. universe

Article

Dynamical Signature: Complex
Manifolds, Gauge Fields and Non-
Flat Tangent Space

Sergey Bondarenko

Special Issue
New Directions in Gravitational Physics and Cosmology

Edited by
Prof. Dr. Abdel Nasser Tawfik and Dr. Tiberiu Harko



https://www.mdpi.com/journal/universe
https://www.scopus.com/sourceid/21100903488
https://www.mdpi.com/journal/universe/stats
https://www.mdpi.com/journal/universe/special_issues/NDGPC
https://www.mdpi.com
https://doi.org/10.3390/universe8100497

* universe

Article

Dynamical Signature: Complex Manifolds, Gauge Fields and
Non-Flat Tangent Space

Sergey Bondarenko

check for
updates

Citation: Bondarenko, S. Dynamical
Signature: Complex Manifolds,
Gauge Fields and Non-Flat Tangent
Space. Universe 2022, 8,497. https://
doi.org/10.3390/ universe8100497

Academic Editors: Abdel Nasser
Tawfik and Tiberiu Harko

Received: 17 July 2022
Accepted: 10 September 2022
Published: 22 September 2022

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2022 by the author.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Physics Department, Ariel University, Ariel 4070000, Israel; sergeyb@ariel.ac.il

Abstract: Theoretical possibilities of models of gravity with dynamical signature are discussed. The
different scenarios of the signature change are proposed in the framework of Einstein-Cartan gravity.
We consider, subsequently, the dynamical signature in the model of the complex manifold with
complex coordinates and complex metrics are introduced, a complexification of the manifold and
coordinates through new gauge fields, an additional gauge symmetry for the Einstein-Cartan vierbein
fields, and non-flat tangent space for the metric in the Einstein-Cartan gravity. A new small parameter,
which characterizes a degree of the deviation of the signature from the background one, is introduced
in all models. The zero value of this parameter corresponds to the signature of an initial background
metric. In turn, in the models with gauge fields present, this parameter represents a coupling constant
of the gauge symmetry group. The mechanism of metric determination through induced gauge
fields with defined signatures in the corresponding models is considered. The ways of the signature
change through the gauge field dynamics are reviewed, and the consequences and applications of the
proposed ideas are discussed as well.

Keywords: dynamical signature; non-flat tangent space; complex metric

1. Introduction

The idea of a metric with changing signature, looking unusual, attracts a lot of attention
in quantum cosmology and quantum gravity, see different aspects of the problem in [1-52].
Whereas all experiments and observations do not question the fact that the classical metric
of the Universe has a Lorentzian signature, these are two windows that we cannot look
through to check the signature. We do not know a lot about the quantum gravity world,
some theoretical models allow change of the signature at the quantum level, see for exam-
ple [1,2]. The very beginning of the Universe is another corner that can hide the possible
change of the signature, for example, see [3-7].

Among other, there are two parameters of classical gravity which is very interesting to
explore in particular. They are the number of space-time dimensions and the signature of the
metric, the last one is related as well to the arrow of time. The main purpose of the proposed
article is an investigation of the signature issue. We consider mathematical possibilities
of the formulation of the gravity formalisms with a metric that can change dynamically,
i.e., we discuss possible scenarios of gravity with a signature that takes on values in the
field of complex numbers. Particularly, a determination of the signature as Euclidean or
Lorentzian is happening in the models due to some additional mechanisms. There are a
few possibilities that will be discussed. The first one is a complexification of the metric and
manifold’s coordinates. The gravity theories with complex metrics introduced are not new
of course, there is a complex metric calculation and use in [53-56] for example. The complex
manifold also arises naturally in the twistor space formulation, see [57-61] for the different
examples of projection of complex Minkowski space in order to describe gravitons outside
of a linearized gravity framework. The examples of the introduction of the complex
manifold in the strings frameworks sector can be found in [62-68] as well. Nevertheless,
in the present approach we consider the problem differently. There is no classical eight-
dimensional complex world around, therefore we introduce a small parameter in which
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zero value corresponds to the real manifold and real coordinates. In turn, the non-zero
value of the parameter adds additional dimensions to the manifold as well as an additional
complex part to the metric tensor. These additional contributions to the four-dimensional
gravity are proportional to the powers of the parameter, therefore the smallness of the
parameter allows us to establish a perturbative scheme related to the expansions of objects
of interest with respect to it. We consider a factorization of the real four-dimensional
gravity from the additional four-dimensional space of complex phases. If we assume that
the small parameter of the problem is not small only at some special conditions then we
get that the additional contributions are important only in these extremal cases, this issue
we discuss in the next section. We do not consider a reduction of the complex manifold
to the four-dimensional real one, but instead we assume the coexistence of an additional
contribution to the usual metric. The signature of this contribution is dynamical and its
value is limited by the value of the new parameter introduced.

The natural next step in this direction is a complexification of the manifold with
the help of new gauge fields. In this case the phases of the coordinates are defined by
the gauge fields. The introduced parameter in this picture is a coupling constant of the
corresponding gauge group. Considering the Einstein-Cartan gravity as the base of the
approach, we, consequently, obtain an additional correction to the vierbein field which
depends on the introduced phases and is proportional to the new parameter. Therefore,
the metric components acquire a phase factor which makes its signature complex and
non-determined in general. Whereas the phases of the metric’s components are defined
by the gauge field values, we discuss a possibility of a determination of any requested
value of the signature with the help of induced values of the gauge fields which satisfy
some boundary conditions. In this scenario, the signature’s value is fixed by these induced
fields. The mechanism can be defined in the case of a consideration of the overall metric
signature as well as in the case of a description of a signature’s fluctuations above some
background metric.

The change of the signature in the approach through the gauge fields is considered in
two different formulations in turn. As mentioned above, the first possibility is a complexifi-
cation of the manifold and metric through a complexification of the coordinates achieved
by the gauge fields. The other possibilities are related to the redefinition of the structure of
the Einstein-Cartan gravity with the use of the new gauge fields, i.e., we consider possible
generalizations of vierbein fields. The first possibility we consider is the simplest one, we
complexify the vierbein by the gauge field as for the manifold’s coordinates. In this case
the metric obtains an additional part whose signature depends on the value of the gauge
fields. This gauge field is a new degree of freedom in this set-up. Another possibility is
the interesting one; we introduce a non-flat tangent space of vierbein fields through the
additional scalar fields with indexes related to the Lorentz group and the new gauge group.
The usual viebein, in this case, arises as a projection of another vierbein which we can call
gauge one. This set-up is equivalent to the introduction of a kind of metric in the tangent
space. The new scalar field is the metric there. This non-flatness allows us to define the
usual metric and its signature in terms of the scalar fields whose values, in turn, will depend
on the values of induced gauge fields. For both cases, the usual metric can be formulated
in a non-perturbative and perturbative manner. In the non-perturbative framework, the
manifold’s metric will be defined fully in terms of the gauge fields involved non-linearly
through some 4D non-linear sigma model, i.e., the action for these fields will depend on
the metric which in turn is defined in terms of the gauge fields. For the perturbative case,
the gauge fields provide a fluctuation of the metric with an undefined signature above
some fixed background. In this case the action for the gauge fields can be considered in the
flat space-time in the first approximation.

There are interesting additional problems that we do not consider in the article but
which may have a relation with the proposed idea. The complexification of the coordinates
leads to the eight-dimensional manifold, in this context a generalization of the approach
can be achieved, for example, by the introduction of the coordinates considered as p-
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adic number field on the manifold, see [69-72]. This construction can lead to a manifold
with more than four dimensions, in this case, more than one small parameter can be
introduced. The zero values of all parameters will lead to the usual real metric in this
case as well, otherwise, some complicated variant of the proposed framework will be
obtained. Therefore, the metric and its signature will be valued in the field of p-adic
numbers instead of complex ones. Another face of the complexification is a similarity of the
introduced phases to the “fast” variables of t'Hooft, [73-77], introduced in his generalization
of quantum mechanics. Formally speaking, the “fast” variables are fields in the "t Hooft
approach, their counterpart in the given framework are gauge fields. Therefore, in general,
it is interesting to understand the consequences of the manifold’s complexification on the
formulation of quantum mechanic approaches.

The paper is organized as follows. In the next section we discuss basic ideas of a defi-
nition of the complex coordinates and metrics for a complex manifold. In the Section 3 we
consider the simplest variant of the Einstein-Cartan gravity for the complex manifold with
complex coordinates, whereas in Section 4 we investigate the gravity for the coordinates
complexified by the gauge fields. In the Sections 5 and 6, vierbein-based approaches to the
problem are considered, firstly an investigation of the additional gauge symmetry for a new
vierbein field and further construction of a non-flat tangential space for the Einstein-Cartan
gravity. The last section is a Conclusion of the paper.

2. Complex Metrics for a Complex Manifold

In order to clarify the ideas of the framework we, first of all, consider the following
simple construction. Let’s define a complex manifold on the base of the usual real four-
dimensional manifold by simple complexification of its coordinates:

p=(p,...p")—z= (zl,...,z”) = (ple“l’l,~~~ ,p”e"””). (1)

Defining the tangential vector fields in each z of the complex and each p of the
real manifolds
X, € TS, X, € Ty ©)

we observe that the fields are connected as
X: = MX, ®)

with M as U(4) diagonal matrix, see Appendix A example. Using the usual definition
metric for the real manifold

8(Xp,, Yp,) = g((x,.., 2", (v', ... v")) = gijx'y/, )

we correspondingly define the quadratic complex form on the complex manifold as
8(Xzy, Vo) = g((xePn, oo, x"ePm), (e, oo, yetin)) = SO guxtyl . (5)

Now we introduce the following complex metric on a local coordinate basis defining
it as
g = o' (Pit¢)) gii Ayt @ dxl + - (6)

with the g;; as a metric field of the real manifold and ay as some parameter. The additional
parts of the metric are proportional to the new parameter a4, redefining the angles in these
expressions for the usual complex coordinates we obtain:

To stay in the situation with a four-dimensional classical world we need to push all the
effects of the additional dimensions to the areas of some special regimes. In the formalism
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it means that the parameter must be extremely small for the case of the classical world. We
define correspondingly the following dimensionless parameter:

lo
ap = — 8

*= Ry (8)
with [y as Planck length and Ry as the curvature of the manifold, i.e., the parameter
proposed is extremely small indeed in the present physical reality. Its smallness has two
purposes, first of all, the real metric appears in the model as the first term of the expansion
of the complex one with respect to a,5. The limit

provides the expansion with the usual metric as a leading contribution term. The second
important role of this parameter, as mentioned above, is that its smallness allows us to
decouple the additional metric’s components in the corresponding expression Equation (6).
Namely, for a general complex metric in eight-dimensional space we have gy o a4 that
provides aé order contribution in the corresponding gravity action. Therefore, preserving
everywhere a4 order, i.e., with precision linear with respect to a parameter, we can limit
calculations by the four-dimensional metric of the real Riemann manifold modified in
correspondence to Equation (6) prescription. Due to the smallness of the value of the ay
parameter, we note also that the corrections related to the complexifications can contribute
only to some extremal conditions. We assume that it can be important at the level of
Planck length, in quantum gravity consideration, and in the situation of the extremely
strong gravity appearance. This smallness, as well, provides a simple rule for the use of
diffeomorphisms to change the coordinates. For the global gauge symmetry we require that

dazH

5 o et ox*

ayY

(10)

equivalent to the firstly done diffeomorphism transform and further complexification:

ox* —y o tag(Pz—¢p) 9z (11)

ay’ op
Of course, in the case when a, — 1 we will need to account for all eight coordinates,
and in this case the commutation between the complexification and real diffeomorphism

transformations may not work. We do not discuss this case in the article. The inverse metric
field is defined correspondingly, in the dual basis it reads as

gfl — o 1ap(9it9;) gif e ®e; (12)

where '
gijg* = of (13)
for the real manifold.
We note, that we can obtain an additional example of the complex metric if we consider

the angles as some internal parameters related to the additional symmetry of the covariant
and contravariant bases of the real manifold:

el — Mol e — e MPig;, (14)

i.e., the complexification of the basic vectors leads to the same results as complex coordinates
in Equations (1) and (5). In the following, we will use the Einstein-Cartan formulation of
gravity. Therefore, considering a four-dimensional real Riemann manifold and introducing
the real Lorentz vierbein (tetrad) eﬁ as usual
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Suv = mzbei,eﬁ- (15)
we can consider the corresponding complex metric defined as follows:
S = Nap @0 ey (16)
This metric can be obtained from the real one by the complexification of the tetrad:
a 1apdy a
e, —e 9P e U (17)

and
El — e "9 EX (18)

for the inverse vierbein. This construction can be considered as a particular example of the
non-flat tangent space which we will discuss further.

It is important to notice, that the Equation (6) expression can be considered as an ap-
proximate one and the metric’s complexification in this formulation arises as a consequence
of the decoupling of the corresponding coordinates. The Equations (14)—(18) construction,
in contrast to that, is precise and the angles arise there due to the introduced additional
symmetries related to vierbein’s complexification. Therefore, in the first case we consider a
complex manifold with real functions which depend on the complex coordinates, there is
an integration over the angles in the action. In the second case, correspondingly, we have a
real manifold with angles as parameters of corresponding independent U(1) symmetry
groups for each real coordinate with action invariant with respect to the symmetries, there
are still only four real coordinates to integrate. Also, whereas in the first case we need
to consider the small a4 parameter in the problem because so far we have no observable
complex manifolds, in the second case, we can take a5 = 1 of course. Consequently, this
formulation of the approach will lead to the variant of the framework with a complex
metric that was defined and discussed in [53-56] for example (see also [62-64,78-82]). We
do not consider this case further.

3. Einstein-Cartan Action for the Complex Metric in the Complex Manifold

To derive the analog of the Einstein-Cartan action for the complex metric introduced
above, we, first of all, consider the transformation of the vector with the Lorentz index
projected with the help of the new Wierbein:

08 = S(ePiet) = M9 fet = M9 "y el =

— (eza¢4>a w” b eﬂa‘pqyb) (eza¢¢b eb) = o° b éb , (19)

we see that the expression is invariant with respect to the internal symmetry transformation
of the covariant and contravariant Lorentz indices performed in correspondence to the
Equations (17)—(18) definitions. In the following, denoting the complex vierbein as the usual
one, we will remember that the Lorentz indices allow us to rotate the corresponding objects
in correspondence to this symmetry without mixing with the Lorentz transformations.

Now, as mentioned above, we have to distinguish between the cases when we consider
a complex manifold or we introduce the additional symmetry in the problem related to
the U(1) global gauge symmetry for each Lorentz index. There is the following form of
Palatini action we have for the first case:

"2
s=2C 713 / dtz etP7 gy € el (D”wﬁb) (20)

with C as some normalizations constant, 9, in the covariant derivative, and z as complex
coordinates, see the use of the complex coordinates in the formulation of the Quantum
Mechanics in [62-64] for example '. Our next step is an assumption that the integration
functions are analytical in the whole region of interest, except, perhaps, some extreme
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boundary points. Consequently, to first approximation, we can choose the integration paths
for each variable z, taking x;, € [—oco, 0] at some fixed constant ¢, angles. Therefore,

assuming a smallness of a5 parameter 2 we write the action to the requested precision order
as follows:

3
S ~ Ce%Ti—ofw P /d4xe“ﬁp‘7 €abed € €7 (Dawﬁ> +
2 3
+ zaq)C% Z# 61“4’):34’”0/ ”dgb d3x et ”‘ﬁpgsabcde el (D,X ﬁ). (21)
WVEH, h

The condition when the usual Einstein-Cartan formalism is reproduced in the first
order approximation is the following one:

CeTimof — 1. (22)

There are some arbitrary constant angles ¢, introduced here and this condition can
be considered as a definition of the C constant as well. We also note that the expression
under the integration is a function of z and, in general, it must be expanded as well in order
to provide all a4 order corrections to the real action.

The interesting consequence of the form of Equation (21) action is that it does not
define any preferable direction of time or preferable value of the signature. Indeed, let’s
choose the special coordinate system, x-system, with

¢pu0 =0, p=0..3; C=1. (23)

In the same way, we can choose any other angles such that

3
Y. o #0, ¢ #0, C=1, (24)
5=

the angles define a new coordinate system different from the special one. Namely, for the
non-zero ¢;( there are new coordinates

Yyt = xt e, (25)

In terms of the new coordinates the action acquires the following form:

s _ ™M /d4y£aﬁpa abea € ¢f (D) +
+ za¢ 5 Z /ygd)( A3y e'%9Xn BT ¢ abed €p €g (D,X ﬁ) (26)
u=0
where
Pu = Puo + Xp- (27)

With the redefinition of the arguments of the integral functions performed in Equa-
tion (25), and subsequent deformation of the integration contours, the form of the redefined
action is the same as Equation (21) with Equation (23) values of the angles. The only differ-
ent contribution to the action, therefore, can come from the end points of the integration
over real y* which acquire complex phases in the case of Equation (25) variables change.
We assume that these contributions are zero. As a result of the complexification of the
manifold and its symmetry we have an infinite number of the equivalent directions of
time and foliations of the spatial coordinates ° for the given value of a signature. Another
interesting consequence of the model is that the Equation (26) action, quite naturally, ac-
quires a small term added to the leading one. This term can be considered as a type of the
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cosmological constant in the action in the framework of the perturbative scheme based on
the ay smallness. In general it means that the term must be finite after the integration over
Xy angle at some y, — 0 limits taken in the corresponding contour integral.

Now, expanding the vierbein field in the new perturbative scheme as

e, = e;0 + € (28)

and taking a variation of the Equation (21) action with respect to w connections we will obtain:

3 :
ey = —1ap Y}, ¥ o(x — xp) / dipp €% 3y, e (29)

p=0 '

or, equivalently
3 .

/ d*x (0uely +1ap Y xPS(x" — xf) / dp ™ 9y, 5 | = 0. (30)

p=0 '
Providing some initial value of ¢, (x) at xg we can write the solution of Equation (29) as

3 xH
ey = e5y(xy) — 1ay ) /x'* dxt (xpé(xp - xg)) /dcppe’“ff’% 0yl (31)
o=0""0

This additional virbein’s part provides a correction to the metric through Equation (15)
definition. It can be of any signature depending on the value of the integral in Equation (31)
rhs.

4. Complexification of the Manifold through Gauge Fields

If we consider the simplest generalization of the Equation (1) complexification through
the replacement of the ¢, angles by ¢, (p) functions then we immediately realize that this
construction does not work. Namely, in this setup there is no self-consistent definition of
the coordinates and corresponding functions in the integrals. Therefore, in order to discuss
the case of the local complexification of the real manifold, we will consider the following
model. We introduce a set of real coordinates x# and determine the new coordinates of the
manifold as a transform of x :

¢ = M",(x)xt
with new vierbein-like gauge fields M, where the new indices are transforming in corre-

spondence to some group G. Accordingly, we will consider the integrals as taken over the
Riemann x* with functions defined as depending on z* similarly to done before. Introduc-

ing another form of the gauge fields, suitable for the perturbative calculations *, we can
define the complex coordinates in this case as
% = (5;”2 + 1ap A* H(x)) xt (33)

with A as some gauge field related to the G group. The coupling constant a is small again
and determines a measure of the complexification. In this setup, it plays the role of the
coupling constant of the new gauge group G.

The new gravity action of the model preserves the form of the Equation (20) action
and we have:

2
S = CTP / d*x P €y e el (Dywﬁh) (34)
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with functions in the integral depending on z coordinates. There is, correspondingly,
an additional part in the action which corresponds to the newly introduced field which we
consider gauge one. Using a usual determination of the field’s strength of the new gauge
field A through the covariant derivative

[DGy DGV] = —1ld¢ sz t (35)

for some representation of the G(N)

[t%, tP] = 1 foPY 7, (36)
we define this action as
SA =k / d*xetr[Guy Gy, | € €l eh! e',;l Fabiaiby (37)
with mostly general
Fbmbt e o by e by bar | e pab by (38)

with 7 as the Lorentz metric of the flat space. The action is similar, for example, to the QCD
action in the curved space-time. The interaction between these two parts of the action can
be written in terms of the expansion of Equation (34) functional with respect to the complex
part of the z coordinates.

Our next step is an introduction of the non-trivial A gauge fields in the action. The
idea is the following. We can introduce the action with the following additional term:

mZ
Sia = oL T [ dxTa(A) o7/ (39)
i

which we call an induced part of the action in correspondence to the definition of [83-92].
The purpose of this part of the action is to introduce in the equations of motion the classical
values of the A gauge field, denoted as 7, which satisfy some boundary conditions at the
edges of the time interval. Namely, we define the boundary conditions at some different
limits of t coordinate:

S T;u'(A) = ]yi(A) 0A
]w‘(f]') —+ 0, t — toj£i (40)
Acl;t - Z%yi (41)

with the last equation fixed by the structure of Equation (39) term and obtained from the
usual equations of motion:
64 (54 + Sina) = 0. (42)

In general, the effective currents T),; can be consequently reconstructed by requests
of the gauge invariance of the induced part of the action, with details that can be found
in [83-92]. Fixing the boundary conditions, i.e., fixing the values of A.; at the edges of the
overall time interval, for example, we will obtain an action with some space-time foam
above the background space-time of a fixed signature. The example of this construction is
given in Appendix B. Taking only one boundary field from Equation (A16) expression, for
example, we will have

Ay = Yy (43)

Now, writing the equations of motion for w connections

SR

9 oxf 327" (44)

D[ ec] = 0,
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and expanding the vierbein in a perturbative scheme related to the parameter a4 as

e, = ey + e, (45)
we will obtain then
a[y 65]1 = —za(pa[y (%gxp) a,xe]";]o (46)
with solution .
"X
¢Sy = e5q(xh) — 1ay /x# dx}‘ay(%ﬁ‘xp) 9ue (47)
0

for the additional vierbein’s part. We see, that the vierbein acquires a correction in which the
structure is defined by the value of the boundary <7}, fields. The corresponding Equation (15)
metric obtains an additional part as well and the signature of this metric’s correction is
depending on the &7, fields. This situation, as we will see further, will realize in other
models with a gauge field involved.

We note, that the Equation (43) Ay, field can appear in the equation as a solution
of classical equations of motion which contributes mostly to the generating functional
of the theory, i.e., as a semi-classical solution of the theory. This possibility is a purely
dynamic one and requires an analysis of the classical dynamics of the whole system under
consideration. For example, it is not clear, how dynamically solutions of the following type

cly

with two or more different classical «7; , fields will arise for a connected manifold. Further,
we discuss this mechanism only in the Conclusion of the paper.

It is interesting to note also, that assuming the existence of the transform opposite to
Equation (32)

= NF(z)2"

we can rewrite the Equation (34) action fully in terms of the z variable as follows
m -
s=¢C TP / Atz N etf7 e € el (Dywﬁb) (50)

with N as Jacobian of the Equation (A16) coordinates transform given by the

AN

P P (51)

Ny/x:Nytx‘F

matrix. In this case the value of the factor in front of the action in the path integral will
be determined by the value of the N. Therefore, again, the redefinition of the C factor in
Equation (50) will lead to the equivalent actions for the different metrics with different
phases for their components.

5. Gauge Symmetry for the Vierbein Field

The complexification mechanism discussed in the previous Section can be applied to
the vierbein fields as well. Considering the usual vierbein use in the definition of the metric

Sy = ﬂSﬂbeZesr (52)
we can generalize the Equations (17) and (18) definition of the complex vierbein:

e, = M, “(x)e} (53)
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or similarly to done before as
e = (5; +1a, A,ﬂ(x)) el (54)

In these cases, the Equation (52) metric acquires an additional part with a signature
that depends on the value of the fields. We have for the first metric:

Suv = Nsab My *“(x) My P(x) ef e (55)

and correspondingly for the second at linear approximation with respect to a5 parameter:

S = Nsavelhel + 1ap7sa (Ay“(x) elel + A, (x)e} eﬁ) : (56)

The Equations (55) and (56) expressions are different in general. Whereas the Equa-
tion (55) metric describes a manifold with an arbitrary signature that depends on the
value of M matrix, the Equation (56) metric determines a manifold with an additional
part above the background metric with a given signature. We note that this additional
metric part can be of any signature as well, it depends on the value of the A gauge field.
In both cases, the values of the gauge fields are determined dynamically through the
corresponding Lagrangians.

The Einstein-Cartan action can be easily rewritten in terms of new vierbein in this case.
We require that the additional metricity condition must be satisfied:

Viu(Av*el) = (VryAvY) el + Ay* (Due}) =0 (57)

with
Vi At = 0 Ay* —Th, A" (58)
Dyel = duel + wy,"pel, (59)

here I and w are Christoffel and Lorentz connections correspondingly. We will then obtain:

2
S = % / dtx e'Ve7 g 4 M, " My Bec eﬁ (Dywﬁb) (60)

with obvious corresponding redefinition in terms of the A field. This part of the full action
is correct for any form of the metric, the non-triviality of the construction, therefore, is
manifested through the additional gauge field. Introducing the gauge field strength

[DG;t DGV] = —14d¢ G;u/ (61)

for some symmetry group G, we define the additional part of the action as

S =« / d*xe Mtr[Gpy Gpyyy | FHH01 (62)

with
FHIIV — g gW gH1V1 + % giﬂ/l ng + K3 ng gVVl , (63)

and
M = det(M, "), e = det(e}), (64)

with matrix M determined or through Equation (55) or either the Equation (56) expres-
sions. The metric g#¥, in turn, as well depends on the corresponding gauge field. The
Equation (62) Lagrangian describes a variant of 4D non-linear gravitational sigma-model.
Correspondingly, further, we will consider only the Equation (56) formulation of the metric,
since there is not a simple perturbative expansion with respect to a4 for the M field in the
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Equation (55) metric. Therefore, a self-consistent solution of the equations of motion for
the M field through Equation (62) is a non-trivial task. We will consider it in a separate
publication. Concerning the Equation (56) metric and the A gauge field, there is the a,
parameter in the Equation (56) definition of the metric so we need to know a solution for
the gauge field till ag precision only and, therefore, for our purposes, it will be enough
to consider the Equation (62) action in the flat space-time. In this case, with the help of
Appendix B results, we obtain:

Al =l + (65)

Correspondingly, the Equation (56) metric will acquire an additional part determined
by the 7" fields:

Sw = nSabeZes + Lag 1sap (Aycla(x) egelli + Avcl“(x) ezeﬁ)/ (66)

we see that the metric’s fluctuations as well as their signature are determined by the induced
boundary fields of the problem.

Considering the same approach for the Equation (53) M fields, we will have a dif-
ference between covariant and contravariant gauge fields. The M gauge fields provide
a non-flat metric initially, the field will appear in the relations between covariant and
contravariant components in Equation (A11) action. It makes the problem even more non-
linear. There are different vectors in the power of the Equation (A17) ordered exponential
and in the induced action.

6. Non-Flat Tangential Space Construction

Geometrizing the proposed ideas, we can define the Lorentz vierbein and its inverse
as a projection of other vierbein fields:

e = M™ ey, Elf = Mu EM;

eu EMP = o, eun EY = 0y

euach = Myp, EM Eb = M@F, (67)

here Greek indices &, § belong to some group G, Latin indices denote the Lorentz trans-
forms, the p, v are used as usual Riemann type indices °. We note, that there is no general
prescription to consider the dimension of the G equal to the one of the Lorentz group,
see for example [52]. Nevertheless, in the following we will take a, 2 = 0 ... 3. Also,
unlike the previous Chapter, the M field here is a scalar one, there is an additional dynamic
present. Now, using again the usual definition of flat metric in terms of Lorentzian vierbein

S = Nsavehel, (68)
with 775 5, as a flat metric of the tangent space with some signature S, we rewrite it as follows:
Sw = USahMa“Mbﬁeweuﬁ = M;‘,ﬁewevﬁ, Mg/ﬁ = Mﬁa (69)

and

g" = &M, « My EMEYP = My EMEYP (70)

S ap

with signature S’ which can be different from S. Here we define

Mg MY = 50, My M = 6F . (71)
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The invariance of the new scalar product with respect to the new group of symmetry
is provided by the ordinary transformation rules for the new upper and lower indices

eys = GaPeys, EX = G¥4Ef, (72)

with G matrix as inverse to G
G PG, = (GGT)ﬁ7 = (GTG)ﬁ7 = k. (73)
Both G and G matrices belong to the group of interest of course. Correspondingly, we

introduce the new covariant derivatives of the vierbein and M fields with respect to the G
symmetry group:

DGyeva = Opeva — Qhaeyp (74)
and
Dgy M = 9, M + Qs M"F. (75)
Here
Qg = 10y QY (ta)" p (76)

is a new gauge field added to the usual connection field in the corresponding covariant
derivative of the Einstein-Cartan gravity Lagrangian.

The form of the Einstein-Cartan gravity action is changing trivially in this version of
formalism. We require the metricity property of the new vierbein with respect to the full
covariant derivative

VE) = V(Mg EM) =0 (77)

and obtain
Sw = — / dx J—QELEy R — S = —m} / dtxe M (Mo E') (MypEP) Ry (78)
in correspondence to the Equation (69) definition,
M = det(M*). (79)

For the invariant action for the M field, we can write, as is the usual action for a scalar
field:
Sy = /d4x eMel' e} (Dg M) (Do, M), Fi (80)

with
Fib = ay M Moy + ag M* o, MP , 4 a3 M® , MP . (81)
In comparison to the previous section, term of the action is a free action term of the ()
gauge field. Determining the field’s strength of the new gauge field

Dy Dgy] = — Gy (82)
we define this action as
Sq =k / d*xeMek e Chl egll tr [Guy Gy | FoPM1P1 (83)
with
Febmabr — o M1 MPPL 4 iy MYPL MPY 4 iy MAB MM1PYL (84)

The action is similar, for example, to the QCD action in the curved space-time, we do
not consider a torsion and a cosmological constant term in the action.
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7. Conclusions

In this note, we consider approaches where the signature of the metric is undefined
and takes values in the field of complex numbers. We discuss a few possibilities for the
definition of this type of metric, with signs of its components are not fixed in general. The
change of the signature was widely discussed in the literature, see for example [1-16],
for a description of the transition from Lorentzian to Euclidean manifold types in quantum
gravity and quantum cosmology. Nevertheless, mostly, this transition was introduced by
the time’s coordinate Wick rotation. We, instead, propose the formalism where the domain
of the metric’s signature is expanded. The metric in the proposed approaches is a dynamical
object with a signature determined by the complexification of the space-time manifold
or by new gauge fields. Therefore, the signature can be changed smoothly between any
predefined signatures, Lorentzian and Euclidean for example, with the help of the gauge
fields. For example, by introducing the Euclidean &/ and Lorentzian % gauge fields, we
can calculate an effective action defined with respect to these fields:

r(ﬂﬂ@) — Z szl . .szicl...i;l-._k%l . 'ﬂk. (85)

The corresponding generating functional
Z(ot, B) = 75" / D [ %) (86)

D, as all other fields in the framework, will determine a transitional amplitude (S-matrix)
between the manifolds with a different signature. A calculation of those S-matrix elements
we reserve for future research. Another possibility for such S-matrix construction is an
appearance of the <7, field as a semi-classical solution, i.e., saddle point, of the equations
of motion for the total action in the generating functional, see [62-64,78-82] for the corre-
sponding discussion. In this case, instead the predefined induced values of the fields on
corresponding boundaries, some dynamical transition from % field to the % must exist
as a result of classical equations of motion for the gauge field. Namely, it is a problem of
the existence of a classical two-valued boundary solution. Such solutions are known in
high-energy scattering, see [94-98] for examples. This question we plan to investigate in an
additional publication.

The simplest of the possibilities we consider is a direct complexification of the manifold
by the complexification of the manifold’s coordinates. The additional phase, i.e., additional
coordinate, is factorized in the equations in this case with the help of the parameter assumed
to be extremely small at the present:

ﬂ(p X Rfo . (87)

As mentioned in the Introduction, the obvious choice of the lengths in the definition is

Ip as Planck length and R as a manifold’s curvature. A consequence of that is a factorization
of the real and complex parts of the metric, i.e. factorization of real and complex parts of
the corresponding complex manifold. Namely, the smallness of the parameter guarantees
that the complexification is important and not small only when both parameters are of
the same order, i.e., when ap « 1. In this case we have to consider an eight-dimensional
manifold instead the four-dimensional one. That situation is possible only at some extremal
points of the manifold’s evolution. Otherwise, the complexification is a pure small distance
effect, i.e., the effect of quantum gravity. Namely, the proposed mechanism allows us to
determine the small contributions of the complex phases of an eight-dimensional manifold
to the quantities of the present classical four-dimensional world. This is similar to the
compatification of the additional dimensions in the string theory but not quite the same of
course. The main difference between these mechanisms of the account of the classically
non-observable dimensions is the following. In the present framework the contribution of
the additional dimensions are factorized and can be treated perturbatively if the almost
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flat manifold without strong gravity fields is considered, whereas in the string’s approach
the contribution of the additional dimensions is always present, we can not take it equal
to zero. Therefore, the framework with small 2 does not require the compatification of
the additional phase dimensions, instead, it provides a smallness of their contributions in
any expressions which we can treat perturbatively with respect to the parameter when the
parameter is small.

The proposed complexification of the manifold through the complex coordinates is
interesting also from the point of view of the symmetry group of the manifold. Namely,
having the Poincare group representations as determination of the rule of the classification
of the existing particles, the natural question is about the allowed transformation group
of the new 4D complex manifold. For the ay o 1 limit there are plenty of possibilities for
the group’s generalization, see an example and discussions in [57-61]. Anyway, the final
step in the complex twistor construction is a projection of the extended group on the real
slice endowed with Poincare group symmetry. The proposed case with small a4, we treat
differently. First of all, the ap o 0 limit is well defined and determines a restoration of the
Poincare symmetry. Secondly, considering the complex coordinates and expanding them
with respect to a5 we will obtain small corrections to the proposed classical transformations.
Formally it means that to this precision it is enough to replace the real coordinates with
the complex ones in the expressions for the group’s representations and algebra of the real
manifold and expand them with respect to 4. In this case some quantum corrections will
arise in the expressions of interests. Still, the symmetry group for the initial manifold can be
any corresponding to the complex Minkowski space symmetry, see [57-61]. This symmetry
in the framework will restore at the ay o 1 limit, of course in this case the perturbative
expansion can not be used. Therefore, in the proposed framework we discuss not the
projection of the complex manifold on the real slice, but a small complex corrections to the
real metric, i.e., we consider a general framework with Lorentzian and different signatures
metrics coexisting °. In this approach the metric with Lorentz signature is defined as a
classical one and the metrics with other signatures contribute only at some special condition
or at the quantum level.

In any case, the complexification of the gravity action by the complexification of the
coordinates results in the additional part to the “bare”, real Einstein-Cartan action. This
additional part provides a complex part to the classical “bare”’ vierbein and consequently
a complex additional part to the usual metric. For this type of complexification we need to
separate two cases. When we introduce a global phase factor for the coordinates then the
additional metric’s part is a complex fluctuation above the usual metric, see Equation (31).
In general, for the non-expanded with respect to a, metric, the action is a function of the
complex Equation (20) Lagrangian, which is not unusual, see [62-64,78-82]. The interesting
question, therefore, is a proper definition and properties of such complex action in the path
integral, see discussions in [78-82]. Introducing a local complex phase in the definition of
the complex coordinates, see Equations (32)—(33), we introduce new gauge fields and their
symmetry group G, in this case, the a5 parameter can be considered as a coupling constant
of the group. This complexification of the manifold is more complicated than the first one,
of course. There is a possibility to obtain again complex fluctuations above the real metric,
see Equation (A12), but, additionally, there is a possibility to introduce a metric with a
non-determined signature from the very beginning with the help of the Equation (32) M
field. This last case is non-perturbative and complicated. We do not discuss it much in the
paper postponing it for an additional publication.

There are interesting properties of the actions Equations (20) and (34) we obtained.
First of all, there is no preferable axis of time direction, the metric’s component can be of
any sign in the situation with an undefined signature and any coordinate can therefore
serve as the time coordinate. Moreover, fixing the metric, as usual Lorentzian for example,
we still have the freedom to change the phases of the metric’s components, i.e., to rotate the
coordinate axes determining infinitely many ways of a foliation of the space-time. Each of
these possibilities is described by the same action and, therefore, provides the same physics.
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In this case, the preferable signature can be given by a random selection from the infinitely
many possibilities or by some fixation procedure similar to some extent to spontaneous
symmetry breaking. The later is possible when we talk about the complexification by the
gauge fields. Namely, in this case there is a possibility to define the classical values of the
fields as a projection of some predefined boundary fields. The approach is described in
Appendix B and the procedure provides a signature of the bulk by the value of the gauge
fields on the boundaries of the manifold. The mutual property of all the actions with gauge
fields involved is an appearance of the new factor in the front of the actions which is a
determinant of the gauge fields. The value of the factor is determined by the boundary
values of the fields and defines the relative weight of the action in the corresponding
generating function, otherwise it is arbitrary. The dynamics of such complex systems
with many different parts of the general action in the generating function is not clear and
requires an additional investigation.

A different way to introduce the dynamical signature of the metric is a generalization
of the tangent space and an introduction of an additional, auxiliary, metric in the tangent
space which makes the tangent space curved. This can be achieved by the complexification
of the vierbein with the help of the gauge fields, see Equations (53) and (54), or by the
direct definition of the usual vierbein fields as a projection of some “gauge” vierbein
performed by the gauge field of some symmetry group G, see Equation (67). In both
cases, the final signature is dynamical and determined directly by the gauge fields, see
Equation (66), or by scalar fields and gauge fields together, see Equation (A21). Again,
for these mechanisms the projection procedure of Appendix B is important. Without it the
dynamics and correspondingly the signature can be arbitrary. Namely, as in the previous
cases, there is neither preferable geometrical time nor preferable spatial coordinates and
the given and only foliation in the approaches must be fixed separately, if required. We
did not consider a matter issue in the frameworks, see [99] for the discussion about the
possibilities of a proper definition of matter fields for the manifolds with complex metrics. It
is interesting to understand in general how the quantum matter fields behave with respect
to the change of signature of the manifold and if some dynamical mechanisms which relate
to a foliation of the space-time exist, and its signature with properties of the matter. This
problem requires additional research and clarification of the properties and definition of
the matter fields with respect to the manifold’s symmetries and signature.

Some interesting questions we can ask are about the existence of the different time
arrow directions in the manifolds with different signatures and corresponding issues
related to it. First of all, we note that if we stay in the framework of a perturbative approach
with respect to the ay parameter, the possible additional contributions to any quantity of
interests are extremely small. There is only one time arrow on the classical level. Namely,
the additional contributions are effectively pushed in the region of the quantum gravity
regime, therefore any statements about the behavior of the time’s arrow at this scale must
operate with a quantum gravity theory which we have no. Nevertheless, if we assume that
the proposed approach correctly describes the quantum gravity regime or at least some
of its details, we can conclude that on this quantum level, it is possible that there is not
any preferable time or spatial directions, unless some mechanisms fix the corrections to
the metric as real with preferable signature. Considering the causality as a definition of
the form of the corresponding propagators, we have not any problems with that till we do
not consider some special regimes when a4 is not small. In turn, an arbitrary value of the
ap means the non-perturbative calculations for the eight-dimensional manifold with an
arbitrary metric’s tensor which has complex components. The definition of the propagators
in this case and their reduction to the usual ones is a very interesting question that we hope
to explore in the future.

Another important problem is the co-existence of the different regions with different
signatures and possible different time arrow directions outside the perturbative regime.
In this case we have two possibilities. The first one was considered in [100], where a
case without the complex coordinates and/or metric was discussed with some separation
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arose between the Euclidean and Lorentzian regions in a form of a hypersurface. In this
set-up the hypersurface plays a role of a domain wall that separates the regions with
different signatures and, to some extent, it defines initial or final singularities for the time’s
arrows, see details in [100]. Such hypersurfaces are unavoidable in the situation with
co-existing of real metrics with different signatures, see also [93,101-103]. From the point
of view of QFT, it can be considered also as Lorentzian space-time <+ Euclidean space-
time geometrical transition vertices between separated parts of some mutual manifold.
Due to the discontinuities of the Einstein’s tensor components on the hypersurface of
separation, we again have no problems with causality. We have two classically disconnected
regions of space-time whose possible connection can perhaps be established only on
the level of quantum gravity effects. A more complicated picture arises when we allow
the complexification of the metric through some mechanisms. In this case we have no
separating hypersurface between regions with different signatures due to the complex
phases of the metric. In this situation we again obtain some eight-dimensional manifold
with two, or more, different time coordinates exist simultaneously, if the time arrows can
be defined for the metric’s tensor with arbitrary complex components of the course. The
notion of causality in this case and possible mechanisms of the reduction of the manifold
to the usual four-dimensional one with one time’s arrow are complicated problems that
require additional investigation.

Discussing the applications of the proposed approaches we note that they can be
useful in an investigation of different aspects of the topology transition in both quantum
gravity and cosmology through Equation (86) expression for example. In the paper, we
discussed a few possible mechanisms of Equation (85)’s effective action construction. It
is interesting to understand which one can be realized in nature. For that we need to
understand the dynamics of the models with matter fields included. Namely, there is an
interesting problem to determine the form of the action for the spinor of scalar fields in
the new curved spaces of different signatures and investigate the dynamics of these fields
in corresponding models, see different aspects of this problem in [17-49,99] references.
Another interesting application of the dynamical signature is a clarification of its possible
correspondence to the new approaches to classical gravity introduced and discussed in
the last decade, see for example [104-140]. We find investigations of these ideas and
possibilities very interesting.
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Appendix A. Complex Metric through Complex Vierbein

In order to illustrate how the Equations (67) and (69) construction reproduce the [50,51]
set-up, we firstly can consider as example the action of the following two-dimensional fixed
unitary matrix

(10 o 1. (1 0 _——
M_<0 Z>,M_M —<O_Z),MM_1 (A1)

Lo S)m=(ov)

Therefore, considering as G the U(4) group for example, we will obtain complex
phases for the metric’s components. Namely, consider the spectral decomposition for the
unitary matrix

on flat metric:

4
M™ =Y Ajufaf (A2)
i=1
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with A and u as eigenvalues and eigenvectors, we obtain for the metric:
1y b p
S = 5 Y AiA (ui” 1S ab Uj ) il i} (epnevp + evaeyp) - (A3)
ij=1
Defining the local set of the vierbein through the identities
e‘utxﬁlxi = 5P‘i (Ad)
we will have finally
1 a b a b
Suw = E)\y}\v(”y%ab”v + uy ﬂSab”y)- (A5)

Now, if we restrict ourselves by the diagonal unitary matrices, the corresponding
eigenvectors are real and orthonormal. Therefore, for the arbitrary four dimensional
diagonal unitary matrix

et 0 0 0
w9 e o
0 0 0 e
we obtain a simple expression for the generalized flat metric:
g = ¢ T gy (A7)

We see, that in terms of Equation (67) transform we simply can write the vierbein
transform as
ey =e' "5 ey, (A8)

obtaining for the metric
guv = ' Myg el el (A9)

which describes, at a first sight, a metric with indefinite complex signature. Nevertheless,
we remind that the ¢ angles are dynamical fields in the approach, therefore the final leading
order expression for the metric will be determined by the classical values of these fields.

Appendix B. Induced Part of the Action

Following [83-92] we consider the action given in Equation (62). For this action in the
flat-space time we have:

1
Sa= - / d*x tr Gy GMY] (A10)

and for the induced part of the action
St = — / dxir] (2,0(40)) (324") |, (A11)
1

where the Riemann indexes are summed up through the Minkowski metric as usual.
The </ fields are defined at the boundaries, and they intend to provide the signature of the
additional part in the Equation (56) metric. For example, we can define the two complete
sets of the boundary fields which satisfy

o =0 (A12)

and the following boundary conditions:
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Al (x) =0 20— oo,
{ 2'(x) -0 x0 = —oo. (AL3)
Also the following term must be added to the action
Sy =Y / AT (A14)
i

which preserves the correct form of the propagators in the full action, see discussions
in [83-92]. Therefore, for the gauge fields

9y Al =0 (A15)
we obtain as a solution of the equations of motion ’:
Al =l + ) (Al6)

The operator O in the Equation (A11) action is defined similarly to definitions of [83-92].
In the simplest variant it is

1 xH 'u /
O(A,) = P e Jow dx M Au(x) A17

There is no summation on y index in the ordered exponential and the index is fixed
in correspondence to the Equation (A11) expression, C(R) is the eigenvalue of Casimir
operator in the representation R for the chosen gauge symmetry group. The different form
of this operator and discussion about can be found in [83-92].

The dynamics of the theory given by Equations (80) and (83) actions are non-linear
and pretty complicated. Therefore, by postponing the precise derivation for an additional
publication, we can understand a dynamical signature in this variant of the theory by the
following simple observations. First of all, we assume that for the Equation (83) action
there exists a classical solution for the gauge fields provided by the mechanism described
in Appendix B. We will have then:

et = Yy (A18)

where the ¢/, fields, again, are known and satisfy some boundary conditions. This re-
sult, of course, is a consequence of the constant form of the vierbeins fields e and M in
Equation (83), we take these fields as normalized to the delta functions with respect to the
corresponding indices in the first approximation. In this case the Equation (83) will acquire
the form of Equation (A11) action. Secondly, the classical solution of the Equation (80)
action is provided by the following equation:

DguM*™ =0 (A19)

the solution can be written:
M%(x) = MyP (Petoe [ou dE )" (A20)
B

Again, the signature of the Equation (69) metric is determined by the values of the
boundary gauge fields <7,

T = s MY MY (Pt P8 E) (pomttn It ) ooy (a)

a1

and in principle can be arbitrary, see Appendix A for a similar simple example.
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Notes

Discussions about complex path integral trajectories for Lorentz path integrals can be found in [78-82].

We note here, that due to the rotation of the manifold’s coordinates, the direction of the rotation is important. Namely, taking
e~ "9 (conjugated) definition of the complex coordinate, we will have to change the integration limits as 0 — 0and 27t — —27
that will lead to the invariance of the Equation (21) expression with respect to the definition of the z coordinate.

This statement can be understood in terms of any evolution equations, the equations will have the same form for any redefined x
coordinate.

4 We note that there is a difference between gauge actions written in terms of M and A fields.

> An another variant of the non-flat tangent space is simply define g, = Myg€j, 65 with M belonging to some extended symmetry
group with changing signature, see [93].

6 The twistor space, definitely, as well describes manifolds endowed with metrics with different signatures, but it is not clear if it
can be formulated as a dynamical model with simultaneous inclusion of metrics of different signatures.

7 Following the analogy with the high energy scattering approach, we can consider the Equation (A10) action with an additional
induced term as describing a “scattering” between two boundary fields with boundaries defined at the edges of time.
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