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Quantum coherence is an essential resource to gain advantage over classical
physics and technology. Recently, it has been proposed that a low-temperature
environment can induce quantum coherence of a spin without an external co-
herent pump. We address a critical question if such coherence is extractable
by a weak coupling to an output system dynamically affecting back the spin-
environment coupling. Describing the entire mechanism, we prove that such
extraction is generically possible for output spins (also oscillators or fields) and,
as well, in a fermionic analogue of such a process. We compare the internal spin
coherence and output coherence over temperature and characteristic frequen-
cies. The proposed optimal coherence extraction opens paths for the upcoming
experimental tests with atomic and solid-state systems.

1 Introduction

Quantum coherence of atomic and solid-state spins is at the core of many quantum tech-
nology applications [1] and necessary to gain quantum advantage for modern applica-
tions over classical technology. It is highly required for quantum sensing [2, 3], quantum
communication [4, 5], quantum simulators [6, 7, 8], energy harvesting [9, 10], quantum
thermodynamics [11, 12, 13] and, of course, in quantum computing [14, 15]. It also stim-
ulates a broad recent theoretical analysis [16, 17, 18, 19, 20, 21, 22] and new discussions
[23, 24, 25, 26, 27, 28, 29, 30, 31, 32]. The simplest quantum coherence can appear in a
single spin as superposition of free-Hamiltonian eigenstates. A classical coherent external
force can be used to induce spin quantum coherence. On the other hand, coupling of spin
to the surrounding environment typically destroys quantum coherence [33].

Can such a single spin, and later a larger spin ensemble, receive a steady-state quan-
tum coherence without any external coherent drive, purely from a coherent coupling with
its environment? If that is possible, quantum technology can be, in principle, more au-
tonomous. Maybe, as broadly discussed, even Nature can already use such coherence to
gain quantum advantages without external drive [34, 35]. It might be hard to imagine that
a low-temperature environment coherently builds up quantum coherence. However, the
recent theoretical considerations predict such an open door. Indeed, single spin coherence
can generically appear by cooling the phononic environment to a low temperature [36].
Quantum coherence of the spin rises there from the coherence of engineered interaction
with the environment.
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Subsequent studies confirmed similar phenomena [37, 38, 39] and also bring the first
experimental proposal in the solid-state systems [40]. The path to the first experiments
seems to be open. However, an essential aspect remains still unsolved. Is such autonomous
coherence extractable, i.e. can an output system continuously and even weakly connected
to the spin extract the steady-state coherence? Would such weak extraction not disturb
the coherence generation? These essential questions are already critical for a fundamen-
tal understanding and detectability of quantum coherence as a resource. Simultaneously,
to answer them will be necessary for more autonomous quantum devices and their appli-
cations. Apparently, our current picture about an extraction of coherence caused by an
external drive is not sufficient. It assumes that strong coherent external drive is largely
immune to coupling the output system. As the autonomous coherences appear by an
interaction with environment, their extraction is still an open issue.

The existing experimental proposal [40] has opened this key question of extraction of
autonomous coherence into an intracavity field. The extraction assumed a weak linear
coupling of the cavity field to the spin in a simple static approximation without any back
action on the spin and coupling with the environment. For the cavity-field frequency much
below the spin frequency and mean spin population almost unchanged (see equation (70)
in Supplementary Notes [40]), the spin coherence drives the mean coherent displacement
of the high-quality cavity field. It scales only by the spin-cavity coupling strength (see
equations (70)-(73) in Supplementary Notes [40]) and is inversely proportional to the field
frequency.

Here, we build upon that analysis and propose a minimal extraction mechanism suitable
for fields, oscillators, spins, and fermions. We compare that static approximation to our
full dynamical description with an essential back action of extraction on spin-environment
interaction. In this way, we thoroughly answer the question about autonomous coherence
extractability. To provide an in-depth analysis, we adopt the spin as the output system, as
illustrated in Fig. 1 (a). However, as the spin is weakly excited, the results remain valid for
the oscillator of field mode as the output system. For the sake of completeness, we present
an adequate extension to fermionic systems. Importantly, we confirm that the autonomous
coherence is generically extractable to all these output systems. It paves a road to the first
experimental tests. In the full dynamical description, extracted coherence nontrivially
depends on the environment temperature and characteristic system frequencies. For the
spin system, we reach coherence maximum asymptotically for a low temperature. Inter-
estingly, the coherence maximum appears at finite temperature for a fermionic analogue.
It is stimulating for further proposals to obtain autonomous quantum coherences.

2 Spin-boson model

To analyze the extraction of autonomous quantum coherence, we minimally extend the
model [36, 40]. Fig. 1 (a) schematically illustrates the model we use to describe the extrac-
tion of quantum coherence. The Hamiltonian of the model H = H12 + HB + HB1 consists
of three parts, described below. We consider a single (internal) spin 1 coupled weakly with
a strength t to an output spin 2. The output spin 2 will extract the quantum coherence of
the initial spin 1. The overall two-spin Hamiltonian

H12 =
h̄ω1

2
σz

1 +
h̄ω2

2
σz

2 + h̄t(σ+
1 σ−

2 + σ+
2 σ−

1 ), (1)

describes the spin-spin coupling, where h̄ω1 and h̄ω2 are the energies of the first and second
spins, respectively. Here the Pauli spin operators σj

1 and σj
2 (with j = x, y, z) correspond
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to the spins 1 and 2. The raising σ+
n and lowering σ−

n operators of n(= 1, 2)-th spin
are σ±

n = (σx
n ± iσy

n)/2. Note that, the coupling term in Eq. (1) is not able to generate
the output coherence if it is not present in the internal spin. As the coupling is weak
t ≪ ω1, ω2 and the internal spin 1 is weakly excited, any excitation of the output spin 2
will be small too. In this limit, we can equivalently consider the output spin 2 as the two
lowest levels of an oscillator or field of radiation. It generalizes the description and covers
detailed analysis also for the proposal [40]. Numerical simulations check the validity of
weak coupling approximation for small t < ω1, ω2, see Appendices H and I for details.

As in the previous works [36, 40], the internal spin 1 is coupled to a multimode phononic
bath (generally, bosonic bath) described by the Hamiltonian

HB =
∑

k

Ωkb†
kbk, (2)

through the engineered spin-boson coupling

HB1 = (f1σz
1 + f2σx

1 )
∑

k

λk(b†
k + bk). (3)

The boson system is described by creation b†
k and annihilation bk operators and spectrum

Ωk > 0. Subscript k parameterizes all the boson degrees of freedom. The interaction
between the internal spin 1 and bosons are defined by real-valued coupling constants f1

and f2 [36, 40]. Steady-state equilibrium quantum coherence autonomously appears at a
low temperature if both f1, f2 are non-vanishing [36, 40]. In Ref. [36], the Hamiltonian
without the output subsystem was considered, and hence the extraction of autonomous
quantum coherence remained an open problem. In Ref. [40], a perturbative static analysis
of the extraction predicted a coherence of the output cavity-field coupled to the spin 1.
As is described in Fig. 1 (b), such a static approximation does not consider the crucial
back-action of the output system on the spin-environment. Although, the static approach
is an inspiring approximation, the complete dynamical description is needed to address
extractability convincingly. In such a dynamical theory, extractable quantum coherence
can not only change, as depicted schematically at Fig. 1 (c), but it could also potentially
vanish, which would be critical.

In the full treatment of the perturbative analysis, quantum coherence of the output
spin 2 in our spin model (see Appendices A, B, C, D, and E for details) can reach

〈σx
2 〉T =

4f1f2t

ω2
tanh

(βh̄ω2

2

)
tanh

(βh̄ω1

2

) ∫ ∞

0
dξ I(ξ)

ξ coth
(

βξ
2

)
− h̄ω1 coth

(
βh̄ω1

2 )

ξ(ξ2 − h̄2ω2
1)

, (4)

where β ≡ (kBT )−1 is the inverse temperature in energy units, kB is the Boltzmann
constant, T is the temperature of the system in Kelvin scale and I(ξ) ≡ ∑

k λ2
kδ(ξ − Ωk)

is the bath spectral density function. Simultaneously, the mean value 〈σy
2〉T is zero. The

extracted quantum coherence is proportional to f1 and f2 as in the previous analysis [40].
Similarly, it linearly scales with the coupling strength t of the interaction term in Eq. (1).
The frequency dependence on ω1 and ω2 is factorized. Note that the coherence of the
second spin scales linearly with the coherence of the first spin

〈σx
1 〉T = −4f1f2 tanh

(βh̄ω1

2

) ∫ ∞

0
dξ I(ξ)

ξ coth
(

βξ
2

)
− h̄ω1 coth

(
βh̄ω1

2

)

ξ
(
ξ2 − h̄2ω2

1

) , (5)
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derived in Appendix F and satisfies the relation

〈σx
2 〉T = − t

ω2
tanh

(βh̄ω2

2

)
〈σx

1 〉T , (6)

valid for any spectral density function I(ξ). This property can be easily observed in the
static approximation (see details in Appendix G), where the coherence of the second spin
is derived in three steps, depicted in Fig. 1 (b). In the first step, supposing the smallness of
the parameter t, one considers the spins as non-interacting and estimates the non-zero ther-
mal average of the first spin 〈σz

1〉st
T = − tanh(βh̄ω1/2) (first panel in Fig. 1 (b)). Here, the

superscript “st” means “static”. Then, replacing the operator σz
1 by its average value 〈σz

1〉st
T ,

one gets the linear in (bk+b†
k) correction to the bosonic Hamiltonian. This correction causes

the non-zero average value 〈bk + b†
k〉st

T = −2f1〈σz
1〉st

T λk/Ωk for the k-th bosonic mode (sec-

ond panel in Fig. 1 (b)). In the second step, the average 〈bk + b†
k〉st

T generates the non-zero
coherence of the first spin 〈σx

1 〉st
T ≈ −4f1f2[〈σz

1〉st
T ]2Ω/(h̄ω1) due to the f2σx

1 term in Hamil-
tonian (3) (third panel in Fig. 1 (b)). Here Ω ≡ ∑

k λ2
k/Ωk =

∫ ∞
0 dξ I(ξ)/ξ. Finally, 〈σx

1 〉st
T

induces the non-zero coherence of the second spin 〈σx
2 〉st

T ≈ −(t/ω2) tanh(βh̄ω2/2)〈σx
1 〉st

T

due to the spin-spin interaction term in Hamiltonian (1) (fourth panel in Fig. 1 (b)). Note
that the obtained result is valid only if t ≪ |ω1 − ω2|, ω1, ω2, since under these conditions
both spins can be considered separately and weakly interacting, while the results (4) and
(5) are valid also for ω1 = ω2 case (see details in Appendices H and I).

Both temperature and frequency dependency, however, needs more detailed analysis be-
yond the static approximation. For the generic case of the ohmic spectral density function
I(ξ) = Aξ exp(−ξ/h̄ωc) [41, 42], the coherence expression reads

〈σx
2 〉T =

4Af1f2t

ω2
tanh

(
βh̄ω2

2

)
tanh

(
βh̄ω1

2

)
F

(ω1

ωc
, βh̄ω1

)
, (7)

where

F
(ω1

ωc
, βh̄ω1

)
=

∫ ∞

0
dx e−

ω1

ωc
x

x coth
(

βh̄ω1x
2

)
− coth

(
βh̄ω1

2

)

x2 − 1
, (8)

is a dimensionless function of parameters ω1/ωc and βh̄ω1. In the low-temperature limit
βh̄ω1 ≫ 1, quantum coherence reaches

〈σx
2 〉T ≈ 4Af1f2t

ω2
tanh

(
βh̄ω2

2

) [
− e

ω1

ωc Ei
(

− ω1

ωc

)
− π2

3β2h̄2ω2
1

]
, (9)

where Ei(x) = −
∫ ∞

−x dz e−z/z is the exponential integral function [43].
Both the internal spin 1 and output spin 2 coherences, normalized to their asymptotic

values at zero temperature, are compared in Fig. 2 (a). Both the coherences increase
monotonously with temperature reduction as in the static approximation. They demon-
strate nearly linear behavior at log-log scale for the high temperature region kBT/h̄ω1 ≫ 1.
Therefore, the normalized coherences have a power-law dependence,

〈σx
1 〉T →∞ ≈ −f1f2

Ω

3h̄ω1
(βh̄ω1)2 = −f1f2A

ωc

3ω1
(βh̄ω1)2, (10)

〈σx
2 〉T →∞ ≈ f1f2t

ω1

Ω

6h̄ω1
(βh̄ω1)3 =

Af1f2t

ω1

ωc

6ω1
(βh̄ω1)3, (11)

which, however, remain valid only for kBT ≫ h̄ω1. Note that the aforementioned power-
law behavior remains valid for the case of an arbitrary spectral density function I(ξ) if the
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Figure 2: Normalized autonomous coherences in the spin-boson model. (a) Log-log
scale plot of normalized coherences 〈σx

2
〉T /〈σx

2
〉T =0 (solid lines) and 〈σx

1
〉T /〈σx

1
〉T =0 (dashed lines) for

different values of ω1/ωc = 0.01, 1, 100 (blue, yellow and green curves, respectively) for the particular
case of ω2/ω1 = 3 as a function of temperature T . Here ωc is the cut-off energy of the bosonic spectral
function of the ohmic type. The inset is the log-linear scale plot of the same functions with the same
color notation and parameters. It represents the low-temperature behavior of normalized coherences.
The extractable coherence of the spin 2 starts to increase fast for kBT < h̄ω1 and saturates sooner
at the maximum for smaller ω1/ωc. The backaction of the extraction process does not slow coherence
increase in the low-temperature region. (b) Log-log scale plot of absolute value of dimensionless ratio
〈σx

2
〉T /〈σx

1
〉T =0 multiplied by the normalization factor ω1/t for ω1/ωc = 0.01 and different values

of ω2/ω1 = 0.5, 2, 4, 8, 16 (blue, yellow, green, red and purple curves, respectively) as a function of
temperature T . It represents the dependence of the coherence 〈σx

2
〉T on ω2. The gray dashed line

depicts the asymptote of all curves, which scales as T −3. The inset shows the linear-log plot of the
same functions with the same color notation and parameters at small temperatures. It is advantageous
to reach ω2/ω1 < 1, to extract quantum coherence to the spin 2 more efficiently.

condition
∫ ∞

0 dξ I(ξ)/ξ < +∞ is satisfied (see Eq. (81) in Appendix E). In particular, it
is valid for the generalized Ohmic spectral density function I(ξ, s) ∼ ξs exp(−ξ/h̄ωc) with
s > 0 (sub-Ohmic for 0 < s < 1 and super-Ohmic for s > 1, respectively). Extracted spin
2 coherence increases with a larger slope at the log-log scale. At the high-temperature
limit, autonomous coherence is relatively negligible. As the temperature reduces to kBT ≈
h̄ω1, both coherences increase almost up to their maximum values and the normalized
output coherence gets closer to the internal one. The latter is evident from the inset of
Fig. 2 (a). Note that a wider band of the spectral function with smaller ω1/ωc can already
stimulate a faster increase of extractable coherence. Reducing temperature further, the
coherence saturates when kBT/h̄ω1 ≪ 1 much earlier for ω1/ωc ≪ 1. It reaches maximum
asymptotically at zero temperature. It is advantageous to have ω1/ωc as small as possible
to reach a plateau near the maximum of extractable coherence sooner by lowering the
temperature. Indeed, the Eq. (6) proves quantum coherence is extractable, expectably,
scaled by the coupling strength t. The extraction depends both on temperature T and
exclusively on ω2. Frequency ω1 does not advantageously affect the extraction process in
this approximation. For large temperature, the transfer coefficient in (6) turns to 〈σx

2 〉T =
− h̄t

2kBT 〈σx
1 〉. High temperatures thus limit the yielding of the extraction process; on the

other hand, for small temperatures, the extraction follows 〈σx
2 〉T = − t

ω2
〈σx

1 〉 and extraction
is not limited by the temperature. Lower ω2 is preferable as it increases the extraction. It
approaches the result for the static response qualitatively [40].

To visualize dependence of the output spin 2 coherence as a function of temperature
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for different values of ω2 we consider the following dimensionless ratio

ω1

t

〈σx
2 〉T

〈σx
1 〉T =0

=
ω1

ω2
tanh

(
βh̄ω2

2

)
tanh

(
βh̄ω1

2

) F
(

ω1

ωc
, βh̄ω1

)

e
ω1

ωc Ei
(

− ω1

ωc

) ∝ 〈σx
2 〉T (12)

Note that for a fixed ratio ω1/ωc the coherence of the second spin at large temperatures
becomes independent of ω2 and demonstrates a universal behavior. In particular, this
feature can be observed from the plots of the function

∣∣∣
ω1

t

〈σx
2 〉T

〈σx
1 〉T =0

∣∣∣
T →∞

≈ ωc

24ω1

(βh̄ω1)3

e
ω1

ωc

∣∣∣Ei
(

− ω1

ωc

)∣∣∣
∝ T −3, (13)

for different ω2. The transfer of coherence from spin 1 to spin 2 is visualized in Fig. 2 (b) for
an optimal choice of small ω1/ωc and different ω2/ω1. For high temperatures, kBT/h̄ω1 ≫
1, the increase is linear in the log-log plot with the scaling T −3 as predicted above. The
extraction is inefficient, and the temperature reduction down to kBT/h̄ω1 ≪ 1 is needed
to reach efficient transfer of the quantum coherence. A smaller frequency ω2 of the output
spin 2 is very advantageous in this low-temperature regime as longer as the perturbation
approach holds. Transfer to the output spin 2 coherence is substantially more efficient
when ω2 < ω1. Together with the previous condition, the optimal extraction to the output
spin (and oscillator or field) needs ω2 < ω1 < ωc.

Note that the coherence of the spin 2 in the low-temperature limit βh̄ω1 ≫ 1 can be
approximated as

〈σx
2 〉T →0 ≈ 4f1f2t

h̄ω1ω2

∫ ∞

0
dξ I(ξ)

[1

ξ
− 1

ξ + h̄ω1

]
=

4f1f2t

h̄ω1ω2
Ω − 4f1f2t

h̄ω1ω2

∫ ∞

0
dξ

I(ξ)

ξ + h̄ω1
. (14)

The first term of this expression is nothing but the coherence of spin 2 in the static
approximation 〈σx

2 〉st
T at zero temperature. In this term the contribution of the bosonic

bath is fully factorized and represented only by the parameter Ω. The factorization reflects
the fact that the back-action effects are not taken into account in the static approximation.
The result is not sensitive to the shape of the spectral density function I(ξ), since two
different spectral density functions with the same Ω give the same value of the coherence
〈σx

2 〉st
T . The second term can be called dynamical since it provides the back-action correction

to the static contribution. Note that the frequency parameter ω1 of the spin 1 and energy
dependent spectral density function I(ξ) are included in the expression inseparably in
contrast to the static result. Therefore, the dynamical term is sensitive to the shape of
the spectral density function I(ξ). Finally, the second term represents the deviation of the
full coherence 〈σx

2 〉T form the static result 〈σx
2 〉st

T and hence its value as a function of the
temperature answers the question depicted in Fig. 1 (c).

Since I(ξ) > 0, the static approximation provides only the upper bound of the extracted
coherence of spin 2 at low temperatures. Therefore, the correct estimation of such a
coherence needs a better understanding of the dynamical term. However, it seems that
this term doesn’t have an intuitive explanation in terms of the spin-boson model. Moreover,
the perturbation analysis of the dynamical contribution in the spin language is bulky due
to the non-commutativity of spin operators and the absence of the Wick theorem for them.
This makes the analysis of the static and dynamical terms in higher orders of perturbation
theory hard.

Therefore, beyond a general interest, it can be also mathematically valuable to rewrite
the spin Hamiltonian, for example, in terms of fermions where the Wick theorem is appli-
cable. It allows the use of the Green function technique and, potentially, makes the final
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result clearer for understanding. This analysis goes beyond the previous theory for the
spins [36, 40], and helps to compare the spin and fermionic systems coupled to the same
bosonic baths. Additionally, such an analysis can stimulate a broader class of experimental
tests and discussions about a coherence in fermionic systems.

3 Fermion-boson model

In order to implement the aforementioned fermionization program, we apply the Jordan-
Wigner transformation (see [44] and references therein) to the Hamiltonians (1) and (3).
First, we introduce auxiliary (zeroth) subsystem, which is described by the operators
{σx

0 , σy
0 , σz

0} and has zero energy. Then we replace the spin operators by the fermionic
ones an, n = 0, 1, 2, with the standard anti-commutation rules {an, a†

m} = δnm

σ−
0 → a0, σ+

0 → a†
0, σz

0 → 2a†
0a0 − 1, (15)

σ−
n →

n−1∏

m=0

(2a†
mam − 1)an, σ+

n →
n−1∏

m=0

(2a†
mam − 1)a†

n, σz
n → 2a†

nan − 1, (16)

and make the additional substitutions

σz
1 =2a†

1a1 − 1 → 2a†
1a1, σz

2 = 2a†
2a2 − 1 → 2a†

2a2, (17)

σx
1 =(σ+

1 + σ−
1 ) → (σ+

1 σ−
0 + σ+

0 σ−
1 ) = −(a†

1a0 + a†
0a1), (18)

to remove the constant terms, which do not affect the quantum dynamics significantly.
Then the overall fermion-boson Hamiltonian takes the following form

HF =h̄ω1a†
1a1 + h̄ω2a†

2a2 − h̄t(a†
1a2 + a†

2a1) +
∑

k

Ωkb†
kbk+ (19)

+ [2f1a†
1a1 − f2(a†

1a0 + a†
0a1)]

∑

k

λk(b†
k + bk)

from the sum of spin-boson Hamiltonians (1), (2) and (3). Note that the fermionization
procedure changes a sign of the spin-spin t → −t and spin-boson f2 → −f2 interaction
terms. In the following, we will use the subscript F to indicate that we derived the
coherences from the fermionized Hamiltonian HF .

Considering same ohmic spectral characteristics of bosonic bath as for the previous
two-spin analysis, we can define and derive the fermionic coherence of the first spin using
the Eq. (18) (see Appendices J and K for details)

〈σx
1 〉F,T ≡ −〈a†

1a0 + a†
1a0〉F = −4f1f2A tanh

(βh̄ω1

2

)[
− ωc

2ω1
+

1

2
F

(ω1

ωc
, βh̄ω1

)]
. (20)

Here 〈. . . 〉F is the thermal average with the Hamiltonian HF . The final expression repre-
sents the leading contribution to the coherence. We define the fermion coherence of the
spin 2 by analogy with the expression for the coherence of the spin 1 and obtain

〈σx
2 〉F,T ≡ −〈a†

2a0 + a†
0a2〉F = −4tf1f2A

h̄∆ω
FF

(ω1

ωc
, βh̄ω1, βh̄ω2

)
, (21)

where ∆ω = ω2 − ω1 and

FF

(ω1

ωc
, βh̄ω1, βh̄ω2

)
=

ωc

ω2
n(h̄ω1)[1 − 2n(h̄ω2)] +

∫ ∞

−∞
dxe−

ω1

ωc
|x|K(x), (22)
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with frequency-dependent kernel

K(x) = [N(h̄ω1x) + n(h̄ω1)]
{ x

2(x − 1)

∆ω

ω2
− n[h̄ω1(1 − x)]x

(x − 1)(x + ∆ω
ω1

)

∆ω

ω1
+

n(h̄ω2)ω1x

ω2(x + ∆ω
ω1

)

}
. (23)

We introduced the notations for the Bose-Einstein N(ξ) = (eβξ −1)−1 and the Fermi-Dirac
n(ξ) = (eβξ + 1)−1 distributions for brevity. Note that the coherence of each spin is a sum
of the Hartree and Fock contributions (see Appendices L, M, N and O for details). It
turns out that the Hartree contribution of j(= 1, 2)-th spin coincides with the fermionic
coherence of the j-th spin obtained in the static approximation (see Appendix P)

〈σx
1 〉st

F,T ≈ 4f1f2Ω

h̄ω1
n(h̄ω1) tanh

(βh̄ω1

2

)
, (24)

〈σx
2 〉st

F,T ≈ 4f1f2Ωt

h̄∆ω
n(h̄ω1)




tanh
(

βh̄ω1

2

)

ω1
−

tanh
(

βh̄ω2

2

)

ω2


 . (25)

Like in the previous spin-boson case, the influence of the boson bath is fully factorized
and represented by the same parameter Ω for these static terms. The factorization has
a natural explanation in the fermion picture. Namely, it comes from the structure of
the expression for the Hartree term (see Eq. (146) in Appendix K). Then, the dynamical
contribution to the fermion coherences is defined by the Fock terms. Again, similarly to the
spin-boson model, the mutual influence of the bosonic bath and the fermion subsystem are
not separated in such a case. This property can be seen from the expression for the Fock
contribution (see Eq. (145) in Appendix K). The clear physical meaning of the static and
dynamical terms in the fermion system provides the potential opportunity to understand
better the corresponding terms in spin systems via their fermionization.

The final relation between the internal and output coherence reads

〈σx
2 〉F,T =

t

ω2
〈σx

1 〉F,T


−2ω2

∆ω
coth

(βh̄ω1

2

)FF

(
ω1

ωc
, βh̄ω1, βh̄ω2

)

ωc

ω1
− F

(
ω1

ωc
, βh̄ω1

)


 =

t

ω2
〈σx

1 〉F,T R(T ).

(26)

Note that the ratio R(T ) is a function of both ω1 and ω2 parameters, while the same ratio
for the spin-boson system (see Eq. (6)) is only a function of ω2. Similarly as for the spin
coherence, we normalize (20) and (21) to their values at zero temperature

〈σx
1 〉F,T =0 = 2f1f2A

[ ωc

ω1
+ e

ω1

ωc Ei
(

− ω1

ωc

)]
, 〈σx

2 〉F,T =0 =
t

ω2
〈σx

1 〉F,T =0, (27)

which simplifies their analysis to

〈σx
1 〉F,T

〈σx
1 〉F,T =0

= tanh

(
βh̄ω1

2

) ωc

ω1
− F

(
ω1

ωc
, βh̄ω1

)

ωc

ω1
+ e

ω1

ωc Ei
(

− ω1

ωc

) , (28)

〈σx
2 〉F,T

〈σx
2 〉F,T =0

= −2ω2

∆ω

FF

(
ω1

ωc
, βh̄ω1, βh̄ω2

)

ωc

ω1
+ e

ω1

ωc Ei
(

− ω1

ωc

) . (29)

The low-temperature limit relation 〈σx
2 〉F,T =0 = t

ω2
〈σx

1 〉F,T =0 replicates up to the sign
the previous result for the spins. The normalized internal and output coherences for the
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Figure 3: Normalized autonomous coherences in the fermion-boson model. (a)
Log-log scale plot of the absolute values of the dimensionless coherences for the fermionic sys-
tem 〈σx

2
〉F,T /〈σx

2
〉F,T =0 (solid lines) and 〈σx

1
〉F,T /〈σx

1
〉F,T =0 (dashed lines) for different values of

ω1/ωc = 0.01, 1, 100 (blue, yellow and green curves, respectively) in the particular case of ω2/ω1 = 3 as
a function of temperature T . The inset shows an advantageous maximum of both internal and output
coherences at a finite temperature for ω1 > ωc. (b) Log-log scale plot of the absolute value of the
dimensionless ratio 〈σx

2
〉F,T /〈σx

1
〉F,T =0, multiplied by the normalization factor ω1/t, for the fixed value

of ω1/ωc = 0.01 and different values of ω2/ω1 = 0.5, 2, 4, 8, 16 (blue, yellow, green, red and purple
curves, respectively) as a function of temperature T . It represents the dependence of the coherence
〈σx

2
〉F,T on ω2. The gray dashed line depicts the asymptote of all curves, which scales as T −2. The

inset shows the coherence transfer at the low-temperatures similarly to the spin system.

fermionic system are visualized in Fig. 3 (a). In the large temperature limit, kBT/h̄ω1 ≫ 1,
the increase of both coherences with decreasing temperature is linear in the log-log plot,
similarly as for the spins. It means that also for fermionic systems the increase is only by
a power law for large temperatures, and the coherence is negligible. On the other hand,
temperature dependence of the internal coherence 〈σx

1 〉F,T /〈σx
1 〉F,T =0 is non-monotonous

for a large ω1/ωc. It has a maximum near kBT/h̄ω1 ≈ 1 with a much larger value than
at zero temperature. Remarkably, this fermionic model obtains larger internal quantum
coherence for a finite temperature away from the zero-temperature limit. Advantageously,
the output coherence follows the same non-monotonous tendency for ω1 > ωc. The ori-
gin of such nontrivial behavior results from interesting competition between Hartree and
Fock terms of the inner fermionic coherence. The sudden drop of the output coherence
due to zero-crossing is practically irrelevant. The inset shows that the maximum output
coherence shifts to the lower temperature with lowering ωc. However, relative output co-
herence increase is similar to the internal one. The fermionic system brought new positive
phenomena into the autonomous quantum coherence being largest at a finite temperature.

In order to compare the spin and fermion model we consider the high temperature limit

− ω1

t

〈σx
2 〉F,T →∞

〈σx
1 〉F,T =0

=
2ω1

∆ω

FF

(
ω1

ωc
, βh̄ω1, βh̄ω2

)

ωc

ω1
+ e

ω1

ωc Ei
(

− ω1

ωc

)
∣∣∣
β→0

≈ ωc

12ω1

(βh̄ω1)2

ωc

ω1
+ e

ω1

ωc Ei
(

− ω1

ωc

) ∝ (βh̄ω1)2,

(30)
where we have taken into account

FF

(ω1

ωc
, βh̄ω1, βh̄ω2

)∣∣∣
β→0

≈ ∆ωωc

24ω2
1

(βh̄ω1)2. (31)

Note that the high temperature behavior of the ratio −ω1

t
〈σx

2
〉F,T →∞

〈σx
1

〉F,T =0

is independent of

ω2 and has another power-low dependence ∝ T −2 in comparison with the same ratio for
the spin system, where it behaves as ∝ T −3. Note that the obtained power-law behavior
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remains the same for the case of an arbitrary spectral density function I(ξ) which satisfies
the condition

∫ ∞
0 dξ I(ξ)/ξ < +∞ (see Eq. (195) in Appendix N). In particular, it is valid

for the case of the generalized Ohmic spectral density function I(ξ, s) ∼ ξs exp(−ξ/h̄ωc)
for s > 0 (sub-Ohmic for 0 < s < 1 and super-Ohmic for s > 1, respectively).

The transfer of coherence from internal to output part in the fermionic system is ana-
logical to the spin system. Only at high temperatures, it scales with T −2 instead of T −3 as
for the spins. The sudden drops caused by the zero-crossings are practically irrelevant. In
the relevant low-temperature regime kBT/h̄ω1 ≤ 1, the transfer improves for ω2 < ω1 as
in the previous spin analysis. For the fermions, the optimal regime to obtain and extract
autonomous quantum coherence efficiently at a finite temperature needs ω1 ≫ ωc and
ω2 < ω1. It is complementary with the spins, where the large band was optimal. Optimal
extraction still profits from the small ω2 until the approximation fails.

4 Summary

We have hereby confirmed the extractibility of autonomous quantum coherence for all
basic quantum systems coupled to a generic bosonic environment. The results justified a
qualitative prediction from static approximation [40]. They proved that the back action of
a weak extraction is fortunately not critical for the coherence generation and extraction in
the low-temperature limit. Moreover, we obtained the required frequency and temperature
dependences that are not reliably predictable from the static approximation. We optimized
the extraction for spins (oscillators and fields) and fermions and found different roles of the
environment bandwidth to obtain extractable coherence. Importantly, all those effects are
numerically confirmed beyond the asymptotic limit for a finite strength of the extraction
(detailed analysis is presented in Appendix). Extractability principally opens a way to
experimental verifications of proposals with quantum dots [40] and also to others under
development in the superconducting circuits [45], electro-mechanical systems [46], and
trapped ions [47].

We can extend the systems used to generate and extract quantum coherence. The
fermionic system generating a maximum of coherence at a finite temperature kBT ≤ h̄ω1

inspires further extensions. We can investigate three-level and four-level models to optimize
the proposed methods. It is a viable investigation area as such systems appear for both
atomic and solid-state systems. A possible maximum of quantum coherence at the finite
temperature in the region kBT > h̄ω1 remains an open problem. However, further engi-
neering of the systems and interaction may overcome such a limit. Another open problem
is an accumulation of coherence in an output system from many such parallel interactions.
Recently, it has been demonstrated in a collision model that multiple environments can en-
hance quantum coherence substantially [39]. Further research can be focused on coherence
distillation and use a possible extension of the protocols to more spins or fermions giving an
even more considerable amount of the extractable quantum coherence. Thermodynamical
analysis of autonomous coherence has been already initiated too [37]. These directions for
immediate exploration illustrate the novelty of this subject in theory and stimulate current
experiments. It is very timely as quantum coherence from a low-temperature environment
will directly transform quantum sensors and quantum engines to be more autonomous.
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A Spin-boson Hamiltonian

We consider the Hamiltonian of two interacting spins coupled to the boson system

H =
ω1

2
σz

1 +
ω2

2
σz

2 + t(σ+
1 σ−

2 + σ+
2 σ−

1 ) +
∑

k

Ωkb†
kbk + (f1σz

1 + f2σx
1 )

∑

k

λk(b†
k + bk). (32)

Here σj
1 and σj

2 (with j = x, y, z) are the Pauli matrices corresponding to the 1-st and 2-nd
spins with the energies ω1 and ω2 respectively.The real valued parameter t > 0 defines the
coupling between the spins. Note that in this section and in further we consider ω1, ω2 and
t in energy units for brevity. In order to restore the original frequency units, used in the
main text, one needs to make the following substitutions ω1 → h̄ω1, ω2 → h̄ω2 and t → h̄t.
The raising σ+

n and lowering σ−
n operators of n(= 1, 2)-th spin are σ±

n = (σx
n ± iσy

n)/2.

The boson system is described by creation b†
k and annihilation bk operators and spectrum

Ωk > 0. Subscript k parameterizes all the boson degrees of freedom. The interaction
between spins and bosons are defined by real valued coupling constants f1 and f2. It is
convenient to introduce the following notations for spin Hamiltonian

H12 =
ω1

2
σz

1 +
ω2

2
σz

2 + t(σ+
1 σ−

2 + σ+
2 σ−

1 ), (33)

boson Hamiltonian
HB =

∑

k

Ωkb†
kbk, (34)

and the spin-boson coupling term

HB1 = (f1σz
1 + f2σx

1 )
∑

k

λk(b†
k + bk). (35)

As a first step we write the spin Hamiltonian in the basis of triplet and singlet states of
two spins

|1, 1〉 =| ↑1〉| ↑2〉, |1, −1〉 = | ↓1〉| ↓2〉, |1, 0〉 =
1√
2

(| ↑1〉| ↓2〉 + | ↓1〉| ↑2〉), (36)

|0, 0〉 =
1√
2

(| ↑1〉| ↓2〉 − | ↓1〉| ↑2〉),

where | ↑n〉 and | ↓n〉 are the eigenstates of the σz
n operators with eigenvalues ±1 respec-

tively. In this basis the Hamiltonian has the following matrix form

H12 =
1

2




ω1 + ω2 0 0 0
0 −ω1 − ω2 0 0
0 0 2t ω1 − ω2

0 0 ω1 − ω2 −2t


 . (37)

The non-zero difference δω = ω1 − ω2 6= 0 mixes the spin states with zero angular mo-
mentum. We consider their linear combination in order to diagonalize the Hamiltonian
matrix

|+, 0〉 = cos(θ/2)|1, 0〉 + sin(θ/2)|0, 0〉, |−, 0〉 = − sin(θ/2)|1, 0〉 + cos(θ/2)|0, 0〉. (38)

The matrix becomes diagonal for the case cos θ = 2t/
√

4t2 + δω2, sin θ = δω/
√

4t2 + δω2.
The eigenvalues become E1 = (ω1 + ω2)/2 = ω, E2 = −(ω1 + ω2)/2 = −ω, E3 =√

t2 + δω2/4 = ǫ and E4 = −
√

t2 + δω2/4 = −ǫ for the states |1, 1〉, |1, −1〉, |+, 0〉 and
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|−, 0〉 respectively. The spin operators σx
1 and σz

1 have the following form in the basis
|1, 1〉, |1, −1〉, |+, 0〉, |−, 0〉

σx
1 =




0 0 sin φ − cos φ
0 0 cos φ sin φ

sin φ cos φ 0 0
− cos φ sin φ 0 0


 , σz

1 =




1 0 0 0
0 −1 0 0
0 0 sin θ cos θ
0 0 cos θ − sin θ


 , (39)

where φ = π/4 − θ/2.

B Perturbation analysis

We treat the Hamiltonian H0 = H12 + HB exactly and HB1 as a perturbation [40]. We
present the density matrix operator in the form (β = 1/T , T is the temperature in energetic
units)

e−βH = e−β(H12+HB)X(β). (40)

Here the operator X(β) is presented as a T-exponent

X(β) = T
(

−
∫ β

0
dτH̃B1(τ)

)
≈ 1 −

∫ β

0
dτH̃B1(τ) +

∫ β

0
dτ

∫ τ

0
dτ ′H̃B1(τ)H̃B1(τ ′), (41)

where
H̃B1(τ) = eτ(H12+HB)HB1e−τ(H12+HB). (42)

Then the perturbation term HB1 = SB = [f1σz
1 + f2σx

1 ][
∑

k λk(b†
k + bk)] takes the form

H̃B1(τ) =S̃(τ)B̃(τ) = (43)

=[f1eτH12σz
1e−τH12 + f2eτH12σx

1 e−τH12

][ ∑

k

λk(eτHB b†
ke−τHB + eτHB bke−τHB )

]
.

Taking into account the structure of the H12 and HB Hamiltonians and using the notation
Λ1(τ) = eτω, Λ2(τ) = eτǫ we obtain

eτHB b†
ke−τHB = eτΩkb†

k, eτHB bke−τHB = e−τΩkbk, (44)

σz
1(τ) = eτH12σz

1e−τH12 =




1 0 0 0
0 −1 0 0
0 0 sin θ Λ2

2(τ) cos θ

0 0 Λ−2
2 (τ) cos θ − sin θ


 , (45)

σx
1 (τ) = eτH12σx

1 e−τH12 = (46)

=




0 0 Λ1(τ)Λ−1
2 (τ) sin φ −Λ1(τ)Λ2(τ) cos φ

0 0 Λ−1
1 (τ)Λ−1

2 (τ) cos φ Λ−1
1 (τ)Λ2(τ) sin φ

Λ−1
1 (τ)Λ2(τ) sin φ Λ1(τ)Λ2(τ) cos φ 0 0

−Λ−1
1 (τ)Λ−1

2 (τ) cos φ Λ1(τ)Λ−1
2 (τ) sin φ 0 0


 .

For calculation of the averages of any operator we use the symmetrization of the density
operator

e−βH =
1

2

[
e−β(H12+HB)X(β) + X†(β)e−β(H12+HB)

]
. (47)
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Then the partition function Z can be expressed as

Z = Tr[e−βH ] =
Z0

2
〈X(β) + X†(β)〉0. (48)

Here 〈⋆〉0 = Z−1
0 Tr[e−β(H12+HB)⋆] is the averaging by the non-interaction density function.

The partition function up to second order correction takes the following form

Z = Z0

{
1 +

1

2

∫ β

0
dτ

∫ τ

0
dτ ′[〈H̃B1(τ)H̃B1(τ ′)〉0 + 〈H̃†

B1(τ ′)H̃†
B1(τ)〉0]

}
. (49)

Taking the average over the boson degrees of freedom we get

Z = Z0

{
1 +

∫ β

0
dτ

∫ τ

0
dτ ′φ(τ − τ ′)Re〈S̃(τ)S̃(τ ′)〉0

}
, (50)

where we introduced the bosonic correlation function

φ(τ − τ ′) = 〈B̃(τ)B̃(τ ′)〉0 = 〈B̃†(τ ′)B̃†(τ)〉0 =
∑

k

λ2
k[eΩk(τ−τ ′)〈b†

kbk〉0 + e−Ωk(τ−τ ′)〈bkb†
k〉0].

(51)
The spin dependent part takes the form

S̃(τ)S̃(τ ′) = f2
1 σz

1(τ)σz
1(τ ′) + f2

2 σx
1 (τ)σx

1 (τ ′) + f1f2σz
1(τ)σx

1 (τ ′) + f1f2σx
1 (τ)σz

1(τ ′). (52)

We are interested in the spin sector only, therefore we integrate out the boson degrees of
freedom in total density operator and keep only the spin dependent part ̺S = TrB[e−βH ]/Z

̺S =
e−βH12

ZS

[
1 −

∫ β

0
dτ

∫ τ

0
dτ ′φ(τ − τ ′)Re〈S̃(τ)S̃(τ ′)〉0

]
+

+
1

2

∫ β

0
dτ

∫ τ

0
dτ ′φ(τ − τ ′)

[e−βH12

ZS
S̃(τ)S̃(τ ′) + h.c.

]
. (53)

Here we introduced ZS = Tr[e−βH12 ] = 2 cosh(βω) + 2 cosh(βǫ).

C Averaging procedure for the second spin operators

We are interested in the averages 〈σj
2〉 = Tr[̺Sσj

2], where j = x, y, z. The matrices of
corresponding spin operators in the basis {|1, 1〉, |1, −1〉, |+, 0〉, |−, 0〉} are

σz
2 =




1 0 0 0
0 −1 0 0
0 0 − sin θ − cos θ
0 0 − cos θ sin θ


 , σx

2 =




0 0 cos φ sin φ
0 0 sin φ − cos φ

cos φ sin φ 0 0
sin φ − cos φ 0 0


 ,

σy
2 =




0 0 −i cos φ −i sin φ
0 0 i sin φ −i cos φ

i cos φ −i sin φ 0 0
i sin φ i cos φ 0 0


 . (54)

where φ = π/4 − θ/2. In this basis the procedure of taking trace becomes matrix trace
procedure. First we calculate the leading terms

ZS〈σz
2〉0 = Tr[e−βH12σz

2 ] = 2 sin θ sinh(βǫ) − 2 sinh[βω], ZS〈σx(y)
2 〉0 = Tr[e−βH12σ

x(y)
2 ] = 0.

(55)
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Then we introduce the traces of the product of the spin operators

F (τ, τ ′) = ZSRe〈S̃(τ)S̃(τ ′)〉0 =

2f2
1

[
cosh(βω) + sin2 θ cosh(βǫ) + cos2 θ cosh((β − 2τ + 2τ ′)ǫ)

]
+

2f2
2

[
cos2 φ{cosh(βǫ − (ǫ + ω)(τ − τ ′)) + cosh(βω − (ǫ + ω)(τ − τ ′))}

]
+

2f2
2

[
sin2 φ{cosh(βǫ − (ǫ − ω)(τ − τ ′)) + cosh(βω + (ǫ − ω)(τ − τ ′))}

]
, (56)

F1(τ, τ ′) = Tr[e−βH12S̃(τ)S̃(τ ′)σz
2 + S̃†(τ ′)S̃†(τ)e−βH12σz

2 ] =

4f2
1

[
sin3 θ sinh(βǫ) − sinh(βω) + sin θ cos2 θ{sinh(ǫ(β + 2τ ′ − 2τ))+

+ sinh(ǫ(β − 2τ ′)) − sinh(ǫ(β − 2τ))}
]
+

4f2
2

[
sin θ sin2 φ sinh(βǫ + (τ ′ − τ)(ǫ − ω))+

sin θ cos2 φ sinh(βǫ + (τ ′ − τ)(ω + ǫ))+

cos θ sin φ cos φ{sinh(βǫ + τ ′(ω − ǫ) − τ(ω + ǫ))−
sinh(βǫ − τ ′(ω + ǫ) + τ(ω − ǫ))}−

sin2 φ sinh(ωβ + (τ ′ − τ)(ω − ǫ)) − cos2 φ sinh(βω + (τ ′ − τ)(ω + ǫ))
]
,

(57)

F2(τ, τ ′) = Tr[e−βH12S̃(τ)S̃(τ ′)σx
2 + S̃†(τ ′)S̃†(τ)e−βH12σx

2 ] =

4f1f2

[
− cos θ cos2 φ{cosh(βω + 2ǫτ ′ − τ(ω + ǫ)) + cosh(ǫ(β − 2τ) + τ ′(ω + ǫ))}+

+ cos θ sin2 φ{cosh(βω − 2ǫτ ′ − τ(ω − ǫ)) + cosh(ǫ(β − 2τ) + τ ′(ǫ − ω))}+

+ sin(2φ) sin θ{(cosh(ωτ ′) cosh(ǫ(β − τ ′)) + cosh(τǫ) cosh(ω(β − τ))}+

+ sin(2φ){sinh(ǫτ ′) sinh(ω(β − τ ′)) + sinh(τω) sinh(ǫ(β − τ)))}
]
, (58)

Tr[e−βH12S̃(τ)S̃(τ ′)σy
2 + S̃†(τ ′)S̃†(τ)e−βH12σy

2 ] = 0. (59)

D Integral representation for the spin average values

The average values 〈σx
2 〉 and 〈σz

2〉 are defined by the convolution integrals of F (τ, τ ′),
F1(τ, τ ′) and F2(τ, τ ′) with φ(τ − τ ′) in τ, τ ′ domain. Such the integration can be done in
the following way. We introduce the boson spectral function

I(ξ) =
∑

k

λ2
kδ(ξ − Ωk) (60)

and present φ(τ − τ ′) in the form

φ(τ − τ ′) =

∫ ∞

0
dξ I(ξ)

{
eξ(τ−τ ′)

eβξ − 1
+

e−ξ(τ−τ ′)eβξ

eβξ − 1

}
, (61)

taking into account that Ωk > 0. In this notation we can express the non-zero corrections
of average values of spin operators in the form

∆〈σz
2〉 = 〈σz

2〉 − 〈σz
2〉0 =

1

2ZS

∫ β

0
dτ

∫ τ

0
dτ ′φ(τ − τ ′)

[
F1(τ, τ ′) − 2〈σz

2〉0F (τ, τ ′)
]
, (62)
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〈σx
2 〉 = 〈σx

2 〉 − 〈σx
2 〉0 =

1

2ZS

∫ β

0
dτ

∫ τ

0
dτ ′φ(τ − τ ′)F2(τ, τ ′), (63)

since 〈σx
2 〉0 = 0. Taking into account the structure of φ(τ − τ ′) function and introducing

the transformation

F(ξ) =
1

eβξ − 1

∫ β

0
dτ

∫ τ

0
dτ ′eξ(τ−τ ′)F(τ, τ ′), (64)

we can write

∆〈σz
2〉 = 〈σz

2〉 − 〈σz
2〉0 =

1

2ZS

∫ ∞

0
dξ I(ξ)

{
F1(ξ) − F1(−ξ) − 2〈σz

2〉0[F (ξ) − F (−ξ)]
}

, (65)

〈σx
2 〉 =

1

2ZS

∫ ∞

0
dξ I(ξ)

{
F2(ξ) − F2(−ξ)

}
. (66)

E Detuned spins: the second spin coherence

Let us consider the case when |ω1 − ω2| ≫ t. It corresponds to the situation when the
energy levels of considered spins are weakly modified by interaction terms. For this case
the calculation of the the averages of spin operators can be simplified. Indeed, we consider
the leading terms of cos(θ) and sin(θ) by small parametr t/|ω1 − ω2|

sin θ =
(ω1 − ω2)√

4t2 + (ω1 − ω2)2
≈ sgn(ω1 − ω2)

[
1 − 2t2

(ω1 − ω2)2

]
,

cos θ =
2t√

4t2 + (ω1 − ω2)2
≈ 2t

|ω1 − ω2| , (67)

substitute them in the expressions for F (τ, τ ′), F1(τ, τ ′) and F2(τ, τ ′) and calculate the
corresponding integrals over τ, τ ′ and ξ. We introduce the notations η = sgn(ω1 − ω2)
and δ = |ω1 − ω2| in further calculations for brevity. We focus on the evaluation of the
coherence of the second spin operator 〈σx

2 〉. In order to do it we substitute

sin2 θ ≈1 − 4t2

δ2
, cos2 θ ≈ 4t2

δ2
,

cos2 φ =
1 + sin θ

2
≈ 1 + η

2
− ηt2

δ2
, sin2 φ =

1 − sin θ

2
≈ 1 − η

2
+

ηt2

δ2
, (68)

in Eq. (58) and keep the leading term in the series expansion of this expression by the
small parameter t/δ. We have

F2(τ, τ ′) =
8f1f2t

ω1 − ω2

[
sinh

(
1

2
(ω1 − ω2) τ ′

)
sinh

(
1

2
(ω1 + ω2)

(
β − τ ′)

)
+

+ cosh

(
1

2
(ω1 + ω2) τ ′

)
cosh

(
1

2
(ω1 − ω2)

(
β − τ ′)

)
−

− cosh

(
1

2
(ω1 − ω2) (β − 2τ) + ω1τ ′

)
−

− cosh

(
−1

2
β (ω1 + ω2) + (ω2 − ω1) τ ′ + τω1

)
+

+ sinh

(
1

2
τ (ω1 + ω2)

)
sinh

(
1

2
(ω1 − ω2) (β − τ)

)
+

+ cosh

(
1

2
τ (ω1 − ω2)

)
cosh

(
1

2
(ω1 + ω2) (β − τ)

) ]
. (69)
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Figure 4: Dimensionless function F(ω1/ωc, βω1) for ω1/ωc = 0.1 (blue curve), ω1/ωc = 1 (yellow
curve), and ω1/ωc = 10 (green curve) as a function of dimensionless parameter βω1 ∈ [0, 20].

After integration over τ, τ ′ we get

F2(ξ) − F2(−ξ) =
32f1f2t sinh

(
βω2

2

)
sinh

(
βω1

2

) (
ξ coth

(
βξ
2

)
− ω1 coth

(
βω1

2

))

ξω2
(
ξ2 − ω2

1

) (70)

Therefore the coherence 〈σx
2 〉 takes the form

〈σx
2 〉 =

1

2ZS

∫ ∞

0
dξ I(ξ)

{
F2(ξ) − F2(−ξ)

}
=

=
4f1f2t

ω2
tanh

(βω2

2

)
tanh

(βω1

2

) ∫ ∞

0
dξ I(ξ)

ξ coth
(

βξ
2

)
− ω1 coth

(
βω1

2

)

ξ(ξ2 − ω2
1)

, (71)

where we use ZS in the leading order by t/δ: ZS = 4 cosh(βω1/2) cosh(βω2/2).
For the particular case of spectral density function I(ξ) = Aξ exp(−ξ/ωc) this expres-

sion reads

〈σx
2 〉 =

4Af1f2t

ω2
tanh

(
βω2

2

)
tanh

(
βω1

2

)
F(ω1/ωc, βω1), (72)

where

F(ω1/ωc, βω1) =

∫ ∞

0
dx exp(−xω1/ωc)

x coth
(

βω1x
2

)
− coth

(
βω1

2

)

x2 − 1
, (73)

is a dimensionless function of parameters ω1/ωc and βω1. Here ωc is the cut-off energy of
the bosonic spectral function. The function F(ω1/ωc, βω1) for different values of ω1/ωc =
0.1, 1, 10 is presented on the Fig. 4

Let us estimate the value of the integral F(ω1/ωc, βω1) in the low-temperature limit
βω1 ≫ 1. In order to do it we present the integral in the form

F(ω1/ωc, βω1) =

∫ ∞

0
dx

exp(−xω1/ωc)

x + 1
− 2

eβω1 − 1
v.p.

∫ ∞

0
dx

exp(−xω1/ωc)

x2 − 1
+

+v.p.

∫ ∞

0
dx

exp(−xω1/ωc)

x2 − 1

2x

eβω1x − 1
. (74)

The first term is

∫ ∞

0
dx

exp(−xω1/ωc)

x + 1
= −eω1/ωcEi(−ω1/ωc) =

{
ωc/ω1, ω1/ωc ≫ 1

− log(ω1/ωc), ω1/ωc ≪ 1,
(75)
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Figure 5: Dimensionless function F(ω1/ωc, 1/T ) (blue curve), and its approximation
−eω1/ωcEi(−ω1/ωc)−π2T 2/3 (yellow curve) as a function of dimensionless temperature T = 1/βω1 ∈
[0, 0.4] for ω1/ωc = 0.1. The relative deviation of the approximation function from the exact one is
less than 5% for considered domain.

where Ei(x) = −
∫ ∞

−x dte−t/t is the exponential integral function [43]. This result defines
the value of the function F(ω1/ωc, βω1) at zero temperature βω1 → ∞. Therefore, the
second and the third terms describe the temperature dependence of F(ω1/ωc, βω1). The
second term is asymptotically small ∼ e−βω1 at βω1 ≫ 1, since the integral

v.p.

∫ ∞

0
dx

exp(−xω1/ωc)

x2 − 1
=

1

2

[
eω1/ωcEi(−ω1/ωc) − e−ω1/ωcEi(ω1/ωc)

]
(76)

is finite for any ω1/ωc. The third term gives the leading correction to F(ω1/ωc, βω1) at
small temperatures

v.p.

∫ ∞

0
dx

exp(−xω1/ωc)

x2 − 1

2x

eβω1x − 1
= −

∞∑

n=1

∑

ζ=±

eζ(ω−1
c +βn)ω1Ei(−ζ(ω−1

c + βn)ω1) =

= − π2

3

1

β2ω2
1

+ O
(ω1/ωc

β3ω3
1

)
. (77)

Therefore, for the case ωcβ ≫ 1 we have the following approximation formula

F(ω1/ωc, βω1) ≈ −eω1/ωcEi(−ω1/ωc) − π2

3β2ω2
1

. (78)

The exact and approximation functions are presented in Fig. 5 for the case of ω1/ωc = 0.1.

Summarizing, one can write the expression for the coherence of the second spin at small
temperature

〈σx
2 〉 =

4Af1f2t

ω2
tanh

(
βω2

2

)
tanh

(
βω1

2

) [
− eω1/ωcEi(−ω1/ωc) − π2

3β2ω2
1

]
. (79)

Note that there is the linear dependence between the the second 〈σx
2 〉 and first spin

coherences 〈σx
1 〉 in the system, valid for any spectral density function I(ξ)

〈σx
2 〉 = − t

ω2
tanh

(
βω2

2

)
〈σx

1 〉. (80)
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The derivation of the first spin coherence 〈σx
1 〉 is presented in the Appendix F.

One can point out that at small temperatures βω2 ≫ 1 the coherence 〈σx
2 〉 ∝ 1/ω2

formally diverges at small ω2. The qualitative analysis of this situation and the restrictions
for values of ω1 and ω2 in perturbative approach are performed in the Appendix G.

The second spin coherence in the high-temperature limit β → 0 for an arbitrary spectral
density function I(ξ) is

〈σx
2 〉|β→0 =

f1f2tω1β3

6

∫ ∞

0
dξ

I(ξ)

ξ
+ O(β5). (81)

The expressions for the coherences for arbitrary values of ω1, ω2 and t are presented in
the Appendices H and I.

F Detuned spins: the first spin coherence

We use the density operator ̺S defined before for calculation of the coherence of the
first spin 〈σx

1 〉 = 〈σx
1 〉 − 〈σx

1 〉0. Repeating all the steps of the calculation performed for
the second spin we obtain that such a coherence is defined by the function G2(τ, τ ′) =
Tr[e−βH12S̃(τ)S̃(τ ′)σx

1 + S̃†(τ ′)S̃†(τ)e−βH12σx
1 ], that is an analog of the function F2(τ, τ ′)

considered before. For arbitrary angle θ this function is

G2(τ, τ ′) =4f1f2

[
− sin(θ) sin2(φ){sinh

(
βǫ + τ ′(ω − ǫ)

)
+ sinh(βω − τ(ω − ǫ))}−

− sin(θ) cos2(φ){sinh
(
βǫ − τ ′(ω + ǫ)

)
− sinh(βω − τ(ω + ǫ))}−

− sin2(φ){sinh
(
βω + τ ′(ǫ − ω)

)
+ sinh(βǫ + τ(ω − ǫ))}+

+ cos2(φ){sinh(βǫ − τ(ω + ǫ)) − sinh
(
βω − τ ′(ω + ǫ)

)
}+

+ cos(θ) sin(2φ){sinh(ω(β − τ)) cosh
(
ǫ

(
τ − 2τ ′))

+

+ sinh
(
ωτ ′) cosh

(
ǫ

(
β + τ ′ − 2τ

))
}
]
. (82)

Substituting the decomposition

sin2 θ ≈1 − 4t2

δ2
, cos2 θ ≈ 4t2

δ2
,

cos2 φ =
1 + sin θ

2
≈ 1 + η

2
− ηt2

δ2
, sin2 φ =

1 − sin θ

2
≈ 1 − η

2
+

ηt2

δ2
, (83)

and keeping the leading order of this function by small parameter t/δ we get

G2(τ, τ ′) = 8f1f2 sinh
(1

2
ω1

(
τ ′ − τ

))[
cosh

(
1

2

(
β (ω2 − ω1) + ω1

(
τ ′ + τ

)))
+

+ cosh

(
1

2

(
β (ω1 + ω2) − ω1

(
τ ′ + τ

))) ]
. (84)

Integrating over τ, τ ′ we get

G2(ξ) − G2(−ξ) ≈ 32f1f2

ξ
(
ξ2 − ω2

1

) cosh

(
βω2

2

)
cosh

(
βω1

2

) [
ω1 − ξ coth

(
βξ

2

)
tanh

(
βω1

2

)]
.

(85)

Therefore, the coherence of the first spin in the leading order is

〈σx
1 〉 = −4f1f2

∫ ∞

0
dξ I(ξ)

ξ coth(βξ/2) tanh(βω1/2) − ω1

ξ
(
ξ2 − ω2

1

) . (86)
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This is nothing but the coherence of the single spin coupled to the bosonic system, derived
in [40].

Note that this result is valid only at small t/δ ≪ 1, since it doesn’t contain the con-
tribution from the second spin. In order to check the validity of the obtained formula for
the case when the ratio t/δ is not small we analyze the first spin coherence as well as the
second spin coherence for arbitrary t, ω1, ω2 in the Appendices H and I.

G Qualitative analysis of the spin-boson system coherences

In order to understand the proportionality between the coherences of the first and second
spin

〈σx
2 〉 = − t

ω2
tanh

(
βω2

2

)
〈σx

1 〉 (87)

and physical meaning of such proportionality we provide the following qualitative analysis.
Let us consider the bath with the Hamiltonian

HB =
∑

k

Ωkb†
kbk, (88)

and system of two weakly interacting spins

H12 =
ω1

2
σz

1 +
ω2

2
σz

2 + t(σ+
1 σ−

2 + σ+
2 σ−

1 ), (89)

at temperature T = 1/β. When two systems are far from each other, both of them have
corresponding thermal distributions. Taking into account that the interaction between
the spins are week (t ≪ ω1, ω2), we can estimate their averages of 〈σx

j 〉 = 〈σy
j 〉 = 0 and

〈σz
j 〉 = − tanh(βωj/2), for j = 1, 2. When system of two spins is close to the bath, the

interaction term start to play an important role

HB1 = (f1σz
1 + f2σx

1 )
∑

k

λk(bk + b†
k). (90)

Due to this term the first spin start to “polarize” the bath system. This process can be
observed from the Hamiltonian

HBS1
=

∑

k

Ωkb†
kbk + f1〈σz

1〉
∑

k

λk(bk + b†
k) +

ω1

2
〈σz

1〉, (91)

where we replace the operator σz
1 by its average value 〈σz

1〉. Due to the interaction of the

first spin with the bath the boson operators get the non-zero average values 〈bk + b†
k〉 6=

0. This values can be calculated by diagonalization of the boson part of the obtained
Hamiltonian. It can be done by substitution bk = βk − f1〈σz

1〉λk/Ωk, where βk is the set of
boson annihilation operators with the same commutation rules as bk operators, and zero
average values. Hence, we have

〈bk + b†
k〉 = 〈βk + β†

k〉 − 2f1〈σz
1〉λk/Ωk = −2f1〈σz

1〉λk/Ωk. (92)

The non-zero 〈bk + b†
k〉 affects the term

f2σx
1

∑

k

λk(bk + b†
k) → −2f1f2〈σz

1〉σx
1

∑

k

λ2
k/Ωk = −2f1f2〈σz

1〉Ωσx
1 . (93)
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Therefore, the back-action of the bath modifies the Hamiltonian of the first spin

Hmod
S1

=
ω1

2
σz

1 − 2f1f2〈σz
1〉Ωσx

1 . (94)

Due to non-zero σx
1 term, the first spin gets non-zero coherence

〈σx
1 〉 = Tr[e

−βHmod
S1 σx

1 ] =

− tanh
(
β

√
(2f1f2〈σz

1〉Ω)2 + (ω1/2)2
)[ −2f1f2〈σz

1〉Ω√
(2f1f2〈σz

1〉Ω)2 + (ω1/2)2

]
≈ −4f1f2〈σz

1〉2Ω

ω1
.

(95)

The final approximate result is obtained for the case 4f1f2〈σz
1〉Ω ≪ ω1. This means that

the interaction with the bath gives negligibly small correction to the energy and coherence
of the first spin. In other words the latter result corresponds to weak interaction limit.

The non-zero 〈σx
1 〉 induces the effective σx

2 term in the second spin system

t(σ+
1 σ−

2 + σ+
2 σ−

1 ) → t(〈σ+
1 〉σ−

2 + σ+
2 〈σ−

1 〉) = t
〈σx

1 〉
2

σx
2 . (96)

Therefore the Hamiltonian of the second spin is modified

Hmod
S2

=
ω2

2
σz

2 + t
〈σx

1 〉
2

σx
2 , (97)

which leads to the non-zero coherence

〈σx
2 〉 =Tr[e

−βHmod
S2 σx

2 ] =

− tanh
(
β

√
(t〈σx

1 〉/2)2 + (ω2/2)2
) t〈σx

1 〉
2
√

(t〈σx
1 〉/2)2 + (ω2/2)2

≈ − t

ω2
tanh

(βω2

2

)
〈σx

1 〉.

(98)

The latter approximate expression is valid only for the case t〈σx
1 〉 ≪ ω2. Therefore the

linear dependence between the coherences of the second and first spins appears if two
additional restrictions are satisfied a) the weak coupling regime 4f1f2〈σz

1〉Ω ≪ ω1 and b)
the weak coupling between spins t〈σx

1 〉 ≪ ω2. Note that both inequalities are natural for
the derivations based on the thermodynamical perturbation approach presented before.
The first inequality allows to take only the leading term in perturbation series to evaluate
the result. If this inequality is not satisfied one needs to use the next terms of perturbation
series to get the correct answer. The second condition defines the domain of the parameters
where the linear dependence between both coherences exists.
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H General case: the first spin coherence

Let us write the expression for G2(τ, τ ′) in terms of θ variable only

G2(τ, τ ′) = 4f1f2

[
G

(0)
2 (τ, τ ′) + sin θG

(1)
2 (τ, τ ′) + cos(2θ)2G

(2)
2 (τ, τ ′)

]
=

= 4f1f2

[cos(2θ)

2

{
sinh(τ ′ω)(cosh(ǫ(β − 2τ + τ ′)) − cosh(ǫ(τ ′ − β)))+

+ sinh(ω(β − τ))(cosh(ǫ(τ − 2τ ′)) − cosh(τǫ))
}

+

+ sin θ
{

cosh(τω) sinh(ǫ(β − τ)) − sinh(τǫ) cosh(ω(β − τ))+

+ sinh(τ ′ǫ) cosh(ω(τ ′ − β)) + cosh(τ ′ω) sinh(ǫ(τ ′ − β))
}

+

+
1

2

{
sinh(τ ′ω)(cosh(ǫ(β − 2τ + τ ′)) + cosh(ǫ(τ ′ − β)))+

+ sinh(ω(β − τ))(cosh(ǫ(τ − 2τ ′)) + cosh(τǫ))+

+2 cosh(τ ′ǫ) sinh(ω(τ ′ − β)) − 2 sinh(τω) cosh(ǫ(β − τ))
}]

. (99)

After integration over τ and τ ′ we get the following expression

G2(ξ) − G2(−ξ) = 4f1f2

[
G

(0)
2 (ξ) + sin θG

(1)
2 (ξ) + cos(2θ)G

(2)
2 (ξ)

]
, (100)

where

G
(0)
2 (ξ) =

−1

(ω2 − ǫ2)(ξ2 − [ω + ǫ]2)(ξ2 − [ω − ǫ]2)

[4ω cosh(βω)
((

ǫ2 − ω2
)2 − ξ2ω2

)

ξ
−

−4ω cosh(βǫ)
(
ξ2ω2

(
ξ2 − ω2

)
+ ǫ4

(
3ξ2 − 4ω2

)
+ 2ǫ2

(
ξ2ω2 − ξ4 + ω4

)
+ 2ǫ6

)

ξ (ξ2 − 4ǫ2)
−

−2 coth

(
βξ

2

) (ωǫ sinh(βǫ)
(
−7ξ2ω2 + ξ4 + 2ω4 + ǫ2

(
3ξ2 + 8ω2

)
− 10ǫ4

)

ξ2 − 4ǫ2
−

− sinh(βω)
(
2ω2

(
ξ2 − ω2

)
+ ǫ2

(
ω2 − ξ2

)
+ ǫ4

) )]
(101)

G
(1)
2 (ξ) =

4ǫ
(
ξ2 + ω2 − ǫ2

)
(cosh(βω) + cosh(βǫ))

ξ(ξ2 − [ω + ǫ]2)(ξ2 − [ω − ǫ]2)
−

−
4ξ coth

(
βξ
2

) (
2ωǫ sinh(βω) + sinh(βǫ)

(
ξ2 − ω2 − ǫ2

))

ξ(ξ2 − [ω + ǫ]2)(ξ2 − [ω − ǫ]2)
(102)

G
(2)
2 (ξ) =

−2ǫ

(ω2 − ǫ2)(ξ2 − [ω + ǫ]2)(ξ2 − [ω − ǫ]2)

[
− 2ξωǫ cosh(βω)+

+
2 cosh(βǫ)ωǫ

(
ξ4 + 2

(
ω4 − 2ω2

(
ξ2 + ǫ2

)
+ ǫ4

))

ξ (ξ2 − 4ǫ2)
+ coth

(
βξ

2

) (
ǫ sinh(βω)×

×
(
ξ2 + ω2 − ǫ2

)
+

ω sinh(βǫ)
(
3ξ2ω2 − ξ4 − 2ω4 + ǫ2

(
ξ2 + 8ω2

)
− 6ǫ4

)

ξ2 − 4ǫ2

)]
(103)

In order to check this result we consider the limit t → 0 for finite value of |ω1 −ω2| > 0.
In this limit sin θ → sign(ω1 − ω2) = η and cos θ ∼ t → 0, cos(2θ) = 2 cos2(θ) − 1 → −1.
The leading order of this limit is

G2(ξ) − G2(−ξ) = 4f1f2

[
G

(0)
2 (ξ) + ηG

(1)
2 (ξ) − G

(2)
2 (ξ)

]

t=0
(104)
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The η-independent terms can be simplified

G
(0)
2 (ξ) − G

(2)
2 (ξ) =

4ω
(
ξ2 − ω2 + ǫ2

)
(cosh(βω) + cosh(βǫ))

ξ (ξ2 − (ω + ǫ)2) (ξ2 − (ω − ǫ)2)
+

+
4ξ coth

(
βξ
2

) (
sinh(βω)

(
−ξ2 + ω2 + ǫ2

)
− 2ωǫ sinh(βǫ)

)

ξ (ξ2 − (ω + ǫ)2) (ξ2 − (ω − ǫ)2)
. (105)

Then taking into account that ηǫ → (ω1 − ω2)/2, we get

[G
(0)
2 (ξ)+ηG

(1)
2 (ξ)−G

(2)
2 (ξ)]t=0 =

8 cosh
(

βω2

2

)
cosh

(
βω1

2

) (
ω1 − ξ coth

(
βξ
2

)
tanh

(
βω1

2

))

ξ
(
ξ2 − ω2

1

)

(106)
Therefore the coherence of the first spin in the leading order by t is

〈σx
1 〉t=0 =

4f1f2

2ZS

∫ ∞

0
dξ I(ξ)[G

(0)
2 (ξ) + ηG

(1)
2 (ξ) − G

(2)
2 (ξ)]

∣∣∣
t=0

=

= − 4f1f2

∫ ∞

0
dξ I(ξ)

ξ coth
(

βξ
2

)
tanh

(
βω1

2

)
− ω1

ξ(ξ2 − ω2
1)

, (107)

as it was obtained in the previous section. Note that this expression is valid only in the
case t ≪ |ω1 − ω2|. Let us consider the opposite limit. To this end we put ω1 = ω2 = ω

in general expression, find the G
(0)
2 (ξ) − G

(0)
2 (−ξ) as a function of t, and then consider the

limit t → 0. In this limit cos θ = 1 and sin θ = 0. Therefore we get

G2(ξ) − G2(−ξ) = 4f1f2

[
G

(0)
2 (ξ) + G

(2)
2 (ξ)

]

ω1=ω2

. (108)

Then

[
G

(0)
2 (ξ) + G

(2)
2 (ξ)

]

ω1=ω2

=
4ω

(ω2 − t2) (ξ2 − (t + ω)2) (ξ2 − (ω − t)2)
×

×
[cosh(βω)

(
ω2

(
ξ2 − ω2

)
+ t2

(
ξ2 + 2ω2

)
− t4

)

ξ
+

+
ξ cosh(βt)

(
ω2

(
ξ2 + 6t2

)
− 3t2

(
ξ2 − t2

)
− ω4

)

ξ2 − 4t2
+

+ coth

(
βξ

2

) ( t sinh(βt)
(
−5ξ2ω2 + ξ4 + ξ2t2 − 2t4 + 2ω4

)

ξ2 − 4t2
−

−ω sinh(βω)
(
ξ2 + t2 − ω2

) )]
(109)

This expression in the limit t → 0 is

[
G

(0)
2 (ξ) + G

(2)
2 (ξ)

]

ω1=ω2,t=0
= (1 + cosh(βω))

4
(
ω − ξ coth

(
βξ
2

)
tanh

(
βω
2

))

ξ (ξ2 − ω2)
. (110)

Taking into account that ZS = 2(1 + cosh(βω)) we get the expression for the coherence

〈σx
1 〉t=0 =

4f1f2

2ZS

∫ ∞

0
dξ I(ξ)[G

(0)
2 (ξ) + G

(2)
2 (ξ)]ω1=ω2,t=0 =

= −4f1f2

∫ ∞

0
dξ I(ξ)

ξ coth
(

βξ
2

)
tanh

(
βω
2

)
− ω

ξ(ξ2 − ω2)
, (111)
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Figure 6: Contour plot of R1(t, ω1, ω2) for ω1/ωc = 0.01 and different temperatures βω1 = 0.5, 1, 2
(left, middle and right figures respectively) for ω2/ω1 ∈ [0, 10] and t/ω1 ∈ [0, 5].

which coincides with the one we got previously. Therefore this result is relevant for the case
t ≪ |ω1 − ω2| as well as for the case t ≫ |ω1 − ω2|, for relatively small value of parameter
t.

In order to check the applicability of the obtained expression for for the domains of
parameters where t ∼ |ω1 − ω2|, we calculate the ratio R1(t, ω1, ω2) = 〈σx

1 〉/〈σx
1 〉t=0 as a

function of pair of dimensionless parameters (ω2/ω1, t/ω1) and find the region where this
ratio is close to unity.

R1(t, ω1, ω2) = −
∫ ∞

0 dξ I(ξ)
{

G
(0)
2 (ξ) + sin θG

(1)
2 (ξ) + cos(2θ)G

(2)
2 (ξ)

}

4[cosh(βω) + cosh(βǫ)] tanh
(

βω1

2

) ∫ ∞
0 dξ I(ξ)

ξ coth( βξ

2
)−ω1 coth

(
βω1

2

)

ξ(ξ2−ω2

1
)

(112)
Then taking the particular case of spectral function I(ξ) = Aξ exp(−ξ/ωc) and introducing
the dimensionless variable x = ξ/ω1 together with the function

F
(ω1

ωc
, βω1

)
=

∫ ∞

0
dxe−

ω1

ωc
x

x coth
(

βω1x
2

)
− coth

(
βω1

2

)

x2 − 1
(113)

we get

R1(t, ω1, ω2) = −
ω2

1

∫ ∞
0 dxxe−

ω1

ωc
x
{

G
(0)
2 (ω1x) + sin θG

(1)
2 (ω1x) + cos(2θ)G

(2)
2 (ω1x)

}

4[cosh(βω) + cosh(βǫ)] tanh
(

βω1

2

)
F

(
ω1

ωc
, βω1

) .

(114)
The plots of function R1(t, ω1, ω2) for different temperatures and ratio ω1/ωc are presented
on Figs. 6,7 and 8.
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Figure 7: Contour plot of R1(t, ω1, ω2) for ω1/ωc = 1 and different temperatures βω1 = 0.5, 1, 2 (left,
middle and right figures respectively) for ω2/ω1 ∈ [0, 10] and t/ω1 ∈ [0, 5].

Figure 8: Contour plot of R1(t, ω1, ω2) for ω1/ωc = 100 and different temperatures βω1 = 0.5, 1, 2
(left, middle and right figures respectively) for ω2/ω1 ∈ [0, 10] and t/ω1 ∈ [0, 5].

I General case: the second spin coherence

We rewrite the expression for F2(τ, τ ′) in terms of θ variable only

F2(τ, τ ′) =2f1f2[cos θF
(1)
2 (τ, τ ′) − cos θ sin θF

(2)
2 (τ, τ ′)] =

=2f1f2

[
cos θ

{
cosh(ǫ(τ ′ + β − 2τ) − τ ′ω) − cosh(ǫ(τ ′ + β − 2τ) + τ ′ω)+

+ cosh(2ǫτ ′ − ǫτ − βω + τω) − cosh(2ǫτ ′ − ǫτ + βω − τω)+

+ 2 sinh(ǫτ ′) sinh(ω(β − τ ′)) + 2 sinh(τω) sinh(ǫ(β − τ))
}

−

− cos θ sin θ
{

cosh(ǫ(τ ′ + β − 2τ) − τ ′ω) + cosh(ǫ(τ ′ + β − 2τ) + τ ′ω)+

+ cosh(2ǫτ ′ − ǫτ − βω + τω) + cosh(2ǫτ ′ − ǫτ + βω − τω)−

− 2 cosh(ωτ ′) cosh(ǫ(β − τ ′)) − 2 cosh(τǫ) cosh(ω(β − τ))
}]

. (115)

After integration over τ and τ ′ we get the following expression

F2(ξ) − F2(−ξ) = 2f1f2 cos θ[F
(1)
2 (ξ) − sin θF

(2)
2 (ξ)], (116)

where

F
(1)
2 (ξ) =

8ǫ sinh(βω)
ξ

[(
ω2 − ǫ2

)2 − ξ2
(
ω2 + ǫ2

)]
+ 16ξωǫ2 sinh(βǫ)

(ω2 − ǫ2)(ξ2 − [ω − ǫ]2)(ξ2 − [ω + ǫ]2)
+

+
8ǫω coth

(
βξ
2

) (
ξ2 − ω2 + ǫ2

)
(cosh(βω) − cosh(βǫ))

(ω2 − ǫ2)(ξ2 − [ω − ǫ]2)(ξ2 − [ω + ǫ]2)
, (117)
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F
(2)
2 (ξ) =

8ǫ sinh(βǫ)
ξ

[(
ω2 − ǫ2

)2 − ξ2
(
ω2 + ǫ2

)]
+ 16ξωǫ2 sinh(βω)

(ω2 − ǫ2)(ξ2 − [ω − ǫ]2)(ξ2 − [ω + ǫ]2)
+

+
8ǫ2 coth

(
βξ
2

) (
ξ2 + ω2 − ǫ2

)
(cosh(βǫ) − cosh(βω))

(ω2 − ǫ2)(ξ2 − [ω − ǫ]2)(ξ2 − [ω + ǫ]2)
. (118)

Then taking into account that ǫ cos θ = t and ηǫ → (ω1 − ω2)/2 in t → 0 limit and
finite value of |ω1 − ω2| > 0 we get the answer for the coherence of the second spin

〈σx
2 〉 =

2f1f2 cos(θ)

2ZS

∫ ∞

0
dξ I(ξ)[F

(1)
2 (ξ) − ηF

(2)
2 (ξ)]

∣∣∣
t=0

=

=
4f1f2t

ω2
tanh

(
βω2

2

) ∫ ∞

0
dξ I(ξ)

ξ coth
(

βξ
2

)
tanh

(
βω1

2

)
− ω1

ξ(ξ2 − ω2
1)

, (119)

as it was obtained before.
Let us consider the opposite limit ω1 → ω2 = ω, for which cos θ = 1 and sin θ = 0.

Then
[F2(ξ) − F2(−ξ)]ω1=ω2

= 2f1f2F
(1)
2 (ξ)|ω1=ω2

. (120)

Taking the series by t and keeping the leading order of the expression we get

F
(1)
2 (ξ)|ω1=ω2

=
8t

ξω(ξ2 − ω2)

[
ξ coth

(
βξ

2

)
(cosh(βω) − 1) − ω sinh(βω)

]
, (121)

which gives us

〈σx
2 〉ω1,2=ω =

4f1f2t

ω
tanh

(
βω

2

) ∫ ∞

0
dξ I(ξ)

ξ coth
(

βξ
2

)
tanh

(
βω
2

)
− ω

ξ(ξ2 − ω2)
. (122)

This expression coincides with the previous expression, obtained for the case of t ≪ |ω1 −
ω2|.

In order to verify the universality of the latter result we estimate the ratio of the
coherence for arbitrary values t/ω1 ∈ [0, 10] and ω2/ω1 ∈ [0, 9] to the the leading term of
the coherence in t → 0 limit R2(t, ω1, ω2) = 〈σx

2 〉/〈σx
2 〉t→0

R2(t, ω1, ω2) =

(
ω2 cos θ/[cosh(βω) + cosh(βǫ)]

) ∫ ∞
0 dξ I(ξ)

{
F

(1)
2 (ξ) − sin θF

(2)
2 (ξ)

}

8t tanh
(

βω2

2

)
tanh

(
βω1

2

) ∫ ∞
0 dξ I(ξ)

ξ coth( βξ

2
)−ω1 coth

(
βω1

2

)

ξ(ξ2−ω2

1
)

,

(123)
which for the spectral density function I(ξ) = Aξ exp(−ξ/ωc) takes the form

R2(t, ω1, ω2) =
ω2

1ω2 cos θ
∫ ∞

0 dx xe−
ω1

ωc
x
{

F
(1)
2 (ω1x) − sin θF

(2)
2 (ω2x)

}

8t[cosh(βω) + cosh(βǫ)] tanh
(

βω2

2

)
tanh

(
βω1

2

)
F

(
ω1

ωc
, βω1

) , (124)

where we introduced dimensionless parameter x = ξ/ω1. The plots of function R2(t, ω1, ω2)
for different temperatures and ratio ω1/ωc are presented on Figs. 9, 10 and 11.

J Fermionization of the spin-boson model

Let us consider the Hamiltonian of two spins interacting with the bosons

H =
ω2

2
σz

2 +
ω1

2
σz

1 − t(σ+
2 σ−

1 + σ+
1 σ−

2 ) +
∑

k

Ωkb†
kbk + [f1σz

1 − f2σx
1 ]

∑

k

λk(b†
k + bk). (125)
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Figure 9: Contour plot of R2(t, ω1, ω2) for ω1/ωc = 0.01 and different temperatures βω1 = 0.5, 1, 2
(left, middle and right figures respectively) for ω2/ω1 ∈ [0, 10] and t/ω1 ∈ [0, 5].

Figure 10: Contour plot of R2(t, ω1, ω2) for ω1/ωc = 1 and different temperatures βω1 = 0.5, 1, 2
(left, middle and right figures respectively) for ω2/ω1 ∈ [0, 10] and t/ω1 ∈ [0, 5].

Figure 11: Contour plot of R2(t, ω1, ω2) for ω1/ωc = 100 and different temperatures βω1 = 0.5, 1, 2
(left, middle and right figures respectively) for ω2/ω1 ∈ [0, 10] and t/ω1 ∈ [0, 5].
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Note that we change the sign in spin-spin interaction t → −t and spin-boson interac-
tion f2 → −f2 parameters for simplicity in further calculations. It was shown before
that the perturbation theory calculations with this Hamiltonian are bulky due to non-
commutativity of spin operators and absence of the Wick theorem for them. Therefore, it
looks interesting to rewrite the spin Hamiltonian in terms of bosons or fermions where the
Wick theorem is applicable. This allows us to use the Green’s function technique and, po-
tentially, make the final result more clear for understanding. As an example we fermionize
the Hamiltonian with the help of the Jordan-Wigner transformation [44]. In order to do it
we introduce the additional (“zeroth”) spin subsystem, which is described by the operators
{σx

0 , σy
0 , σz

0} and has zero energy. Then we replace the spin operators by the fermion ones

σ−
0 = a0, σ+

0 = a†
0, σz

0 = 2a†
0a0 − 1, (126)

σ−
1 = (2a†

0a0 − 1)a1, σ+
1 = (2a†

0a0 − 1)a†
1, σz

1 = 2a†
1a1 − 1, (127)

σ−
2 = (2a†

1a1 − 1)(2a†
0a0 − 1)a2, σ+

2 = (2a†
1a1 − 1)(2a†

0a0 − 1)a†
2, σz

2 = 2a†
2a2 − 1,

(128)

and make the additional substitution

ω1

2
σz

1 =ω1(a†
1a1 − 1

2
) → ω1a†

1a1,
ω2

2
σz

2 = ω2(a†
2a2 − 1

2
) → ω2a†

2a2, (129)

σx
1 =(σ+

1 + σ−
1 ) → (σ+

1 σ−
0 + σ+

0 σ−
1 ) =

=(2a†
0a0 − 1)a†

1a0 + a†
0(2a†

0a0 − 1)a1 = −(a†
1a0 + a†

0a1). (130)

Then the Hamiltonian takes the following form

H → ω2a†
2a2+ω1a†

1a1+t(a†
2a1+a†

1a2)+
∑

k

Ωkb†
kbk+[2f1a†

1a1+f2(a†
1a0+a†

0a1)]
∑

k

λk(b†
k+bk).

(131)
Note that the fermionization procedure changes the sign of the spin exchange terms. The
coherence of the first spin can be written in terms of Tτ -ordered fermion Green’s function
Gαβ(τ) = −〈Tτ aα(τ)a†

β(0)〉 as

〈σx
1 〉|t,f2

→ −〈a†
1a0 + a†

0a1〉|−t,−f2
= −[G01(0−) + G10(0−)]|−t,−f2

. (132)

Here subscripts define the correspondence rule between spin and fermion models — the
coherence in the spin system with parameters t, f2 corresponds to the coherence in the
fermion system with parameters −t, −f2 and vice versa. We introduce the second spin
coherence by analogy

〈σx
2 〉|t,f2

→ −〈a†
2a0 + a†

0a2〉|−t,−f2
= −[G02(0−) + G20(0−)]|−t,−f2

. (133)

Therefore we need to calculate the fermion Green’s function for the latter (fermionized)
Hamiltonian.

K Green’s function method

It is convenient to present the Hamiltonian

H = ω1a†
1a1+ω2a†

2a2+t(a†
1a2+a†

2a1)+
∑

k

Ωkb†
kbk+[2f1a†

1a1+f2(a†
1a0+a†

0a1)]
∑

k

λk(b†
k+bk)

(134)
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as a sum of three parts: fermion Hamiltonian

HF =
[

a†
2 a†

1 a†
0

]



ω2 t 0
t ω1 0
0 0 0







a2

a1

a0


 = a†

µ[HF ]µνaν , (135)

where we introduce 3×3 matrix HF and a summation over repeated (greek) indices; boson
Hamiltonian

HB =
∑

k

Ωkb†
kbk; (136)

and fermion-boson interaction

HBF = [2f1a†
1a1 + f2(a†

1a0 + a†
0a1)]

∑

k

λk(b†
k + bk). (137)

The latter term is considered as a perturbation. It gives the contribution to the full
fermion Green’s function Gαβ(τ − τ ′) = −〈Tτ aα(τ)a†

β(τ ′)〉, where the averaging is defined

as 〈⋆〉 = Tr[e−βH⋆]/Tr[e−βH ]. We evaluate the contribution to the full Green’s function in

terms of the non-interaction fermion G
(0)
αβ(τ −τ ′) and boson D(0)(τ −τ ′) Greens’ functions.

Let us consider the fermion subsystem first. The non-interacting Green’s function reads

G
(0)
αβ(τ − τ ′) = −〈Tτ aα(τ)a†

β(τ ′)〉0, (138)

where the averaging is defined as 〈⋆〉0 = Tr[e−βHF ⋆]/Tr[e−βHF ]. This Green’s function has
a compact form in the Matsubara representation

G
(0)
αβ(ipn) =

[ 1

ipn − HF

]

αβ
= Uαµ

δµν

ipn − ǫµ
[U †]νβ = UαµG̃

(0)
αβ(ipn)[U †]νβ . (139)

Here pn = (2n + 1)π/β with integer n, ǫ2 = (ω1 + ω2)/2 +
√

(ω1 − ω2)2/4 + t2, ǫ1 =
(ω1 + ω2)/2 −

√
(ω1 − ω2)2/4 + t2, ǫ0 = 0, sin θ = 2t/

√
(ω1 − ω2)2 + 4t2 and cos θ =

(ω2 − ω1)/
√

(ω1 − ω2)2 + 4t2. The 3 × 3 matrix U diagonalizes the fermion Hamiltonian
matrix HF

HF = U




ǫ2 0 0
0 ǫ1 0
0 0 ǫ0


 U †, U =




cos(θ/2) − sin(θ/2) 0
sin(θ/2) cos(θ/2) 0

0 0 1


 . (140)

The non-interacting boson Green’s function is

D(0)(τ − τ ′) = −〈Tτ φ(τ)φ(τ ′)〉0, (141)

where we introduced the boson field φ =
∑

k λk(b†
k + bk) and statistical averaging 〈⋆〉0 =

Tr[e−βHB ⋆]/Tr[e−βHB ]. Then

D(0)(τ) = −
∑

k,l

λkλl〈Tτ (bke−τΩk + b†
keτΩk)(bl + b†

l )〉0 =
∑

k

λ2
kD(0)(k, τ) =

= − θ(τ)
∑

k

λ2
k

[
NkeτΩk + (Nk + 1)e−τΩk

]
− θ(−τ)

∑

k

λ2
k

[
Nke−τΩk + (Nk + 1)eτΩk

]
,

(142)

where Nk = N(Ωk) = (eβΩk −1)−1. The corresponding Matsubara’s Green’s function with
ωm = 2πm/β and integer m reads

D(0)(k, iωm) =

∫ β

0
dτeiωmτ D(0)(k, τ) = −

[ 1

iωm + Ωk
− 1

iωm − Ωk

]
= − 2Ωk

ω2
m + Ω2

k

. (143)
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The leading non-zero correction to the fermion Green’s function is

Gαβ(τ) ≈ G
(0)
αβ(τ) + ∆GF

αβ(τ) + ∆GH
αβ(τ). (144)

It consists of Fock

∆GF
αβ(τ) = −

∫ β

0
dτ1

∫ β

0
dτ2D(0)(τ1 − τ2)G

(0)
αα′(τ − τ1)Mα′β′G

(0)
β′α′′(τ1 − τ2)Mα′′β′′G

(0)
β′′β(τ2).

(145)
and Hartree terms

∆GH
αβ(τ) = Mα′′β′′G

(0)
β′′α′′(0)

∫ β

0
dτ1G

(0)
αα′(τ − τ1)Mα′β′G

(0)
β′β(τ1)

∫ β

0
dτ2D(0)(τ1 − τ2). (146)

Note that there is a summation over the repeated indices. The matrix Mαβ is

M =




0 0 0
0 2f1 f2

0 f2 0


 . (147)

L Fock contribution

We transform the correction into the Matsubara representation using the substitutions

G
(0)
αβ(τ) =

1

β

∑

pn

e−ipnτ G
(0)
αβ(ipn), D(0)(τ) =

1

β

∑

k

λ2
k

∑

ωm

e−iωmτ D(0)(k, iωm), (148)

where G
(0)
αβ(ipn) and D(0)(k, iωm) have been derived before. For the Fock term we have

∆GF
αβ(ipn) = G

(0)
αα′(ipn)Mα′β′

∑

k

λ2
k

[
− 1

β

∑

ωm

D(0)(k, iωm)G
(0)
β′α′′(ipn−iωm)

]
Mα′′β′′G

(0)
β′′β(ipn).

(149)
We evaluate the sum in the square brackets

− 1

β

∑

ωm

D(0)(k, iωm)G
(0)
β′α′′(ipn − iωm) =

=Uβ′µ

{
− 1

β

∑

ωm

D(0)(k, iωm)G̃(0)
µν (ipn − iωm)

}
[U †]να′′ =

=Uβ′µ

{δµν

β

∑

ωm

2Ωk

ω2
m + Ω2

k

1

ipn − iωm − ǫµ

}
[U †]να′′ =

=Uβ′µδµν

[ Nk + n(ǫµ)

ipn − ǫµ + Ωk
+

Nk + 1 − n(ǫµ)

ipn − ǫµ − Ωk

]
[U †]να′′ . (150)

and introduce the function

F (ǫµ) =
∑

k

λ2
k

[ Nk + n(ǫµ)

ipn − ǫµ + Ωk
+

Nk + 1 − n(ǫµ)

ipn − ǫµ − Ωk

]
=

=

∫ ∞

0
dξ I(ξ)

[N(ξ) + n(ǫµ)

ipn − ǫµ + ξ
+

N(ξ) + 1 − n(ǫµ)

ipn − ǫµ − ξ

]
, (151)

with n(ǫµ) = (eβǫµ + 1)−1 and I(ξ) =
∑

k λ2
kδ(ξ − Ωk). Then the Fock correction takes the

form

∆GF
αβ(ipn) = Uαµ′G̃

(0)
µ′ν′(ipn)[U †MU ]ν′µδµνF (ǫµ)[U †MU ]νµ′′G̃

(0)
µ′′ν′′(ipn)[U †]ν′′β. (152)
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Then we evaluate the matrix sum

[M̃ ]αβ = [U †MU ]αβ = [U †]αµMµνUνβ =




2f1 sin2(θ/2) f1 sin θ f2 sin(θ/2)
f1 sin θ 2f1 cos2(θ/2) f2 cos(θ/2)

f2 sin(θ/2) f2 cos(θ/2) 0


 ,

(153)
and calculate the matrix elements

Fν′µ′′ = [M̃ ]ν′µδµνF (ǫµ)[M̃ ]νµ′′ . (154)

The matrix Fν′µ′′ is real valued Im[Fν′µ′′ ] = 0 and symmetric Fν′µ′′ = Fµ′′ν′ . Therefore we
have

F22 =f2
1

[
4F (ǫ2) sin4(θ/2) + F (ǫ1) sin2(θ)

]
+ f2

2 F (ǫ0) sin2(θ/2), (155)

F11 =f2
1

[
F (ǫ2) sin2(θ) + 4F (ǫ1) cos4(θ/2)

]
+ f2

2 F (ǫ0) cos2(θ/2), (156)

F00 =f2
2

[
F (ǫ2) sin2(θ/2) + F (ǫ1) cos2(θ/2)

]
, (157)

F21 =2f2
1 sin θ

[
F (ǫ2) sin2(θ/2) + F (ǫ1) cos2(θ/2)

]
+ f2

2 F (ǫ0) sin(θ)/2, (158)

F20 =2f1f2 sin(θ/2)
[
F (ǫ2) sin2(θ/2) + F (ǫ1) cos2(θ/2)

]
, (159)

F10 =2f1f2 cos(θ/2)
[
F (ǫ2) sin2(θ/2) + F (ǫ1) cos2(θ/2)

]
, (160)

Finally the Fock correction takes the simple form

∆GF
αβ(ipn) = Uαµ′

1

ipn − ǫµ′

Fµ′µ′′

1

ipn − ǫµ′′

[U †]µ′′β. (161)

We are interested in the matrix elements ∆GF
01(τ = 0−) and ∆GF

02(τ = 0−) which cor-

respond to Fock contribution in 〈a†
1a0〉 and 〈a†

2a0〉 respectively. To do it we evaluate the
sum

∆GF
αβ(τ) =

1

β

∑

pn

e−ipnτ ∆GF
αβ(ipn), (162)

and take the limit τ → 0− in the final result. We have

∆GF
01(ipn) = 2f1f2

F (ǫ2) sin2(θ/2) + F (ǫ1) cos2(θ/2)

ipn − ǫ0

[ sin2(θ/2)

(ipn − ǫ2)
+

cos2(θ/2)

(ipn − ǫ1)

]
, (163)

∆GF
02(ipn) = f1f2 sin θ

F (ǫ2) sin2(θ/2) + F (ǫ1) cos2(θ/2)

ipn − ǫ0

[ 1

(ipn − ǫ2)
− 1

(ipn − ǫ1)

]
. (164)

These expressions are simplified the limit t → 0, which equals to the case sin θ → 0 and
cos θ → 1. Here and further in the text we consider the case ω2 > ω1 for brevity. Then in
the leading order by small parameter sin θ we have

∆GF
01(ipn) ≈ 2f1f2F (ǫ1)

(ipn − ǫ0)(ipn − ǫ1)
, ∆GF

02(ipn) ≈ sin θ
f1f2F (ǫ1)

(ipn − ǫ0)

[ 1

(ipn − ǫ2)
− 1

(ipn − ǫ1)

]
.

(165)

One can note the correspondence between the obtained corrections

∆GF
02(ipn) =

t

ipn − ǫ2
∆GF

01(ipn). (166)
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Let us evaluate now ∆GF
01(0−) and ∆GF

02(0−) in the limit t → 0

∆GF
01(0−) = 2f1f2

∫ ∞

0
dξ I(ξ)

[
− (2N(ξ) + 1)ǫ1 + (2n(ǫ1) − 1)ξ

2ǫ1(ξ2 − ǫ2
1)

+
(2n(ǫ1) − 1)n(ǫ1)

ǫ1ξ
+

+
[N(ξ) + 1]n(ǫ1)

ξ(ξ − ǫ1)
+

N(ξ)n(ǫ1)

ξ(ξ + ǫ1)

]
, (167)

∆GF
02(0−) = sin θf1f2

∫ ∞

0
dξ I(ξ)

[
W (ǫ2) − W (ǫ1)

]
, (168)

where we introduced the function

W (w) =
1

2w

[N(ξ) + 1 − n(ǫ1)

ǫ1 + ξ
− N(ξ) + n(ǫ1)

ξ − ǫ1

]
+

N(ξ) + 1 − n(ǫ1)

(ǫ1 + ξ)(ǫ1 + ξ − w)
n(ǫ1 + ξ)

+
n(w)

w

[N(ξ) + n(ǫ1)

w − ǫ1 + ξ
+

N(ξ) + 1 − n(ǫ1)

w − ǫ1 − ξ

]
+

N(ξ) + n(ǫ1)

(ǫ1 − ξ)(ǫ1 − ξ − w)
n(ǫ1 − ξ).

(169)

M Hartree contribution

Let us consider the correction which appears due to the Hartree term

∆GH
αβ(τ) = Mα′′β′′G

(0)
β′′α′′(0)

∫ β

0
dτ1G

(0)
αα′(τ − τ1)Mα′β′G

(0)
β′β(τ1)

∫ β

0
dτ2D(0)(τ1 − τ2). (170)

The first multiplier can be evaluated in the following way. We calculate this term in
Matsubara representation

Mα′′β′′G
(0)
β′′α′′(ipn) = Mα′′β′′Uβ′′µ

δµν

ipn − ǫµ
[U †]να′′ =

2∑

µ=0

[U †MU ]µµ

ipn − ǫµ
(171)

We evaluated the matrix M̃ = U †MU before. Its diagonal matrix elements are

M̃22 = 2f1 sin2(θ/2), M̃11 = 2f1 cos2(θ/2), M̃00 = 0. (172)

It results in the following

Mα′′β′′G
(0)
β′′α′′(0) =

1

β

∑

pn

e−ipnτ Mα′′β′′G
(0)
β′′α′′(ipn)

∣∣∣
τ=0−

=

=2f1 sin2(θ/2)n(ǫ2) + 2f1 cos2(θ/2)n(ǫ1). (173)

Then we estimate
∫ β

0
dτ1G

(0)
αα′(τ − τ1)Mα′β′G

(0)
β′β(τ1) =

1

β

∑

pn

e−ipnτ Uαµ
δµν

ipn − ǫν
M̃νµ′

δµ′ν′

ipn − ǫµ′

[U †]ν′β =

=
1

β

∑

pn

e−ipnτ Rαβ . (174)

We are interested in ∆GH
01(τ) and ∆GH

02(τ). Therefore we calculate the corresponding
matrix elements

R01 =
f2

(ipn − ǫ0)

[sin2(θ/2)

ipn − ǫ2
+

cos2(θ/2)

ipn − ǫ1

]
, R02 =

f2 sin θ

2(ipn − ǫ0)

[ 1

ipn − ǫ2
− 1

ipn − ǫ1

]
.

(175)
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The latter term reads
∫ β

0
dτ2D(0)(τ1 − τ2) =

1

β

∑

k

λ2
k

∑

ωm

D(0)(k, iωm)e−iωmτ1

∫ β

0
dτ2eiωmτ2 =

= − 2

∫ ∞

0
dξ

I(ξ)

ξ
= −2Ω. (176)

As a result we have

∆GH
01(ipn) = − 4f1f2Ω

(ipn − ǫ0)

[
sin2(θ/2)n(ǫ2) + cos2(θ/2)n(ǫ1)

][sin2(θ/2)

ipn − ǫ2
+

cos2(θ/2)

ipn − ǫ1

]
.

(177)

∆GH
02(ipn) = −2f1f2Ω sin θ

ipn − ǫ0

[
sin2(θ/2)n(ǫ2)+cos2(θ/2)n(ǫ1)

][ 1

ipn − ǫ2
− 1

ipn − ǫ1

]
. (178)

Considering ǫ0 = 0 and taking the limit sin θ → 0, cos θ → 1 we get

∆GH
01(0−) = −4f1f2Ωn(ǫ1)

β

∑

pn

e−ipnτ

ipn(ipn − ǫ1)

∣∣∣
τ=0−

=
2f1f2

ǫ1
Ωn(ǫ1) tanh

(βǫ1

2

)
, (179)

∆GH
02(0−) = − 2f1f2 sin θΩn(ǫ1)

β

∑

pn

e−ipnτ

ipn

[ 1

ipn − ǫ2
− 1

ipn − ǫ1

]∣∣∣
τ=0−

=

=f1f2 sin θn(ǫ1)Ω
[tanh

(
βǫ2

2

)

ǫ2
−

tanh
(

βǫ1

2

)

ǫ1

]
, (180)

where we took into account the sum

1

β

∑

pn

e−ipnτ

ipn(ipn − w)
= − 1

2w
+

e−τw

w
n(w). (181)

N Analysis of the coherences

In this section we analyze the coherence of the first 〈σx
1 〉F and second 〈σx

1 〉F spins. Here the
subscript F indicates that we derived the coherences from the fermionized Hamiltonian.
In accordance with the aforementioned fermion-boson correspondence we have

〈σx
1 〉F = −〈a†

1a0 + a†
0a1〉|−t,−f2

= − [G01(0−) + G10(0−)]|−t,−f2
=

= − 2[∆GF
01(0−) + ∆GH

01(0−)]|−t,−f2
, (182)

〈σx
2 〉F = −〈a†

2a0 + a†
0a2〉|−t,−f2

= − [G02(0−) + G20(0−)]|−t,−f2
=

= − 2[∆GF
02(0−) + ∆GH

02(0−)]|−t,−f2
. (183)

Here we took into account that the non-interaction fermion Green’s function has zero
off-diagonal matrix elements and hence G01(0−) = ∆GF

01(0−) + ∆GH
01(0−), G02(0−) =

∆GF
02(0−) + ∆GH

02(0−).
Taking the sum of Fock ∆GF

01(0−) and Hartree ∆GF
01(0−) contributions and we get

〈σx
1 〉F = − 〈a†

1a0 + a†
1a0〉|−t,−f2

=

= − 4f1f2

∫ ∞

0
dξ I(ξ)

[
− 1

2

tanh(βω1/2)

ξω1
+

ξ coth(βξ/2) tanh(βω1/2) − ω1

2ξ(ξ2 − ω2
1)

]
,

(184)
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where we took into account that ǫ1 ≈ ω1 in the limit t → 0. This expression has a similar
integrand as the coherence derived in the spin representation

〈σx
1 〉 = −4f1f2

∫ ∞

0
dξ I(ξ)

ξ coth(βξ/2) tanh(βω1/2) − ω1

ξ(ξ2 − ω2
1)

. (185)

One can observe that the coherences satisfy the equation

〈σx
1 〉 = 2〈σx

1 〉F − 4f1f2
tanh(βω1/2)

ω1

∫ ∞

0
dξ

I(ξ)

ξ
= 2〈σx

1 〉F − 4f1f2Ω
tanh(βω1/2)

ω1
, (186)

which is valid for any spectral density function I(ξ). Note that the 〈σx
1 〉 and 〈σx

1 〉F have
the opposite signs.

Let us calculate and plot both functions as a function of normalized temperature for
the particular case of the spectral density function I(ξ) = Aξ exp(−ξ/ωc). To do it we
introduce the new dimensionless parameter x = ξ/ω1

〈σx
1 〉 = −4f1f2A

∫ ∞

0
dxe−xω1/ωc

x coth(βω1x/2) tanh(βω1/2) − 1

x2 − 1
. (187)

〈σx
1 〉F = −4f1f2A

∫ ∞

0
dxe−xω1/ωc

[
− 1

2
tanh(βω1/2) +

x coth(βω1x/2) tanh(βω1/2) − 1

2(x2 − 1)

]
.

(188)
In order to compare the coherence in spin and fermion systems we evaluate numerically
and plot the corresponding functions

YS(ω1/ωc, βω1) =

∫ ∞

0
dxe−xω1/ωc

x coth(βω1x/2) tanh(βω1/2) − 1

(x2 − 1)
, (189)

and

YF (ω1/ωc, βω1) =

∫ ∞

0
dxe−xω1/ωc

[
− 1

2
tanh(βω1/2) +

x coth(βω1x/2) tanh(βω1/2) − 1

2(x2 − 1)

]

(190)
for different values ω1/ωc = 0.1, 1, 10 as a function of βω1 and plot these results. For
ω1/ωc = 0.1 we have Fig. 12, for ω1/ωc = 1 we have Fig. 13 and for ω1/ωc = 10 we have
Fig. 14 respectively.

Combining together ∆GF
02(0−) and ∆GH

02(0−) we get the result

∆G02(0−) = sin θf1f2

∫ ∞

0
dξ I(ξ)

[
W (ǫ2) − W (ǫ1) + n(ǫ1)

{tanh(βǫ2/2)

ξǫ2
− tanh(βǫ1/2)

ξǫ1

}]
=

= sin θf1f2

∫ ∞

0
dξ I(ξ)[N(ξ) + n(ǫ1)]

{ 1

2ǫ1(ξ − ǫ1)
− 1

2ǫ2(ξ − ǫ1)
− n(ǫ1 − ξ)

ξ(ξ − ǫ1)
+

+
n(ǫ2)

ǫ2(ξ + ∆ǫ)
+

n(ǫ1 − ξ)

(ξ − ǫ1)(ξ + ∆ǫ)

}
+

+ sin θf1f2

∫ ∞

0
dξ I(ξ)[N(ξ) + 1 − n(ǫ1)]

{ n(ξ + ǫ1)

(ξ + ǫ1)(ξ − ∆ǫ)
− n(ǫ2)

ǫ2(ξ − ∆ǫ)
− n(ǫ1 + ξ)

ξ(ξ + ǫ1)
+

+
1

2(ξ + ǫ1)ǫ2
− 1

2(ξ + ǫ1)ǫ1

}
+

+ sin θf1f2

∫ ∞

0
dξ I(ξ)

n(ǫ1)

ξǫ2
[1 − 2n(ǫ2)], (191)

where ∆ǫ = ǫ2 − ǫ1 > 0. In order to understand the behavior of this function with
the parameters of the system we consider the particular case of t = 0.1ω1, introduce

Accepted in Quantum 2022-03-31, click title to verify. Published under CC-BY 4.0. 37



0 20 40 60 80 100

0

1

2

3

4

Figure 12: Dimensionless functions YS(βω1, ω1/ωc) (blue curve) and −YF (βω1, ω1/ωc) (yellow curve)
for ω1/ωc = 0.1, as a function of dimensionless parameter βω1 ∈ [0, 100].
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Figure 13: Dimensionless functions YS(βω1, ω1/ωc) (blue curve) and −YF (βω1, ω1/ωc) (yellow curve)
for ω1/ωc = 1, as a function of dimensionless parameter βω1 ∈ [0, 100].
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Figure 14: Dimensionless functions YS(βω1, ω1/ωc) (blue curve) and −YF (βω1, ω1/ωc) (yellow curve)
for ω1/ωc = 10, as a function of dimensionless parameter βω1 ∈ [0, 100].
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Figure 15: Dimensionless function G(βω1, ω1/ωc) for ω2/ω1 = 1.5 (blue curve), ω2/ω1 = 2 (yellow
curve), ω2/ω1 = 4 (green curve) and ω2/ω1 = 8 (red curve) for the case of ω1/ωc = 0.1, as a function
of dimensionless parameter βω1 ∈ [0, 20].
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Figure 16: Dimensionless function G(βω1, ω1/ωc) for ω2/ω1 = 1.5 (blue curve), ω2/ω1 = 2 (yellow
curve), ω2/ω1 = 4 (green curve) and ω2/ω1 = 8 (red curve) for the case of ω1/ωc = 1, as a function
of dimensionless parameter βω1 ∈ [0, 20].

the spectral density function I(ξ) = Aξ exp(−ξ/ωc) and plot the dimensionless function
G(βω1, ω1/ωc) = −∆G02(0−)/(A sin θf1f2) for the parameters ω1/ωc = 0.1, 1, 10 at differ-
ent ratio ω2/ω1 = 1.5, 2, 4, 8. The corresponding plots are presented on Figs. 15, 16 and
17.
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Figure 17: Dimensionless function G(βω1, ω1/ωc) for ω2/ω1 = 1.5 (blue curve), ω2/ω1 = 2 (yellow
curve), ω2/ω1 = 4 (green curve) and ω2/ω1 = 8 (red curve) for the case of ω1/ωc = 10, as a function
of dimensionless parameter βω1 ∈ [0, 20].

In the limit t → 0 the coherence of the second spin takes the form

〈σx
2 〉F = −2∆G02(0−)|−t,−f2

= − 4tf1f2

ω2 − ω1
×

×
[ ∫ ∞

0
dξ I(ξ)[N(ξ) + n(ω1)]

{ 1

2ω1(ξ − ω1)
− 1

2ω2(ξ − ω1)
− n(ω1 − ξ)

ξ(ξ − ω1)
+

+
n(ω2)

ω2(ξ + ∆ω)
+

n(ω1 − ξ)

(ξ − ω1)(ξ + ∆ω)

}
+

+

∫ ∞

0
dξ I(ξ)[N(ξ) + 1 − n(ω1)]

{ n(ξ + ω1)

(ξ + ω1)(ξ − ∆ω)
− n(ω2)

ω2(ξ − ∆ω)
− n(ω1 + ξ)

ξ(ξ + ω1)
+

+
1

2(ξ + ω1)ω2
− 1

2(ξ + ω1)ω1

}
+

+

∫ ∞

0
dξ I(ξ)

n(ω1)

ξω2
[1 − 2n(ω2)]

]
, (192)

where we took into account sin θ = 2t/
√

(ω1 − ω2)2 + 4t2 ≈ 2t/(ω2 − ω1) for considered
ω2 > ω1 case and introduced the short notation ∆ω = ω2 − ω1 > 0.

At the zero-temperature limit the expressions for fermion coherences take the form

〈σx
1 〉F =

2f1f2

ω1

∫ ∞

0
dξ

I(ξ)

ξ + ω1
, 〈σx

2 〉F =
2tf1f2

ω1ω2

∫ ∞

0
dξ

I(ξ)

ξ + ω1
. (193)

Hence we have the relation between fermion coherences

〈σx
2 〉F =

t

ω2
〈σx

1 〉F . (194)

Note that, the expressions for the coherences 〈σx
1 〉F and 〈σx

2 〉F have been evaluated for the
case ω2 > ω1. However, it turns out that they have the same functional dependence also
in the opposite case ω2 < ω1. The proof of this statement is presented in Appendix O.

The second fermion coherence inthe high-temperature limit β → 0 for an arbitrary
spectral density function I(ξ) is

〈σx
2 〉F |β→0 = − tf1f2β2

6

∫ ∞

0
dξ

I(ξ)

ξ
+ O(β3). (195)
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O Fermion coherences for ω2 < ω1 case

Here we derive the expression for the coherence of the first and the second spins in the
fermionized spin-boson model, for the case ω1 > ω2 and t/(ω1 − ω2) ≪ 1.

First we consider the general expression for the Hartree contribution

∆GH
01(ipn) = − 4f1f2Ω

ipn − ǫ0

[
sin2(θ/2)n(ǫ2) + cos2(θ/2)n(ǫ1)

][sin2(θ/2)

ipn − ǫ2
+

cos2(θ/2)

ipn − ǫ1

]
. (196)

∆GH
02(ipn) = −2f1f2Ω sin θ

ipn − ǫ0

[
sin2(θ/2)n(ǫ2)+cos2(θ/2)n(ǫ1)

][ 1

ipn − ǫ2
− 1

ipn − ǫ1

]
. (197)

Here sin θ = 2t/
√

(ω1 − ω2)2 + 4t2, cos θ = (ω2 − ω1)/
√

(ω1 − ω2)2 + 4t2. In considering
case these expressions are sin θ ≈ 2t/|ω1 − ω2|, cos θ ≈ sign(ω2 − ω1) = −1. Hence, the
angle θ ≈ π − 2t/|ω1 − ω2| and sin(θ/2) ≈ 1, cos(θ/2) ≈ t/|ω1 − ω2|. Then we have

∆GH
01(ipn) ≈ − 4f1f2

ipn − ǫ0

∫ ∞

0
dξ

I(ξ)

ξ
n(ǫ2)

1

ipn − ǫ2
, (198)

∆GH
02(ipn) ≈ −2f1f2 sin θ

ipn − ǫ0

∫ ∞

0
dξ

I(ξ)

ξ
n(ǫ2)

[ 1

ipn − ǫ2
− 1

ipn − ǫ1

]
. (199)

The general expressions for the Fock terms are

∆GF
01(ipn) = 2f1f2

F (ǫ2) sin2(θ/2) + F (ǫ1) cos2(θ/2)

(ipn − ǫ0)

[ sin2(θ/2)

(ipn − ǫ2)
+

cos2(θ/2)

(ipn − ǫ1)

]
, (200)

∆GF
02(ipn) = f1f2 sin θ

F (ǫ2) sin2(θ/2) + F (ǫ1) cos2(θ/2)

(ipn − ǫ0)

[ 1

(ipn − ǫ2)
− 1

(ipn − ǫ1)

]
. (201)

In the considering case they read

∆GF
01(ipn) = 2f1f2F (ǫ2)

1

(ipn − ǫ0)

1

(ipn − ǫ2)
, (202)

∆GF
02(ipn) = f1f2 sin θF (ǫ2)

1

(ipn − ǫ0)

[ 1

(ipn − ǫ2)
− 1

(ipn − ǫ1)

]
. (203)

Note that for ω2 > ω1 the terms ∆GF
01(ipn), ∆GF

01(ipn) are functions of ǫ1, while for
ω1 > ω2 they are the same functions of ǫ2. Taking into account that in the latter case
ǫ2 ≈ ω1, ǫ1 ≈ ω2 and ǫ0 = 0 we get the following

∆GH
01(ipn) ≈ −4f1f2

ipn

∫ ∞

0
dξ

I(ξ)

ξ
n(ω1)

1

ipn − ω1
, (204)

∆GF
01(ipn) = 2f1f2F (ω1)

1

ipn

1

(ipn − ω1)
. (205)

Both terms are independent on the ω2 and coincide with the analogous expressions for the
case ω2 > ω1 written in terms of ω1, ω2 and t. Therefore, the expression for the coherence
of the first spin, obtained before for the case of ω2 > ω1 remains valid also for the opposite
one ω1 > ω2.
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Substituting ǫ2 ≈ ω1, ǫ1 ≈ ω2 into the ∆GF
02(ipn) and ∆GF

02(ipn) we get

∆GH
02(ipn) ≈ (−1)

{
− 2f1f2

ipn

2t

|ω1 − ω2|

∫ ∞

0
dξ

I(ξ)

ξ
n(ω1)

[ 1

ipn − ω2
− 1

ipn − ω1

]}
. (206)

∆GF
02(ipn) = (−1)

{
f1f2

2t

|ω1 − ω2|F (ω1)
1

ipn

[ 1

(ipn − ω2)
− 1

(ipn − ω1)

]}
. (207)

One can see that the expressions in parenthesis coincide with the expressions for ∆GF
02(ipn)

and ∆GF
02(ipn) in the case ω2 > ω1. Therefore, the final expression for the coherence of

the second spin in the case ω1 > ω2 can be obtained from the former one by multiplying
it on −1. Therefore, we get

〈σx
2 〉F = − 4tf1f2

ω2 − ω1
×

×
[ ∫ ∞

0
dξ I(ξ)[N(ξ) + n(ω1)]

{ 1

2ω1(ξ − ω1)
− 1

2ω2(ξ − ω1)
− n(ω1 − ξ)

ξ(ξ − ω1)
+

+
n(ω2)

ω2(ξ + ∆ω)
+

n(ω1 − ξ)

(ξ − ω1)(ξ + ∆ω)

}
+

+

∫ ∞

0
dξ I(ξ)[N(ξ) + 1 − n(ω1)]

{ n(ξ + ω1)

(ξ + ω1)(ξ − ∆ω)
− n(ω2)

ω2(ξ − ∆ω)
− n(ω1 + ξ)

ξ(ξ + ω1)
+

+
1

2(ξ + ω1)ω2
− 1

2(ξ + ω1)ω1

}
+

+

∫ ∞

0
dξ I(ξ)

n(ω1)

ξω2
[1 − 2n(ω2)]

]
, (208)

where we took into account that −1/|ω1 − ω2| = 1/(ω2 − ω1) and introduced the notation
∆ω = ω2 − ω1 < 0. The obtained coherence, as a function of the parameters ω1, ω2

coincides with the previously obtained coherence for the case ω2 > ω1.

P Qualitative analysis of the fermionized spin-boson system coherences

Here we provide qualitative static response calculation in order to compare it with the
solution obtained before. We consider the bosonic bath with the Hamiltonian

HB =
∑

k

Ωkb†
kbk, (209)

and system of three weakly interacting fermions

HF = ω1a†
1a1 + ω2a†

2a2 + t(a†
1a2 + a†

2a1) + 0 ∗ a†
0a0, (210)

at temperature T = 1/β. When two systems are far from each other, both of them have
corresponding thermal distributions. Taking into account that the interaction between
the fermions are week (t ≪ ω1, ω2), we can estimate their occupation numbers of 〈a†

jaj〉 ≈
n(ωj) for j = 1, 2, where n(ω) = [exp(βω)+1]−1 is Fermi occupation number When system
of two fermions is close to the bath, the interaction term start to play an important role

HBF = (2f1a†
1a1 + f2[a†

1a0 + a†
0a1])

∑

k

λk(bk + b†
k). (211)
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Due to this term, the non-zero occupation number 〈a†
1a1〉 “polarizes” the bath system. This

process can be observed from the Hamiltonian

HBF1
=

∑

k

Ωkb†
kbk + 2f1〈a†

1a1〉
∑

k

λk(bk + b†
k) + ω1〈a†

1a1〉, (212)

where we replace the operator a†
1a1 by its average value 〈a†

1a1〉. The interaction of the

first spin with the bath induces the non-zero average values 〈bk + b†
k〉 6= 0. This values

can be calculated by diagonalization of the boson part of the obtained Hamiltonian. It
can be done by substitution bk = βk − 2f1〈a†

1a1〉λk/Ωk, where βk is the set of boson
annihilation operators with the same commutation rules as bk operators, and zero average
values. Hence, we have

〈bk + b†
k〉 = 〈βk + β†

k〉 − 4f1〈a†
1a1〉λk/Ωk = −4f1〈a†

1a1〉λk/Ωk. (213)

The non-zero 〈bk + b†
k〉 affects the term

f2[a†
1a0 + a†

0a1]
∑

k

λk(bk + b†
k) → −4f1f2〈a†

1a1〉Ω[a†
1a0 + a†

0a1] = q[a†
1a0 + a†

0a1], (214)

where we introduce the short notation q = −4f1f2〈a†
1a1〉Ω. Here 〈a†

1a1〉 should be con-

sidered as 〈a†
1a1〉 = n(ω1). The back action of the bath modifies the Hamiltonian of the

fermions which we write as a quadratic form

Hmod
F = [ a†

0 a†
1 a†

2 ]




0 q 0
q ω1 t
0 t ω2







a0

a1

a2


 = a†Ha. (215)

When we introduce the unitary transformation A = Ua which diagonalizes the Hamilto-
nian

a†Ha = a†U †UHU †Ua = A†ΛA. (216)

The matrix Λ = UHU † is a diagonal matrix [Λ]ij = δijλj , where λj , j = 0, 1, 2 are the
eigenenergies of the system. The general expression for the matrix U is quite complex. We
find it approximately up to qubic order by small parameters q and t. Namely, we consider
the unitary matrix U in the form U = exp(−S), and find the anti-unitary matrix S† = −S

S =




0 q
ω1

− qt
ω1ω2

− q
ω1

0 0
qt

ω1ω2
0 0


 . (217)

Then we calculate Uapp approximately exp(−S) ≈ I − S + S2/2, where I is a unit 3 × 3
matrix

Uapp =




1 0 0
0 1 0
1 0 1


 −




0 q
ω1

− qt
ω1ω2

− q
ω1

0 0
qt

ω1ω2
0 0


 +

1

2




− q2t2

ω2

1
ω2

2

− q2

ω2

1

0 0

0 − q2

ω2

1

q2t
ω2

1
ω2

0 q2t
ω2

1
ω2

− q2t2

ω2

1
ω2

2


 . (218)

One can check that UappU †
app = I + O(q4, q4t). Applying the transformation H′ =

UappHU †
app we get

H′ =




− q2

ω1
0 0

0 q2

ω1
+ ω1 t

0 t ω2


 + O(q2t, qt2). (219)
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It doesn’t fully diagonalize H, but reduced it to the block-diagonal form. Let us introduce
the second transformation W = exp(−T ) with the matrix

T =




0 0 0
0 0 − t

q2/ω1+ω1−ω2

0 t
q2/ω1+ω1−ω2

0


 . (220)

Then calculate Wapp = I − T + T 2/2 and evaluate H′′ = WappH′W †
app

H′′ =




− q2

ω1
0 0

0 ω1 + q2

ω1
+ t2

ω1−ω2
0

0 0 ω2 − t2

ω1−ω2


 + O(t3, q2t2). (221)

We got fully diagonalized matrix with the eigenvalues

λ1 = − q2

ω1
≈ 0, λ2 = ω1 +

q2

ω1
+

t2

ω1 − ω2
≈ ω1, λ3 = ω2 +

t2

ω2 − ω1
≈ ω2. (222)

These eigenvalues have the correct form up to quadratic terms by q, t. They can be
alternatively found in “Mathematica”. Therefore the composition of Uapp and Wapp gives
the full unitary transformation U

H′′ = UHU † = WappUappHU †
appW †

app (223)

which diagonalizes the Hamiltonian H. Then we have

U = WappUapp =




1 − q2

2ω2

1

− q
ω1

qt
ω1ω2

q
ω1

1 − q2

2ω2

1

− t2

2(ω1−ω2)2

t
ω1−ω2

− qt
(ω1−ω2)ω2

t
ω2−ω1

1 − t2

2(ω1−ω2)2


 + O(q2t, qt2).

(224)
The Hermitian conjugated matrix is

U † = U †
appW †

app =




1 − q2

2ω2

1

q
ω1

− qt
(ω1−ω2)ω2

− q
ω1

1 − q2

2ω2

1

− t2

2(ω1−ω2)2

t
ω2−ω1

qt
ω1ω2

t
ω1−ω2

1 − t2

2(ω1−ω2)2


 + O(q2t, qt2). (225)

Then, taking into account the definition a = U †A we get the following relations

a0 =
(
1 − q2

2ω2
1

)
A0 +

q

ω1
A1 − qt

(ω1 − ω2) ω2
A2, (226)

a1 = − q

ω1
A0 +

(
1 − q2

2ω2
1

− t2

2 (ω1 − ω2)2

)
A1 +

t

ω2 − ω1
A2, (227)

a2 =
qt

ω1ω2
A0 +

t

ω1 − ω2
A1 +

(
1 − t2

2 (ω1 − ω2)2

)
A2. (228)

It give us the expression for the coherence

〈a†
1a0 + a†

0a1〉 =
2q

ω1
[〈A†

1A1〉 − 〈A†
0A0〉] ≈ −8f1f2Ω

ω1
n(ω1)

[
n(ω1) − n(−q2/ω1)

]
. (229)
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The expression for another coherence is

〈a†
2a0 + a†

0a2〉 =
2qt

ω1ω2
〈A†

0A0〉 +
2qt

(ω1 − ω2)

[〈A†
1A1〉
ω1

− 〈A†
2A2〉
ω2

]
=

=
2qt

(ω1 − ω2)ω1

[
〈A†

1A1〉 − 〈A†
0A0〉

]
− 2qt

(ω1 − ω2)ω2

[
〈A†

2A2〉 − 〈A†
0A0〉

]
.

(230)

If ω2 ≫ ω1 then this expression can be simplified

〈a†
2a0 + a†

0a2〉 ≈ − t

ω2
〈a†

1a0 + a†
0a1〉 (231)

In order to compare the obtained result with the one, derived with Green’s function
technique we need to make the substitution 〈A†

0A0〉 = n(−q2/ω1) → n(0) = 1/2, since we
consider the linear in q contributions only and ∝ q2 terms are beyond of this approximation.

Then we get the following expressions

〈a†
1a0 + a†

0a1〉 → −8f1f2Ω

ω1
n(ω1)[n(ω1) − 1/2] =

4f1f2Ω

ω1
n(ω1) tanh

(βω1

2

)
, (232)

〈a†
2a0 + a†

0a2〉 = −4f1f2Ωt

ω1 − ω2
n(ω1)

[tanh(βω2)

ω2
− tanh(βω1)

ω1

]
. (233)

Note that these expressions coincide with the Hartree contributions obtained before, see
Appendix M. Indeed, in this chapter we used the same boson-fermion Hamiltonian (see
Eq. (134)) and define the averages as

〈a†
ja0+a†

0aj〉 = [G0j(0−)+G0j(0−)] ≈ [G
(0)
0j (0−)+∆GF

0j(0−)+∆GH
0j(0−)+{j ↔ 0}], (234)

with j = 1, 2, G0j(τ) = −〈Tτ a0(τ)aj(0)†〉 full thermal Green’s function, that is presented

as the sum of non-interacting Green’s function G
(0)
0j (τ) and two corrections – Fock and

Hartree, respectively. The Hartree corrections are

∆GH
01(0−) =

2f1f2

ǫ1
Ωn(ǫ1) tanh

(βǫ1

2

)
, (235)

∆GH
02(0−) = f1f2 sin θn(ǫ1)Ω

[tanh
(

βǫ2

2

)

ǫ2
−

tanh
(

βǫ1

2

)

ǫ1

]
. (236)

Here ǫ2 = (ω1 +ω2)/2+
√

(ω1 − ω2)2/4 + t2 and ǫ1 = (ω1 +ω2)/2−
√

(ω1 − ω2)2/4 + t2 are
the largest and middle energies of fermions in the system, sin θ = 2t/

√
(ω1 − ω2)2 + 4t2.

Then, for example, in the limit t → 0 and ω2 > ω1 these expressions are simplified

∆GH
01(0−) =

2f1f2Ω

ω1
n(ω1) tanh

(βω1

2

)
, (237)

∆GH
02(0−) =

2f1f2Ωt

ω1 − ω2
n(ω1)

[tanh
(

βω1

2

)

ω1
−

tanh
(

βω2

2

)

ω2

]
. (238)

Both expressions are real, so the Hartree contributions to the corresponding coherences
just twice larger than the latter expressions. They coincide with the coherences obtained
in this section.
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