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Abstract

Twisted Modules for Vertex Operator Superalgebras and Associative Algebras
by

Charles Petersen

Let V be a vertex operator superalgebra and o the order 2 automorphism
associated with the superstructure of V. For a finite order automorphism g with
o(go) =T", we follow [§] to construct a sequence of associative algebras A, ,(V)
for n € 57, such that Agvn_%(V) is a quotient of A (V). There is a bijection
between the irreducible A ,,(V')-modules which cannot factor through A, - . (V)
and the irreducible admissible g-twisted V-modules. These results are then

applied to g-rational vertex operator superalgebras. In this case it is shown that V'
is g-rational if and only if all the A,, (V) are finite-dimensional. Taking n =0 we
obtain the associative algebra A,(V') constructed in [I5]. With g = 1 we recover

A, (V) as in [1§].
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Chapter 1

Introduction

In order to study the representations of a vertex operator algebra V', the
associative algebra A(V') was introduced in [26]. In essence, the representa-
tion theory of the vertex operator algebra V' was reduced to that of the asso-
ciative algebra A(V'); the inequivalent irreducible admissible V-modules are in
one-to-one correspondence with the inequivalent irreducible A(V')-modules. It
was also shown that if V' is rational, then A(V') is finite-dimensional semisimple.
Hence, in this case there are only finitely many inequivalent irreducible admissible
V-modules up to isomorphism. These results have been used with great success.
In its debut ([26]), A(V)-theory played a key role in proving modular invariance
of the space of characters of irreducible modules for a rational vertex operator
algebra. The theory of A(V') has also been used to classify the irreducible mod-
ules of many well-known rational vertex operator algebras. These advances led
to the extension and generalization of the theory in many directions ([7], [9],
181, [31, [4], [24], [19], [25], [15], [I8]). We briefly summarize some of these results
which are essential to this thesis.

Given a finite automorphism group G of a vertex operator algebra V., the

g-twisted V-modules for g € G play a prominent role in understanding the rep-



resentation theory of the orbifold (fixed point) vertex operator algebra V&. The
theory of A(V') was extended in order to study the twisted modules in [7]. The
associative algebra A (V') was constructed and when g = 1, A(V') is recovered.
There the arguments of [26] were simplified by way of familiar techniques of high-
est weight representations of Lie algebras. The irreducible admissible g-twisted
V-modules were shown to be in one-to-one correspondence with the irreducible
A, (V)-modules. More surprisingly, given a g-rational vertex operator algebra,
not only is A,(V') a finite-dimensional semisimple associative algebra, but each
irreducible admissible g-twisted V-module is ordinary. That is, the weight spaces
are finite-dimensional.

The theory of A(V') is centered on the fact that the top level of an admissible
V-module M = @,,z, M(n) with M(0) # 0 is an A(V)-module. As such, A(V)
does not give a full description of the action of V' on the remaining homogeneous
pieces M (n) for n # 0. To remedy this, a sequence of associative algebras A,,(V)
for n a nonnegative integer was constructed in [9]. Here Ag(V') = A(V') and it was
shown that A,_1(V) is a quotient of A,(V). Each M (k) for k <n is an A,(V)-
module and in this way the A4, (V') gave a more complete picture of the action of V
on an admissible module. The equivalence classes of irreducible A, (V')-modules
which cannot factor through A, (V') are in one-to-one correspondence with the
equivalence classes of irreducible admissible V-modules. Moreover, V' is rational
if and only if all A, (V') are finite dimensional semisimple.

To extend [9] to the orbifold theory of a vertex operator algebra V', a sequence
of associative algebras A, (V') for n € $Z, and automorphism g of finite order T
was constructed in [8]. In this case, both A,o(V) = A,(V) and A4;,,(V) = A,.(V).
Moreover, Agmf%(V) is a quotient of A,, (V') and the equivalence classes of irre-

ducible A,,,(V)-modules which cannot factor through A, 4 (V') are in one-to-



one correspondence with the equivalence classes of irreducible admissible g-twisted
V-modules. Also, V' is g-rational if and only if all the A,, (V) are finite dimen-
sional. Since then, the A, , (V) have proven to be a powerful tool in the pursuit
of the classification of irreducible modules for obifolds of rational vertex operator
algebras ([11], [13], [24], [12]).

This brings us to the work of this thesis: the representations of orbifolds
of vertex operator superalgebras. The theory of A(V') was extended to vertex
operator superalgebras in [I9]. The theories of A,(V') and A, (V') were extended
to vertex operator superalgebras in [I5] and in [I8], respectively. Motivated by
this work and the advances the A, , (V) have afforded the representation theory of
orbifolds of rational vertex operator algebras, in this thesis we introduce the analog
of the A, (V') for a vertex operator superalgebra V' and finite order automorphism
g. Our setting follows [8] and we extend the results therein to this case. However,
since we are dealing with vertex operator superalgebras, the differences between
our present situation and [8] are enough that we cannot simply quote the results.
More so, though the constructions are given in [§], in the name of brevity many
arguments were excluded. We provide those omitted details here.

Our general approach is to combine those techniques used in [26], [7], [15]
and [9], but with varying degrees of modification. As was pointed out in [15]
and [I4], the order 2 automorphism o associated with the superstructure of V'
plays an important role in the theory. Necessarily the go-eigenspaces of V' rather
than g-eigenpsaces must be used to define the various structures on V in the
construction of A,, (V). Combined with the nuances of working with superspace
and the fact that n is not necessarily an integer, the calculations and technical
arguments become slightly more cumbersome in our present situation.

The thesis is organized as follows. In chapter [2] we summarize the requi-



site background of vertex operator superalgebras and their representation theory
needed to develop the results of this work. Chapter |3|is the heart of the thesis.
In the sections and we construct the space Ag,(V) as a quotient of V
and gather a handful of relations therein. We verify that A, ,(V') is an asso-
ciative algebra and that Agynf%(V) is a quotient of A,, (V') in section w In
section we review the basic properties of the Lie superalgebra V[g] as found
n [I5]. Section [3.5|is dedicated to the construction the functor €, from the cat-
egory of admissibe g-twisted V-modules to the category of A,, (V)-modules. In
preparation for section we gather a few results on V[g]-modules in section .
Section contains the main results of the thesis. We construct another func-
tor L,, from the category of A,,(V)-modules to the category of A, ,(V)-modules
and establish the correspondence between the equivalence classes of irreducible
Ay n(V)-modules which cannot factor through A, e (V) and the equivalence
classes of irreducible admissible g-twisted V-modules. We apply these results to

g-rational vertex operator superalgebras in section [3.8]



Chapter 2

Vertex Operator Superalgebras

and Their Modules

In this chapter we summarize the requisite background information of
vertex operator superalgebras and their representation theory which is necessary

to develop our results.

2.1 Notation and Formal Series

We will use the convention that N denotes the positive integers, Z the integers,
Z, the nonnegative integers, Q the rational numbers, R the real numbers, and C
the complex numbers. All vector spaces (super or otherwise) are assumed to be
over C.

Underlying vertex operator superalgebras are spaces of formal series in several
commuting variables z, zg, z1, 22, etc. The coefficients of these spaces lie in some
superspace or else its endomorphism ring. Formal calculus makes performing
operations on such formal series precise and in turn facilitates calculations on

these spaces. A detailed exposition of formal calculus can be found in [17] or [20].



For a superspace V' we have the following spaces of formal series in the single

variable z:

2" i, €V, v, =0 for all but finitely many n e N }

Z

ne

N

Up ":UHEV}

Z

ne

S
3
N

" v, €V, v, =0 for all but finitely many n € Z}

N

€

V((2)) = { V2" v, €V, v, =0 for all n << O}

3

V2" i, € V}

Viz} =

AeC

U,\z DUy EV}

Given a formal series f(2) = Yycuaz? € V{z}, the formal derivative and

formal residue are defined as

—f(Z) Y Azt and  Res. f(z) = v_g.
AeC

If also g(z) € (EndV){z} and the product g(z)f(z) € V{z}, then we have the

formal residue formula for the product rule

Res, ((diig(z))f(z)) = —Resz( (z )( f(z))) (2.1.1)

When dealing with formal series, we will expand all binomials in nonnegative

integral powers of the second variable. That is, for any a € C

(21 + 22)° i( )1



La-j7+1
where (a) is the generalized binomial coefficient (a) = H %. Note that
J J7 k=1 J

(z1+22)% # (20 +21)°

unless « is a nonnegative integer.
If T is a linear operator on V, the formal exponential e»T e (EndV)[[20]] is

defined by

Applying our binomial convention we easily obtain the formal Taylor’s theorem

e £(2) = f(2 +20) € V{z}[[20]]-

As an application of the formal Taylor’s theorem, we have the following.

Proposition 2.1.1. For a € C and commuting formal variables z1,zy and z3

(214 (220+23)) = ((z1+22) +23)* = ((21+ 23) + 22)* = (21 + (23 + 22))“

Proof. The outside equality follows since we expand binomials in nonnegative
integral powers of the second variable. The equality on the left follows from the

formal Taylors theorem. Since 21, 25 and 23, commute we have

9
Z22+23) 55—
(21 + (22 + 25))" = )2 op
9 9
- ezza (62’3EZ(1)¢)
O N
=e?%1 (21 + 23)

= ((Zl + 22) + Zg)a.



The inside inequality follows from the other two. O]

A formal series of particular importance in the theory of vertex operator

superalgebras is the formal delta function

i(z) = Z 2" e C[[z,27']]

nez

and its multivariate counterparts. As an example, we have

5( = ) ZZO (21— 22)" =ZZ( 1)]( )aniw2

nez 7=0neZ

The formal delta function satisfies many useful identities. The following is a

seemingly innocent property: for any integer k
2F6(2) = 0(2). (2.1.2)

Furthermore, as given in [25] (lemma 3.1.3) we have

Proposition 2.1.2. For any a € C

2—1(22+Zo)_0‘5(22+20) 22_1(21—20)0‘5(21—20) (2.1.3)
! 21 Z9 2 Z9 z9 ' o

Under various conditions the formal delta function facilitates formal variable

substitutions. We will need the following, given in [22] (lemma 2.1.2).

Proposition 2.1.3. Let V' be a superspace.

1 0f (e z) € (VI 500]) ((22)), then

5(20 + ZQ)f(zl,ZQ) 5(20 ZZZ)f(ZO 2 2). (2.1.4)



2. 1f f(z1,22) € (VI[[20, 257 1]) ((22)), then

5(21;)22)]8(20,22) = 5(212_22)]‘(20,21 - 2p). (2.1.5)

0

2.2 Vertex Operator Superalgebras

We state the definitions of vertex superalgebra and vertex operator superalge-

bra and briefly overview their immediate consequences.

Definition 2.2.1. A vertex superalgebra is a superspace V = V5 & Vi equipped

with a linear map

Y(-,2):V = (EndV)[[2,27']]

Y(v,2) =) v,z

nez

and an element 1 €V, called the vacuum wvector, such that the following hold:

Y (u,z)veV((2)) for any u,veV, (2.2.1)
Y(1,2) = Idy, (2.2.2)
Y(u,z)L1 e V[[z]] and Res,Y(u,z)Ll =u for any ueV, (2.2.3)

and for Zs-homogeneous u,v € V' the Jacobi identity holds

Z2— 21

2515(21 =2 ) Y(u,z1)Y (v,29) — (—1)%2615(

20

)Y(U,ZQ)Y(U,ZI)

20

222_15(212;2,20)Y(Y(U,ZO)U,22). (2.2.4)

Forn e %Z and u € V,, we say u has wetght n and write wtu = n. We may denote

such a vertex superalgebra by the triple (V,Y,1).

9



Definition 2.2.2. A vertex operator superalgebra is a vertex operator super-

algebra (V,Y, 1) which carries a 3Z-grading

V=@V, with Vo=V, and V1=V, (2.2.5)

nE%Z nez nE%Z
where dimV,, < oo for alln € %Z and V,, =0 for n sufficiently negative. Moreover,
there is distinguished vector w € V, called the conformal vector, such that the

following Virasoro algebra azioms are satisfied:

[L(m),L(n)]=(m-n)L(m+n)+ m3——m5m+n’ocv for allm,neZ, (2.2.6)

12
Y(L(-1)u,z) = diZY(u,z) for allueV, (2.2.7)

L(0)|v, = nldy for allne %Z, (2.2.8)

where cy € C is the central charge of V and

Y(w,z) =Y L(n)z""2 (2.2.9)

nez
We may denote such a vertex operator superalgebra by the quadruple (V)Y 1,w).

Remark 2.2.3. In the case that Vi = 0, we have the definitions of a vertex

algebra and vertex operator algebra, respectively.

For a vertex operator superalgebra (V,Y,1,w) one can readily verify that

1 € Vp, w e V3 and for any homogeneous u,v €V and n e 1Z
UpU € thu+wtv—n—1' (221())

In particular if u € V4

(3]

veV;and n € Z, then u,v € V7. To denote this we will

simply write V;V; € Vi

i+g

10



Following directly from the definitions we also have the identities:

Y (u,2)1 = e* Dy for u eV, (2.2.11)
DY (u, 2)e 0D = Y (u, 2 + 2) for u eV, (2.2.12)
Y (u, 2)v = (-1)®Y (v, -2)u for Zo-homogeneous u,v € V. (2.2.13)

2.3 Automorphisms and Twisted Modules

In this section we summarize the basic representation theory of vertex operator

superalgebras.

Definition 2.3.1. An automorphism of a vertex operator superalgebra V is a

linear isomorphism g of V' in which g(w) =w and satisfies
gY (v,2)g7' =Y (gv,2) (2.3.1)

for all veV. Denote the group of automorphisms of V' by AutV.

It can be shown that any automorphism g of a vertex operator superalgebra V'
satisfies (1) = 1. Moreover, since g fixes w, it must be the case that g commutes
with the operator w; = L(0). In particular g preserves each homogeneous subspace
V,, and hence preserves V5 and V7.

For a vertex operator superalgebra V' we have the linear isomorphism o : V' — V

associated to the superstructure on V: for Z,-homogeneous v € V'
ov = (-1)%. (2.3.2)

Since V;V; € Vi it follows easily that o € AutV. Furthermore, it is important

i+]

to note that since any automorphism g of V' preserves V5 and Vi, the element o

11



is central in AutV.
For g € AutV with o(g) =T and o(go) = T, we denote the decompositions of

V into eigenspaces for g and go, respectively, as

Ve @ Vv (2.3.3)
reZ|TZ

V. @ v (2.3.4)
reZ[T'Z

where V' ={v eV :gv=e2m/Tv} and V™* = {v eV : gov = e72mr/T'y}.

Definition 2.3.2. A weak g-twisted V-module is a vector space M equipped

with a linear map

Yu(-,2):V - (End M) [[zl/T,z’l/T]]

v Yy (v,2)= Y v,z

1
neTZ

satisfying the following for all 0 <r<T -1 andueV" andveV:

Y (u,z) = ;Zunz_"_l, (2.3.5)
Y (v, 2)ue M((2)), (2.3.6)
Y (L, 2) = Idy. (2.3.7)

For Zy-homogeneous u,v € V the twisted Jacobi identity holds

—29+ 21

2515(21 = ) Yar(u, 21)Yar (v, 22) - (_1)552615(

% )YM(U,ZQ)YM(U, 21)

- -r/T _
=2zt (2’1 Zo) 5(21Z ZO)YM(Y(U, 20), 22). (2.3.8)

22 2

We may denote such a module by the pair (M,Yy).

12



Definition 2.3.3. A submodule of a weak g-twisted V-module M is a subspace
W of M such that Yy (u,z)w € W((2)) for allueV and weW. We say M is
irreducible if the only submodules of M are 0 and M itself.

Definition 2.3.4. A homomorphism between two weak g-twisted V -modules M

and W is a linear map f: M — W satisfying the following for all ueV

Yy (u, 2) =Y (u,2)f. (2.3.9)

Remark 2.3.5. It was shown in [25] (theorem 3.3.2), that for a weak g-twisted
V-module M, the twisted Jacobi identity is equivalent to the following associativity

formula

(20 + 2) " T Yy (u, 20 + 20) Yar (v, 22)w

= (29 + 20)** T Y (Y (w0, 20, 29w (2.3.10)

where w e M, ve V™ and k € Z, such that 2** 7Yy (u,2) € M[[2]], together with

the super-commutator relation

[YM(ua 21)7 YM(Ua ZZ)]

_ Res,, 25! (Zl . ZO) ! 5(21 - ZO)YM(Y(u, 20, 7). (2.3.11)

22 22

The following easy lemma relates the g-eigenpaces to the go-eigenspaces, and
will be extremely useful in sections|3.543.7, when we focus on relating the represen-
tation theories of V and A, ,,(V'). As was first pointed out in [15], this relationship
will allow us to repurpose arguments from the “non-super” case to our present

situation.

13



Lemma 2.3.6. Let M be a weak g-twisted V-module. If ue V" nVs* is homoge-

neous, then wtu + = is congruent to = modulo Z.

Proof. We know T" | 2T and if T is odd, then 7" = 27". In either the case, by
comparing gu and gou, it is easy to see that = is equivalent to %& + 7 modulo Z.

Since wtu is equivalent to %a modulo Z we are done. O

For t € Z and p,q € +7Z, by equating the coefficient of 2571277 2,7 on both

sides of (2.3.8) we obtain the component form of the twisted Jacobi identity

oo ) t » (&)
D) (g = G D aggtin) = 32 () ey (2312)
=0 =0

Similarly, equating the coefficient of 2,7~ 2,7 on both sides of (2.3.11) we have

the component form of the super-commutativity relation

oo

[Up, V] Z( )(ujfu)mq ;- (2.3.13)

Remark 2.3.7. As shown in [2]] (corollary 3.3.3, corollary 3.5.4), the usual

Virasoro algebra axioms for the module M hold:

[L(m),L(n)] = (m-n)L(m +n) + 7”31—;7”

Yar(L(=1)v, 2) = iYM(v 2) (2.3.15)

(5m+n7ocv, (2314)

where

Vir(w,z) =), L(n)z"".

nez

We will usually drop the subscript on the Virasoro operators Lys(n) associated to

the module M .

14



Definition 2.3.8. An admissible g-twisted V -module is a weak g-twisted V -module

M which carries a %Z;gmdz’ng

M= @ M(n)

nE%Z

satisfying
UM (n) € M(wtv +n—-m-1) (2.3.16)

for all homogeneous veV, meZ and n € %,ZJr.

Remark 2.3.9. As developed in [T/, an admissible g-twisted V -module M must
have a %Z;gmdmg rather than a %Z-gmding. This is because V is %Z-gmded

rather than Z-graded.

Definition 2.3.10. An ordinary g-twisted V -module is a weak g-twisted V -module

M which carries a C-grading

M =@ M,
AeC

such that
dim My <oo and My={weM:L(0)w = w}

and for fired A € C we have My, » =0 for n sufficiently negative. If w e M) we

il

say w has weight A\ and write wtw = \.

Remark 2.3.11. In the case that g =1 we drop the “twisted” prefix and have the

definitions of weak, admissible and ordinary V-module, respectively.

15



The main results of this thesis are concerned with admissible g-twisted V-
modules. These modules form a full subcategory of the weak g-twisted V-modules
with morphisms as in (2.3.9). By applying the grading restrictions, it is not hard
to show that an ordinary g-twisted V-module is admissible. See [7] (lemma 3.4).

Of particular importance are the vertex operator algebras whose admissible

g-twisted V-modules are all semisimple.

Definition 2.3.12. A vertex operator superalgebra V is g-rational if the category

of admissible g-twisted V -modules is semisimple.

The next two propositions are very useful in the study of twisted modules and
of course have their roots in the representation theory of vertex operator algebras.
As in [21] (lemma 6.1.1) we may apply the associativity formula (2.3.10)) to
obtain the following useful description of a weak g-twisted VV-module. We provide

the proof following an argument given in [20] (proposition 4.5.7).

Proposition 2.3.13. If M is an irreducible weak g-twisted V-module, then for

any nonzero w € M

1
M:Span(c{vmw:vev, me?Z}.

Proof. We only need to show that X = spanc {vmw:veV, me %Z} is a V-
submodule of M. By linearity and ({2.3.5)) it suffices to show that w,, r vy, sw € X
for all homogeneous u € V", v € V¢ and m,n € Z. First, there exists k € Z, such

that 25" 7Y}, (u, ) contains only non-negative integral powers of z. So

(20 + 22) T Yas (u, 20 + 20) Yar (v, 29)w

= (20 + 20)"* T Y2 (Y (u, 20, 20)w. (2.3.17)

16



We also compute

Um+ 2 Un+ 2 W

= Res,, Res,, z?%z;“%YM(u, 21) Y (v, 29)w

_ n+ =
= ReSZOResleesZonl(S( 2y Tzy TYy(u, 2) Yy (v, 20)w

z1 —2’2) m+%
20
20 +Z2) m+ =

_ = n+=
= ResZOResleesZQzll(S( 2y Tzy TYr(u, 2) Yy (v, 20)w

21

+ s
=0 ZQ) (20 + 22)m+%25+;YM(U, 20 + 22) Y (v, 22)w

- -1
= Res, Res,,Res,, 2,0 (

21

= Res,,Res,, (20 + 22)m+%zg+%YM(u, 20+ 22) Y (v, 20)w. (2.3.18)

Combining (2.3.17)) and (2.3.18)), we obtain

um+% Un+ T w

= Res,,Res., (20 + ZQ)m_’ﬁ-%Z;H—% ((22 +20) Y (Y (u, 20)v, 20)w) . (2.3.19)
Since the right hand side of (2.3.19) lies in X we are done. m

Analogous to [26] (lemma 1.2.1), it follows that L(0) acts semisimply on any
irreducible admissible g-twisted V-module. We give a different proof here using
an argument due to C. Dong which relies on the countably infinite dimensional

version of Shur’s lemma originally due to J. Dixmier [2].

Proposition 2.3.14. If M = @®,,. 1, M (m) is an irreducible admissible g-twisted

me,
V-module, then L(0) acts semisimply on M. In particular there exists h € C such
that

M(m)={weM:L(0)w=(h+m)w}.

The number h is called the conformal weight of M.

17



Proof. As M # 0 we may assume, after a possible grading shift, that M (0) # 0.
Take w € M(0) to be nonzero. Since M is irreducible, using proposition [2.3.13]

we can write
1
M =spanc{v,w:veV,me ?Z}

for any nonzero w € W. Since M is admissible, for any homogeneous v € V' and

n € %Z, we have vyty_n_1M(0) € M(n). In particular
M (n) = spanc{vygynw:v € V}. (2.3.20)

Let A be the associative subalgebra of EndcM(0) generated by the set {vggp-1 :
v eV} so that M(0) is an irreducible A-module. As L(0) = wy = wy-1 it follows
that L(0) preserves M (0). Moreover, from we get [L(0),vytyo-1] = 0 on
M. That is, L(0) is an A-module map.

Since V' has countable dimension, so does M by proposition 2.3.13] In partic-
ular M (0) has countable dimension. Then the countably infinite version of Shur’s
lemma [2] tells us that L(0) acts on M(0) as a scalar h e C.

Applying once more we obtain [L(0), Vyty-n-1] = Myty-n-1- SO We
have L(0)vytp-n-1w = (h + n)Vgtp-n_1w. Combined with we have proven
the result. O
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Chapter 3

Twisted Modules and Associative

Algebras

In this chapter we develop the results of tthisthesis. Given a vertex operator
superalgbera V' and automorphism g of finite order T', we follow [8] to construct
a sequence of associative algebras A,,(V) for n € £Z, such that Agmf%(V)
is a quotient of A,, (V). There is a bijection between the irreducible A, (V')-
modules which cannot factor through A, . (V') and the irreducible admissible
g-twisted V-modules. These results are then applied to g-rational vertex operator
superalgebras where it is shown that V' is g-rational if and only if all A, , (V') are
finite-dimensional semisimple.. Taking n = 0 we obtain the associative algebra

A, (V) constructed in [I5]. With g =1 we recover A, (V') as in [I§].

3.1 The Spaces O,,(V) and A,,(V)

Let V be a vertex operator superalgebra V and g an automorphism of finite
order T'. Fix n € %Z+ and write n =  + % for unique nonnegative integers /¢

and ¢ with 0 <7 <T”-1. In this section we equip V' with two bilinear products
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ogn:VxV >V and #,,:V xV -V, then define the subspace O, (V') and the

quotient A, ,, (V') of V, respectively.

For integers 0 < r < 7" -1, define

1 if r<u,
oi(r) =
0 if i<r<T"-1.

Also set 6;(7") = 0. For v € V and homogeneous u € V7*, define

(1 + Z)wtu—1+6i(r)+£+%

uogn v =Res.Y(u,z)v 2046, () +0, (T'—7)+1

and
a fm+l (1+z)vturt
> (-1) ( ’ )ReszY(u,z)vW it r=0,
m=0
Ukgpn V=
0 it r>0.

(3.1.1)

(3.1.2)

Extend both o, , and *,, linearly to obtain bilinear products on all of V. Now

define

Oyn (V) =spanc{uo,,, v, L(-1)u+ L(0)u : u,veV}.

Define the linear space A, ,, (V) to be the quotient

Ag,n(v) = V/Og,n(v)'

20
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3.2 Relations Modulo O,,(V)

In this section we gather a handful of relations modulo O, (V') which will be

used to facilitate calculations in A, , (V).
Lemma 3.2.1. Ifr#0, then V™ c Oy, (V).

Proof. Let 0 <r <T"-1 and v € V™ be homogeneous. By definition of Oy, (V')

we know voy, 1 €0,,(V). By definition of o,, we have

S (wtv—1+6,(r)+0+ %
U Ogn 1= Z ( ]{7( ) r )Uk—Qé—éi(r)—Si(T’—r)—l]]--
k=0

Since v;1 =0 and v_;_;1 = %L(—l)jv for 7 >0, we get

20+8;(r)+8; (T'—r) (wtv—l+6¢(r)+€+%)
1= k L(=1 20+6;(r)+6; (T"-r)-k
Y% ,;) 20+ 6,(r) + 0,(T" —7) — k)! (=1) v

As wtL(-1)v = (wtv + 1) and L(-1)v = -L(0)v mod O, ,(V'), it follows that for

all >0
L(-1)/v = j!(_W,tU)v mod O, ,, (V).
J

So we obtain

e 1o 2@+6i(r)i<:5i(T’—r) (th -1+ 52(7“) +0+ ’IL”)( -wtv )
gn 1= Z k 20+ 6;(r)+6;(T" 1) -k

xv mod O, (V)
( Oi(r)+ 0+ 4 -1
2£+5Z(T) +57;(T’ —T)

)v mod O, (V).

As 7 >0, we know d;(r) +{+ 77 —1 is not an integer and so (2@35(2;3@7';)) #0. O
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Lemma 3.2.2. Ifue V"™ is homogeneous and v € V, then for all integers 0 < k <

m

1+ wtu—1+£+0; (1) + 7 +k
ReszY(u,z)v( 2) .

€ Oyn(V).

220+0;(r)+0;(T"~7)+1+m

Proof. Note that for all integers 0 <k <m

(1 + Z)Wtu—1+€+5i(r)+%+k

Res.Y (u, 2)v S20+8,(1)+0,(T"—r)+1+m

k k (1 +Z)wtu—1+£+6i(r)+%
- ;) (i)ReszY(u, 2)v g oG v pr

7

Thus it suffices to prove the statement for k£ = 0 and all integers m > 0. We proceed
by induction. The case m = 0 holds by definition of O, , (V). Now, assuming the
statement holds for some m > 0 and all homogeneous elements of V', we must show

(1 + Z)Wtu—1+€+6¢(r)+%

ReSZY(u’Z)U 52046, (1) +6; (T"—r)+m+2 EOQ’”(V)'

Using the L(-1)-derivative property ([2.2.7)) and the residue formula for the formal
product formula (2.1.1)), we compute

(1 + Z)wtu+é+6i (r)+77
220+0;(r)+6;(T"-r)+m+1

Res, (Y(L(-1)u, z)v)

d (1 + Z)Wtu+é+5i(7’)+%
= Res, (EY(U’ Z)U) 22040, (r)+6;(T"-r)+m+1

d (1 + Z)wtu+€+6i(r)+%
= -Res.Y (u, 2)v (E (224+6¢(T)+6¢(T’T)+m+1

r ) (1 + Z)wtu—1+2+6i(r)+%

=-Res,Y (u, z)v ((Wtu +0+0;(r) + 77 | e sy

—(20+6;(r) +0;(T" =) +m+1)i

1+ Z)Wtu+€+6i (r)+77
20+8;(r)+6; (T"—r)+m+2
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(1 n Z)wtu—1+£+5i(r)+%
22040, (r)+6; (T"-r)+m+2 (
(1 + Z)wtu71+2+6i(r)+%
220+0;(r)+6; (1" -r)+m+1

(1 +z)wtu—1+€+6i(r)+%
220+6;(1)+6; (T"-7)+m+2
(1 + Z)Wtu—1+€+5i(r)+%
220+0;(r)+6;(T"~r)+m+1
1+ Z)Wtu—1+f+5i(7“)+%

=(20+6;(r)+6;(T"=r)+m+1)Res,Y (u, z)v 1+2)

- (Wtu +0+6;(r) + %) Res,Y (u, z)v

=(20+0;(r)+5;(T" =r)+m+1)Res.Y (u, z)v

+ (204 0;(r)+0;(T" =r)+m+1)Res.Y (u, z)v

- (wtu +0+6;(r) + %) Res.Y (u, z)v(

220+0;(r)+6;(T"-r)+m+1 °

As wtL(-1)u = wtu + 1, the induction assumption gives us that each of

1+ Z)Wtu+€+6-(r)+—

22040, (r)+6;(T"-r)+1+m’

Res, (Y (L(-1)u, z)v) (
(1 + Z)Wtu_1+é+5i(7‘)+%
220+0;(r)+6;(T"-r)+m+1
(1 + Z)wtu—1+£+6,-(r)+%
220+0;(r)+6;(T"-r)+m+1

(20+0;(r) +6;(T" =r)+ 1+ m) Res,Y (u, z)v

and

- (Wtu +0+0;(r) + %) Res.Y (u, z)v

lies in Oy, (V).

Lemma 3.2.3. If u,v € V% are homogeneous, then

14 wtv+m~—1
(i) u*gnv—(-1)" Z (m; K)ReszY(v z)uu € Oyn(V).

€+m+1
m:

(1) w gy v — (=1)""0 *,, u— Res,Y (u,z)v(1 + 2)“"" e O, (V).
Proof. For (i), the skew-symmetry ([2.2.13)) gives us

-m-1

Y (u,z)v=(- 1)“”1;”;2( D L(-1)*v,uzfm1

Now, by definition of O, (V) we have

L(-1)v,u = —(wtv + wtu —m — 1)v,,u mod O, (V).
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Then for all k>0

-wtv —wtu+m +1

L(-1)*v,, Ek:!(
(-1 vu A

)vmu mod O, (V).

With this we obtain

Y (u, z)v = (-1)™Y (U, = )u(l +2) 7 mod O, (V).
z

We now compute

wtu+¢
K Res.Y (u, z)v%

(Q
B
@
§M®
C
3
/—\
~—

Z€+m+1

(1 + Z)—th+€

P mfm+1 -z
= (07 3 (" Resy (01 Ju i mod 0,,(V)

(1) i ZZ: (_1)4(m2- E)(th +km— 1
(1 + z)wtorm-1

- (-1)™ Zgz (_1)g(m2— E)Reszy(v, 2)u g

)Ukemw

which proves (7). For (i), swapping u and v in (i) we get

Ukgpnt— (-1)%y *gn U

(1 + Z)wtu+ﬁ

d mfm+{
= (mzzlo(—]_) ( ¢ )RGSZY(U,Z)UW

(1 + Z)wtu+m—1

Zl+m+1

i 1)€(m " K)ReszY (u,z)v

=0

) mod O, ,, (V')
= Res, (Y(u 2ol + z)vtu! Z (m + 5) (-1)m(1+2)1 = (-1)*(1 + z)m)

/ Zm+€+1

= Res,Y (u, 2)v(1 + z)"u
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This follows since

éo (m; E) (=1)™(1 + z);l+;$—1)f(1 +2)" .

by proposition 5.2 of [9]. O

3.3 The Associative Algebra A,, (V)

We verify that A,,(V) is in fact an associative algebra under the induced

product *,, and that Agm_%(\/) is a quotient of A, ,(V).
Lemma 3.3.1. O, (V) is a two-sided ideal of V' under *g.,.

Proof. As V™ c Oy ,(V)if 0<r <T" by lemma [3.2.1] we only need to prove

(L(-Du+ L(0)u) *g v € Oyn(V) for u,ve VO, (3.3.1)

Vg (L(-1)u+ L(0)u) € O,,(V) forv,uce Vo (3.3.2)

Uty p (Vog,w) €0y, (V) forue VO veV™ we VT (33.3)

)
)
)
)

(Wognv) tgnweOQyn(V) forue V™ ve VI ™ eV (3.3.4)

We first prove (3.3.1). For w,v € VO the L(-1)-derivitive property and the

residue formula for the product rule give us

L(-1u *gm U

(1 + Z)Wtu+1+£

Z€+m+1

éo(_l)m(mz K)ReszY(L(—l)u, 2)v

m=0

m+/ (1 + z)wtu+1+£

(_1)m( ) )Resz(diiy(uaz)v)w
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4 . m+ ¢ d (1+2)wtu+1+2
:mz::O(—l) +1( ; )RGSZY(U,Z)U(EW

mZe_:o(—l)m” (m; E)ReszY(u, 2)v

((—€ —m—1)(1 + z)wturl+ .\ z(wtu+ 1+ 0)(1 + z)W““E)

Z€+m+2 Z€+m+2

With this we compute

(L(-1)u+ L(0)u) *4,v

S(m+/ amz+l+m+1
mZ::o( ’ )RGSZY(U,Z)U(l-l-Z)Wtu ¢ 2

( 1+ Z)wtu+£
22€+2

(—1)4(2;) (20 +1)Res,Y (u, z)v

_ (-1)f(22€)(%+ (o, v)

€O0yn(V)

which proves ((3.3.1)).
Now we verify (3.3.2)). Let u,v € VO*. We know L(-1)u+L(0)uxg,v € Oy, (V).

Applying lemma (i) we have

v gp (L(=1)u+ L(0)u)
= —Res, (Y(L(—l)u, 2)v(1+2)"" + Y (L(0)u, 2)v(1 + z)wm”l) mod Oy, (V)
= Res, (Y(u, z)vdiz(l +2)V — (wtu) Y (L(0)u, 2)v(1 + Z)Wtu—l)

=0

and (3.3.2) follows
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To prove(3.3.3) take homogeneous u € VO* v e V* and w e VT'=)*. We have

U kg p (VO W)
= (U *gn (Vognw) = (_1)11% ogm (U *gp w)) mod Oy, (V)

4 wtu+l
(m+l (14 zp)wout
= ZO(—l) ( ’ )ReszlY(u,zl)(v gn w)w
(1 + Zz)wtv71+€+5i(r)+%
20+46;(r)+6;(T"-r)+1
<9

— (-1)"Res.,Y (v, 20) (u g W)

¢
=> (—1)m(m " K)ResleesZQY(u, 21)Y (v, z9)w
m=0

l
(1 + Zl)wtmg (1 + Zz)wtv—1+é+6i(r)+%
X
l+m+1 20+6;(r)+6; (T"-r)+1
P 2T )

¢
- (-1)™ > (-1)"Res,,Res., Y (v, 2)Y (u, 21 )w
m=0

(1 + 2 )Wt (1 + ZQ)wtv—1+é+6i(r)+%
X

Zf+m+1 z§f+5i(7”)+5i(T’—T)+1
4
m+ L
=> (—l)m( / )Resz2Reszl_Z2Y(Y(u,zl — 29)V, Z3)W
m=0
(1 + zl)W““E (1 + ZQ)wtv—1+€+5i(r)+%
X Z{erﬂ Z§Z+6i(r)+6i(T’—r)+l
- i i i( 1)m(m+£)(wtu+£)(—£—m— 1)
§=0 k=0 m=0 4 J k
(1 +22)Wtu+wtv71+€+5¢(r)f%fj+€

% )
ResZ2 Y (uﬂﬂfv’ 22 )w 22K+5i (r)+8; (T"-r)+1+l+m+k+1
2

=0 mod Oy, (V)

by lemma |3.2.2
Lastly, we show (3.3.4)) holds. Again, take homogeneous u € V"* v e V(I'-7)*
and w € V. We have
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1+ wtu—1+6; (r)+l+ 7
= (ReszY(u,z)v( ?) i * g W

22Z+51 (T)+6i (T’—'r’)+1

o (wtu -1+ 8i(r) + £+ %
= Z (W “ ’ (r) ’ T )(uj—2€—6i(r)—6i(T’—r)—1U *g.n ’LU)

7=0 J
_y (_1)m(m + K)Res@ 3 (Wtu -1+ 51»'(7’) +0+ F)
m=0 4 j=0 J

(1 + 22)Wtu+th+2£+5i(T)+6¢(T’—T)—j+f
X Y (Uj-20-5,(r)-6,(T"-r)-10, Z2 )W

l+m+1
29

¢
= Z (—1)’"(m£r E)ResZZReszl_mY(Y(u, 21— 22)U, Z3)W

m=0

. A . ! _ )T
(1 +Zl)wtu—1+6,(r)+£+T, (1 +22)th+2£+5l(T ) 7+l

(Zl _ 22)2€+6i(r)+6i(T’—r)+1 z§+m+1
¢ +/0
= -1)m mn Res., Res.,Y (u, z1)Y (v, 29)w
/ 1 2
m=0
(1 +Zl)wtu—1+6i(r)+£+% (1 +22)th+2£+5i(T'—r)—%+l
(Zl — 22)2€+6i(r)+6i(T’—r)+1 z§+m+1
i +/
NENSS (—1)m(m ) )ResZ2ReszlY(v, )Y (1, 21)w
m=0
(1 +z1)wtu—1+6i(r)+é+% (1 +22)th+2€+6i(T'—r)—T;’,T

(Zl _ 22)2£+5i(r)+6i(T’—r)+1 Z§+m+1

=0 mod O, ,(V)

by lemma [3.2.2 O]

Theorem 3.3.2. The product *,,, induces the structure of an associative algebra

on Ay, (V') with identity element 1+ O, ,,(V'). Moreover, w+ O, (V) is a central
element of Ay, (V).

Proof. According to lemma [3.3.1} to prove #,, induces an associative algebra
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structure on A, (V') it is enough to show
(U *gn V) *gnWE=U*g, (U, w) mod Oy,(V)

for all homogeneous u,v,w € V. To that end we compute

(u *g,n U) *g,n w

& my + 0\ (wtu + ¢
= Z Z (_1)m1( 1€ )( . )(uj_e_ml_lv) *9777“ w
7=0m1=0 J
oo l VA
my + 0\ (mao + 0\ (wtu + ¢
- _1)m1+m2( )( )( ] )
;)mzom;()( 14 l J

( 1+ 29 ) wtu+wtv+my +0—j+~

X Y(uj—é—mrlva ZZ)w l+mo+1
29
= zez ﬁ: (—1)m1+m2(m1 +€)(m2 +€)
m1=0mo=0 g E
(1+zl)wtu+€ (1 +22)th+f+m1
Res., R Z1—22Y Y » <1 ’
x hes;, hes ( (U 21 Zz)U 22)w (21 _Z2)£+m1+1 Z§+m2+1
4 J4
my + E) (m2 + ﬁ)
— _1 mi+mo
D CR (A [

m1=0mo=0
(1 + Zl)wtu+€ (1 + ZQ)th+€+m1
X ReSZ1 ReSZ2Y(U7 ZI)Y(Uv ZQ)w (21 _ Z2)£+m1+1 L+mao+1

)
o o o [+ L\ (g +
_(_1)uv Z Z (_1)m1 2( 1 )( 2 )
m1=0mo=0 £ €
(1 +Zl)wtu+€ (1+22)th+€+m1

x R6522 R6821Y(1}, 22)Y(u> Zl)w (Zl _ 2,2)£+m1+1 Z§+m2+1

> G , ON(mao+l\(—-mq -1
S5 S )
jZ(:)m;Om;O( ) g g J

(1 + Zl)wtu+€ (1 + 22)wtv+€+m1
Z£+m1+1+j Z§+m2+1—j

1
my + 0 m2+£)(—€—m1—1)

SRUPPINECE EA (AN B

(1 + Zl)wtu+€ (1 + Zz)wtv+€+m1

x Res,,Res,, Y (v, 29)Y (u, 21 )w — T T pr——r
2
1 2

x Res,, Res,,Y (u, 21)Y (v, z9)w
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¢ J

(1 + Zl)wtquZ (1 + Zz)wtv+€+m1

l+mi+1+7 l+mao+1-7
z zy

(-1)® i i Zé: ZZ: (_1)m2+£+]’+1(m1€+ f)(mz + ﬁ)(—ﬁ - ml - 1)(Wtu + 6)

k=0 j=0 11720 Mm2=0 14 J k

x Res,,Res., Y (u,21)Y (v, z0)w

(]_ + ZQ)th—1+€+5i(0)+m1
z2€+6i(0)+5i (T")+1+mi+ma+j+1
2

i i Ze; (_1)m1+m2+j(m1€+ €)(m2 + 6)(4 ~my 1)

x Res,,Y (v, 22)uj pw

14

7=0m1=0m2=0 J
(1 + Zl)wtu+€ (1 + Zz)wtv+€+m1
x Res,, Res., Y (u, z1)Y (v, z0)w ETEEY o1 mod O, (V)
1
by lemma [3.2.2l Moreover, we have
i zf: ZE: (_1)m1+m2+j(m1 + 5)(m2 + €)(—€ -my - 1)
720 m1=0 ma=0 ¢ 4 J
(1 + Zl)wtquE (1 + ZQ)th+€+m1
x Res,,Res., Y (u,21)Y (v, z0)w e Tt
21 Z9
i zz: Ze: efl(—l)m1+m2+j(ml + é)(mQ + E)(—E -my — 1)
m1=0m2=0 ;=0 € g j
(1 + zl)wtu+€ (1 + 22)th+£+m1
x Res,, Res,,Y (u, z1)Y (v, z9)w v Tl
2y 29
y4 V4 oo
Amq + O\ (mg+ O\ (- —-m; -1
R R
;0 z;og sz:ﬁl ¢ ¢ J
(1 + Zl)wtu+€ (1 + 22)th+€+m1
x Res,, Res,,Y (u, z1)Y (v, z9)w v Tl
21 29
i Ze: Ze: K—Zml(_l)ml+m2+j(m1 + f)(mz + E)(—E -my - 1)
m1=0ma=0 ;=0 4 4 J
(]_ + Zl)wtu+£ (1 + ZQ)WtU+€+m1
x Res,,Res., Y (u, 21)Y (v, z9)w T Tz mod Oy, (V).
1 2
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So we obtain

(1 xgn 0) *gn w

> E:gﬁfk 1Ym+mwg(n2j€)(nif€)(—£—7@1—1)

m1=0mga=0 35=0 J
1+2 wtu+l 1+ 29 wtv+€+my
x Res,,Res., Y (u, 21)Y (v, ZQ)'LU( Z+m11)+1+] ( E+T?Lz+1 = mod Oy, (V')
21 )

= Utgn (U kg w)

LY s [1 F L\ (g + L

+ Z Z (_1)m1 2( 1€ )( 2[ )
m1=0mo=0

(1 + Zl)wtu+€ (1 + zz)wtv+€

Z+m1 +1 l+mo+1
21 29

(ZEC R )

x Res,, Res,,Y (u, z1)Y (v, z0)w

= Uty (V*g,w).

This follows since

by proposition 5.3 of [9].
Finally, we note that 1 *,, v = u for any v € V. Furthermore, according to

lemma (1i7)

Wy pU—U%gnw=Res,Y(w,2)u(l+2) mod O,,(V)
=L(-1)u+ L(0)u

=0 mod O,,(V),
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and also

Ltgpu—us*y,1=Res,Y(L z)u modO,,(V)

= 0.

]

Proposition 3.3.3. The identity map on V induces an onto algebra homomor-

phism from A, (V') to Agm_%(V).

Proof. Recall that n = ¢+ % for nonnegative integers ¢ and ¢ with 0 <7 < 7" - 1.
We consider i > 1 and i = 0 separately. In the case that ¢ > 1 it follows from [3.2.2]
that wo,,v € Og’nf%(V) for all u,v € V. Hence, O, (V) € Ogmf%(V). Moreover,

UkgpU=u*,, 1 vand we are done.
T

g,n-

If 2 =0, then n—%=€—1+%. Let v € V and homogeneous u € V™. If r = 0,

then wo,, v e Ogynf%(V) by . [fO<r<T'-1, then uoy,v=1uo,
any case, Oy ,(V) ¢ Ogm_%(V).

1 V. In

;= T7

To finish the proof we must show u*,,v=ux*,

2,0 mod Ogm_%(V) for any

v € V and homogeneous u € V9. Using lemma we have

m+/ 1+ z)wturt
= Z(—l)m( 0 )ReszY(u,z)v%

m+ 0 (1+ z)wturt1

:i(_l)m( ) )ReszY(u,Z)v pov—

4 wtu+l-1
+ ) (—1)’“(méIr K)RGSZY(U, z)v%
m=0
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-1 m+/ 1 + z)wtu+l-1
= Z(—l)m( ' )ResZY(u,z)v%

m=0
2 wtu+l
+ (—1)5( K)ReszY(u, z)v%
z

+/ 1 wtu+f-1
+Z(1 (m )ReszY(u,z)v%

(1 + Z)wtu+€—1

4 (—1)£( / )ReSZY(U, Z)U Z2€+1

(1 + Z)Wtu+€—1

N (_1)€_1(2€g_ 1)ReszY(u,z)v 7

-1 wtu+l-1
= > ( 1)m(m+£)ReszY(u,z)v%

— Zf+m

1 wtu+l-1
+ Z( 1)m(m+£)ReszY(u,z)v% mod O, ,, 7(V)

(1 + Z)wtquffl

P

+ Z (( 1)m(m+€) (_1)m_1(m _glM))ResZY(u,z)U(lJr;)%v:wg_1

=Res.Y (u, z)v

£-1 /-1 1 whu+l-1
=> (—1)’”(m " )ResZY(u Z)UL
= /-1 Z£+m
=u gmn-=L v

3.4 The Lie Superalgebra V[g]

Let V be a vertex operator superalgebra and g € AutV of finite order T'. In this
section we review the construction and basic properties of the Lie superalgebra
V]g] as given in [15].

Following [I] the space C[t!/T,¢~1/T] has the structure of vertex algebra with
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vertex operator
Y (f(1),2)g(t) = (55 £(1)) g(t) = F(t+2)g(t).
So the tensor product
LV)=C[tYT + YT eV
is a vertex superalgebra with obvious Zs-grading and vertex operator
Y(f(t)®u,z)(g(t) @ v) =Y (f(£),2)g(t) ® Y (u, 2)v.

We can extend ¢ to an automorphism of £(V') upon declaring that for all

mezZandveV
g(t™ @ v) = 2™ (t™ @ gv).

Denote the g-invariants of £(V') by £(V,g). Then L(V,g) is a vertex operator

subsuperalgebra of L(V). Moreover, it is not hard to see that

T-1
L(V,9)=@t"C[t,t eV (3.4.1)

r=0

With D = £@1+1®L(-1), we see that DL(V, g) € L(V, g). Again, following [I]

the space

Vgl =L(V,g9)|DL(V,g)
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has the structure of a Lie superalgebra with bracket given by
[a+DL(V,g),b+DL(V,g)] = agb+ DL(V, g)

for all a,be L(V,g).

For simplicity, denote by v(m) the image of t™®uv in V[g]. From the definitions
and (2.3.13)) one easily computes

o0

[u(m), v(k)] =Z( )ujv(m+k—z) (3.4.2)

=0
The following is an immediate consequence of [3.4.2]
Lemma 3.4.1. Let ue V", veV?s and k,m e Z. Then

(i) [w(0),u(m+%)]=-(m+%)u(m-1+%)

(ii) [u(m+ %) ,v(k‘+ %)] =Y (m; )ul (m+k:+ rts —j)
(tii) If m = -1, then 1(m) =0 and 1(-1) lies in the center of V[g].

Now, according to proposition we can introduce a 7;Z-grading on £(V)

by defining

deg(t™®@v) =wtv—m -1 (3.4.3)

for homogeneous v € V and m € %Z. Since the map D increases degree by 1
in L(V) it follows that DL(V, g) is a graded subspace of L(V,g). Hence, V[g]

inherits the %Z grading



By lemma (ii), V]g] is a %Z—graded Lie superalgebra with triangular de-

composition

Vgl =V]gl:®V]glo® V]g]-

where

me%lN
In particular V[g]o is a subalgebra of V[g].

Lemma 3.4.2. V[g]o is spanned by elements of the form v(wtv —1) for homoge-

neous v € V0.

Proof. V|[g]o is spanned by elements of the form v(m) for homogeneous v € V"
and m € %Z with m =7 mod T satisfying wtv —m —1 = 0. In the case that v € Vj,
we must have r =T mod Z. On the other hand, if v € V4, then r = T'/2 mod Z.

In either case, gou = v and we are done. O

Consequently the bracket in V[g]o is given by

[ee)

[u(wtu—1),v(wtv—1)] = Z(:) (th;_ 1)ujv(wt(ujv) -1).

Set o(v) = v(wtv — 1) for all homogeneous v € V% and extend linearly to all of

V*. This gives the surjective linear map

0: V" > Viglo

v v(wty - 1).

We see that the kernel of this map is (L(-1) + L(0))V*.
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Now, let us impose a Lie superalgebra structure on the space
VO /(L(-1) + L(0))V (3.4.4)

with bracket given by

i (Wt“ 1) (3.4.5)

7=0

Lemma 3.4.3. Let A, ,,(V) Lie be the Lie superlagebra associated to the associative
algebra A, ,,(V'). Then the map o(v) » v+0, (V') is a surjective Lie superalgebra
homomorphism from V[glo to Agn(V) Lie-

Proof. By construction the map o(u) ~ w is a Lie superalgebra isomorphism from
Viglo to VO /(L(-1) + L(0))V?*. According to lemma and the fact that
(L(-1) + L(0))V9 c Oy, (V) we also have the well-defined surjective linear map
u = u+ Oy (V) from VO /(L(-1) + L(0))V* to Ay (V). Using lemma [3.2.3]

(ii) we compute

Uiy v—(=1)"0%,,u

= Res.Y (u, 2)v(1 + z)Wtu*1 mod Oy, (V)
2 (wtu -1
5 e

for all u,v e V0=, H

3.5 The Functor (),

In this section we take the first step in establishing the equivalence between

the category admissible g-twisted V-modules and the category of A, ,,(V')-modules
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which have no submodule which factors through A, 1 (V). We construct a co-
variant functor €2,, from the category of weak g-twisted VV-modules to the category

of A, ,(V)-modules. As noted in [I5], we easily obtain the following upon com-

paring [2.3.11| and [2.3.16| with [3.4.2| and |3.4.3]

Proposition 3.5.1. Any weak g-twisted V -module is a module for V|[g] under the

map v(m) = vy,. Moreover, a weak g-twisted V-module M which carries a 7. -
grading is an admissible g-twisted V-module if, and only if, M is a %Z;gmded

module for the Lie superalgebra V[g].

For a V[g]-module W and m € %Z, define the space of “m-th lowest weight

vectors” to be
QW) ={weW :V[g]-rw =0,k >m}.
Given a V[g]-module M, homogeneous v € V and a € #Z, we set
0q(v) =v(wtv —a—1) (3.5.1)

on M and extend linearly to all V. Note that og(u) = o(u) for all ue V.

The following lemma (see [8] lemma 3.2 or [9] remark 3.3) is key in constructing
admissible g-twisted V-modules from A4, (V)-modules in section[3.7} As usual, for
a V[g]-module M and v € V we aggregate the operators v(m) for m € £+Z on M

together in the generating function

Yu(v,z)= > v(m)z""". (3.5.2)

1
meT
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Lemma 3.5.2. Let M be a V[g]-module and u € V™ and v € V** be homogeneous.
Leta=A-+% and b= B - = where A, BeZ, a>b>-n and a+b>0. Then for

any integer K > + B the element ijf, e V) defined by

1+ wtu—1+6; (1) +0+ =7
ReszY(u,z)v( 2) .

(A+§i(r);€+m—1)

K
1b —_—
wzﬂ) - Z (_l)m Z A+ (r)++m
m=0

satisfies
0a()0p(v) = 0asp (Wi,

on Q,(M).

Proof. As u € V™ and w € Q,(M) we have 2V 15wy (4 2)w contains

only non-negative integral powers of z. So we get

0 = Res., ReSZlsztu—1+5i(r)+ﬁ+%zal5 ( —29 + zl)
20
x Yar (v, 22) Yy (u, 21 )w. (3.5.3)

Since M is a V[g]-module, from lemma (3.4.1)) (%) we know

[Yar(u, 21), Yar (v, 22)]

_ —wtu—z7 _
= Res,, 25" (Zl ZO) ’ 5(Z1 ZO)YM(Y(U,ZQ)'U,ZQ). (3.5.4)
2

zZ9 2

39



Combining (3.5.3)) and - we compute

Res,, (20 + ZQ)Wtu_l+6i(r)+z+%YM(u7 20+ 22) Yar (v, 29)w

— tu—1+8;(r)++ =57 —1 )
= Res,,Res., (20 + 22)" A ) (Z—
1

x Y (u, 2o + 22) Yy (v, 29)w

Whu—1+6; (r)+6+ 27 =y (Zo + 22)
21

= Res, Res;,

x Yar(u, 21) Y (v, 22)w

wtu—1+6; (r)+0+ = _ — 29
= Res,, Res,, 2, 2ot (
<0

X YM(“? Zl)YM(Ua ZQ)w

wtu—1+6; (r)++ = _ —22t+ 2
— Res, Res,. z Tl | =
20 2171 0

20
x Y (v, 22)Yiv (u, 21)w

wtu 1+6; (1) +0+ 47

= Res,, TV (u,21), Yar (v, 22) Jw

tu—
wtu=1+6;(r)++=7 1 [ 21 — 20 v 21— 20
= Res,,Res,, 2, T 25! (— 5 —_—
<2 <2

x Yar (Y (u, 20)v, 22)w

—wtu— —
wtu=1+8;(r)+l+77 1 [ 21 — 20 Wt 21— 20
= Res, Res., T 2t (— o|——
<2 <2

x Y (Y (u, 20)v, 22)w

wtu—1+8; (r)++=27 g (ZQ + 20 )Wtu+ 5 (22 + Zo)
Z — —

= Res,,Res,, 2, 1
21 21

x Yo (Y (u, 2z0)v, 20)w

= Res,, (22 + 20) " 0T Y (Y (0, 200, 20)w.

40



That is, we have

(20 + 20) VW 10T Y (w20 + 20) Yar (v, 20)w

= (2 + 20) O T Y (Y (u, 20) 0, 20)w.
Now, the same argument used in proposition gives us that

w(wtu —a—1v(wto —b-1)w

= Res. Res., (20 + 20) " 2301y (u, 20 + 20) Yar (v, 20)w.
Then for any integer K satisfying K > ¢+ B we compute

0a(u)op(v)w

= u(wtu—a—1)v(wtv —b—-1)w

= Res,,Res., (20 + ZQ)Wtu—a—lzgvtv—b—lyM(u’ 20+ 22) Yar (v, 29)w
= Res,,Res,, (20 + 22)—a—5i(r)—f—%zsvtv—b—1

2)wtu—1+6i(r)+£+

x ((zo+z %YM(u,zO+zg)YM(v,zg)w)

NEN

x Yar(u, 20 + 22) Yar (v, 20)w

a+0;(r)+0+5+m-1 s -
z( ) . T’ RGSZORGSZQ (ZO + Zg)ww 1+0;(r)+0+ 77
Zm+wtv—b—1
a+0;(r)+l+ 7 +m
0

a+6i(r)+£+%+m—1)
m

146 T
RGSZORGSZQ(ZQ +20)wtu 1+0; (1) +e+ 77

- g(—l)m(

m+wtv—b—1

Z
X YM(Y(U, Zo)U, ZQ)UJm
0
~ i i(_l)m(a+(5i(r)+£+%+m—1)(wtu—1+5i(r)+€+ %)
m=0 j=0 m J

X (uj—a—di (r)—t-=7 —mv)wtu+wtv—j+5i (r)+€+%+m—b—2w
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_ éo(_l)m(a+@<r>+fn+%+m_1)

1+ wtu—140; (r)+l+ 7
X Ogsb (ReszY(u,z)v( ?) “Nw

Za+5i (r)+l+ 77 +m

and we are done. O

Theorem 3.5.3. Let M be a weak g-twisted V-module. The map

u+ Oyn(V) = o(u) gives a representation of the associative algebra A, (V) on

Proof. To show that A, ,,(V)Q, (M) € Q, (M), take w € Q,,(M) and homogeneous
u,v eV with deg(v(k)) < —n. Using (2.3.13) we have

vro(u)w = (=1)™o(u)v(k)w + 2(?)(vju)(wtu +k-j5-1Dw.

As deg(v(k)) < —n we know the first term on the right is zero. Similarily, since
deg(vju(wtu + k —j - 1)) = deg(v(k)) < —n we have (vju)wtyrk—j—1w = 0 for all
Jj20.

Now we need to show:

o(u) =0 on Q,(M) for any ue Oy, (V), (3.5.5)

o(u %4, v) =o0(u)o(v) for any u,veV. (3.5.6)

We prove (3.5.5) and (3.5.6))simultaneously. By lemma Vre € O,,(V) if

0 <r <T'. Furthermore, for homogeneous u € V', wtL(-1)u = wtu+1. So applying

the L(-1)-derivative property for the module M we find that

o(L(-1Du) = (L(-1)u) wtu = —(Wtu) Uyy1-

42



Hence, o(L(-1)u+ L(0)u) = 0 for any u € V. From the proof of lemma we

know that

(D1t L)) rg 0= (120 () g

for all u,v € VO . So, to finish the proof it suffices to show that o(u)o(v) =
o(u *4, v) for any u,v € V9 and o(u o4, v) = 0 on Q,,(M) for u € V™ and
ve VT,

For u,v € V% we can apply lemma with a = b = 0 to find o(u)o(v) =

o(u *4,v) on ,(M). On the other hand, for u € V* and v € V(T'=")* we apply
the identity with

t= —26—(51'(7’) — 51(T, — T) - ]_,
p=wtu—-1+0+6;(r)+r/T/

q:th_1+£+5i(Tl_7’)+(T’—7ﬂ)/T’.

It is easily checked that the left hand side acts as zero on €2,,(M). So we are left

with
tu—1+0+0;(r)+r/T"
§=0 J
x (uj—%—éi(r)—éi(T’—r)—lv)wtu+wtv+2€+5i(r)+5i(T’—r)—1
(1 T Z)wtu71+£+6i(r)+%

=0 (ReszY(u, 2)v 2055, (r)+0, (T'—r) 1

=o(uog, )
on ,(M) and we are done. O
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Note that if M and W are weak g-twisted V-modules and f: M — W is a V-
module homomorphism, then f maps Q, (M) to Q,(W) since f commutes with all
component operators v for v eV and k € %Z . In this way we obtain an A, (V')-
module map Q,(f) : Q,(M) - Q,(W). Combining this fact with theorem [3.5.3]
shows that 2, defines a covariant functor from the category of weak g-twisted
V-modules to the category of A, (V)-modules.

A grading shift applied to any admissible g-twisted V-module M gives an
isomorphic admissible g-twisted module. If M = 0, then obviously M(0) = 0.
However, if M + 0, then some M(m) # 0 and we can shift the grading so that

M (0) # 0. Under this convention, we have the following.

Proposition 3.5.4. If M =@®,,.1 , M(m) is an admissible g-twisted V-module,

me%

then the following hold.

(i) Q,(M) 2 D 1. M(m). If M is an irreducible admissible g-twisted V -
module, then 6;ZM) =@z, M(m).

(i) Each M(p) is a V[glo-submodule of Q,(M) for 0 < p < n. If M is an
irreducible admissible g-twisted V -module, then each M (p) is an irreducible

V{glo-module and M(p) and M(q) are inequivalent if p # q.

(iii) Each M(p) is an Ay, (V)-submodule of Q,(M) for 0 <p<n. If M is an
irreducible admissible g-twisted V -module, then each M (p) is an irreducible

Ay n(V)-module and M (p) and M(q) are inequivalent if p # q.

Proof. We first note that Q, (M) is 7Z,-graded

QM) = @ Qu(M)(m) (3.5.7)

me %ZJ,
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where Q, (M) (m) = Q,(M)nM(m). To see this, assume w = wy +---+wy € L, (M)
with each w; having distinct degree m; > 0. Let u € V' be homogeneous and m € Z
such that degu(m) < 0. So u(m)w = 0 and we have u(m)w; + -+ u(m)wy, = 0.
Then since each u(m)w; has distinct degree wtu +m; —m -1, we must have that
u(m)w; =0 for all j =1,..., k. Consequently, each w; € Q(M) and we have the
grading in .

Now for (i), since V[g]-x acts on M (m) for all k >n and m < n it follows that

M(m) c Q,(M) for all m < n. Hence Q,(M) 2 Dre 1,2, M(m). On the other

hand, assuming M is irreducible, by proposition [2.3.13|for nonzero w € M we have
1
Mzspan(c{umw:ue Vime TZ}

Assume by way of contradiction that €2, (M )(m) # 0 for some m > n. Take nonzero

w €, (M)(m). Since w € Q,(M) we see that
M = spang {tuytysr 1w u eV, k<n}.
However it is also true that
M (0) = spang {tUytusk1w :u eV, k=m}.

So M(0) =0, a contradiction. This proves ().
(i) follows from (7). To prove (i) first we note that V[gloM(p) € M(p) so
that each M (p) is a V'[g]o-submodule of 2,,(M). As before, if M is an irreducible

admissible g-twisted V-module, then for any 0 < p <n and nonzero w € M (p)

M (p) = spang {Uyty-1w :uweV}.
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Hence, each M(p) is an irreducible V[g]o-module. From proposition [2.3.14] we

know that L(0) acts semisimply on M and for any m € Z,
M(m)={weM :L(0)w=(h+m)w},

where h is the conformal weight of M. (See proposition [2.3.14]) So if p # ¢ then
L(0) = wyiw-1 must have different eigenvalues on M (p) and M(q). In this case

they cannot be isomorphic and the proof is complete. O

3.6 Preliminaries on V[g]-modules

Here we gather a few results on V[g]-modules which provide the crux of the

arguments needed to prove theorems [3.7.6] and [3.7.8] the backbone to the results

of section B.7
The following is proposition 6.1 of [I5]. We provide the proof here since we will

need the argument again in propositions [3.6.2] and [3.6.3] We follow the notation

established in ((3.5.2]).

Proposition 3.6.1. Assume that M is a V[g]-module and U is a subspace of M

satisfying the following conditions:
(i) M=UV[g])U.

(ii) For any we V™ and w e U, there exists k € wtu + Z, such that

(20 + 22) " 7 Yas (u, 20 + 20) Yar (v, 22)w

= (2 + 20) T Yor (Y (u, 20)v, 22)w.

foranyveV.
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Then M is a weak g-twisted V -module generated by U with twisted vertex operator

Yy (v, z) = Zme%zv(m)z*m*1 forallveV.

Proof. 1t is easily verified that Yy, (v,z) satisfies conditions (2.3.5)-(2.3.7). By
lemma (i), the identity (2.3.11)) holds. Following remark [2.3.5] to establish

the twisted Jacobi identity for the action of V on M it is sufficient to establish

the twisted associativity [2.3.10]

Now using lemma [2.3.6| we can shift from the go-eigenspaces of V' to the

g-eigenspaces. That is, assumption (i7) on M is equivalent to the following:

(7ii) For any we V"™ and w € U, there exists k € Z. such that

(20 + 22)¥* T Yar (u, 20 + 22) Yas (v, 22)w

= (22 + 20)" Y2 (Y (1, 20)v, 20)w

for anyveV.

By assumption (i) we know that M is generated by U as a V[g]-module. Hence,
to verify that the twisted associativity holds on M, it suffices to show that for any

ueVr' xeVs wel and me %Z, there exists a k € Z, such that

(20 + 22)" T Yoy (u, 20 + 220) Yar (v, 22)z(m)w

= (20 + 20)** T Y (Y (w0, 20)v, 20)x(m)w.

for any veV.
Fix ue V", z € VS, w e U and m € $7Z. By the truncation condition (2.2.1)
on V we can choose a positive integer K such that x;u = 0 for all integers j > K.

Since w € U, by (iii) we can uniformly choose a positive integer N such that for
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any v € V and all integers 5 >0

(20 + 22) VT Yoy (25, 20 + 22) Yar (v, 20)w

r+s

= (22 +20)"" T Yo (Y (2ju, 29)v, 29) 2w (3.6.1)

)N r+s

(20 +22)" 77 Yar(u, 20 + 22) Y (250, 20)w

= (29 + 20)N T Yo (Y (u, 20) 250, 20)w. (3.6.2)

Now choose a positive integer k£ such that k+ % +m - K > N + 2.
The bracket relation on the V[g]-module M given in lemma [3.4.1] (%) can be

rewritten via generating functions as follows:

o0

[u(t), Yy (v,2)] = Z( )YM(UJU 2)2. (3.6.3)

7=0

Applying the commutator 3) along with (3.6.1) and - we compute

(20 + Zg)k+%YM(U, 20 + 22)Yar (v, 2z9)x(m)w
= (~1)%(=1)% (29 + 20) T (m)Yar(u, 20 + 22) Yar(v, 22)w

—(-1)" i (?)z?_‘j(zo +20) K T Y (u, 20 + 20) Yar (50, 2)w
—(=1)"(-1)"" Z( )(ZO + 20) KT MY (i, 20 + 22) Yar (v, 20)w

= (=1)%(=1)" (20 + 22)** T2 (m) Yar (Y (u, 20)v, 2)w

-(-1) ﬂjZ(j )22 2y + 20) Yo (Y (u, 20) 50, 20)w

- (-1)%(-1)"* Z( )(22 +20) KT MIY (Y (wju, 20) v, 20)w
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= (1) (=1)" (20 + 20) T (m) Yar (Y (u, 20), 22)w
- (-1)"( 1)”2( ) (22 + 20)F T Yo (2;Y (u, 20)v, 20)w

—(=1)"(-1)"" Z( )(z2 +20) K T MY (Y (4w, 20) v, 20)w

o0

+ (DD (7)22 (22 +20)" Y u ([, Y (u, 20) Jv, 20)w

J=0

= (=1)%(=1)" (20 + 22)** T (m) Yar (Y (u, 20)v, 2)w

~(~1)i(—1) i (”7)2;"-3'(22 4 20)F Vs (Y (s 20)0, 2 )0
~(~1)" (- 1)%2( )(22+zo)k+ Y (Y (250, 20)b, 20 )0

+(=1)% (- 1)”22( )( ) 27 (20 + 20) P T Yar (Y (e, 20)v, 20)w

7=01=0

= (=1)%(=1)" (20 + 22)* T2 (m) Yar (Y (u, 20)v, 29)w

—(-1)% (- 1)”2( )22 j(z2+zo)k+TYM(x]Y(u 20)0, Z2)W
~(~1)" (- 1)%2( )(zg+z)k+ Y (Y (a1 20)b, 20)w

S S () () a2 Y G oz

= (1) (=1)" (20 + 22) " T2 (m) Yar (Y (u, 20)v, 22)w

- (-1)"( 1)”2( ) (22 + 20) KT Y (7Y (u, 20) v, 20)w
= (~1)%(=1)%% (29 + 20) T (m) Yar (Y (u, 20)v, 20)w

= (F1)M (=172 (2 + 20) T [ (m), Yar (Y (u, 20)0, 22) Jw

= (20 + 22)" T Y0 (Y (w0, 20)v, 22)z(m)w.
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For a general £ Z,-graded V[g]-module

M= & M(m)

me %ZJ,

we extend M (n)* = Homc(M(n),C) to all of M by declaring that M (n)* act on

@Den M(m) as zero.

Using the argument of proposition with the modification of < —, — >, we

have the following.

Proposition 3.6.2. Let M be a #7Z,-graded V[g]-module. Let U be a subspace
of M(n) and U’ be a subspace of M(n)* such that

(i) M=UV[g)U,

(ii) For ue V™ and we U there exists a k € wtu+ Z, such that

<f7 (20 + Zz)m%YM(U; 2o + 22)Yar (v, ZQ)W) )

= (/. (22 + 20)" 7 Yar (Y (u, 20) v, 20)w) (3.6.4)

foranyveV and f eU*.
Then condition (ii) holds for any w e M.

Proposition 3.6.3. Let M be Z.-graded V[g]-module. Let U be a subspace of
M(n) and U" be a subspace of M(n)* such that

(i) M=UV[g)U,

(7i) For homogeneous w e V™ and w € U there exists a k € wtu + Z, such that
(f, (20 + 22)F* T Vg (u, 20 + 22) Yoy (v, 22)w)
= (f, (20 + 20) T Y (Y (u, 20)v, 22)w> (3.6.5)
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foranyveV and feU*.

Then for any x € U (V[g]), homogeneous v € V™ and w € M, there exists a

k € wtu + Z, such that

(fa (20 + Zz)lﬁ%xYM(U, 2o + 22)Yar (v, Zz)w)

=(f. (22 + 20)" 7 2Y (Y (u, 20)v, 22)w) (3.6.6)

foranyveV and feU*.

Proof. By lemma we know that (3.6.6)) is equivalent to the following: for
x el (V]g]), homogeneous u € V" and w € M, there exists a k € Z, such that

(f, (20 + 22) " T Yy (u, 20 + 22) Yar (v, 22)w>

= (f. (22 + 20)"* T2V (Y (u, 20)v, 22)w) (3.6.7)

for any v e V and f € U*.

We prove that holds. Let X be the subspace of U (V[g]) consisting of
those x for which holds. Fix x € X and homogeneous y € V. Since M is a
V[g]-module, it follows from lemma (i) that

[u(m), Yar(v,2)] = 3

0

(m)zm_jYM(ujv, z).
=0 \J

J
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With this we compute

<f, (20 + 20)F* Ty (m)Yas (u, 20 + 22) Yar (v, 22)w>

= i (m) (f, (20 + 22)F ™3 T Y (yju, 20 + 22) Y (v, 22)w)
P (T o2 i 20+ 2) Va2

+ (=) (=1 (f, (20 + 22)"* T2 Yar (u, 20 + 22) Yar (v, 22)y(m)w)

Now by choosing k € Z, appropriately, the same technique used in the proof of
proposition 6.1 of [I5] shows that zy(m) € X. Since U (V[g]) is generated by
1 and all such y(m)’s, and since holds for z = 1 by proposition [3.6.2] we
conclude that X =U (V[g]). O

3.7 The Functor L,

In section we saw how to obtain an A, ,(V)-module from an admissible
g-twisted V-module. Conversely, in this section we show that there is a universal
way to construct an admissible g-twisted V-module M, (U) from an A, (V)-
module U. A distinct quotient L, (U) of M, (U) is an admissible g-twisted V-
module and in this way we obtain a functor L, from the category of A,,(V)-
modules to the category of weak g-twisted V-modules.

Upon restriction, L,, gives a functor from the category of A,,(V)-modules
which have no submodule that factors through Agm_%(V) to the category of
admissible g-twisted V-modules which is right inverse to the functor 2,/€2, 4

Here Q,,/Q,,_ 4, s the quotient functor M — Q. (M)/Q

Remark 3.7.1. We note here that in [8] (see also [9]) there is a slight error. For

the functor L, to be right inverse to the functor ,/Q,_ 1 one must restrict to
TI

52



the category of A,,(V')-modules which have no submodule that factors through
Ay, (V).

To begin let us construct the admissible g-twisted V-module M, (U) associated
to the A, ,(V)-module U. In the usual way U is an A,,(V)r.-module. By
lemma [3.4.3] we have that U is a V[g]o-module. We lift U to a module for the
V[g]-subalgebra P, = @,., V[g]-,@®V[g]o upon declaring that V'[g]-, act as zero.

Subsequently form the induced V[g]-module
M, (U) =U (V[g]) ®ucp,) U

The ,%,Z-graded Lie superalgebra structure on V[g] induces a %Z—graded asso-
ciative superalgebra structure on the universal enveloping algebra U (V[g]). If we

declare that U has degree n, then M, (U) becomes a £ Z-graded V[g]-module

M, (U) = 619 M, (U)(m).

me=;7Z

Tr

By the Poincaré-Birkhoff-Witt theorem we have the linear isomorphism M,,(U)(m)
UV Dm0 U-

For v € V' we have the generating function

Vi,an(v,2) = Y v(m)z"""! (3.7.1)

1
mETZ

and hence a linear function from V to (EndM)[[27,277]]. It is easily verified

that Yy, ) (v, 2) satisfies conditions ([2.3.5)-(2.3.7). By lemma (i), the iden-

tity (2.3.11]) holds. Following remark[2.3.5] to establish the twisted Jacobi identity
for the action of V on M, (U) it is sufficient to establish the associativity [2.3.10]

To do this, one takes a quotient of M, (U) by the space spanned by the appropriate
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relations.
Define W,,(U) be the V[g]-submodule of M, (U) generated by the coefficients
of

(ZO + ZQ)Wtu?1+6i(T)+e+% YMn(U) (U, Zo + 22)YMn(U)(U; ZQ)U}

=(z+ zO)Wt“‘“‘Si(’”)*e*%YMn(U)(Y(u, 20)V, 22 )W (3.7.2)
for homogeneous u € V™*, v eV and w e U. Let M, (U) be the quotient
() = M (U)W, (U).

One can easily check that W, (U) is a graded subspace of M,,(U) since the coefhi-
cients on each side of are homogeneous. Hence the quotient M, (U) inherits

the %Z;grading.

Remark 3.7.2. Note that proposition shows that M, (U) is in fact a weak

g-twisted V -module.

Now we use lemma to extend the natural pairing of the A, , (V')-module
U with its dual U* = Hom¢(U, C) to all of M,,(U).

For s € Z, define U to be the subspace of M,,(U) spanned by “length s” vectors

Opy (V1)-+-0p, (Vs )w

where v; € V, w € U and p; € %Z are nonzero satisfying p; > -+ > ps > —n and
p1+--+ps = 0. Then the Poincaré-Birkhoff-Witt theorem tells us that M, (U)(n) =
Yoo Us with Uy = U and Usn Uy = 0 if s # . The results of lemma allow us
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to extend U* to all of M, (U)(n) inductively by declaring

(f, Opy (Ul)"'ops(UQ)w> = (fa Op1 +py (wgll:g;)"'ops(w)w) :

Finally extend U* to all of M, (U) by declaring that U* acts on @,,., M, (U) as
Zero.

We set
Jo(U)={aeM,(U):(f,xa)=0 forall feU*, zeUd(V]g])}. (3.7.3)

Then it is easy to see that J,(U) is V[g]-submodule of M, (U) satisfying
Jo(U)nU =0. Now, define L, (U) be the quotient

Lo (U) = My (U)] (V). (3.7.4)

In order to prove theorems [3.7.6] and [3.7.8] we need to establish that

W,(U) € J,(U). Lemmas [3.7.3, |3.7.4/ and [3.7.5| are committed to this goal.

Lemma 3.7.3. For all homogeneous uw € V™, v e VZ'™=*  f e U* weU and

J kel,

)wtu—1+6i(r)+6+

R65202571 <f> (ZU + 22 %+jYMn(U) (U, Zo t ZZ)YMn(U)(U7 22)w>

= Res.o 26 ( f, (22 + 20) M OO Y o (Y (w, 20) 0, 20)0)

Proof. Since j >0, we have u(wtu—1+0;(r) + £+ £ +j) € @,., V[g]-p and so acts

on w as zero. The following argument is similar to that used in proposition [3.5.2]
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For any k € Z, we get

wtu—1+6;(r)+0+—7+j _ —29+ 27
0 = Res,, Res,, zFz 7l
20 2170~1 0 P
0

x Yr, 0 (v, 22)Yar, 0y (w, 21)w. (3.7.5)

As M, (U) is a V[g]-module, from lemma (3.4.1]) (%) we know

[Yar, 0y (w0, 20), Yo, 0y (v, 22) ]

L \-whu- _
= Res,, 25" (M) " ( Sl ) Yr, ) (Y (u, 20)v, 22). (3.7.6)
22

22
Combining (3.7.5)) and (3.7.6) we compute

Y Yy ) (20 + 22) Yag, ) (0, 22)w

Zo + 2’2)
Z1

k
Res., 25 (20 + 22

_ k wtu—140; (r)+l+ = +7 -1
= Res,,Res,, 25 (20 + 22) i)+l g o 5(

x Yar, ) (U, 20 + 22) Yz, (1) (v, 22)w
wtu—1+6;(r —+] _ +
= Res., Res., 262, R +32115 (M)
21
< Yo, ) (u, 21) Yo, () (0, 22)w
wtu—1+8;(r Tr+i A1~ %
= Res,, Res., 262, o Yagte (¥)
20
X Y, () (U, 20) Yo, 0y (v, 22)w

Whu—1+6; (r)+0+ L+ _ —2+ 2
-~ Res, Res,. zkz ! AR
0 1~0~1 0 20

x Y, ) (v, 22)Yar, wy (u, 21 )w

k Wtu=1+0;(r)+l+ 77 +j
- 22)"2

= Res., (21 [Yar, @) (w, 21), Yo, @y (v, 22) Jw

—wtu— L
g wtu=1+6;(r)+l+75+5 1 ( 21 — 20 WU 77 5 21— 2o
- 29)"2 z

= Res,,Res,, (21 5
) %)

x Yo, 0y (Y (u, 20)v, 22)w
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— _r
g wtu=1+0;(r)+l+77+j 1 [ 21 = 20 wtu—77 Z1 — 20
= Res,, Res,, 252, 25 4]
22

22

x YMn(U)(Y(ua ZO)Ua 22)w

= Res, Res;, 252, 2]

T
g Wtu—1+46;(r)+l+27+j _q (2’2 + 29 )Wtu+T’ 5 (22 + 20

Z1 21
x Yar, ) (Y (u, 20)v, 22)w

= Res 26 (22 + 29) W 10 e sy, oy (Y (u, 20)0, 20)w.

So the statement of the lemma holds if £ > 1.

We now assume k = (0. Then for any non-negative integer j, we have

146, L
RGSZOZal(Zo +22)wtu 146, (r)+L+ 77+

< (f, Yo, @y (u, 20 + 22) Yar, (0 (v, 22)w)

J /5 . T

= Z (i)ReSZOZS‘lz%t(zO n 22)wtu—1+6i(r)+£+ﬁ
% (F, Yan, ) (us 20 + 22) Vg, @) (v, 22)w)

J /4 . T

= Z (i)Reszozélzét(zO " 22)w‘m—1+6i(1~)+£+W

x (f, Y, ) (Y (u, 20)v, 22)w>

1.3 146, o
+ RGSZO 2 lZ%(ZO + Zg)Wtu 1+0;(r)+0+ 77

< (., Yar, @y (1, 20 + 22) Yas, 0y (0, 20)0) .
So to finish the proof we only need to show

RGSZO Zal (ZO + 22)Wtu—1+5i(r)+€+%

X (f, YMn(U)(U'7 Zo + ZQ)YMn(U) (U, ZQ)’U))

= Res., 20" (22 + 20) " OO T (£ Vi oY (u, 20)v, 22)w) .
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Since (f, M,(U)(m)) =0 if m # n, we have
RGSZOzal(ZQ + 2 )Wtu 1+5i(7‘)+€+%zg’tv+l 8i(r)—L—77

<f YMR(U)Y(U,ZQ)U,ZQ)U})
wtu — 1+ 0;(r) + £+ %) (F, (1) (1)) 220eswevp-t- 1

(M

pi;(wtu 149 (r)+€+ )(f 1ty 1) (st (1) — 1))

Wtu -1+ 52-(7") +0+ F)o(up_lv)w>
p

1+ wtu—1+0; (r)+0+ =~
(1+2) AN

Res.Y (u, z)v
z

A ”Mg

(f,

On the other hand, we have

ReSzOZ61(Zo +z )Wtu—1+§,‘(r)+€+T, Z;vtv+1—6i('r)—€—%
<f YMn(U)(U 2o+ ZQ)YMn(U)(U,Z2)w)
wtv+1=0;(r)—l=77)+j

Z( I Ut 1463 (r)++ 77 —j— IYMn(U)(U 22)w>

1-0;(r)—l—7+j+s
<2

<.
Il
o

f Uswtu-1+6; (r)+lt77-j-1 Z Vwty-s-1W
s§2-n

seZ+%

.P"qg

<
Il
[en]

<f Uwtu-1+5; (r)+l+ 75— 1Vwtv+j+1-6;(r)— Z———1w>

‘P“ﬁg

7=0
20+6;(r)
= Z <f Uytu-1+6; (r)+e+77-5- 1Vwto+j+1-6;(r)- (———1w>
7=0
20+6;(r)
= Z <f7 uwtu—(j+1—5i(r)—€——) 1V >
7=0
20+6;(r)
= - (f 0j+1—6i(r)—€——(u) —j+8i(r)+0-L15F (v)w)
j=
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2€+5l (7’) 2@4—61 ('I‘)—j

-y (")

m=0
1+ wtu—1+6;(r)+0+ =7
( Z) ! w

Zm+j+1

X <f, 0 (ReszY(u, 2)v

1+ wtu—1+06; (r)+0+ =7
(1+2) AN
z

= (f, 0 (ReszY(u, 2)v

This follows since

2f+5i (T’) QZ+(5i (T‘)—j

D W C I

j=0 m=0

m+j) 1 1

m ) zmritl - P

by [3] proposition 5.3. Therefore the identity in (3.7.7) holds and the lemma
follows. O

Lemma 3.7.4. For all homogeneous w e V™, v e VI'-1)*  felU* welU, jeZ,

and m € Z, we have

Res.y g (20 + Zz)wm_lwi(rhh%ﬁ <f> YMn(U)(U, Z0t+ Z?)YMn(U)(Ua 22)w>

= Resyy 2y (22 + 20) " O T (F Vg 0y (Y (u, 20)0, 22)w)

Proof. The statement holds for any integer m > —1 by lemma ([3.7.3]). We proceed

by induction on m > 1 to show

_ 146, oL
ReSzOZom(Zo +22)Wtu 140, (r)+0+ 77 +]

< f, Yar, o (w, 20 + 22) Yar, @y (v, 22)w)

= Res;,25™ (22 + 20) " O T (£ Yy 0y (Y, 20)v, 2)w)
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Let g =-1+0;(r) +{+ 7. As wtL(-1)u = wtu + 1, the induction assumption gives

RGSZO Zam(ZO + 29 )Wtu+q+j+1

< f, Yar, @y (L(=1)u, 20 + 20) Yar, () (v, 22)w)

= Res., 20" (22 + 20) V" 7 f, Yag, ) (Y (L(=1)u, 20)v, 20)w) .

Using the L(-1)-derivative property, the residue formula for the product rule and

the induction assumption, we compute

Res., 2™ (20 + 22) " 9 £, Yoy 0y (L(=1)u, 20 + 22) Yoz, 1) (v, 22)w)

0 :
= —Res;, (a—zozﬁm(zo + 22)Wtu+q+]+1) (£, Y1, (u, 20 + 22) Yar, (0 (v, 22)w)

= mRes,, 2™ (20 + zg) VHHrIHIH (f, Yur, () (4, 20 + 22) Yo, ) (v, z2)w>
— (wtu +q+j+ 1)Res, 2™ (20 + 29) "Vt
X <f7 YMn(U)(uu Zo+ Zz)YMn(U)(Ua Zz)w>

= mRes., 2™ 2220 + 29) VI (f, Yr, ) (u, 20 + 22) Yo, () (v, zg)w>
+mRes,, 2" (20 + g )WHUrTHS <f, Yr, ) (u, 20 + 22) Y, (1) (v, 22)w>
— (wtu +q+j+ 1)Res, 2™ (20 + 29) "Vt
x (f, Yar, ) (w, 20 + 22) Yo, () (v, zg)w>

= mRes., 2™ 2220 + 29) VI (f, Yar, ) (u, 20 + 22) Yoy (v, zg)w)
+mRes,, 2" (20 + zz)Wt“q” <f, Yr, ) (Y (u, 20)v, 22)w>

= (Whu+ g+ j + D)Res, 25" (20 + 22)™ 0 { f, Yar, ) (Y (u, 20)v, 22)w)
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Similarly, we have

Res., 25™ (20 + 2o ) Vet ati+l <f, Yr, )y (Y (L(=1)u, 20)v, ZQ)w>
= -Res,, (aizozam(zo + zz)Wt“+Q+j+1) (f, Yo, ) (Y (u, 20)v, zg)w)
= mRes. 2™ (20 + 22) V"I fL Yo, o) (Y (u, 20)v, 22)w)
— (wtu +q +j + 1)Res,, 25" (20 + 22) V*4+4+ <f, Yr, oy (Y (u, 20)v, 22)w>
= mRes., 25™ 22 (20 + 29) VI <f, Yr, 0y (Y (u, 20)v, 22)w>

+mRes,, 2™ (20 + 29 )V <f, Yar, ) (Y (u, 20)v, zg)w)

— (wtu+q+j+ 1)Res, 25™ (20 + 29) W+ (f, Yr, ) (Y (u, 20)v, 22)w> .
So we have shown that

ReszOza(mH)(zo + g ) WhUrad (f, Y, ) (u, 20 + 22) Yarny (v, 22)w>

= Res.o 20" (20 + 22) "9 (£, Vi, @y (Y (u, 20)0, 22)w)

and we are done. O

Lemma 3.7.5. For all homogeneous ue V™ veV | feU* welU and j€Z,

<f7 (20 + 22)wtu_l+6i(r>+€+%+jYMn(U)(U, Zo + Z2)YMn(U)(U7 22)w>

= (f7 (22 + Zo)Mu*l+5i(r)+[+%+jYMn(U)(Y(% 20)717 Zz)w-) (3-7-8)

Proof. Take homogeneous v € V** for some 0 < s < T’ -1. By (2.3.5) and
lemma 2.3.6] we have

Vi) (u,2) = > u(m)z™ " and  Yag, @) (v, 2) = > v(m)z

mewtu+zy+7 mewtv-+=27+7
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If r+s#0 mod T, then since U* acts on M,(U)(m) as zero for m # n, we see
by inspection that all of the coefficients on both sides of (3.7.8)) are zero.
So we may assume 7+s =0 mod T”. In this case, lemma|3.7.5|is a consequence

of the lemma [3.7.3] and lemma O

Theorem 3.7.6. Let U be an A, ,,(V')-module. We have

M,(U)= @ M.(U)(m)
me%ZJ,
is an admissible g-twisted V-module with M, (U)(n) 2 U as A, ,(V)-modules. If
U does not factor through Ag’n_% (V), then also M, (U)(0) # 0. Moreover, M,,(U)
is generated by U as a V-module and satisfies the following universal property: for
any weak g-twisted V-module M and any Ay, (V')-module homomorphism
¢: U - Q,(M), there is a unique V-module homomorphism ¢ : M, (U) - M

which extends ¢.

Proof. Apply proposition m to M, (U) and the subspace U + W,(U). Sub-
sequently, M, (U) is a weak g-twisted V-module generated by the subspace U +
W, (U). Moreover, the admissible grading restriction holds on M, (U) since
M, (U) is a %Z-graded V[g]-module.

Since M,,(U) is generated by U + W, (U) as a V-module, by degree consider-

ations we see that
Mo (U)(m) = VIglm-n) (U +Wo(U))

for all m € % Z. In particular, because V[g]-, acts trivially on U for all p > n,
we have M,(U)(m) = 0 if m < 0. Therefore M, (U) is an admissible g-twisted

V-module. The universal property follows from the construction of M, (U) as an
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induced V[g]-module. We still need will show that M, (U)(n) 2 U as A, (V)-
modules, and if U does not factor through Agmf%(V), then also M, (U)(0) # 0.

First, note that we may take M = M,,(U) in proposition Then by propo-
sition and lemma , we see that W, (U) € J,(U). Hence, M, (U)(n) 2 U
as Ay, (V)-modules.

Now, assuming that U does not factor through Ag’n_% (V), say M,(U)(0) =0.
After a grading shift, by proposition (i), we see that U is an A, 3 (V)-
submodule of S (M,(U)). A contradiction. O

The following gives a particularly useful description of J,,(U).

Lemma 3.7.7. We have that J,(U) is the mazimal 7, -graded V[g]-submodule
of M,,(U) subject to J,(U)nU =0.

Proof. By definition
Jo(U)={aeM,(U):(f,xza)=0 foral feU*, zeld (V[g])}.

Let X be the maximal 7Z.-graded V[g]-submodule of M,(U) subject to .
X nU =0. We know need to show that X = .J,(U).

To see that J,(U) is a graded submodule, assume my + -+ + my, € J,(U) with
each m; being from a distinct homogeneous space M, (U)(t;). Assume without
loss of generality that ¢; is the maximum of ¢1,...,¢;. Then for any homogeneous
uweV and each j=1,...,k we know u(wtu +t; — 1)m; € M, (U)(t; - t1)=0.

Then for any f e U*, homogeneous v € V and 1 < 7 < k we have that
(f,u(wtu+t; —1)m;) = 0. Now, since my + -+ my, € X, it then follows that
(f,u(wtu+t; —1)my) = 0. As this is true for any f € U* we conclude that
u(wtu + ¢t — 1)my = 0 for all homogeneous w € V. This implies (f,u(m)my) =0

for all homogeneous u € V and m ¢ %Z. Therefore m; € X. Again, without loss
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of generality we can now assume t5 is the maximum of ¢,,...,¢; and so on. This
shows J,,(U) is a graded submodule and in particular J,(U) ¢ X.

Assume by way of contradiction that J,(U) # X. Then there exists homo-
geneous w € X with w ¢ J,(U). In turn there exists f € U* and homogeneous
x €U (V][g]) such that (f,zw) +# 0. As M,(U) 2 U we have zw € X nU and is

nonzero. A contradiction. O

Theorem 3.7.8. Let U be an A, ,,(V')-module. The space L,(U) = M,,(U)/J.(U)
is an admissible g-twisted V -module satisfying L, (U)(n) 2 U as Ay, (V')-modules.
If U does not factor through Agvn_%(V), then also L, (U)(0) #0. Moreover, if U
has no submodule which factors through Ag,n—%(v)? then Qn/Qn_% (L,(U))=zU
as Agn(V)-modules. In particular L, defines a functor from the category of
Ay n(V)-modules which have no submodule that factors through Ag,n_%(V) to the
category of admissible g-twisted V-modules such that Qn/Qn_% o L, is naturally

equivalent to the identity.

Proof. AsW,(U) c J,(U) it is clear that L,(U) is a quotient of M, (U) and hence
an admissible g-twisted V-module satisfying L,,(U)(n) 2 U as A, ,(V)-modules.
Similarly, if U does not factor through Ag’n_%(V), then L, (U)(0) # 0.

Now assume that U has no submodule which factors through A, S (V). We
show that Qn/an%(Ln(U)) . Asin we have

0l s (L)) = @ /s, (Lu()) (m)

me %Z+
m2n

112

where Qn/Qn_% (L.(U)) (m) = Q, (L,(U)) (m)/Qn_% (L,(U)) (m) linearly. If
Qn_% (L,(U))(n) # 0, then Qn_% (L,(U))(n) is an A,,, (V) submodule of U
which factors through Agm_%(V). A contradiction to our assumption on U.

Hence, Qn/Qn_% (Ln(U))(n) 2U as A, ,(V)-modules.
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Assume by way of contradiction that Q,(L,(U))(m) # 0 for some m > n.
In this case W = U(V[g])2,(L,(U))(m) is a nonzero admissible g-twisted V-
submodule of L,(U) with W(0) = 0. Moreover, we have W(n) # 0 by def-
inition of L,(U). Then W(n) is an A, ,(V)-submodule of U which factors
through Ag’nf%(V), contradiction. So Qn/an%(Ln(U))(m) =0 for all m >n
and QH/QR_% (L. (U))=U. O

Lemma 3.7.9. If U is an irreducible A,,(V')-module, then L,(U) is an irre-
ducible V-module.

Proof. Assume N is a non-zero admissible g-twisted V-submodule of L, (U). By
lemma [3.7.7 we know N(n)nL,(U)(n) # 0. Since N(n) is an A, ,(V)-submodule
of L,(U)(n) and L,(U)(n) = U is irreducible as an A, (V')-module, it must
be the case that N(n) = L,(U)(n). As L,(U) is generated by L,(U)(n) as a
V[g]-module, it follows that N = L,,(U). O

Theorem 3.7.10. The functors QH/QH_% and L, induce mutually inverse cate-
gorical equivalences when restricted to the full subcategories of completely reducible
A, (V')-modules whose irreducible components cannot factor through Agjn_%(V)
and completely reducible admissible g-twisted V -modules, respectively. In partic-
ular, Qn/Qn_% and L, induce mutually inverse bijections on the isomorphism
classes of irreducible A, ,(V')-modules which cannot factor through Agyn_%(V)

and irreducible admissible g-twisted V -modules.

Proof. By theorem we have Qn/Qn_% (L,(U)) 2 U for any A,,(V)-module
U which has no submodule which factors through Ag’n_%(V). On the other
hand, if M is a completely reducible admissible g-twisted V-module, we need
to show that L, (Qn/Qn_%(M)) > M. It suffices to take M irreducible. In this
case it follows that €,/ an% (M) = M(n) is an irreducible A, ,,(V')-module. Then
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L, (Qn [, (M )) is an irreducible admissible g-twisted V-module by lemma|3.7.9,

1
T

In particular by theorem 3.7.6/both M and L, (Qn / an% (M )) are irreducible quo-

tients of M, (Qn [, 1 (M )) and so must be isomorphic by the universal property

1
T

given in theorem [3.7.6] O

3.8 g-Rational Vertex Operator Superalgebras

We now apply the results of the previous section to g-rational vertex operator

superalgebras.

Theorem 3.8.1. If V is a g-rational vertex operator superalgebra, then the fol-

lowing hold.
(1) Agn(V) is a finite-dimensional, semisimple associative algebra.

(ii) The functors Qn/Qn_% and L, are mutually inverse categorical equivalences
between the category of A, ,,(V')-modules whose irreducible components can-
not factor through Agm_%(V) and the category of admissible g-twisted V -

modules.

(iii) The functors Qn/an% and L, induce mutually inverse categorical equiv-
alences between the category of finite dimensional A,,(V')-modules whose
irreducible components cannot factor through Agm_%(V) and the category

of ordinary g-twisted V-module.

Proof. (ii) follows from theorem and (7). Moreover, (7ii) follows from (i)
since V' is g-rational every irreducible admissible g-twisted V-module is an irre-
ducible ordinary g-twisted V-module by [15] theorem 6.6.

Thus we need to prove (7). It is enough to show that every A,, (V') is a direct

sum of finite dimensional irreducible A, (V')-modules. To that end, let W be an
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A, n(V)-module. Then U =W @V, is an A,,(V)-module which does not factor
through Ag,n—% (V). Then M, (U) is an admissible g-twisted V-module satisfying
M, (U)(0) # 0 and M, (U)(n) = U. As V is g-rational, M, (U) is a direct sum
of irreducible ordinary g-twisted V-modules. So M, (U)(n) is a direct sum of
finite dimensional A, , (V)-modules. Then W must also be a direct sum of finite

dimensional A, (V')-modules. O

Theorem 3.8.2. V' is g-rational if and only if all A, (V') are finite-dimensional

semisimple associative algebras.

Proof. If V' is g-rational, then all A, , (V') are finite-dimensional semisimple asso-
ciative algebras by theorem [3.8.1]

Conversely, assume all Ay, (V') are finite dimensional semisimple associative
algebras. Since Ay o(V) = Ay(V) is finite-dimensional semisimple, it follows that
V' has only finitely many irreducible admissible g-twisted V-modules up to iso-
morphism by [15] theorem 6.5. Moreover, it must be the case that any irreducible
admissible g-twisted V-module is an ordinary g-twisted V-module. To see this let
W =@, 1z, W(n) be an irreducible admissible g-twisted V-module. By propo-
sition we know that L(0) acts semisimply on W. Furthermore, proposi-
tion (777) tells us that each W(n) is an irreducible A, ,(V) -module and
necessarily finite dimensional. Hence, W is an ordinary g-twisted V-module.

Let M, (V) be a complete set of inequivalent irreducible admissible g-twisted
V-modules. For A € C let M, be the set consisting of all W e M (V) whose
conformal weight is congruent to A modulo %Z. Then for each W e M, we can
write W = @ne%% Wiiny +n Where ny € %Z and W(n) = Wxinyin. As M, is a
finite set and L(-1) : W(n) —» W (n+ £ ) is injective for n >> 0, we may choose
my € %N such that Wy, # 0 for any W e My and m > m,. (See [22], the

conformal vector w is vaccum like.)
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Take any admissible g-twisted V-module M = @, 17, M(m). We need to
show that M is completely reducible. The idea is to show that each M (m)
generates a completely reducible admissible g-twisted V-submodule of M. To
start we show that M° = U(V[g])M(0) is completely reducible. As A (V) is
semisimple, we can decompose M (0) into a direct sum of irreducible A, (V')-
modules. If U is an irreducible A,(V)-submodule of M (0), then U = W(0) =
Wiin, for some A e C and W e M.

To show that MY is completely reducible it is enough to show that
N = U(V[g])U is isomorphic to W. First note that the universal property of
My(U) = M(U) gives us that N contains an irreducible quotient isomorphic to
W. Take n € Z, such that n+ny >my. As W(n) # 0 is an irreducible A, ,(V)-
module, it follows from lemma and theorem that

Lo(W(n)) = Mo(W(n)[T =W

where J is the maximal admissible g-twisted V-submodule of M,, (W (n)) subject
to J n M,(W(n)) = 0. Note that L(0) acts semisimply on M, (1 (n)) with
M,(W(n))(m) =M,(W(n))rinym- So L(0) acts semisimply on J and
7,\+nw+n = 0. Since n + ny > my it must be the case that J = 0 and W 2
M, (W(n)). To see this let U’ be any irreducible A,(V)-submodule of J(0). Then
Lo(U") = L(U") is an irreducible admissible g-twisted V-module with L(U’) = U’
and L(U)xsm = 0. So U'=0 and hence J = 0. Now, since A,,(V) is semisimple,
we can write N(n) =@ @& N(n)’ where Q 2 W (n) as A,,(V)-modules and N(n)’
is an Ay, (V)-submodule of N(n). We must have that the V-submodule of N
generated by @ is isomorphic to W. Then N = W and so M° is completely
reducible admissible g-twisted V-submodule of M.

Now M0 () is an AQ%(V)—submodule of M (). Since AQ%(V) is semisim-
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ple, we can decompose M () into a direct sum of AQ% (V)-submodules M° (£ )@
M (%,)’ The argument used above shows that the admissible g-twisted V' -submodule
M7 =U (V[g)M (%)’ of M is a completely reducible. Continuing in this way

we see that M is a completely reducible admissible g-twisted V-module. [
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