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I. Introduction

The study of electrodynamioc bound states such as positronium
( e*e) and muonium ( 4*M7) is of great importance in recent years
for experiments /1 on quantum electrodynamics (QED). The probability
for producing a bound E*e~ p71r in the 79> y Ce*e‘)sﬂdeca.y was
experimentally measured to be 2/ (spin S =1 )

Plwos ylere)s ] = T[mom y(ere)en/T(mos v y)

(1)
= (035 = 071)d",

where ['* 1is the width of the relevant decay.

The estimates of ,03 for the TJ D> y(@*€7) and P°» ¥ (M),
decays were made in ref. . In this case, a nonrelativistic wave
function of a hydrogen atom at the coordinate origin was used that
has been summed over all principal quantum numbers. The radiative
corrections O(OC) to the width of the T°> ¥y (€*€ );., decay,
calculated in ref. 4 » are mainly due to the polarization operator
contribution and the one-photon exchange in the ((@+@7) pair. A gene-
ral contribution of radiative corrections amounts to .26 of /A97).

The most consistent representation of lepton bound states is
possible in terms of three-dimensional wave function (w.f.) satisfy-
ing a relativistic two-body equation, for instance, the Bethe-Salpe-
ter equation (B-S).

In this paper we use the method, developed in ref./5/, that
allows one to obtain a relativistic wave function in the "lowest
approximation” in the systematic perturbation approach to the B-S
theory in QED, The "exact™ w.f. is composed of the one mentioned
above and a series of decreasing correction terms. The calculations
of P[wgpne» r(f@)F]were made in the model of quark triangular
loop taking account of the mass of constituent quarks and using a
relativistic wave function of lepton bound states. The obtained
results2are compared with the experimental data on the I °» X'Ce*e‘)s.(
decay o

2., Green Function. Wave Function

The whole information on lepton bound states with masses W ,
is provided by the two-particle propagator G (D; '?a, P1) with
the poles at the energies
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P’= wn=Vmi+B8* | P=(p° B) . I~
Near these poles (y (P; P2, p1) has the following form 76/
2 Wy (P1) Yoy (p0)
G(p; P2, P1) < / 5 (3)

Pawn 2% ((Pootoy +i€) ’

where P1 and P2 are relative momenta .of incoming and outcoming

pairs of particles, Yn(f))((-?n (19)) 1s the B-3 wave function
(its conjugate).

The normalization condition for the B-S w.f. is derived from
the basic equation

G'(P) G(P)Y=1. )

Having rewritten (4) taking account its expansion over-the degrees
of the bound state energy

-1 ° = i 0 x
[CICP) v (prwn) 20, (P w]

—_ Pn (5)
Z. ‘PnJ YVLJ
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where P =(D°, D) , Drz= (wn,D), comparing the right-hand side(5)
with the left-hand side and using the linear independence of ¥, (P)’
we get two equations

C‘1( Dn) Ynd'(fj): o,
\Pnj (P) C—1 (Dn)=0'

[ (5 /200n)-

(6)
(N

Calculating the coefficients for ( D°—<‘.<)n,>in (5

C-f(Dn) b« o Q"(D")fp i 2 Y Y;ng L, (@

? p° =Pu 2Wn

——— Sa—

and multiplying (8) from the left by ,j -taking into account (7),
we get the following normalisation condition:

s .2 g
Y j‘fa_m G (D“)me}j’”' = 2eon By ; (9
where
GT'(P.)= S§7'(Pr) - K (Pn), " Qo)

8-1 is the inverse operator of the product 6f two total single—
-particle propagators and K. is the kernel of the B-S equation 7,
If the kernel K is independent of energy, we get the normalisation
condition for U, in the form

Yn[?-,): 2&),1; (1)
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where ¢ and é’ are the particle momenta of the initial and
final states in the c.m.s.

Note that the normalisation condition (11) can also be applied
to the three—dimensional w.f, satisfying the nonrelativistic
Schroedinger equation.

Representing G~ in the form

S-’(po,- f?z ?) > (.271’)3 5’65)(?"'?) Mtma~P°+ f——QKM1+ma) (12

2 My Vs

we get the normalisation condition in the usual form

d*F = . . .
(.2_353 V. (F) B (F) = 2mn . 13

3.. Decay probability of (?_?) =Y ( j@) s=1

Expression for the quarkonium decay matrix element (§9) > ) (¢,
(see the figure) in the zero perturbation order in the coupling cons-
tant °C3 has the following form (for definiteness, consider a quarko-
nium consisting of - and 4 - quarks):
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where ~& is the

) number of colours,
k,,e(k) -

€, are guark
charges of the f-th
(t)gay* ky= ks flavour,

ﬂ_j:.ﬁu{d)w(-f) ’
Fo( Q% P*) 1s the

function of a
“strong" part of a
quark triangle,
Wn ( 'P) is the

normalised B=S w.f.

of the lepton bound state, and " 1s the principal quantum number.

The function Fs( Q% D"l) is the transitional form factor
and its explicit form depends on calculation of the "quark" triangle
integral

I(Q@, Py m)= j

@m)" [72 ms +\€_][('?+/( )a m; hf_][(ﬁ@)tm'g-iﬁlﬁ)

where Wl\mx are quark masses.
Considering the case with equal quark masses m7 sy we f£ind
g_— a p.!. m )
the following expression for < (@ P my):

2 pt ). 49 M \ﬂﬁ)_ "’Ei)'
?;(Q,DJ)M7)—‘W%—J‘—E‘) Qeescnt 2my qnesen 2my ) (16)

where 3» is the pseudoscala.r-'-quark—antiquark coupling constant.
The result (16) is valid at V@Q* < 2mg , 7. €. Mg is large at
physical values of meson masses vVar .

, At small values of the lepton bound state mass \/F y from
(16) we get

—

T (@3 Py my) = 44 ma
7 Qt

S e ) o)

Fs ( Q% P% myg)in the

Qa7

To compare, we glve an expression for
massless Q;':O limit for small V P*

-3 - Pt +> (18)
Fo (0P Myl (1+ g .

It is expedient to compare the above formulae for Fs with the
result obtained within the vector dominance model (VIM)

CvDMm) (vdM) 2
FDY My )2 g !4_0_, as)

m 95“’"? )

(vdM
where 8 )15 the normalisation constant, m g w, Y are the

masses of x1;'3:01201‘ ( pP-,wr- » Q- ) mesons. The numerical
estimates 8. » performed within the quantum chromodynamics, indicate
that the contribution of higher states to the transitional form
factor for the Dalitz decays of pseudoscalars =+ Y~ £e does not
exceed 5-10% ,‘ Therefore, the VDM can describe the Dalitz decays
and the decays with production of lepton bound pairs with good
accuracy.

It is seen from the comparison of formulae (18) and (19) that
owing to the Qa —duality we should use in numerical calculations
not current quark masses but masses of constituent quarks
( m’ = 300-400 MeV) rather than current masses of quarks: Assuming
in (16) P*= 0 we imm;diately get the normalisation constant of

(?7)-» rr decay

(20)
§r”, (Q) = . anresin ( QM?)
which in the massless limit Q‘: O transforms into
. -3
5-J‘J" (0) - 2. g ’ (21)
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Formula (21) is a well-known relation for the “triangle anomaly™.
Certainly, one should take into account S quarks for an exact
calculation of the production probability of positronium and muonium
in the w.° > y(£¢), , ~ decay p° -meson being represented as a
quark superposition b»©o ~ (1//_}[uu,-f dd - ss} In what follows Jve
shall use the value of the 9 - v ! meson mixing angle ® =-179°

The matrix element hos y {f{)s=1 is of the following form

_ Cqra)¥?. g
[ P . _7 - x
M 2 X(f{’)s1 \/jar"(m;- M‘)-Ml

- (22)
xj(ltiu+dd>(/37wsé)+ sin 6) Faut [ Ss>(~v2cosO+ §in @)?gs}x

W, (p) * (122D,

£7IP k), @p epCh) po (4eE,

(ClM
where
- = . ® A SN __Z)
Fqg = My /a/tes:n (2"71) ancsin’( 2y (23)
39: uu, gs 3 M, 1s the mass of p° -meson, M 1is the

mass of lepton bound state and () 1s the angle of »-v»’ mixing.

4, Relativistic wave function of the lepton bound state

For concrete calculations by formula (14) and (22) one should
approximate the B-S w.f. Y-’n (f) by the Barbieri-Remiddi (B-R)

wave ‘function @, (f) which though less complex is a noytri-—
vial function of a physical charge € . In the B-8 gquation
G=5S*+SKG (24)

we choose propagator G and kernel K corresponding to a weakly
bound system of leptons: G 1is chosen as a product of two free

fermion propagators (S(P; g,p)=(am? é‘(f,-7) -S(p; f))
C1) : T)
S(p)f) (Jp.,,f, m) ) {-éé+r‘-m> (25)

and for K the following expression is used (p (mpo) (2w, 0))

T

K(239,P) = ¥ MR TRV I TR TR r) ™ (e

4 where

| 205)- (22r). [ i g [£ ) 0]

@) TGQ)

t(q) (fﬁ%;)[fﬂ*{ﬂAJfJ-LL(ﬂf(L(Q]
é‘P:l/Fa\'IWL—*’} é":l”’*"‘M 5

72
mw) ? T[) (r_““ﬂ)J
A (7)) = &2 (m-7F)re]
Ai(f)=2—£7-[c€1:fm—f‘1,)d—o]’
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>
In the 1imit, when /‘?/ , fP[ << m (M 1is a lepton mass), the
kernel (26) can be transformed in the following simple form:

HORNEZ CO
1 1+ 1/ . (27
( H (- X) CF-§)* 7

T(A)

T =

The solution of eq. (24) 15 represented as a sum of three terms/n/
G(P,9,P)=8S(PspP)+

T(1) \ R . R 1)
L (-0) AR TR [ /cp-7 +wCR )] T () ©(F) (o)
[‘f’oa- (ff‘ w-l‘sj]-[jg‘ [57‘ w".i)lj

(28)
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1
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x

2 (29)

Using the term "potential™ we should like to note that the function
(28) contains: a) the zero potential term which 1s a free two-particle
propagator, b) the "one-potential™ term ¢orresponding to the one-
-photon exchange and ¢) the multipotential term corresponding to the
two- and mere photon exchanges. The Green function has poles at the

energy values
m, /

PR
o = WL ['r— Zcﬂ”‘)

w= 1,2,

I}

L) 002, v

The wave funotion §/f’) is determined in a usual way (in the rest

frame of a bound state) —
3 5,050

l/wo (Do Qo flf)

(31)

G [(p 6)s0f] =

Pr=2w,

and satisfies the following homogeneous equation
. ‘ (32)
§(p)=i $C2, f)j@),,K(D;w)@(f’), ,
whereas its oconjugate function satisfies the equation

§(O:?°/('y f(%)K(D?J) SC91). (32

For the states in which the orbital quantum number £+0, the
wef. tends to zero at the values - P> 0 ( N 1s the principal

quantum number, pP= [ é’/ is momentum of a particle in a bound
state),

In what follows we shall consider lepton bound pairs produced
in th® ground state n=4 , €=0 and the wave functions will
be used for these quantum numbers. In calculating the integrals

et —

* — T
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in the matrix elements (14) and (22) we use instead of the B-S
wave function the 3 et ()o) w.f. of the form (see ref.’”’ )

§n=1 (P)g 2 ﬂ(P)'(é‘)o~Ma)' yn:»t (f;)’ (34)

satisfying eq. (32) with the kernel (26). In formula (34)

~1
ﬁ(P): [-/901— (fto— Mo -t‘f)lj , (35)
=Y/ garm, mo= m- ¥V 1= L4 (36)

g7
Cﬁn=1(ﬁ')= ]/&MPA/],. . f&:z (1)

( Fz+p)
P= md/2. (38)

The normglisation condition for the three-~dimensional wave function
(37) 1s

“L g o= am. (9)

an*

5. The results

Using the wave function (34) we get the following formulae for
the production probability of (" e+e@”),., and ( Mt ).,
the ¢ 2 (é C)s, decays in a weak coupling limit of a lepton

bound state
361.(, 4me -
2 (1 -y 1__

plreree.]-
where Me y My and Mue are the masses of an electron,
meson and {-(d-) quarks, respectively:

Mcﬂz[
ares n‘(

Mu &

(40)

wlu,d 7.

7o -
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(4 2 We have calculated the probabilities for producing ((€+€7 ).,
' and *M7) ¢=¢ bound states in the decay of m° and ° me-
i(’““)'wb)(/’/_i'm@*“‘"l @)g‘auwss)(f"eos@ﬂ:n @) 5‘;;1 ; sons (wJ:th tl?e u.:e of the relativistic w.f. of the lepton boEnd
] state Q_ - (34). A "strong" part of the decay has been caleoula-
{(Iuu>+ldd’>X‘/’/_2'w‘9+$‘”@)§uw sS)( Fc“@ihscn@)}‘s‘} ! ted withirnl' ghefﬁlodel of quark triangle loop with the point-like
where . (42) . (9 ¥'s interaction between a meson and conatitueﬂt quarks entering
:§_ = m? - QACHN [MZ /2 WL,)) _42 ’ into this meson. As the quark triangle loop was a success in the
_ 11 calculations of the decay widths of mesons + y~y~ /9513,12/ y we had
99:iw, 85 ; Mgl My Ms; Mp 1s the lepton mass and no doubts that the use of these loops may lead to admissible
wig 1s the S quark mass. . results for other electromagnetic decays. The results of the calcu-
Using the values of masses of constituent WU~ , d- 5, § - lations of [Jr’, Doy ( e‘C),_me be treated as a test in
quarks typical of the mo?el of quark triangle loops (cf. with the expediency of using the above described quark model in calculating
results obtained in ref. ) the basic characteristics of the decays of light mesons with the
“ production of electrodynamic composite systems described by the
My o = "21“ Mp o = 380 Hev, (43) relativistic wave functions. The numerical value of P[’f"-’a’(e‘é’)]
Muy,d + é"mu,d xz Mg = _-;T o = 510 Mev » :, 1s in good agreement with the experimental data 2 « This model is
. almost insensitive to the effect of transitional form factors in
5’ My o /h’La,a/ ~ 1/3 , . the §?,9° v(e*e™) .4 decays. For comparison we should like to
) note that in the vector dominance model the effect of the form
we get the following numerical values for [ : i factor on the spectrum of effective masses of €+€~ pairs in the
"o . _ o q/-’l . (44) E T°~ y-e+e” decay amounts to 2%, Radiative corrections in the
/o [m',e > X‘Ce e)sﬂ] = 4 ) ™9 20-—. y{e*e )s:y decaysare small in comparison with analogous
0= -19° ! correct:}é:x:g of the{Dalitz <S.‘JT° (e e — decays proportional
/o [2""?(”(&3‘) ] 0.348 L4, (45) i to oL (S/rn) 4m? <S¢ mi,( S 1s the square of the in-
. s=d ’ ! variant mass of e*e"— pair).
8:0° . : New predictions.have been made for f [2’ - X'(‘J"”f‘ s J (45),
P [ Zo - r (J"‘*J"‘_),f,] = 0. 3327, (48) ! (46) taking acoount of the masses of constituent (L-(d-)and S=

quarks. A weak dependence of the values of F[z o r(y*y‘)5_1]
It 1s seen from (45) and (46) that the result for the p° - y(M'), on the value of the angle () has been reported.
decay depends weakly on a chosen value of the mixing angle of 2—2' -
mesons. At the same time, the inoclusion of S quarks (with their
concrete masses) increases by 11% in comparison with a naive
quark model disregarding in 20 meson the differences between the
masses of nonstrange and strange quarks.

The probability of producing a (J“*‘J“')“'bound state in comparison
with (e+e'):_1 state in decay of » © meson amounts to about 62%,

The transitional form factor with the inclusion of masses of
constituent quarks in formula (41) gives a 23% contribution to the
tothl yield of (J‘“j‘ )s‘1bound states.
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Kosmos T.A. E2-87-557
K Bonpocy 0 DOXOEHMH CBS3aHHBIX DENSITHBHCTCKHX
JIEIITOHHBIX COCTOMHMIX B pacnagax JIeKHX Me30HOB

PaccMaTpMBawNTCA M BHUHCISAKWTCA BEePOATHOCTH O6pa3oBaHHsA
CBsAA3AHHBIX JIENTOH—3aHTHUIIENITOHHRIX OPTOCOCTOAHHII B pacnaiax
JIErKMX IICeBAOCKAIADHHX ME30HOB B MOOENH, yYHTHBawmed Mac—
Chl KOHCTHTYEHTHHX KBApKOB. B BHUHCIEHHAX HCIOIB3YETCH pe-—
JIATHBHCTCKAs BOJIHOBas GYHKIUA CBA3AHHOTO JICIITOHHOT'O COCTOS-
Hus. [I[pOBOOMTCsS CpaBHEHHE C SKCIEepHMEHTAalIbHpIMH IAHHBIMH .

PaGora BrnosiHeHa B JlaGopaTOpuH TeopeTHUYECKOH GH3HKH
OHUsn .
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The probabilities for the production of lepton—antilep-
ton bound orthostates in the decays of light pseudoscalar
mesons are calculated in the model allowing for the mass
of constituent quarks. The relativistic wave function of
a lepton bound state is used in the calculations. The
results are compared with the experimental data.
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