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Abstract: We review the Sim(2) invariant infrared regularization of Very Special Relativity
models that we have proposed recently and apply it to compute loop corrections in quantum
electrodynamics with VSR masses for neutrino and photon. Then, we compute the axial
anomaly. Finally, we study the Gross-Neveu model with a VSR mass in the large N limit
uncovering a new phase of the model.
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1. Introduction

The standard model of particle physics (SM) gives a very precise description of strong,
weak and electromagnetic interactions. Still, some important problems need to be under-
stood, among them the origin of a neutrino’s mass. In SM, neutrinos are massless and have
left-handed chirality . But it is known that some of the three species of neutrinos are mas-
sive, which helps to understand the phenomenon of neutrino oscillations [1]. In Lorentz’s
invariant theory, SM neutrinos obtain mass by the introduction of heavy right-handed
neutrinos as in the seesaw mechanism [2]. An alternative manner to obtain neutrino masses
is to break Lorentz symmetry.

Special relativity is valid at very high energy [3], but its violation opens the road to new
physics. Lorentz invariance can be violated in models of Quantum Gravity [4,5], constant
background fields derived from spontaneous symmetry, breaking of the Lorentz symmetry
of a still unknown more basic theory [6-9], and in Very Special Relativity (VSR) [10].

VSR postulates that the basic symmetry of nature is not Lorentz’s six-parameter group,
but a subgroup of it, such as T(2), E(2), HOM(2) or Sim(2). The most interesting of these
is the four-parameters Sim(2) group. In it, the only invariant tensors are the ones that are
invariant under the whole Lorentz group, so all classical effects of Special Relativity are true
in VSR with Sim(2) symmetry. This subgroup of Lorentz leaves a null vector 1, invariant,
except by a factor, n,, — ¢?n,, so that ratios of scalars such as % are Sim(2)-invariant but
violate Lorentz. Here, p;, are vectors in space-time. Sim(2) permits a new term in Dirac
equation so that chiral particles have a mass [11]. VSR has been generalized to consider
supersymmetry [12,13], curved spaces [14,15], noncommutativity [16,17], cosmological
constant [18], dark matter [19], cosmology [20], and Abelian gauge fields [21].

Using this idea, we wrote the VSR SM [22]. It has the symmetry and particles of
the SM, SU(2); x U(1)g, but neutrinos obtain a VSR mass. Neutrino oscillations appear
naturally and new processes beyond the SM are predicted, such as y — e + 7.

To compute loop corrections, we need a Sim(2)-invariant regularization that preserves
gauge invariance. Recently, in Ref. [23], we introduced such regularization inspired by
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physical considerations when we studied the non-relativistic potential in VSR models
with VSR massive gauge particles. The non-relativistic potential (Coulomb potential) has
singularities at certain angles for all radial distances, creating infinite electric forces, which
contradict experience. We employed the new infrared regularization to implement the
one-loop renormalization of VSR quantum electrodynamics with a gauge-invariant photon
mass .. We obtain a remarkable contribution to the anomalous magnetic moment of the
electron, depending on the electron neutrino and photon mass. It fits nicely between the
bounds of the most recent measurements.

The infrared regularization of [23] was used to calculate photon—photon scattering
in VSR QED with a VSR photon mass [24]. Gauge invariance and Sim(2) symmetry are
preserved. We obtain an analytic result for the total cross section. New terms appear due to
the photon mass. They are anisotropic, very small, and can be tested at cosmological scales.

In [25], we extended the infrared regulator to include 5 Dirac matrix and used it to
compute the axial anomaly in two and four dimensions. We compared these calculations
with the results obtained in Refs. [26,27]. By evaluating the fermion mass contribution to
the divergence of the chiral current, we were able to explain the meaning of both previous
calculations of the chiral anomaly. Finally, we applied the infrared regulator to solve the
Gross—Neveu (GN) model with a VSR fermion mass in the large N limit. A second phase is
possible: in one of them, the chiral symmetry is broken, as usual; in the other phase, the
chiral symmetry is unbroken.

In this paper, we will review these results and comment on future applications.

The paper is written as follows. Section 2 presents quantum electrodynamics (QED)
with a VSR massive neutrino and photon. In Section 3, we review the infrared regularization
of [23]. Section 4 discusses the one-loop renormalization of VSR QED. In Section 5, we
compute the one-loop renormalization of VSR QED with a gauge-invariant photon mass.
Section 6 contains the calculation of the anomalous magnetic moment of the electron.
Section 7 is devoted to the computation of the scattering of light by light in VSR QED.
Section 8 discusses the VSR Schwinger model. It contains the computation of the self-energy
of the photon, the two-dimensional axial anomaly, and the fermion mass contribution to
the divergence of the axial current. In Section 9, we use the infrared regulator to compute
the axial anomaly in four dimensions. In Section 10, we solve the GN model with a VSR
mass in the large N limit. Section 11 is devoted to the conclusions and discussions.

2. The Model

0
€L
0 1

V0, =11 — s and ), = 3 (1 — 5)el, and three SU(2) singlet R, = 2 = 1 (1 + 75)eD.
We accept that there is no right-handed neutrino. The index a classifies the different families

0
The leptonic sector of VSRSM consists of three SU(2) doublets L, = < VaL >, where

and the index 0 means that the fermion fields are the physical fields before spontaneous
symmetry breaking.

In this review, we study the electron family. It consists of the e; (the left-hand-side
electron) and v, (the electron’s neutrino) forming a doublet of SU(2);, and eg (the right-
hand-side electron), which is a U(1)g singlet. In order to respect the SU(2); symmetry, we
introduce a VSR mass m for the doublet. Then, m is the VSR mass of both electron and
neutrino. After spontaneous symmetry breaking (SSB), the electron obtains a mass term

M= (\3/%;, where G, is the electron Yukawa coupling and v is the VEV of the Higgs. Please
see Equation (52) of [22]. The electron mass is M, = v/ M? + m?2. The neutrino mass is not
affected by SSB: M,, = m.

Restricting the VSRSM after SSB to photon (A;,) and electron (¢) alone, neglecting the

terms in the VSRSM that contain the neutrino and the gauge bosons Z, W=, we obtain
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iM=

the VSR QED action. Furthermore, we add a VSR mass m., for the photon. We use the
Feynman gauge.

L= 1,5(1’(12) + %ﬂm2(n : D)—l) - M)tp ~ }IFWPVV

(0 An)?

1 1
— 5 (1" Fua) TR (ngFHP) — =2k (1)

where Dy, = 9, —ieAy, Fyy = 9, Ay —dyAyand n-n = 0.

This Lagrangian (without the gauge fixing term) is gauge-invariant under the usual
gauge transformations: A, (x) = 9, A(x). This is a basic property of a VSR mass for the
photon. It conserves gauge invariance, whereas a Lorentz-invariant mass for the photon
destroys gauge invariance.

The Feynman rules are written in Appendix A.

NRL of Electrodynamics

We now consider e — e scattering at the tree level, using the Feynman rules of
Appendix A. It is given by Figure 1:

Figure 1. e + ¢ — e + e scattering.

Thus:
N2 1 nnt B 1 hn?
)2 u VA v L2 M — _
But the external legs are on-shell, so
1 nnt
= W T2 _ - v 1.2 v _
guit3 (fy + M it p3)u1 =0, qvu4<'y +am n-pzn»p4)u2 =0
Also:
_ 1 ﬂn” _ 1 nv
u DV v -2 M _
M3<’Y +2m n_pln.p?,)”l”y”v’/%('? + 2m n~p2n-p4)u2
igphurtighuy
In the NRL, we have
tzfhug = 2?10M(55153
3" 11 = 2Mds, 5,0}
That is:

M = @M b, (14 20 = (0,7
iM =ie”( )mslg 5054 +(7’l~q)2 ’ q=(0,9)
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Compare with the Born approximation
<pliTlp > = —iV(§)2nd(Ey —Ep), §=9 —p

i) = o (14
V=Frm\" " iy

V(X)) = ez/ — 1+ —Z
(%) (27)3 42 +m3 ( (7.9)2

The first term produced the expected Yukawa potential:

2 =T 3 ig.xX 2
S ec e ™ d e m
V= 2 v

4 1 271)3 2 + m3, (7.4)>

The second term is infrared divergent and needs to be regularized. But for all reg-
ularizations, the potential diverges for certain values of ’?7” for any r, which implies the
existence of infinite forces for certain angles for any r, which is ruled out by experiments.

3. A New Regularization
Write:

-

d?)q el 1 5y [® d4q e—iqx
/ 32 2 A~2:_”0/ dxo/ 2 2 2
(27)° g + m?, (7.4) —c0 (2m)* g* —m3 (n-q)

Compute:

d4q e~ iqx 1
UG = | g w2 (1 q)?

We desire to keep gauge invariance, naive power counting, and Sim(2) symmetry. The
first two properties are satisfied by Mandelstam-Leibbrandt (ML) prescription [28,29]. The

ML is:
is 1 . D7

= Im-—-
n-p e>0n-pp-n—+ie

where 71, is a new null vector with the property n - 71 = 1.

(2)

ML introduces an additional null vector i, that breaks the Sim(2) symmetry of

the model.

Nevertheless, there is a simple way to recover Sim(2) symmetry: to take the limit

iy — 0. Then, only one null vector will remain: n,,.

Let us see how this limit can be implemented, using as an example, U(x).
To calculate U (x) from the definition of ML (Equation (2)) is complicated.

Instead, we want to point out the following symmetry:
ny — Ay, iy — A7, A # 0, AeR

It keeps the definitions of 1, and 71,,:

O=n-n—=-An-n=0
0=f-1—=>A2A-1=0
l=n-n—-n-n=1
We see from (2) that:
1 1 .4
— = —A

)
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U(x) can be written as follows:

d4q e iq-x 1
ue = [ ok B e A

(- x)2f(x-x,1-x71 - X)

where the function f(x - x,n - x7 - x) is uniquely determined by the following conditions:
1. n-n=0=n-ni,n-n=1
2. Scale invariance under 1, — Any, i, — A‘lﬁﬂ.
3.  f(x-x,n-xii-x) mustberegularatn-xii-x =0.

The technique used to determine this function is explained in Ref. [30].

To obtain the limit 7, — 0, we use the following approach. Write 71, = pr‘z,(lo), ny =
p’lnglo), with 7 ;,0), n;(f)) satisfying condition 1. Then, condition 1. is satisfied for all p.

We define 71, — 0 by the limit p — 0.

We obtain lim, o 020 - x)2f(x - x,n0) . x72©) . x) = 0.

That is, due to Sim(2) symmetry, we must have

d*q e~ ig-x 1
) = [ s g =

Then s .

d et 1

B q3 o Ry

(27)3 g% + m3, (A.4)
Thus

62 e~ Myt
V(X)) = —
(%) 47 7

which is the expected Yukawa potential for a massive photon.

The same solution applies to the gravitational potential in very special linear gravity
(VSLG) [31,32]. In VSLG, the graviton propagator contains terms similar to the massive
photon propagator (Appendix A). When we use it to compute the classical gravitational
potential between two masses, we obtain the same non-physical terms of the form:

The Sim(2) limit of these integrals vanishes, so we recover a Yukawa-type gravita-

tional potential.

A More General Integral

Consider an arbitrary function g and calculate

diq 1
[ G g

The M-L prescription using the method of [30] implies

d
/ (;lnzdg(qzlq - X) o 'IQ)a = (-x)"f(x-x,n-xii-x)

for a unique f(x - x, n - x71 - x), under the conditions:

1. n-n=0=n-ni,n-n=1
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2. Scale invariance under 1, — Any, i, — A’lﬁy.
3.  f(x-x,m-xi-x) mustberegularatn-xii-x = 0.

xy is an arbitrary vector.

To obtain the limit 71, — 0, write 7, = pﬁﬁ ), ny = p’ln; ), with ﬁ;(lo), n,(f)) satisfying
condition 1.Then condition 1. is satisfied for all p.

We define 71, — 0 by the limit p — 0.

We obtain lim, o (A - x) f(x - x,n© . xa0) . x) = 0.

Thus:

dq 1
=0,a>0
/(m)dg(q X e~ 08>
It is clear that this result applies to loop integrals of the sort [30]:
I'a+b—w)

1 1 b ]
/dp[P2+2P~q—m2+ie}“ Gy = (Vi () == ()

/ dtb 1 !
Jo (m2+q2 —2n-qn - qt — ig)*+b—w’

w =

NI=.

(4)

Therefore, the Sim(2) limit is:

/d 1 1
Pl +2pq—m?+ie" (n-p)?

=0,b > 0,quarbitrary

Taking derivatives in g,, we obtain:

1 e ‘
/dp (P2 +2p.q — m2 + ig]? plx(ln ] p)ian = 0,b > 0,qyarbitrary
That is, the Sim(2)-invariant regularization of any integral over p;, containing >~ n to
any positive power, must be put to zero.
It is clear that this procedure respects gauge invariance and Sim(2) invariance.
But what happens if v matrices are included?
See an example:

/ dp M:/ dp (2n~P—W)¢:2/ dp

P —min-p 72— m? n-p 72— m?

I can evaluate p integral first, using ML:

/pdpmzzpz”u’ﬂ/ R p*MWi/ mz_#

the naive limit will be zero, but if we move # to the right (or left) #t# = 2, we obtain the

same answer as before.
But, assume that # was already to the right. Consider:

dp _ pit _ dp
/pz_mzn.p_/pz_mzﬁﬂ_ﬂ

Prescription: We move all # to the right, pick up all n - (p + R) produced by this

motion, and use them to cancel as many # - (p + R) in the denominator as possible. Finally,
all remaining (n- (p + R))™% a > 0 are replaced by zero. Here, R;, represents any vector

g = 1
and the second term vanishes in the last step of the procedure.

different from p,, (the integration variable) including the zero vector. Notice that

np _ _q__"q

because n-(p+q) n-(p+q)
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According to this:

and

dp iyt _, [ _dp
/pz_mzfp - /pz_mz

The reason behind this prescription is the following. We want 71, = 0 to recover Sim(2)
invariance. But we are not permitted to lose gauge invariance. Gauge invariance appears in
the form of Ward identities that the Feynman graphs must satisfy. If we write all graphs in
a “canonical form” such as all # to the right in all monomials (only one 7 remains because
.t = 0), the Ward identities that generally involve products with external momenta will
be satisfied for arbitrary values of n;, and 7, (to prove the Ward identity, we do not need
n-n=f-i=0,n-7=71whenall # are to the right of all ). Then, after evaluating 71, = 0,
the Ward identity still will be satisfied in the surviving set of integrals defining the graphs.
This remaining set defines the Sim(2)-invariant gauge theory.

The prescription has a degree of arbitrariness. We could equally well use the conven-
tion of moving all # to the left.

In the calculations in VSR QED, we have verified whether this arbitrariness in the
prescription produces ambiguities. We did not find any.

In Appendix B, we present the method of traces to take the 71, = 0 limit. Using the
trace method, it is obvious that the Ward identities are satisfied for the 71, = 0 sector. In
VSR QED, the trace method gives the same results as the one presented in this chapter.

In the next section, we will apply this prescription to take the i, — 0 limit (Sim(2)
limit) to VSR QED. We will see that the answer is explicitly gauge-invariant.

4. Renormalization of VSR QED

In this section, we follow [33].
Since the U(1) gauge symmetry, as well as the Sim(2) symmetry of the photon and
electron, are preserved, the whole renormalized lagrangian of VSR QED is:

1

1
Lr =~ ZaFwF" — Em%ZV(n”‘FW) ngFIP)+

1
(a2
Zopildyp + zyzp%ysz(n D)"Yy — Z, Mipyp
D, =9, —ieA,

Z’s are renormalization constants.
LR is invariant under renormalized gauge transformations:

Y (x) = e*p(x)
Al (x) = Ag(x) + %aﬂa(x)

In perturbation theory, we write:
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1 1
L = —FuF" — En&(n"‘lam)

2 nlngﬁ)“r

1
o op!
FiDy + §om®(n - Dr) "' — My-+

1 1
—(Zs = 1)FuF" - Em2 (Zy —1)(n"Fyu)

¥ 2(71[51:”‘5)4‘

_1
(n-9)
. i _ _
(Zo = V)ilY + (Zy = 1) stm*(n - D)~ — (Z, = )My
and treat the counter terms involving Z3 — 1,Z, —1,Z, — 1,Z, — 1 and Z — 1 as perturbations.

4.1. Renormalized Photon Mass

Let IT;, be the photon self energy. I1,,, is symmetric, Sim(2)-invariant, and satisfies
the Ward identity p,I1,, = 0. Therefore:

2
Pultv + pvlty  piyny
M, =A —p? A — —
w = Ao(pupv = Plpw) + 3< nop (- p)2 ’7141/) (5)
Sim(2) invariance implies that A; is function of p? only. The inverse of the full propaga-
tors is:
- § nupy + nyp
A = =g = (n}'jp)znﬂ”v i = l:q.p — T =
nupy+n 2
M (p* — m2, + p*Ag + As) — Aspupy + M(m'zy — Az) + JW”V”V(AE% —m3)

n-p
The full propagator is:

Ay = A2 + L
T A+ ) (PR T A + Ay

4 TPy Py As—mi \  p? n,n Ay iy
T np \PA+1)) mop2 M\ pP(A 1)

It is easy to check that the longitudinal part of the full propagator does not obtain
radiative corrections, which is required by the Ward identity.

The full propagator have a pole at p> = m% (mp is the physical photon mass) when

2 = (1 + (Ax(m2) + (Zs — 1)) + (As(m}) + (Z, — 1)m2) ©)
Around the pole:

1 Mupy + nupp P
A],“/ ~ Z,)/ pz —m 77‘”1/ - n- p + (n . p)z 1’1;41’11,

2
R
2y = 1+ (Aa(m) + (Z5 = 1)) + m Ay (m) + Aj ()
z, is photon’s wave function renormalization.

4.2. Renormalized Electron Mass

Let X(p) be the electron self energy. Write:

5(p) = A(P)p + B(?) = + C(p?)

n-p

The inverse of the full propagator is:
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2
A,y _
ST=p-M-— nop Z(p) =
m? .
(1-A4) (V T onp
2 m*+2B(p?) o M+C(p)
COL-A(p?) T 1-A(pY)
Then:
-2 -
g_ 1 Pyt M)
1— A(p?) p? —m2(p?) — M2(p?)
(1= 5+ )
2))2
PP A(p?) —m? —2B(p?) — CEES"
It has a pole when:
p* = 1’ (Mg) + M*(Mg) = Mg ®
Define -
K=p(1= A(p?) - m? = 2B(p) - (L300

The residue at the pole p> = M% is

z ! = K'(MR) =1— A(MR) — MRA' (M) — 2B'(MR) —
(2M(MR)C'(MR) + A" (M%) M(MR)?)

Introduce the notation Q(M2%) = Q. Then, in perturbation theory:
ze=1+A+MRA +2B +2MC + A'M? + ...
z, is the electron’s wave function renormalization.

5. Single-Loop VSR QED with a Gauge-Invariant Photon Mass

In this section, we apply our Sim(2) regularization, i, = 0 limit, to obtain the renor-
malized single-particle irreducible graphs at one loop in VSR QED with a gauge-invariant
photon mass. Most of the computations have used FORM [34].

We will verify that the Ward identity for the photon self energy is preserved and that
the Ward-Takahashi identity is satisfied. We will explicitly calculate the counter terms in
the on-shell renormalization scheme (OSR). All along, the Sim(2) symmetry is respected.

Finally, the on-shell ¥ — e — e vertex is evaluated. We verified that the renormalized
vertex is conserved in the OSR. To show this is non-trivial. The gauge and Sim(2) symmetry
play a fundamental role.

Having carried this out, we were able to obtain a prediction for the anomalous magnetic
moment of the electron, taking into account a massive neutrino and a gauge-invariant photon
mass, 11,,. It has log corrections in 11, which means that the model does not reduce to the
one without a photon mass in the zero photon mass limit. These log corrections are actually
interesting from the phenomenological point of view because they enhance the very small
contribution of the neutrino mass to the anomalous magnetic moment of the electron.

5.1. Photon Self Energy

In this subsection, we present the calculation of the photon self-energy. It is given by
the two graphs of Figure 2:
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54

Figure 2. Vacuum polarization single-loop graphs.

PV VVVVS| yvvv\/\f\ ~

(o U L Al &)
il = ie) /der Yu + n(pq)n-p P2 MZtie
/.
{'y 1 nypm? } (V+W+M 7 H(P+q>)) ©)
C2n-(ptqm-pl  (ptg?-Mitie
; _ 2 1 (V—FM_*W)
iy = e znVnV/dpn R PR Py Py Tr(shm? Mt ) (10)

We use the new prescription to compute the diagrams. The second graph vanishes in
the Sim(2) limit, whereas the first graph is:

il = 4e2/ d'p —2pupy — pudv — iy — 1w (M; — p*> — pg)
" @m)?  (p? = M2 +ie)((p +9)2 — M3 + ie)

Notice that some terms proportional to m? survive. They come frorn terms produced
by the trace of the sort: m?n - p,m?n - (p + q). These terms cancel the -1 p o (p T 5° that
after applying the Sim(2) limit, they survive. These are just the terms we need to write
the final result entirely in terms of the physical electron mass, M2 = M? + m?, which is
expected from unitarity.

We obtain the standard QED result, with the electron mass M, = v M2 + m?2.

Write:

7" (q) = (d — 1)g°T1(q)

Then:

i | d'p —2p®—2p-q—d(M; —p>—p-q)
(

=D =~ | Gt 7~ -+ 1e) (p + 97 — B +ie

Defined = 4 — €,e — eu®

I(¢%) = & E; + (;log(élﬂ) — 'y) - /01 dx2x(1 — x) log<Mg _ x(lyZ x)q* — ie)} +
o(e)

where ¢ = % is the fine structure constant.
In on-shell renormalization, we require that 71, = mpg and z, = 1. We obtain two conditions:
~TI(m2) +Z3—14+Z,—1=0
—I1(m )+Zg—1—m I (m )fO

1—x)?
Zy =1 = m211 (2 —2A2“/ dx— L A=
v iy LE (my) = 1T—x(1—x)A2—ie M,

a finite counter term.
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. 12 (1, 1d2 . | MZ — x(1—x)m3 —ie
3—1=—— £3+(30g( n)_’Y)_/O x2x( —X)Og ‘uZ
o2& 1 x%(1—x)?
24 n/o dxl—x(l—x)/\z—
M2 — x(1—x)g? —ie
HOSR [/ dex 10g< x(l x)m% i +

/ » 2(1—x)?
1—x( 1 —X)AZ —
5.2. Electron Self Energy

In this subsection, we obtain the electron self-energy. We have two graphs contributing
to the two proper vertexes. See Figure 3.

P
[
L
g q %\g’\

Figure 3. Electron self-energy single-loop graphs. The second graph vanishes in the Feynman gauge.

1 1 1 \iprg+M=— ot
—ixq(q) = (—ie)z/dp (')’;4 + 2m2¢ny(> ( £ (P+’7))

n-(p+q)n-q (p+4q)*— Mz +ie

1, 1 1 ny ny ngy Nyupyv + Nypu 17’”?} 1'77]41/
Yo+ smThn > - 5 (11)

(” 27 " (prq)n-g < n-pn-pp*—mi  n-p(p?—mi) p?  p?-m3}

According to our prescription, we pass all # to the right, pick up all - (p + R) obtained
by this motion, and with them, cancel as many 7 - (p + R) in the denominator as possible.
Finally, all (n- (p + R))~,a > 0 that remain are replaced by zero. Here, R represents

any vector different from p, (the integration variable) including the zero vector. See that
np o _ np o _q__"q
Apra) = 1 b'ecause. e 1 ")
In the Sim(2) limit, we obtain:

% (p) = ie*2m? ﬂp(53—m I3) + (2 — d) (Ve + S3) + 2m%I3)p + M(dS3 — 2m2 I3)

HZy—Dp+ (2o — 1);m2nﬂp —(Z,—1)M

The functions used in this subsection are defined in Appendix C.
Thus:

A= (2-d)(Vo+S3) +2mil+ (Z, — 1)
B = 2m?*(S3 — m%lg) +(Z, — 1)11112

2
C = M(dS3 —2m315) — (Z, — 1)M

On-shell renormalization means the following:. m: physical neutrino mass; M? =
M? + m?: physical electron mass. That is:

i (M?) = m?, 2B(M?) +m2A(M2) =0
Mp(M?) =M, C(M2)+AMHM=0
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u _ AR 1,5
oI*(p+q,p) /dk(k_p)z( ie)*| v+ 5m

Moreover, we must have:

Zezl
2 2 2/ 2 / 2 1 2 ! 2 2 _
A(M;) +m~A'(M;) + 2B (M) +2MC' (M) +2A"(MZ)M* =0

These three conditions fix the three counter terms as the pole and finite part of the
ensuing expressions when d — 4:

Zy —1=(2—d)(Vs(MZ) + S3(M2)) — 2m3 I3(M7) — (2B'(MZ) + m*A'(MZ)+
2MC'(M2?) +2M?A' (M?))
Zy,—1= %(23’(2\43) +m2A' (M2) +2MC' (M2) + 2M2 A" (M?))
—4(S3(M2) — m3I3(M3))
Z, — 1 =483(M7) — 2m5I;(M7) — %(ZB’(MZ) +m? A (M2) +2MC' (M2)+
2M2A'(M?))

In the calculation of the on-shell three vertexes, we use on-shell renormalization of the
electron self energy.

5.3. On-Shell Vertex Correction

In this subsection, we discuss the three-point proper vertex and verify the Ward—
Takahashi identity. This is an important test of the gauge invariance of the infrared regulator.
The single-loop contribution to I'*(p’ = p + g, p) consists of the addition of three graphs
(Figure 4):

Figure 4. Single-loop contribution to the 3-point proper vertex.

The addition of the three graphs gives the vertex correction:

2
n-(p+qgn-(k+gq) k2 — M2 + ie
2
T S OéjLM_mT%) vyl MM ]
LA n-(k+q)n-k| k>—MZ2+ie 2 n-pn-k
, ] 1 ntyn - (k+ p)
—ie)?m? [ dk——
(w)m/ (k—p—q)2k*—Mz+ien-pn-(p+q)n-(k—q)
) i Ppn - (k+p+9q)
—zesz/dk ! "
(=ie) (k= p)Zn-pn-(p+ - (k+0)

+

(12)

Here, k' = k + q. This vertex correction formally satisfies the Ward-Takahashi identity:

—ig T (p+q,p) =S (p+q) =S (p)=—i(p+qg—-M—-Z(p+q) —p+M+Z(p)) (13)
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Evaluating the 71, = 0 limit we obtain our result for the vertex correction. It is written
in detail in Appendix D. It is well defined, because the integrals have been dimensionally
regularized. We have verified that it satisfies the Ward—Takahashi identity for any value
of the parameters, including the non-zero photon mass m,. This is a remarkable result
of our prescription for the VSR integrals. For the first time, we are able to incorporate a
gauge-invariant photon mass that preserves explicitly all the symmetries of the model.

Now, we proceed to evaluate the on-shell vertex correction, i.e.,

i(p+q))oT*u(p) (14)
with
m? " B
(VMzn_p)“(P) =0 (15)
_ m2 -~
”(P+‘7))<V+ﬂ_M_2W>—O (16)

We have defined the form factors G,, Gs, F3, Fy, F>.

a(p+q)oT" (p +4,p)u(p) = Ry + Roy +

. 5 oHv
Z/_l(p + q){Gz[—uﬂ“’qM] + GgﬂQy + F3¢0’]W‘71/Vi + ’)/’41:1 + FQquv}u(p) (17)
where
Qu=au—2, 9-Q=0 (18)
H 14 n'q/ 7
m2 yin”
SH — M1 [ SH —
¥ v+ > n~p(n~p+n-q)"y qu = 0, onshell (19)
im’n - q , L Te(1—9) i+ 9
G; = 2-DTg—2—-d)Tr+ 22 L 22—V, + ——22) (20
3 n,p(n.;”n,q)(( )Ts — ( )T+ =+ Vst ———5—27) (20)
mZM d\ - d._
F3ZH'P(n-PJrn-q)((1_2)T6+2V3> @D
im? 1 d\ -~ 1 d\ -
im? _ 1 d\ - o1 d\ .
Fi=—i(2—d)Vs—i(8 —4d)Ts —i(d — 2)Sy + 2im3 I, —i(2 — d) (2M* + m*)Ts
. n-q 2 . 2 2\ .o h-p 25 .o n-p 2a
—i(d—=2)—— Ty —i(4 2dM>)\ V5 + 4im*>——L— w2 Vo + 2im*>———m2S
= 2) g™ 7 i 2AME) Vs dine sy Ve i Sy
—i(4—2d)g?Tg — i(2 + d)§* Ty + 2ig*Ts + Zp — 1 (23)
2 2
F= iM2<(6d—8—d2)T7+ <8—5d+ d2>T6+ (4d — 16)V, + <5d—8— dz) V3> (24)

The two terms Ry, and Ry, are, in general, non-zero. We find:

3d d?

Ru = qui(p -+ q)up) (2= 5+ )iMOVs ~ Uo-+ 51 - 52) )

which is zero on shell since Vs = Vi and S3 = S4. We recall that for integral Q(p, q), we
employ the notation Q = Q(p? = M?,q).
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Actually Ry, appears also in standard QED, so it is not a surprise that it cancels
on shell.
Ry, is trickier. It is not present in standard QED. It diverges in d = 4.

Viny
n-p+n-q

Ry, :iﬂ(p—i—q)n'p( )u(p)m2(<g—l)\76+ <§—3)5_3+m31_3) (26)

To cancel this term from the renormalized three vertex, we must add the vertex counter
term. The VSR QED three vertex has two different counter terms, whereas in QED the three
vertex has one counter term.

From the Lagrangian we can read the counter term for the 3-point function.

We have to find terms linear in A, in

(Zy — 1) GiDY + (Zy — 1)1/3§¢m2(n D)y
Thus:

1 5 ny
- — =
2 n-pn-(p+q)

@2 =) (" + gty ) = St (2~ 1) + (22 1)

(Za =)y = (Zv = 1)

The first counter term renormalizes the coupling of the photon to the electric current,
i.e., F1. The counter term that affects Rzy is the last one. Due to charge conservation, the
addition of the counterterm f%mzwrj’igfw((ZV —1) + (Z2 — 1)) must cancel Ry,. It is
easy to check that it does.

It remains to prove that on-shell renormalization implies that e is the physical electron
charge. To carry this out, we must show that F; (g> = 0) = 1.

Let us see how it goes in VSR QED.

5.4. F1(0)
Near on shell, the Ward-Takahashi identity is:

2 .
ik (p k) = 8 ) -5 ) ==t [k T

2 (n-p)?

But the renormalization of the electric charge is:

mz n
I*(p,p) = ik (0) <'V” +t5 (Z{. :)2)

(27)

In the Ward-Takahashi identity:

i+ k) e

Fi(0)=z,"!

Using various identities that we list in Appendix E, we are able to show that this
equality holds in our infrared (77" = 0 limit) and ultraviolet (dimensional regularization)
regularization. But on-shell renormalization of the electron propagator imposes z, = 1.
Therefore, F;(0) = 1 and e represent the physical electron charge.

We are ready to extract the anomalous magnetic moment of the electron in the
next section.
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6. Anomalous Magnetic Moment of the Electron

In the non-relativistic (NR) limit, we obtain Table 1, keeping terms that are at most
linear in g,,.

Table 1. In the right column, we list the form factor. In the left column, we have the NR limit of the
matrix element accompanying the form factor in (17). All form factors are evaluated at g, = 0. Here,
Ay is the electric potential and A; is the vector potential. ¢y is a two dimensional constant vector that
corresponds to the NR limit of the Dirac spinors.

NR Limit Form Factor
2M, gl 95 Ag F(0)
%ifﬁk@laiﬁl’s/ﬁmf\o F(0)
isijkEIj(PIUkGDs’Ai £(0)
_ZiWOMSiJk(PiUk(Ps’Qin G2(0)
—ieni s pLA.T Py ;A G2(0)
i(2Me;pnglol oy + 2Mein;pl o) Aod; G2(0)
2Meng (Pz Py QuAl G3(0)
(—4MeeijknkgosTﬁ.t_f’gos/ + 4Men%sijk(pzakgos/)q]-Al F3(0)
4Menoe,]kn](psa s Aogi F5(0)
Z‘C—z]k(PsU' Gos’Az% £(0)
ZMzsz]k”ﬂPsU s Aog; F,(0)

We see that the anomalous magnetic moment is:
a, = F(0) — 2ngMG,(0) — 4iM,n3F3(0) (28)

The integrals we used to calculate the form factors are listed in Appendix F. ~ means
a small A limit. We obtain:

F(0) = M (73(0) — To(0) ~ 222 )
21 Mz
(455(0) — 2V5(0) + 2T7(0) + 2m2 V5 (0)) ~ mx log(A) — > (30)
7 M2 27tng M, 4
1 1. _ m> M a1 1
That is: 2
e = o (1 + W(B log(A) — 2)> (32)
Phenomenology
From the Particle Data Group [35]:
m, <3x10"%eV/c? (33)

The present experimental value and uncertainty for a, is [36] a. = 0.00115965218073(28).

The a® QED prediction is [37] a, = 0.00115965218164(764).

Assuming that the difference between QED prediction and experimental value is due
to the mass of the photon, we obtain:

2

]'\”42( 3log(A) +2) ~ 7.9 x 10710 (34)
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Using the current bound on the photon mass, we obtain:

m
— <19x107° 35
WS (35)

This value puts the electron neutrino mass around 1 eV or less. Remarkably the most
recent electron anti-neutrino mass bound is m, < 0.8eVc =2 [38].

But m,, could be smaller, implying a smaller electron neutrino mass.

In fact, the most stringent bound on neutrino masses comes from cosmology [39,40]

Y m; < 0.12eV (36)

If m, ~ 0.12¢V, we obtain A ~ e~%% which is a tiny but non-zero photon mass.

Recently, the Fermilab Muon g — 2 experiment [41] confirmed the measurement at
Brookhaven National Laboratory [42] to produce a world average for the anomalous
magnetic moment of the muon:

astrermentel _ 116592059(22) x 1071 (37)

There is some discrepancy between different methods to evaluate the hadronic contri-
bution to the anomalous magnetic moment of the muon [41], so it is not clear whether new
physics is needed or not.

In any case, it is interesting to compute the corrections from massive neutrinos and
massive photons to a;,. The 71, — 0 limit explained in this review can be used to explore
this possibility.

7. Photon-Photon Scattering in VSR QED

The Feynman rules are given in Appendix A. The graphs that contribute to photon-
photon scattering in VSR QED are contained in Figure 5. To draw the graphs, we used [43].

.

14 o
» q2
-— —_— P fj)
Q1 qa P
I 1 H 3
r\—>

p+ahk Yo+ a1+ a2+ a3 Y /
,R

—,
6 I
\/ L‘i r+aq 77IL

Ptas+qa

P+ :1 T —s
72 @
Figure 5. Single-loop graphs for light-by-light scattering in VSR QED. ), g; = 0.

It is easy to check that the infrared regularization implies that graphs (2, 3, 4) vanish,
because the negative powers of n - p are too large to be canceled by positive powers
generated by the trace.

7’+M*Tﬂ

Define V,(p/, p) = (vu+ 3m>—L—n,), Sp(p) = it
pn-p p?—Mg+ie
We verify this using graph (2).

1
_ : 2\3 2
Curpapzpa = —(—ie%) 5”#3”#47”

/dPTV{SF(P)Vm(P +q1,p)SE(P+91) Vi, (P + 91 + 92, 0 + 91)Se(p + 01 + q2) 1t}

1 1 1 1
+
n~(p+q1+qz)n'p<n'(qs+p) n~(q4+P))

The Sim(2) symmetry implies the same number of 7, in the numerator as in the
denominator. But due to the new VSR vertex, two nys are outside the integral. In the
denominator, we have three 7 - p-type factors, so the trace will produce at most one n - p
factor. The integral vanishes.
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The same reasoning shows that graphs (3,4) vanish.
Moreover, graph (1) gives the standard QED result with electron mass given by
M, = vV M? + m?2, as required by unitarity. Thus:

. "
- (—@Vﬁﬂ {Vm(P+q1,P)SF(P+q1)Vy2(P+q1 +02,p +91)SF(p + 41+ 02)

Vig(p+q1+92+93,p+91+92)Sr(p+ 91 + 92+ 93) Vi, (P, p + 91 + 02 +qs)Sp(p)] =

[ A"
- (—@Vﬁﬂ [MS%(Pﬂl)mS’p(P +q1+02)

YusSE(p+ 31+ g2+ qs)ms’p(p)} (38)

. _i(pMe)
with Si(p) = m
Through the regularization procedure, we are using dimensional regularization. Then,
the amplitude for photon—photon scattering is gauge-invariant [44].

We like to calculate the scattering cross section for this process.

7.1. Photon—Photon Scattering for q? < M?

The exact result for the amplitude is complicated [45].

Because the mass of the photon is very small, we will not have any difference from
QED, except in the g; — 0 limit 42 < M2. But in this zone, the amplitude goes to the
Euler-Heisenberg Lagrangian, which is much simpler to write.

Keeping up to o(FﬁV), which describes photon—photon scattering, we obtain [46]:

L=—-F+ “—ZL(AL(F F*)2 4 7(F,, F")?) (39)
360 M4 w
where F = %FWFW, IEW = %symﬁF“ﬁ ; & is the fine structure constant.

From Equation (39), it is very simple to obtain the photon—photon scattering amplitude

for g7 < M? [46]. It is:

in? 1

T BMI12

(5(trfifatr fafa + trfifatrfofa + trfifatrfofs)

=7tr(fifafafs+ fofifsfa+ fafifafa+
Lafsfifs+ fafafifa+ fifsfafa)) (40)

with fipa = i(‘]ipeia - qmez’p)

7.2. VSR Cross Section with Unpolarized Photons

The amplitude is formally equal to the QED result. The VSR characteristic is hidden
in the vectors €;,. Moreover, we have qiﬂq? = m% The Sim(2) symmetry allows us to
write n, = (1,1), .t = 1. For light-by-light scattering, we take q1 = k1,92 = k2,93 = —k3,
4a = —ky.

The sum over polarizations in VSR is given by [47]:

m

;Gﬁ(k)eﬁ‘*(k) = 8w T e

|

1
nyhy + ﬂ(kynv +kyny) 41)
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but, contracted with gauge-invariant terms J# that satisfy k, J = 0, it reduces to:
A1) oA m3
*
;ey (K)ep* (k) = —guv — - k)znyn,/ (42)
The unpolarized differential cross section is given by [46]:
1 1 4
do _ _p (43)

dQ — (2m)2 2w? (90)2M8

P is written in Appendix G.
The total cross section is:

1 1

044
= — dQP
77 (2m)? 207 (90)°M8 /

To compute the total cross section ¢, we work in the CM system. Most of the calcula-
tions have used FORM [34]. Then:

kl = (wlie)l k2 == (wl _E)/
ks = (w,K), k= (w,—K)
To integrate over the solid angle, we choose polar coordinates for k' with the z-axis in
2 2
the direction of 7. Keeping up to o (:’ZZ log (ZZ) ) and including the factor % due to Bose
statistics, we obtain:

973 ot 5 m2 402 -
B w9\ 5e e 08| Tz 44
7= 101257 M?w ( 56 w2 08 m% (34 cos“a) (44)

where k.7 = k cos a. The result holds for my < w < Me.
The anisotropy of the leading correction shows the loss of rotational symmetry of VSR.
From the Particle Data Group [35]:

m, <3 x10"%eV/c? (45)

For extremely low-frequency radio waves (ELF), w ~ 10~ eV, corresponding to a
wavelength A ~ 108 m, so the anisotropic term is very small and no conflict with present
experimental data appears.

To detect the anisotropy, we have to look at cosmological scales. In fact, we expect
that our result will produce tiny but measurable anisotropies in the Cosmic Microwave
Background Radiation (CMB).

CMB anomalies have been pointed out since 20 years ago [48] and strong evidence of
a dipole cosmic anisotropy has been accumulating [49].

In Ref. [22], we already speculated about the cosmic origin of the privileged direction
in VSR, given by #.

It is enticing to think that the physical cause of the small neutrino masses and tiny
photon and graviton masses is due to a primordial dipole anisotropy of the Universe.

7.3. 2N Legs and Euler—Heisenberg Lagrangian

The same reasoning introduced at the beginning of Section 7 applies to 6, 8...2N
photon graphs.
We reach the following conclusions:
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(1) Additional VSR graphs, obtained by the insertion of 2, 3, ...2N — 1 vertices, vanish
in the Sim(2) limit. In fact, the Sim(2) symmetry implies the same number of 7, in the
numerator as in the denominator. But insertions of the new VSR vertices imply that 1,,’s
are outside the integral. Then, the number of n - p-type factors that are integrated over is
negative. Therefore, the integral vanishes in the iy = 0 limit.

(2) The remaining graphs corresponding to standard QED graphs reduce to the stan-
dard QED result with M2 = M? + m? as required by unitarity.

Therefore, the 71, — 0 limit of the Euler-Heisenberg Lagrangian in VSR coincides with
the E-H lagrangian in QED with M2 = M? + m?.

To obtain conclusion (2), use the # to the right prescription and replace m? = M2 — M?.
By explicit computation for N = 1,...,4, we found that M appears to be the first power
alone. The coefficient of M is made of functions of M2 multiplied by an odd number of
Dirac’s matrices. So, their trace vanishes. This seems to hold for all N.

8. VSR Schwinger Model

A word of caution. In this section, we work in a 1 + 1 space-time, so the Lorentz
group is a single-parameter group. As we discussed in [26], the two-dimensional Lorentz
group acts as a scale transformation on the null vector 1, = (1,1). So, we can introduce
VSR-like mass terms for the fermions. When we refer to Sim(2) symmetry or regulator in
two dimensions, we mean the scale transformation mentioned above.

For a previous discussion of this model, please see Ref. [26].

8.1. Photon Self Energy
Let us compute the photon self-energy. It is given by the two graphs of Figure 6:

Figure 6. Vacuum polarization single-loop graphs in two-dimensional VSR QED.

mzyi
‘ nyhm? (7’ M- W)
e = _ez/der[(%’ o (;Jr gn-p’ p?— M?+ie
_
(70 + nypm? (V+ q+M 2”'(P+‘7))] (46)
2n-(ptanp’ (p+a)—Mitie
mzyi
o i (prM-55)
Moy = —e ””””/dpn-pn-(p+q)n- p-a e ) @

We use the 7 u—0 limit to evaluate the diagrams.
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The second graph vanishes because there are three 7 - ps in the denominator and at
most one 7 - p in the numerator of the integrand. So, the 71, — 0 limit is zero. The counting
of n - p is determined by Sim(2) symmetry. The second graph has 2 1, outside the integral,
so there must be two 7 - ps in the denominator (1 - g is not factored outside the integral).
The first graph gives:

I 462/ d’p —2pupv — Pudv = ol — (Mg — p* —p-q)
i @m)d (PP =Mz +ie)((p+9)° — M2 + ie)

(48)

Observe that some terms proportional to m? remain. They are produced by terms
11
. . | . wp’ w(prq)’
so that after computing the Sim(2) limit, they stay. These are precisely the factors we need to

created by the trace of the form m?n - p, m*n - (p + q). These terms balance the

write the final result entirely in terms of the physical electron mass, M? = M? + m?, which
is expected from unitarity. This is the QED result, with the electron mass M, = v M? + m?.
Using dimensional regularization, we obtain:

. (1) a1 dx

Iy, = —2e%i—) p(p_2 / 1— x) (a2, — 49

T = 21t (22 2) | iy ager V) “
Put:

Ty = — S il )/1 A
p = =N e = Gudv) fo (—2x(1 — x) + M2)

x(1—x)

If the fermion has a VSR mass m # 0,M = 0, the photon stays massless. Only when

m = M = 0 does the photon obtains a mass m% = %
Using Equation (19.15) of [50], we obtain the vector current in the presence of an

external electromagnetic field A:

<) = [ < ) > 6 = L g) A )

That is:

. ! d
< @) >= =" = q"q") Aulg) /0 B _xx) VARSI (50)

It satisfies the conservation law g, < j*(q) >= 0.

8.2. Two-Dimensional Axial Anomaly

In this case, we have to compute the expectation value of the axial vector current in a
background field A,. We follow the convention of [50], e = 4+1.

< () >= / Px < PV (x) > T = (—ie) UM (g) A, (51)

The two-dimensional axial vector current in VSR electrodynamics is given by the two
graphs (Figures 7 and 8):
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ot

[ fvw.fvvvxll —————— v

\.______,_,/
pT4q

Figure 7. iTT'%*"’s contribution to the two-dimensional axial vector current in VSR QED.

qg ~ .7
e ’
7N
|' A
L.
\. 4 v\1
-
p q "

Figure 8. iT1?#’s contribution to the two-dimensional axial vector current in VSR QED.

T — —(—ie)z/dp Tr{ {W‘ + %n”(ri)nf(n (p+q) " (n- P)_l]

5 ((V+g)+M B n(zfiJrq))
(p+q)? — M2+ ie

(%)
p? — M2 — m? +ie

} (52)

7 gt G () )

T2 — (—1>(ie)2”””vi/dp(n p) Hep) H(ne (g +p) T (e (=g +p))

i(p+M-1g L)
p?— Mg +ie

Tr{%yimz 7} (53)

Notice that this is a new vertex with one photon line and one axial vector line (current
insertion). Please see Figure A2 in Appendix A.

This graph vanishes in the Sim(2) limit. There are three n - ps in the denominator and
at most one 7 - p in the numerator of the integrand, where p,, is the integration variable.
According to the rules of Section 3, the integral vanishes when 71, — 0. Now, we compute
the Sim(2) limit of TT15#,

We have to study the behavior of the 71, — 0 limit in the presence of -ys. It is straight-
forward to do so. We must use, from the beginning the standard definition of <5 in the
corresponding dimension, 5 = iY77 in two dimensions, and 5 = iyp7y1Y273 in four
dimensions. Then, we displace all # to the right, collect all n - (p + R) produced by this
motion, and use them to cancel as many 7 - (p + R) in the denominator as possible. At
the end, all remaining (1 - (p + R)) ™", a > 0 are substituted by zero. Here, R;, means any
vector different from p,, (the integration variable), with the zero vector included.

We obtain the standard QED answer with the physical fermion mass: M2 M? +m?

(54)

. /d Tr{wr’%%?’ + VP15 + MErunys)
My — Mz +ie)((p+49)* — M7 + i)

Using the two-dimensional identity:

s =~
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We obtain iH?W = —ewxil_[i‘[, which implies
<j*°(q) >= =" < ju(q) > (55)
From Equations (50) and (55), the divergence of the axial current is:
<) > gy =~ Sy [ e (1) G
T Jo (—¢%x(1—x) + M2?)

Equation (56) agrees with the calculation of the divergence of the axial current obtained
in [26] with M = 0. In [27], we computed the same quantity and obtained the standard
anomaly, i.e., Equation (56) with m = 0, M = 0. We will see below that the different results
are a matter of interpretation. In fact, we can see that a Sim(2) regulator will break the
chiral symmetry by generating a standard fermion mass. So, we obtain:

9,15 (x) = %swpw + 2Mo st (57)
In fact, define K, by:
[ #x < Bx)159(x) > ¥ = KF(q)Aulg) (58)

We obtain:

_ Tr{y"i(p + Me)ysi(p + g4+ M)}
K= (i) [ p S e )

M, : 1
Py
5 € q“/dng—qzx(l—x) m_— (59)
Notice that K*g,, = 0, as implied by gauge invariance.
Then:
. e
<J"(q) > gy — 2MKM Ay = e, Ay (q) (60)

The divergence of the chiral current obtains two contributions; one is due to a non-zero
mass: 2M,pys1p. The other is the anomaly, which is present even for a massless fermion
model with M = m = 0. The main difference is that the contribution of the mass is finite
and unambiguous. The anomaly term requires an ultraviolet (UV) regulator that breaks
the chiral symmetry. In a model with a VSR mass, the infrared regularization introduces
a mass-like term that contributes to the divergence of the chiral current as well as the
standard anomaly.

This observation permits us to understand the results of the anomaly obtained
in [26,27].

The result of [26] corresponds to considering the non-zero divergence of the chiral
current as the anomaly. Instead, in [27] we computed the standard anomaly, which is
present even for zero fermion mass, as a result of the UV regulator.

8.3. Anomaly Calculation in Dimensional Regularization

In this subsection, we will directly compute the expectation value of the chiral current
using dimensional regularization instead of using Equation (55). To treat 7°, we follow the
prescription of [51]. That is, in any number of dimensions

7 = in%91, (61)

(P, =0u=01 [°9]=0,u=23,....d (62)
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Gy, n* are two-dimensional vectors. Pu is d-dimensional.
We found Equation (54) in the previous subsection:

iH?W = —e2/dp

Te{YVuprvvsp + Yup1vrsd + M2yurrs)
(p? — M2 +ie)((p +q)> — M2 + ie)

Write p = p, + p, with Piun =01 py,p=2,.. .,d . Then:

1
iHE{W = —62/0 dx/dp

Te{ VP17 Y50, + YuPoyvorsPy + (X2 = X)vugvvyvsqg + M2yurvrs )
(p* — M2 +ie+q?x(1 —x))?

Using dimensional regularization, the numerator can be replaced by:

1
Te(Vuprvorspy) = =& Te(vupvapy) = —&" (4217%’7#“ - 2P%’7W> =0 (63)

Tt (vupyvvrsp,) = —P3 Te(vumrvrs) — —p° Tr(vu1v7Y5) (64)

But,

d—2 /d p? _ i
d p(pz—M§+i£+q2x(l—x))2 A
Therefore:

x(1—x)
—g%x(1—x)

iy :—ezi( 26 4 que "‘)/dx (65)
Tuv T g €uww T quEvaq Mg

That is, the divergence of the axial current is

x(1—x)
M2 — g?x(1 — x)

. i, e '
q],[ < ]HB >= ElnffySqVAy — 7Eq2€MVF}1V / dx

which coincides with Equation (56).

In the massless case, we recover Equation (19.18) of [50]. If M = 0, we have conserva-
tion of chiral symmetry at the classical level in VSR QED, but this symmetry is broken at the
quantum level. We can consider the above expression as the anomaly as in [26] or interpret
the anomaly as the one corresponding to the massless case [27] and the remaining, being
finite and unambiguous, as the mass contribution to the divergence of the chiral current.

9. Four-Dimensional Axial Anomaly

We compute:
/d4x6’ir" < p gl ()]0 >= (27m)*8(=r + p + 9)e} (q)e5 (p) T

There are four topologically distinct graphs, plus permutations of the external legs,
that add to the axial anomaly in four dimensions (Figures 9-12). The Feynman rules are
written in Appendix A, Figure A2. They are crucial to satisfying the formal Ward identity
for the vector current (charge conservation) as well as the right computation of the axial
anomaly [27].
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l—(p+ q)

v i) i) v

Figure 9. i[115#7%’s contribution to the four-dimensional axial current in VSR QED.

oKV — ()2 . # 1 ny%mz :|
i1 (—ie) /dka{['V Tan k- G-p))”

((K+g)+M Zn(laq))
(k+q)% — M? —m? + ie

5

{ vy ] n'fm? ] (k+M_7%)
Tkt qn k k2— PR S
7"
5.1 ndm? (K ;ﬂ—i—M Zn(k p)
[7 +2n~(k—p)n-k} (k—p2—MZ—m2+ie b+ (p,d) = (qv) (66)

Figure 10. i[1%#¥%’s contribution to the four-dimensional axial current in VSR QED.

1 1
iT125Mvo — 2n5n”z/dk +
g a kg

"
<k p—g+M- 2n(kpq)>{y+1 nt fm? ]5
(k—p—q)2— M2 +ic 2n-kn-(k—p—gq)

Tr{%ﬂm

} (67)

Figure 11. i[13#¥%’s contribution to the four-dimensional axial current in VSR QED.
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1 [ 1 " 1 ]
n-kn-(k—q)n-(k—q—p) n-(k+p)

Tr{l 2 <k+M 2”¢k)[v+l ' m? ]l<k f+M- Zn(’?q))}

iTI35mve — (—1)(1'6)211511” / dk

§¢m7 k2 — M2 — m? + ie 2n-kn-(k—q)] (k—q)? — M2 —m2+ie
+(p,0) = (q,v) (68)
1 1 1 1
45uvé _ u
m “‘””””’/dk nkrprgn Grp) - krpran ki)
1 L1 1,1 L
n-(k—p)n -(k—P—q) n-(k—q)n-(k+p) n-(k—p)n-(k+q)
1 1 1, (K+M—7ﬂ)
n-(k—q)n-(k—p—q)]Tr{zﬂm7lk2—M 2 —m?+ie (69)

But the 71, — 0 limit easily shows that the graphs with insertions of non-standard
QED vertices, Figures 10-12, vanish. In fact, Figure 10 contains two ;s outside the integral.

Sim(2) symmetry means that there are two s inside the integral. That is, the integral

(k+R)
is proportional to 7ixfig — 0. The same discussmn implies that graphs (11,12) vanish.

12

Figure 12. i[1#5#¥%’s contribution to the four-dimensional axial current in VSR QED.

The standard graphs, Figure 9, stay.

We have to investigate the 7, — 0 limit in the presence of 5. As we carried out in
two dimensions, we must use, from the beginning the standard definition of 75 in the
corresponding dimension, 5 = i7v97Y17Y273 in four dimensions. We displace all # to the
right, collect all n - (p + R) produced by this motion, and use them to cancel as many
n - (p + R) in the denominator as possible. At the end, all remaining (n- (p+ R))"%,a > 0
are replaced by zero. Here, R, means any vector different from p,, (the integration variable),
the zero vector included.

The result agrees with standard QED with a mass M,:

(70)

iTT5Hve — 2 /‘dkTr{'YV’)’E,i( k+ﬂ+M€ v, K+ M. 0 k_p+M€ }

K+ q2—M2+ic| K—MZ+ie (k—p2— M2 +ie

This is a great simplification.
Therefore, the divergence of the axial vector current has two terms: the same anomaly
as in standard QED when M = m = 0, plus a mass term if either M # Oorm # 0. If M =0
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and m # 0, the axial vector current is conserved classically but is broken at the quantum
level by a mass term.

10. Gross—Neveu Model in VSR

Please see the word of caution at the beginning of Section 8.
We follow [52]. We add a VSR mass m to the fermion.

waf 1 _
ﬁz¢”(z(a+2¢m2(n-a> 1>>w + on; (097 (71)
The Lagrangian is invariant under the discrete chiral symmetry:
Pt = sy P = —Pts

The large N limit can be obtained by the introduction of a boson field ¢.
- 1 N - 2
— 595 - 2(,.3\—1 _ g70 a,,a
£—¢(z(a+2¢m<n 9) )>¢+ R G A
P’ (z‘(& + fyimz(n - a)*))qﬂ Ny o’ (72)
2 Zgo
The generating functional is obtained by integrating over the fermion fields to obtain:

7 — /do_eifdx<7%¢72) +tr(log(i(a+%ﬂm2(n-a)’l+a(x)))) 73)

To find the vacuum, we just need the effective potential V,¢. 0 is independent of x.

—iVegg(0) = —121;00 +tr<log( (&H— “pm?(n-9) 7! ))) (74)

Thus:

g __ﬁ _ P _m) 2n
Vgt () i—0? Zn Tr/ p (2 —n + ie) o (75)

We see that we do not have infrared divergences in the effective potential. We do need
the infrared regulator of Section 3 if we want to compute the effective action. For instance,
Figure 13 needs the infrared regulator for arbitrary external momentum.

__Q,__

Figure 13. Self energy of the ¢ field at one loop order.

We calculate the effective potential using dimensional regularization in the minimal
subtraction scheme (MS). y is the arbitrary scale introduced in dimensional regularization.
The model is renormalizable.
. . . el 11 .y
The renormalized coupling g in MS is: T T €2 d.
We obtain:

1., (1 T(1) 1 1, o2 o? o? + m?

To compare with [52] Equation (2.26), choose

log(4mp?) = log(M?) +2 —T'(1)
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We obtain:
1 o? 1 o? o? o2 + m?
Vg = —+ —m?log| — +1) +—|(1 -3 77
N eff @+4H”04ﬁf+>+4n<%< MZ) > @7)
It goes to Coleman’s Equation (2.26) when m — 0.
The ground state 0p is the absolute minimum of V,¢;. It satisfies:
2 2
(%)) o 8 e
o + > + (2 >+ —=0 (78)
2n($+&> mlog+m2) g
ie., 09 =0or
27
g = M2 s —m? (79)

_om
Notice that now we have the additional condition that M2e*~ s — m? > 0. 0’3 +m?is
a physical quantity. Thus, it satisfies the homogeneous renormalization group equation:

(Ma?v{ +ﬁ(g>aag> (05 +m?) =0 (80)
g2
ple) =" (81)

2

So, in the phase where M2¢*~ s —m? > 0, the model is asymptotically free. It is easy
2
to verify that if M2 % —m? > 0, then 0y is a global minimum of Ve
The running coupling is:
80
§= ——"—F—+ (82)
& M
1+ 22log (W)

The model has two phases:

2
1L M2 s —m?>0,0 # 0. The discrete chiral symmetry is spontaneously broken.

_om
2. M2 % —m? < 0,00 = 0, The discrete chiral symmetry is preserved.

11. Conclusions

In this paper, we have reviewed the prescription introduced in [23] to obtain the Sim(2)
limit of VSR graphs, infrared regularized using the ML regularization. In ML, besides the
ny null vector of VSR theories, a second null vector i, is required. ML preserves naive
power counting and gauge invariance but destroys the Sim(2) symmetry.

To recover the Sim(2) symmetry, we take the limit 77, — 0. For scalar integrals, this
limit is well defined and straightforward.

In the presence of 7y matrices, we need to introduce a prescription. In this paper, we
used the convention to move all  to the right and then take 7, — 0. In Appendix E, we
present the method of traces to compute 7, — 0. In VSR QED, both methods give the
same answer.

i, — 0 chooses a subset of integrals defining the Sint(2) regularized Feynman graphs.
The Ward identities are satisfied among graphs belonging to this subset.

Using this prescription, we proceed to compute the single-loop renormalization of VSR
QED with a gauge-invariant photon mass. We have shown that the photon self energy is
transverse and that the Ward-Takahashi identity is satisfied for the Sim(2)-invariant graphs.

Then, we computed the three vertex on shell and checked that it is conserved; we
extracted the form factors and computed the anomalous magnetic moment of the electron
corrected by non-zero neutrino and photon mass.
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Using the most recent data for the photon mass, we obtain a bound for the electron
neutrino mass.

As a second application of the regulator, we computed the unpolarized differential
cross section for photon—photon scattering in VSR QED with a gauge-invariant photon
mass in terms of Lorentz scalar functions (Appendix G). We restricted our calculation to
EZZ < M? because for higher values of the momenta, VSR QED coincides with QED. Using
this result, we have obtained the leading contribution in the limit 7, — 0 to the total cross
section ¢ in the CM system. The leading contribution is anisotropic, exhibiting the loss of
rotational invariance of VSR models. But the photon mass term is very small, so no conflict
with available experimental data appears.

We expect that our result will produce tiny but measurable anisotropies in the Cosmic
Microwave Background Radiation (CMB). The anisotropy is due to a preferred direction 7.

We applied the infrared regulator to single-loop amplitudes with an arbitrary number
of photon legs, reaching the ensuing conclusions:

(1) Additional VSR graphs, obtained by the insertion of 2, 3,...2N — 1 vertices, vanish
in the Sim(2) limit.

(2) The remaining graphs corresponding to standard QED graphs reduce to the stan-
dard QED result with M2 = M? + m? as required by unitarity.

Therefore, the 71, — 0 limit of the Euler-Heisenberg Lagrangian in VSR coincides with
the E-H lagrangian in QED with M2 = M? + m? as required by unitarity.

Lastly, we broaden the infrared regularization of [23] to accept terms with 5. We have
verified that Sim(2) and gauge symmetries are preserved.

In this context, we first consider the two-dimensional anomaly in the Schwinger model.
We have explicitly checked that the result is gauge-invariant and produces the standard
anomaly. In addition, by calculating the mass contribution to the divergence of the axial
current, we were able to clarify the different results obtained in previous works [26,27].
In [26], we obtained the divergence of the axial current in the presence of a VSR fermion
mass. We find the same answer in the present paper for M = 0. In [27], we obtained the
standard anomaly produced by the ultraviolet divergences. According to the analysis we
have carried out now, the divergence of the axial current receives two contributions: the
anomaly, which is present even for massless fermions, and the mass term. If we introduce a
VSR fermion mass, the axial vector current is conserved at the classical level, but is violated
at the quantum level by the anomaly due to ultraviolet divergences, and by a mass term.
The mass term seems to be unavoidable if we want to preserve Sim(2) symmetry at the
quantum level.

As a second application of the infrared regulator, we computed the triangle anomaly
in four-dimensional QED with a VSR fermion mass. Again, the regulator adds the VSR
terms in such a way that the final answer is the same as the standard QED one with the
physical mass for the fermion M, = v M? + m?. It follows that we obtain the standard
anomaly as in [27] plus a VSR mass contributions to the divergence of the axial current.

As a last example, we solved the Gross—-Neveu (GN) model with a VSR fermion mass.
We discovered that the VSR mass m allows the existence of two phases. In one of them,
the chiral symmetry is broken as in the standard GN model; in the new phase, the chiral
symmetry is unbroken.

The Sim(2) regulator we reviewed in this paper is very simple and reduces all integrals
to standard dimensionally regularized integrals. It is universal, i.e, it applies to all VSR
graphs because the zero vector is an invariant vector for Sim(2) too. It can be applied
to all sorts of VSR theories, not just VSR QED. We are guaranteed to preserve the gauge
invariance of the model.
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Many applications are feasible: VSR extension of the Nambu—-Jona-Lasinio model,
considering the implications of VSR masses for fermions in supersymmetric and superstring
models, and loop computations in the VSRSM including the three families of quarks and
leptons, among others.
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Appendix A. Feynman Rules
To draw the Feynman graphs, we used [43]
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Figure Al. Feynman rules for single-loop computations: electron propagator, photon propagator,
Ayee and Ay Ayee vertex.
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Figure A2. Feynman rules for single-loop computations: axial-e-e vertex, axial -A, -e-e vertex and
axial -Ay, — Ag, -e-e vertex.

2
1
V(p1,v2,v3,9) = i(ie 3 s 2 gits
(Pl PZ p3 q) ( ) 2 ﬂ n(q+p1+p2+p3)
( 1 1 N 1 1
n(qg+pir+p2)n(g+p) n(g+p1+p2)n(qg+p2)
1 1 N 1 1 N
n.(q+ps+p2)n(qg+ps) n(qg+p1+ps)n(qg+p)
1 1 1 1

+ )7’
n.(q+p2+p3)n(q+p2)  n(q+ps+p1)n(q+ps)

Appendix B. Method of Traces

To obviate the looseness in the recipe, we define a basis of gamma functions and
develop any matrix function A in this basis:

Lywou, ...
A = trace(A)1 + trace(Ava)Ya + ...

All traces are functions of n,, i1, and external momenta. To obtain the limit 7, — 0,
we follow the ensuing steps. First use in all monomials the identitiesn-n =7 -7 = 0,
n-f = 1. Afterwards, put 71, = 0 everywhere.

Moreover, the identity used in Equation (7.65) of [50] will be true in each trace. Due
to the linear and cyclic properties of the trace, the demonstration of the Ward-Takahashi
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identity will go through. Then, the trace method always leads to a gauge-invariant Sim(2)-
invariant result.

We have found that in VSR QED the trace method produces the same results as the
method explained in Section 3.

Appendix C. Definition of Integrals

1 1 1
5“/‘”‘kf;a)z(kfp>2—m%k2—M3(k+q>2—Mz (&1)
1 1 1
J a5 e s gy v ) v (A2)
kﬂkv 1 1 1 B
/ ‘”‘(k—p)z (k—p)? —md =B (kg — Mg 1 TePubut
T3(Pudv + Puiy) + Taqudv (A3)
1 1 1
SZ_./dk k—p)2—m2 k2= MZ (k+q)2 — M2 (A4)
p ¥ e q e
il ! ! A5
¥ =g = A = o (83)
[ kykv 1 1 A6
/ Wk p—m2 = M2 (kg — a2 — o+ Topypv T7(pudv + pody) + Todugy ~ (A6)
1 1
53:/dkk Py —mZ k2 — M2 (A7)
1 1
54 /dk k—p)?2—m2 k2 — M2 (A8)
ky 1 B ,
J e e~ (49)
. k]/i 1
/ Ak n (v p2— Mz~ VoP (A10)
1
2y _ (k—p)?
B = [ e e (ALD)
1
oy =
W) = | e (e = (Al2)

Appendix D. Single-Loop Vertex Correction

In this appendix, we write the result of the vertex correction defined in Equation (12)
in Form notation. Notice that mg = m.,.

deltaGamma(mu) =

+ g_(1,n) * ( - n(mu)*i_*m~2*[np] ~-1*[np+nq]l ~-1*S4 - n(mu)*i_*m~2*
[np] ~-1*[np+nq] ~-1*%S3 + n(mu)*i_*m~2* [np] ~-1* [np+nq] ~-1*mg~2*I4 +
n(mu) *i_*m~2% [np] ~-1% [np+nq] ~-1*mg~2+I3 - 2xp(mu)*i_*m~2* [np] ~-1%V3

+ 2%p(mu) *i_*m~2% [np] ~-1*mg~2+V1 - 2xp(mu)*i_*m~2* [np+nq] ~-1*V3 + 2%
p(mu) *i_*m~2* [np+nq] ~-1*mg~2*V1 - 2*q(mu)*i_*m~2*[np] ~-1*S2 - 2%q(mu)
*i_*m~2% [np] ~-1*%V4 + 2%q(mu) *i_*m~2* [np] ~-1*mg~2*S1 + 2%q(mu)*i_*m~2%
[np] ~-1#mg~2*V2 - 2*q(mu)*i_*m~2* [np+nq] ~-1%S2 - 2%q(mu)*i_*m~2%
[np+nq] ~-1%V4 + 2xq(mu) *i_*m~2* [np+nq] ~-1*mg~2*S1 + 2%q(mu)*i_*m~2%*
[np+nqg] ~-1*mg~2xV2 )

+ g_(1,p) * ( - 4xp(mu)*i_*T6 - 4xp(mu)*i_*mg~2+V1 + 2*p(mu)*i_*d*T6
- 8%q(mu)*i_*V3 - 4*xq(mu)*i_*T7 - 4*q(mu)*i_*mg~2*S1 - 4*q(mu)*i_x*
mg~2xV2 + 2xq(mu)*i_xd*V3 + 2x%q(mu)*i_*xd*T7 )

+ g _(1,9) * ( 4xp(mu)*i_*V3 - 4xp(mu)*i_*T7 + 2*p(mu)*i_»d*T7 - 4*q(mu)
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*i_*V4 - 4xq(mu)*i_*T8 + 2xq(mu)*i_xd*V4 + 2%q(mu)*i_*d*T8 )

+ g_(1,mu,q,n) * ( i_*m~2*[np]~-1%S2 - i_*m~2%[np]~-1*mg~2xS1 + i_*m~2x%
[np+tnq]l ~-1%S2 - i_*m~2*[np+nq] ~-1*mg~2xS1 )

+ g_(1,mu,q,p) * ( 6*%i_*V3 + 2%i_xmg~2*S1 - i_*d*V3 )
+ g_(1,mu,q) * ( - 4*i_*M*S2 - 2%i_xMxmg~2+S1 + i_xd*M*S2 )

+ g_(1,mu) * ( - 4%i_*T5 - 2%i_xM"2%52 - 2xi_#M"2+mg~2+S1 - 2%i_*m~2%
S2 - 2%i_*m~2*mg~2%S1 + 4*xi_xd*T5 + 2*i_xd*mg~2*T1 + i_*d*xM"2%S2 + i_
*d*m~2%S2 - i_*d"2*xT5 + 2%p.p*i_xT6 + 2*p.pxi_*mg~2*T2 - p.p*i_*d*T6
- 4%p.qxi_xV3 + 4xp.qg*i_*T7 + 4xp.q*i_xmg~2*xT3 - 2*p.q*xi_*xd*T7 + 2x
q.q*i_*V4 + 2xq.q*i_*T8 + 2%q.q*i_xmg~2%T4 - q.q*i_xd*V4 - q.q*i_xdx*
T8 )

+ gi_(1) * ( 4xp(mu)*i_*M*mg~2xV1 - 2%p(mu)*i_xd*M*V3 + 4*q(mu)*i_*M+S2
+ 4*q(mu) *i_*M*xmg~2%S1 + 4xq(mu)*i_*M*mg~2+V2 - 2xq(mu)*i_xd*M*S2 -
2xq (mu) *i_*xd*M*V4 ) ;

Appendix E. Identities Among Integrals

Here, we list various useful identities.

Vo — V5 + S5 — S4 = 2(Tep-q + T79.9) + V3q.9 (A13)
—V5 =2(Ts + Typ.q + T3q.9) + 9.9V (A14)

I(p) = L(P') + 4°S1 +2V1q.p + 2Vag? (A15)
S4(p?) = S3(p*) = —2(Vap.q + Vaq.q) — 4°S> (A16)

These identities are true for any p;, q,. From them, we can derive identities on the
shell at g% = 0.
Consider an example:

L(p) = La(p') + 4°S1 +2V1q.p + 2Vag®

I /
0= g;p ) 20,5, + 21+ 2Vipy + 2Vi . p + AVady + 2V
iz
Putg, =0
oL4(p')
= =0 +2V;
0 aqy |q;¢—0+ 1(0)pﬂ
We obtain the identity:

I+ V(0)=0 (A17)

Remember that I4(p?) = I3(p? = p’?)
On the shell, we obtain the following identities:

0 (A18)
S1(4%) +2Va(q*) = Vi(g*) =0 (A19)
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Te(0) = -V5 -5 (A20)
—V3(0) 4+ 2V4(0) — 5,(0) =0 (A21)
—Vs = 2T5(0) (A22)

Appendix F. Small A Expansion of Various Integrals: A = 2
Here, we list the small A expansion of the integrals that appear in the calculation of

the anomalous magnetic moment.

1 v M§x2+m%(l -x)\|
P /dxxlog( yree =

i [_1+1+llog (M2) —Q—fdxxlog<%(1;x))} ~

2 Ak
o [~H 3 3los () -3
i

2 —/dxlo Mex +mi(1—x)\|
(4m)2 | € l & 47tp? N

5_3:—(4;) [ 2+'y+log(47w )—i—fdxlogx —l—)\z(l—x))} ~
e[ e( )

(x* — x) =i / (x? — x)

i
= d pum— —_—m Y
37 [ne / M2 rmi(1—x)  (4n2MZ ) T A (1—x)

S3 =

maogm +1)

7 - i iy x(x? — x) _ /dx (x% — x) N
(47)2 M2x2 4+ m2 (1 - x) 2M2 2+ A2(1—x)

e (7

0= §<4;>2AZ§ i~ 2o (202

(1—x) B (1-x)
(M2(x —1)% + m2x) __(471)2M§/dx((x—1)2+)\2x) ~

_ i (1—x)
T6(0) = (477)2 M2 /dx (x —1)2+ A%x

(47521'Mg ( log(A) — i) — (47I)12M§ (log()\) + z)

_ B i (1—x)
B0 = - aome /dx(x 1z an

~ e 108 ) — 1) = (e s () +1)

. j 1 1 M?
T5(o)_—(4;)2;(—£+'2Y+210g(4n ) /dxl—x)log((x—l) A% ))
i 1 v o1 M? 1
“@ne2 (g t2t2 10%(4@2) B 2) (A23)
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Appendix G. Unpolarized Probability Up to o(m?))
P = 139(ky K3k k5 + k1 .k3ka K3 + k1 Kiko K3) +
m? (321x1 + 303x + 285x3 + 164x4) (A24)

X1 =

—n.ky n.kon.kskykokykaks.ky — nky?nkonksks kaki kako ks + n.k2nkonksky k3koks —
n.ky2nkonkaky koky ksks.ky — n.k2nkonksky ksky kakoks + n.ky 2nkon keky k3ko kg +
n.ky2n.k3ky kskykaks.ks — nky *nksnkaky koky kskokg — nky?nkan.kaky koky kakoks +
n.ky2nkankaky k3ksky + nk2nk3ky koky kako kg + nky*n.k3ky koky ksko.ks —
n.kynky *n.ksky kokokaks.ka + nkynky 2nksky ksko k3 — nkyn.ky 2n.ksky kakokko kg —
n.kynky *n.kaky kokokaks.ky — nkynk; 2nksky kskoksko ks + nkyndky 2nkaky kako k3 +
n.kynkonky 2ky koks k3 — n.kynkonky ke kskokaks ks — nkynkon.ks 2k kako ksksky +
n.kynkonky *ky koks k3 — nkynkonky ke kskokaksks — nkynkonky?ky kako kaksks —
n.kynky?n.kaky koko.ksks.ky — nkynks?nksky kskoksko ks + nkynkg 2nkaky kako k3 —
n.kynksnky 2ky kokokaks.ky + nkynksnky ke ksko k3 — n.kynksnk 2k kako ksko ks +
n.k3n.ky *ko.kako kaks.ky + n.k3n.ky *ko ksko kaks kg + n.k3n.ky 2o ksko kaks.ky —

n.ky 2nkankaky koky kakaky — n.ky 2n.ksnkaky koky kako ks + n.ky *nksn.kaky k3ksky +
n.ky 2n.k3ky koky kako kg + n.ky *n.k3ky koky ksko ks — n.kon.ky *n.kaky koky ksks.kg —
n.kon.ky 2n.kaky kaky kako ks + n.kon.ky 2n.kaky k3ko ks — nkon.ksn.ky 2k koky kaks.ky —
n.kon.kan.ky *ky.kaki kakoka + n.kon.ksn.ky 2k k3ko ks + n.k3n.ks2ky kaky kaks ks +
n.k3n.ky 2ky kaky kaks.ky + n.kg 2n.k3ky koky kskoks -+ n.kgn.ky 2y koky kako kg

Xy = —n.ky 'nkoky kskokaks.ky — nky 'nkoky kako ksks.ky — nky 'nksky koko kaks.ky —
n.ky nksky kako ksko kg — n.k  nkaks koko ksks kg — nky tnkgks kskoksko kg —
n.kynky ke kako kaksky — nkynky Yy kako kaks kg — nkynkg tky koko kaks kg —
n.kyn.ky ke kako ksko kg — nkynky Yy kokokaks kg — nikynky tky kskoksko kg —

n.ky 'nksky koky kaksks — nky tnksky kskykakoky — nk; Ynkaky koky ksksks —

n.ky 'nkaky kaky kakoky — nkon.ky tky koky kaky kg — nkon.kg tky ksky kako kg —
n.kon.ky tky koky ksks.ka — nkon.ky Yy kaky kako ks — n.kg tnkgky koky ksko kg —

n.ky 'nkaky koky kako ks — nksnky ey koky kako kg — nksnky Ve koky kako ks

x3 = ky.kokq.kskp.ks + kq.kokq.kako.ky + kq.-ksky.kaks.ky + ko.ksko.kaks.ky

xy = nky 'nkoky koks k3 + nk nksky ksko k3 + nky tnkaky kako k3 + nkynks kg koks k3 + nkynkg ke kaka. k2 +
nkynky ki kako k3 + nky nksky kikoks + nk;y 'nkaky k3ko ks + nkonkg kg kka ks + nkonky Yy k3koky +
n.ky 'nkyky k3ksky + nksnky kg k3ks.ky

Appendix H. Scalar Identity for a Massive Photon

We write below the generalization of the identity used in [46] to simplify (7-99). Notice
that the matrix k;.k; has a eigenvector with eigennvalue zero, (1,1,—1, 1), corresponding
to 4-momentum conservation.

Del‘(ki.k]‘) =0=
m% (kl.kzkl.kgkz.kg + ki.kokq.kako kg + kq.kskq.kgks.kyq + kz.kgkz.k4k3.k4)
1 1
—Emi(kl.kﬁ + k13 + Kk k2 + ko kS 4 ko k2 + k3 k3) + Em?,
—ky.koky kako.kyks.ky — ki.koky kyko ksks.ky +
%kl K3ks. kg — ky.kakykako kakoky + %kl J3ko k3 + %kl Kiko K3 (A25)
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Appendix I. Behavior of VSR Mass Terms Under Discrete Symmetries

We follow [33] chapter 1.5.
Discrete transformations for the electromagnetic field A, (x):

\”‘
Rl

PA%(t,%)P = A°(t, —
PA;(t, %)P = —Ay(

TAY(t,X)T = A (—t,
TA;(t,X)T = —A;(—t,
CAu(x)C = —Ay(

>

\

=RRL R
— — ~— ~— ~—

=

The discrete transformation for the non-local photon mass term in the action is:

1 y
/d4xP(n"‘FW) oy S (ngFrP)p /d4 i F) ﬁ.a)z(nﬁﬁ‘ﬁ)
/ d*xT(n"Fyy) " la (ngFMP)T / d*x (it FW a)z(ﬁﬁFVﬁ)

1
/d4xC(n”‘FW)(n 52 nﬁpﬂﬁ /d4 “wa a)z(”ﬁFWS)

Here, i1, = (no, —n;). All fields are evaluated at (¢, X).

We see that the non-local photon mass term in the action of VSRQED is invariant
under C, PT, CPT, but violates P, T, CP.

Discrete transformations for the fermion field (x):

,X)P = 1a709(t, —X)
Pp(t, X)P = n,9(t, —X) 0

The fermion non-local mass term in the action transforms as follows:
/d4xPi1/3yi(n 9)7!)ypp = /d”‘xiﬁ,ﬂ/}'y”(ﬁ -9 Dy
/ FaTifi(n-9) )T = / dbxirt, oy (71 9) L)
/d4xCi1/_)yi(n 9)1)yC = /d4xi¢¢(n )Yy

All fields are evaluated at (t, ¥).

We see that the non-local fermion mass term in the action of VSRQED violates P, T, CP
but preserves C, PT, CPT.

This is important given that in [10], they noticed that if either P, T, or CP are a
symmetry of the model, then the model is invariant under the whole Lorentz group.

Since non-local mass terms violate P, T, CP, Sim(2) cannot be enlarged to the whole
Lorentz group in VSRQED.
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Appendix J. VSR Free Particle Wave Functions Behavior Under
Discrete Symmetries

The equation of motion and the solutions for fermions are written in Appendix C
of [22]. The Dirac equation is:

R S(p) —
(p M nep M)u (p)=0 (A26)
p— s M) (p) =0 (A27)
2 n-p
We define the antiparticle wave function by:
o*(p) = —ir2u*(p)"

C, P, T acts on the solutions of Dirac’s equation as follows:

Pu®(p) = you'(p'), P (p) = #°(p') 10 (A28)
Tu®(p) = —mysu’ (p')", Ta* (p) = @ (p') 1173 (A29)
Cu®(p) = —inu’(p)*, Ci*(p) = it (p)* 12 (A30)

<;p — %mzﬁﬁ — M> u*(p) =0 (A31)

(z» Sl M> W(p) =0 (A32)

That is Dirac’s equation preserves C, PT, CPT. It violates P, T, CP.
The solutions of Dirac’s equation satisfy the completeness relation,

L) (p) = p— o (a3)
;US(PWS(P) =p- znjﬂp - (A34)
We obtain:
LR (p)Pe(p) = p— o (A35)
LI (p) = p - 4 (a%6)

YCw(p)Ci(p) =p— 5 = —M (A37)
" 2n -
where 71 = (ng, —i). VSR completeness relation is invariant under PT and C. Therefore it
is invariant under CPT. It violates P, T, CP.

Photon polarization satisfies the following system of equations (Appendix A of [22]):

n-e

(—p*+ m%y)gy +pup-€— m%WP” =0
prn-e—n-pp-e=0 (A38)
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C, P, T acts on the solutions of Maxwell’s equations as follows:

Cen(p) = —e(p) (A39)

Pey(p) = (~1)"e (p) (A40)

Ten(p) = (—=1)ep(p)* (A41)

where (-1)° = 0;(-1)' = —1,i = 1,2,3. p,, = (—1)"py,. The index A denotes the two
photon polarizations.

Under C, Equation (A38) is invariant. Under P and T, we obtain:
2., 2\ A 27 (p)
(=p° +m3)eu(p) + pup - (p) My P =0 (A42)
prii-et(p) —i-pp-et(p) =0 (A43)

VSR Maxwell’s equations are invariant under C, PT, CPT. They violate P, T, CP.
The sum over polarizations in VSR is given by [47]:

==

A Ax m 1
;ey (k)ey™ (k) = —guv — W”y”v + ﬂ(kynv +kyny) (A44)

n-

It is invariant under C, whereas under U = P, T, it transforms as follows:

kyfty + kyiiy) (A45)

A Ax _ 1

It violates P, T, CP, but preserves C, PT, CPT.

References

1. Langacker, P. The Standard Model and Beyond; CRC Press: Boca Raton, FL, USA; Taylor and Francis Group: Abingdon, UK, 2010.

2. Mohapatra, R. Unification and Supersymmetry: The Frontiers of Quark-Lepton Physics, 3rd ed.; Springer: New York, NY, USA, 2002.

3. Pierre Auger Collaboration. Observation of the Suppression of the Flux of Cosmic Rays above 4 x 10! eV. Phys. Rev. Lett. 2008,
101, 061101. [CrossRef] [PubMed]

4. Amelino-Camelia, G. Quantum-Spacetime Phenomenology. Living Rev. Relativ. 2013, 16, 5. [CrossRef] [PubMed]

5. Jacobson, T.; Liberati, S.; Mattingly, D. Astrophysical Bounds on Planck Suppressed Lorentz Violation. Lect. Notes Phys. 2005,
669, 101.

6. Myers, R.C.; Pospelov, M. Ultraviolet Modifications of Dispersion Relations in Effective Field Theory, Phys. Rev. Lett. 2003,
90, 211601. [CrossRef]

7. Andrianov, A.A.; Giacconi, P; Soldati, R. Lorentz and CPT violations from Chern-Simons modifications of QED. J. High Energy
Phys. 2002, 2, 30. [CrossRef]

8.  Colladay, D.; Kostelecky, V.A. CPT violation and the standard model. Phys. Rev. D 1997, 55, 6760. [CrossRef]

9. Colladay, D.; Kostelecky, V.A. Lorentz-violating extension of the standard model. Phys. Rev. D 1998, 58, 116002. [CrossRef]

10. Cohen, A.G.; Glashow, S.L. Very special relativity. Phys. Rev. Lett. 2006, 97, 021601. [CrossRef]

11.  Cohen, A.; Glashow, S. A Lorentz-Violating Origin of Neutrino Mass? Available online: https://arxiv.org/abs/hep-ph/0605036v1
(accessed on 1 May 2025).

12.  Cohen, A.G,; Freedman, D.Z. Sim(2) and SUSY ]. High Energy Phys. 2007, 707, 39. [CrossRef]

13. Vohanka, J. Gauge theory and SIM(2) superspace. Phys. Rev. D 2012, 85, 105009. [CrossRef]

14. Gibbons, G.W.; Gomis, ].; Pope, C.N. General Very Special Relativity is Finsler Geometry, Phys. Rev. D 2007, 76, 081701. [CrossRef]

15.  Muck, W. Very special relativity in curved space-times. Phys. Lett. B 2008, 670, 95. [CrossRef]

16.  Sheikh-Jabbari, M.M.; Tureanu, A. Realization of Cohen-Glashow very special relativity on noncommutative space-time. Phys.
Rev. Lett. 2008, 101, 261601. [CrossRef]

17. Das, S.; Ghosh, S.; Mignemi, S. Non-commutative spacetime in very special relativity. Phys. Lett. A 2011, 375, 3237. [CrossRef]

18. Alvarez, E.; Vidal R. Very special (de Sitter) relativity. Phys. Rev. D 2008, 77,127702. [CrossRef]


http://doi.org/10.1103/PhysRevLett.101.061101
http://www.ncbi.nlm.nih.gov/pubmed/18764444
http://dx.doi.org/10.12942/lrr-2013-5
http://www.ncbi.nlm.nih.gov/pubmed/28179844
http://dx.doi.org/10.1103/PhysRevLett.90.211601
http://dx.doi.org/10.1088/1126-6708/2002/02/030
http://dx.doi.org/10.1103/PhysRevD.55.6760
http://dx.doi.org/10.1103/PhysRevD.58.116002
http://dx.doi.org/10.1103/PhysRevLett.97.021601
https://arxiv.org/abs/hep-ph/0605036v1
http://dx.doi.org/10.1088/1126-6708/2007/07/039
http://dx.doi.org/10.1103/PhysRevD.85.105009
http://dx.doi.org/10.1103/PhysRevD.76.081701
http://dx.doi.org/10.1016/j.physletb.2008.10.028
http://dx.doi.org/10.1103/PhysRevLett.101.261601
http://dx.doi.org/10.1016/j.physleta.2011.07.024
http://dx.doi.org/10.1103/PhysRevD.77.127702

Axioms 2025, 14, 441 37 of 38

19.

20.

21.
22.

23.
24.

25.
26.
27.
28.
29.
30.

31.
32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

Ahluwalia, D.V,; Horvath, S.P.Very special relativity as relativity of dark matter: the Elko connection. J. High Energy Phys. 2010,
1011, 78. [CrossRef]

Chang, Z.; Li, M.-H.; Li, X.; Wang, S. Cosmological model with local symmetry of very special relativity and constraints on it
from supernovae. Eur. Phys. |. C 2013, 73, 2459. [CrossRef]

Cheon, S.; Lee, C.; Lee, S. SIM(2)-invariant Modifications of Electrodynamic Theory. Phys. Lett. B 2009, 679, 73. [CrossRef]
Alfaro, J.; Gonzélez, P.; Avila, R. Electroweak standard model with very special relativity. Phys Rev. D 2015, 91, 105007; Addendum
in Phys. Rev. D 2015, 91, 129904. [CrossRef]

Alfaro, J. Renormalization of Very Special Relativity gauge theories. JHEP 2023, 6, 003. [CrossRef]

Alfaro, J. Light-Light scattering in Very Special Relativity Quantum Electrodynamics and Cosmic Anisotropies. Phys. Lett. B 2024,
858, 139021. [CrossRef]

Alfaro, J. Infrared Regularization of Very Special Relativity Models. Universe 2024, 10, 348. [CrossRef]

Alfaro, J.; Soto, A. Schwinger model a la Very Special Relativity. Phys. Lett. B 2019, 797, 134923. [CrossRef]

Alfaro, J. Axial anomaly in very special relativity. Phys. Rev. D 2021, 103, 075011. [CrossRef]

Mandelstam, S . Light-cone superspace and the ultraviolet finiteness of the N = 4 model. Nucl. Phys. B 1983, 213, 149. [CrossRef]
Leibbrandt, G. Light-cone gauge in Yang-Mills theory. Phys. Rev. D 1984, 29, 1699. [CrossRef]

Alfaro, J. Mandelstam-Leibbrandt prescription. Phys. Rev. D 2016, 93, 065033; Erratum in Phys. Rev. D 2016, 94, 049901(E).
[CrossRef]

Alfaro, J.; Santoni, A.Very Special Linear Gravity: A Gauge-Invariant Graviton Mass. Phys. Lett. B 2022, 829, 137080. [CrossRef]
Santoni, A.; Alfaro, J.; Soto, A. Graviton Mass Bounds in Very Special Relativity from Binary Pulsar’s Gravitational Waves. Phys.
Rev. D 2023, 108, 044072. [CrossRef]

Pokorski, S. Gauge Field Theories, Cambridge Monographs on Mathematical Physics; Cambridge University Press: Cambridge,
UK, 2000.

Vermaseren, ].A.M. New Features of FORM. math-ph/0010025. Available online: https://arxiv.org/abs/math-ph /0010025
(accessed on 1 May 2025).

Workman, R.L.; Burkert, V.D.; Crede, V.; Klempt, E.; Thoma, U.; Tiator, L.; Agashe, K.; Aielli, G.; Allanach, B.C.; Amsler, C.; et al.
Review of Particle Physics, Particle Data Group. Prog. Theor. Exp. Phys. 2022, 2022, 083CO01.

Hanneke, D.; Fogwell Hoogerheide, S.; Gabrielse, G. Cavity control of a single-electron quantum cyclotron: Measuring the
electron magnetic moment. Phys. Rev. A 2011, 83, 052122. [CrossRef]

Aoyama, T.; Hayakawa, M.; Kinoshita, T.; Nio, M. Tenth-order electron anomalous magnetic moment: Contribution of diagrams
without closed lepton loops. Phys. Rev. D 2015, 91, 033006. [CrossRef]

The KATRIN Collaboration. Direct neutrino-mass measurement with sub-electronvolt sensitivity. Nat. Phys. 2022, 18, 160-166.
[CrossRef]

Shadab, A.; Marie, A.; Santiago, A.; Christophe, B.; Julian, E.B.; Matthew, A.B.; Dmitry, B.; Michael, R.B.; Adam, S.B.; Bovy, J.;
et al. Completed SDSS-IV extended baryon oscillation spectroscopic survey: Cosmological implications from two decades of
spectroscopic surveys at the Apache Point Observatory. Phys. Rev. D 2021, 103, 083533.

Aghanim, N.; Akrami, Y.; Ashdown, M.; Aumont, J.; Baccigalupi, C.; Ballardini, M.; Banday, A.J.; Barreiro, R.B.; Bartolo, N.; Basak,
S.; et al. Planck 2018 results. VI. Cosmological parameters. Astron. Astrophys. 2020, 641, A6.

Aguillard, D.P; Albahri, T.; Allspach, D.; Anisenkov, A.; Badgley, K.; Baefiler, S.; Bailey, I.; Bailey, L.; Baranov, V.A.; Barlas-Yucel,
E.; et al. Detailed report on the measurement of the positive muon anomalous magnetic moment to 0.20 ppm. Phys. Rev. D 2020,
110, 032009. [CrossRef]

Bennett, W.; Bousquet, B.; Brown, H.N.; Bunce, G.; Carey, R.M.; Cushman, P.; Danby, G.T.; Debevec, P.T.; Deile, M.; Muon g-2
Collaboration; et al. Final report of the E821 muon anomalous magnetic moment measurement at BNL. Phys. Rev. D 2006,
73,072003. [CrossRef]

Ellis, J. TikZ-Feynman: Feynman diagrams with TikZ. Comput. Phys. Commun. 2017, 210, 103-123. [CrossRef]

Khare, A. Dimensional regularization and gauge invariance of the photon-photon scattering amplitude. J. Phys. G 1977, 3, 1019.
[CrossRef]

Lifshitz, E.M.; Pitaevskii, L.P. Relativistic Quantum Theory, Part 2; Pergamon Press: Oxford, UK, 1974.

Itzykson, C.; Zuber, ].B. Quantum Field Theory; McGraw-Hill: New York, NY, USA, 1980.

Alfaro, J.; Soto, A. Photon mass in very special relativity. Phys. Rev. D 2019, 100, 055029. [CrossRef]

Akrami, Y.; Ashdown, M.; Aumont, J.; Baccigalupi, C.; Ballardini, M.; Banday, A.].; Barreiro, R.B.; Bartolo, N.; Basak, S.; Benabed,
K.; et al. Planck Collaboration VIL:Isotropy and statistics of the CMB . Astron. Astrophys. 2020, 641, A7.

Kester, C.E.; Bernui, A.; Hipolito-Ricaldi, W.S. Probing the statistical isotropy of the universe with Planck data of the cosmic
microwave background. Astron. Astrophys. 2024, 683, A176. [CrossRef]

Peskin, M.E.; Schroeder, D.V. An Introduction to Quantum Field Theory; The Convention Is €% = 41; Perseus Books: Reading, MA,
USA, 1995; Chapter 19.1.


http://dx.doi.org/10.1007/JHEP11(2010)078
http://dx.doi.org/10.1140/epjc/s10052-013-2459-x
http://dx.doi.org/10.1016/j.physletb.2009.07.007
http://dx.doi.org/10.1103/PhysRevD.91.105007
http://dx.doi.org/10.1007/JHEP06(2023)003
http://dx.doi.org/10.1016/j.physletb.2024.139021
http://dx.doi.org/10.3390/universe10090348
http://dx.doi.org/10.1016/j.physletb.2019.134923
http://dx.doi.org/10.1103/PhysRevD.103.075011
http://dx.doi.org/10.1016/0550-3213(83)90179-7
http://dx.doi.org/10.1103/PhysRevD.29.1699
http://dx.doi.org/10.1103/PhysRevD.93.065033
http://dx.doi.org/10.1016/j.physletb.2022.137080
http://dx.doi.org/10.1103/PhysRevD.108.044072
https://arxiv.org/abs/math-ph/0010025
http://dx.doi.org/10.1103/PhysRevA.83.052122
http://dx.doi.org/10.1103/PhysRevD.91.033006
http://dx.doi.org/10.1038/s41567-021-01463-1
http://dx.doi.org/10.1103/PhysRevD.110.032009
http://dx.doi.org/10.1103/PhysRevD.73.072003
http://dx.doi.org/10.1016/j.cpc.2016.08.019
http://dx.doi.org/10.1088/0305-4616/3/8/010
http://dx.doi.org/10.1103/PhysRevD.100.055029
http://dx.doi.org/10.1051/0004-6361/202348160

Axioms 2025, 14, 441 38 of 38

51. Hooft, G.’t.; Veltman, M.].G. Regularization and Renormalization of Gauge Fields. Nucl. Phys. B 2016, 44, 189-213. [CrossRef]
52. Coleman, S. Aspects of Symmetry; Cambridge University Press: Cambridge, UK, 1985.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1016/0550-3213(72)90279-9

	Introduction
	The Model
	A New Regularization
	Renormalization of VSR QED
	Renormalized Photon Mass
	Renormalized Electron Mass

	Single-Loop VSR QED with a Gauge-Invariant Photon Mass
	Photon Self Energy
	Electron Self Energy
	On-Shell Vertex Correction
	F1 (0)

	Anomalous Magnetic Moment of the Electron
	Photon–Photon Scattering in VSR QED
	Photon–Photon Scattering for qi2 Me2
	VSR Cross Section with Unpolarized Photons
	2N Legs and Euler–Heisenberg Lagrangian

	VSR Schwinger Model
	Photon Self Energy
	Two-Dimensional Axial Anomaly
	Anomaly Calculation in Dimensional Regularization

	Four-Dimensional Axial Anomaly
	Gross–Neveu Model in VSR
	Conclusions
	Feynman Rules
	Method of Traces
	Definition of Integrals
	Single-Loop Vertex Correction
	Identities Among Integrals
	Small  Expansion of Various Integrals: =mMe
	Unpolarized Probability Up to o(m2)
	Scalar Identity for a Massive Photon
	Behavior of VSR Mass Terms Under Discrete Symmetries
	VSR Free Particle Wave Functions Behavior Under Discrete Symmetries
	References

