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Abstract. In this paper we review recent applications of cohomology methods
associated with vertex operator algebras to problems in conformal field theory
and differential geometry.

1 Introduction
The natural question of calculating cohomology of holomorphic structures on complex manifolds
[2, 4, 22, 11, 10] belongs to fundamental problems. The continuous cohomology of Lie algebras of
C8-vector fields [6] turned to be a subject of great geometrical interest. Computational methods
involving recurrent relations for n-point correlation functions [23, 14, 15, 18, 30] description
proved their effectiveness in conformal field theory with some applications in other areas.

There exist several approaches to cohomology of vertex algebras [9, 8, 13, 1] In [8] the notion
of a cohomology of grading-restricted vertex algebras was introduced. The main construction
of coboundary operator was given using considerations of rational functions obtained as matrix
elements for such vertex algebras. As we know [23] from the genus zero theory of correlation
functions for vertex algebras, matrix elements correspond to the choice of formal parameters for
vertex operators to be local coordinates on the complex sphere. In this review we discuss the
reduction cohomology [24, 25] and product-type cohomology [26, 28].

2 Vertex algebras
A vertex algebra [9] pV, YV ,1V q, consists of a Z-graded complex vector space V “

À

nPZ Vpnq,

where dimVpnq ă 8 for each n P Z, a linear map YV : V Ñ EndpV qrrz, z´1ss, for a formal
parameter z and a distinguished vector 1V . For each v P V , the image under the map YV is
the vertex operator YV pv, zq “

ř

nPZ vpnqz
´n´1, with modes pYV qn “ vpnq P EndpV q, where

YV pv, zq1 “ v `Opzq. In addition to that we have: the grading-restriction condition: for n P Z,
dimVpnq ă 8, and when n is sufficiently negative, Vpnq “ 0; the lower-truncation condition
for vertex operators: for u, v P V , YV pu, zqv contain only finitely many negative power terms,
YV pu, zqv P V ppzqq (the space of formal Laurent series in z with coefficients in V and finitely
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many negative power terms); the identity property: Let 1V be the identity operator on V . Then
YV p1, zq “ 1V ; the creation property: For u P V , YV pu, zq1 P V rrzss and limzÑ0 YV pu, zq1 “ u;
the duality: for u1, u2, v P V , v1 P V 1 “

š

nPZ V
˚
pnq, the series

xv1, YV pu1, z1qYV pu2, z2qvy, xv1, YV pu2, z2qYV pu1, z1qvy,

xv1, YV pYV pu1, z1 ´ z2qu2, z2qvy,

are absolutely convergent in the regions |z1| ą |z2| ą 0, |z2| ą |z1| ą 0, |z2| ą |z1 ´ z2| ą 0,
respectively, to a common rational function in z1 and z2 with the only possible poles at z1,
z2 “ 0 and z1 “ z2; the LV p0q-bracket formula: let LV p0q : V Ñ V be defined by LV p0qv “ nv
for v P Vpnq. Then

rLV p0q, YV pv, zqs “ YV pLV p0qv, zq ` z
d

dz
YV pv, zq

, for v P V ; the LV p´1q-derivative property: let LV p´1q : V Ñ V be the operator given by

LV p´1qv “ Reszz
´2YV pv, zq1 “ Yp´2qpvq1

, for v P V . Then for v P V ,

d

dz
YV pu, zq “ YV pLV p´1qu, zq “ rLV p´1q, YV pu, zqs.

One also has
YV p1V , zq “ 1, lim

zÑ0
Y pu, zq1V “ u.

The conformal vector is defined by ω is

Y pω, zq “
ÿ

nPZ
Lpnqz´n´2,

where Lpnq forms a Virasoro algebra for central charge c

rLV pmq, LV pnqs “ pm´ nqLV pm` nq `
c

12
pm3 ´mqδm,´nIdV .

LV p0q describes the Z-grading with

LV p0qa “ wtpaqa,

for weight wtpaq P Z and
Vr “ ta P V |wtpaq “ ru.

We quote the standard commutator property of vertex operator superalgebra, for x1 “ pa, z1q,
x “ pb, z2q

rapmq, Y pxqs “
ÿ

jě0

ˆ

m

j

˙

Y papjq.xqzm´j1 .

Taking a “ ω this implies for b of weight wtpbq that

rLV p0q, bpnqs “ pwtpbq ´ n´ 1qbpnq,

so that
bpnqVr Ă Vr`wtpbq´n´1.

In particular, we define for a of weight wtpaq the zero mode opaq “ apwtpaq ´ 1q, which is then
extended by linearity to all a P V . Vertex operator algebras are very important in completly
solvable models (see, e.g., [16]).
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2.1 The square bracket formalism
Define [23] the square bracket operators for V by

Y rxs “ Y
´

qLV p0q
z v, ez ´ 1

¯

“
ÿ

nPZ
vrnsz´n´1.

For v of weight wtpvq and k P Z, we have

ÿ

jě0

ˆ

k ` wtpvq ´ 1

j

˙

vpjq “
ÿ

mě0

km

m!
vpmq.

The square bracket operators form an isomorphic vertex operator algebra with Virasoro vector

rω “ ω ´
c

24
1V .

Let us now introduce the shifted Virasoro vector

ωh “ ω ` hp´2q1V ,

where

h “ ´
λ

α
J,

for λ P Z, and J P V1, such that Jp0q acts semisimply on V .
Then the shifted grading operator is

Lhp0q “ Lp0q ´ hp0q “ Lp0q `
λ

α
Jp0q.

Denote the square bracket vertex operator for the shifted Virasoro vector by

Y rxsh “ Y
´

ez Lhp0qv, ez ´ 1
¯

“
ÿ

nPZ
vrnsh z

´n´1,

Therefore,
Y ra, zsh “ ezλY ra, zs,

or equivalently,

arnsh “
ÿ

mě0

λm

m!
arn`ms.

2.2 Elliptic functions
Let qz “ e2πiz. Define for m P N the elliptic Weierstrass functions [17]

Pm`1pz, τq “
p´1qm`1

m!

ÿ

nPZzt0u

nmqnz
1´ qn

.

The modular Eisenstein series Ekpτq are defined by Ek “ 0 for k for odd and k ě 2 even

Ekpτq “ ´
Bk
k!
`

2

pk ´ 1q!

ÿ

ně1

nk´1qn

1´ qn
,

where Bk is the k-th Bernoulli number defined by

pez ´ 1q´1 “
ÿ

kě0

Bk
k!
zk´1.

It is convenient to define E0 “ ´1. Ek is a modular form for k ą 2 and a quasi-modular form
for k “ 2.
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3 Reduction cohomology
In most cases, even for higher genus Riemann surfaces [23, 18] there exist algebraic formulas
relating n-point functions with n´1-point functions in a linear way. Coefficients in the reduction
formulas are expressed in terms of quasi-modular forms. The reduction cohomology is defined
via such recursion formulas. Let is introduce a complex of n-point correlation functions. We
denote by vn “ pv1, . . . , vnq, vi P V vertex algebra elements. Denote by zn “ pz1, . . . , znq local
coordinates around n points on the torus. Let us introduce the notation: xn “ pvn, znq. For
a vertex operator algebra V with Virasoro vector ω of central charge c we have the following
definition of the torus correlation funcitons. The genus one n ě 0-point function is defined by

ZV pxnq “ TrV

´

YV pq
LV p0q
z1 v1, qz1q . . . YV pq

LV p0q
zn vn, qznqq

LV p0q´c{24
¯

,

with z P C, and τ being the modular parameter of the torus. For a vertex operator algebra V ,
we consider the spaces of n-point correlation functions

Cn “ tZV pxn, q , n ě 0, u .

The coboundary operator δnpxn`1q acting on Cn-space is defined according to the reduction
formula [23, 15]. For n ě 0, and any xn`1 P V ˆ C, define

δnpxn`1q : Cn Ñ Cn`1,

with operators Tjpvrms.q, j ě 0, given by the reduction formulas

δn pxn`1qZV pxnq “

n
ÿ

k“0
mě0

fk,mpxn`1q Tkpvn`1rms.qZV pxnq .

The operators Tkpvrms.q are insertion operators of vertex algebra modes vrms., m ě 0, into
ZV pxn;Bq at the k-th entry:

Tkpvrms.q ZV pxnq “ ZV pTk pvrmsq .xnq ,
where we use the notation

pΓqk. xn “ px1, . . . ,Γ.xk, . . . , xnq .

For n ě 0, let us denote by Bn the subsets of all xn, such that the chain condition

δn`1pxn`1q δ
npxnq ZV pxnq “ 0,

for the coboundary operators is satisfied. Explicitly, the chain condition leads to an infinite n ě 0
set of equations involving functions fk,m pxn`1q and ZV pxnq:

n`1,n
ÿ

k1,k“0

m1,mě0

fk1,m1 pxn`1q fk,m pxnqTk1pvn`2rm
1s.qTkpvn`1rms.qZV pxnq “ 0.

The Cn-spaces constitute a semi-infinite chain complex

0 ÝÑ C0 δ
0
px1q
ÝÑ C1 δ

1
px2q
ÝÑ . . .

δn´2
pxn´1q
ÝÑ Cn´1 δ

n´1
pxnq

ÝÑ Cn
δnpxn`1q
ÝÑ . . . .

For n ě 1, we call corresponding cohomology

HnpV q “ Ker δnpxn`1q{Im δn´1pxnq,

the n-th reduction cohomology of vertex operator algebra V correlation functions on the torus.
The genus one coboundary operator is given by

f0pxn`1; τq T0pvn`1rmsq “ T0popvn`1qq,

fk,mpzn`1; τq “ Pm`1 pzn`1 ´ zk, τqTkpvn`1rms.q.

Here opv1q “ v1pwt v1 ´ 1q, wtv “ αpvq, LV p0qv “ αv.
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3.1 Cohomology
In some cases of V , we are able to compute the reduction cohomology of V -correlation functions.

Proposition 1. The n-th reduction cohomology of the space of correlation functions for V is
given by the space of solutions ZV pxnq to the equations

n
ÿ

k“0

ÿ

mě0

fk,m pxnqTkpvn`1rms.q ZV pxnq “ 0,

with xi R Bi, for 1 ď i ď n. These are given by the space of quasi-modular forms in terms of
series of Weierstrass functions, recursively generated by reduction/recursion formulas.

In certain cases of coboundary operators, we are able to compute the n-th cohomology even
more explicitly by using recursion formulas in terms of generalized elliptic functions [15]. In
particular, for n-point correlation functions associated to a vertex operator superalgebra we
obtain using [15]

Corollary 1. For vn R Bn, the n-th cohomology is given by the space of determinants of nˆn-
matrices containing deformed elliptic functions depending on zi´zj , 1 ď i, j ď n, for all possible
combinations of vn-modes.

4 Product-type cohomology
One defines the configuration space FnC “ tpz1, . . . , znq P Cn | zi ‰ zj , i ‰ ju, for n P Z`. Let

V be a grading-restricted vertex algebra, and V its algebraic completion. A V -valued rational
function Φ in pz1, . . . , znq with the only possible poles at zi “ zj , i ‰ j, is a map

F : FnC Ñ C,
pz1, . . . , znq ÞÑ Fpz1, . . . , znq,

such that for any w P V 1 (the dual space), F “ xw,Φpz1, . . . , znqy, is a rational function in
pz1, . . . , znq with the only possible poles at zi “ zj , i ‰ j. One defines the action of Sn on Φ:

σpΦqpv1, z1; . . . vn, znq “ Φpvσp1q, zσp1q; . . . ; vσpnqq, zσpnqq,

for σ P Sn and v1, . . . , vn P V . For n P Z`, a linear map

Fpv1, z1; . . . ; vn, znq “ V bn Ñ C,

is said to have the LV p´1q-derivative property if

BziFpv1, z1; . . . ; vn, znq “ Fpv1, z1; . . . ;LV p´1qvi, zi; . . . ; vn, znq,

for i “ 1, . . . , n, v1, . . . , vn P V , and

n
ÿ

i“1

BziFpv1, z1; . . . ; vn, znq “ LV p´1q.Fpv1, z1; . . . ; vn, znq,

with some action ”.” of LV p´1q on Fpv1, z1; . . . ; vn, znq. A linear map

F : V bn Ñ C,

has the LV p0q-conjugation property if for v1, . . . , vn P V , pz1, . . . , znq P FnC, and z P Cˆ, such
that pzz1, . . . , zznq P FnC,

zLV p0qF pv1, z1; . . . ; vn, znq “ F
´

zLV p0qv1, zz1; . . . ; zLV p0qvn, zzn

¯

.

To provide convergence, one adds also the notion of maps composable with vertex operators: in
order to multiply maps by vertex operators and form coboundary operators, one has to apply
extra conditions [8]. The space of V -valued rational function Φ in n variables satisfying the
conditions above, and composable with m vertex operators is denoted by Cnm. We also find
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Lemma 1. Let C0
m “ V . Then we have Cnm Ă Cnm´1, for m P Z`.

The co-boundary operator for the spaces Cnm is defined by

δnm : Cnm Ñ Cn`1
m´1.

For Φ P Cnm, v1, . . . , vn`1 P V , w P V 1, and pz1, . . . , zn`1q P Fn`1C, it is given by

δnmF “ xw, δnm.Φpv1, z1; . . . ; vn`1, zn`1qy

“ xw, YV pv1, z1qΦpv2, z2; . . . ; vn`1, zn`1qy

`

n
ÿ

i“1

p´1qixw,Φpv1, z1; . . . ; vi´1, zi´1;YV pvi, zi ´ zi`1qvi`1;

. . . ; vn`1, zn`1qyq

`p´1qn`1xw, YV pvn`1, zn`1qΦpv1, z1; . . . ; vn, znqy.

Proposition 2. For n P N and m P Z` ` 1, the co-boundary operator δnm satisfies the chain
condition, i.e.,

δn`1
m´1 ˝ δ

n
m “ 0,

One introduces the n-th cohomology Hn
mpV q of a grading-restricted vertex algebra V com-

posable with m vertex operators:

Hn
mpV q “ ker δnm{im δn´1

m`1.

4.1 Čech-de Rham cohomology of foliations
Let us recall [3] the formulation of Čech-de Rham complex for a foliation on a smooth manifold.
For n ě 0, and 1 ď m ď k, we define the space

CnmpF,Uq “
č

U1
h1
ãÑ...

hm´1
ãÑ Um

1ďjďm

CnpF qpUjq,

where the intersection ranges over all possible pm ´ 1q-tuples of holonomy embeddings hj , j P
t1, . . . ,m´ 1u, between transversal sections of a basis U for a foliation F . Then a construction
[12] of cohomology classes for foliations (starting from an integrability condition of differential
forms) motivates us to construct cohomology classes for vertex operator algebra if we introduce
a product of elements of our complex.

4.2 Products of elements for the complex
In analogy with the foliation theory [3, 12], in order to determine cohomology classes of a com-
plex, one requires to define a product of a number of elements of subspaces with the image in
another complex subspace coherent with respect to the original coboundary operator satisfying
some symmetry conditions, LV p0q-conjugation and LV p´1q-derivative properties. Let us give an
example of product. For Fpv1, x1; . . . ; vk, xkq P C

k
m, and Fpv11, y1; . . . ; v1n, ynq P C

n
m1 let us give

an example of product

Fpv1, x1; . . . ; vk, xkq ¨ Fpv11, y1; . . . ; v1n, ynq

ÞÑ F
`

v1, x1; . . . ; vk, xk; v11, y1; . . . ; v1n, yn
˘

,

is given by the rational function

xw,Φpv1, x1; . . . ; vk, xk; v11, y1; . . . ; v1n, ynqy

“
ÿ

uPV

xw,Φpv1, x1; . . . ; vk, xk, u, ζ1qy

xw1,Φpv11, y1; . . . ; v1n, yn, u, ζ2qy,
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parametrized by ζ1, ζ2 P C. The sum is taken over any Vl-basis tuu, where u is the dual of u
with respect to a non-degenerate bilinear form x. , .y over V .

Convergence of a product of that type can be proven by methods of [7].

Proposition 3. For Fpv1, x1; . . . ; vk, xkq P Ckm and Fpv11, y1; . . . ; v1n, ynq P Cnm1 , the product

F pv1, x1; . . . ; vk, xk; v11, y1; . . . ; v1n, ynq belongs to the space Ck`nm`m1 , i.e.,

¨ : Ckm ˆ C
n
m1 Ñ Ck`nm`m1 .

Let us give an example of product. For Fpv1, x1; . . . ; vk, xkq P C
k
m, and Fpv11, y1; . . . ; v1n, ynq

P Cnm1 an example of product

Fpv1, x1; . . . ; vk, xkq ¨ Fpv11, y1; . . . ; v1n, ynq

ÞÑ F
`

v1, x1; . . . ; vk, xk; v11, y1; . . . ; v1n, yn
˘

,

is given by the rational function

xw,Φpv1, x1; . . . ; vk, xk; v11, y1; . . . ; v1n, ynqy

“
ÿ

uPV

xw,Φpv1, x1; . . . ; vk, xk, u, ζ1qy

xw1,Φpv11, y1; . . . ; v1n, yn, u, ζ2qy,

parametrized by ζ1, ζ2 P C. The sum is taken over any Vl-basis tuu, where u is the dual of u with
respect to a non-degenerate bilinear form x. , .y over V . The form of the product defined above is
natural in terms of the theory of higher genus correlation functions for vertex operator algebras
[5, 23, 14, 19, 20, 21]. The product admits the action ot the coboundary operator δk`nm`m1 . The
co-boundary operator has a variation of Leibniz law with respect to the product.

Proposition 4. For Fpv1, x1; . . . ; vk, xkq P C
k
m and Fpv11, y1; . . . ; v1n, ynq P C

n
m1 , the action of

δk`nm`m1 on their product is given by

δk`nm`m1

`

Fpv1, x1; . . . ; vk, xkq ¨ Fpv11, y1; . . . ; v1n, ynq
˘

“
`

δkmFpv1, z1; . . . ; vk, zkq
˘

¨ Fpvk`1, zk`1; . . . ; vk`n, zk`nq

`p´1qkFpv1, z1; . . . ; vk, zkq ¨ pδ
n
m1Fpv1, zk`1; . . . ; vk`n, zk`nqq .

Finally, we see that the product extends the chain complex to all products Ckm ˆ Cnm1 , k,
n ě 0, m, m1 ě 0.

4.3 Product-type cohomology classes
Let us define an extra product the product of Φ and Ψ, Φ ˚Ψ : V bpk`nq Ñ V , Φ ˚Ψ “ rΦ,¨Ψs “
Φ¨Ψ´Ψ¨Φ, where brackets denote ordinary commutator in V . Due to the properties of the maps
Φ P Ckm and Ψ P Cnm1 , the map Φ ˚ Ψ belongs to the space Ck`nm`m1 . In analogy with differential
forms, it is possible to introduce cohomology classes of the form rδηs which are counterparts of
the Godbillon class for codimension one foliations. We call a map Φ P Cnk , closed if δnk “ 0. For

k ě 1, we call it exact if there exists Ψ P Cn`1
k´1 , such that Ψ “ δnkΦ. For Φ P Cnk we call the

cohomology class of mappings rΦs the set of all closed elements that differ from Φ by an exact
mapping, i.e., for Λ P Cn´1

k`1 , rΦs “ Φ ` δn´1
k`1Λ. In analogy with the notion of integrability for

differential forms, we use here the notion of the orthogonality for the spaces of a complex. Let
us require that for of a pair of elements Φ P Ckm and Ψ P Cnm1 , Φ ˚ δnm1Ψ “ 0. We call this

the orthogonality condition for mappings. As for Čech-de Rham complex due to [3], we derive
product-type invariants in the vertex operator algebra terms.
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Proposition 5. The product, coboundary operator, and the orthogonality condition applied to
elements of the complex subspaces generate non-vanishing cohomology classes rpδnmΦq ˚ Φs inde-
pendent on the choice of Φ P Cnm for certain values of pn,mq-pairs.

The cohomology classes we obtain are vertex algebra cohomology counterparts of the God-
billon class which non-triviality can be proven by using methods of [12] for codimension one
foliations [29].
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