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Abstract. In this paper we review recent applications of cohomology methods
associated with vertex operator algebras to problems in conformal field theory
and differential geometry.

1 Introduction
The natural question of calculating cohomology of holomorphic structures on complex manifolds
[2, 4, 22, 11, 10] belongs to fundamental problems. The continuous cohomology of Lie algebras of
C*-vector fields [6] turned to be a subject of great geometrical interest. Computational methods
involving recurrent relations for m-point correlation functions [23, 14, 15, 18, 30] description
proved their effectiveness in conformal field theory with some applications in other areas.
There exist several approaches to cohomology of vertex algebras [9, 8, 13, 1] In [8] the notion
of a cohomology of grading-restricted vertex algebras was introduced. The main construction
of coboundary operator was given using considerations of rational functions obtained as matrix
elements for such vertex algebras. As we know [23] from the genus zero theory of correlation
functions for vertex algebras, matrix elements correspond to the choice of formal parameters for
vertex operators to be local coordinates on the complex sphere. In this review we discuss the
reduction cohomology [24, 25] and product-type cohomology [26, 28].

2 Vertex algebras

A vertex algebra [9] (V, Yy, 1y ), consists of a Z-graded complex vector space V = @,,; Vin),
where dimV(,,) < o for each n € Z, a linear map Yy : V. — End(V)[[z,27]], for a formal
parameter z and a distinguished vector 1y. For each v € V, the image under the map Yy is
the vertex operator Yy (v,z) = > ., v(n)z~""!, with modes (Yy), = v(n) € End(V), where
Yy (v,2)1 = v+ O(z). In addition to that we have: the grading-restriction condition: for n € Z,
dim V{,,y < o, and when n is sufficiently negative, V(,,y = 0; the lower-truncation condition
for vertex operators: for u,v € V, Yy (u, z)v contain only finitely many negative power terms,
Yy (u,z)v € V((2)) (the space of formal Laurent series in z with coefficients in V' and finitely
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many negative power terms); the identity property: Let 1y be the identity operator on V. Then
Yv(1,2) = 1y; the creation property: For u e V, Yy (u,2)1 € V[[z]] and lim, o Yy (u, 2)1 = u;
the duality: for uy,ug,veV,v' e V' =[], ., V(j‘l), the series

W Yy (ur, 21) Yy (u2, 22)v), V', Yy (ug, 22) Yy (ur, 21)v),
Q' Yy (Yv (ur, 21 — 22)us, 22)0),

are absolutely convergent in the regions |z1]| > |z2| > 0, |22] > |21] > 0, |22] > |21 — 22| > 0,
respectively, to a common rational function in z; and z, with the only possible poles at z1,
zo = 0 and z; = z2; the Ly (0)-bracket formula: let Ly (0) : V' — V be defined by Ly (0)v = nv
for v € Vi,). Then

[Lv(0), Yy (v,2)] = Yy (Ly(0)v, 2) + Z%YV(’U, 2)
, for v € V; the Ly (—1)-derivative property: let Ly (—1) : V. — V be the operator given by
Ly(—1)v = Res,z %Yy (v, 2)1 = Y_9)(v)1
,forve V. Then forveV,
(%YV(U’Z) =Yy (Ly(—Du,2) = [Ly(-1), Yv (u, 2)].
One also has
Yv(lv,z) =1, li_r)%Y(u, 2)ly = u.
The conformal vector is defined by w is

Y(w,2) = Z L(n)z"""2,

nez

where L(n) forms a Virasoro algebra for central charge ¢
[Lv(m), Ly (n)] = (m — n)Ly (m +n) + %(m?’ — M)Bp—nldy.

Ly (0) describes the Z-grading with

Ly (0)a = wt(a)a,
for weight wt(a) € Z and

V. = {a € V]wt(a) = r}.

We quote the standard commutator property of vertex operator superalgebra, for x1 = (a, z1),
T = (b7 22)

_ m ; m—j

). ¥ @] =X, (") v a0

Taking a = w this implies for b of weight wt(b) that

[Lv(0),b(n)] = (wt(b) —n — 1)b(n),

so that
b(n)vtr < er—&-wt(b)—n—l'

In particular, we define for a of weight wt(a) the zero mode o(a) = a(wt(a) — 1), which is then
extended by linearity to all a € V. Vertex operator algebras are very important in completly
solvable models (see, e.g., [16]).
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2.1 The square bracket formalism
Define [23] the square bracket operators for V' by

Y[z]=Y (qZLV(O)v,eZ — 1) = Z v[n]z~" 1
neEL
For v of weight wt(v) and k € Z, we have
k+wt(v) — 1> ) k™
> : v(j) = D) —u(m).
7=0 < J w30 ™!

The square bracket operators form an isomorphic vertex operator algebra with Virasoro vector
c
W=w-——1y.
24"
Let us now introduce the shifted Virasoro vector
Wwhp = W + h(*?)]].v,
where

ey
(0%

for A € Z, and J € Vi, such that J(0) acts semisimply on V.
Then the shifted grading operator is
A
Lp(0) = L(0) — h(0) = L(0) + aJ(O).
Denote the square bracket vertex operator for the shifted Virasoro vector by
Y[zl =Y (ez Ln(0)y o2 — 1) = Z v[n], 2771,
neZ

Therefore,
Y[aa Z]h = SZAY[av Z]a

or equivalently,

2.2 Elliptic functions
Let ¢, = ™. Define for m € N the elliptic Weierstrass functions [17]

(_1)m+1 nmq?
Pra(z,7) =——7— 1=
nezvgoy - 4

The modular Eisenstein series Ei(7) are defined by Fjy = 0 for k for odd and k = 2 even
By 2 nk—1 q"
E = __k
k) = =7 +(k_1)!§1 T—q
where By, is the k-th Bernoulli number defined by

B
(=17t =) At
Kl
k=0

It is convenient to define Ey = —1. E} is a modular form for k£ > 2 and a quasi-modular form
for k = 2.
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3 Reduction cohomology

In most cases, even for higher genus Riemann surfaces [23, 18] there exist algebraic formulas
relating n-point functions with n — 1-point functions in a linear way. Coefficients in the reduction
formulas are expressed in terms of quasi-modular forms. The reduction cohomology is defined
via such recursion formulas. Let is introduce a complex of n-point correlation functions. We
denote by v,, = (v1,...,v,), v; € V vertex algebra elements. Denote by z, = (z1,...,2,) local
coordinates around n points on the torus. Let us introduce the notation: x,, = (v,,z,). For
a vertex operator algebra V with Virasoro vector w of central charge ¢ we have the following
definition of the torus correlation funcitons. The genus one n > 0-point function is defined by

ZV (Xn) = TI'V (YV (qflv (O)Ula q21) e YV (qfnv (O)'Unv q.Zn)qLV(O)ic/24) 9
with z € C, and 7 being the modular parameter of the torus. For a vertex operator algebra V|
we consider the spaces of n-point correlation functions
C" ={Z2y (Xn,),n=20,}.

The coboundary operator §"(x,+1) acting on C™-space is defined according to the reduction
formula [23, 15]. For n = 0, and any x,+1 € V x C, define

0" (Xng1) : C" = O™,

with operators T;(v[m].), j = 0, given by the reduction formulas

0" (Xp+1) Bv (%) = Z Jrm (Xns1) Tr(vngi[m]) Zv (xn) .

m=0

The operators Ty (v[m].) are insertion operators of vertex algebra modes v[m]., m > 0, into
Zy (Xn; B) at the k-th entry:

Ti(v[m]) 2v (xn) = Zv (T (v[m]) x4),
where we use the notation
D)k xpn = (1, Tepy .oy Tp)
For n = 0, let us denote by B,, the subsets of all x,,, such that the chain condition
8" (xp+1) 0" (%) Zv (%a) = 0,
for the coboundary operators is satisfied. Explicitly, the chain condition leads to an infinite n > 0
set of equations involving functions fi ., (Xn+1) and Zy (x,):

n+1,n

Z fk’,m’ (xn+1) fk,m (xn) Tk’(Un+2[m/]-)Tk(Un+1[m]~)ZV (Xn) = 0.

k' k=0
m/ ,m=0

The C™-spaces constitute a semi-infinite chain complex

0 ) G ) o
For n > 1, we call corresponding cohomology
H™(V) = Ker 6"(xp41)/Im 6" 1(x,,),

the n-th reduction cohomology of vertex operator algebra V' correlation functions on the torus.
The genus one coboundary operator is given by

fo(Xn11;7) To(vny1[m]) = To(o(vny1)),
fk,m(ZnH;T) = Ppy1 (Zn1 — 2k, 7) T (Ung1[m].).

Here o(v1) = vi(wt vy — 1), wtv = a(v), Ly (0)v = av.
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3.1  Cohomology
In some cases of V', we are able to compute the reduction cohomology of V-correlation functions.

Proposition 1. The n-th reduction cohomology of the space of correlation functions for V is
given by the space of solutions Zy (X,) to the equations

n

ST Fram (50) Te(wnsa[ml) Zv (xa) = 0,

k=0m=0

with x©; & By, for 1 < i < n. These are given by the space of quasi-modular forms in terms of
series of Weierstrass functions, recursively generated by reduction/recursion formulas.

In certain cases of coboundary operators, we are able to compute the n-th cohomology even
more explicitly by using recursion formulas in terms of generalized elliptic functions [15]. In
particular, for n-point correlation functions associated to a vertex operator superalgebra we
obtain using [15]

Corollary 1. For v, ¢ B,,, the n-th cohomology is given by the space of determinants of n x n-
matrices containing deformed elliptic functions depending on z; — z;, 1 < ¢, 5 < n, for all possible
combinations of v,,-modes.

4 Product-type cohomology
One defines the configuration space F,,C = {(21,...,2,) € C" | 2z; # z;,1 # j}, for n € Z . Let
V be a grading-restricted vertex algebra, and V its algebraic completion. A V-valued rational

function @ in (21, ..., 2,) with the only possible poles at z; = z;, ¢ # j, is a map
F:F,C — C,
(21, v 2n) — Flz1,...,20),
such that for any w € V' (the dual space), F = {w,®(z1,...,2,)), is a rational function in

(21,...,2y,) with the only possible poles at z; = z;, i # j. One defines the action of S,, on ®:
a(®)(v1, 215+ Uns 2n) = P(Ve(1), Z0(1)} - -+ 5 Va(n))s Zo(n))s
foro € S, and vy,...,v, € V. For n € Z,, a linear map
Fv1,215. .30, 2n) = VO — C,

is said to have the Ly (—1)-derivative property if

00, F(V1,215 . 3Uny 2n) = F(v1, 215« 5 Ly (= 1) v, 245« o 25U, 20 ),
fore=1,...,n,v1,...,v, € V, and

n

Z 00 F (V1,215 50, 2n) = Ly (=1).F(v1, 215+ . 5 Un, Zn)s

i=1
with some action ”.” of Ly (—1) on F(v1,21;...;Vn, 2n). A linear map

F: Ve -,

has the Ly (0)-conjugation property if for vy,...,v, € V, (21,...,2,) € F,C, and z € C*, such
that (z21,...,22,) € F,,C,

Lv (0 . . _ Ly (0 . ., Lv(0
2Lv( )]-"(vl,zl,...,vn,zn) —.F(z VO, zzq. . 2BV )vn,zzn).

To provide convergence, one adds also the notion of maps composable with vertex operators: in
order to multiply maps by vertex operators and form coboundary operators, one has to apply
extra conditions [8]. The space of V-valued rational function ® in n variables satisfying the
conditions above, and composable with m vertex operators is denoted by C},. We also find
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Lemma 1. Let CY, = V. Then we have C?, < C,_,,
The co-boundary operator for the spaces C7), is defined by

577, Cn N C’I’L+l

formeZ,.

For e C", v1,...,0n41 €V, we V' and (21,...,2n+1) € Frt1C, it is given by
n n . .
6m]: = <U}, (5m.(b(’l)1, Z15- -5 Un+1, Z’I’L+1)>
= <w Yy (v1,21)®(va, 225 -+ 5 Uny 1, Zng1))
+ 2 Vw, ®(v1, 215+ . 501, Zim1; Yy (Viy 20 — 2i41) Vi

S Un+1, Znt1)))
(1) w, Yy (Un 15 2n41) B(01, 215 - 3 Uny 20).
Proposition 2. For n € N and m € Z; + 1, the co-boundary operator 4, satisfies the chain

condition, i.e.,
n+1 n __
ot o =0

One introduces the n-th cohomology H (V) of a grading-restricted vertex algebra V com-
posable with m vertex operators:

3

H! (V) = ker 7, /im 6.

4.1 Cech-de Rham cohomology of foliations
Let us recall [3] the formulation of Cech-de Rham complex for a foliation on a smooth manifold.
For n = 0, and 1 < m < k, we define the space

cn(FU) =[] @),

where the intersection ranges over all possible (m — 1)-tuples of holonomy embeddings h;, j €
{1,...,m — 1}, between transversal sections of a basis U for a foliation F. Then a construction
[12] of cohomology classes for foliations (starting from an integrability condition of differential
forms) motivates us to construct cohomology classes for vertex operator algebra if we introduce
a product of elements of our complex.

4.2 Products of elements for the complex

In analogy with the foliation theory [3, 12], in order to determine cohomology classes of a com-
plex, one requires to define a product of a number of elements of subspaces with the image in
another complex subspace coherent with respect to the original coboundary operator satisfying
some symmetry conditions, Ly (0)-conjugation and LV(fl)—derivative properties. Let us give an
example of product. For F(vi,x1;...;v, k) € CK and F(v],y1;...;0,,9,) € C7, let us give
an example of product

Flor, @155 08, k) - F(UL, Y15 -3 00, Un)

. cn) e e
'_)]:(’Ulvwlw"7Uk7xk7v1ayl7"'7vnayn)7
is given by the rational function
/ /
(W, P(V1, @153 Uy T V], Y15+ -3 Uy Yn))
= Y w, B(vy, w15 0k T 1, G1))
ueV

<w,7 (p(vllayl; cey /U;wynvﬂa <2)>7
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parametrized by (1, (2 € C. The sum is taken over any Vj-basis {u}, where @ is the dual of u
with respect to a non-degenerate bilinear form {. ,.) over V.
Convergence of a product of that type can be proven by methods of [7].

Proposition 3. For F(vi,21;...;vk,2%) € CX and F(vi,vy1;...;00,yn) € C7,, the product

. . . . . k+ ;
F (V1,215 -5 Uks Tk V1, Y15 - - -5 Uy, Yn) belongs to the space CNL e,
. vk n k+n
R Cm X Cm’ i Cm+m"
Let us give an example of product. For F(vi,x1;...;vk, ) € CF  and F(v],y1;...;00, Yn)
e (!, an example of product
. . / . W
‘T:(Ulaxla cee vvkaxk) : ‘F(Ulvylv o 7vnayn)
. . o . o
’_"F(vhxla'"7Il}kaxkvvlvyla'"7vnayn)7
is given by the rational function
. e ape e
<’U), (I)(Ula L1y 3Vk, Tk3U1,Y15- - - 7U7uyn)>
= 2 <’LU, q)(’vhxl; o3 Uy T, Uy <1)>

ueV
<wlv CD(Ullvyl; cey 'U',n»ynvﬂv C2)>7

parametrized by (1, (2 € C. The sum is taken over any Vj-basis {u}, where @ is the dual of u with
respect to a non-degenerate bilinear form (. ,.) over V. The form of the product defined above is
natural in terms of the theory of higher genus correlation functions for vertex operator algebras
[5, 23, 14, 19, 20, 21]. The product admits the action ot the coboundary operator 52::‘7”,. The
co-boundary operator has a variation of Leibniz law with respect to the product.

Proposition 4. For F(vi,z1;...;v5,2k) € CF and F(v],y1;.. 50, yn) € C7,, the action of

6713;_"7”, on their product is given by
st (Fur,21s. o, k) - FOL Y1550, Yn))
= (68 F(v1, 21530k, 28)) - F(Vkt 1, 2kt 13- - 5 Vhtns Zhtn)
(=) F (o1, 215508, 28) - (07 F (01, 2hi 15 - - 5 Vkns Zhin)) -

Finally, we see that the product extends the chain complex to all products C¥ x cr,k,
n>=0,m,m =0.

4.8 Product-type cohomology classes

Let us define an extra product the product of ® and ¥, ® + ¥ : VOE+7) LV &+ ¥ = [®, U] =
®. U —¥-®, where brackets denote ordinary commutator in V. Due to the properties of the maps
® e Ck and ¥ e C",, the map ® * ¥ belongs to the space C’ﬁ;’;ﬂ. In analogy with differential
forms, it is possible to introduce cohomology classes of the form [07] which are counterparts of
the Godbillon class for codimension one foliations. We call a map ® € C}, closed if 6;' = 0. For
k = 1, we call it exact if there exists ¥ € C,?fll, such that ¥ = 67®. For ® € C}' we call the
cohomology class of mappings [®] the set of all closed elements that differ from ® by an exact
mapping, i.e., for A € C’,::ll, [®] =+ 52;11/\. In analogy with the notion of integrability for
differential forms, we use here the notion of the orthogonality for the spaces of a complex. Let
us require that for of a pair of elements ® € C*¥ and ¥ e cr,, @=60, W = 0. We call this
the orthogonality condition for mappings. As for Cech-de Rham complex due to [3], we derive
product-type invariants in the vertex operator algebra terms.
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Proposition 5. The product, coboundary operator, and the orthogonality condition applied to
elements of the complex subspaces generate non-vanishing cohomology classes [(6} @) * @] inde-
pendent on the choice of ® € C' for certain values of (n, m)-pairs.

The cohomology classes we obtain are vertex algebra cohomology counterparts of the God-
billon class which non-triviality can be proven by using methods of [12] for codimension one
foliations [29].
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