamics to arbitrary precision with Clifford simu-
lation algorithms becomes classically intractable al-
ready at t = 1/poly(N).

We summarize the growth of SRE for random
Hamiltonian evolution with time ¢, and circuits com-
posed of Clifford unitaries and T-gates with T-gate
density ¢ in Fig. 6. In particular, we highlight the
extremely fast growth in time ¢ for random evolution
for @ < 1, which is not observed for a > 1 or for
Clifford+T circuits for any a.

Finally, we note that the complexity of tasks related
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Figure 6: SRE of random Hamiltonian evolution for a < 1
increases extremely fast with time t. In contrast, for a > 1,
as well as Clifford + T circuits for any «, the growth in SRE
is much slower. We show SRE density M, /N for random
Hamiltonian evolution with Eq. (28) and doped Clifford cir-
cuits with Eq. (15) for N = 40.

to entanglement tasks can be bounded using the sta-
bilizer nullity [14]. For small stabilizer nullity, one
can efficiently do entanglement estimation, distilla-
tion and dilution. The same tasks become hard when
the stabilizer nullity becomes extensive. For Cliffords
doped with a constant number of T-gates we have
a constant stabilizer nullity, and thus entanglement-
related tasks are easy. In contrast, for random evo-
lution the stabilizer nullity becomes already maximal
for exponentially small times, where entanglement-
related tasks become hard.

7 Discussion

We have studied a-SREs for random Clifford circuits
doped with T-gates and random time evolution where
we demonstrated the connection of Rényi index « to
different aspects of complexity of quantum states.

We find that the SRE converges to the maximum
at a critical T-gate density gc and time t. o in the
thermodynamic limit. We determine the transition
exactly for a = 2, while for general a we determine
the convergence using heuristic models of the Pauli
spectrum. For a = 2, we observe universal behavior
around the critical point where the derivative of the
SRE can be rescaled onto a single curve for all N.
This hints that the saturation transition is connected
to phase transitions, where universal behavior is com-
monly found, for example for the transition between
different phases of quantum many-body system [41] or
at complexity transitions in classical and quantum al-
gorithms [53]. While we can show the universality an-
alytically for o = 2, a follow-up work observes strong
indications of universality numerically for « = 1 by
studying system sizes up to N = 24 [46]. We believe
universality holds for all «, which would be interest-
ing to study in future works. For example, using re-
cent methods for Clifford circuits doped with magic,
it may be possible to find analytic expressions beyond
a =2 [34].

The critical T-gate density ¢co shows non-
monotonous behavior as function of Rényi index «,
and the critical evolution time %, . even changes its
scaling with qubit number N. This behavior high-
lights the fact that SREs with different «, i.e. differ-
ent moments of the Pauli spectrum (¢| o |w)2a, probe
different aspects of nonstabilizerness.

SREs with @ < 1 and a > 1 probe two differ-
ent aspects of nonstabilizernes: We find that SREs
with o < 1 behave similar to the log-free robustness
of magic LR [25, 35, 44] or max-relative entropy of
magic [4, 35]. Roughly, these magic monotones relate
to the complexity of approximating a state using a
superposition of stabilizer states. In contrast, a > 1
SREs can be related [22] to the min-relative entropy
of magic Dy [4, 35], which measure the fidelity with
the closest stabilizer state.

We find that random Hamiltonian evolution has a
fundamental separation in nonstabilizerness complex-
ity: Simulating random evolution using Clifford-based
algorithms to arbitrary precision is already hard for
very small times ¢t 2 1/poly(N). In contrast, up to
t = const one can efficiently certify the fidelity of the
evolved state within some fixed error AF =~ 4t. We
show the algorithm in Appendix F by certifying in
respect to a stabilizer approximation of the state. In
contrast, for Cliffords doped with T-gates, simulation
and certification complexity correlate, and become in-
tractable for the same T-gate density ¢ = log(N).

Finally, for both random evolution and Clifford+T
model, the critical time and T-gate density is maximal
for @« = 2. This indicates that the 2-SRE holds a
special status. Coincidentally, for @ < 2, the SRE is
known not to be a monotone [20], while for a > 2 it
is a pure state monotone [28].

Finally, we want to highlight the technical contri-
butions of our work which may be of independent
interest: We show heuristically that the Pauli spec-
trum of random Hamiltonian evolution can be approx-
imated by two distinct peaks. With increasing time,
the two peaks shift towards each other and eventu-
ally merge. This is exactly when the SRE becomes
maximal. At last, we introduce a class of random
evolution in Eq. (19), which can be seen as evolu-
tion in random Clifford bases. This evolution behaves
very similar to random Hamiltonian evolution, where
we observe numerically the same Pauli spectrum. It
can be expressed as random Clifford circuits combined
with small-angle single-qubit rotations. This allows
us to compute its 2-SRE analytically for all times ¢.
The random Clifford bases evolution could serve as
a model of random evolution with an exact circuit
representation.
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Appendix

We provide additional technical details and data supporting the claims in the main text.

A Comparison maximal magic and Haar random states

In the main text, we derive the maximal SRE M}'®* as function of a. To derive this result, we approximate
it with the SRE of a state that has effectively a completely uniform Pauli spectrum with (1| P|y) = 2= for
P#1

We now provide an alternative way to compute the maximal magic. It is known that Haar random states
have in the limit of large N the maximal possible magic [35]. The average SRE of Haar random states has been
derived analytically in Ref. [50] in the limit of large N as

[V [(4N ~ DY+ 1) )T (a+ 1) N Q_N} (s1)
@ 11—« /2N ’
where I'(z) is the Gamma function. Now, we look at the asymptotics for large N, where we find
1 2No=NoT(q + 1
Mear 1_aln[ \/E( 2) +2—N} : (S2)
Now, let us regard o > 2. Here, the second term dominates and we have
Haar 1 —N 1 — uniform

M35 %1_aln[2 ]:—1_aN1n2:Ma>2 , (S3)

matching the maximal magic we derived via the flat Pauli spectrum. Next, for o < 2, the first term dominates
with
oN(-e)T(q 4 1)

Nz

matching the flat Pauli spectrum result up to constant corrections.

1
Haar
M,25 ~ 1—alnl

1 F(a—i_l) uniform
N1n2+1_aln[ ﬁQ]Ma<§ + counst (S4)

B GUE evolution and random basis evolution

We now give numeric evidence that the evolution via |¢(t)) = exp(—iHt)|0) with a random Hamiltonian H
sampled from the GUE has on average the same Pauli spectrum as the evolution in random Clifford bases via
d > N single-qubit rotations with parameters § = 2t/v/d as defined in Eq. (19).
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Figure S1: Pauli spectrum plotted as histogram over occurrences C' of observing Pauli expectation value (¢)?. The dots for
evolution in random Clifford bases with rotations 8 = 2t /+/d for different ¢. The dashed line is evolution with GUE Hamiltonian.
We show N = 6, d = 1000 and average over 1000 random Hamiltonians and 10 circuits. For clarity, we do not show the trivial
identity operator (| I |w)2 =1 of the spectrum.

In Fig. S1, we plot the Pauli spectrum, where C({(¢|o \1/1)2) is the probability of finding Pauli expectation
value (1] o |¢))* of Pauli o for a given state [¢(t)). We show C((1| o [¢))?) for different ¢ for evolution in random
Clifford bases (dots) as well as the GUE evolution with same ¢ (dashed lines). We observe that both match
nearly perfectly, indicating that they have the same statistical properties in terms of Pauli spectrum and SRE.
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While we believe that both evolutions show similar behavior for polynomial times, we note that for very long
times (on the scale of t ~ 2V/2) both models likely show different behavior in terms of deep thermalization [6],
as the GUE Hamiltonian evolution conserves energy while the other model does not. It has been noted that
the ensemble of GUE evolutions forms an exact k-design at polynomial times, however stops being a k-design
at exponential times. This behavior at long times is attributed to energy conservation of the evolution, which
at long times leads to a dephasing due to the energy eigenvalues. For non-energy conserved dynamics this
behavior at long times is not expected. However, this difference at exponential times is evident in the k-design
properties, however it may not be evident in the Pauli spectrum and SRE [22].

The study of this subtleties at exponential times is difficult numerically, and we leave a formal study of the
statistical similarity between Eq. (19) and evolution with random Hamiltonians as an open problem.

C Min-relative entropy of magic scaling for random evolution

We show the min-relative entropy of magic Dy, as function of time ¢ for evolution with random Hamiltonians
sampled from the GUE. We find that the increase with ¢ can be approximated by D, ~ t? up to the time
when it converges to its maximal value Dy, < N 1n(2).

] /,'
1004 P
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£
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1073 -
10~4 =
102 100 100 10!
t

Figure S2: Min-relative entropy of magic Dmin as function of ¢ for evolution with GUE Hamiltonian. Dashed line is t*. We
show N = 4.

D Further numerical results

Here, we show additional numerical results on the time evolution with random Hamiltonians.

First, in Fig. S3 we show SRE M, (t) against time ¢ for different «, where the dashed lines are the approx-
imations M2PP™* derived in the main text. Here, we simulate the dynamics using statevector simulation. In
Fig. S3b, we show the error | M, — MZ2PPr%| /M, relative to the approximations, where we find a close match
for a > 1 for all ¢, while @ > 1 matches only for ¢ < 1. Note that the approximations were derived for small ¢,
yet we find that they work quite well even for larger .
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Figure S3: a-SREs of random Hamiltonian evolution. a) SRE M, (t) against time ¢ for N = 12 and different «, where dashed
lines are approximations m2" of Eq. (32), Eq. (29), Eq. (30) and Eq. (31). The sudden change of the dashed line for oo < 1
is due to the change from Eq. (29) to Eq. (30) at 2V(1=)(1 — F?)* = 1. b) Relative error | M, — M2P"|/M, against t.

In Fig. S4, we show the SRE M, (t) against qubit number N at different times ¢ under random Hamiltonian
evolution. We find that the error depends only weakly on N, which gives evidence that our approximations are
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accurate even for larger V.
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Figure S4: a-SREs of random Hamiltonian evolution against N for different times a,b) ¢t = 1072, ¢,d) ¢t = 107!, and e,f)
t = 1. a,c,e) SRE M,(t) where dashed line is fit with approximations Eq. (32), Eq. (29), Eq. (30) and Eq. (31). b,d,f)
Relative error | Mo — MZPP"| /M, to approximations M3PP"(¢).

E SRE, min-relative entropy and robustness

Here, we study the relationship between a-SREs, min-relative entropy Dy, and log-free robustness LR. We
show in Fig. Sba the growth of M,, min-relative entropy D, and log-free robustness LR with Nt. Here, we
rescaled Dyin and LR such that they correspond to their respective bounds, i.e. 2LR > M, /; and 4Dy > Mo.
In Fig. S5a, we show the Clifford-T circuit, we find that M, is indeed is a lower bound, which is non-tight. In
Fig. S5b, we show evolution with random Hamiltonian. Here, the lower bounds match closely, indicating that
they are indeed tight. We also note the relationship between LR, Dy, and «. For o < 1, LR and M, show
similar growth, indicating that they relate to classical simulation complexity. While for a > 1, M, growth rate
is similar to Dy,;, which measures the distance to the closest stabilizer state. We also note that the convergence
to maximal M, shows completely different scaling depending on «, with ¢ ,_; = const, while 2 ,-; o< N. Note
that this behavior is difficult to see for small N.

F State certification via Pauli measurements and SREs
A common task is state certification to check whether the prepared state p is close to the ideal state |1) that one

actually wanted to prepare. For this task, Ref. [8] proposed a simple algorithm that only requires to measure
Pauli strings of the actual state. First, note that one can decompose any state in terms of its Pauli strings, i.e.
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Figure S5: Relationship of a-SRE with min-relative entropy Dmin and log-free robustness LR. Here, we rescaled Dnmin such
that it poses an upper bound on SRE for o = 2, and LR as upper bound for o > 1/2. a) Clifford+T circuit for N = 4 qubits
against T-gate density gq. b) Evolution with random Hamiltonian sampled from GUE against time t.

p=2"N3_ _pBoo with Pauli expectation values 3,(p) = tr(po). The fidelity between p and |¢) is given by

F(p,[9)) = @l plp) =273 Bo(14))8s(p) (S5)

o€eP

Now, we note that Py (c) = 27 3,(|1))? is a probability distribution for any pure state [¢)). We can rewrite
the fidelity estimation into a sampling problem

F(p,[¥)) =) P(o)

ocEP

Bo(p) _ 6U(p)
B (0) ~ o~ B (9)) (S6)

Thus, to estimate F' we only need to sample from Py (o) and compute 3, (|1))) using some classical algorithm,
and then measure the Pauli expectation value 3, (p) of the actual state p on the quantum device.
One can bound the number of Pauli measurements m needed on the quantum computer using the SRE [31]:

2 (2/5) exp(Ma())) = m > 3 In(2/5) exp(Mof[4)) (57)

where € is the additive accuracy and ¢ the probability the protocol fails. Most importantly, this algorithm has
no assumptions on experimental state p, and only depends on properties of the reference state |1). The protocol
is always sample efficient when My(|¢)) = O(log(N)). For example, stabilizer states can be certified with O(1)
samples.

Now, what happens for nonstabilizer states? From the lower bound, we know that the protocol becomes
definitely inefficient when My(|9)) = w(log(N)). Thus, the protocol fails for the T-gate doped Clifford states
for ¢ = w(log(N)).

The algorithm starts failing whenever one samples a o with small, but non-zero magnitude 0 < |8, (|¥))| < v
with some small threshold . From experiment, one estimates 5, (p) up to some additive error e. The resulting
error is rescaled with the term in the denominator €/, (|t))). Thus, to keep error low, one has to estimate S, (p)
to high precision € ~ 7, which requires m = 1/4% samples. Thus, for v ~ 27/ this results in an exponential
cost.

Ref. [8] proposed an adapted protocol where one estimates the fidelity not in respect to [¢), but in respect to
a slightly perturbed state [¢)") which does not feature Pauli expectation values with small, non-zero magnitudes.
This incurs an error

[E(p, [9)) = Flp, ) < 1) (@] = [9") @[l = V21 = [ (@) 2. (S8)
A good choice for the perturbed state [¢)) is the closest stabilizer state to [¢). In this case, we have
[E(p, 1) = Fp, [¥'))| < V2¢/1 = Fsrap([¥) = V2y/1 — exp(—Duin([¥) (59)
where Fgrap is the stabilizer fidelity [4]. Fstap is lower bounded by M as shown in Ref. [22]
Fsrap > 2exp(—Ms) — 1. (S10)
Thus, we get
AF = |F(p, |[¢)) = F(p,[¢")] < 2¢/1 — exp(—M2(]))) - (S11)
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There is a unique stabilizer state close to |¢) as long as Fgrap(|t))) > 1/2. Thus, the approximate certification
can give a non-trivial result as long as My < In(4/3).

Now, let us use the closest stabilizer state to certify the fidelity of random Hamiltonian evolution after time
t. For evolved state |t)(t)), for small ¢ the closest stabilizer state is [1)(0)). We have Ma(t) ~ 4¢* and thus
certification error scaling as as AF = 4t Thus, one can certify the fidelity of |1 (¢)) with non-trivial error up to
time t < i.

While Mo is small for such ¢, note that this is not true for SREs with o < 1. For example, M y(t) ~
In(2t?) + N In(2) ~ N for any t > 1/poly(N).

Commonly, Pauli fidelity certification becomes inefficient when states have a lot of nonstabilizerness [31].
However, we argue that this statement applies strictly only for @ > 1. This is because there are two different
aspects of nonstabilizerness: While a < 1 relates to hardness of Clifford simulation, a > 1 measures the distance
to the closest stabilizer states.

For (approximate) Pauli fidelity estimation, where one checks the fidelity against the closest stabilizer state,
the sampling complexity is related to the closest stabilizer state. As such, one can approximate the fidelity
efficiently as long as a = 2 SRE M, is sufficiently small. This holds true even when the corresponding SRE
with o < 1 SREs have already become extensive.
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