
J
C
A
P
0
6
(
2
0
2
5
)
0
4
3

ournal of Cosmology and Astroparticle Physics
An IOP and SISSA journalJ

Received: January 6, 2025
Revised: March 5, 2025

Accepted: May 14, 2025
Published: June 20, 2025

Free streaming of warm wave dark matter in modified
expansion histories

Andrew J. Long and Moira Venegas

Department of Physics and Astronomy, Rice University,
Houston, TX, 77005, U.S.A.

E-mail: al72@rice.edu, mv58@rice.edu

Abstract: In models of warm dark matter, there is an appreciable population of high
momentum particles in the early universe, which free stream out of primordial over/under
densities, thereby prohibiting the growth of structure on small length scales. The distance
that a dark matter particle travels without obstruction, known as the free streaming length,
depends on the particle’s mass and momentum, but also on the cosmological expansion rate.
In this way, measurements of the linear matter power spectrum serve to probe warm dark
matter as well as the cosmological expansion history. In this work, we focus on ultra-light
warm wave dark matter (WWDM) characterized by a typical comoving momentum q∗ and
mass m. We first derive constraints on the WWDM parameter space (q∗, m) using Lyman-α
forest observations due to a combination of the free-streaming effect and the white-noise effect.
We next assess how the free streaming of WWDM is affected by three modified expansion
histories: early matter domination, early dark energy, and very early dark energy.

Keywords: dark matter theory, cosmology of theories beyond the SM, Lyman alpha forest,
power spectrum

ArXiv ePrint: 2412.14322

© 2025 The Author(s). Published by IOP Publishing
Ltd on behalf of Sissa Medialab. Original content from

this work may be used under the terms of the Creative Commons
Attribution 4.0 licence. Any further distribution of this work must
maintain attribution to the author(s) and the title of the work,
journal citation and DOI.

https://doi.org/10.1088/1475-7516/2025/06/043

https://orcid.org/0000-0003-0985-5809
https://orcid.org/0000-0002-8678-9051
mailto:al72@rice.edu
mailto:mv58@rice.edu
https://doi.org/10.48550/arXiv.2412.14322
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1088/1475-7516/2025/06/043


J
C
A
P
0
6
(
2
0
2
5
)
0
4
3

Contents

1 Introduction 1

2 Warm wave dark matter 3

3 Standard expansion 11

4 Early matter domination 15

5 Early dark energy 18

6 Very early dark energy 19

7 Summary and conclusion 21

1 Introduction

Often when we think about ultra-light dark matter [1], we imagine that it’s extremely cold.
“Coldness” can be quantified as the dark matter’s velocity dispersion at the time of production,
⟨|v|2⟩ = ⟨|p|2/E(p)2⟩, as compared with c2 = 1. Equating “ultra-light” and “ultra-cold” is the
correct intuition for some of the simplest scenarios of dark matter production. Misalignment
production, which may be the origin of axion dark matter [2–4], arguably leads to the coldest
possible dark matter since nonzero-momentum modes are only populated by the field’s tiny
quantum fluctuations during inflation [5]. However, there a great variety of theoretically-
compelling and phenomenologically-rich scenarios [6–16] in which ultra-light dark matter is
not produced ultra-cold. For instance, if the dark matter is produced after inflation from the
decay of a metastable cosmological relic, like a moduli field or a topological defect network,
then it may even be ultra-relativistic at the time of production.

These models in which the dark matter is ultra-light but not ultra-cold [17] have attracted
attention recently, where they have been called “warm and fuzzy dark matter” [18] and “warm
wave dark matter” (WWDM) [19]. If the dark matter’s mass is around m = 10−20 eV and
the dark matter’s characteristic comoving momentum is around q∗ = 103 h Mpc−1 ∼ 10−6m,
then the models are expected to leave their imprint on the small-scale spatial distribution of
matter. In this regard, the phenomenology of WWDM is distinguished from cold dark matter
by two effects: the white-noise effect and the free-streaming effect. On the one hand, the
high-momentum population of WWDM particles corresponds to small-scale inhomogeneities
in the dark matter density field, which can be understood as a white-noise component in the
dark matter power spectrum [17]. On the other hand, if the dark matter’s initial velocity
dispersion is sufficiently large, then it will free stream out of over-densities and suppress
the growth of cosmological structures on small length scales. Depending on the parameters,
the free streaming of warm wave dark matter will lead to a suppression of the dark matter
inhomogeneities on length scales (k ≈ few h Mpc−1) that are probed by current and future
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surveys. Such observations have already provided powerful constraints [20–23] on thermal
relic warm dark matter, such as sterile neutrinos with a mass at the keV-scale.

In this work we explore the idea that the free streaming of warm wave dark matter affords
a powerful probe of the expansion history of the universe. In the cosmological concordance
model, i.e. ΛCDM Cosmology, the cosmological energy budget is shared among Standard
Model particles and radiation, dark matter, and dark energy [24]. Together these various
energy sources govern the cosmological expansion rate H(t) through Einstein’s equation (in
the form of Friedmann’s equations). Models in which H(t) differs from the ΛCDM prediction
are collectively known as modified expansion histories [25, 26]. A few examples are illustrated
in figure 1. For the most part, ΛCDM Cosmology works extremely well to explain precision
cosmological observations such as the cosmic microwave background radiation (CMBR)
anisotropies and large scale structure. However, several anomalies suggest that a modified
expansion history may be needed [27]. Some of these include discrepant measurements of
the present-day cosmological expansion rate (i.e. the Hubble tension) [28, 29] and evidence
for evolving dark energy inferred from observations made by the Dark Energy Spectroscopic
Instrument (DESI) and others [30]. Moreover, modified expansion histories are a generic
expectation for theories with new physics, since heavy metastable particles (like string theory
moduli) might come to dominate the energy budget before decaying [31–34]. Therefore, it’s
important to develop probes of the expansion history using all available tools.

In this work we investigate how modified expansion histories impact the free streaming
of warm wave dark matter, since the distance lfs traveled while free streaming is calculated
as a time integral over the cosmic history. Our perspective is that a future detection of dark
matter in laboratories on Earth will furnish measurements of m and q∗, perhaps because the
signal is proportional to the squared field amplitude that oscillates with angular frequency
ω ≈ m and maintains phase coherence on a time scale tc ≈ 1/mq2

∗ [35]. Supposing that
these measurements allow lfs to be predicted accurately in the standard cosmology, then any
mismatch between the predicted free streaming scale and observations could be interpreted
as evidence of a modified expansion history.1

We assess the extent to which measurements of the linear matter power spectrum at
small length scales can probe this scenario.

The remainder of this article is organized as follows. In section 2 we review how warm
wave dark matter may be described by a power spectrum for the field amplitude and how
the linear matter power spectrum is calculated, including the white-noise efect and the
free-streaming effect. In section 3 we present constraints on the WWDM parameter space
using measurements of the linear matter power spectrum derived from Lyα observations
assuming a standard cosmological expansion history. Next we explore the free streaming
of WWDM in a few examples of modified cosmological expansion histories: early matter
domination in section 4, early dark energy in section 5, and very early dark energy in section 6.
Finally we summarize and conclude in section 7.

1With a similar motivation to ours, the authors of refs. [36–39] study how a mismatch in the predicted and
observed properties of thermal relic dark matter could probe the early universe cosmic expansion history.
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Figure 1. An illustration of the late-time cosmological expansion history and possible modifications.
We show the cosmological expansion rate H(t) (normalized to its value today H0) as a function of the
scale factor a(t) (normalized to its value today a0) over a period of time t during which the expansion his-
tory might be modified. In ΛCDM Cosmology the expansion rate scales as a−2 during Standard Model
radiation domination, as a−3/2 during dark matter domination, and as a0 during dark energy domina-
tion. The top axis shows the corresponding photon temperature T (t) ∝ a(t)−1. In this work we consider
several alternative expansion histories that modify the relationship between H and a at different times:
early matter domination (EMD), very early dark energy (vEDE), and early dark energy (EDE).

2 Warm wave dark matter

Cosmological expansion. The background (unperturbed) spacetime is homogeneous and
isotropic with vanishing spatial curvature. The Friedmann-Robertson-Walker (FRW) metric’s
spacetime interval is

(ds)2 = (dt)2 − a(t)2 |dx|2 and a(t) dτ = dt , (2.1)

where x = (x, y, z) are the comoving spatial coordinates, t is the time coordinate, and τ is the
conformal time coordinate. The FRW scale factor a(t) increases at a rate given by the Hubble
parameter H(t) = d ln a/dt. The Hubble parameter satisfies the first Friedmann equation

3M2
plH(t)2 = ρsm(t) + ρdm(t) + ρde(t) + ρX(t) ≡ ρtot(t) , (2.2)

where Mpl = 1/
√

8πGN ≈ 2.435 × 1018 GeV is the reduced Planck mass. The ρ’s are
explained below.

Energy budget. The cosmological expansion is induced by the various components of the
cosmological energy budget. Their respective energy densities are denoted by ρsm = ρb +ρr for
the Standard Model particles and radiation, ρdm for the dark matter, ρde for the dark energy
(assumed to be a cosmological constant), and ρX for a new energy component that will induce
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a period of modified cosmic expansion. After the epoch of electron-positron annihilations,
when the plasma temperature is T ≲ 0.05 MeV, the effective number of relativistic species
does not change significantly [40]. Assuming that the dark matter is already nonrelativistic
by this time, the energy densities are approximately

ρsm(t) = Ωb ρcrit
(
a(t)/a0

)−3 + Ωr ρcrit
(
a(t)/a0

)−4 (2.3a)

ρdm(t) = Ωc ρcrit
(
a(t)/a0

)−3 (2.3b)
ρde(t) = ΩΛ ρcrit , (2.3c)

where a0 ≡ a(t0) is the value of the scale factor today (t = t0), where ρcrit ≡ 3M2
plH

2
0 is the

cosmological critical energy density today, where H0 = hH100 is the Hubble constant, and
where H100 = 100 km/sec/Mpc. The Ωb term accounts for the baryonic matter (electrons,
protons, and nuclei); the Ωr term accounts for the radiation (photons and neutrinos); the Ωc
term accounts for the dark matter; and the ΩΛ term accounts for the cosmological constant.
The parameters of the ΛCDM Cosmology [41, 42] are measured to be T0 = 0.2351±0.0003 meV,
Ωbh2 = 0.02242 ± 0.00014, Ωrh

2 = (4.171 ± 0.02) × 10−5, Ωch
2 = 0.11933 ± 0.00091,

h = 0.6766 ± 0.0042, ΩΛ = 0.6889 ± 0.0056, t0 = 13.787 ± 0.020 Gyr, and we are free to take
a0 = 1. We make use of eq. (2.3) for most of the analysis, except for the model in section 4
where we are interested in temperatures above 0.05 MeV.

Free streaming. We are interested in the free streaming of dark matter particles. A particle
of mass m with momentum pphys(t) and energy E(t) = [pphys(t)2+m2]1/2 at time t is traveling
with velocity v(t) = pphys(t)/E(t). If the particle is free, then its comoving momentum
p = a(t)pphys(t) is constant, and the velocity can also be written as v(t) = p/[p2 +a(t)2m2]1/2.
We define the comoving free streaming displacement, denoted by lfs(p, t), and the comoving
free streaming length, denoted by lfs(p, t). The comoving distance that a free particle with
comoving momentum p travels between conformal time τ = 0 and conformal time τ is
calculated by integrating the velocity:2

lfs =
∫ τ

0
dτ ′ v(t(τ ′)) =

∫ t

0
dt′ 1

a(t′)
p√

p2 + a(t′)2m2 =
∫ a

0

da′

a′
1

a′ H(t(a′))
p√

p2 + (a′)2m2 ,

(2.4)
and lfs ≡ |lfs|. In figure 2 we plot the integrand assuming Standard Expansion Cosmology in
order to illustrate how different periods of time contribute to the comoving free streaming
length. For particles that become nonrelativistic in the radiation era (i.e., most of the dark
matter), the free streaming length mainly accumulates while these particles are nonrelativistic
(a > anr ≡ p/m) in the radiation era (a < aeq). Consequently the comoving free streaming
length (assuming Standard Expansion Cosmology) is approximately

lfs(t0) ≈ (p/aeqm) (aeqHeq)−1 log(2aeq/anr) for p ≪ aeqm , (2.5)

where (aeqHeq)−1 ≈ 68.3 h−1 Mpc. Notice that the comoving free streaming length (2.4)
depends on the cosmological expansion history through the factor of H(t). For example, a

2In principle the lower limit of integration should be chosen to be the time at which dark matter production
occurs, but generally the integral is dominated by the late-time part of the integration domain, and the error
that’s introduced by setting the initial time to zero is negligible.
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Figure 2. Contributions to the free streaming length integral. We show the integrand dlfs/d ln(a) as a
function of scale factor a. The three curves correspond to different values of the comoving momentum p

in units of the particle mass m. We highlight the divide between the radiation era (R-era) and matter era
(M-era) at zeq = 3387. For the middle curve (p = 10−7a0m) we indicate the divide between relativistic
(p > am) and nonrelativistic (p < am) particles. We also illustrate how dlfs/dln(a) ∝ a1 for relativistic
particles in the radiation era, ∝ a0 for nonrelativistic particles in the radiation era, and ∝ a−1/2

for nonrelativistic particles in the matter era. The free streaming length mainly accumulates while
particles are nonrelativistic in the radiation era, corresponding to the horizontal branches of the plot.

larger expansion rate due to an additional energy component ρX in eq. (2.2), would reduce
the free streaming length.

Momentum distribution. The system of interest consists of many dark matter particles
with different momenta. We characterize this system using a one-particle phase space
distribution function F (x, p, t). The differential dN = F (x, p, t) d3x d3p/(2π)3 gives the
average number of particles with comoving spatial coordinate between x and x + dx and with
comoving momentum between p and p + dp at time t. It is normalized such that

∫
dN = N ,

where N is the average number of particles in the system (or in a fiducial finite volume V if the
system is infinite). If the system is statistically homogeneous, then F (x, p, t) is independent
of x, and if it is statistically isotropic then F (x, p, t) is independent of the orientation of
p and only depends on |p| ≡ p. Under these assumptions, the distribution function can be
written as F (x, p, t) = f(p, t). We can use the distribution function to calculate ensemble
averages. For example the average energy per particle at time t is evaluated as

⟨E(t)⟩=
∫ dN

N
E(t)= 1

N

∫
d3x

∫ d3p

(2π)3 F (x,p,t)E(t)= V

N

∫ ∞

0

dp

p

p3

2π2 f(p,t)
√

p2/a(t)2+m2 ,

(2.6)
where N/V =

∫
dN/V =

∫ ∞
0

dp
p

p3

2π2 f(p, t) is the average number density.
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Figure 3. A global picture of the parameter space for warm dark matter. For thermal relic warm
dark matter the typical comoving momentum is around the CMBR temperature today p ∼ meV, and
a comoving free streaming length of lfs ∼ Mpc is obtained for m ∼ keV. For nonthermal warm wave
dark matter with mass in the fuzzy regime m ∼ 10−20 eV, the same free-streaming length is obtained
at p ∼ 103 Mpc−1.

Thermal relic warm dark matter. The standard example of warm dark matter is thermal
relic particle dark matter with mass on the order of m ∼ keV. If the dark matter is produced
by thermal freeze out or thermal freeze in, then it inherits the momentum distribution of
the plasma from which it was created. In other words, the phase space distribution function
f(p, t) is approximately a Bose-Einstein or Fermi-Dirac thermal distribution, depending on
the quantum statistics (i.e., the spin) of the dark matter particles, and the initial temperature
of the distribution is roughly the temperature of the plasma at the time of dark matter
production. Subsequently, both the plasma and the decoupled dark matter redshift until today.
Consequently, the majority of the dark matter particles have a comoving momentum p that is
comparable to the momentum of the CMBR photons today, pCMBR ≈ 3a0T0 ≈ 0.7 meV. For
m = 1 keV the corresponding free streaming length is lfs ≈ 2h−1 Mpc, and it approximately
scales as lfs ∝ m−1. Since the free streaming would lead to a suppression of structure on
scales below lfs, which is not observed in the data on scales down to ∼ Mpc, it follows that
the mass of thermal relic dark matter must be larger than ≈ few × keV [20–22].

Nonthermal warm wave dark matter. If the dark matter is not produced from the
plasma, but rather it is produced nonthermally so as to be colder than the plasma, then
it can be much lighter than m ≈ keV while nevertheless maintaining an acceptably small
free streaming length. For example, fuzzy dark matter [43] postulates an ultra-light dark
matter candidate [44] with mass around m ∼ 10−22 eV. A typical production mechanism for
spin-0 fuzzy dark matter is the misalignment mechanism, familiar from studies of axions [2–4],
which produces ultra-cold dark matter particles with negligible free streaming (lfs ≪ Mpc).
However, other production mechanisms create dark particles with appreciable momentum,
perhaps even allowing them to be relativistic just after production. For example, the emission
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of ultra-light dark particles from a topological defect network consisting of cosmic strings,
which has been studied for axions [45] and dark photons [12], leads to a power-law momentum
distribution that extends from the scale of the string loops to the scale of the string thickness.
For fuzzy dark matter with mass m ∼ 10−20 eV and comoving momentum p ∼ 103 h Mpc−1,
the comoving free streaming length is lfs ≈ Mpc, which is comparable to the typical value
for thermal relic warm dark matter. Figure 3 illustrates the global perspective on warm
dark matter, across the vast parameter space between thermal relic warm dark matter and
nonthermal warm wave dark matter.

Field description. For the work presented in this article, we adopt the following model
of warm wave dark matter. We restrict our attention to spin-0 dark matter particles that
arise as the quantum excitations of a real scalar field ϕ(x, t). We are interested in models
for which the mass of ϕ is on the order of 10−22 to 10−18 eV, which is known as the “fuzzy”
or “wave-like” regime. For the systems of interest, the field has a large occupation number
in the dominant Fourier modes, and it can be treated as a classical field. We assume that
the evolution is deterministic and that the initial conditions (at time t = ti) are random
corresponding to stochastic fluctuations that are Gaussian with zero mean ⟨ϕ(x, ti)⟩ = 0,
statistically homogeneous, and statistically isotropic. To study scalar inhomogeneities we
work in the Newtonian gauge [24]. Then the statistics of the initial field configuration are
fully characterized by the two-point correlation function

⟨ϕ(x, ti) ϕ(y, ti)⟩ =
∫ d3q

(2π)3 Pϕ(|q|, ti) eiq·(x−y) =
∫ ∞

0

dq

q

q3

2π2 Pϕ(q, ti) sinc
(
q |x − y|

)
, (2.7)

where sinc(z) = 1 for z = 0 and sin(z)/z for z ̸= 0. Unlike scalar field dark matter produced
by misalignment, for which the dominant Fourier mode has q = 0, WWDM is produced
with a characteristic nonzero comoving wavenumber |q| = q∗; see section 1 for examples of
WWDM production mechanisms. Provided that it is sufficiently tightly peaked at q∗, the
shape of the field’s power spectrum does not significantly impact the linear matter power
spectrum. This is because the free-streaming effect is controlled by the most abundant
particles with |q| ≈ q∗ [18], and the white-noise effect only needs q3Pϕ to approach zero for
small q (see after eq. (2.16)). For simplicity and concreteness, we follow ref. [17] and model
the initial power spectrum Pϕ(q, ti) as a broken power law

q3

2π2 Pϕ(q, ti) = Ai

{(
q

q∗

)ν

Θ(q∗ − q) +
(

q

q∗

)−α

Θ(q − q∗)
}

, (2.8)

where Θ(x) = 1 for x ≥ 0 and 0 for x < 0. In order for certain integrals to be convergent
(see below) the indices must be ν > 3/2 and α > 2. We set ν = α = 3, and consequently the
scaled power spectrum q3Pϕ is tightly peaked at q = q∗, which implies that our results are
insensitive to the precise values of these exponents. We are interested in values of q∗ above
102 h Mpc−1. The prefactor Ai is related to the average dark matter energy density ρ̄ (see
below), but it doesn’t impact the transfer function, which is calculated as a ratio.

Bridging particle and field descriptions. We have discussed how the statistically-
homogeneous and isotropic system can be described as a collection of randomly-distributed
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particles with phase space distribution function f(p, t) or as a stochastic scalar field with
power spectrum Pϕ(q, t). In the former description, particles are labeled by a comoving
momentum p and they carry an energy E(p, t) = (p2/a(t)2 + m2)1/2 where p = |p|. In the
latter description, Fourier modes of the field are labeled by a comoving wavevector q and they
oscillate at an angular frequency ω(q, t) = (q2/a(t)2 + m2)1/2 where q = |q|. One can bridge
these two descriptions by comparing the energy and momentum densities carried by the
particle population and the stochastic scalar field. For instance, dρ = a(t)−3 d3p

(2π)3 E(p, t) f(p, t)
gives the average energy density of particles for which the comoving momentum is between p

and p + dp at time t. Similarly, if ρϕ is given by eq. (2.10) then dρ = d3q
(2π)3 ω(q, t)2 Pϕ(q, t)

gives the average energy density of waves for which the comoving wavevector is between q

and q + dq at time t. These considerations motivate the relationship:

f(p, t) = a(t)3 ω(q, t) Pϕ(q, t)
∣∣∣
q=p

. (2.9)

One may be familiar with similar arguments in electromagnetism, which allow a classical
electromagnetic field to be viewed as a coherent collection of photons.

Dark matter energy density. We assume that the field’s energy density is given by

ρϕ(x, t) = 1
2

(
∂tϕ(x, t)

)2 + 1
2a(t)−2∣∣∇ϕ(x, t)

∣∣2 + 1
2m2ϕ(x, t)2 , (2.10)

which is a reasonable expectation if non-gravitational interactions can be neglected. Since
the stochastic field ϕ(x, t) is a random variable, the energy density ρϕ(x, t) is also random,
and on average3

ρ̄(t) ≡ ⟨ρϕ(x, t)⟩ =
∫ d3q

(2π)3 ω(q, t)2 Pϕ(|q|, t) =
∫ ∞

0

dq

q

q3

2π2 Pϕ(q, t) ω(q, t)2

= (α + ν)
(

q2
∗/a(t)2

(α − 2) (ν + 2) + m2

αν

)
A(t) .

(2.11)

Provided that q∗ ≪ aeqm then the dominate Fourier modes will be nonrelativistic at the
time of radiation matter equality (t = teq and aeq = a(teq)). Then ϕ is a viable dark matter
candidate, and we can identify ρ̄(t) with the homogeneous (volume-averaged) dark matter
energy density ρdm(t).

Linear matter power spectrum. To quantify the amplitude of dark matter inhomo-
geneities, we use the linear matter power spectrum Pm(k). If the dark matter’s energy density
contrast δ(x, t) were statistically homogeneous and isotropic, and if it were to evolve according
to linear perturbation theory, then Pm(k) would be the power spectrum that’s conjugate
to the two-point correlation function ⟨δ(x, t0) δ(y, t0)⟩ in the Universe today (t = t0). For
low-k modes that are still in the linear regime today, k3Pm(k) measures dark matter inhomo-
geneities on the length scale 2π/k. For high-k modes that are in the nonlinear regime, Pm(k)
provides a convenient benchmark against which different models and measurements can be

3Note that we could have arrived at the same formula via the particle description by using the
bridge relationship in eq. (2.9). Namely, ρ̄(t) = ⟨E(p, t)⟩/Vphys = a(t)−3 ∫

(d3p/(2π)3)E(|p|, t)f(|p|, t) =∫
(d3q/(2π)3)ω(|q|, t)2Pϕ(|q|, t).
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compared. In ΛCDM Cosmology the linear matter power spectrum is predicted to take the
form Pm = Pζ T 2

m,ζ where Pζ(k) is the power spectrum of primordial (adiabatic) curvature
perturbations and Tm,ζ(k) is the matter transfer function accounting for the adiabatic mode
evolution. In a model of WWDM the linear matter power spectrum is modified by two
effects: the “free-streaming effect” introduces a scale-dependent modification to the adiabatic
component and the “white-noise effect” introduces an additional isocurvature component; we
discuss these effects further in turn below. Taken together the linear matter power spectrum
for WWDM may be written as [17]4

Pm(k) ≈ Pζ(k) Tm,ζ(k)2 Tfs(k)2 + PSdm(k) Tm,Sdm(k)2

∆2
δ(k) ≈ k3

2π2 Pζ(k) Tm,ζ(k)2 Tfs(k)2 + k3

2π2 PSdm(k) Tm,Sdm(k)2 ,
(2.12)

where Tfs(k) is the transfer function accounting for the free streaming of WWDM, PSdm(k) =
2π2/k3

wn is the (white noise) power spectrum of the additional isocurvature component of
WWDM, and Tm,Sdm(k)2 = a2

0/a2
eq is the corresponding matter transfer function accounting

for the isocurvature mode evolution during the matter era.5 This relation assumes that
the initial adiabatic and isocurvature components are uncorrelated. The free-streaming
suppression is not expected to impact the isocurvature component [19], and so the T 2

fs factor
only appears on the adiabatic component. The isocurvature component of the matter power
spectrum survives free streaming, because the isocurvature component is a white noise arising
from fluctuations of the WWDM field. Free streaming alters these field fluctuations, which
correspond to spatially uncorrelated density inhomogeneities (i.e., shot noise), but does not
alter their statistical properties [46]. Instead free streaming removes the correlated density
inhomogeneities associated with the usual adiabatic perturbations. This behavior is perhaps
easier to imagine for particle dark matter, where the white noise component in the power
spectrum is associated with the random and independent locations of the individual dark
matter particles. Although the particles will move around (i.e., free stream), the statistics
of their spatial distribution will be unchanged, and the white noise component will persist.
However, for particle dark matter the white noise goes inversely with the particle density

4The derivations of eqs. (2.12) and (2.13) in ref. [17] employ a few simplifying approximations, and thus we
interpret the power spectrum as carrying an O(1) theoretical uncertainty. When we use the power spectrum
to derive predictions and constraints, we only quote one significant figure so as to not give the impression of
an unduly accurate result.

5Since the isocurvature component of the matter power spectrum is a white noise arising from temporal
and spatial fluctuations of the WWDM field, one may not expect these inhomogeneities to grow in the matter
era. However, to be more precise, it is a question of time scales. If the time scale for the fluctuations is
longer than the time scale for the growth of structure (i.e., the fluctuations are slow) then structure would
grow. To illustrate this point, consider a region of space of comoving size λ = 2π/k. On this length scale, the
coherence time of the field fluctuations is tcoh(k) ∼ aλ/v∗ where v∗ is the typical speed of the field modes
with |q| = q∗. The time scale for growth of structure is tgrow ∼

√
Gρ̄ ∼ H−1. Imposing tgrow < tcoh(k), such

that the field fluctuations are “slow,” leads to k < aH/v∗. Note that aH/v∗ ∼ kJ is the usual comoving
Jeans wavenumber for gravitational collapse, and it is generally larger than the free-streaming wavenumber
kfs = 1/lfs by an order-one logarithmic factor (2.5). For typical parameters, the Jeans wavenumber today is
a0H0/v∗ ∼ (3000 h Mpc−1)(q∗/m/10−7)−1. To summarize the modes with k < kJ should grow despite the
white noise field fluctuations, since the fluctuations on these scales are slow.
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(kwn ∝ n̄1/3 rather than q∗ for wave dark matter), and the white noise is negligible on
observable scales.

Next we discuss the two novel effects of WWDM.

Free-streaming effect. Due to the significant velocity dispersion of WWDM, the dark
matter free streams an appreciable distance and suppresses the growth of density inhomo-
geneities on small length scales. This free-streaming effect is captured by the transfer function
Tfs(k), which tends to 1 at small k and tends to 0 at large k. The transfer function is well
approximated by Tfs(k) = ⟨sinc[k lfs(p, t0)

]
⟩ where lfs(p, t) is the free streaming length from

eq. (2.4) and the angled brackets denote averaging with respect to f(p, t) as in eq. (2.6).
Using these relations, the free-streaming transfer function can be written as [17]6

Tfs(k) =
∫ ∞

0
dp
p

p3

2π2 f(p, t0) sinc
[
k lfs(p, t0)

]
∫ ∞

0
dp
p

p3

2π2 f(p, t0)
≈ m2

ρ̄(t0)

∫ ∞

0

dq

q

q3

2π2 Pϕ(q, t0) sinc
[
k lfs(q, t0)

]
,

(2.13)
where the approximation in the equality follows because the modes that dominate the integral
are very nonrelativistic q ≈ q∗ ≪ a(t0)m, and consequently ω(q, t0) ≈ m. For large-scale
modes with small k, the sinc function may be approximated as sinc(x) = 1 − x2/6 + O(x4),
and the integral gives Tfs(k) → 1 as k → 0. For larger values of k, the integral initially
decreases quadratically, going as Tfs(k) ≈ 1 − k2/3k2

fs. If the power spectrum Pϕ(q, t0) is
sufficiently tightly peaked at q = q∗ then the suppression in the power spectrum occurs at

kfs,∗ = |lfs(p = q∗)|−1 =
(∫ a

0

da′

a′
1

a′ H(t(a′))
q∗√

q2
∗ + (a′)2m2

)−1
. (2.14)

We use this relation to assess the impact of modified cosmological expansion histories on
the free streaming of WWDM.

White-noise effect. Due to the finite correlation length of the field amplitude in models of
WWDM, the energy density contrast develops an isocurvature component with a white-noise
power spectrum. This can be seen as follows. We model the WWDM as a real scalar
field ϕ(x, t) with a stochastic initial condition that is statistically homogeneous, that is
statistically isotropic, that is Gaussian in its Fourier mode amplitudes, and that has two-point
correlations given by eq. (2.7) with power spectrum Pϕ(|q|, ti). The field’s stochastic energy
density ρϕ(x, t) is given by eq. (2.10). We define the energy density contrast δϕ and the
associated power spectrum Pδ as

δϕ(x, t) = ρϕ(x, t)
ρ̄(t) − 1 and ⟨δϕ(x, t) δϕ(y, t)⟩ =

∫ d3k

(2π)3 Pδ(|k|, t) eik·(x−y) . (2.15)

6The authors of ref. [17] derive Tfs(k) in terms of Pϕ(q, t0) as follows. Using a WKB ansatz they isolate
a component of the scalar WWDM field that varies slowly in space and is related to the energy density
inhomogeneities. The field’s evolution before radiation-matter equality is governed by the Klein-Gordon
equation on a perturbed FRW background with gravitational potentials sourced by the radiation. They solve for
the evolution of the field and its associated density inhomogeneities, which yields the matter power spectrum.
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Since we have assumed that the stochastic field’s fluctuations are Gaussian, the four-point
functions reduce to a product of two-point functions. In this way, one can show that [17]7

Pδ(k, t) = 1
2ρ̄(t)2

∫ d3q

(2π)3

{(
|q|2/a(t)2 + m2

)(
|q − k|2/a(t)2 + m2

)
+

(
q · (q − k)/a(t)2 + m2

)2}
Pϕ(|q|, t) Pϕ(|q − k|, t) ,

(2.16)

which is independent of the orientation of k. In some models of ultra-light dark matter,
the field has a significant amplitude in its |q| → 0 modes. However, for WWDM the field
is assumed to have a power spectrum q3Pϕ(q, ti) that tends to zero as q → 0 and is peaked
at q = q∗ > 0, as in eq. (2.10). For asymptotically small k, the integral remains dominated
by |q| ≈ q∗, and its value goes to a constant:

lim
k→0

Pδ(k, t) = 1
ρ̄(t)2

∫ d3q

(2π)3

(
|q|2/a(t)2 + m2

)2(
Pϕ(|q|, t)

)2
. (2.17)

Consequently, the dimensionless power spectrum decreases on large scales:

∆δ(k, t) ≡ k3

2π2 Pδ(k, t) ∝ k3 for k ≪ q∗ . (2.18)

In other words, the field’s finite spatial correlation length ∼ 2π/q∗ is indistinguishable from
point-like spatial correlation (white noise) from the perspective of larger length scales, and
the associated white noise power spectrum falls as k3 toward small k. Using the broken
power-law model for the field’s power spectrum (2.8) one may evaluate [19]

lim
k→0

∆δ(k, t) = α2ν2

2(3/2 + α)(α + ν)(ν − 3/2)

(
k

q∗

)3

︸ ︷︷ ︸
≡ (k/kwn)3

+O(k3/q∗a2m2) , (2.19)

where we’ve dropped terms that are negligible when the q∗ modes are nonrelativistic. For
a given choice of α and ν, the value of q∗ must not be taken too small, since otherwise
the white noise tail of the power spectrum would lead to an enhancement of power, which
is not observed at k ≈ (1 − 10) h Mpc−1. For reasonable values of ν and α, this can be
avoided by taking q∗ ≳ 1000 h Mpc−1.

3 Standard expansion

Before we study free streaming in modified cosmological expansion histories, we begin here
by considering the constraints on warm wave dark matter in the Standard Expansion (SE)
Cosmology. We anticipate that our study will align with the results of earlier work [17–19].
In particular ref. [17] concluded that warm wave dark matter with q∗ = 1000 Mpc−1 ≈
1500 h Mpc−1 needs m ≳ 4 × 10−19 eV in order to avoid an unobserved suppression of power
at kobs = 10 Mpc−1 ≈ 15 h Mpc−1, which is probed by measurements of Lyα forest spectra.
This corresponds to an effective velocity of v∗ = q∗/m ≈ 2 × 10−8. In this section we revisit
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Figure 4. Dimensionless linear matter power spectrum. The various curves show the predictions of
WWDM. Orange lines illustrate model parameters for which the white-noise effect is dominant: m =
10−16 eV and q∗ = 1.8 × 102 h Mpc−1 = 7.4 × 10−28 eV (solid), q∗ = 4 × 102 h Mpc−1 = 1.6 × 10−27 eV
(short-dashed), and q∗ = 103 h Mpc−1 = 4.1 × 10−27 eV (long-dashed). The green lines correspond
to the model parameters for which the free streaming effect is dominant: q∗/m = 1.6 × 10−7 (solid),
q∗/m = 8.2 × 10−8 (short-dashed), and q∗/m = 2.7 × 10−8 (long-dashed). The data points (taken
from refs. [52, 53]) correspond to measurements of CMBR temperature anisotropies (Planck 2018
TT), CMBR polarization anisotropies (Planck 2018 EE), and Lyα forest spectra (eBOSS DR14 Ly-α
forest). The dark gray curve indicates the ΛCDM prediction that best fits the Planck 2018 data.

these constraints with the goal of extending them into the broader two-dimensional parameter
space consisting of WWDM momentum q∗ and mass m.

Various different observations probe dark matter inhomogeneities across a vast range
of length scales and at several times in the cosmic history [54, 55]. On linear and quasi-
linear scales (k ≲ 1 h Mpc−1), one can map these observations into measurements of the
late-time (z = 0) dimensionless linear matter power spectrum ∆2

δ(k) by assuming a model of
cosmology [56]. In figure 4 we illustrate several of these measurements, which were derived
by the authors of ref. [52] assuming a best-fit Planck 2018 ΛCDM cosmology. Precision
measurements of the CMBR temperature and polarization anisotropies [42] determine ∆2

δ(k)
with percent-level precision at relatively large length scales, corresponding to k ≲ 0.1 h Mpc−1.
On smaller length scales, observations of Lyα forest spectra [57] with eBOSS DR14 [58]
provide strong constraints on ∆2

δ(k) up to k ≈ kLy-α = 3.74 h Mpc−1. We will see that
these measurements drive our limits on WWDM, since the modifications to ∆2

δ(k) are most
significant at small length scales. Other observations probe dark matter inhomogeneities
at even larger wavenumbers up to k ≈ (10 − 50) h Mpc−1 where the evolution is nonlinear.
These include additional measurements of Lyα forest spectra [59–63], measurements of the
Milky Way satellite population [64, 65], and measurements of the UV luminosity function

7This convolution relating Pϕ and Pδ has appeared in various forms in earlier work studying energy
inhomogeneities due to scalar field fluctuations during inflation [47–51].
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of high-redshift galaxies [66]. We do not account for these measurements in our analysis,
since they probe small scales where the mode evolution is highly nonlinear and additional
techniques such as N -body simulation are required to bridge the gap between theory and
data. Although it would be interesting to derive predictions for these small-scale observables
in a WWDM cosmology, we feel that this calculation is beyond the scope of our work. The
constraints that we derive from the eBOSS Lyα measurements are conservative in the sense
that stronger constraints could be derived by using the smaller-scale observations. We also
consider the projected sensitivity of the proposed CMB-HD experiment [53], which aims
to achieve sub-percent level precision up to k ≈ 10 h Mpc−1 using precision observations
of CMBR gravitational lensing.

To assess the compatibility of WWDM with measurements of the linear matter power
spectrum ∆2

δ(k), we perform the following analysis. We calculate ∆2
δ(k) using eq. (2.12) for a

range of values of the dark matter momentum q∗ and the dark matter mass m, while holding
fixed the ΛCDM cosmological parameters. For each point in the parameter space, we employ
the method of least squares to calculate χ2, which quantifies the deviation between the model
and the measurement. This approach assumes that all of the data points are uncorrelated,
which is not expected to be the case; however, since our limit is mainly driven by only the
few data points with largest k, we do not expect correlations to significantly degrade the
limit. We find that χ2 is minimized at large q∗ and small q∗/m where the modifications
to ∆2

δ(k) from WWDM at scales inaccessible to the measurements. We draw the 90% C.L.
curve along the boundary where ∆χ2 = 4.61. To place constraints, we calculate χ2 using the
eBOSS Ly-α measurements from figure 4, and to assess the projected sensitivity of CMB-HD
(see below) we use forecasted errors from figure 2 of ref. [53].

The results of our analysis are presented in figure 5. The purple-shaded region of the
WWDM parameter space is excluded at the 90% C.L. by eBOSS Lyα measurements, which
are in good agreement with the predictions of ΛCDM Cosmology, and the white-shaded
region is allowed. Toward small q∗ the constraint, q∗ ≳ 400 h Mpc−1, arises from the white-
noise effect of WWDM, which enhances the linear matter power spectrum with respect
to ΛCDM. Toward large q∗/m the constraint, q∗/m ≲ 1.1 × 1022 h Mpc−1/eV ≈ 5 × 10−8,
arises from the free-streaming effect of WWDM, which suppresses the linear matter power
spectrum with respect to ΛCDM. The Jean’s wavenumber (see footnote 5) is approximately
kJ ≈ 6000 h Mpc−1 along the constraint, which is much larger than kLyα ≈ 4 h Mpc−1,
indicating that our treatment of isocurvature’s evolution is self-consistent. In the lower-right
corner, the Jeans wavenumber kJ ≈ 1 h Mpc−1 becomes as small as kLyα, but at these
parameters the power spectrum is strongly suppressed by free-streaming. In the lower-left
corner (hook-shaped feature), we find that the constraint is slightly weaker than what one
would have inferred by considering the white noise and free streaming effects separately.
Here, the white-noise enhancement is counterbalanced by free-streaming suppression, and
the global lower bound on the WWDM dark matter mass is found to be m > 4 × 10−21 eV
at 90% confidence if q∗ ≈ 300 h Mpc−1.

The red-dashed curve on figure 5 indicates the projected constraint on the WWDM
parameter space for the anticipated sensitivity of the CMB-HD experiment [53]. CMB-
HD expects to achieve sub-percent precision up to k ≈ 10 h Mpc−1 and sub-10% precision
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Figure 5. Left: constraints on the WWDM parameter space assuming Standard Expansion Cosmology.
We plot the characteristic dark matter momentum q∗ and dark matter mass m, and we fix the ΛCDM
parameters; see below eq. (2.3). The purple-shaded region is excluded at the 90% C.L. by eBOSS Lyα

measurements, which are in good agreement with the predictions of ΛCDM Cosmology, and the red-
dashed curve shows the projected sensitivity of the CMB-HD experiment. Right: dimensionless power
spectrum at three benchmark points in the WWDM parameter space. We show the ΛCDM prediction
(black), and the WWDM prediction (orange) for m = 10−20 eV and (1) q∗ = 2 × 102 h Mpc−1, (2)
q∗ = 3.5 × 102 h Mpc−1, and (3) q∗ = 103 h Mpc−1.

up to k ≈ kCMB-HD = 47.3 h Mpc−1, which is about a factor of 10 higher in k than the
eBOSS Lyα measurements. Thus one should expect that the CMB-HD measurements would
strengthen the lower limit on q∗ and the upper limit on q∗/m each by a factor of about 10,
and that together they would tighten the lower limit on m by a factor of about 100. Our
calculation reveals that the CMB-HD projected sensitivity is stronger (by a factor of a few)
than these parametric scaling estimates would suggest. This is driven by the relatively smaller
uncertainties in the CMB-HD projected sensitivity as compared with Lyα.

We would emphasize that the limits on the WWDM parameters m and q∗ shown in
figure 5 are tied to how we’ve modeled the linear matter power spectrum with eqs. (2.12)
and (2.13). If one were to adopt a different functional form for Pm(k) and repeat this analysis,
then the inferred constraints may differ from the ones shown here. We have performed a
quantitative test by introducing a fudge factor f into the formula for Tfs(k) through the
replacement lfs → flfs. If f is equal to 2 or 1/2, the limit curves in the (q∗, m) plane shift up
or down by a factor of approximately 2. One may interpret this spread as a rough gauge of
the theoretical uncertainty associated with how the signal is modeled.

Measurements of the linear matter power spectrum, particularly eBOSS Lyα forest
observations at k ≈ 3 h Mpc−1, yield strong constrains on the parameter space of WWDM.
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In order to compare our results with earlier work [17], let us focus on q∗ = 1000 Mpc−1 ≈
1500 h Mpc−1. Here we find a lower limit on the dark matter mass of m > 0.8 × 10−19 eV,
which is about a factor of 5 weaker than the limit found in [17], namely m > 4×10−19 eV. This
mismatch is a consequence our two studies using Lyα observations at different wavenumbers;
here we use eBOSS Lyα measurements that extend up to k ≈ 3 h Mpc−1, whereas the authors
of ref. [17] took kobs = 10 Mpc−1 ≈ 15 h Mpc−1. Since kfs is linear in m, the factor of 5
difference in the observable Lyα scale translates to a factor of 5 difference in the WWDM
mass limit. We reiterate that our constraint is conservative in the sense that we do not
account for observations that probe dark matter inhomogeneities on nonlinear scales, which
could be used to derive a stronger limit. Our work extends earlier work into the broader
two-dimensional WWDM parameter space, as we have allowed both q∗ and m to vary. This
approach allows us to identify a corner of the parameter space where the limit is weakened
to m > 4 × 10−21 eV due to a competition of the white-noise effect and the free-streaming
effect. If an experiment with the sensitivity of CMB-HD did not detect any deviation from
the ΛCDM prediction for the linear matter power spectrum, then we estimate that the lower
limit on the dark matter mass would strengthen to m > 6 × 10−18 eV. Future observations
of large scale structure [67, 68] and 21 cm intensity mapping [69] are expected to provide
powerful probes of blue-tilted dark matter isocurvature.

4 Early matter domination

As a first example of a modified cosmological expansion history, we consider early matter
domination (EMD) [70–75]. In this framework, one assumes that the cosmological energy
budget is extended to include a new energy component that is nonrelativistic, temporarily
dominates the energy budget, and subsequently decays to relativistic Standard Model particles.
Details regarding the properties and interactions of the new particle species are not directly
relevant to this analysis, and many particle physics embeddings have been studied. For
example, the new energy component may correspond to a population of string moduli that
decay slowly via Planck-suppressed operators [76–80]. In order to avoid strong constraints
from neutrino thermalization and nucleosynthesis [81–86], the unstable relic must complete
its decay before the start of Big Bang Nucleosynthesis (BBN). As a fiducial reference point,
we use the time when the plasma temperature was T ≈ 5 MeV and the FRW scale factor
was aBBN/a0 ≈ 3.4 × 10−11 [87]. The essential idea of our study is that during the EMD
epoch, the Hubble expansion rate H(t) is smaller than it would be in a SE Cosmology
and the free streaming length of warm wave dark matter is correspondingly larger, which
then threatens to run afoul of constraints on the linear matter power spectrum if the dark
matter mass is too small.

The cosmological expansion rate H(t) is given by the first Friedmann equation (2.2),
which we reproduce here:

d
dt

a(t) = a(t) H(t) where H(t) =
[
ρsm(t)+ρdm(t)+ρde(t)+ρX(t)

]1/2
/
√

3Mpl . (4.1)

The energy densities carried by the Standard Model (ρsm), by the dark matter (ρdm), and
by the dark energy (ρde) are given by eq. (2.3) where T (t) is the Standard Model plasma
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temperature at time t. We assume that there is an energy transfer from the X sector into
the Standard Model, which can be described by the following system of kinetic equations:

d
dt

ρsm(t) + 4H(t) ρsm(t) = +ΓX ρX(t) (4.2a)
d
dt

ρX(t) + 3H(t) ρX(t) = −ΓX ρX(t) . (4.2b)

Here ΓX parametrizes the rate at which energy is transferred from X to the Standard Model
plasma (sm); in a particle physics model for this interaction, ΓX would correspond to the
decay rate of X particles into relativistic Standard Model particles. In order to solve these
first-order differential equations, it is necessary to specify corresponding boundary conditions.
For the ΛCDM energy components we impose “initial” conditions today, denoting the age
of the universe today by t0:

a(t0) = a0 , ρsm(t0) = Ωsm ρcrit , ρdm(t0) = Ωdm ρcrit , ρde(t0) = ΩΛ ρcrit , (4.3)

where ρcrit ≡ 3M2
plH

2
0 is the cosmological critical energy density today, where H0 = H100h is

the Hubble constant, and where H100 = 100 km/sec/Mpc. For the X component, we impose
an initial condition at an early time, denoted by ti:

ρX(ti) = mX a(ti)−3 NX,i . (4.4)

Here we have introduced mX , which corresponds to the mass of the X particles, as well as
NX,i = (a3nX)i, which corresponds to the initial comoving number density of X particles.
The X energy component introduces an additional 3 parameters: mX , ΓX , NX,i, and the
cosmological expansion is insensitive to the value of ti provided that 0 < ti ≪ Γ−1

X since
the comoving number density is approximately conserved before X decays. It is useful to
identify anr = q∗/m, which corresponds to the value of the FRW scale factor when the
dark matter particles (Fourier modes) with comoving momentum (wavenumber) of p∗ (= q∗)
become nonrelativistic. It is also convenient to define aend to be the value of the FRW
scale factor when the age of the universe is comparable to the decay rate of X particles:
tend ≈ H(tend)−1 ≈ Γ−1

X We solve the coupled system of kinetic equations along with the
boundary conditions and the first Friedmann equation in order to calculate the cosmological
expansion rate H(t) and its impact on the free streaming wavenumber of warm wave dark
matter kfs,∗ through eq. (2.14).

In the left panel of figure 6 we show the time evolution the various cosmological energy
components for a fiducial choice of parameters. The X component carries a comparable
energy to the radiation at a/a0 ≈ 10−16, and it remains the dominant component until
a/a0 ≈ 10−11 when it decays and transfers its entropy to the radiation. Since the radiation is
“heated” by this entropy injection [70], the universe must expand longer in bring the radiation
temperature down to the observed CMBR temperature. As a result, the energy density
during the EMD is smaller than it would be in an SE Cosmology, the Hubble parameter
H is smaller, the free streaming length lfs is larger, and kfs,∗ is smaller.8 This modification
to the free streaming wavenumber kfs is illustrated on the right panel of figure 6. For the

8Note that we hold fixed q∗ when we compare the standard and modified cosmologies. The authors of
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Figure 6. Left: evolution of the various energy components in the EMD Cosmology. We plot the energy
density ρ divided by critical energy density today ρcrit = 3M2

plH
2
0 as a function of scale factor a divided

by scale factor today a0. During the EMD era (10−16 ≲ a/a0 ≲ 10−11), the energy density carried by
the X component (ρX , orange) dominates over the Standard Model component (ρsm, red), and the dark
matter component (ρdm, blue), and subsequently it decays away transferring its entropy to the Standard
Model. This entropy injection must complete before the start of BBN and neutrino decoupling,
indicated by aBBN/a0 ≈ 3.4 × 10−11. To generate this example, we have taken mX = 10 GeV,
ΓX = 10−22 GeV, and NX,i = 2.7 × 10−14. Right: predicted free streaming wavenumber kfs,∗ in a
model of WWDM, comparing the two cosmologies: SE (orange) and EMD (brown). For the WWDM
parameters we take q∗ = 500 h Mpc−1 and vary the dark matter mass m. For this EMD parameters,
we use the same values as in the left panel. The horizontal bands indicate to the largest wavenumbers
probed by Lyα and CMB-HD observations. For each value of m, the top axis shows anr = q∗/m,
which is the scale factor when the modes with comoving wavenumber q∗ become nonrelativistic.

parameters chosen to make this figure, the EMD ends at aend/a0 ≈ 10−11. For smaller
values of the dark matter mass m, the dark matter remains relativistic for a longer time. In
particular if m = 2 × 10−15 eV then WWDM with momentum q∗ = 500 h Mpc−1 becomes
nonrelativistic at anr = q∗/m ≈ 10−11a0, which is comparable to aend. Lighter dark matter
becomes nonrelativistic later, meaning that it remains relativistic throughout the EMD,
and consequently the free-streaming wavenumber is unaffected by the modified cosmological
expansion history (orange and brown curves overlap). For larger values of m, the dark matter
becomes nonrelativistic earlier, during the EMD and the free-streaming wavenumber kfs is
reduced. This reduction in kfs can be strong for sufficiently large mass m, but then the free
streaming is moved to tiny length scales that are observationally inaccessible.

ref. [36] study thermal relic dark matter in a model where kinetic decoupling occurs during a phase of early
matter domination. The EMD phase leads to earlier decoupling, a longer period of redshifting, and colder
dark matter with larger kfs. We would obtain similar results if we fixed the initial physical momentum (rather
than comoving) when comparing cosmologies.
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We find that an early matter-dominated era prior to the epoch of nucleosynthesis would
tend to reduce the free streaming wavenumber kfs of WWDM. This effect can be appreciable
(an order one factor or more) if the dark matter mass m is large enough to ensure that
dark matter with momentum q∗ becomes nonrelativistic before the end of the EMD. An
EMD epoch would also modify the transfer function describing the evolution of the adiabatic
perturbations, which provides an opportunity for complementary probes of WWDM. However,
since the EMD must end before BBN, the mass needed for a significant modification to
free streaming is m ≳ 2 × 10−15 eV for q∗ = 500 h Mpc−1, corresponding to a very large
kfs ≈ 105 h Mpc−1, which would be extremely challenging to observe.

5 Early dark energy

Measurements of the Hubble constant H0 using the supernova distance ladder [88] reveal
an approximately 10% mismatch with the prediction for H0 in ΛCDM Cosmology when the
cosmological parameters are fit to the CMB measurements [42]. This discrepancy, which is
generally known as “the Hubble tension,” has sparked the exploration for alternative cosmo-
logical models in which the predicted H0 can be reconciled with the direct measurements [28].
One of the most well studied models, known as “early dark energy” (EDE), introduces an
additional component that behaves like dark energy until the epoch of radiation-matter
equality (time t = teq), at which time it composes as much as 5% of the cosmological energy
budget, and soon afterward it decays away quickly [89–92]. In this section we assess the impact
of early dark energy on the free streaming of warm wave dark matter, and we investigate
the extent to which measurements of the small-scale dark matter power spectrum can probe
EDE. Earlier work [93] has investigated the connection between neutrino free streaming
and cosmological tensions, including the H0 tension.

We extend the cosmological energy budget to include an additional energy component
X that behaves like a cosmological constant at early time and that decays away quickly at
around radiation-matter equality. We model the energy density in the X component as [90]

ρX(t) = 2
(a/ac)3(wn+1) + 1

fEDE(tc) ρtot(tc) , (5.1)

where wn = (n − 1)/(n + 1) and where ac = a(tc). This evolution would arise as the average
behavior of a homogeneous scalar field oscillating in the potential V (φ) ∝ (1 − cos φ/f)n.
We adopt the best-fit model of ref. [90], which has n = 3, ac = 10−3.737 ≈ 1.8 × 10−4, and
fEDE(tc) = 0.050. For this choice of ρX(t), we use the formulas in section 2 to calculate
the cosmological expansion history, and we use eq. (2.14) to calculate the dark matter free
streaming wavenumber kfs,∗.

The evolution of ρX(t) is illustrated in the left panel of figure 7. At early time (a < ac)
the energy density carried by X is static, behaving like a cosmological constant. At late time
(a > ac) the energy decreases to zero with wn = 1/2. The right panel of figure 7 shows the
time evolution of the free streaming wavenumber kfs,∗(a) for the modes with q = q∗. For each
of the curves we take q∗ = 500 h Mpc−1, and we vary the dark matter mass m across the
three curves. For all three masses shown, the free streaming wavenumber begins to grow with
respect to SE Cosmology (i.e., kfs,∗/k

(SE)
fs,∗ > 1) at ac = 10−3.737 where the EDE energy density
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Figure 7. Left: evolution of the various energy components in the EDE Cosmology. The EDE
component (ρX , orange) behaves like a cosmological constant until ac = 10−3.737 when it makes up
fEDE = 5% of the total energy density, and subsequently it redshifts away faster than radiation with
equation of state wn = 1/2. We also indicate radiation-matter equality (zeq = 3387, aeq ≈ 3.0 × 10−4),
which is slightly offset from the crossing of the red and blue lines, since ρsm = ρb + ρr contains both
baryons and photons. Right: modification to the free streaming wavenumber. We plot the ratio of
kfs,∗ in the EDE Cosmology with respect to k

(SE)
fs,∗ in SE Cosmology. We fix q∗ = 500 h Mpc−1 and

show three values of m for the sake of illustration, but kfs,∗ only depends on the ratio q∗/m.

is most significant. The EDE increases the energy density by about 5%, which increases
the Hubble parameter by about 2.5%, which reduces the free streaming length scale lfs (and
increases the free streaming wavenumber kfs,∗) by a smaller factor due to the time integration
in eq. (2.4). Hence the effect seen in figure 7 is at the level of 0.2% to 0.4%. This enhancement
grows larger for smaller values of the dark matter mass m. The largest enhancement is
achieved at masses for which the dark matter particles become nonrelativistic at around ac.

As expected the free streaming wavenumber kfs,∗ is less than a percent larger in the
EDE cosmology as compared with SE Cosmology. In order to reveal this subtle effect,
one would require precision probes of the linear matter power spectrum at wavenumbers
k ≈ few h Mpc−1. Existing measurements using the Lyα forest show no sign of free streaming
suppression, and even if they had, then with the current level of uncertainties it would be
impossible to distinguish EDE from SE Cosmology. Future observations with a sensitivity
comparable to CMB-HD, which projects a precision of a few tenths of a percent at these
scales (compare with figure 4), may be able to discriminate between EDE and SE.

6 Very early dark energy

Whereas an early dark energy can only make up about 5% of the cosmological energy budget
if it becomes relevant around the time of recombination (see section 5), the universe could
contain much more dark energy at earlier times. Prior to nucleosynthesis, an additional dark
energy component to the cosmological energy budget would be almost entirely unconstrained.
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However, there is also some room for additional dark energy between the epoch of nucleosyn-
thesis and recombination. This idea has been explored in a recent paper [94] where it has
been called “very early dark energy” (vEDE). In this section we assess the corresponding
impact on the free streaming of warm wave dark matter.

We adopt a simplified picture to model the vEDE component X. Whereas ref. [94]
assumed that the vEDE corresponded to a real scalar field φ evolving in the potential
V (φ) = m2f2(1 − cos φ/f)n with n = 8, we will instead approximate this energy component
with a smoothed broken power law. To that end, we write the energy density in the X

component as

ρX(t) = 2
(a/ac)3(wvEDE+1) + 1

fvEDE(tc) ρtot(tc) , (6.1)

where the three model parameters are the energy fraction fvEDE(tc), the scale factor ac, and
the equation of state wvEDE. In general the parameters can take values 0 ≤ fvEDE(tc) ≤ 1,
wvEDE > 1/3, and aBBN < ac < aeq where aBBN ≈ 3.4 × 10−11 a0 and aeq ≈ 3.0 × 10−4 a0.
However, we focus on fvEDE(tc) = 0.98, wvEDE = 1, and 10−8 < ac/a0 < 10−6. These values
are informed by the careful numerical study present in ref. [94].9 They concluded that the
vEDE energy density could be as large as R = 60 times the energy density in the Standard
Model plasma (fvEDE = R/(1 + R) ≈ 0.98) as long as it dominates well after BBN and well
before the epoch of baryon acoustic oscillations and recombination. For this choice of ρX(t),
we use the formulas in section 2 to calculate the cosmological expansion history, and we use
eq. (2.14) to calculate the dark matter free streaming wavenumber kfs,∗.

The evolution of the energy components in the vEDE Cosmology is shown on the left
panel of figure 8. Our power-law model (6.1) doesn’t capture a sub-leading oscillatory
behavior that appears in the energy density associated with the cosine potential [94], but
this behavior is not expected to significantly impact the free-streaming scale. The right panel
of figure 8 shows the ratio of the free streaming wavenumber kfs in the vEDE Cosmology as
compared with the SE Cosmology. We vary ac, which controls when the dark energy decays,
and we vary the dark matter mass m. The figure shows that kfs,∗ is larger in the vEDE
Cosmology, corresponding to kfs,∗/k

(SE)
fs,∗ > 1. This enhancement grows with increasing ac and

reaches approximately 40% for ac = 10−6a0. A larger value of ac would come into conflict
with CMBR observables [94]. The parametric scaling changes depending on whether the
dark matter becomes nonrelativistic before the dark energy begins to decay (anr < ac) or
afterward (anr > ac). For example, in the lower-left corner, the enhancement is negligible
(kfs,∗/k

(SE)
fs,∗ ≈ 1), because the WWDM becomes nonrelativistic after the vEDE epoch is

over (anr ≫ ac). In the upper-right corner, the enhancement becomes insensitive to ac,
because the vEDE epoch occurs while the WWDM is already nonrelativistic (anr ≪ ac). The
nearly-horizontal lines roughly indicate the reach of Lyα and CMB-HD in this parameter

9A homogeneous scalar field φ(t) in a power-law potential V (φ) ∝ |φ|2n has an effective equation of state
weff = ( 1

2 φ̇2 − V )/( 1
2 φ̇2 + V ). As φ(t) oscillates, weff ≈ 1 when kinetic energy dominates and weff ≈ −1 when

potential energy dominates, such that weff ≈ wn = (n − 1)/(n + 1) on average. The (1 − cos φ/f)8 potential of
ref. [94] corresponds to w8 = 7/9, but since the effect on free streaming is controlled by the first oscillation’s
kinetic-dominated phase, we take w = 1 in our modeling.
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Figure 8. Left: evolution of the various energy components in the vEDE Cosmology. The vEDE
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it redshifts away faster than radiation with equation of state wvEDE = 1. Right: modification to
the free streaming wavenumber. Contours show the ratio of kfs,∗ in the vEDE Cosmology with
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(SE)
fs,∗ in SE Cosmology. We fix q∗ = 500 h Mpc−1 and show a range of values for m,

but kfs,∗ only depends on the ratio q∗/m. The nearly-horizontal lines roughly indicate the reach of
Lyα and CMB-HD observations to probe this parameter space; i.e. kfs,∗ ≤ kLy-α = 3.74 h Mpc−1

and kCMB-HD = 47.3 h Mpc−1, respectively. Along the brown-dashed line the q∗ mode becomes
nonrelativistic at anr = q∗/m = ac.

space. To draw these curves, we compare the predicted kfs,∗ with kLy-α = 3.74 h Mpc−1 and
kCMB-HD = 47.3 h Mpc−1 respectively.

Since the vEDE Cosmology allows a much larger energy density in the additional X
component, the associated impact on the free streaming of warm wave dark matter is also
expected to be larger in comparison with EDE Cosmology. This expectation is borne out by
the numerical results. We find that kfs,∗ can be increased by as much as a factor of 40% in
comparison with the prediction for the SE Cosmology. The larger kfs,∗ will tend to weaken
the lower bound on the mass of warm wave dark matter by a commensurate factor. If future
observations at a sensitivity comparable to CMB-HD would detect free streaming suppression
in the small-scale power spectrum, it could be possible to distinguish the vEDE and SE
Cosmologies if the associated free streaming scales differ at the 10% level. Uncertainties
associated with theoretical modeling must be reduced to a commensurate level.

7 Summary and conclusion

In this work we have studied the impact of modified cosmic expansion histories on the free
streaming of warm wave dark matter. The key elements of our work can be summarized
as follows.

• In section 3 we revisit the observational constraints on warm wave dark matter in the
standard expansion (SE) cosmology, which has been studied in earlier work. Using mea-
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surements of the linear matter power spectrum, which were inferred from observations
of the Lyα forest spectra with eBOSS, we derive limits on the WWDM parameter space
(q∗, m), which appear in figure 5. Constraints arise from a combination of the white-
noise effect and the free-streaming effect. In the corner of parameter space where these
two effects compete against one another, we find that the limit is slightly weaker than
one would infer from the intersection of the two separate limits. For q∗ ≈ 300 h Mpc−1

we find m > 4 × 10−21 eV, and for larger values of q∗ the limit is q∗/m < 5 × 10−8. We
find that an experiment with the projected sensitivity of CMB-HD, would be sensitive
to m ≈ 10−17 eV, and thereby provide a powerful probe of warm wave dark matter.

• In section 4 we study a modified cosmological expansion history that includes a period
of early matter domination (EMD) prior to the epoch of Big Bang Nucleosynthesis
(BBN). Since a significant modification to the free streaming scale is only possible if the
dominant modes are nonrelativistic during the EMD, and since the EMD must occur
sufficiently early (before BBN), we find that free streaming is only modified if the dark
matter mass is m > 10−15 eV, see figure 6, but for such large mass the free streaming
wavenumber is too large to be observationally accessible.

• In section 5 we study a model of early dark energy (EDE), motivated by the Hubble
tension. Since the new energy component enters at recombination, which is probed
with high precision by CMBR observations, earlier work has shown that the energy
fraction in the EDE can be no larger than 5% of the total energy. We find that this
small energy enhancement translates to a sub-percent increase in the free streaming
wavenumber kfs,∗. The detection of this subtle effect would require both extremely
precise measurements and theoretical modeling.

• Finally in section 6 we study the recently-proposed scenario known as very early dark
energy (vEDE), which supposes that a new energy component dominates between
the epochs of BBN and recombination, and subsequently decays away without an
associated injection of entropy to the Standard Model plasma. We find that this
modified cosmic history could significantly impact the free streaming of warm wave
dark matter. For instance, across the slice of parameter space illustrated in figure 8,
the free streaming wavenumber kfs,∗ can be enhanced by as much as 40% over the SE
cosmology. This encouraging result motivates a more systematic exploration of the
broader joint vEDE+WWDM parameter space.

Dark matter inhomogeneities on small length scales offer a powerful probe of both dark
matter’s nature and the cosmological expansion history. We find that measurements of Lyα

forest spectra are already placing strong constraints on the momentum and mass scale of
warm wave dark matter under the assumption of a Standard Expansion Cosmology. Future
observations at the level of sensitivity expected for CMB-HD have the potential to not only
discover the suppression of small-scale power that is expected for warm wave dark matter due
to the free-streaming effect, but also to measure this suppression with such high precision
as to reveal deviations from SE Cosmology.
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