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Abstract The Nekrasov conjecture predicts a relation between the partition func-
tion for N = 2 supersymmetric Yang—Mills theory and the Seiberg-Witten prepo-
tential. For instantons on R?, the conjecture was proved, independently and using

different methods, by Nekrasov-Okounkov and Nakajima-Yoshioka. We prove

a

generalized version of the conjecture for instantons on noncompact toric surfaces.
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1 Introduction
1.1 Background

The Nekrasov conjecture [28] predicts a surprising relation between two seem-
ingly unrelated quantities: the partition function for N = 2 supersymmetric Yang—
Mills theory, defined in terms of instantons on R*, and the Seiberg-Witten prepo-
tential [33]], defined in terms of period integrals of a family of hyperelliptic curves.
For gauge group U(r), Nekrasov and Okounkov proved the conjecture for a list
of gauge theories (4d pure gauge theory, 4d gauge theory with matter, 5d theory
compactified on a circle) [30], Nakajima and Yoshioka proved the conjecture for
4d pure gauge theory and for 5d theory compactified on a circle (see
also Gottsche-Nakajima-Yoshioka [18]]). Braverman and Etingof studied 4d pure
gauge theory with arbitrary gauge groups [3} 4].

In this paper we prove a generalized version of the conjecture for instantons
on noncompact toric surfaces. Instantons on toric surfaces have been studied in
[29: [17; [18].

In field theory terms, Nekrasov’s insight involves a comparison of the infrared
and ultraviolet limits of the SUSY gauge theories, as follows. The vacuum expec-
tation value of their observables is not sensitive to the energy scale. In the ultra-
violet, the theory is weakly coupled and dominated by instantons; whereas in the
infrared, there appears a relation to the prepotential of the effective theory. In this
instance, the physical argument is accompanied by completely rigorous mathe-
matical definitions, thus allowing us to prove the conjecture.

1.2 Partition functions for instantons on noncompact toric surfaces

Let Xo = X \ £ be an open toric surface that can be compactified to a non-singular
projective toric surface X by adding a line at infinity /., = P! with positive self-
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intersection number, so that 7; = (C*)? acts on X, and on X. Let My a0 (X, o)
denote the moduli space of rank r torsion free sheaves over X having Chern classes
c1 =d and ¢ = n, and framed over /... Then M, ;4 , (X, L) is a smooth variety over
C, and it admits a T; x T,-action with isolated fixed points, where T, = (C*)" is
the maximal torus of the complex gauge group GL(r,C) which acts on framings.

We define
r.d.,n( ~,l°°)

by formally applying the Atiyah-Bott localization formula. The above integral
is a rational function in equivariant parameters €;,& € H%l (pt) and ay,...,a, €

H%e (pt). The Nekrasov partition function for supersymmetric SU (r) instantons on
Xp is defined as

Z%S,EJ(EI@:&A) def ) (1-r)d-d ZAzrn/m N )1,
rd,n\A yteo

n>0

where A is a formal variable. It lies in the ring Q(€1,&,ay,...,a,)[[A]].
In further generality, given two multiplicative classes A, B we define

Z)ié(l)s,t‘LB,d(Sl €2, &A) défA (1=r)dd Z Azm / AT (TEDI)BT (V)’
n>0 mr,d,n<xsg°°>

where Toy is the tangent bundle and V is the natural bundle on 9,4, (X, 4s) (see
Definition [29).

1.3 Seiberg-Witten prepotential
We briefly recall the definition of the Seiberg-Witten prepotential for 4d pure

SU(r) gauge theory. [Appendix C| contains a more detailed discussion and defi-
nitions for other gauge theories.

Consider the family of hyperelliptic curves parametrized by A and &= (uy,u3, ...

1
Cg: A" <w+w) =P(z) =7 4w P tud 3+ +u,.

The parameter space for &'is called the &-plane. The Seiberg-Witten differential
1 dw
= —
2y —1 w

is a meromorphic differential defined on the total space of this family such that

das

{wp &ef aaTP(dS) |p= 2,...,r} is a basis of holomorphic differentials on the

genus (r — 1) curve Cg. Choose a symplectic basis {Aq,Bg | &, =2,...,r} of
H,(Cg Z), and define

g = / ds, ag=2mv—1/ ds.
A Bg
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Then the 1-form Y.!,_,aPday is closed, so there exists a locally defined function,
the Seiberg-Witten prepotential %, such that

AL

 dag

-
Z aBdag =dFy, ie., d

a=2

The above definitions of dS,aq,al) are the same as those in [30], but are /—1
times the corresponding definitions in [24} [25]].

1.4 Nekrasov conjecture

Let go,q1 be the two T; fixed points in £, C X, and let u,v € Zg| & Zg, be the
weights of the T;-action on (Ny_/x )gq> (Ne../x )q, > Tespectively, where Ny_/x is the
normal bundle of /.. in X. If w is the weight of T;-action on T, f and k = Ve, - £os >
0, then v = u — kw. Define

ins def ins
f}(?;g’&d(sl,szgﬁ/\) = —u(u—kw)logZ;:)i’B’d(sl,Sz,f;A).

We now state the prototype statement of the conjecture for toric surfaces,
which will have 8 incarnations.

Main Theorem (Nekrasov conjecture for toric surfaces: prototype statement).

(a) y)f(;AA,B,d(slv‘gZa‘im;A) is analytic in €1,&) near € = & = 0.
(b) lim Oy}.(-(;VA‘B‘d(S] ,82,6);/\) = kyo((f,A), where ﬁo(éi/\) is the - - .part Of
. B,

€1,6—
the Seiberg-Witten prepotential of matter case A,B,m, and k = lo - lc > 0 is
the self intersection number of lc.

The 8 cases we prove are

o [nstanton part: Theorem With the ™ replaced by ™!, we prove the fol-
lowing cases of the conjecture:

(1) 4d pure gauge theory:A=B=1,m=0.

(2) 4d gauge theory with Ny fundamental matter hypermultiplets: A =1, B =
(Eg)(V) is the T,,-equivariant Euler class of V ® M, where V is the natu-
ral bundle over the moduli space, M is the fundamental representation of
U(Ny), Ty is the maximal torus of U(Ny), m = (my,...,my,).

(3) 4d gauge theory with one adjoint matter hypermultiplet: A = E,,(Tyy ) is the
equivariant Euler class of the tangent bundle of the moduli space, B = 1,
m=nm.

(4) 5d gauge theory compactified on a circle: A = Aﬁ(Tgm) is the Aﬁ genus of
the tangent bundle (the usual A genus being the case B = 1), B=1,m =0
but % depends on the additional parameter 3.

e Perturbative part: Theorem With the " replaced by P, we derive 4 more
cases of the conjecture, with the same restrictions as in the first part:

(1) 4d pure gauge theory.

(2) 4d gauge theory with Ny fundamental matter hypermultiplets.

(3) 4d gauge theory with one adjoint matter hypermultiplet.
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(4) 5d gauge theory compactified on a circle of circumference 3.

The instanton part follows by localization, from known results in the C? case.
Indeed, localization calculations yield an expression of the instanton partition

function Z;%S‘A p.q Over Xp in terms of contributions from vertices (7; fixed points

in Xo) and from legs (7; invariant P’s in Xj). Each vertex contributes one copy of
the instanton partition function of C2, for which the singularity along &; = & =0
is already known. The contribution from legs does not introduce more poles along
€1 = & = 0. A priori, the tangent weights at all 7; fixed points in Xy appear in the
denominator, but an argument similar to that in [29, Sect. 6.1] shows that these
poles mostly cancel out, and we are left with the two normal weights u, u — kw at
the 7, fixed points on /... The perturbative part is fairly straightforward.

1.5 Outline of the paper

In Sect. |2} we describe properties of the instanton moduli spaces. In Sect. 3] we
study torus actions on these moduli spaces and the fixed point sets. In Sect. 4] we
introduce a general instanton partition function depending on two multiplicative
classes A, B for noncompact toric surfaces; different choices of A, B give partition
functions of different gauge theories. Section[5|contains localization computations
on instanton moduli spaces, and the proof of the instanton part of the conjecture.
Section[6|contains definitions of the perturbative part of the partition function, and
the proof of the perturbative part of the conjecture.

2 Moduli Spaces of Framed Bundles on Surfaces

We work over C. Let X be a non-singular projective surface. Let {. C X be a
smooth divisor. In this section, we introduce moduli spaces of framed bundles on
X, and describe basic properties of these moduli spaces, generalizing the discus-
sion in [25] Sect. 2] on the case X = P2. The framed moduli spaces were con-
structed in much more general setting by Huybrechts-Lehn [19].

Given a positive integer r, an integer 7, and a cohomology class d € H?*(X;Z),
let M, 4 ,(X, Le) be the moduli space which parametrizes isomorphism classes of
pairs (E, @) such that

(1) E is a torsion free sheaf on X which is locally free in a neighborhood of /..
(2) rank(E) =r, c1(E) =d and [y c2(E) =n.
(3) ®:E|,, — O is an isomorphism called “framing at infinity”.

Note that (1) and (2) imply [, d =0.

2.1 Dimension of the moduli space

Given a divisor D C X, let E(—D) = E® Ox(—D).
Proposition 21. Suppose that lw - € > 0.
(a) Forany (E,®) € M, 4,(X,le) we have Extoﬁx (E,E(—{x)) =0.
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(b) Assume in addition that (., = P', then for any (E,®) € M, q.0(X, le) we have
Exty, (E,E(—()) = Exty, (E,E(—(.)) =0.

Remark 22. If X is a non-singular projective surface which contains a smooth
divisor £., = P! such that k = /.. - o > 0. Then Tx |[w = Op1 (k) ® Op1(2), 50 X is
rationally connected, or equivalently, X is a rational surface. The arithmetic genus
of X is p,(X) = x(0x)—1=0.

Proof of Proposition|[21] (a) Assuming that {o, - o > 0, we will show that
Homg, (E,E(—{s)) =0.
Let s be a section of O (f.) such that its zero locus is /.. The exact sequence
0— E(—(m+1)le) 2 E(=ml) — E(—mle) @ Op — 0
induces a long exact sequence

0 — Homg, (E,E(—(m+ 1){.)) — Homg, (E,E(—mls))
— Homg, (E,E(—mle) ® Op,,)
— Exty, (E,E(—(m+1)lw) — Exty, (E,E(—mly)) — -+,

where
Hom g, (E, E(—ml) @ 6.) 2 HO (lee, O (—mler) 1) ",

since E|y,, is trivial. Let k = {o - £oo > 0. Then

HO (L, Ox (—mlos) ) = HO (P, Opi (—mk)) =0
when m > 0. So, for any positive integer m,

Homg, (E,E(—(m+1){.)) — Homg, (E,E(—ml))

is an isomorphism, and

Exty, (E,E(—(m+1)l.)) — Bxty, (E,E(—ml..))

is injective. As a consequence, any element in Homg, (E,E(—/-)) restricts to
zero in a formal neighborhood of /. in X. So

Homg, (E,E(—{«)) =0.

(b) We now assume that fe, - £ > 0 and £ =P!. By Serre duality, Extzﬁx (E,E(—{))
is dual to Homg, (E, E(Kx + {-)). We will show that

Homg, (E,E(Kx + 1)) =0.
The exact sequence

0 — E(Kyx —mle) > E(Kx+(1 —m)l) — E(Kx + (1 —m)lw) @ Op — 0
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induces a long exact sequence

0 — Homg, (E,E(Kx — mls)) — Homg, (E,E(Kx + (1 —m){.,))
— Homg, (E,E(Kx + (1 —m)le) ® Oy)
— Exty, (E,E(Kx —ml.) — Bxty, (E,E(Kx + (1 —m)ls)) — -

E|y,, is trivial and Ky, = (Kx + £e)|s.., SO
Homg, (E,E(Kx + (1 —m)le) ® 0y.) =2 H (les, Oy (K1)
® Ox (—mls)] )"
Note that
H'(lw, 0, (K. @ Ox(—ml.0)|g.) =2 HO(P!, Opi (=2 — mk)) =0
for all m > 0. So, for any nonnegative integer m,
Homg, (E,E(Kx —mle,) — Homg, (E,E(Kx + (1 —m){s))
is an isomorphism, and
Exty, (E,E(Ky —ml.)) — Exty, (E,E(Kx + (1 —m)(..))

is injective. As a consequence, any element in Homg, (E, E(Kx + /(.,)) restricts to
zero in a formal neighborhood of /.. in X, and we conclude that

Hom, (E,E(Kx +!%)) =0.
O

Corollary 23. Let X be a non-singular projective surface, and let . be a smooth
divisor of X such that le - e > 0. Then for any (E, @) in M, 4, (X, le),

dimg Exty, (E,E(—{)) — dimc Exty, (E,E(—(s))
=2rn+(1=r)d-d —r*(pa(X) + pa(le)),

where d -d = [ d* pu(X) is the arithmetic genus of X, and p,({) is the arith-
metic genus of le.

Proof. Let (E,®) € M,.4,(X,l-) be locally free. By Proposition(a),
dimg Exty, (E,E(—{w))—dimc Exty, (E,E(—(w)) = —x (End(E) ® Ox ().

Let v € H*(X;Z) be the Poincaré dual of [pt] € Hy(X;Z), and let e € H>(X;Z) be
the Poincaré dual of [{.] € H»(X;Z). By Hirzebruch-Riemann-Roch,

2(End(E) © Ox (~..)) = deg (ch(End(E))ch(0x (—£))d(Tx ),
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where

ch(End(E)) = ch(E)ch(EY) = r* + (r— 1)d*> — 2rnv,

2
ch(Ox(—l)) = 1—e+% = 1—e+§v for k =4le - £es > 0,
1 1
W(Tx) =1+ Ze1(X) + E(cl(;()%rcz(x)).

Let Ny, /x be the normal bundle of /. in X. Then

/Xecl(X) :/Z (c1(l) + €1 (Np_jx)) =2 — 2palles) + K.

o

Consequently,

deg (ch(End(E))ch(Ox (—fw))td(Tx))

r 2 0
:/X<12(C1(X)2+62(X))—2ecl(X)+(r_1)d2+(2_2m)v)

r? kr?

r2 . ‘
= ﬁ/x(cl(X)Z—I—Q(X)) ) (k+2—2pa(£w))+(r_1)/Xdz+7_2rn

:—2rn+(r—1)/Xd2+r2(pa(X)+pa(ﬂm))~
O

Corollary 24. Let X be a non-singular projective rational surface, and let Lo, be
a divisor of X such that b =P and (- l., > 0. Then M, qn(X, le) is smooth of
(complex) dimension
2+ (1—r)d-d,
whered-d = [y d°.
Example 25. Let X = P2, and let
b ={[20,21,22) € P? | Zy=0} = P!

Then /o - oo = 1 > 0. The moduli space M, ; ,(P?, L) is nonempty only if [,_d =

0, which implies d = 0. By Corollary the moduli space E)ﬁr707n(]P’2,€m) is
smooth of complex dimension 2rn. (See [25, Cor. 2.2]).

Example 26. Let X = F, & P(Op1 (—k) ® Op1) be the k™ Hirzebruch surface,

where k is a positive integer. Let
lo=P(0® Op) =P, (e =P(Opi(—k)©0) =P,

Then€0-€0 =—k<0and lo - loo =k > 0.

The moduli space M,.4,,(F, =) is nonempty only if [, d = 0, which implies
d = mly for some m € Z. By Corollary the moduli space M.y 0 (Fr, o) is
smooth of complex dimension 2rn 4 (r — 1)km?.
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Example 27. Let £ C P? be a curve of degree 1, and let py,...,p; be k generic
points in P? which are disjoint from /. Let 7 : B, — P? be the blowup of P? at
Pls-- k- Let b = 171 (0) 2 P!, and let £; = £~ ! (p;) be the exceptional divisors.
Let ew,e1,...,e; € H*(By;Z) be the Poincaré duals of [(w],[¢1],. .., [(], respec-
tively. Then

H* (B, Z) = Zew ® Ley @ - - - Ley.
The moduli space M4 , (B, £-) is nonempty only if [, d = 0, which implies
d=mye1+---+myey, m; € L.

By Corollary the moduli space M., ¢, +--4-myepn (B, £o) is smooth of complex
dimension

2rnA4 (r—1)(m +---4mi).

2.2 The natural bundle

In this subsection, X is a non-singular projective rational surface, and /., is a
smooth rational curve in X such that /., - £ > 0. The proof of the following propo-
sition is very similar to that of Proposition

Proposition 28. H°(X,E(—(..)) = H*(X,E(—{)) = 0.

Let & — X xIM,.4 ,(X,Los) be the universal sheaf. Let py : X XM, 4 (X, lo) —
X and py : X XMy g5 (X, les) — M, 4.2 (X, L) be the projections to the two factors.

Definition 29. The natural bundle over M, 4 ,(X ,le) is

VE (R p2). (€@ pi(Ox(—))).

Corollary 210. V is a vector bundle of rank
1
n— E(d-d+c1(X)~d)

over My g1 (X, loo).

Proof. We use the notation in the proof of Corollary[24| Let (E, @) € M, 4 (X, )
be locally free. The rank of V is given by —x (E(—/)). By Hirzebruch-Riemann-
Roch,

X(E(—{)) = deg (ch(E)ch(Ox (—=))td(Tx))

where

2 2

d k
ch(E)=r+d+ (? —nv), ch(Ox(—tlx))=1—e+ % =l—e+ 7V

td(Tx) =1+ %cl(X) + é(cl(x)2 +c2(X)).
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Consequently,

deg (ch(E)ch(Ox (—{))td(Tx )

r 2 r
:/x (12(C1(X)2+C2(X))+ %(d—re)cl(X) + %+(% —n)v)

:Trz/X(Q(X)Z—f—cz(X))—%(k+2)+%/x(d2+cl(x)d)+%_n

= —l’l‘i‘%‘/x<d2+cl(x)d)+rpa(x)’

where p,(X) = 0 since X is a rational surface. O

3 Torus Action and Fixed Points

. . . . o . def
In this section, X is a non-singular projective toric surface. Therefore T; = (C*)?
acts on X. We use notation similar to that in [25} Sect. 2, 3].

3.1 Torus action on the surface

We assume that £, is a T;-invariant P! in X, and /. - foc = k > 0. Then Xg = X \ £
is a non-singular, quasi-projective toric surface. Let I" be a graph such that the
vertices of I are in one-to-one correspondence with the 7; fixed points in Xy, and
two vertices are connected by an edge if and only if the corresponding fixed points
are connected by a T;-invariant P'. Then I is a chain, so #V (I") —#E(I") = 1, and

Xx(Xo) =#V(I') = x(X) =2,

where E(I") is the set of edges in I' and V(I") is the set of vertices in I'. Let
py be the T; fixed point in Xy which corresponds to v € V(I'), and let £, be the
T,-invariant P! which corresponds to e € E(I"). Any T;-invariant divisor D in X
disjoint from /. is of the form

D= Y ml.=H)(X:Z),
ecE(I")

where m, € Z.

3.2 Torus action on moduli spaces

Let T, be the maximal torus of GL(r,C) consisting of diagonal matrices, and let
T =T, x T,. We define an action of 7 on M, 4 ,(X, ¢) as follows: for (t,t,) € T},
let F;, ;, be the automorphism of X defined by F;, ;,(x) = (t1,12) - . Given &=
diag(ey,...,e;) € T,, let Gedenote the isomorphism of @i’ given by (s1,...,8,) —
(e1s1,...,ersr). For (E,®@) € M,.4,(X,lw), we define

(t17t27‘g> ’ (E’(p) = ((F;;}Z)*Eaél) )
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where @' is the composite of homomorphisms

—1
(F ) @

- ( n t2) ﬁ@r

¢t St Gg
(F;ltz) E‘[ 2 ﬁgjcr%ﬁgir

Here ¢y, 1, is the homomorphism given by the action.

3.3 Torus fixed points in moduli spaces

The fixed points set ;.4 , (X, oo ) consists of (E, @)= (I}(D1),P1) S & (L(Dy), Pr)
such that

(1) I4(Dy) is a tensor product Iy ® Ox(Dg), where Dy is a T;-invariant divisor
which does not intersect 4., and I, is the ideal sheaf of a 0-dimensional sub-
scheme Q, contained in Xj.

(2) @y is an isomorphism from (), to the a'™ factor of ﬁi’.

(3) 1y is fixed by the action of T;.

The support of O, must be contained in X, Tt the T; fixed points set of Xp. Thus
Qg is a union of {Q}, | v € V(I')}, where QY is a subscheme supported at the 7;-
fixed pomt pv € Xo. If we take a coordinate system (z,%) around p,, then the ideal
of QY, is generated by monomials z'y/, So QY corresponds to a Young diagram
YV

Therefore the fixed point set is parametrized by 2r-tuples

(DY) = (D1.%,...,D,.%,),
where

Do P Zte=H)(X0:Z), Fu={Yy|veV(D)}
ecE(IN)

and each Y, is a Young diagram. Let

al= Y, ¥l

veV(I')

Let dV € Hy(X;Z) be the Poincaré dual of d € H*(X;Z). Then [, d =0
implies d € @,cp ) Z[le]. The constraints are

Y Da=d", (1
ZWHZDQ -Dg =n. @)
a<p

Note that 2rY. g Dg-Dg+(1—r)d’-d" = —Y 4 p(Dq fD,;)z, s0 (@) can be
rewritten as

2r Z ¥l — Y (Do —Dp)? =2rn+(1—r)d-d = dimg My (X, L) (3)

a<p
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4 Gauge Theory Partition Functions

We refer to|Appendix B|for a brief review of equivariant cohomology and integra-
tion of an equivariant cohomology class over a possibly non-compact manifold.

4.1 Equivariant parameters

Fori=1,2,let p;: BT; = P x P* — IP* be the projection to the i factor, and let
g=c1(p;O(1)), t;=chi(p;O(1))=e¢".

Then Hy, (pt; Q) = H*(BT;;Q) = Q€1 &)]. Similarly, for j=1,...,r,letg; : BT, =
(P*)" — P> be the projection to the j™ factor, and let

a;=ci(g;0(1), e =chi(gio(1) = .

Then Hy, (pt; Q) = H*(BT,;Q) = Q[ay, ..., a,]. We write &= (ai,...,a,) and =
(e1,...,e;) = (eM,...,e").

4.2 Multiplicative classes of the tangent and natural bundles

Recall that a multiplicative class c is a characteristic class which satisfies ¢c(Ej ®
E>) = c(E1)c(E2). Such a class is determined by a formal power series f(x) sat-
isfying ¢(L) = f(c1(L)) for a line bundle L and c¢(E) = f(z1)--- f(x,), where
z1,...,x, are Chern roots of E.

Let A, B be multiplicative classes associated to formal power series f(x), g(x),
respectively. Then

[ ArTmB(V) € Qller.ex.dllm © Ql(er,e2,8),
My (X L)

where Toy is the tangent bundle of 9, ;,(X, /), V is the natural bundle over
M, 4.1 (X, L) defined in Definition 29} and Q[[€1, &, d]]m is the localization of the
ring Q[[e1,&2,4]] at the maximal ideal m generated by €, &,ay,...,a,. If f(x)
and g(x) are polynomials, then

| AdTmBr(V) € Qler, 2.8l © Qler 2.0,
S):nr,zl,n (X.f,m)

Let Xo = X \ . Givend € {y € H*(X;Z) | [,_v=0} 2 H?(X0;Z), let d" €
H,(X;Z) be its Poincaré dual. (Here H;* is the compact cohomology.) Then d" €
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Decr(r) Zle = Ha(Xo; Z). We define

Z;ig;;x,B,d(Susz,éa;/\) =) Adime Em"d’"(x’zm)/ A7(Ton)Br (V)
n>0 mr.dﬁ(xﬁz‘”)

n>0

— Y A ZaplaDpP Y Aza|é*;|AT(T(D,Y)imr,d,n(KEm))BT(Vm,Y))

¥ Da=d" %, e7 (Tip,y) My an(X, b))
- ¥ ;Hmf ) Motw) € Qler.e2. )ALl
Y. Dg—d" §, i

where x; are T-equivariant Chern roots of T(D,Y)Em,,d,n(x ,ls) and gy are T-equivariant
Chern roots of V(p y). If f(x), g(z) are polynomials then

%S’;7Byd(gl7gz’éa;/\> € Q(e1, &,4)[[A]]-

Sometimes we allow A and B to depend on extra parameters, then Z}}‘i{ p.q Will

depend on extra parameters as well.
Introduce variables {Q, | e € E(I')}. Given d € H*(Xy;Z), define

Jiod
Qd = H Qeé .
ecE(IN)
We define a generating function

inst ) def A ~inst ,
Zxyap(81,82,8A,0) = Y o Zioapa(€1,€,8A)
dGHg(X();Z)

= QdA(lfr)d-deZrn/ A"(Tgm)B~(V)
deHEX(;fo;ZVEO Mygn(Xobo) r

4.3 4d pure gauge theory

Nekrasov instanton partition functions of 4d pure gauge theory are given by

i 2 AN def 4 (1—r)d-d 2rn
7 (1,8, A) E AU A / 1,
0 y;() mr,d,n<X7€°°)

Z%St(Shé?z,tf;/\,Q)dg Y 07 (e1,8,8A).
dGHg(Xo;Z)
We have
Z (61,82, 8A) = Z | gy 4(€1,€2,8A),
Z;{?)St(sla827éa;A7Q) = Z}i(['lOS;A:I,B:I (817827‘69;A7Q)'
We define a grading on the ring Q((&, &,4))[[A]] by
deg A =dege) =degey =degay =2.

Then Z%Sfd(s] 8,8 A) € Q((&1,&,4))[[A]] is homogeneous of degree 0.
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4.4 4d gauge theory with Ny fundamental matter hypermultiplets

Let 7,, be the maximal torus of U (Ny). Then Hy, (pt) = Q[mi,...,my,]. Let M be
the fundamental representation of U(Ny), and write # = (m,...,my,). Let V be

the natural vector bundle as in Definition it is a T-equivariant vector bundle
over My g (X, leo).

Nekrasov instanton partition functions of 4d gauge theory with Ny fundamen-
tal matter hypermultiplets are given by

i def  (1—r)d- "
7 (e1,6,8.08A) = AU >ddZA2”/m (XM@mp)fxrm(V@M)
* rd,n\A yteo

n>0
Ny
— A(lfr)d-d AZrn/ (Em )”(V),
)’EO . mndﬂ(x'éw)g T

where F; is the multiplicative class associated to f(x) =7+ x, so that

E(WV)=t"+c; (V) 4o 4 ¢,(V), k=rankcV,
78\ (e,0,60A,0)E Y QIZI(e1,60, 81 A).
deH?(Xy;Z)

Let Eg = [T, En,;. Then

inst . __ rzinst 2
ZXO,d(SlyezatfvlﬁyA) — ZXQ,A:LB:Eﬁ,d(Sl782’&/\)7

Z;E)St(gl 82, 6,,A,Q) = Z;EJS,E‘X:LB:EIﬁ(Sl €2,6,A,0).

4.5 4d gauge theory with one adjoint matter hypermultiplet

Nekrasov instanton partition functions of 4d gauge theory with one adjoint matter
hypermultiplet are given by

. def —rd-
Ze (&1, €2,8,mA) = Al ZAzm/gm (XL )(Em)HTm),
rd,n\A steo

n>0

inst X def A —~inst .
Zyt(e1,8,6mA,0) = Y. Q3% (61,8,8mA).
deH2(Xy:Z)

‘We have

inst . __ r7inst 2
Z;((;d(ghsz,(f,m,/\) - Z;(O,A:Emﬂ:l,d(gl?82;(?»/\)7

ins . inst !
Z;}:t(&‘l,&‘z’é‘;m,/\’Q) = Z;Z;A:Em,B:l(817823(£A’Q)'
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4.6 5d gauge theory compactified on a circle of circumference 3

—~ 2
Let Ag be the multiplicative class associated to fg(z) = smllls(xﬁ/x/Z)
plex vector bundle E, A (E) = A(E) is the A-genus of E. The index of the Dirac

o~

operator on a complex manifold M is given by [, A(Tu).
The Nekrasov partition functions of 5d gauge theory compactified on a circle
of circumference f3 are given by

. For a com-

Zia(er e2.8A,B) = AU ZAzm/gm (x.0 )(XB)T(TML
n>0 rd (X Lee

Z;:)St’(m)(gla&?aéa;/vavﬁ): Z degz)s,td(£17827éa;A7B)'
deH?(Xo;Z)

We have
Z}}:i‘ci(el,ezaéa;/\aﬁ) = Z;Z)s,tA:,Zﬁ,le,d(gl’82’&A)’
Ziy (&1, €264,0.8) =20 5y, (81,€,64,0).

Note that éirr}) fp(x) = 1, so the partition function of 5d gauge theory compactified

on a circle of circumference  specializes to the one of 4d pure gauge theory as
B — 0, that is:

éirr})z;g)itd(ehez,«f;mﬁ) = Zy (81,8,4A),

Bng})zig“(shez,zﬁA,Q,ﬁ) = Zy(e1,6,8A,0).

4.7 Hirzebruch y, genus

Let
N

N
()7 (M n(X L)) = Y (=9)P Y (= 1)Pchz HY (DM g (X ), APT M, g (X, o)
p=0 q=0

be the T-equivariant Hirzebruch Xy genus, where N = dimc MM, 4 (X, (). In par-
ticular,

(XO)T(mr,d,n(ngm)) = X7 (mr7d7n(X7£°°)7 ﬁ)

By Grothendieck-Riemann-Roch,

N

()7 (Mg (X, ) = ,?;0(‘y>” /ﬁmm‘n(w d; (IM)chy (APT*IM),
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where 9 =M, ; ,(X, (). Define

Zi?osﬁz(el,e%é";/\,y) = Al=ndd Y A" ()7 (D n (X, ),

n>0

Zit(en e, A Q) = Y, QUZg(er 62,8 A ).
deH?(Xy;Z)

Then
inst 2 __ ~inst 2
ZXO’d(el,ez,cf,A,y) = XO,A:A%B:Ld(t‘?l?gL&A)a

inst ) _ inst :
Z;g:)s (81,32750,A7Q7y) - ;}:)iA:AllvBZI(£17827éiA’Q>’

where A, is the multiplicative class associated to

1—ye®
ey = 2D,
In particular, fy(z) = %ﬂ, filx) =z,50Ag(E) =td(E) and A| (E) = e(E).

4.8 Elliptic genus

Let A, 4 be the multiplicative class associated to

B 1— nflefz 1— —1 o
y 1/2mH( Yq - 7)( Y 61 )
n>1 (1=g"te*)(1—q"e")

The T-equivariant elliptic genus of 91 is given by

T mr n Xagoo 1 J :/ A T .
X7 (M n( ),Y:9) 0 g0 (X, ) v.q(Ton)

Define

inst 3 def —inst 2
ZXO,d(El ) 827‘2/‘ 'Y, q) - ZXO,A:A%q?B:I,d(Sl ) 827‘2/‘)

:A(l—r)d'd ZAZrnxT(g)j’{r7d7n(X,foo)7y;(I)y
n>0

. def —ins

Z£51(£1,82,(£A7Q7ya‘1) < Z%ﬁ%:Ay’q’BZI(Sl,Ez,&AaQ)

= Z Z Qd/\(17r>d'd+2r"Xf(9JTr,d,n(X,foo),y,q).
deH?(Xy,Z)n=0

5 The Instanton Part

In this section, we calculate the partition functions defined in Sect. ]
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5.1 The tangent bundle: adjoint representation

Let (E,®) € M,.4.,(X, /) be a fixed point of T-action corresponding to (D,Y) =
(D1,%,,...,D,,%.). We want to compute

ch7 (g ) Myan(X, L) = chExty, (E,E(—lw)) = —ch;Exty, (E,E(—(.)).
Recall that E = I, (D;) @ -~ ® (D) (see Sect.[3.3), so

—chzExty, (E,E(—(w)) = — Y chzExty, (Io(Dq),1g(Dg — {w))

a.p
= — ) e" %chyExty (Io(Dg), I (Dp — ().
a.p
Let
Lg (11,12) = —chgExty, (Ox(Da), Ox (Dg — loo))
= —X1,(X,0x(Dg —Dg — l)),
My p(t1,12) = chgExty, (Ox(Dq), Ox (Dp — L))
—chyExty, (Io(Dq),1g(Dg — L))
Then

r

chi (g o) Mran(X lo) = Y, P (M p(t1,02) + Lo g(ti,12)) . (4)
a,f=1

So it remains to compute M, g(1,2) and Ly g(t1,12).
5.1.1 Ma.ﬁ ([1,2‘2)

Let x5, € Homg, (T;,C*) be the characters of the T;-equivariant line bundle Ox (D¢ )
at the 7; fixed point p, € Xo, and let x{, x, € Homg, (7;,C*) be the characters of
T,,X. Then x, ,x{, X, are monomials in 71,2,.
Let t; be the Lie algebra of 7;. Define weights wy, ,wY,wy € Homg, (t,C) =
t/ by
eW'Ba = XBON ewi' = Z1Va ewg = sz

Given a partition (Young diagram) S and a box s € S, let ag(s) and Is(s) be the
arm-length and leg-length of s (see e.g. 24} Fig. 2]). Given two partitions S, T, let

Msr(t1,0) = Zt;lT(S)t;S(S)+1 4 ZZ{SO)Ht;aT(Z), )
ses teT
NS.T(gl 5 82) défMS?T(egl 73«‘-‘2) — Z e—lT(S)£1+(aS(S)+l)gz + Z e(lS([)""l)S] —IZT(Z)SZ .
seS el
(6)

The expression @ was introduced in [13} Eq. (4.45)]. (See also [12, Lemma 3.2]
and [25, Theorem 2.1].)
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Proposition 51 (Vertex contribution to the tangent bundle).

( ) Z VV ( - )M ( V( ) ( ))
(l,ﬁ 11712 Y&"YV X 11712 ’x tl7t2
’ VEV([‘) xn: (tlatz) "B ! 2

wh. —Wp '
= Z e B aNy&'yg(W‘LW‘z),
veV(I')

where w\ = wy(&1,8&), wy = w}(€1,&), 1] = €11 = €.
Proof.

Mg g(t1,12) = chgExty, (Ox (Dq), Ox (Dg — )
—chgExty, (In(Da), 15 (Dp — L)) %

We will compute the two terms on the right-hand side of (/]) using the method in
[22] Sect. 4]. For j > 0and 1 < a, 8 < r, define

&) 5 € Eut!(Io(Da), Ig(Dp — L.2)).
Then
Ext%x (Ia(Da)aIﬁ(Dﬁ _gw)) = Z (_l)iJeri(X’géﬁ) - Z (_1)i+j¢i(X7£é’B)’

i,j=0 i,j=0

where ¢! denote the Cech cochain groups. More explicitly, let {p, |a=1,...,x(X)}
be the T;-fixed points in X, where ¥ (X) is the Euler characteristic of X. Let U, be
the C? coordinate chart with origin at p,, and let U,;, = U, NUp, etc. Then

Y (-1)€(X,&25) @FU,é’f @F abs E3g) + BT Uane, €35)-

i>0 a,b,c
Note that Ig|u,, ., = Ox|u,, ..., unless i =1 and pq, € Xo. Define

ol E £at) (Ox (D), Ox (D — L))

Then
Exty (ﬁX(DOO Ox (D — b)) — Exty, (Ioc(Doc) Io(Dg —£-.))
EBZ LU, 6, @Z DI (U, ELy),
veV(r)Jj=0 veV(I)J

where U, is the C? chart centered at Dy-

Given a partition (Young diagram) Y and abox xz € Y, let @’(z) and I'(z) be the
arm-colength and leg-colength of z, respectively (see e.g. [24} Sect. 3.1]). Given
a partition Y, we define

y (81,52) 251 s2

xeY
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We have
2 J J 2 j J XBB VoLV
ChT Z(_l) F(U\Mﬁa )_Chf Z(_l) F(Uwg)aﬁ) = 'MY&,YE(XI’XZ)a
=0 =0 XDq
where

Msr(ti,0) = Qs(t1,)tit +Qr (7 6,1 ) = Qs(t1,2) 0 (1, 5 ) (1—11) (1-12).

We now compare our expression of MY‘;7YI§’ (t1,12) with the notation in the proof of
[25, Theorem 2.11]. The correspondence is

tinHomg, (Va,Wg) = Qry ()it . Homey (Wa,Vg) = Quy(1y,y1)

(l‘] +t—1 —tltg)HomgX (Va,Vﬁ) = —Qy&' (Il,tz)le;(lf17t£1)(1 —tl)(l —tz).
So Ms r(t1,1) can be rewritten as (3). O
5.1.2 Laﬁ(l‘hl‘z)

Lemma 52. If Dy = Dg, then Ly, g(t1,t2) = 0. In particular, Lo q(t1,t2) = 0.
Proof.
Lo p(t,02) = —x5,(X, Ox (—{=))

which can be identified with the tangent space of 91 ¢ o(X,/..) at the trivial line
bundle 0. By Proposition 21}

H(X,0x(—ts)) = H*(X, Ox(—(.,)) = 0.
By Corollary 24| (here r = 1,d = 0,n = 0), H'(X, Ox(—=)) =0. O
By Proposition 28] and Corollary 210 we have
Lemma 53. Suppose that D - l.. = 0. Then
HY(X,0x(D—ts)) = H*(X,0x(D— () =0,
and
dimc H' (X, Ox (D — ) = f% (D*+c1(X)-D).
In particular, for any D such that D - .. = 0 we have
D? = —dimc H' (X, Ox (D — () —dim¢ H' (X, Ox (—D — 1..)) < 0.

Notation 54. Let qo,q) be the two T; fixed points on /... Let w (resp. u) € Hom(T,C*)
be the tangent weight (resp. normal weight) at g, i.e., the weight of the 7;-action
on Ty le (resp. (N, x )qo)- Then the tangent weight (resp. normal weight) at g1,
i.e., the weight of the T;-action on T, (e (resp. (Ny_/x)q,), must be given by —w
(resp. u — kw), where k = lo - oo > 0.
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Note that the normal weights at gg and g are the restrictions of the equivariant
first Chern class (¢1)7,(Ox(¢=)) to the T; fixed points go and g, respectively:

(€1)7,(Ox (€))

—u (cl)T,(ﬁx(&o))) — u—kw.

90 q1

Proposition 55. (Edge contribution to the tangent bundle)

v v
w —W
e D B Dg

1 1
L"‘*B(“’Q)_VE;F) (1—e")(1—e %) +<(1 eI —en  (1_en( fe"‘kw)> '

Proof. Recall that Ly g(t1,12) = —x1,(X, Ox (Dg — Do — {)). By Grothendieck-
Riemann-Roch,

15, (X. O (Dp = Da— ) = [ 15 (Ti)ehy (Ox(Dp — D~ L)

ewD[j YDa e ! e*l/H“kW
- X (l—e‘w‘f)(l—e‘WE)+((1—e—W)(1—e—")+(1—ew)(1_eu+kw))'

veV(I')
O
Example 56. Let X =Ty, £y, £ be as in Example@ with the following 7;-action:

T lo | Neyx)pr | Tpyto | (Neyx)ps | Tosloe | (Nowyx)ps | Tpiloo | (Nowyx)pa

e | & | —& | e+ker | —a | —a—ke | 8 | -—&
Hence, here w = € and u = —&,, and we have Dy = dy{y for some dy € Z.
Then
L _e(dﬁ —de)€& _e(dﬁ —dg)(er+ker)
H,h) =
aplfih2) (I—e)(l—e®)  (I—et)(l—cota)
+ : + 1
(1—e8)(1—e2) (1—eft)(1—e e—ke)
dg—dg _
1-1° 1 — (tkey)p e

A- (-5 A-n)(1 -5

and we have
da—dﬁ—l kj ) .
Y Yo' ifde>dp,
j=0 =0

La,ﬁ(l‘l,tz): dﬁfd“kjfl'.
Y ) dn if do < dg,
=1 i=1

0 if do = dp.
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5.2 The natural bundle: fundamental representation
Let (E,®) € M, 41(X, %) be a fixed point of the T-action corresponding to
(D,Y) = (D1,%,,...,D,,%,). We want to compute
chiVig ¢y = chiH' (X, E(—{w)) = —x7 (X, E(—Lw)).
Recall that E = 11( 1)@+ dI(D,) (see Sect.[3.3), so

—x7 (X E(—lw)) = =Y 27 (X, Ig(Dp — L)) = = Y B x7, (X 15 (Dp — {oo)).
B B

Let

Lg(t1,12) = —x5,(X, Ox (D — L)),

Mg(t1,12) = x1,(X, Ox(Dp — L)) — X1, (X, 1g (Dp — Les) ).
Then

chiVig @) = Ze" (Mg (t1,12) + Lg (t1,12)) . (®)

So it remains to compute Mg (t1 ,1y) and Lg(t1,1).

Let wp, ,wYy,w; be defined as in Sect. Given a partition S, let
,[/
sh.n) = L ©
SES
Ns(e1, &) & Ms(e,e%) = Ze—l’(s)el—a'(s)ez_ (10)
SES

Proposition 57. (Vertex contribution to the natural bundle).

Mg(t,)=Y. Xp, (11,12)Myy (21 (11,02), 22 (11, 12)) =y o ﬁNYV(Wqu)
veV(I) VEV(F)

Proof. Let Dg = 0 in Proposition[51] O

Proposition 58. (Edge contribution to the natural bundle).

"B 1 1
Lﬁ(tlth)_ Z | (1 _e—w‘l’)(l _e—w§)+((1 _e—w)(l _eu)+(1 _ew)(l _eufkw)) :

veV (I
Proof. Let Dg = 0 in Proposition[55] O

Example 59. Let X = Fy, £y, L. be as in Example with the T;-action as in
Example 56 Then

—dg—1 ki

i Z]“t*it—j ifdg <0
12 B )

j=0 i=0

L (ll,tz)z dp kj—1

’ ) Z f] if dg >0,

j=1i=

0 ifdg =0
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5.3 Formula for instanton partition functions

Given ¥ = (Y1,...,Y,), where each Yy is a Young diagram, and a multiplicative
class A associated to f(z), define
i ap(€1,62,8) = T] flap —au—lyy(s)e1 + (ar, (5) + 1)e2)
NS
Hf ag —ag + lYa()—Fl)Sl—ayﬁ(I)Ez), (11D
l‘EYﬁ
m (en,e2,8) < T Flag— 1, (e —ai (De2). (12)
reyp

In particular,

miap,a,ﬁ (€1,8,8) = Ie—y[ (ap —ag —ly; (s)&1 + (ar, (s) +1)&2)
[T (ap —aa+ Uy, (1) + Der —ay, (&) (13)

IEYB

Let Z:é‘;tA 5 Z:é‘;tA 50> and let ¥| =¥\, |Yal|. In this case, all Dg = 0, so the

leg contribution is zero (see Lemma[52} Lemma[53):

Lyp =0, Lg =0

By (@), Proposition 51} (8)), Proposition[57] and above definitions (T1)), (12), (T3),

we have:

Proposition 510. (Instanton partition functions for C?)

oncﬁ €1, 82,

zZist, (e, e0,64) = Y AYI H HmB s(e1,€2,4).
7 o p e op(€1:€2,d) p=
Given B = (D1,...,Dy), where each Dy € ®ocp(r)Zle = Ha(Xo;Z), and a
multiplicative class A, define

18, 5(e1,62,8) = AH' (X, Ox (Dg — Do — L.0)). (14)
Then lfaﬁ(sl,@;(f) = 1if Dy = Dpg. In particular, lﬁma(&‘l,sg;é? =1.Let
195 (e1,62,8) = AzH' (X, Ox (Dg — .0)). (15)
Let

B> =—= Z >0.
2 a7h

By Egs. @), (8) and Propositions [51} 53] [57] [58] 510} we have the following

analogue of the “master formula” in [29] Sect. 6].
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Proposition 511. (Master formula for instanton partition functions)

14
2 A (8]7823@
Z;E)StABd(ShSZ’éD;A) = Z A‘ﬁl H -
YDa=d /B Cmpaﬁ(El,Ez,(f)ﬁ 1

H Zgs'y p(W1 W, 8+ B3 A),

lBﬁ(gl 827@

veV(I
where B" = (Wph,s---Wp,)-
I}
[ (81 & (f)
2 ) ’
Z p(e1,8,6A,0) = Y QRaPeplfP ] Aeb
Do €HZ(X:Z) o#B lcm,, a5(€17€2,‘@
HZBB 8178276) H (IéIZStAB thg,(f—i—ﬁv;/\).

veV(I
In the rank 1 case, Z;E)S,Efl,B does not depend on &’

Corollary 512. (Rank 1, B=1 case)
Z;(%SEAB 1d(81’82;A) = H ZmZ&tA 3:1(W‘1}7W5;A)a
veV(I')

t . t .
Z;E)SAB 1(81a£27A7Q) = Z Q H (lanSAB 1 W17W§aA)-
deH?(X;Z)  veV([

Note that Corollary is applicable to the following cases: 4d pure gauge
theory (Sect. [4.3)), 4d gauge theory with one adjoint matter hypermultiplet (Sect.
[4.3), 5d gauge theory compactified on a circle (Sect.[4.6), Hirzebruch genus (Sect.

[4.7), elliptic genus (Sect. [4.8).

5.4 Nekrasov conjecture for C2: instanton part

Definition 513. (Instanton prepotential for C?). Define

i def
ngSi&B(g],eZa&A) = _818210gZ(CnZStA B<£17827éa;A)'

There are several versions of Nekrasov conjecture which correspond to the
following special cases:

(1) 4d pure gauge theory (see Sect. [4.3):

T (&1,6,8A) =. cicgizzl,gzl(el,ezatfﬁA)-

(2) 4d gauge theory with Ny fundamental matter hypermultiplets (see Sect. [E[):

e, &,8,8A) = J?CHzStA 1 B—E, (€1, €2, 8 A).
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(3) 4d gauge theory with one adjoint matter hypermultiplet (see Sect. 4.3):

y(iCnZSt(‘gheZa&m;A) = ((i*jqzs’;:Em’le(glaEZa‘fam;A)‘
(4) 5d gauge theory compactified on a circle of circumference 8 (see Sect. [4.6):
35(&“2“(81,82"53/& B)= J‘([l:ﬂzb; 2573:1(81,82,(2}11;/\).

The above definitions of .%, ”‘2“ are the same as those in [30]]; the definition in
case (1) above is the negative 0(1? the definition in [24} 25]].
In Theorem [514] below, we summarize the various versions of the Nekrasov

conjecture proved by Nakajima-Yoshioka [25;26], Nekrasov-Okounkov [30], Géttsche-

Nakajima- Yoshioka [18]. See also Braverman [3]] and Braverman-Etingof [4], who
consider the case 4d pure gauge theory with arbitrary gauge groups. We refer to
[Appendix Clfor the definitions of the corresponding versions of the Seiberg-Witten
prepotential in Theorem [514]

Theorem 514. (Nekrasov conjecture for C?: instanton part)

(1) 4d pure gauge theory [305 25} 4]
(a) J\m“(sl &,& A) is analytic in €,& near € = & = 0.
(b) . 1ém 09’&“(81,82,&/\) FIYEA), where FiSU& A) is the instan-
1,6
ton part of the Seiberg-Witten prepotential of 4d pure gauge theory.
(2) 4d gauge theory with Ny fundamental matter hypermultiplets [30]:
(a) 9&“;1(81 ,&,8, 8, A) is analytic in €1, & near €, = & = 0.
(b) lim e, 6,8,8A) = Ty (&6,A), where FSU(& 8, A) is the
1;:€2—
instanton part of the Seiberg-Witten prepotential of 4d gauge theory with
Ny fundamental matter hypermultiplets.
(3) 4d gauge theory with one adjoint matter hypermultiplet [30]:
(a) f‘““(el &,&,m;A) is analytic in €, & near € = & = 0.
(b) lim . ey, &,8,mA) = TP (&m,A), where FISU(&m,A) is the
£,6—
instanton part of the Seiberg-Witten prepotential of 4d gauge theory with
one adjoint matter hypermultiplet.
(4) 5d gauge theory compactified on a circle of circumference 8 [30; 26} [18]):
(a) 5\"‘“(81,82,(5’/\ B) is analytic in €1, & near & = & = 0.
(b) Sllégoﬁé%bt(sl,ez,éi/\,ﬁ) FIYE A, B), where FiSY& AL B) is the
instanton part of the Seiberg-Witten prepotential of 5d gauge theory com-
pactified on a circle of circumference f.

5.5 Nekrasov conjecture for toric surfaces: instanton part

The expression of the master formula (Proposition[511)) contains two parts.
e Leg contribution:

1% s(ene,
H AOCﬁ 81 82 @Hlﬁ 81782,

artp C, aplEn e,
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is analytic in €1, & near €,& =0, and

lﬁ 81 82
. A o ey
lim B
£1,6—0

l 817827
a1 H 5

?éﬁ c,,, Otﬂ(gl’gz’
_ —3((Dg—Da)*+¢1(X)(Dg—Da))

= <f(aﬁaa)> Y ’ Hg(llﬁ)fé(Dl%Jrc‘l(X)-Dﬁ).

azp \ 9B da Bl

e Vertex contribution:

inst v v V.
B (w ,wz,éo—i-ﬁ ;A)
H ng‘AB(wl,wz,é"Jrﬁv;A):exp < Z Cap )

vev(I) vev(I) wiwy

Definition 515. Given = (Dy,...,D,), where each Dy € @ 7L, = Hy(Xo;Z),
ecE(I")

define

inst VoV V.
N S (WY wh, @+ BV A)
g&mst (81,82,(5%/\) _ Z C?.AB

Xo,A.B.B V.oV
o vev(I) wiws
y(ICnZSEQB(Wauvéa;A) 9(1512554’3(_“}3”_]{“}3&/&)
wu —w(u—kw)
Lemma 516. Assume that F O\E‘;tA B(sl,sz,cf;/\) is analytic in €, & near € = & =
0. Then & ”}nb; Bﬁ(el,ez,é”;/\) is analytic in €1, & near € = & = 0 for all B.
Proof. f(‘:‘?tA B(sl,ez,éa/\) is symmetric in €, &, so it is a function of s; = € +

&, 50 = €1&, & and A. For fixed 4, A, let

gA,B(SlaSZadla dﬁéaA) f&g5;3(817827a1+dla'~'7ar+d}’;/\)~

Then ga g(s1,52,d1,...,d,,&A) is analytic in s1,52,d1,...,d, near sy = s, =d =

-+ =d, =0, so it has a power series expansion. Let L, be the T;-equivariant line
bundle O (Dg). Then

IA,Bﬁ(gl782760;/\)déf/XgA.B((cl)Tz(TX)v(CZ)Tr(TX)v(CI)Tz(LI)v---v(cl)Tr(Lr)v‘g);A)
(16)

is analytic in €1, & near £ = & =0, and

im L g6 e26.A) /XgAﬁB(c1(TX),cz(Tx),cl(Ll),...,cl(Lr),é’;A).
1,2
(17)
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The integral I, , 5(€1,&,4 A) is computed by the localization formula as follows:

FH (003,84 B%A)

IA’B’ﬁ(Elngff;A) =

vev(I) wiwy
y&%§;7B(W7ua‘g)’A) ‘?((1111285473(7‘/1)7“7]{“}7&/&)
wu —w(u—kw)
= 5“)‘(2?273’5(81,82,&/\).

O

Definition 517. Assume that f(lcnfk B(el,ez,éa;/\) is analytic in €, €& near & =
& = 0. Define

A e inst )
Fyyapp(@A) = El}gnéoﬁ;‘;ff,w(el,&,&A),

where the limit exists by Lemma

Lemma 518. If (ic‘“zi;’B(sl ,&,& A) is analytic in €1, & near € = & = 0, then

log (ZA%}:)S:A’BA(Sh82;&/\)2%125;_’3(‘4’7 u,éa;A)Zgzszvg(—w, u— kw,(f’;A))

is analytic in €1,& near €, = & = 0.
Proof. We have

Z%qu,B_’d(sl ) 82;6);/\)2282875473("‘}7 u7‘f;A)Zg2STA7B(*W7 u— kW,(f,A)

= Z A‘ﬁ‘zhé@(ﬁ‘l s 82,(5’;/\),
Y Dg=d

where
lAﬁaﬁ(817827éa) r 5 inst

hg(ere,6A) =[] S22 [T (e. & dexp (79;(";3‘}5(817827@)) .

ap Ly ap(E1:€2:8) p=i o

hg(€1,€,4& A) is analytic in &1, & near & = & =0, and

(f(a[” —da) ) ~3(Pg =D+ (X)(D =)

lim hg(er,6,8A) = 11 r—

€1,6 a£p

1

- ~1(D2+¢1(X)D
T ot 2P exp(—Fy 5 5(@A)).
Zi
Therefore

log< Y A'ﬁ'zhﬁ(sl,&,éﬁ/&)>

Y Dg=d

is analyticin €,& near g =& =0. 0O
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By Lemma , the pole of logZig)sz B.d along € = & = 0 is the same as that
of

—logZIt, (w,u,&A) —log ZI%', (—w,u—kw,&A)

C2.AB C2.AB
- y((ljrlzsi‘hlg(wauaé);/&) gz([ljnzs’;’B(_w’u_kW’éf’;A)
N wu —w(u—kw)

Definition 519. (Logarithm of the instanton part) Define
9’;(‘(’)3;(81 ,82,(5);/\) = —u(u — kw) IOgZ;?(itd(El N 82,éa;/\).

Theorem 520. I]‘,QZ&S_Z,B(Q ,&,& A) is analytic in €1, & near € = & = 0, then

(a) ﬁ}r&fk;B’d(el ,&,8& A) is analytic in €1, & near € = & =0,

(b) lim FYS , (e1,6,8A) =k lim F5 (e1,6,8A).
£1,6—0 R £1,6—0 A

Proof. Let

C2AB C2A.B
wu —w(u—kw)

Tt (wu,&A)  FIB (—wu—kw, & A)
gk(wyu, & A)=—u(u—kw) +

Note that (w,u) and (&), &) are related by a coordinate transformation in GL(2,7Z).
By Lemma (518} it suffices to show that
(a)" gr(w,u,d A) is analytic in w, u near w =u =0,

(b lim gi(wu.&A) =k lim Fe, p(e1,€2,4.A).

We have

ﬁ’(ic“z“(fw,u —kw,&A) — f(ianSAB(W, u,&A) = wHi(w,u, & A),

where Hy(w,u, & A) is analytic in w,u near w = u = 0. So

gew,u,&A) = kfé:nfqu(w,mf,A) + uH(w,u,&A). (18)

(a)” and (b)’ are immediate consequences of (I8). O

Theorem [514]and Theorem [520]imply:
Theorem 521. (Nekrasov conjecture for toric surfaces: instanton part)

(1) 4d pure gauge theory:
(a) ?)‘(‘(‘)f}i(el,sz,cf;/\) is analytic in €),& near €, = & = 0.
(b) lim Oﬁ}‘(’;sﬁl(el,ez,é";/\) =k & A), where FINSU(&, A) is the instan-
€, — ’
ton part of the Seiberg-Witten prepotential of 4d pure gauge theory.
(2) 4d gauge theory with Ny fundamental matter hypermultiplets:

(a) 9}‘(‘)5‘;(8] ,&,& ;) is analytic in €|, & near € = & = 0.
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(b) lim T (g1, 6,8, A) =kF"™ (&8, A), where Fi™\ (&1, A) is the

£1,6,—0
instanton part of the Seiberg-Witten prepotential of 4d gauge theory with
Ny fundamental matter hypermultiplets.
(3) 4d gauge theory with one adjoint matter hypermultiplet:
(a) ﬁ)l(gb:td(el,sz,(f,m;/\) is analytic in €,,& near €, = & = 0.
(b) lim Oﬂ}‘};";(el ,&,8,m;A) = kFIN (& m,A), where FP(&m,A) is the
£1,&— ’
instanton part of the Seiberg-Witten prepotential of 4d gauge theory with
one adjoint matter hypermultiplet.
(4) 5d gauge theory compactified on a circle of circumference f3:
(a) f;&fﬁi(gl ,'Sz,tf;/\,ﬁ) is analytic in. €,& near g = & = 0.
(b) lim 09)1(25;(81,82,&/\7[3) =kZy& A, B), where F™(&, A, B) is the
£1,6— ’
instanton part of the Seiberg-Witten prepotential of 5d gauge theory com-
pactified on a circle of circumference J.

6 The Perturbative Part

In this section we prove the perturbative parts of the conjecture, of which instan-
ton counterparts were proved in Theorem [521] The perturbative part comes from
the difference between framed instantons on the compact toric surface X and
unframed instantons on the noncompact toric surface Xy, so we must consider the
virtual tangent and natural bundles of the moduli space of unframed instantons on
Xo. Evaluating the required multiplicative classes at such bundles gives rise to infi-
nite products which need to be regularised. Following [30] we use zeta-function
regularization (Definition [63)).

6.1 The virtual tangent bundle of 9,4 ,(Xo)

Given (E,®) € M, 4 ,(X, L), we may look at E|x, as representing a point in the
moduli space M4, (Xo) of unframed instantons on the noncompact surface Xj.
We have

chy T, f;o M.a.n(Xo) = —chzExty, (Elx,, Elx,)

VoV 1
— B A ewDﬁ Do, <N - WV,WV _ . . )
O% )3 v vy (Wi, w3) e )i —c ™)

veV(I')

(ap+wp, ) —(aa+wp,,) ( VoV 1
= e B T Nyyyy(wi,wy) — g —w /-
Lk j (I—e ™ i—e ™)




The Nekrasov Conjecture for Toric Surfaces 29

The perturbative part of the T-equivariant Chern character of the tangent bundle
is given by

rt def
T =
Elx,

ag—ag 1 1
_—(XZJ’}eB <(1—e—w)(1—eu)+(lew)(1eu—kw))
_ —Xap ep e k—leui N
N (1—e")(1—ethw) (1+jZ’1 J ) .

Example 61. X = P2, X, = C2.

chz T M, 4.0 (Xo) — chz Tig ) My n(X o)

ChT E\XO

1 1
_pert _ ag—ag
el =L ((1—e€z€1><1—e82>+<1—e8182)(1—e81>>

aﬁ —dq

- Za.ﬁ €
(1—e®)(l—e2)
Let A be a multiplicative class defined by a formal power series f (). Formally,
evaluating A on the tangent bundle produces the following perturbative part:
1
[17j=0 f(ap — aa —iw+ ju) [T7=0 f (ap — aq +iw+ j(u—kw))”
(19)

AT(T(I;;)) =

The infinite product on the right-hand side requires regularization.

6.2 The natural virtual bundle

Given (E,®) € M,.4,(X,l), once again looking at E|x, as representing a point
in M,.4,(Xo), we have

chy gf;o = _XTEXt%XOE
wy 1
=) % e s <Nyv(W‘f,W;)_ v W >
% VGVZ(F) g (I—em™)(1—e™)
(ag+w} ) 1
= Z Ze A Dﬁ <NYI¥(W‘{aW£) - —wY —wh ) '
vel' B (I—e™)(1—e)

The perturbative part of the T-equivariant Chern character of the natural bundle is
given by

pert def . o vir _
\% = ChT ElXO — ChTV(E,CD)

chs
T7Elx,

a 1 1
= _azjge B <(1—eW)(1—eu) + (1 _ew)(l_eukw)>

_ _Zﬁ e“ﬁ & u—jw
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Example 62. X =P?, Xy = C?.

1 1
perti_ a
Vel = Z”( e o)

(1—e&)(1 —6*82)'

Let B be a multiplicative class defined by a formal power series g(z). Formally,
evaluating B on the natural bundle produces the following perturbative part:

B~(Vpert) o 1
! [T7—09(ag —iw+ ju) T17 =0 9(ap +iw+ j(u—kw))

Elx,

(20)

The infinite product on the right hand side requires regularization.

6.3 Regularization

Following [30, App. A], we introduce the following functions.

Definition 63. (Zeta-regularization)

def d A e It o1t
dsls= ol (s )/0 TI (e61 —1)(e&2" — 1)’ (21
def 1 B 1 3 )
Voo | BiA) = ¢ letz(ate)) +alog(BA)

2€1&
ﬁnz

+ Z eﬁnel -1 (eﬁnez _ 1) :

y(‘,‘l ,& (33' A)

(22)

exp(Ye, e, (23 A)) is a regularization of the infinite product
s A
ij=0 T —1i& fj£2 ’

For a very nice explanation of this regularization scheme see [31]). Let Lis(z) = %
n

iael

be the polylogarithm function. The functions ¥, ¢, (x;A) and %, ¢, (z | B;A) sat-
isfy the following properties (see [30, App. A]):

Fact 64. (1) €&, ¢ (x;A) is analytic in &1, & near £, = & =0;

1 r 3
2) i A) = ——a22log = + 22
(2) o m erer (@A) = 2 log 47w

Fact 65. (1) €1&2Y,.¢ (x| BiA)is analytic in &1, & near 81 =g =0;
B

2) 812;nﬁoelezyghgzu|ﬁ;/x) 7]0g([3/\)——m —|—le 3(e7 Py,
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6.4 Nekrasov conjecture: perturbative part

Applying zeta-regularization to and (20), we obtain the following definitions:
Definition 66. (Perturbative part of the partition function)
(1) 4d pure gauge theory:

y)?:;:l,B:l (€1,8,8A)

& u(u - kW) : (Z (Yw,fu(aﬁ - aa;/\) + yfw,fqukw(aﬁ - aa;A))>
o,

ypert (81 & é()/\)
rt def Xo,A=1,B=1 y€2,@,
Z;}Z’A:LB:] (817827(£A) = eXp ( : 7u(uka) I

(2) 4d gauge theory with Ny fundamental matter hypermultiplets:

pert .
Ty A1 B=E, (€1, €2, 8 A)

o (u— kw) - (Z (Yo—u(ap — aai A) + Yo —uriw (ap — aasA)
a7B

- Z (YWﬁu(aﬁ +mf;A) + 'yfw,fqukw(aﬁ +mf7A))>
ﬁ'rf

ypert (81,8%&/\)
—u(u—kw) ’

pert , def Xo,A=1B=Eg
ZXoyA:I,B:E,ﬁ (e1,8,8:A) = exp

(3) 4d gauge theory with one adjoint matter hypermultiplet:

arpert .
JXO,A:Em,le(SlaEZa(f,A)

déf”(’/‘_kw) : (Z (Yw.fu(aﬁ —agA) — YW,fu(m"’_aﬁ —ag;A)

a,p
+Y—w,—u+kw(aﬁ =g A) = Yo —uthow (m +ap— aa;A))
gzpert (81 & éa'/\)
pert ) def Xo,A=E;,, B=1\"1>%2,%>
ZXO,A:Em,B:l (81782’60’/‘) = exp ( 0 —I/l(l/t — kW) )

(4) 5d gauge theory compactified at a circle of circumference f3:

arpert ,
JXQ,A:AI%BZI(SlagLég,A)

def

© M(M—kW) Z('}/wﬁu(ap _aq;ﬁa/\) +y—w,—Lt+kw(Ll[, —aq;ﬁ’A)

pP4q
tg‘pert R e £ &A

gpert (e1,e &A)difex X07A:A[g,B:1( 1, €2, )
Xo.A=Ag B=1 1,€2,a, P S e
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Example 67. X = P2, Xo = C2.
(1) 4d pure gauge theory:

ﬂ(gg?:]ﬁ:](gla&‘%éf/‘) =&8& Z Yel,ez(aﬁ _aOL;A)a
; ap

(2) 4d gauge theory with Ny fundamental matter hypermultiplets:

9@;7221732%(81782,5;/\)
=E€1& (Z 78.,82(61[3 —ag;A)— ZY&.,ez(aﬁ +mf§A)> )
o.pB B.f
(3) 4d gauge theory with one adjoint matter hypermultiplet:
9@;?;:‘%3:1(81,82,(5’;/\)

=&& Z (781782((1/3 —ag;A) = Ve e (m+a/3 —aa§A)) )
asB

(4) 5d gauge theory compactified at a circle of circumference f3:

t
‘ggr,A:Xﬁ,le (&1,8,8A) =& 82,;]781782 (ap—aq | B;A).

Theorem 68. (Nekrasov conjecture: perturbative part)

(1) 4d pure gauge theory:

lim ZP | o (e1,6,8A) = kFEEA),
£,6—0 0475
where
" 1 ag—a 3
7 (@) = ¥ (~3laa—agriop (L )+ Saa—ap)?)
s\ 2 A 4

is the perturbative part of the Seiberg-Witten prepotential of 4d pure gauge
theory.
(2) 4d gauge theory with Ny fundamental matter hypermultiplets:

lim y£§$:17B:E&(81,827&A) :kﬁgert(cﬁzﬁ,/\)’

£1,6,—0
where

e 1 Ag —a 3
Ty (G hA) =Y (—2(aa—aﬁ)210g< “A ’3>+4(aa—aﬁ)2>
ap

1 ag +my 3
+) (2(% +my)*log (ﬁAf> - Z(aﬂ +mf)2)
ﬁ'rf

is the perturbative part of the Seiberg-Witten prepotential of 4d gauge theory
with Ny fundamental matter hypermultiplets.
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(3) 4d gauge theory with one adjoint matter hypermultiplet:

lim QEETZ:EWBZI (81,8276’;/\) — kﬁgert((f,m,/\)’

£1,6,—0

where

1 dg —a 3
ﬁgert(ﬁm’/\): Z (—2(aa—aﬁ)210g< O‘A ﬁ>+4(aa—aﬁ)2
a#p
1

2 dg —dg+m 3 2
3 (da —ag +m)7log <A> ~z(da—ap+m)

1 ag —ag 1 2
= Z —(aa—aﬁ)210g< )—l—(aa—aﬁ—i-m)
a;éﬁ< 2 A 2

X1 <aa_aﬁ+m> 3m2>
og| ——— | ——
A 4

is the perturbative part of the Seiberg-Witten prepotential of 4d gauge theory
with one adjoint matter hypermultiplets.
(4) 5d gauge theory compactified at a circle of circumference f3:

: grpert 3 __ 1, grpert
e1}ég0JX07A=Xﬁ7B=1(81’82’&/\) =kFg " (4A),
where
1 1
936n(tﬁ/\75)= Z *(ap_aq)ZIOg(BA)_E(ap _aq)3+*2LiS(eiﬁ(ap7%))
P74 2 12 B

is the perturbative part of the Seiberg-Witten prepotential of 5d gauge theory
compactified on a circle.

Proof. We prove (1), (2), (3). The proof of (4) is similar, except that we use Fact@]
instead Fact
Define

fk(u7 w, J};A) = u(u - kw)(’ywﬁu («’E,A) + 'JLW,qukw(m;A))
By Deﬁnition (definition of .#Pe), it suffices to show that

1 3
u}vivrgofk(u,w,x;/\) =k <—2x2 log% + 4.732> .

Let g(€1,&,2;A) = €&, ¢, (x;A). Then by Fact

(i) g(&1,&,x;A) is analytic in €, &, near € = & =0,
3
(i) lim g(er&,2:A) = —Eleog% + 222

€1, 4



34 E. Gasparim, C.-C. M. Liu

By (i), we have
g(—W, —M+kW,.T;A) —g(W, —M,CC;A) = th(u,wax;A)a
where hy (4, w,z; A) is analytic in w,u near w = u = 0. We have

L B gw,—u,z;A)  g(—w,—u+kw;A)
fk(uaw7va) - M(M kW) ( W(—M) —W(—M+kW) )
= kg(w,—u,z;A) + uhp(u,w,x;A).

Therefore

1 3
lim fi(u,w,z;A) =k lim g(81,827x;/\):k(—leogi+4x2

u,w—0 €1,6—0 2

N———

Appendix A: Kobayashi-Hitchin Correspondence and Existence of
Instantons

In this section we recall some results relating instantons in pure gauge theory to
holomorphic bundles. The Kobayashi—Hitchin correspondence predicts an equiv-
alence between instantons and holomorphic bundles in various settings, see [21]].
For an SU(n) bundle E over compact Kéhler surface X this correspondence was
proved by Donaldson [9]]: The moduli space of irreducible anti-self-dual connec-
tions on E is naturally identified with the set of equivalence classes of stable
holomorphic SL(n,C) bundles which are topologically equivalent to E (see [11]]
Corollary 6.1.6 for a proof of the rank 2 case). Note that here stability is taken
with respect to the Kihler class. Under this correspondence the topological charge
of the instanton corresponds to the second Chern number of the bundle.

To obtain a Kobayashi—Hitchin correspondence over a non-compact Kéhler
manifold (X, ®) one must impose some conditions on the behaviour of holomor-
phic bundles at infinity. The instanton charge is obtained by integration of the
curvature of the connection over X, and the mildest constraint that guarantees
finiteness of this integral is to demand that the curvature decays as 1/r%.

For a manifold X that can be compactified to X = X UD by adding a smooth
divisor D with positive normal bundle, Bando [[]] defined a notion on U (r) flatness
and proved the following: There is a correspondence between the moduli space
of Hermitian— Einstein holomorphic vector bundles on (X, ®) whose curvature
decays faster than 1/72 with trivial holonomy at infinity and the moduli space of
holomorphic vector bundles X whose restriction to D are U (r)—flat.

Alternatively, one can study non-compact Kobayashi-Hitchin correspondence
between instantons and framed bundles, that is, holomorphic bundles that are triv-
ialized at infinity. See Donaldson [[LO] for the first non-compact instance of the
correspondence, namely instantons on C2; then King [14] for instantons on the
blow-up of C?; and Gasparim—Koppe-Majumdar [[16] for instantons on Zj :=
Totﬁpl (_k) .

We remark that these correspondences refer to classical instantons, and cor-
responding non-compactified moduli spaces of holomorphic vector bundles (i.e.
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locally free sheaves) having c¢; = 0, whereas in the supersymmetric case the vocab-
ulary instanton moduli refers to the much more general notion of (partially) com-
pactified moduli spaces of torsion free sheaves. In particular, existence of instan-
tons with a prescribed charge in supersymmetric gauge theories can be obtained
simply by considering non-locally free sheaves. Thus, existence results for super-
symmetric instantons contrast with existence of classical instantons, cf. [[16] The-
orem 6.8, which says that the minimal local charge of a nontrivial SU(2)-instanton
onZ,isk—1.

Appendix B: Equivariant Cohomology

Let ET be a contractible space on which T = (C*)* acts freely, and let BT =
ET/T. (For example, ET = (C* — {0})* and BT = (P~).) Then ET — BT is a
universal principal 7T-bundle.

Suppose that 7 = (C*)* acts on an m-dimensional complex manifold M. The
T-equivariant cohomology of M is defined to be

Hy (M;Q) “ H* (M73Q),

where My = M X1 ET. There is a fibration My — BT = ET /T with fiber M. Let
iy : M — M7 be the inclusion of fiber. This induces a ring homomorphism

iy Hy (M;Q) — H*(M;Q).
In particular, when M is a point, the map
iyt Hy (pt: Q) = Q[ur, ..., ue] — H* (p; Q) = Q

is given by p(uy,...,u;) — p(0,...,0), where uy, ..., u; € H2(pt; Q).

B.1: Integral

Now suppose that M is compact. Then integration along the fiber gives Q-linear
maps

/M  H* (M: Q) — H* (pt; Q), (23)

[ HROMQ) = B (Mr:Q) - H (puQ) = H'(BT:Q), (24

such that
) [ya=0if o € HI(M;Q), g < 2m.
(i) [, o€ HO(pt) 2 Qif @ € H*(M;Q).
(i) [, @ =0if a € H:(M;Q), g < 2m.
(iv) [yae H?izm(pt;(@) if & € H}.(M;Q), ¢ > 2m. Note that H%fzm(pt;@) =0
when ¢ is odd, and H%fzm(pt;(@) consists of homogeneous polynomials in
ui,...,u of degree ¢/2 —m when ¢ is even.

V) iy Jy @ = [y iy € H'(pt; Q) = Q for o € H;:(M;Q).
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B.2: Localization

Let M7 denote the set of T-fixed points in M. Suppose that each connected com-
ponent of M7 is a compact complex submanifold of M, so that M” has a nor-
mal bundle N which is a complex vector bundle. Note that N might have differ-
ent ranks on different connected components of M. T acts on M trivially, so
(M")7r =M™ x BT and

H (M";Q) = H"(M":Q) &g Hr (pt: Q).
The T-equivariant Euler class er (N) € Hy(M”;Q) is invertible in

H*(MT’Q) ®QQ[“17~-~»uk]m»

where Q[uj,...,u]m is the localization of the ring Q[uy,...,u;] at the maximal
ideal m generated by uy, ..., u;. The Atiyah—Bott localization formula says

Jo= Lo @)

where a € H}(M;Q), and i* : Hj(M;Q) — Hj (MT;Q) is induced by the inclusion

i:MT — M. In particular, if M7 consists of isolated points py, ..., py, then
o= 26
/ Z 167 Tp,M) 20
where iy  Hf(M;Q) — Hy(pj;Q) = Q[uy,. .., u] is induced by the inclusion
- Dj ‘) M

Now suppose that M is non-compact. Then (23) and (24)) are not defined. How-
ever, when M7 is compact, we may define (24)) by the right hand side of (23). Now
(1), (ii), (v) are irrelevant, and (iii), (iv) do not hold: given & € H‘T’ (M;Q), we have
Jy o =0ifgisodd, and [,, & is a rational function in uj, ..., u; homogeneous of
degree ¢/2 — m (the degree can be negative).

Example B.1. Let T, = (C*)? act on P? by (t1,12) - [Z0,Z1,22] = [Z0,11Z1,1225).
We have H7, (pt; Q) = Q[e1, &,

1 1 1
l=——"+4+ + =0,
P2 €& (*81)(*81 +82) (*82)(81 fSZ)
1
1=—.
C? &1&

B.3: Characteristic classes

Let ¢ be a characteristic class for complex vector bundles. Given a T-equivariant
complex vector bundle V over M, V; =V X ET 1is a vector bundle over My =
M x7 ET. The T-equivariant characteristic class c7 is defined by

er(E) ¥ ¢(Er) € H* (M7;Q) = Hj (M;Q).
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Appendix C: Seiberg-Witten Prepotential

We present a brief description of the Seiberg—Witten prepotential, which is described
in detail in the seminal work [33]], where Seiberg and Witten gave an exact solu-
tion to N = 2 supersymmetric Yang-Mills in 4 dimensions with group SU(2).
For more details see also [24 and [/]. For gauge theory with matter see [|8l and |6]].
The subject of 5d gauge theories compactified on a circle and the corresponding
Seiberg-Witten curves were introduced in [27]].

C.1: SU(2) case

The constraints of N =2 SUSY imply that the quantum moduli space is the same
as the classical one as an algebraic variety. Basic quantities are then the coordi-
nates u of the moduli space and the electric charge a, which in the classical theory
are related simply by u = a®/2; in the quantum theory this relation holds approx-
imately for u — oo by asymptotic freedom, but for finite u the relation is much
more intricate and encodes fundamental geometric and physical information. The
description of the theory via the low energy effective Lagrangian presents measur-
able quantities as functions of the coordinates u of the moduli space, and in par-
ticular the electric charge a = a(u). Moreover, Seiberg [32] shows that the magic
of supersymmetry allows the effective Lagrangian to be expressed in terms of a
single locally defined meromorphic function: the prepotential .%y; all remaining
quantities in the theory are expressible as functions of %y and a. An appropriate
incarnation of Montonen—Olive duality accounts for the appearance of the dual
variable

a,
aD _ dc/O 7
da
whose physical meaning is of the dual, that is, magnetic charge. The defining
relations giving
_ dd” D d(—a)
~da’ ~ daP’
which imply that the duality transformation is 7” = —7(a)~! and specializes to

the Montonen—Olive transformation ¢” = ¢g~! when the phase angle 6 = 0, but
not otherwise. The moduli space then acquires expressions for a Kédhler metric

ds® = Im(tdada)
with Kéhler potential %d, where 7 is the matrix of periods
o d*Fy  dd"
 da®  da’

For SU(2) the low-energy effective values of this coupling are given by 7 =

% + %, where 0 is is defined only modulo 27Z; consequently 7 is defined only

modulo Z and there is a second transformation fixing a and taking 7 +— 7+ 1.
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. D . L .
Since T = ddLa, it follows that a” + aP + a. This pair of transformations acts as

multiplication on the 2—vector (a”,a) by the matrices

(5 0) = (5 1)

and fractional-linearly on 7, thus generating an SL(2,Z) action. The upshot is
that what lives intrinsically over a point u in the moduli space is not the electric
charge a(u) but the unimodular lattice Za(u) + Za® (u) of all electric and magnetic
charges. As u varies we obtain a Z? local system V over the moduli space, which
Seiberg and Witten showed to have as simple as possible behaviour, thus having
only 3 singularities at =1 and 0. Fixing a section of V determines the prepotential
up to a constant. From a careful analysis of the monodromies at the singular points,
it follows that the local system itself can be identified with the fiber cohomology
of the elliptic curve

Eo: P =(z+1)(z—1)(z—u).

The complexification V¢ can be globally trivialized in terms of a holomorphic 1-
form A; = dj‘ and a residueless meromorphic form A, = % One then chooses
a homology basis consisting of a loop 7y around the branch points 1,—1 and a
loop 7? around 1,u; and using such a basis, the correct geometric solution for the

period is

In this solution, a and aP appear as the periods of ¥ and ¥° of the meromorphic
1-form
d —u)d
= YT _@mudr G,
Y

22—1

C.2: Higher rank case

The Seiberg-Witten solution is sometimes presented in reverse order, starting directly
with the family of curves parametrized by u as we just described. For instance, the
solution for the group SU(r) then appears as follows. Let ¢ be an SU(r) gauge
field. Then

det(xl — @) = 2" +Upa" > —Usz" > + -+ (=1)'U,,

where Uy, is the elementary symmetric polynomial of the eigenvalues of ¢, with
U, = 0 because ¢ takes values in SU (r). These are gauge invariant operators, so
their vacuum expectation values u; = (Uy) serve as coordinates of the classical
moduli space. These are the coordinates on the &-space: uy,...,u,, which gener-
alises the so-called u-plane in the SU(2) case.
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In case of added matter, then the duality transformations take a different form,
e.g. adding Ny fundamental matter hypermultiplets, the duality transformation

becomes:
D D Ny D
() =#(2) 2 ()
a a = n;
where R € Sp(2(r —1),Z), the m; are the masses of the N particles added, and
n;,n? are integral r x r matrices. Correspondingly, on the total space of the family
of curves, there are then Ny divisors Z; along which the meromorphic differential

A acquires a pole with constant residue 27:%‘ Here again the charges a,a” can

be recovered as the periods of A over ¥ and y”.

We now describe the Seiberg-Witten prepotential in various gauge theories
with gauge group SU(r), starting directly with the Seiberg—Witten curves. Con-
sider the family of curves parametrized by A, &= (u,...,u,), and possibly some
extra parameters, in the following cases:

(1) 4d pure gauge theory (see e.g. [30, (4.5)]):
1
C,f:Ar (W+ w> :P(Z) :Zr+u2Zr72+"'+M,«.

(2) 4d gauge theory with Ny fundamental matter hypermultiplets (see e.g. [28,
(1.10)D:
Ny

=P(z), QOz)= JH(HMJ")-

AerNf
Com:w+ 7Q(Z)

(3) 4d gauge theory with adjoint matter hypermultiplets (see e.g. [30, (6.32)]): in
this case the SW curve is the spectral curve of the elliptic Calogero-Moser

system,
Cgm :Dety,(L(@) —2) =0,
where
Lin(®) = 8, (pn + mlog(%(m))’)
2w/ —1
" (-8 011 (@ +4q1—qn)6],(0)

011(®)011(q1 — qn)
011 (@;7) = Y ™V TE 2@ ) ()

nez

(4) 5d gauge theory compactified at a circle of circumference B (see e.g. [30,
(7.19))D:

Cap - (BA) (w+ %) —XP(X), X=eP
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The Seiberg-Witten differential is
1 d 1 P'(z)d
ds = PR P ()dz
27[\/jl w 27[\/—71 Yy

Let {Aq,Bg | @, 8 =2,...,r} be a symplectic basis of H;(Cg,Z). Define func-
tions ag, a[[; on the &-plane by

g = ]{ ds, dab=2mv—-1¢ ds.
Aa Bﬁ

Then
1 Z7Pdz
Wy = ——— ,
2ny/—1  y

form a basis of holomorphic differentials on Cg. The period matrix T = (74g) is
given by

S 1 dd}
= op/=1dap
Note that a change of symplectic basis corresponds to an element in Sp(2(r —
1),Z), the group of duality acting on the period matrix T = (74 ). In the SU(2) or
U (2) cases, we have r = 2, so the group of duality is Sp(2,Z) = SL(2,Z) and the
SW curve is an elliptic curve.
The Seiberg-Witten prepotential is a locally defined function satisfying

WL %
% dag
Therefore the Seiberg-Witten prepotential and the period matrix are related by
S 1 9%.F
@B or /-1 dagdag’

The full Seiberg—Witten prepotential is expressed as a sum

C
Fo =T+ T,

where .Z5" is the perturbative part and F™ is the instanton part. The explicit
expressions of the perturbative parts ﬁg " of the SW prepotentials in gauge the-
ories (1), (2), (3), (4) on the previous page are given in (1), (2), (3), (4) of Theo-
rem [68] respectively; they have logarithm singularities along A = 0. The instanton
part %)™ of the SW prepotential is a power series in A%

y(i)nstZO(AZr):f1A2r+f2A4r+._.+an2nr+.._.

The coefficient f, coming from the n-instanton moduli space is called the n™
instanton correction to the prepotential.
For further details we refer to [8; 18k 27;[30], and [24), Sect. 2].
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