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Abstract In this paper, we study the resonant state X (6900).
The scattering amplitudes of coupled channels, J/ψ J/ψ-
J/ψψ(2S)-J/ψψ(3770), are constructed with the interac-
tion of four vector mesons described by effective Lagrangians.
The amplitudes are calculated up to one loop, decomposed
by partial wave projection, and unitarized by Padé approxi-
mation. These amplitudes are fitted to the latest experimen-
tal data sets of di-J/ψ and J/ψψ(2S) invariant mass spec-
tra of LHCb, CMS, and ATLAS. High-quality solutions are
obtained. With these partial wave amplitudes, we extract the
pole parameters of the X (6900). Its quantum number is likely
to be 0++. According to the pole counting rule as well as anal-
ysis of the phase shifts of the partial waves, it supports our
previous conclusion that the X (6900) prefers to be a compact
tetra-quark.

1 Introduction

Since the 1960s, quark model [1–3] has turned out to be
a successful classification scheme for hadrons, that is, a
meson is composed of a pair of quark and anti-quark, and a
baryon/anti-baryon is composed of three quarks/anti-quarks.
Hundreds of hadrons listed in the particle data group (PDG)
[4] can be formed as such inner structure. However, until
now, there is no fundamental principle to rule out other inner
structures of hadrons, such as hadronic molecules, quark-
gluon hybrids, glueballs, and multi-quark states. Searching
for exotic states remains a keen interest of the physics com-
munity. In 2003, a tetraquark candidate, X (3872), was dis-
covered by Belle [5] and other collaborations [6–8]. In 2013,
BESIII and Belle discovered the Z+

c (3900) [9,10] in the
J/ψπ+ invariant mass spectrum, implying the c̄cd̄u com-
ponent. In 2015, LHCb discovered two Pc states [11] and
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later they are found to be ‘splitted’ into three such states
[12], P+

c (4312), P+
c (4440), P+

c (4457), with about nine more
times decay events collected. The Pcs are observed in the
J/ψp invariant mass spectra, and hence they should con-
tain at least five quarks, c̄cuud. In 2021, LHCb discovered
the T+

cc in D0D0π+ invariant mass spectrum [13,14]. This
further grasps the attention of theorists as it is very likely
to be evidence for multi-quark states, ccūd̄ . All these exotic
hadrons observed so far contain at most two heavy (charm or
bottom) quarks/anti-quarks, but as many models predicted,
there should also be multi-quark states composed of three or
more heavy quarks/anti-quarks [15–19]. This is confirmed by
the very recent experiment of LHCb collaboration [20]. With
the datasets of proton-proton collision in the center-of-mass
energies

√
s = 7, 8 and 13 TeV collected by the LHCb detec-

tor, the invariant mass spectrum of J/ψ J/ψ was measured in
the energy range of [6.2−7.4] Gev/c2, and a narrow structure
was found near 6.9Gev/c2, labeled as X (6900), with the sig-
nal statistical significance being larger than 5 σ . Its mass and
width are given in two ways: On the one hand, they assume
that the non-resonant single-parton scattering (NRSPS) con-
tinuum is not disturbed, and use Breit-Wigner forms to fit the
structure. Then the mass and width are determined to be

M[X (6900)] = 6905 ± 11 ± 7 MeV/c2,

�[X (6900)] = 80 ± 19 ± 33 MeV/c2.

On the other hand, once the contribution of the NRSPS con-
tinuum is taken into account, one has

M[X (6900)] = 6886 ± 11 ± 11 MeV/c2,

�[X (6900)] = 168 ± 33 ± 69 MeV/c2.

Recently, ATLAS and CMS presented their measurements
on J/ψ J/ψ invariant mass spectra, too. They confirmed the
existence of the X (6900). For CMS, the mass and width of
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the X (6900) are given as [21]

M[X (6900)] = 6.87 ± 0.03+0.06
−0.01 GeV,

�[X (6900)] = 0.12 ± 0.04+0.03
−0.01 GeV.

and ATLAS measures the mass and width of the X (6900) as
[22]

M[X (6900)] = 6927 ± 9 ± 5 MeV,

�[X (6900)] = 122 ± 22 ± 19 MeV.

Not limited to confirming the X (6900), they also find a new
fully heavy quark state, X (6600). These measurements cer-
tainly should be included in the analysis.

One would notice that the X (6900) is discovered in the
di-J/ψ invariant mass spectrum, which is also suggested
by earlier theoretical prediction Ref. [23]. Hence, it is not
a stretch to infer that this state is composed of at least two
charm quarks and two charm anti-quarks, resulting in a cor-
nucopia of models trying to classify its origin and search for
similar states, see e.g., Refs. [24–37]. Nonetheless, before
discussing its inner structure, a natural and fundamental prob-
lem is determining the mass, width, and quantum number
of the X (6900). Among the theoretical research, Ref. [24]
unitarize the amplitudes and fit them to the invariant mass
spectrum. They extract the mass and width of the X (6900)

as 6818+28
−32 − i142+14

−10 MeV in the third Riemann sheet in
their two-channel case, with the quantum number either to
be 0++ or 2++, while in the triple-channel case they do not
find such a pole. They also claim a near-threshold resonance
named X (6200). In Ref. [27], they discuss the nature of the
X (6900) and conclude that it could very well be confining
states or molecular states, but it is impossible to distinguish
them at present. In Ref. [32], they find that the wide peaks
between 6200 and 6800 MeV are caused by contributions of
S-waves, with the quantum number to be either 0++ or 2++.
While the X (6900) can be regarded as a P-wave resonance,
with the quantum number to be either 0−+ or 1−+. Nev-
ertheless, these works are not originated from partial wave
decomposition, and they assign a quantum number to the res-
onance. Correspondingly, only a sole partial wave is taken
into account when fitting the data.

In our earlier work [38], we perform an amplitude analysis
to extract the pole parameters (mass, width, and residues).
Nonetheless, the previous work is only about the LCHb’s
data, and we need to update it to include the new mea-
surements from ATLAS and CMS. The strategy is similar
to before: The amplitudes are calculated up to one loop
with effective Lagrangians, and partial wave projections are
applied. Padé approximation is used to perform unitarization,
and the scattering amplitudes are constructed. By fitting to
the experimental data, the unknown couplings of the effec-
tive Lagrangians are fixed, and thus one can obtain the pole
information of the resonance at last. With the pole informa-

tion, one can study the nature of the X (6900) according to the
pole counting rule [39–41], which is helpful to distinguish
molecule or Breit-Wigner type origins. The conclusion can
be further tested by extracting the phase shifts of the scat-
tering amplitudes. As has been recognized in the last few
decades, phase shift is one of the most critical inputs for S-
matrix methods such as dispersion relation [42,43]. Obtain-
ing exact phase shifts would help to confirm the existence and
also give clues for the nature of the resonance.1 Therefore,
we will also extract the phase shifts of the J/ψ J/ψ partial
wave scattering amplitudes.

In the following part of the paper, in Sect. 2, we build
the scattering amplitude and perform its partial wave decom-
position. In Sect. 3, we fit our amplitudes to the invariant
mass spectra of J/ψ-pairs and J/ψψ(2S), determine the
mass and width of the X (6900) as well. Finally, we give the
conclusions in Sect. 4.

2 Formalism

2.1 Effective Lagrangians and scattering amplitudes

For the scattering of coupled channels J/ψ J/ψ-J/ψψ(2S)-
J/ψψ(3770), we construct the following effective
Lagrangians2:

L = c1VμVαV
μV α + c2VμVαV

μV ′α + c3VμV
′
αV

μV ′α

+c4VμV
′μVαV

′α + c5VμVαV
μV ′′α

+c6VμV
′′
α V

μV ′′α + c7VμV
′′μVαV

′′α

+c8VμV
′
αV

μV ′′α + c9VμV
′μVαV

′′α, (1)

where V , V ′, V ′′ represent for J/ψ , ψ(2S), ψ(3770),
respectively. Note that the interactions of four heavier vec-
tor mesons, V ′,′′, such as V ′

μV
′
αV

′μV ′α , are ignored since

the thresholds of V ′(′′)V ′(′′) would be heavier than 7.2 GeV,
beyond the energy region of the invariant mass spectrum we
focus on. The χc0χc0 and χc1χc1 channels are ignored, too, as
the left-hand cuts generated by the meson exchanges through
t- and u-channels scatterings in the processes of J/ψ J/ψ →
χcJχcJ are farther away than that in J/ψ J/ψ → J/ψ J/ψ ,
J/ψψ(2S), J/ψψ(3770).3 For more details, see discus-
sions in Appendix B. For simplicity, the interactions between
vectors and pseudoscalar or scalar mesons, for instance,
VVππ terms, are not taken into account as what is done in the
hidden gauge symmetry formalism [48,49]. Also, we ignore

1 Typical examples can be found in research for light scalars [44–47].
2 Some of the formalism has been given in Ref. [38], but for reader’s
convenience, we rewrite it and give more detials.
3 We are aware that if the X(6900) is not of molecule origin but rather a
bare state, these light meson exchanges would not play significant roles
on the dynamical structures.
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the intermediate channels of ηcηc, hchc, as they are sup-
pressed by heavy quark spin symmetry [24,50], too. These
effective Lagrangians are consistent with the leading order
(LO) Lagrangians constructed by HQSS [51]. The heavier
meson with angular momentum J = 1 is realized in the
formalism of HQSS as

J = 1 + v/

2
[Hμγ μ − ηγ5]1 − v/

2
,

J̄ = γ 0 J †γ 0 = 1 − v/

2
[H†

μγ μ + η†γ 5]1 + v/

2
.

Consequently, the LO interaction Lagrangian for J/ψ J/ψ →
J/ψ J/ψ is

LLO
HQSS = g1〈J J̄ J J̄ 〉

=
〈

1 + v/

2
H/

1 − v/

2
H/† 1 + v/

2
H/

1 − v/

2
H/† 1 + v/

2

〉

= 2NCg1VμVαV
μV α, (2)

where NC is the number of colors. It is the same as Eq. (1)
with c1 = 2NCg1. The other interaction Lagrangians can be
obtained in the same way. With these effective Lagrangians,
we can calculate the scattering amplitude. The Feynman dia-
grams up to next-to-leading order (NLO) can be seen in Ref.
[38]. In the Appendix A, we give the concrete expression
of the amplitude T i j . The superscripts ‘i , j’ are labels for
channels, with the numbers ‘1,2,3’ specified as J/ψ J/ψ ,
J/ψψ(2S) and J/ψψ(3770).

2.2 Partial wave decomposition

To clarify the quantum number of the possible resonances
that appear as the intermediate states in the scattering, we
need to carry out partial wave projection for the scattering
amplitudes. Partial wave projection of the helicity amplitude
is given as [52]:

T i j
μ1μ2;μ3μ4

(s, zs) = 16πNi j

∑
J

(2J + 1)T J,i j
μ1μ2;μ3μ4

(s)d J
μμ′ (zs).

(3)

Here one has zs = cos θs , with θs the scattering angle in
the center of mass frame in s-channel. μ = μ1 − μ2 and
μ′ = μ3 − μ4 are the difference in the helicities of the
two particles in initial or final states, respectively. Ni j is the
normalization factor caused by the property of identical par-
ticles, with N11 = 2 for J/ψ J/ψ → J/ψ J/ψ amplitude,
Ni1,1i = √

2 for J/ψ J/ψ → J/ψψ(2S), J/ψψ(3770)

amplitudes, and N = 1 for others. s is the Mandelstam vari-
able, with s = (p1 + p2)

2. d J
μμ′ is the standard Wigner

functions defined according to rotations [52]. The partial
wave amplitudes T J,i j

μ1μ2;μ3μ4
(s) can be obtained in Ref. [38].

Indeed, each polarization vector of Eq. (A1) can have three

different helicities, {+1, 0,−1}, as all of the quantum num-
ber of J/ψ,ψ(2S), and ψ(3770) are 1−−. For details of
the polarization vectors, see Eq.(A6) in Appendix A. There-
fore, for each angular momentum J , there are as many as 81
amplitudes with different combinations of helicities. Never-
theless, according to discrete symmetry such as P and T ,
these amplitudes can be reduced to much less independent
ones. The conservation of the amplitudes under parity trans-
form gives

T J
μ1μ2;μ3μ4

(s) = η3η4

η1η2
(−1)s1+s2−s3−s4T J

−μ1−μ2;−μ3−μ4
(s),

(4)

where ηi is the intrinsic parity of the i−th particle, and si
is the spin. The conservation of the amplitudes under time
reversal transformation gives

T J
μ1μ2;μ3μ4

(s) = T J
μ3μ4;μ2μ1

(s). (5)

Notice that the time reversal invariance holds true only if
the initial states are equal to the final states. According to
Eq. (4), the amplitudes will be reduced to 41 independent
ones. With the other constraints of Eq. (5), the amplitudes
will be reduced again, resulting in 25 independent amplitudes
in the processes of J/ψ J/ψ → J/ψ J/ψ, J/ψψ(2S) →
J/ψψ(2S), J/ψψ(3770) → J/ψψ(3770). See discus-
sions below.

In order to clarify the quantum number of the possible
resonance that appears as an intermediate state in these scat-
terings, we need to transfer the partial wave amplitudes from
|JMμ1μ2〉 to the |JMLS〉 representation. This is converted
by the following operations [52]

|JM;μ1μ2〉 =
∑
LS

(
2L + 1

2J + 1

) 1
2

〈LS0μ|Jμ〉

× 〈s1s2μ1,−μ2|Sμ〉 |JM; LS〉 , (6)

where the Clebsch–Gordan coefficients can be found in PDG
[4]. With Eqs. (3,6), the partial wave decomposition of each
helicity amplitude in the |JMLS〉 representation can be seen
Eq. (A11) in Appendix A.

Further, it is convenient to list the quantum number J PC

of the J/ψ J/ψ system to separate the partial waves. In di-
J/ψ system, the charge conjugation and parity are given
by C = (−1)L+S and P = (−1)L . A pure neutral system
requires L + S to be even so that one has C = 1. Further,
we only consider the lowest partial waves with L = 0, 1
and ignore all other higher partial waves. That is, five partial
waves are included in total: The S-waves, 0++ and 2++; The
P-waves, 0−+, 1−+, and 2−+. See Table 1.

The quantum numbers in bold and italics in Table 1 are
those that meet the requirements of discrete and Bose sym-
metry. Since the higher partial waves of L ≥ 2 are ignored,
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Table 1 Quantum number (J PC ) of J/ψ J/ψ system. The number in the bracket is in the |JMLS〉 representation, with the form of 2S+1L J

S = 0 S = 1 S = 2

0 0++ (1S0) 1+− 2++ (5S2)

1 1−− 0−+ (3P0) 1−+ (3P1) 2−+ (3P2) 1−− 2−− 3−−

2 2++ 1+− 2+− 3+− 0++ 1++ 2++ 3++ 4++

.

.

.
.
.
.

.

.

.
.
.
.

the partial waves of italics are excluded, and there is no cou-
pling between the partial waves of L = 0 and L = 2 (for
example, 1S0 −5 D0.). For the partial wave amplitudes T i j

(i �= j , inelastic scatterings), there are 41 independent helic-
ity amplitudes, and the partial waves can be expressed as

T i j
1S0

(s) = 1

3

[
2T 0,i j

++++(s) + 2T 0,i j
++−−(s) − 2T 0,i j

++00(s)

−2T 0,i j
00++(s) + T 0,i j

0000(s)
]
,

T i j
5S2

(s) = 1

15

[
T 2,i j

++++(s) + T 2,i j
++−−(s)

]
+

√
6

15

[
T 2,i j

+++−(s)

+T 2,i j
+−++(s) + T 2,i j

++−+(s) + T 2,i j
−+++(s)

]

+
√

3

15

[
T 2,i j

+++0(s) + T 2,i j
+0++(s) + T 2,i j

++0+(s)

+T 2,i j
0+++(s) + T 2,i j

++−0(s) + T 2,i j
−0++(s)

+T 2,i j
++0−(s) + T 2,i j

0−++(s)
]

+ 1

5

[
T 2,i j

+00+(s)

+T 2,i j
0++0(s) + T 2,i j

+00−(s) + T 2,i j
0−+0(s) + T 2,i j

+0+0(s)

+T 2,i j
0+0+(s) + T 2,i j

0+0−(s) + T 2,i j
+0−0(s)

]

+
√

2

5

[
T 2,i j

+−+0(s) + T 2,i j
+0+−(s) + T 2,i j

+−0+(s)

+T 2,i j
0++−(s) + T 2,i j

−++0(s) + T 2,i j
+0−+(s)

+T 2,i j
−+0+(s) + T 2,i j

0+−+(s)
]

+ 2

15

[
T 2,i j

++00(s)

+T 2,i j
00++(s) + T 2,i j

0000(s)
]

+ 2
√

6

15

[
T 2,i j

+−00(s)

+T 2,i j
00+−(s)] + 2

5

[
T 2,i j

+−+−(s) + T 2,i j
+−−+(s)

]

+2
√

3

15

[
T 2,i j

+000(s) + T 2,i j
00+0(s)

+T 2,i j
0+00(s) + T 2,i j

000+(s)
]
,

T i j
3P0

(s) = T 0,i j
++++(s) − T 0,i j

++−−(s),

T i j
3P1

(s) = 1

2

[
T 1,i j

+0+0(s) − T 1,i j
+00+(s) − T 1,i j

0++0(s)

+T 1,i j
+0−0(s) − T 1,i j

+00−(s) − T 1,i j
0−+0(s)

+T 1,i j
0+0+(s) + T 1,i j

0+0−(s)
]
,

T i j
3P2

(s) =
√

3

5

[
T 2,i j

+++0(s) + T 2,i j
+0++(s) + T 2,i j

++0+(s)

+T 2,i j
0+++(s) − T 2,i j

++−0(s) − T 2,i j
−0++(s)

−T 2,i j
++0−(s) − T 2,i j

0−++(s)
]

+ 3

10

[
T 2,i j

+0+0(s)

+T 2,i j
0+0+(s) − T 2,i j

0+0−(s) − T 2,i j
−0+0(s) + T 2,i j

+00+(s)

+T 2,i j
0++0(s) − T 2,i j

+00−(s) − T 2,i j
0−+0(s)

]

+2

5

[
T 2,i j

++++(s) − T 2,i j
++−−(s)

]
. (7)

Due to the time reversal invariance, the partial wave ampli-
tudes of T ii (elastic scatterings), i.e., the amplitudes of pro-
cesses of J/ψ J/ψ → J/ψ J/ψ, J/ψψ(2S) → J/ψψ(2S),

J/ψψ(3770) → J/ψψ(3770), have only 25 independent
helicity amplitudes and the partial waves can be simplified
as

T ii
1S0

(s) = 1

3

[
2T 0,i i

++++(s) + 2T 0,i i
++−−(s)

−4T 0,i i
++00(s) + T 0,i i

0000(s)
]
,

T ii
5S2

(s) = 2
√

6

15

[
T 2,i i

+++−(s) + T 2,i i
++−+(s)

]

+2
√

3

15

[
T 2,i i

+++0(s) + T 2,i i
++0+(s) + T 2,i i

++−0(s)

+T 2,i i
++0−(s)

]
+ 2

15
T 2,i i

0000(s) + 2

5

[
T 2,i i

+−+−(s)

+T 2,i i
+−−+(s) + T 2,i i

+00+(s) + T 2,i i
+00−(s)

]

+2
√

2

5

[
T 2,i i

+−+0(s) + T 2,i i
+−0+(s) + T 2,i i

−++0(s)

+T 2,i i
−+0+(s)

]
+ 4

15
T 2,i i

++00(s) + 1

5

[
T 2,i i

+0+0(s)

+T 2,i i
0+0+(s) + T 2,i i

0+0−(s) + T 2,i i
+0−0(s)

]

+4
√

6

15
T 2,i i

+−00(s) + 4
√

3

15

[
T 2,i i

+000(s) + T 2,i i
0+00(s)

]

+ 1

15

[
T 2,i i

++++(s) + T 2,i i
++−−(s)

]
,

T ii
3P0

(s) = T 0,i i
++++(s) − T 0,i i

++−−(s),

T ii
3P1

(s) = 1

2

[
T 1,i i

+0+0(s) − 2T 1,i i
+00+(s) + T 1,i i

+0−0(s)
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−2T 1,i i
+00−(s) + T 1,i i

0+0+(s) + T 1,i i
0+0−(s)

]
,

T ii
3P2

(s) = 2

5

[
T 2,i i

++++(s) − T 2,i i
++−−(s)

]
+ 2

√
3

5

[
T 2,i i

+++0(s)

+T 2,i i
++0+(s) − T 2,i i

++−0(s) − T 2,i i
++0−(s)

]

+ 3

10

[
T 2,i i

+0+0(s) + T 2,i i
0+0+(s) − T 2,i i

0+0−(s)

−T 2,i i
−0+0(s)

]
+ 3

5

[
T 2,i i

+00+(s) − T 2,i i
+00−(s)

]
. (8)

For details of each partial wave, see Eq. (A13) in Appendix A.

2.3 Unitarizaton

The unitarity of the partial wave amplitudes in terms of the
|JMLS〉 representation is given as [38,52–54]. As can be
found in Table 1, there is no coupled partial waves with
different initial and final orbit angular momentums, where
L should be either zero or one. In the present analysis,
we consider the coupled channels scattering of J/ψ J/ψ-
J/ψψ(2S)-J/ψψ(3770). Therefore, one can write the uni-
tarity relation for each partial wave as

ImT i j
J LS =

a∑
k=1

T ik
J LS ρk T

k j ∗
J LS , (9)

ρk(s) = 2| 
pk |
Ek

= λ1/2(s,m2
1k,m

2
2k)

s
. (10)

where ‘a = 2, 3’ represents a couple-channels case or a triple-
channels case. See discussions below. For simplicity, the
quantum numbers ‘J, L, S’ are ignored from now on. ρk
is the phase space factor for the k-th channel, given as [55],
where m1k and m2k are the masses of the two particles in the
k-th channel. The triangle function λ(s,m2

1k,m
2
2k) has been

given in the Appendix A.
The scattering amplitudes given in Eqs. (7,8) do not fulfill

unitarity since they are calculated according to the spirit of
perturbation theory. In order to restore the unitary, we apply
Padé approximation [40,41,56] to realize the unitarization.4

Here, the matrix Padé approximation is performed by con-
structing the amplitudes from the LO and NLO amplitudes.
One has

T = T LO · [T LO − T NLO ]−1 · T LO . (11)

It is not hard to check that Eq. (11) can not only satisfy
coupled channel unitarity as given in Eq. (9), but also restore
the perturbation calculations up to NLO once the one-loop

4 There are some similar approaches that are successful in unitariz-
ing chiral amplitudes, for instance, the inverse amplitude method. See
Refs. [57–59] for details.

corrections are smaller than that of the tree diagrams.5 In
practice, the partial waves of 3P0 and 3P2 (with the quantum
numbers 0−+ and 2−+) vanish at LO, and they are still small
at NLO. Hence, we do not perform unitarization on them to
avoid further complications to our model. Finally, we apply
the Padé approximation for three partial waves, 1S0, 5S2, 3P1.
Furthermore, for 3P0 and 3P2 waves, we use the perturbative
amplitudes without unitarization. We sum these five partial
waves to obtain the invariant mass spectrum of J/ψ-pair
system and fit it to the data. The relation between S matrix
element and T amplitudes may also be helpful for searching
poles:

S jk(s) = δ
j
k + 2i

√
ρ j (s)ρk(s)Tjk(s). (12)

With the fixed T amplitudes and S matrix elements, one can
extract the pole information and study the property of the
resonance. See discussions in the next section.

3 Fit results and discussions

3.1 Fit to the invariant mass spectra

With the partial wave amplitudes obtained by Padé approxi-
mation, one can get the helicity amplitudes and fit them to the
J/ψ J/ψ invariant mass spectrum. The events distribution is
calculated by [62]

d Events1

d
√
s

= Ñ1 pcm(s)
∑

μ1μ2μ3μ4

∫ 1

−1
dzs

×
∣∣∣∣∣

a∑
i=1

αi T
i1
μ1μ2μ3μ4

(s, zs)

∣∣∣∣∣
2

,

d Events2

d
√
s

= Ñ2 p′
cm(s)

∑
μ1μ2μ3μ4

∫ 1

−1
dzs

×
∣∣∣∣∣

a∑
i=1

αi T
i2
μ1μ2μ3μ4

(s, zs)

∣∣∣∣∣
2

, (13)

where pcm and p′
cm are the momentum of J/ψ J/ψ and

J/ψψ(2S) in the center-of-mass frame, respectively. The
superscript of the summation symbol is the number of cou-
pled channels we consider, i.e., a = 2 for a couple-channels
case and a = 3 for a triple-channels case. The superscripts
‘1,2’ represent for invariant mass spectra of di-J/ψ or
J/ψψ(2S). Note that only ATLAS gives the data of the

5 We are aware that the Padé approximation is not as model-independent
as some other methods such as dispersion relation [60,61], and it violates
the crossing symmetry and introduce some fake poles [40,41]. However,
it is still successful in confirming the existence of the σ and κ , with
reasonable poles found in unitarized amplitudes of chiral perturbation
theory.
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J/ψψ(2S) invariant mass spectra, which will be able to
perform a combined analysis on these two invariant mass
spectra. Ñ1,2 is a normalization factor. Notice that the other
factors, such as the integration on the azimuthal angle φ, a
factor 2π , and the normalization factor of the final states, have
been absorbed into the normalization factors Ñ1,2. The super-
script ‘i’ is the label for the channels. As discussed before,
the helicity amplitudes are composed of five partial waves,
F1S0

(s), F5S2
(s), F3P0

(s), F3P1
(s), F3P2

(s). The quantitative
contributions of the intermediate states J/ψ J/ψ to J/ψ J/ψ
re-scattering are unknown. Indeed it is possible that each of
the amplitudes, T 11, T 21, and T 31, has a significant contri-
bution to the J/ψ J/ψ invariant mass spectrum. In addition,
the threshold of J/ψ J/ψ(2S) is 6783 MeV, and the thresh-
old of J/ψ J/ψ(3770) is 6867.6 MeV, which is close to the
X (6900) and may play a significant role on the resonance
structure in the invariant mass spectrum. Hence, the strategy
we use here is that: each channel, Ti1 (Ti2), contributes a
ratio, αi , with the normalization condition

∑
i α

2
i ≡ 1. Note

that the α2
i and Ñ are multiplied together and fitted to the dis-

tribution of the events. Hence the normalization condition is
to fix the dependence between them. The specific expression
of the amplitude part of Eq. (13) can then be expressed as

∑
μ1μ2μ3μ4

∫ 1

−1

∣∣∣∣∣
a∑

i=1

αi T
i1,i2
μ1μ2μ3μ4

(s, zs)

∣∣∣∣∣
2

dzs

= 512π2
[

|F1,2
1S0

(s)|2 + 5|F1,2
5S2

(s)|2 + |F1,2
3P0

(s)|2

+3|F1,2
3P1

(s)|2 + 5|F1,2
3P2

(s)|2
]
, (14)

The relationship between F amplitudes and T amplitudes can
be expressed as

F1
J LS(s) = α1N1T

11
J LS(s) + α2N2T

21
J LS(s) + α3N3T

31
J LS(s),

F2
J LS(s) = α1N1T

12
J LS(s) + α2N2T

22
J LS(s) + α3N3T

32
J LS(s),

(15)

Here Ni is the normalization factor caused by the property of
identical particles in the initial states of T amplitudes, which
is given as N1 = √

2 and N2,3 = 1. Indeed, the way to
achieve F1,2

J LS(s) is the same as the Au–Morgan–Pennington
(AMP) method [63,64], where final state interactions [65]
is taken into account systematically, with αi including the
left-hand cut and distant right-hand cut.

As discussed above, except for measurements on the
invariant mass spectrum of J/ψ pairs by LHCb collaboration
[20], there are two other new measurements. One is from the
CMS collaboration [21], where the X(6900) is confirmed in
the invariant mass of di-J/ψ , and also a new X(6600) reso-
nant structure is observed. The other is from ATLAS collab-
oration [22], where they measured the invariant mass spec-
tra of 4μ, both from di-J/ψ and from J/ψ-ψ(2S), respec-
tively. Following these three sets of data, we perform three

kinds of fits. Each focuses on one data set, and each has two
fits: one for couple-channels case (J/ψ J/ψ-J/ψψ(2S))
and the other for triple-channels case (J/ψ J/ψ-J/ψψ(2S)-
J/ψψ(3770)).6 At the end of the day, we classify our fits
as follows: the ones for LHCb (Fit. I for the couple-channels
case and Fit. IV for the triple-channels case), for CMS (Fit. II
and Fit. V), and for ATLAS (Fit. III and Fit. VI).

The input parameters, such as the masses of the parti-
cles, are taken from PDG [4]. They are given as: mJ/ψ =
3096.9 MeV,mψ(2S) = 3686.1 MeV,mψ(3770) = 3773.7 MeV.
The renormalization scale of one-loop amplitudes is taken to
be μ = 1 GeV. The other parameters, the couplings of the
effective Lagrangians and the normalization factor, are fixed
by MINUIT [66], which is a common tool to find the solu-
tion with minimum χ2

d.o. f.. The parameters and the χ2
d.o.f of

Fits. I, II, and III are shown in Table 2 for the couple-channels
case. Those of Fits. IV, V, and VI are shown in Table 3 for the
triple-channels case. The errors of the parameters are mainly
from bootstrap [67] rather than MINUIT, as the latter is much
smaller. The uncertainties of bootstrap are counted by vary-
ing the experimental data within its uncertainty, multiplying
a normal distribution function. The fit results are shown in
Fig. 1.

It can be found from Tables 2 and 3 that, almost in all the
Fits, c2, c4 and c7 are relatively large, indicating thatT 12,T 22,
and T 33 play significant roles in the coupled channel scatter-
ings. They could contribute to the di-J/ψ spectrum through
process such as J/ψψ(2S) → J/ψψ(2S) → J/ψ J/ψ .
This implies that J/ψψ(2S) should have a relatively signif-
icant contribution to the resonant structure of the X (6900).
The strength of the couplings confirms this point. See dis-
cussions on the residues of the X (6900).

As can be seen in Fig. 1, the solutions of the triple-
channels case fit better to the data in the energy region from
6200 MeV to 6800 MeV than those of the couple-channels
Fits. In comparison, both of them fit perfectly around 6900
MeV (the resonant structure for the X (6900)) except for
Fits.III and VI, the couple-channels cases for ATLAS. Of
course, the χ2

d.o. f. (except for that of the ATLAS’s) of
couple-channels and triple-channels are almost the same,
though the latter has better fit quality. This is caused by
the fact that there are more parameters in the triple-channels
case. Correspondingly, the contributions from re-scatterings
such as J/ψψ(3770) → J/ψ J/ψ and J/ψψ(3770) →
J/ψψ(2S) have been included. It should be stressed that
though the J/ψψ(3770) channel will contribute little to the
X (6900), it supplies a significant background to the J/ψ J/ψ
invariant mass spectra and thus improve the fit quality, espe-
cially around the J/ψψ(3770) threshold.

6 In Ref. [38], we have already presented the results with LHCb’s exper-
imental data. Here we add the fits for the data sets of CMS and ATLAS
to check the stability of the conclusion.
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Table 2 Parameters of couple-channels case. The unit of the normalization factor Ñ is 10−4MeV−2. The uncertainties of the parameters are taken
from bootstrap

Parameter Fit.I (LHCb) Fit.II (CMS) Fit.III (ATLAS)

c1 −0.1236+0.0001
−0.0001 −0.1504+0.0001

−0.0002 −0.0618+0.0001
−0.0001

c2 −0.5336+0.0021
−0.0001 −0.6203+0.0001

−0.0001 −0.3369+0.0004
−0.0001

c3 −0.3180+0.0171
−0.0001 −0.3492+0.0004

−0.0001 −0.3171+0.0091
−0.0003

c4 −0.6178+0.0234
−0.0002 −0.6835+0.0004

−0.0001 −0.5386+0.0078
−0.0001

Ñ1 1.5600+0.6284
−0.0850 0.5336+0.1404

−0.0193 0.1888+0.1109
−0.1934

Ñ2 · · · · · · 0.2200+0.0721
−0.0198

α1 0.3831+0.0104
−0.0052 0.3510+0.0012

−0.0001 0.1812+0.0473
−0.0032

α2 −0.9237+0.0089
−0.0022 −0.9364+0.0001

−0.0009 0.9834+0.1861
−0.0088

χ2
d.o. f. 1.31 1.77 2.53

Table 3 Parameters of triple-channels case. The unit of the normalization factor Ñ is 10−4MeV−2. The uncertainties of the parameters are taken
from bootstrap

Parameter Fit.IV (LHCb) Fit.V (CMS) Fit.VI (ATLAS)

c1 −0.1254+0.0007
−0.0002 −0.1466+0.0007

−0.0001 −0.1258+0.0001
−0.0001

c2 −0.5860+0.0001
−0.0001 −0.5892+0.0002

−0.0001 −0.5895+0.0001
−0.0001

c3 0.1908+0.0024
−0.0013 0.0072+0.0045

−0.0001 0.0993+0.0008
−0.0001

c4 −1.0690+0.0055
−0.0022 −0.8476+0.0069

−0.0001 −1.0289+0.0014
−0.0011

c5 −0.0611+0.0001
−0.0001 −0.0892+0.0006

−0.0001 −0.0542+0.0001
−0.0001

c6 −0.2811+0.0006
−0.0003 −0.3468+0.0016

−0.0010 −0.2897+0.0002
−0.0001

c7 0.5994+0.0007
−0.0003 0.7950+0.0020

−0.0017 0.5903+0.0002
−0.0001

c8 0.2618+0.0003
−0.0001 0.5295+0.0004

−0.0001 0.2299+0.0001
−0.0001

c9 −0.2169+0.0007
−0.0001 −0.6789+0.0027

−0.0001 −0.2408+0.0002
−0.0001

Ñ1 2.4583+1.5452
−0.2999 0.7274+0.2454

−0.1157 0.1487+0.0750
−0.0214

Ñ2 · · · · · · 0.1247+0.0651
−0.0184

α1 0.3624+0.0529
−0.0254 0.2721+0.0018

−0.0003 0.1761+0.0252
−0.0083

α2 −0.8610+0.1072
−0.0511 −0.9312+0.0276

−0.0088 −0.7333+0.1380
−0.0426

α3 −0.3568+0.1085
−0.0633 −0.2426+0.0912

−0.0511 −0.6567+0.2220
−0.0901

χ2
d.o. f. 1.30 1.95 1.91

Our Fits. I and IV for LHCb data have much smaller
χ2
d.o. f.. The reason is as follows: For the data of ATLAS,

it has fewer statistics and data points. Not to say that some
of the data points are not so consistent with each other in
the energy region around the X (6900); For CMS’s data, it
has an apparent ‘peak-like’ structure in the energy region
around 6500 MeV, but our solutions do not have such a struc-
ture. Hence, the χ2

d.o. f. is larger. Of course, our main goal
is to extract the pole information and the quantum number
of the the X(6900). Hence, we will satisfy the fit around
6500 MeV and pay more attention to the energy region
around 6900 MeV.7 Roughly, the solutions of Fits. I/IV (for

7 Indeed, our solutions do not find a pole like the X (6600). It should
be caused by either more complicated dynamics such as two-loop con-
tributions or contributions from some other channels.

LHCb) and Fit.II/V (for CMS) are similar to each other, as
shown in the four graphs at the top of Fig. 1. This is confirmed
by the relatively small differences between their parameters.
See Tables 2 and 3. For the solutions of ATLAS, they fit well
the invariant mass spectra of di-J/ψ and J/ψψ(2S). See
the last four graphs at the bottom of Fig. 1. Nevertheless, the
latter has fewer statistics, and we will focus on the former
to extract pole information. See discussions in the following
sub-section.

3.2 On the nature of the X (6900)

To study the nature of the X (6900), one needs to extract the
pole locations (mass and width) and quantum numbers from
the partial wave scattering amplitudes. Firstly we need to
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Fig. 1 Fits to the invariant mass spectra and individual contribution
of each partial wave. The graphs on the left side are for the couple-
channels case, and the ones on the right side are for the triple-channels

case. The data sets are taken from Refs. [20–22]. The cyan bands are the
uncertainties of our solutions, taken from the bootstrap method within
2σ

extend the partial wave amplitudes to the complex-s plane. It
is performed by unitarity and reflection, and now searching
for poles is converted into finding zeros of S11, S22, detS,
etc. See Ref. [55] for details of the definition of nonphysical
Riemann sheets. One also needs to search for poles in the
relevant partial waves, i.e., 1S0, 5S2, and 3P1 waves, while
the other two (3P0 and 3P2 waves) are rather small and con-

tribute as a background. Finally, only one pole is found in the
1S0 partial wave. All the pole parameters are shown in Tables
4 and 5 for couple-channels and triple-channels case, respec-
tively. Though the invariant mass spectra are quite different,
it is impressive to find that the pole parameters are somehow
stable in all these solutions. Firstly, we only find one resonant
state in the 1S0 (with quantum numbers of 0++) partial wave
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for each of these fits. Specifically, in each solution, we find
two poles for the couple-channel case or four poles for the
triple-channels case in the unphysical Riemann sheets (RS).
Even the RSs (where the poles locate) are the same for these
different solutions. This confirms the reliability of the model
and also the extracted pole parameters.

For the couple-channels case, two poles can be found in
RS-II and RS-III in 1S0 wave. The latter is the closest one
to the physical sheet. The pole parameter of Fit. I (fitting
to the LHCb data) is M = 6880.4+8.4

−2.4 and � = 55.6+6.4
−0.2,

that of the Fit. II (fitting to CMS’s) is M = 6893.2+10.7
−4.1

and � = 75.4+0.6
−0.2, and that of Fit. III (fitting to ATLAS’s)

is M = 6886.6+31.3
−2.9 and � = 41.2+0.4

−0.8. According to the
pole counting rule [39,40], a pair of accompanying shadow
poles in RS-II and RS-III indicate that the X (6900) should
be a Breit Wigner type particle. In another aspect, this res-
onance state contains at least four quarks (ccc̄c̄), so it is
likely to be a compact tetra-quark state. Its couplings to the
J/ψ J/ψ , J/ψψ(2S) channels are given in Table 4. The
magnitudes of g1 and g2 are large and in the same order. Both
of them are much larger than that of g3. It implies that the
two channels, J/ψ J/ψ and J/ψψ(2S), couple strongly to
the X (6900). This is compatible with our discussions above,
where J/ψψ(2S) should have a relatively large contribution
to the di-J/ψ invariant mass spectrum.

For the triple-channels case, we find four poles in RS-II,
RS-III, RS-IV, and RS-VII, and again in 1S0 wave only. The
information about their pole parameters is shown in Table
5. In the energy region between

√
sth2 = 6783.0 MeV and√

sth3 = 6870.6 MeV, RS-IV is the closest one to the physical
sheet, while in the energy region above

√
sth3 = 6867.6 MeV,

RS-IV is the closest one to the physical sheet. Specifically,
the poles being closet to the physical sheet are as follows:
M = 6862.0+4.3

−6.2 and � = 137.8+3.8
−4.0 in RS-IV for Fit. IV

(fitting to LHCb’s); M = 6878.9+11.3
−7.4 and � = 146.2+5.2

−2.2 in

RS-IV for Fit.V (fitting to CMS’s); And M = 6883.8+18.3
−4.0

and � = 146.8+5.6
−1.4 in RS-IV for Fit.VI (fitting to ATLAS’s).

It can also be seen from Table 5 that for each fit, g3 is much
smaller than g1 and g2. This confirms that J/ψψ(3770)

should contribute little to the X (6900). However, as we have
pointed out in Ref.[38], it still contributes to the amplitudes
significantly as a background. This also demonstrates the
correctness of our choice of a couple-channels model. Since
there are four accompanying poles in the unphysical sheets,
it again suggests that the X (6900) should be a Breit- Wigner
type particle. Further, it should be a compact tetra-quark state,
similar to the conclusion of the couple-channels case.

We show the contribution of each partial wave in Fig. 1.
The blue solid, brown dashed, gray dotted, olive dash-dotted,
and pink solid lines are for 1S0, 5S2, 3P0, 3P1, and 3P2 waves,
respectively. As can be seen from Fig. 1, for each solution,
in the energy region between 6200 MeV and 6800 MeV, the

contribution is mainly from the 5S2 partial wave, and 1S0 and
3P1 have small contributions in most of solutions. Also, no
waves have a resonance-like structure around the 6600 MeV.
This is compatible with the fact that we do not find a pole
relative to the X (6600). In contrast, in the energy region of
[6800, 7200] MeV, the main contribution is from 1S0 and
5S2, while the other contributions from the P-waves can be
ignored. In all these solutions, the 1S0 partial wave has an
obvious resonant structure around 6900 MeV, and the 5S2

partial wave contributes as a smooth background. It suggests
that the X (6900) should be 1S0(0++) state. The shape of
the contribution of the X (6900) is similar to a normal Breit-
Wigner’s, being compatible with the conclusion from the
pole counting rule. That is, the X (6900) looks like a normal
Breit-Wigner resonance.

As discussed in the introduction, the phase shifts help
study the property of the state. With intuitive views, a nar-
row Breit-Wigner resonance should have a step-function-like
phase shift of the scattering amplitude, which dramatically
jumps from 0 to π . Therefore, we give the phase shifts of
δ1(J/ψ J/ψ → J/ψ J/ψ) of each partial wave, shown in
Fig. 2. For all the Fits, these phase shifts are similar to each
other. The phase shift of the 1S0 partial wave is very likely
to be generated by a normal Breit-Wigner resonance, which
rises 180◦ steeply and crosses 90◦ around 6900 MeV. The
phase shifts of other partial waves are tiny, and they should
contribute as smooth ‘backgrounds’, which changes slowly.
In contrast, we do not find any poles in these partial waves
too. This again supports the hypothesis that the X (6900) is
a tetra-quark state with the quantum number of 0++.

4 Summary

In this paper, we consider two models of coupled channel
scatterings: J/ψ J/ψ -J/ψψ(2S) and J/ψ J/ψ -J/ψψ(2S)-
J/ψψ(3770). The effective Lagrangian is constructed, and
the corresponding tree and one-loop Feynman diagrams for
the scattering amplitudes are calculated. With these ampli-
tudes, we perform partial wave decomposition to separate
different partial wave amplitudes, where 1S0, 5S2, 3P0,3P1,
and 3P2 waves are left. The padé approximation is applied
to recover the unitarity. By fitting to the di-J/ψ invari-
ant mass spectra of LHCb, ATLAS, and CMS, as well as
the J/ψψ(2S) invariant mass spectrum from ATLAS, the
unknown couplings are fixed. The amplitudes are contin-
ued to the complex-s plane. From them, we extract the pole
parameters for each partial wave. Our fits, coming from the
triple-channels case, give the mass and width of the X (6900)

as: M = 6862.0+4.3
−6.2 and � = 137.8+3.8

−4.0 in Fit.IV, fitting to

the date of LHCb; M = 6878.9+11.3
−7.4 and � = 146.2+5.2

−2.2

in Fit.V, fitting to the date of CMS; M = 6883.8+18.3
−4.0 and
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Table 4 Poles locations and residues for Fits. I–III. RS represents the Riemann sheet, and the signs in the bracket are for the phase space factors,
ρ1, and ρ2

Data RS Pole location (MeV) gJ/ψ J/ψ = |g|eiϕ gJ/ψψ(2S) = |g|eiϕ

|g1|(MeV) ϕ1(
◦) |g2|(MeV) ϕ2(

◦)

LHCb (Fit. I) II(−+) 6882.8+8.3
−2.4–i16.5+2.9

−0.3 992.5+36.5
−3.6 −89.9+0.8

−0.1 684.3+4.0
−1.4 89.1+0.1

−0.1

III(−−) 6880.4+8.4
−2.4–i27.8+3.2

−0.1 981.2+40.2
−3.8 87.4+0.1

−0.1 681.0+6.7
−2.2 84.9+0.2

−0.1

CMS(Fit.II) II(−+) 6897.4+10.7
−4.3 –i20.9+0.7

−0.3 1113.7+7.7
−4.2 89.9+0.1

−0.1 815.3+4.7
−2.8 88.9+0.1

−0.1

III(−−) 6893.2+10.7
−4.1 – i37.7+0.3

−0.1 1104.2+8.2
−4.8 86.5+0.3

−0.1 804.5+4.7
−2.8 83.8+0.1

−0.1

ATLAS(Fit.III) II(−+ ) 6887.3+31.2
−2.9 –i16.7+0.2

−0.6 821.1+5.4
−13.3 −89.9+0.1

−0.1 394.5+2.3
−6.9 88.7+0.1

−0.1

III(−− ) 6886.6+31.3
−2.9 – i20.6+0.2

−0.4 820.8+4.8
−4.8 89.1+0.1

−0.1 393.0+2.3
−2.4 85.8+0.1

−0.1

Table 5 Poles locations and residues for Fits. IV–VI. RS represents the Riemann sheets, and the signs in the bracket are for the phase space factors,
ρ1, ρ2, and ρ3

Data RS Pole location (MeV) gJ/ψ J/ψ = |g|eiϕ gJ/ψψ(2S) = |g|eiϕ gJ/ψψ(3770) = |g|eiϕ

|g1|(MeV) ϕ1(
◦) |g2|(MeV) ϕ2(

◦) |g3|(MeV) ϕ3(
◦)

LHCb (Fit. IV) II(− + +) 6874.8+5.0
−5.8–i50.4+1.7

−1.1 1398.5+21.6
−15.8 85.9+0.3

−0.1 962.1+14.9
−10.9 84.6+0.1

−0.1 18.2+0.7
−0.4 −79.9+1.2

−0.2

III(− − +) 6862.0+4.3
−6.2–i68.9+1.9

−2.0 1364.7+20.1
−12.2 80.6+0.3

−0.1 927.4+13.4
−8.3 77.5+0.5

−0.1 19.3+0.7
−0.4 −79.0+0.6

−0.3

IV(− − −) 6862.0+4.3
−6.2–i68.9+1.9

−2.0 1361.6+19.0
−12.4 80.7+0.2

−0.1 925.3+12.5
−8.7 77.5+0.4

−0.1 19.4+0.7
−0.4 −78.6+0.5

−0.2

VII(− + −) 6874.8+5.0
−5.8–i50.4+1.7

−1.1 1394.3+17.7
−17.5 85.9+0.2

−0.1 959.2+11.7
−12.1 84.5+0.1

−0.1 18.4+0.7
−0.4 −79.2+1.0

−0.3

CMS(Fit.V) II(− + +) 6888.4+11.3
−7.2 –i59.4+1.7

−0.5 1452.8+23.1
−6.8 85.6+0.1

−0.1 795.8+12.2
−4.3 83.3+0.1

−0.1 38.8+2.1
−0.1 82.2+0.3

−0.1

III(− − +) 6878.9+11.3
−7.4 –i73.1+2.6

−1.1 1430.3+29.4
−5.7 82.0+0.1

−0.1 773.9+15.5
−4.2 77.8+0.2

−0.1 36.4+2.2
−0.1 65.0+1.6

−0.4

IV(− − −) 6878.9+11.3
−7.4 –i73.1+2.6

−1.1 1430.5+18.8
−5.0 82.0+0.1

−0.1 773.8+8.7
−3.1 77.8+0.2

−0.1 36.7+2.1
−0.1 65.6+1.6

−0.4

VII(− + −) 6888.4+11.5
−7.2 –i59.4+1.7

−0.5 1452.3+24.4
−5.6 85.6+0.1

−0.1 795.4+13.6
−3.4 83.3+0.1

−0.1 39.4+2.2
−0.1 83.4+0.4

−0.2

ATLAS(Fit.VI) II(− + +) 6897.7+19.1
−4.3 –i50.9+0.9

−0.2 1409.8+12.0
−1.9 86.2+0.1

−0.1 997.0+8.8
−1.8 85.0+0.1

−0.1 5.7+0.1
−0.1 56.7+0.8

−0.3

III(− − +) 6883.8+18.3
−4.0 –i73.4+2.8

−0.7 1373.6+7.3
−2.7 80.8+0.1

−0.1 960.0+5.6
−1.3 77.5+0.1

−0.2 7.2+0.1
−0.1 21.6+1.1

−1.0

IV(− − −) 6883.8+18.3
−4.0 –i73.4+2.8

−0.7 1379.0+10.0
−2.0 80.8+0.1

−0.1 963.8+7.1
−1.2 77.5+0.1

−0.1 7.3+0.1
−0.1 22.1+1.1

−1.0

VII(− + −) 6897.7+19.1
−4.3 –i50.9+0.9

−0.2 1406.7+10.4
−2.0 86.2+0.1

−0.1 994.9+7.4
−2.3 85.0+0.1

−0.1 5.8+0.2
−0.1 57.6+0.9

−0.2

� = 146.8+5.6
−1.4 in Fit.VI, fitting to the date of ATLAS. All

of these poles are from 1S0 wave, implying that their quan-
tum number is 0++. Since we find a pair of accompanying
poles in the couple-channels model and four poles in the
triple-channels model, the X (6900) is likely to be a Breit-
Wigner type particle, i.e., a compact tetra-quark. We check it
by extracting the phase shifts of each partial wave, and it sup-
ports the Breit-Wigner origin. Nevertheless, our solution can
not describe the data around 6500 MeV well. Correspond-
ingly, the X (6600) is not found in our study, though it will not
affect the results about the X (6900). To clarify the X (6600),
one needs more information about the dynamics in the rel-
evant energy region. More experimental measurements on
the angular distributions would lend credibility and plausi-
bility to the partial wave decomposition and further study the
nature of the X (6900).
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Fig. 2 Phase shifts of J/ψ J/ψ scatterings of different partial waves. The solid blue, dashed brown, dash-dotted olive, dotted gray, and solid pink
lines are for 1S0, 5S2, 3P1, 3P0, and 3P2, respectively
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Appendix A: Scattering amplitudes

The scattering amplitudes T i j can be expressed as

T i j = Fi j
(a)(ε1 · ε2)(ε

∗
3 · ε∗

4) + Fi j
(b)(ε1 · ε∗

3)(ε2 · ε∗
4)

+Fi j
(c)(ε1 · ε∗

4)(ε2 · ε∗
3), (A1)

The subscripts ‘1,2,3,4’ of the polarization vectors are the
labels for the particles. The subscripts ‘(a,b,c)’ are used to
tag form factors with different polarization structures. Notice
that the effective Lagrangians do not contain derivatives.
Hence, the polarization vectors are contracted by the met-
ric tensors gαβgα′β ′

without complicated momentum terms,
resulting in a simple formalism for the scattering amplitude
as shown in Eq. (A1). The specified expressions of the form
factors Fi j

(k)(k = a, b, c) up to NLO can be found in Eq. (A2).
The coupled channel scattering amplitudes up to the next-to-
leading order are written as Eq. (A1). The form factors Fi j

(k)
are given by
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where s, t, u are the Mandelstam variables with s = (p1 +
p3)

2, t = (p1 − p3)
2 and u = (p1 − p4)

2. m1,2,3 represent
for the masses of J/ψ , ψ(2S), and ψ(3770), respectively.

Notice that the first term of each form factor is from the tree-
level Feynman diagrams (LO), and the left parts are from one-
loop diagrams (NLO). The scalar function B0(s,m2

a,m
2
b) is

defined as [68]
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(A3)

where λ(a, b, c) = (a+b−c)2−4ab is the triangle function.
In the equal mass case, it can be simplified into

B0(s,m
2,m2) = − ln

(
m2

μ2

)
− ρ(s,m) ln

(
ρ(s,m) + 1

ρ(s,m) − 1

)

+2, (A4)

with ρ(s,m) = √
1 − 4m2/s the phase space factor. Note

that in the calculation of the one-loop diagrams, the propa-
gator we used is

i Dμν(k) = −i
gμν − (1 − ξ)

kμkν

k2−m2

k2 − m2 , (A5)

where the Feynman gauge is applied, i.e., ξ = 1. The polar-
ization vectors are expressed as [69,70]
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, (A6)

where Ei = √
m2 + | 
pi |2 is the energy of the i−th particle,

and θs is the scattering angle in the x − z plane. Here the
overall phase of the polarization vector of spin-one particle
has been fixed such that

εμ( 
p,−λ) = (−1)λεμ( 
p, λ)∗. (A7)
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For the other particle moving in the − 
p direction, one has

εα(− 
p,−λ) = −ξλg
αβεβ( 
p, λ). (A8)

where gαβ = diag (1,−1,−1,−1) is the metric tensor. Note
that there is no summation on the indices ββ. One has ξλ = 1
for the other particle in the initial/final states in the Jacob-
Wick convention [71]. In summation, these spin-1 polariza-
tion vectors satisfy

ε( 
p, λ) · ε( 
p, λ′)∗ = −δλλ′ . (A9)

For the scattering of the coupled channels, J/ψ J/ψ-
J/ψψ(2S)-J/ψψ(3770), the 41 independent helicity ampli-
tudes are given as:
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(A10)

where Ei =
√
m2

i + | 
pi |2 is the energy of the i-th parti-

cle (i = 1, 2, 3, 4) in the center of mass frame, and | 
pi |
is the modulus of the three momentum. One has | 
p1| =
| 
p2| = pcm =

√
λ(s,m2

1,m
2
2)/4s, | 
p3| = | 
p4| = p′

cm =√
λ(s,m2

3,m
2
4)/4s.

The decompositions of the helicity amplitudes in |JMLS〉
representation are given as:
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The specified expressions for the helicity amplitudes are
given as

T i j
++++(s, zs) = 16π

3
T i j

1S0
(s) + 8πT i j

3P0
(s)

+
[

4π

3
T i j

5S2
(s) + 8πT i j

3P2
(s)

]
(3z2

s − 1)

+ · · · ,

T i j
+++−(s, zs) = 4πT i j

5S2
(s)(1 − z2

s ) + · · · ,

T i j
+−++(s, zs) = 4πT i j

5S2
(s)(1 − z2

s ) + · · · ,

T i j
++−+(s, zs) = 4πT i j

5S2
(s)(1 − z2

s ) + · · · ,

T i j
−+++(s, zs) = 4πT i j

5S2
(s)(1 − z2

s ) + · · · ,

T i j
+++0(s, zs) = [4√

2πT i j
5S2

(s)

+12
√

2πT i j
3P2

(s)]
√

1 − z2
s zs + · · · ,

T i j
+0++(s, zs) = [−4

√
2πT i j

5S2
(s)

−12
√

2πT i j
3P2

(s)]
√

1 − z2
s zs + · · · ,

T i j
++0+(s, zs) = [−4

√
2πT i j

5S2
(s)

−12
√

2πT i j
3P2

(s)]
√

1 − z2
s zs + · · · ,

T i j
0+++(s, zs) = [4√

2πT i j
5S2

(s)

+12
√

2πT i j
3P2

(s)]
√

1 − z2
s zs + · · · ,

T i j
++−−(s, zs) = 16π

3
T i j

1S0
(s) − 8πT i j

3P0
(s)

+
[

4π

3
T i j

5S2
(s) − 8πT i j

3P2
(s)

]
(3z2

s − 1)

+ · · · ,

T i j
+−+−(s, zs) = 4πT i j

5S2
(s)(1 + zs)

2 + · · · ,

T i j
+−−+(s, zs) = 4πT i j

5S2
(s)(1 − zs)

2 + · · · ,

T i j
++−0(s, zs) = [−4

√
2πT i j

5S2
(s)

+12
√

2πT i j
3P2

(s)]
√

1 − z2
s zs + · · · ,

T i j
−0++(s, zs) = (4

√
2πT i j

5S2
(s)

−12
√

2πT i j
3P2

(s))
√

1 − z2
s zs + · · · ,

T i j
++0−(s, zs) = [4√

2πT i j
5S2

(s)

−12
√

2πT i j
3P2

(s)]
√

1 − z2
s zs + · · · ,

123



  383 Page 16 of 21 Eur. Phys. J. C           (2023) 83:383 

T i j
0−++(s, zs) = [−4

√
2πT i j

5S2
(s)

+12
√

2πT i j
3P2

(s)]
√

1 − z2
s zs + · · · ,

T i j
+−+0(s, zs) = −4

√
2πT i j

5S2
(s)(1 + zs)

√
1 − z2

s + · · · ,

T i j
+0+−(s, zs) = 4

√
2πT i j

5S2
(s)(1 + zs)

√
1 − z2

s + · · · ,

T i j
+−0+(s, zs) = −4

√
2πT i j

5S2
(s)(1 − zs)

√
1 − z2

s + · · · ,

T i j
0++−(s, zs) = 4

√
2πT i j

5S2
(s)(1 − zs)

√
1 − z2

s + · · · ,

T i j
−++0(s, zs) = −4

√
2πT i j

5S2
(s)(zs − 1)

√
1 − z2

s + · · · ,

T i j
+0−+(s, zs) = 4

√
2πT i j

5S2
(s)(zs − 1)

√
1 − z2

s + · · · ,

T i j
−+0+(s, zs) = 4

√
2πT i j

5S2
(s)(zs + 1)

√
1 − z2

s + · · · ,

T i j
0+−+(s, zs) = −4

√
2πT i j

5S2
(s)(zs + 1)

√
1 − z2

s + · · · ,

T i j
++00(s, zs) = −16π

3
T i j

1S0
(s)

+8π

3
T i j

5S2
(s)(3z2

s − 1) + · · · ,

T i j
00++(s, zs) = −16π

3
T i j

1S0
(s)

+8π

3
T i j

5S2
(s)(3z2

s − 1) + · · · ,

T i j
+0+0(s, zs) = 6πT i j

3P1
(s)(1 + zs) + [4πT i j

5S2
(s)

+6πT i j
3P2

(s)](2z2
s + zs − 1) + · · · ,

T i j
+00+(s, zs) = −6πT i j

3P1
(s)(1 − zs) + [4πT i j

5S2
(s)

+6πT i j
3P2

(s)](−2z2
s + zs + 1) + · · · ,

T i j
0++0(s, zs) = −6πT i j

3P1
(s)(1 − zs) + [4πT i j

5S2
(s)

+6πT i j
3P2

(s)](−2z2
s + zs + 1) + · · · ,

T i j
0+0+(s, zs) = 6πT i j

3P1
(s)(1 + zs) + [4πT i j

5S2
(s)

+6πT i j
3P2

(s)](2z2
s + zs − 1) + · · · ,

T i j
+0−0(s, zs) = 6πT i j

3P1
(s)(1 − zs) + [4πT i j

5S2
(s)

−6πT i j
3P2

(s)](−2z2
s + zs + 1) + · · · ,

T i j
+00−(s, zs) = −6πT i j

3P1
(s)(1 + zs) + [4πT i j

5S2
(s)

−6πT i j
3P2

(s)](2z2
s + zs − 1) + · · · ,

T i j
0−+0(s, zs) = −6πT i j

3P1
(s)(1 + zs) + [4πT i j

5S2
(s)

−6πT i j
3P2

(s)](2z2
s + zs − 1) + · · · ,

T i j
0+0−(s, zs) = 6πT i j

3P1
(s)(1 − zs) + [4πT i j

5S2
(s)

−6πT i j
3P2

(s)](−2z2
s + zs + 1) + · · · ,

T i j
+−00(s, zs) = 8πT i j

5S2
(s)(1 − z2

s ) + · · · ,

T i j
00+−(s, zs) = 8πT i j

5S2
(s)(1 − z2

s ) + · · · ,

T i j
+000(s, zs) = −8

√
2πT i j

5S2
(s)

√
1 − z2

s zs + · · · ,

T i j
00+0(s, zs) = 8

√
2πT i j

5S2
(s)

√
1 − z2

s zs + · · · ,

T i j
0+00(s, zs) = 8

√
2πT i j

5S2
(s)

√
1 − z2

s zs + · · · ,

T i j
000+(s, zs) = −8

√
2πT i j

5S2
(s)

√
1 − z2

s zs + · · · ,

T i j
0000(s, zs) = 16π

3
T i j

1S0
(s) + 16π

3
T i j

5S2
(s)(3z2

s − 1)

+ · · · , (A12)

where the ellipses represent the ignored higher partial waves. With
it, the summation of the square of the helicity amplitudes can be
obtained. See Eq. (14). According to Eqs. (3, 7, 8, A10), the partial
wave amplitudes can be obtained as follows:
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dzs . (A13)

One can estimate each partial wave amplitudes from Eq. (A13).
Inputting these partial wave amplitudes into Eq. (14), one can cal-
culate the invariant mass spectrum and fit it to the data. Nevertheless,
to get an impression about the partial wave scattering amplitudes
intuitively, we list the analytical LO amplitudes as follows
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Fig. 3 The t-channel meson
exchange diagrams of
J/ψ J/ψ → χc0χc0 and
J/ψ J/ψ → χc1χc1. The u-
channel ones are similar and not
plotted here

One would find that the LO partial wave amplitudes are not simply
the coupling constants, e.g., ci , as the particles in the scattering have
a spin J = 1. Also, it shows the threshold behavior of the elastic
and inelastic scattering partial waves. See 3P1 waves for details.

Appendix B: The channels of χcJχcJ

About the intermediate channels of χcJχcJ , they contribute
through the processes of J/ψ J/ψ → χc0χc0 → J/ψ J/ψ and
J/ψ J/ψ → χc1χc1 → J/ψ J/ψ , see Fig. 3. Here the ω exchange
dominates the diagrams. To elaborate it clearly, we construct the
effective Lagrangians of SV V and AVV as

LSV V = h1χc0ψμ〈Vμ〉,
LAVV = h2εμναβψμχc1ν〈Vαβ 〉, (B1)

where Vαβ = ∇αVβ −∇βVα , and Vα is the Octec of lightest vector
resonances [72]. According to these effective Lagrangians, we can
calculate the amplitudes listed in Fig. 3. One has

Tχc0 = 2h2
1(ε1 · ε2)

t − m2
ω

+ 2h2
1(ε1 · ε2)

u − m2
ω

,
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2
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((ε∗
3 · ε∗
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+(ε2 · ε∗
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+ 8h2
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((ε∗
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4) − (p3 · ε2)(p1 · ε∗
4))

+(−p2 · ε∗
3)((p1 · ε∗
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4))).

(B2)

As done in the previous sections, the partial wave decomposition of
these amplitudes, e.g, S-waves are given as
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. (B3)

From it, one sees very clearly the left hand cuts locate at
(−∞, 5.908 GeV) for χc0χc0 and (−∞, 5.569 GeV) for χc1χc1.
Obviously, These left hand cuts would be farther compared with
the ones generated by the mesons exchange (such as ππ , σ , η and
η′) of J/ψ J/ψ → J/ψ J/ψ , J/ψψ(2S), J/ψψ(3770). Besides,
the J/ψ(2S) and J/ψψ(3770) thresholds almost lie on the dip
and peak, respectively. Empirically speaking, they are supposed to
play essential roles in the structures. See Fig. 1. Finally, we ignore
χc0χc0 and χc1χc1 channels in our analysis.
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