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Abstract We consider the cosmological evolution in an
osculating point Barthel–Randers type geometry, in which to
each point of the space-time manifold an arbitrary point vec-
tor field is associated. This Finsler type geometry is assumed
to describe the physical properties of the gravitational field,
as well as the cosmological dynamics. For the Barthel–
Randers geometry the connection is given by the Levi-Civita
connection of the associated Riemann metric. The general-
ized Friedmann equations in the Barthel–Randers geometry
are obtained by considering that the background Rieman-
nian metric in the Randers line element is of Friedmann–
Lemaitre–Robertson–Walker type. The matter energy bal-
ance equation is derived, and it is interpreted from the point
of view of the thermodynamics of irreversible processes in
the presence of particle creation. The cosmological properties
of the model are investigated in detail, and it is shown that the
model admits a de Sitter type solution, and that an effective
cosmological constant can also be generated. Several exact
cosmological solutions are also obtained. A comparison of
three specific models with the observational data and with
the standard �CDM model is also performed by fitting the
observed values of the Hubble parameter, with the models
giving a satisfactory description of the observations.
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1 Introduction

General relativity, one of the most successful physical theo-
ries ever proposed, was born as a result of the fruitful interac-
tion between physics, represented by the equivalence princi-
ple, and the deformation of the Minkowski metric, and math-
ematics, represented by the differential geometric theory of
the Riemann spaces, introduced, and initially developed in
[1]. In Riemannian geometry the properties of the space-time
are described via a metric tensor gμν , and an affine connection

λ

μν , which in turn is determined by the metric tensor. From
these quantities one can construct the Riemann curvature ten-
sor Rδ

αβγ , as well as its contractions Rβ
αβγ , and R = Rα

α ,
and it turns out that the gravitational properties of the space-
time are determined by the Einstein tensor Gμν , and the
gravitational field equations Gμν = Rμν − (1/2)Rgμν =
κ2Tμν , where Tμν is the matter energy-momentum tensor,
κ2 = 8πG/c4 is the gravitational coupling constant [2–4].
The Einstein gravitational field equations can also be derived
from the Hilbert–Einstein variational principle by varying
the action S = ∫

(R/2κ + Lm)
√−gd4x , where Lm is the

matter Lagrangian, with respect to the metric tensor [3]. In
Riemann geometry the metric tensor satisfies the condition
∇λgμν = 0, where ∇λ denotes the covariant derivative with
respect to the Levi-Civita affine connection. General rela-
tivity did have a tremendous impact on the development
of physics, astrophysics, and cosmology, leading to a com-
pletely new understanding of the gravitational interaction,
and providing natural and unified explanations to such dif-
ferent phenomena as the precession of the perihelion of planet
Mercury, the deflection of light by the Sun, or the expansion
of the Universe [5].

Almost immediately of the proposal of general relativity,
inspired by the possibility of unifying gravity and electro-
magnetism, Weyl proposed an extension of the Riemannian
geometry, in which the covariant derivative of the metric does

not vanish, and it is given by ∇λgμν = Qλμν , where Qλμν

denotes the nonmetricity of the space-time [6]. The Weyl
geometry represented the basic framework for the first uni-
fied field theory, and, despite its sharp criticism by Einstein,
and initial rejection in the scientific community, it become an
important field of study. In particular, some physical exten-
sions of the theory were proposed by Dirac [7,8], in which
a scalar field is introduced together with the tensor electro-
magnetic tensor Fμν coming from Weyl geometry. Recently,
the physical implications of Weyl gravity were considered,
from the elementary particle physics point of view, in [9–15].
In particular, in [9] it was showed that the gauged Weyl grav-
ity action, quadratic in the scalar curvature and in the Weyl
tensor C̃μνρσ of the Weyl conformal geometry has sponta-
neous symmetry breaking in which the Weyl gauge field ωμ

becomes massive. Hence, from Weyl conformal gravity one
can recover the Einstein–Hilbert action with a positive cos-
mological constant, and the Proca action for the massive Weyl
gauge field.

An interesting approach based on Weyl geometry is the
so-called symmetric teleparallel gravity approach, in which
the gravitational field is described by the nonmetricity alone
[16]. This approach was extended in the form of the f (Q)

theory in [17], where Q is the nonmetricity scalar, and further
analyzed and extended in [18–25].

A few years after the introduction of Weyl geometry
the concept of torsion was introduced by Elie Cartan [26],
leading to other important developments in both differential
geometry, and general relativity. The extension of general
relativity including torsion is called the Einstein–Cartan the-
ory [27–29], and in this theory, from a physical point of view
the torsion field T λ

μν �= 0 is interpreted as the spin density of
the matter [30].

An important development of the gravitational field theo-
ries took place through the applications of the mathematical
results that appeared in the work of Weitzenböck [31], who
introduced the geometries presently known as the Weitzen-
böck spaces, characterized by the properties ∇αgμν = 0,
T α

μν �= 0, and Rλ
αβγ = 0, respectively. In a Weitzenböck

space the Riemann curvature tensor identically vanishes, and
therefore these spaces have the property of distant paral-
lelism, also known as teleparallelism or absolute parallelism.
Einstein was the first to use Weitzenböck type teleparallel
geometries for developing a unified theory of electromag-
netism and gravitation [32]. This approach was further gen-
eralized to the so-called teleparallel equivalent of general
relativity (TEGR) [33–35], also known as the f (T ) gravity
theory, where T is the torsion scalar. Weitzenböck geome-
tries in the presence of nonmetricity, as well as their physical
implications, were studied in [36,37]. In the framework of
Riemannian geometry several extensions of general relativ-
ity involving geometry–matter coupling were proposed and
investigated in [38–44]. For a detailed review of the theories
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with nonminimal couplings between matter and geometry
see [45,46], respectively.

In the same year Weyl proposed his extension of Riemann
geometry, another important mathematical development took
place through the publication of Paul Finsler’s dissertation
[47,48], in which a new class of differential geometric objects
was introduced. For short, Finsler geometry can be defined as
“…just Riemannian geometry without the quadratic restric-
tion” [49]. In fact, Finsler geometry was anticipated by
Riemann [1], who introduced in a general space a metric
structure defined as ds = F

(
x1, . . . , xn; dx1, . . . , dxn

) =
F(x, dx), where for y �= 0, F(x, y) is a positive function on
the tangent bundle T M , and is homogeneous of degree one
in y, F(x, λdx) = λF(x, dx). When F2 = gi j (x)dxidx j

we obtain the important case of the Riemann geometry [49].
The Finsler metric function F can be written in terms of
the canonical coordinates of the tangent bundle (x, y) =(
x I , y I

)
, where y = y I

(
∂/∂x I

)
is a tangent vector at x .

Hence in a general Finsler space we can write the arc ele-
ment as ds2 = gI Jdx I dx J . In a general Finsler space one can

define three kinds of curvature tensors
(
Rκ

νλμ, Sκ
νλν, P

κ
νλν

)
,

and five torsion tensors [50], indicating a much richer math-
ematical structure as compared to Riemannian geometry.

Even that Finsler geometry attracted the interest of mathe-
maticians quite early [51–53], and it is now a well-established
and important field of research in mathematics, the physical
applications of the theory did develop at a much slower pace.
A unified theory of gravity and electromagnetism, proposed
by Randers [54] within the framework of five dimensional
general relativity provided an example of a Finsler geome-

try, with ds = (α + β) du, with α = [
gik(x)yi yk

]1/2
, and

β = bi (x)yi , with yi = dxi/du. The nonlocal field theory
proposed by Yukawa [55,56], in which two sets of space-
time coordinates

(
xκ , xλ

)
, κ, λ = 1, 2, 3, 4 are adopted as

the independent variables, can also be investigated by using
the methods of Finsler geometry [57–59]. Recently, a Finsle-
rian type geometrization of the hydrodynamical formulation
of quantum mechanics was introduced in [60]. Extension
of the Randers–Finsler geometry to the Nambu–Goto action
were considered in [61].

One of the first attempts to construct a relativistic theory of
gravitation by using Finsler geometry is the work by Horváth
[62], and Horváth and Moór [63], which was later extended
in [64,65], respectively. The Finslerian type field equations
proposed in this work can be written as

Rμν − 1

2
gμνR + λgμν = χTμν, (1)

Kμν − 1

2
gμνK + λgμν = χTμν, (2)

and

Sμν − 1

2
gμνS − λ(i)gμν = −χ(i)T i

μν, (3)

respectively, where Rμν , R, Kμν , K are the contracted third
curvatures, Sμν and S are the v-Ricci curvature tensor, and
the v-scalar curvature, Tμν is the energy-momentum tensor,
T i

μν is the internal energy-momentum tensor, χ is the grav-

itational constant, λ is the cosmological constant, and λ(i)

and χ(i) are the internal cosmological and gravitational con-
stants, respectively. Equation (3) describes the y-dependence
of the metric tensor. A Finslerian extension of general rel-
ativity was proposed in [66], and examined with particular
emphasis on the Finslerian generalization of the equation of
motion in a gravitational field. The construction of a grav-
itational Lagrangian density by substituting the osculating
Riemannian metric tensor in the Einstein density was also
studied. For an attempt to present in a systematic way the
general relativity principles together with the development
of Finsler geometry as a metric generalization of Rieman-
nian geometry, as well as the extensions of general relativity
on the basis of Finsler geometry see [67]. The Finslerian
extensions of the Schwarzschild metric were considered in
[68,69].

A system of Einstein type field equations was introduced,
by adopting the vector bundle point, in [70]. In this approach
the y-field is regarded as a fiber at the point x of the base x-
field, and the total space of this vector bundle is considered a
unified field between the x and y fields [71]. For this unified
field one introduces the adapted frame defined as

XA =
(

δ

δxλ
= ∂

∂xλ
− Ni

λ

∂

∂yi
,

∂

∂yi

)

,

X A =
(

dxκ , δyi = dyi + Ni
λdxλ

)
, (4)

where the first line is the adapted basis of the tangent space
TxM , while the second line is the adapted cobasis in the
cotangent space T ∗

x M , A, B = (κ, i) = 0, 1, 2, 3, . . . , 7,
λ, ν = 0, 1, 2, 3, and Ni

λ is the nonlinear connection.
The adapted frame is assumed to be adapted to the metric
G (= GAB), given by

G = gλκ(x, y)dxκdxλ + gi j (x, y)δy
iδy j . (5)

The field equations on the total space are defined as RAB −
(1/2)RGAB = τAB , where τAB is the energy-momentum
tensor, and can be decomposed as

Rλν − 1

2
(R + S)gλν = τλν,

1
Piλ = τiλ,

2
Pλi = −τλi , (6)

Si j − 1

2
(R + S)gi j = τi j . (7)
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An interesting perspective of the gravitational field equa-
tions was proposed in [72], where it was assumed that the
Einstein vacuum equations in a Finsler geometry are given
by H = Hi

i = 0, where

Hi
k = 2

∂Gi

∂xk
− ∂2Gi

∂x j∂ ẋ k
ẋ j + 2

∂2Gi

∂ ẋ j ẋ k
G j − ∂Gi

∂ ẋ j

∂G j

∂ ẋ k
, (8)

and Gl = γ l
jk ẋ

j ẋ k/2, with γ l
jk denoting the Christoffel sym-

bols of second kind of the Finsler metric. These generalised
field equation reduce to the Einstein equations for Rieman-
nian metrics, and also admits non-Riemannian solutions.

In the Berwald–Finsler space a gravitational field equation
was introduced in [73] as
[

Ricμν−1

2
gμνS

]

+
{

1

2
B α

α μν+B α
μ να

}

= 8πGTμν, (9)

where Bμναβ = −AμνλR λ
θ αβ y

θ /F , and Aλμν≡ F
4

∂
∂yλ

∂
∂yμ

∂
∂yν

(F2) is the Cartan tensor, which can be regarded as measuring
the deviation of the geometry from the Riemannian manifold.

For the vacuum dynamics of gravitational fields the fol-
lowing field equations have been proposed in [74]:

2R − L

3
gLi j R·i · j + 2L

3
gLi j

[
(∇Pi )· j + Pi | j − Pi Pj

] = 0,

(10)

where L is the Finsler-Lagrange function, gLi j = 1
2

∂2L
∂ ẋ i ∂ ẋ j =

1
2 L ·i · j , R.i. j is the geodesic derivation operator, R is its trace,
and P is the Landsberg tensor. These field equations can be
obtained by varying with respect to L the action S[L] =∫
�⊂T M vol(�)R|� , where � = {(x, ẋ) ∈ T M |F(x, ẋ) =

1} denotes the unit tangent bundle, while vol(�) is the vol-
ume form on �, obtained by using the Finsler metric. An
approach to investigating general relativistic kinetic gas the-
ory by using methods from Finsler geometry was introduced
in [75].

The recent measurements by the Planck satellite of the
temperature fluctuations of the Cosmic Microwave Back-
ground Radiation [76,77], as well as the observations of the
distant supernovae [78] have confirmed that the Universe
is in a state of accelerating expansion, and that its matter
content consists of only 5% baryonic matter, while 95% of
matter–energy resides in two mysterious components, called
dark energy and dark matter, respectively. To explain the cos-
mological observations, the �CDM model was introduced,
which is essentially based on the introduction in the field
equations of the cosmological constant, first postulated by
Einstein in 1917 [79]. Even that the �CDM paradigm pro-
vides and excellent fit to the observational data, its theoretical
foundations are problematic due to the lack of a firm theo-
retical basis, related to the numerous problems raised by �.

Hence, in order to obtain a physically and mathematically
consistent picture of the Universe, two different approaches
have been proposed, called the dark components model, and
the dark gravity model, respectively. The dark components
model [80–84] assumes that the Universe is filled with two
(still mysterious) components, dark energy, and dark mat-
ter, respectively, components for which many proposals have
been advanced. In the dark gravity approach it is assumed that
the nature of the gravitational force changes on astrophysi-
cal (galactic) and cosmological scales, and that the standard
Einstein equations, so successful at the level of the Solar Sys-
tem, must be replaced by a novel theory of gravity, like, for
example, theories with geometry–matter coupling [38,41],
or gravitational models built upon more general geometries
than the Riemannian one. In the latter direction Finsler type
cosmological models represent an attractive possibility of
explaining/replacing dark energy, and perhaps even dark mat-
ter.

There are many attempts to apply Finsler geometry for
understanding the dynamics and evolution of the Universe
[85–110]. Many of these approaches use a Finsler–Randers
geometry, in which the generalized Friedmann equations are
obtained. For example, in [108], the following generalization
of the Friedmann equations in a Randers–Finsler geometry
was proposed:

Ḣ + H2 + 3

4
HZt = −4πG

3
(ρ + 3p) , (11)

Ḣ + 3H2 + 11

4
HZt = 4πG (ρ − p) , (12)

where H , ρ, p denotes the Hubble function, energy density
and pressure, respectively, and Zt = u̇0, where u0 is the time
component of the four-velocity uμ. From the above equations
one can obtain the relation 3H2 + 3HZt = 8πGρ. The
new term HZt , coming from the Finsler–Randers geometry,
can induce new phases in the cosmological history of the
Universe. The same generalized Friedmann equations were
used in [105] to investigate particle creation processes due to
the Finslerian structure of the space-time.

The cosmological implications of scalar-tensor theories
that arise effectively from the Lorentz fiber bundle of a
Finsler-like geometry were investigated in [104]. The con-
sidered action in the presence of matter is

S = 1

16πG

∫ √| det G|LGdx (N )+
∫ √| det G|LMdx (N ),

(13)

where dx (N ) = d4x ∧ dφ(1) ∧ dφ(2). Several Lagrangian
densities were considered, with LG = R̃ − 1

φ
V (φ), where

V (φ) is a potential for the scalar φ, and R̃ = R − 2
φ
�φ +
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1
2φ2 ∂μφ∂μφ, and R̃ is the curvature for the specific case of a
holonomic basis [XM , XN ] = 0. For a non-holonomic basis
a Lagrangian density of the form LG = R̃ was considered.
The two sets of Friedmann equations are given by

3H2 = 8πGρm − φ̇2

4φ2 + 1

φ

(
V (φ)

2
− 3H φ̇

)

, (14)

Ḣ = −4πG(ρm + Pm) + φ̇2

4φ2 + 1

2φ

(
H φ̇ − φ̈

)
, (15)

φ̈ + 3H φ̇ = −16πGφρm − 6φ
(
Ḣ + 2H2

)

+φV ′(φ) + φ̇2

2φ
, (16)

and

3H2 = 8πGρm − (1 + A)
φ̇2

4φ2 − 3H
φ̇

φ
, (17)

Ḣ = −4πG(ρm+Pm)+(1+A)
φ̇2

4φ2 + 1

2φ

(
H φ̇−φ̈

)
, (18)

(1 + A)
(
φ̈+3H φ̇

)= − 16πGφρm − 6φ
(
Ḣ + 2H2

)

+ φ̇2

2φ

(
1 + A + φA′)− φ̇ Ȧ, (19)

respectively, where A(φ) is a real function of φ. In the late
time limit it can be shown that one can reproduce the ther-
mal history of the Universe, including the succession of mat-
ter and dark-energy dominated epochs. Interestingly enough,
the parameter of the effective dark-energy equation of state
parameter can be phantom or quintessence-like, or it can lead
to a phantom-divide crossing during the cosmological evo-
lution.

The most general spatially homogeneous and isotropic
Berwald space-times, defined by a Finsler Lagrangian built
from a zero-homogeneous function on the tangent bun-
dle, which encodes the velocity dependence of the Finsler
Lagrangian, were obtained in [107], and where it was also
suggested that the cosmological Berwald geometries may be
used for the description of the geometry of the Universe.

Generalized scalar-tensor theories arising from vector
bundle constructions were investigated in [110], where their
kinematic, dynamical and cosmological consequences were
considered. A fiber structure with two scalar fields was
defined over a pseudo-Riemannian space-time base mani-
fold. The resulting space is a 6-dimensional vector bundle
endowed with a non-linear connection. The geodesics and
the Raychaudhuri and general field equations were obtained
in both Palatini and metrical approaches. This geometrical
structure generates new terms in the modified Friedmann
equations, thus leading to the appearance of an effective dark-
energy sector. Moreover, an interaction of the dark mater
sector with the metric is also present.

It is the goal of the present paper to consider a systematic
investigation of the application of the Finsler geometry for
the description of the gravitational interaction by using the
mathematical description introduced initially in [111,112],
and later developed in [113–116], where also some physical
applications were suggested. In the approach introduced by
Barthel one can consider a Finsler space as an n-dimensional
point space, which is locally Minkowskian but, in general,
it is not locally Euclidean. A Minkowski space is flat and
homogeneous, but anisotropic, while a general Finsler space
is both inhomogeneous and anisotropic.

In order to developed a theory of gravitation based on the
point Finsler spaces we shall first assume that the gravita-
tional field can be represented by a Riemannian metric g(x),
from which the Einstein gravitational field equations can
be derived via the Hilbert–Einstein variational principle. As
a next step we non-localize (anisotropize) the gravitational
field, by attaching to each point x (= x I ), I = 0, 1, 2, 3, an
internal variable y (= y J ), J = 0, 1, 2, 3. By assuming that
y is a vector, the nonlocal gravitational field can be described
by a Finsler type geometry, realized in a Finsler space F4 (or
by the geometry on a general vector bundle), with a metric
tensor that depends on both x and y, ĝ = ĝ(x, y).

Generally, in many realistic physical situations the inter-
nal variable y becomes a function of the position, so that y =
Y (x), with the Finslerian metric given by ĝ = ĝ (x, Y (x)).
Therefore, in this approach the Finslerian metric tensor
becomes a function of x alone. The manifold defined in this
way is called the osculating Finsler manifold. On this point
Finsler space we introduce the Barthel connection [111–113],
to which generally a torsion tensor is also associated. We fur-
ther restrict our study to the case of the (α, β) metrics, and in
this case it turns out that the Barthel connection is the Levi-
Civita connection of the Riemannian metric ĝi j (x, y(x)), a
remarkable mathematical result that is the starting point of
our investigations of the point Finsler theories of gravitation.
In order to obtain a specific theory we consider the case of
the Randers geometry, in which we construct in a systematic
way the cosmological evolution equations, by adopting for
the background Riemann metric the Friedmann–Lemaitre–
Robertson–Walker form. In this Barthel–Randers geometric
framework we obtain the generalized Friedmann equations,
and we investigate their properties. An interesting result is
related to the fact that the matter energy-momentum tensor
is not conserved anymore. We discuss in detail the thermo-
dynamic interpretation of this result, which could be related
to the open (from a thermodynamic point of view) of the
Barthel–Randers Universe, which implies the existence of
particle creation processes.

The generalized Friedmann equations of the Barthel–
Randers geometry allow the construction of a number of
cosmological scenarios, describing very diverse evolutions.
In particular, the model admits the de Sitter solution, which
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describes an accelerating Universe. An effective cosmolog-
ical constant can also be generated. Decelerating solutions
also do exist, and they may offer some alternatives descrip-
tions to the radiation dominated epoch of standard cosmol-
ogy. For three theoretical models a detailed comparison with
the observational data is performed, and it turns out that
they can give a satisfactory description of the cosmological
dynamics.

The present paper is organized as follows. In Sect. 2 we
review the basics of the Finsler geometry, we introduce the
Barthel connection and the osculating Riemann metric, and
we present the definitions and the basic properties of the cur-
vature tensors. The Einstein field equations, describing the
properties of the gravitational interaction in the Finslerian
geometric framework, are also introduced. In Sect. 3 we spe-
cialize our investigations by adopting for the Finsler metric
a Randers type form. The geometric properties of the oscu-
lating Barthel–Randers space are studied in detail, and we
obtain the basic quantities describing the metric properties,
as well the connection coefficients. Section 4 is devoted to
a systematic construction of the cosmology of the Barthel–
Randers space-time geometry. By adopting for the Rieman-
nian metric of the Randers line element the Friedmann–
Lemaitre–Robertson–Walker form, we obtain the connection
coefficients, the curvature tensors, and the generalized Fried-
mann equations in the osculating Barthel–Randers geome-
try. The energy balance equation for ordinary matter is also
derived, and we discuss in detail the physical interpretation
of the model in the framework of the thermodynamic of
open systems, with irreversible particle creation. A number of
exact cosmological solutions of the Barthel–Randers model
are obtained in Sect. 5, where the de Sitter solution is also
derived, and the possibilities of generating a cosmological
constant are also considered. A comparison of three theoret-
ical models with the recent observational data is performed in
Sect. 6. Finally, we discuss our results and conclude in Sect. 7.
In Appendix A we present the details of the calculation of
the connection coefficients of the Barthel–Randers geome-
try. The derivation of the standard Friedmann equations in
general relativity is presented, for the sake of comparison
with the Barthel–Randers theory, in Appendix B. The details
of the calculations of the curvatures and of the generalized
Friedmann equations are given in Appendix C.

2 The geometry of Finsler spaces, the Barthel
connection, and the Einstein gravitational field
equations

In the following sections we briefly introduce the basic prop-
erties of the conic Finsler spaces, and of the Barthel connec-
tion [111–113], which we will use to construct the Finslerian

model of gravitation. In our exposition we will closely follow
the approach developed in [114,115].

2.1 Finsler connection

Let us consider a geometrical structure (Mn, F
), which
consists of an n-dimensional manifold Mn equipped with a
Finsler connection F
 (see [117] for the general theory of
Finsler connections). We recall here that a Finsler connection
F
 of Mn is defined as a pair (
, N ) of a connection 
 in the
Finsler bundle F(M) of M and a nonlinear connection N in
the tangent bundle T M , where F(M) is the induced bundle
from the linear frame bundle L(M) by the projection of the
tangent bundle T (M).

Given a Finsler vector field X (x, y) its covariant deriva-
tives ∇h X and ∇vX are defined as

∇h X : Xi
| j = ∂Xi

∂x j
− ∂Xi

∂yr
Nr

j + Fi
r j X

r , (20)

∇vX : Xi | j = ∂Xi

∂y j
+ V i

r j X
r . (21)

The functions Fi
jk(x, y), Ni

j (x, y), and V i
jk(x, y) are

the connection coefficients, and F
 denotes the triad(
Fi
jk(x, y), N

i
j (x, y), V

i
jk(x, y)

)
. In the following we assume

that F
 satisfies the D-condition y j Fi
jk = Ni

k and the V1-

condition y j V i
jk = 0. Then the absolute differential of a

vector yi is given by

Dyi = dyi + Ni
j (x, y) dx j , (22)

while the absolute differential of a Finsler vector field
Xi (x, y) is obtained:

DXi (x, y)

= dXi+
(
Fi
jk(x, y)dx

k+V i
jk(x, y)dy

k
)
X j (x, y). (23)

2.2 An induced linear connection

If (M, F
) is a structure given by a smooth manifold M
and a Finsler connection F
, then observe that the Finsler
connection F
 is actually a connection on the tangent bundle
and not on the base manifold.

It is possible to construct an affine connection on the base
manifold M from (M, F
) by considering Y (x) a nowhere
vanishing vector field on M , provided such a vector field
exists. Of course, there are topological restrictions to the exis-
tence of an Y (x) �= 0 everywhere on a smooth manifold M .
Indeed, we can introduce a new structure (Mn, F
, Y (x)),
given by evaluating all geometrical objects of (M, F
) at
the tangent vector field Y (x). The connection form ω of the
connection 
 of F
 gives rise to the induced connection
form ω− on the linear frame bundle L(M), and we obtain the
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connection 
 (Y ) corresponding to ω−, which is called the lin-

ear Y -connection associated to F
 by Y (x). The connection
coefficients of 
i

jk of 
 (Y ) are written as


i
jk(x) = Fi

jk(x,Y ) + V i
jr (x,Y )Yr

k (x), (24)

where

Yr
k (x) = ∂Yr (x)

∂xk
+ Nr

k (x,Y ). (25)


(Y ) has a torsion tensor T̄ with components given by

T̄ i
jk(x) = T i

jk(x,Y ) + V i
jr (x,Y ) Yr

k (x) − V i
kr (x,Y ) Yr

j (x),

(26)

where T i
jk(x, y) = Fi

jk(x, y)−Fi
k j (x, y) are the components

of the (h)h-torsion tensor T of F
.
Given a Finsler tensor field K (x, y) we obtain an ordinary

tensor field K̄ (x) = K (x,Y ), which is called the Y -tensor
field. With respect to 
 (Y ), the covariant derivative ∇̄ K̄ is
given by

∇̄ K̄ : K̄ i
j |k = Ki

j |k (x,Y ) + Ki
j |r Y r

k (x), (27)

where

Ki
j |k := ∂Ki

j

∂xk
− ∂Ki

j

∂yr
Nr
k + Kr

j F
i
rk − Ki

r F
r
jk,

Ki
j |k := ∂Ki

j

∂yk
+ Kr

j V
i
rk − Ki

r V
r
jk,

are theh- andv-covariant derivatives, respectively (for details
see for instance [50, p. 44]).

The absolute differential DX of a tangent vector field
X (x) with respect to 
(Y ) is defined as DXi := dXi +

i

jk X
jdxk .

Observe that if F
 satisfies the D and V1 conditions, then
DY i = dY i + Ni

j (x,Y ) dx j = Y i
j (x)dx

j .

2.3 The Barthel connection

If (M, F) is a Finsler space, and Y (x) �= 0 on M , we
introduce now a specific structure (Mn, F(x, y),Y (x)), that
is, a Finsler space (Mn, F(x, y)) having a tangent vector
field Y (x). The fundamental function F(x, y) is also called
the length function, and it defines the length of a piece of
a smooth curve with directions in Cx , x = x(t) ∈ Mn ,
a ≤ t ≤ b, s (a, b) = ∫ ba F (x(t), ẋ (t)) dt , ẋ (t) ∈ Cx(t).

From the fundamental function F(x, y) we construct the
fundamental tensor ĝ(x, y) having the components

ĝi j (x, y) = 1

2

∂2F2

∂yi∂y j
, (28)

and the Cartan tensor C(x, y), with components

Ĉi jk = 1

2

∂ ĝi j (x, y)

∂yk
. (29)

The notion of Finsler metrics that we have recalled here
belong to the class of classic Finsler metrics, in other words,
at each point x ∈ M , the function Fx : TxM → R is a
function defined on the tangent space TxM of a differentiable
manifold M satisfying the following conditions:

(i) Fx is C∞ on T̃x M := TxM\{0},
(ii) Fx is 1-positive homogeneous: Fx (λy) = λFx (y), for

all λ > 0 and y ∈ TxM ,
(iii) for each x ∈ M , the Hessian matrix (28) is positive

defined in T̃x M .

At each point x ∈ M , the indicatrix {y ∈ TxM : Fx (y) =
1} is a closed, strictly convex, smooth hypersurface around
the origin of TxM .

A more general geometric notion is the concept of conic
Finsler metrics that is, Finsler norms defined only on a conic
domain of TxM . Let us recall that Ax ⊂ TxM is called a
conic domain of TxM if Ax is an open, non-empty subset of
TxM such that if v ∈ Ax , then λv ∈ Ax , for all λ > 0. We
remark that the origin of TxM does not belong to Ax except
for the case Ax = TxM .

We can now define a Finsler norm defined only on a conic
domain Ax ⊂ TxM with the properties (i)–(iii) given above
for all y ∈ Ax . At each point x ∈ M , the indicatrix Sx :=
{y ∈ Ax ⊂ TxM : Fx (y) = 1} is a hypersurface embedded
in Ax as a closed subset.

Let A ⊂ T M be an open subset of the tangent bundle
π : T M → M such that π(A) = M , and A is conic in T M ,
that is, for each x ∈ M , the set Ax := A ∩ TxM is a conic
domain in TxM .

A function F : A → R is called a conic Finsler metric if
its restriction Fx : Ax → R satisfies the conditions (i)-(iii)
above, for each x ∈ M . The local and global geometry of
conic Finsler spaces can be now developed in a similar way
with the case of classical Finsler metrics (see [119,120] and
the references therein).

The Finslerian metric ĝ(x, y) gives rise to the Y -Riemann
metric ĝY (x) = ĝ(x,Y ), provided Y is nowhere vanishing.

Next we recall the notion of generalized Cartan connection
C
(T ) = (Fi

jk, N
i
k, V

i
jk), where T is the (h) h-torsion T i

jk =
Fi
jk − Fi

k j .

Definition 1 Let (M, F) be a Finsler space. The N -linear
connection C
(T ) uniquely determined by the following
four conditions:

(C
(T )1) h-metrical,
(C
(T )2) v-metrical,
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(C
(T )3) (v)v-torsion S1 = 0, S1 := Sijk = V i
jk−( j |k),

(C
(T )4) Deflection D = 0, Di
j = yr Fi

r j −Ni
j , is called

a generalized Cartan connection, where ( j |k) means inter-
change of j and k in the preceding term.

If the torsion tensor T vanishes, then the generalized Cartan
connection reduces to the usual Cartan connection C
 =
(F̂ i

jk, N̂
i
j , Ĉ

i
jk), where

F̂ i
jk(x, y) = 1

2
ĝil
(

δĝlk
δx j

+ δĝl j
δxk

− δĝ jk

δxl

)

= γ̂ i
jk(x, y)−ĝsi

(
Ĉs jr N̂

r
k+Ĉskr N̂

r
j−Ĉ jkr N̂

r
s

)
,

(30)

γ̂ i
jk (x, y) = 1

2
ĝil (x, y)

(
∂ ĝlk (x, y)

∂x j
+ ∂ ĝl j (x, y)

∂xk

−∂ ĝ jk (x, y)

∂xl

)

, (31)

δ

δxi
= ∂

∂xi
− N̂ j

i (x, y)
∂

∂y j
,

N̂ i
j (x, y) = γ̂ i

jk (x, y) yk − Ĉi
jk γ̂

k
rs y

r ys,

Ĉi jk(x, y) = 1

2

∂ ĝi j (x, y)

∂yk
, Ĉi

jk = ĝil Ĉl jk .

We can now introduce the definition of the Barthel con-
nection as follows:

Definition 2 The linear Y -connection 
(Y ) associated to
the generalized Cartan connection C
(T ) is called the
Barthel connection B
∗(T ) = (bijk(x)).

The coefficients of the Barthel connection [114,116,117] are
given by

bijk(x) = Fi
jk (x,Y (x)) + V i

jr (x,Y (x)) Yr
k (x), (32)

while the components of the torsion tensor are given by

(
T (B)

)i

jk
(T ) =

[
T i
jk +

(
V i
jrY

r
k − V i

krY
r
j

)]

y=Y (x)
. (33)

In the case of the Cartan connection C
 defined above,
the associated Barthel connection has the coefficients

bijk(x) = F̂ i
jk (x,Y (x)) + Ĉi

jr (x,Y (x)) Yr
k (x), (34)

where

Yr
k (x) = ∂Yr (x)

∂xk
+ N̂ r

k (x,Y ),

with torsion
(
T (B)

)i

jk
=
[(

Ĉi
jr Y

r
k − Ĉi

krY
r
j

)]

y=Y (x)
.

Remark 1 Let us remark that the functions (34) are indeed
the coefficients of an affine connection because they obey the
right transformation laws with respect to a coordinate change
on M .

Remark 2 Observe that the Barthel connections with coeffi-
cients given by Eqs. (32) and (34) are different in the sense
that they are induced by the generalized Cartan connection
C
(T ) with torsion T and the usual Cartan connection C


with vanishing torsion T = 0, respectively. Strictly speak-
ing, the Barthel connection in (32) should be called T -Barthel
connection, and (34) should be called (T = 0)-Barthel con-
nection, but for the sake of simplicity we call both of them
Barthel connection. In the rest of this paper, the naming
Barthel connection always indicates (T = 0)-Barthel con-
nection (34).

2.4 The (α, β) metrics

Let (M, F (α, β)) be a Finsler space with an (α, β) metric
F (α, β), where F(α, β) is a positively homogeneous func-
tion of first degree in two variables (α, β). Here, α is a Rie-

mannian metric
√
ai j (x)yi y j , and β is a differential form

β = Ai (x)yi . If the Hessian matrix ĝi j (x, y) = 1
2

∂2F2

∂yi ∂y j is
positive definite, then (M, F) is a classical Finsler space.

Denoting L = F2/2, we obtain for the fundamental met-
ric tensor and the Cartan tensor C the expressions

ĝi j (x, y) = Lα

α
hi j + Lαα

α2 yi y j + Lαβ

α

(
yi A j + y j Ai

)

+Lββ Ai A j (35)

and

2Ĉi jk = Lαβ

α

(
hi j pk + h jk pi + hki p j

)+ Lβββ pi p j pk,

(36)

respectively (see for instance [115, p. 47]), where

hi j := α
∂2α (x, y)

∂yi∂y j
= ai j − yi y j

α2 ,

yi = ai j y
j , pi = Ai − β

α2 yi ,

the indices α, β of L indicate partial differentiation with
respect to α and β, and hi j (x, y) is the angular metric of the
Riemannian space (M, α), respectively.

Remark 3 In the case of the Randers and Kropina metrics,
F = α + β and F = α2

β
, respectively, the Cartan torsion

tensor is C-reducible, namely

Ĉi jk = 1

L (x, y)

1

n + 1

(
hi jCk + h jkCi + hkiC j

)
, (37)
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where Ck := ĝi j Ĉi jk (for details in the Randers case see for
instance [50, p. 291]).

2.5 The osculating Riemannian metric

In this section we will introduce the osculating Riemannian
metric associated to a Finsler metric (M, F).

As mentioned already, the fundamental geometrical objects
of Finsler geometry are defined on the total space T M of the
tangent bundle πM : T M → M regarded as 2n-dimensional
differentiable manifold with the canonical coordinates (x, y).
Here x = (xi ) and y = (yi ) are obviously independent vari-
ables. For instance ĝi j : T M\O → R, where O denotes the
zero section of the tangent bundle.

On the other hand, since πM : T M → M is a fiber bundle,
we can consider a local section Y : U → TU , whereU ⊂ M
is an open neighborhood on M such that Y (x) �= 0, for all
x ∈ U . We have πM (Y (x)) = x on U .

If we fix such a local section Y of πM : T M → M ,
all geometrical objects defined on the manifold T M can be
pulled back to M , for instance ĝi j ◦ Y is a function on U ,
hence we can define

ĝi j (x) := ĝi j (x, y)|y=Y (x), x ∈ U. (38)

The pair (U, ĝi j ) is a Riemannian manifold and this ĝi j
is called the Y -osculating Riemannian metric associated to
(M, F).

The Christoffel symbols of the first kind of the osculating
Riemannian metric (38) are defined as

γ̂i jk(x) := 1

2

(
∂

∂x j

[
ĝik(x,Y (x))

]+ ∂

∂xk
[
ĝi j (x,Y (x))

]

− ∂

∂xi
[
ĝ jk(x,Y (x))

]
)

and by using the derivative law of composed functions we
get

γ̂i jk(x) = γ̂i jk(x, y)
∣
∣
y=Y (x)

+ 2

(

Ĉi jl
∂Y l

∂xk
+ Ĉikl

∂Y l

∂x j
− Ĉ jkl

∂Y l

∂xi

)∣∣
∣
∣
y=Y (x)

.

(39)

If Y is a non-vanishing global section of T M , i.e. Y (x) �=
0, for all x ∈ M , then we can define the osculating Rie-
mannian manifold (M, ĝi j ). However, observe that the exis-
tence of globally non-vanishing sections of T M depends
on the topology of M . For instance in the case of a 2-
dimensional sphere, such sections do not exist. It is known
that all noncompact manifolds admit non-vanishing global
vector fields. Compact manifolds admit non-vanishing global
vector fields if and only if the Euler characteristic vanishes

(see for instance [118, p. 207]). We will always assume that
non-vanishing global vector fields exist on our differential
manifold M .

With the assumption above, in the case of an (α, β)-metric,
let us consider the vector field Y = A having the components
Ai = ai j A j . The vector field A being globally non-vanishing
on M is equivalent with the fact that β has no zero points.
With these notations, we consider the A-osculating Rieman-
nian manifold (M, ĝi j ), where ĝi j (x) := ĝi j (x, A).

By denoting by ã the length of A with respect to α, we
have ã2 = Ai Ai = α2 (x, A), Yi (x, A) = Ai , and the A-
Riemannian metric takes the form

ĝi j (x) = Lα

ã

∣
∣
∣
∣
y=A(x)

ai j

+
(
Lαα

ã2 + 2
Lαβ

ã
+ Lββ − Lα

ã3

)∣∣
∣
∣
y=A(x)

Ai A j .

(40)

Furthermore, we have β (x, A) = ã2, pi (x, A) = 0, and
consequently from Eq. (36) it follows that Ĉi jk (x, A) = 0.
Moreover, Eq. (33) indicates that the torsion T (B) vanishes.

On other hand, in the case of Y = A, observe that (30)
implies

bijk(x) = F̂ i
jk(x, y)

∣
∣
∣
y=A(x)

= γ̂ i
jk(x, y)

∣
∣
∣
y=A(x)

,

and, furthermore, from (39) we get

γ̂i jk(x) = γ̂i jk(x, y)
∣
∣
y=A(x) .

Hence, we obtain the fundamental result that for a Finsler
space with (α, β)- metric the linear A-connection associ-
ated to the Cartan connection by A = (ai j A j ), that is, the
Barthel connection is the Levi-Civita connection of the A-
Riemannian space.

Remark 4 The result above also results by observing that
Ĉi jk (x, A) = 0 implies that the Riemannian metric (38)
is metrical with respect to the Barthel connection and that
the torsion of the Barthel connection vanishes. The funda-
mental Theorem of Riemannian geometry implies that the
Barthel connection is the Levi-Civita connection of the A-
Riemannian space.

2.6 The definition of the curvature

We have seen already in Sect. 2.3 that the Barthel connection
is an affine connection on M with the local coefficients (34).
Indeed, it can be seen that the torsion tensor of the Barthel
connection is

T i
jk = bijk − bik j = Ci

jr

∣
∣
∣
y=Y (x)

Yr
k − Ci

kr

∣
∣
∣
y=Y (x)

Yr
j ,
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where we have used the result that the (h)h-torsion of the
Cartan connection vanishes.

The Barthel connection is gY -metrical, since the general-
ized Cartan connection C
(T ), as well as the Cartan con-
nection C
, are g-metrical, see Definition 1, for (C
(T )1)

and (C
(T )2), respectively. Indeed, the covariant derivative
of ĝ(x) with respect to the Barthel connection, i.e.,

ĝi j;k = ∂ ĝi j (x)

∂xk
− blik ĝl j − bljk ĝli , (41)

after some elementary computations, can be written as

ĝi j;k = [gi j |k(x, y) + gi j |r (x, y)Yr
k

]
y=Y (x) = 0, (42)

where “ |” and “|” are the horizontal and vertical covariant
derivatives with respect to the Cartan connection C
.

Remark 5 The Barthel connection coefficients can be written
as

bijk(x) =
[
γ i
jk − Ci

jr N
r
k − Ci

kr N
r
j + C jkr N

r
s g

si
]∣∣
∣
y=Y (x)

+Ci
jr

∣
∣
∣
y=Y (x)

Yr
k (x). (43)

The curvature of the Barthel connection can be defined as
the curvature of any affine connection. By using Eq. (43),
after some long but not complicated computations, it can be
seen that the curvature tensor of the Barthel connection can
be written as

R̂ i
j km(x) =

[

R i
j km +

(
P i
j ksY

s
m − P i

j msY
s
k

)

+S i
j rsY

r
k Y

s
m

]

y=Y (x)

, (44)

where R i
j km, P i

j km, S i
j km are the local coefficients of the

curvature of Cartan connection C
 (see also [115, p. 43]).

Remark 6 If we denote

Ri jkh = g js R
s
i kh; Pi jkh = g js P

s
i kh; Si jkh = g js S

s
i kh,

then it is well-known that the curvature tensors of Cartan
connection C
(N ) have the properties:
{
Ri jhk + R jihk = 0,

Ri jkh + Ri jhk = 0,
; Pi jhk + Pjihk = 0,

{
Si jkh + S jikh = 0,

Si jkh + Si jhk = 0.

From the Ricci identities (see for instance [117, p. 82])
we get
⎧
⎪⎨

⎪⎩

R i
s hk y

s = Ri
hk; Pi jk = Ci jk|r yr ,

P i
s hk y

s = Pi
hk;

∑
(i jk) Ri jk = 0,

S i
s hk y

s = 0,

where
∑

(i jk) means the cyclic sum for (i, j, k).

For the Barthel connection curvature tensor R̂ i
j km we

denote

R̂i jkh := ĝ js R̂
s
i kh =

[

Ri jkh + (Pi jksY s
h − Pi jhsY

s
k

)

+Si jrsY
r
k Y

s
h

]

y=Y (x)

, (45)

and hence we have

R̂i jkh = −R̂ j ikh .

The Ricci tensors of the Barthel connection can be defined
as

R̂ jk(x) := R̂ i
j ik .

Moreover, on the Riemannian osculator space (M, ĝ) we
can define the Ricci scalar of the Barthel connection by

R̂ = ĝi j R̂i j .

The absolute differential of Y with respect to the Barthel
connection is

DY i = dY i + Y kbikh(x)dx
h, (46)

where bikh(x) are the Barthel connection coefficients.
The covariant derivative of Y with respect to the Barthel

connection is given by

Y i
; j (x) = ∂Y i (x)

∂x j
+ bik j (x)Y

k(x). (47)

The vector fieldY i (x) is a parallel vector field with respect
to the Barthel connection if Y i

; j (x) = 0, that is,

∂Y i (x)

∂x j
= −bik j (x)Y

k(x). (48)

In the case the vector field Y (x) is parallel with respect
to the Barthel connection induced by the Cartan connection
C
 = (F̂ i

jk, N̂
i
j , Ĉ

i
jk), Eq. (34) simplifies to

bijk(x) = γ̂ i
jk (x,Y (x))−γ̂ r

js (x,Y (x)) Y s(x)Ĉi
rk (x,Y (x)) .

(49)

Let us observe that the original definition (32) of the
Barthel connection show that this is an affine connection on
the base manifold M . On the other hand, the right hand side
of the formula (49) suggests that in the case when Y is paral-
lel with respect to the Barthel connection, we can define on
the tangent bundle T M the functions

bi
jk(x, y) := γ̂ i

jk (x, y) − γ̂ r
js (x, y) ysĈi

rk (x, y) , (50)
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and hence

bijk(x) = bi
jk(x,Y (x)). (51)

Therefore, Eq. (48) can be written as

∂Y i (x)

∂x j
= −bi

k j (x, Y (x))Y k(x). (52)

By taking the derivative of Eq. (52) we immediately find

∂2Y i (x)

∂xl∂xk
=
[

− ∂bi
jk (x, y)

∂xl

∣
∣
∣
∣
y=Y (x)

+∂bi
jk (x, y)

∂ys

∣
∣
∣
∣
y=Y (x)

bs
pl (x,Y (x)) Y p(x)

+bi
rk (x,Y (x)) br

jl (x,Y (x))

]

Y j (x) . (53)

Thus,

∂2Y i (x)

∂xl∂xk
− ∂2Y i (x)

∂xk∂xl
= R̂i

jkl (x,Y (x)) Y j (x) , (54)

where (see also [116])

R̂i
jkl (x, Y (x)) = ∂bijl (x, Y (x))

∂xk
− ∂bijk (x, Y (x))

∂xl

+
[

∂bijk (x, y)

∂ys
bspl (x, y) − ∂bijl (x, y)

∂ys
bspk (x, y)

]

y=Y (x)

Y p(x)

+
[
birk (x, y) brjl (x, y) − birl (x, y) b

r
jk (x, y)

]

y=Y (x)
(55)

is precisely the curvature tensor of the Barthel connection
for the parallel vector field Y (x), and it can be checked that
indeed R̂i

jkl (x,Y (x)) Y j (x) = 0.

2.7 The gravitational Einstein equations

The contractions of the curvature tensor lead to the gener-
alized Ricci tensor, and Ricci scalar, respectively, given by

R̂ jk = R̂i
j ik, R̂i

j = ĝik R̂k j (56)

and

R̂ = R̂i
i , (57)

respectively.
Wepostulate that theEinstein gravitational field equations

can be formulated in a Barthel geometry as

R̂ jk − 1

2
ĝ jk R̂ = κ2T̂ jk, (58)

where κ2 = 8πG/c4 is a constant, with G and c denoting
the Newtonian gravitational constant, and the speed of light,
respectively, and T̂ jk is the matter energy-momentum ten-
sor, constructed with the help of the usual thermodynamic
quantities, and of the Finslerian metric tensor ĝik .

3 Geometry of the osculating Barthel–Randers space

In the following we will investigate the physical implications
of the generalized gravitational type equations (58) by assum-
ing that the length function F (x, y) is given by a Randers
[54] type form,

F (x, y) =
√

ε gi j (x)yi y j + Ak(x)y
k = α (x, y)+β(x, y),

(59)

where gi j (x) = g ji (x) is a Riemannian metric, Ak(x) is an
arbitrary vector field,

α (x, y) =
√

ε gi j (x)yi y j , (60)

and

β(x, y) = Ak(x)y
k, (61)

respectively. Also, ε = ±1 for a time-like/space-like vector
yi , respectively.

3.1 Geometric quantities

As a first step in constructing the generalized Einstein equa-
tions for the Barthel connection we need to calculate the
components of the Finslerian metric tensor ĝi j (x), given by
[121,122]

ĝi j (x, y) = F

α
hi j +

(
Ai + ε

yi
α

) (
A j + ε

y j
α

)
, (62)

where

hi j = ε gi j (x) − yi
α

y j
α

(63)

is the angular metric of the Riemannian space (M, α), yi =
gi j y j , and Ai = gi j A j . Moreover, we denote A2(x) =
gi j (x)Ai (x)A j (x) = Ai Ai , while the relation between the
determinants of ĝi j (x, y) and gi j (x) is given by the relation
det ĝi j (x, y) = (F/α)n+1 det gi j (x). For the inverse of the
Finsler metric tensor we obtain
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ĝi j (x, y) = ε α

F
gi j (x)−ε α

F2

(
Ai y j+A j yi

)

+ A2ε α + β

F3 yi y j . (64)

But, as we have shown in the previous section, in the case
of the Barthel connection of a Finsler space with Randers
type (α, β) metric we are considering Ci

jk(x, A) = 0. It is
important to note that for a Finsler metric the Cartan tensor
depends on (x, y). This means that the components of the
Cartan tensor in other tangent directions different from Ai

are obviously non-vanishing, and for y �= A the considered
(α, β) metric has no reason to be Riemannian everywhere.

Explicitly, from (39), we obtain the Christoffel symbols
of the first kind as

γ̂i jk(x)

=
[

ε

(

1 + β

α

)


i jk(x) − 1

2

(
∂Am

∂xi
l̃m − ε

β

α

nni

)

h jk

+1

2

(
Mi jk + Mik j

)

+2

(

Ĉi jl
∂Y l

∂xk
+ Ĉikl

∂Y l

∂x j
− Ĉ jkl

∂Y l

∂xi

)]

y=Y (x)

, (65)

where

Mi jk =
(

∂Am

∂xk
l̃m − ε

β

α

nnk

)

hi j + (
 jnk + 
njk
)
ξi

− (
kni + 
nki ) ξ j + (
in j + 
ni j
)
ξk

−ε
nnk

(
l̃iξ j + l̃ jξi

)

+ε
nni l̃ jξk + ∂A j

∂xk

(
Ai + εl̃i

)

+
(

∂Ai

∂xk
− ∂Ak

∂xi

)

A j + ε

(
∂Ai

∂xk
− ∂Ak

∂xi

)

l̃ j , (66)

and

l̃i := yi
α

, yi := gi j (x)y
j , (67)

ξi := εAi − β

α
l̃i , (68)


nnj := 
st j l̃
s l̃ t = 
st j

ys

α

yt

α
, (69)

respectively. Here 
i jk(x) are the first kind Christoffel sym-
bols of the Riemannian metric gi j (x), and hi j is the angular
metric (63). The full details of the derivation of Eq. (65) are
presented in Appendix A.

In the following we will consider a particular model of the
Barthel–Randers geometry, based on a specific choice of the
vector Y i .

3.2 The model Y i = Ai

In the present Barthel–Randers type geometrical model we
substitute the vector y by yi = Y i = Ai , so that the Finslerian

metric tensor becomes ĝi j (x, y) = ĝi j (x, A(x)). Moreover,
we normalize the vector A(x) so that α2 = ε gi j (x)Ai A j =
ε A2, α = √

ε A2, β = A2 = ε α2, and F (x, A(x)) =
α (x, A(x)) + ε α (x, A(x))2. Hence for the Finsler metric
tensor we find

ĝi j (x, A(x)) = (ε + α)

[

gi j (x) + 1

α
Ai (x)A j (x)

]

, (70)

while for the inverse of the metric tensor we obtain

ĝi j (x, y) = 1

ε + α

[

gi j (x) − ε

α (ε + α)
Ai (x)A j (x)

]

.

(71)

Lemma 1 Let (M, F = α + β) be a Randers space with
α2 = εgi j (x)yi y j and β = Ai (x)yi . In the case yi =
Ai (x) = gi j (x)A j , we have

1. Ĉi jk(x, y)|y=A(x) = 0
2. ξi |y=A(x) = 0.

This result follows from the obvious relation[
εA j − (β/α)

(
y j/α

)] |y j=A j (x) = 0. Therefore, we directly
arrive at the important result that the Barthel connection of
the L = α + β metric, with β = Ak yk , coincides with the
Levi-Civita connection for ĝi j (x, A(x)).

Hence for the components of the Barthel connection we
obtain the expressions

γ̂i jk(x) = (ε + α) 
i jk(x)

− ε

2α

(
∂Am

∂xi
Am − ε

β

α2 
sti A
s At
)(

g jk(x) − 1

A2 A j Ak

)

+ 1

2

(Mi jk + Mik j
)
,

(72)

where

Mi jk = ε

α

(
∂Am

∂xk
Am − ε

β

α2 
stk A
s At
)(

gi j (x) − 1

A2 Ai A j

)

+α + ε

α

[
∂A j

∂xk
Ai +

(
∂Ai

∂xk
− ∂Ak

∂xi

)

A j

]

(73)

and

bihk(x) = ĝil (x, A) γ̂lhk (x, A) , (74)

respectively. Vanishing of Ĉi jk(x, A(x)) means that the Fins-
lerian metric becomes A-Riemannian in this case.
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4 Cosmological evolution in Barthel–Randers geometry

We assume now for the Riemannian metric in the Barthel–
Randers length function L = α + β the flat and isotropic
Friedmann–Lemaitre–Robertson–Walker form, in which the
interval ds between two neighboring points in the space-time
manifold with coordinates

(
x0 = ct, x1 = x, x2 = y, x3 = z

)

is given by

ds2 =
(

dx0
)2 − a2

(
x0
) (

dx2 + dy2 + dz2
)

, (75)

where a2
(
x0
)

is the cosmological scale factor. In the next
sections we use the Landau–Lifshitz metric conventions
[123]. Hence the non-vanishing components of the Rieman-
nian metric tensor gI J , I, J ∈ {0, 1, 2, 3}, are given by
gI I = (1,−a2

(
x0
)
,−a2

(
x0
)
,−a2

(
x0
))

.
In the following we denote by a dot the derivative with

respect to the cosmological time t , and by a prime the deriva-

tive with respect to the coordinate x0, namely a′ = da

dx0 =
da

dt

dt

dx0 = 1

c

da

dt
= 1

c
ȧ.

4.1 Brief review of standard cosmology

Due to the assumed homogeneity of the space-time, all phys-
ical and geometrical quantities can be only functions of the
cosmological time t . We also suppose that the matter content
of the Universe can be described as a barotropic fluid, char-
acterized by two thermodynamic parameters, the pressure p
and the density ρ, obeying the equation of state p = p(ρ).
Hence the matter energy-momentum tensor is given by

TAB =
(
ρc2 + p

)
uAuB − pgAB, (76)

where uA are the components of the four-velocity of the cos-
mological fluid. Usually one adopts a frame comoving with
the cosmological matter, which fixes the components of the
four-velocity as uA = (1, 0, 0, 0). Hence the components of
the energy-momentum tensor become

T A
A =

(
ρc2,−p,−p,−p

)
. (77)

Moreover, we introduce the Hubble functions H(t) and
H
(
x0
)
, defined by

H(t) = ȧ(t)

a(t)
(78)

and

H
(
x0
)

= a′ (x0
)

a
(
x0
) = 1

a
(
x0
)

da
(
x0
)

dx0 = 1

c
H(t), (79)

respectively.
In standard general relativity the Riemannian metric ten-

sor gAB , which encodes all the properties of the gravitational
field, satisfies the Einstein equations [45,123],

RAB − 1

2
gAB + �gAB = κ2TAB, (80)

where � is the cosmological constant.
In the case of the cosmological metric (75), the Einstein

gravitational field equations reduce to the celebrated Fried-
mann equations, representing the theoretical foundations of
modern cosmology, and which are given by [45]

3H2(t) = 8πGρ(t) + �c2, (81)

and

2Ḣ(t) + 3H2(t) = −8πG

c2 p(t) + �c2, (82)

respectively.
The derivation of the geometric part of the Friedmann

equations is presented in detail in Appendix B. Equations (81)
and (82) did predict the existence of the large scale expansion
of the Universe, and of the cosmological singularity.

To describe the dynamical nature of the cosmological evo-
lution we introduce the deceleration parameter q, defined as

q = d

dt

1

H
− 1 = − Ḣ

H2 − 1. (83)

Positive values of q indicate a decelerating expansion,
while for q < 0 the expansion of the Universe is accelerating.
To facilitate the comparison of the theoretical predictions of
the cosmological Barthel–Randers models with the cosmo-
logical observations, we introduce as independent variable
the redshift z, defined as

1 + z = 1

a
. (84)

In the above definition we have normalized the scale factor
according to the relation a(0) = 1. Hence the derivatives
with respect to the time can be replaced in the cosmological
models with the derivatives with respect to z , by taking into
account the relation

d

dt
= dz

dt

d

dz
= −(1 + z)H(z)

d

dz
. (85)
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In terms of z the deceleration parameter q is given by

q(z) = (1 + z)
1

H(z)

dH(z)

dz
− 1. (86)

We also assume that the cosmological matter satisfies a
linear barotropic equation of state of the form p = (γ −
1)ρc2, where γ is a constant, and 1 ≤ γ ≤ 2.

Recently, especially due to the study of the Cosmic
Microwave Background Radiation by the Planck satellite
[76,77], a large number of high precision cosmological data
have been obtained, which have drastically modified our
views on the Universe. In the following we adopt the sim-
plifying hypothesis that the matter content of the late Uni-
verse contains only dust matter only. Therefore the matter
in the present day Universe has negligible thermodynamic
pressure. Hence, the energy conservation equation

ρ̇ + 3H
(
ρ + p

c2

)
= 0, (87)

of standard cosmology gives for the time variation of the
energy density of the dust matter with p = 0 the simple
expression ρ = ρ0/a3 = ρ0(1 + z)3, where ρ0 is the present
day matter density. The time evolution of the Hubble function
is given, as a function of the scale factor, by [45]

H = H0

√
(�b + �DM ) a−3 + ��, (88)

where by �b, �DM ,and �� we have denoted the density
parameters of the baryonic matter, of the cold (pressureless)
dark matter, and of the dark energy (modeled by a cosmo-
logical constant), respectively, while H0 is the present day
value of the Hubble function. The three density parameters
obey the relation �b + �DM + �� = 1, which shows that
the geometry of the Universe is flat.

The deceleration parameter of standard general relativistic
cosmology is given by

q(z) = 3(1 + z)3 (�DM + �b)

2
[
�� + (1 + z)3 (�DM + �b)

] − 1. (89)

In order to compare the predictions of the Barthel–Randers
type cosmological models with observations for the matter
density parameters we adopt the values �DM = 0.2589,
�b = 0.0486, and �� = 0.6911, respectively, which fol-
low from the Planck data [77]. The total matter density
parameter �m = �DM + �b has then the numerical value
�m = 0.3089. With the help of the density parameters we
obtain for the present day value of the deceleration parame-
ter the value q(0) = −0.5381, which indicates that presently
the Universe is in an accelerating phase.

The mathematical representation of the Friedmann equa-
tions can be significantly simplified by introducing a set of

dimensionless variable (τ, h, r, P, λ, ), given by

τ = H0t, H = H0h, ρ = H2
0

8πG
r, p = c2H2

0

8πG
P, λ = �c2

H2
0

,

(90)

where H0 is the present day value of the Hubble function.
The Hubble function can be obtained in a dimensionless form
as a function of the redshift as H(z) = H0h(z), with

h(z) =
√

(�DM + �b) (1 + z)3 + ��. (91)

The Friedmann equations take the dimensionless form

3h2 = r + λ, 2
dh

dτ
+ 3h2 = −P + λ. (92)

4.2 Cosmology of the Barthel–Randers model

In order to investigate the cosmological implications of the
Barthel–Randers geometry, given by the Barthel–Randers
model, we assume that the Riemannian metric gi j (x) is given
by the Friedmann–Lemaitre–Robertson–Walker metric (75).

In order to simplify the mathematical formalism, and to
obtain a clear physical interpretation of the results, we adopt
the following approximations:

(a) The components of the Finsler metric are functions of x0

only.
We adopt the cosmological principle that requires the
homogeneity of the Universe, which implies that the geo-
metrical and physical properties of the Universe depend
globally and on the large scale on the cosmological
time only. The cosmological homogeneity assumption
requires that AI = AI

(
x0
)
.

(b) The space-like components of A vanish.
The homogeneity of the Universe as well as the diago-
nal nature of the metric imposes another mathematical
condition on the components of the vector A, namely,
the requirement that its space-like components vanish,
A1 = A2 = A3 = 0. If this condition does not hold
we can perform a spatial rotation, and then we obtain
a preferred direction, for example in the x coordinates.
Such a behavior would contradict the large scale spatial
isotropy of the Universe. Hence in the present model we
assume that the vector A is characterized by one inde-
pendent component only, A0

(
x0
)
. As a result, we define

the one-form field as

(AI ) = (a
(
x0
)

η
(
x0
)

, 0, 0, 0) = (AI ). (93)

(c) A frame comoving with matter does exist.
We will assume that, similarly to the Riemannian geo-
metric case, we can introduce in the Barthel–Randers
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geometry a comoving frame in which observers move
along with the Hubble flow, defined by the metric gi j (x).

(d) Thermodynamic properties.
We also infer that the properties of the cosmological
matter can be described by two thermodynamical quan-
tities only, the energy density ρc2, and the thermody-
namic pressure p, respectively, defined in the usual way.
Assumptions (c) and (d) allow us to define the compo-
nents of the matter energy-momentum tensor as T̂ 0

0 =
ρc2, and T̂ A

A = −p, respectively.

From the above assumptions it follows:

(i) ε = 1;

(ii)
∂AI

∂x J
− ∂AJ

∂x I
= 0;

(iii) (gI J ) =

⎛

⎜
⎜
⎝

1 0 0 0
0 −a2

(
x0
)

0 0
0 0 −a2

(
x0
)

0
0 0 0 −a2

(
x0
)

⎞

⎟
⎟
⎠ ;

(iv) α|y=A(x) = a
(
x0
)
η
(
x0
)
;

(v) β|y=A(x) = [a (x0
)
η
(
x0
)]2

;

(vi) (hI J |y=A(x)) =

⎛

⎜
⎜
⎝

0 0 0 0
0 −a2

(
x0
)

0 0
0 0 −a2

(
x0
)

0
0 0 0 −a2

(
x0
)

⎞

⎟
⎟
⎠ ;

where I, J ∈ {0, 1, 2, 3}, and hI J (x, y) := gI J − yI
α

yJ
α

is
the angular metric of (M, α).

From the above results, it turns out that the Finsler metric
is diagonal. This fact follows naturally from the construction
of the Randers metric. In this way we conserve in the Fins-
lerian extension of general relativity one of the essential fea-
tures of the cosmological Friedmann–Lemaitre–Robertson–
Walker metric (75).

In the following we denote

φ
(
x0
)

:= 1 + a
(
x0
)

η
(
x0
)

, (94)

from which we obtain

φ′ (x0
)

= a
(
x0
) [

η′ (x0
)

+ H
(
x0
)

η
(
x0
)]

. (95)

Lemma 2 (a) The non-vanishing components of ĝI J are

ĝI J =

⎧
⎪⎨

⎪⎩

ĝ00 = [1 + a
(
x0
)
η
(
x0
)]2 = φ2

(
x0
)
,

ĝi j = −a2
(
x0
) [

1 + a
(
x0
)
η
(
x0
)]

= −a2
(
x0
)
φ
(
x0
)
δi j .

(96)

(b) The non-vanishing components of ĝ I J are

ĝ I J =
⎧
⎨

⎩

ĝ00 = 1

[1+a(x0)η(x0)]2 = 1
φ2(x0)

,

ĝi j =− 1
a2(x0)[1+a(x0)η(x0)]δ

i j =− 1
a2(x0)φ(x0)

δi j ,

(97)

where δi j is the Kronecker delta symbol, δi j is the inverse of
δi j , and i, j ∈ {1, 2, 3}.

4.3 The generalized Friedmann equations

After establishing the basic geometrical foundations of the
Barthel–Randers cosmology, we can proceed now to derive
the cosmological evolution equations of the theory. For the
Christoffel symbols of the first kind we obtain

γ̂I J K (x) = (1 + aη)
I J K

− 1

2aη

(
∂AM

∂x I
AM − 
ST I A

S AT
)

hJK

∣
∣
∣
∣
y=A(x)

+ 1

2
(MI J K + MI K J ) ,

(98)

where

MI J K = 1

aη

(
∂AM

∂xK
AM − 
ST K AS AT

)

hI J

∣
∣
∣
∣
y=A(x)

+ aη + 1

aη

[
∂AJ

∂xK
AI +

(
∂AI

∂xK
− ∂AK

∂x I

)

AJ

]

.

(99)

The choice y = A(x) implies


nnI (x, y)|y=A(x) = 0, I ∈ {0, 1, 2, 3}; (100)

see Lemma C1. Moreover, we get

M000 = (1 + aη)(aη)′, (101)

and thus

M000 = (1 + aη)(a′η + aη′) = a(1 + aη)(η′ + Hη),

M0i j = 0, i, j ∈ {1, 2, 3}. (102)

By substituting the adopted expression of the one-form
field into Eq. (98), one obtains

γ̂000 = (1 + aη)(a′η + aη′) = a(1 + aη)(η′ + Hη). (103)

Hence all the components of γ̂i jk can be obtained by means
of the following.
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Lemma 3 The non-vanishing components of γ̂I J K (x) are

γ̂000 = a(1 + aη)(η′ + Hη) = φφ′,

γ̂0i j = −γ̂i0 j = −γ̂i j0 = a2

2

[
aη′ + (2 + 3aη)H

]
δi j

= a2

2

(
φ′ + 2φH

)
δi j .

Lemma 4 The non-vanishing components of the Christoffel
symbols of the second kind of the osculating Riemannian
metric are

γ̂ A
BC =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

γ̂ 0
00 = a

(1 + aη)
(η′ + Hη) = φ′

φ
,

γ̂ 0
i j = a2

2(1 + aη)2

[
aη′ + (2 + 3aη)H

]
δi j

= a2

2φ2

(
φ′ + 2φH

)
δi j ,

γ̂ i
0 j = 1

2(1 + aη)

[
aη′ + (2 + 3aη)H

]
δij

= 1

2φ

(
φ′ + 2φH

)
δij .

(104)

4.3.1 The curvature tensors

We will compute now the components of the Ricci tensor.
The curvature tensor of an affine connection with local coef-
ficients

(

A
BC (x)

)
is given by

RA
BCD = ∂
A

BD

∂xC
− ∂
A

BC

∂xD
+ 
E

BD
A
EC − 
E

BC
A
ED. (105)

The Barthel connection with local coefficients
(
bABC (x)

)

is an affine connection, and hence its curvature tensor must be
given by the above formula, with

(

A
BC (x)

) = (bABC (x)
)
. As

we have already discussed in detail, in the case of the Randers
metric F = α+β, the Barthel connection coincides with the
Levi-Civita connection of the osculating metric ĝAB(x) =
gAB (x, A(x)), where AI (x) are the components of β, and
gAB is the fundamental tensor of F . Hence, since bABC =
γ̂ A
BC , where γ̂ A

BC are the Levi-Civita coefficients, we obtain
for the curvature tensors the expressions

R̂ A
BCD = ∂γ̂ A

BD

∂xC
− ∂γ̂ A

BC

∂xD
+ γ̂ E

BD γ̂ A
EC − γ̂ E

BC γ̂ A
ED (106)

and

R̂BD =
∑

A

[
∂γ̂ A

BD

∂x A
− ∂γ̂ A

BA

∂xD
+
∑

E

(
γ̂ E
BD γ̂ A

E A − γ̂ E
BAγ̂ A

ED

)
]

,

(107)

respectively, where A, B,C, D, E ∈ {0, 1, 2, 3}. For details
of the definitions of the affine connections and of the curva-
ture tensors see [127].

From this we obtain the non-vanishing components of the
Ricci tensor R̂AB in the Barthel–Randers geometry as

R̂00 = −3H′ − 3H2 − 3

2

φ′′

φ
+ 9

4

φ′2

φ2 (108)

and

R̂i j = a2

2φ2

[

φ′′ − φ′2

2φ
+ 2

(
H′ + 3H2

)
φ + 4Hφ′

]

δi j ,

(109)

respectively. See Appendix C for the computations of these
Ricci curvatures.

From a mathematical point of view, observe that the
derivatives of φ do also include H, hence, it is possible to
rewrite Eqs. (108) and (109) as

R̂00 = −3(3φ − 1)

2φ

(
H′ + A1H2 + A2H + A3

)
, (110)

where

A1 := 3φ2 + 4φ − 3

2φ(3φ − 1)

A2 := − (φ − 1)(φ − 3)

φ(3φ − 1)
· η′

η

A3 := (φ − 1)

(3φ − 1)

[
η′′

η
− 3

2

(φ − 1)

φ

(
η′

η

)2
]

,

(111)

and

R̂i j = (φ − 1)2(3φ − 1)δi j

2φ2η2

(
H′ + B1H2 + B2H + B3

)
,

(112)

where

B1 := 21φ2 − 8φ − 1

2φ(3φ − 1)

B2 := (φ − 1)(5φ + 1)

φ(3φ − 1)
· η′

η

B3 := (φ − 1)

(3φ − 1)

[
η′′

η
− (φ − 1)

2φ

(
η′

η

)2
]

,

(113)

respectively, provided φ �= 0, 3φ − 1 �= 0, everywhere.
For the Ricci scalar we find

R̂ = − 1

φ2

(

6H′ + 12H2 + 3
φ′′

φ
− 3

φ′2

φ2 + 6Hφ′

φ

)

. (114)
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4.3.2 The generalized Friedmann equations

Now, we can obtain the generalized Friedman cosmological
evolution equations as

3H2 = 8πGφ2ρ − 3

4

φ̇2

φ2 − 3H
φ̇

φ
(115)

and

2Ḣ + 3H2 = −8πG

c2 φ2 p − φ̈

φ
+ 5

4

φ̇2

φ2 − H
φ̇

φ
, (116)

respectively.
From the above equations we immediately obtain

Ḣ = −4πGφ2
(
ρ + p

c2

)
− φ̈

2φ
+ φ̇2

φ2 + H
φ̇

φ
. (117)

Equation (115) can be reformulated as

3

(

H + φ̇

2φ

)2

= 8πGφ2ρ. (118)

By denoting

H̃ = H + φ̇

2φ
, (119)

the generalized Friedmann equations in the Barthel–Randers
cosmology take the form

3H̃2 = 8πGφ2ρ (120)

and

2 ˙̃H + 3H̃2 = −8πG

c2 φ2 p + φ̇2

φ2 + 2H
φ̇

φ
, (121)

respectively.

4.4 The energy conservation equation

The conservation equation of the matter content of the Uni-
verse can be obtained from the relation ∇̂μTμν = 0, where
the covariant derivative is calculated with the connection
ˆγ μ

να . In our case, the conservation equation can be writ-
ten as

ρ̇ + 3

(

H + φ̇

2φ

)(
ρ + p

c2

)
= 0, (122)

or, equivalently,

d

dt

(
ρa3
)

+ p

c2

d

dt
a3 + 3

2
a3
(
ρ + p

c2

)
= 0. (123)

It should be noted that the conservation equation is not
independent, and can be obtained from the Friedman equa-
tions. In fact, by taking the derivative of Eq. (115) and sub-
stituting Ḣ from Eq. (116), one obtains

8πGφ2
(

ρ̇ + 3Hp

c2

)

− 3

8φ3 (φ̇3 − 2Hφφ̇2 − 20H2φ2φ̇2)

+ 4πGφφ̇(3p + 4ρ) + 9H3 = 0. (124)

Now, substituting H2 from the Friedman equation (115),
one obtains again Eq. (122).

4.5 Thermodynamical interpretation of the
Barthel–Randers cosmology

Equation (122) shows that, as opposed to the standard gen-
eral relativistic case, in the present Barthel–Randers type
cosmological model the matter content of the Universe is
not conserved. This raises the question of the physical inter-
pretation of this result, and of its cosmological implica-
tions. One possibility for obtaining a physical insight into
the energy nonconservation is to interpret it in the framework
of the thermodynamics of irreversible processes as describ-
ing particle creation/annihilation. In the following we briefly
present the thermodynamic interpretation of the Barthel–
Randers type cosmological theories. The nonconservation of
the energy-momentum appears in several approaches to grav-
ity involving the presence of geometry–matter coupling, like,
for example, in f (R, Lm) and f (R, T ) theories [43]. The
non-conservation of the matter energy-momentum tensor, as
shown by Eq. (122), suggests that due to the presence of
the Finslerian geometric effects, particle creation processes
may occur during the cosmological evolution in the Barthel–
Randers geometry, corresponding to a creation of matter from
geometry. Particle creation does also appear in quantum field
theories in curved space-times, as initially discussed in [128–
132], and it is a direct consequence of the temporal variation
of the gravitational field. In [130,131] particle creation in
an anisotropic Bianchi type I metric was considered, and
the renormalized value of the energy-momentum tensor of a
quantum scalar field with a non-zero mass was first, and cor-
rectly obtained. Therefore the Barthel–Randers type gravity
theory, in which matter creation processes also occur, could
lead to the possibility of a semiclassical effective description
of the quantum effects in a gravitational field.

4.5.1 Matter creation in irreversible thermodynamics

Equation (122) shows that the covariant divergence of the
basic equilibrium quantities of a thermodynamic system con-
sisting of ordinary matter, and described by the energy-
momentum tensor, is different from zero. This result implies
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that similar effects must appear at the level of other ther-
modynamical quantities, including the particle and entropy
fluxes. Consequently, in the presence of particle creation all
the balance equilibrium equations must be modified in order
to include this effect [133–135]. In the following we will
investigate the physical consequences of energy nonconser-
vation from the cosmological perspective of the Riemann
space, with metric gAB(x), and we assume that the Finsle-
rian effects can be interpreted as some physical event in this
space. Therefore all geometrical and physical quantities will
be defined with the use of the FLRW metric (75) only.

In the presence of particle creation, one must modify the
balance equation for the particle flux N A ≡ nuA, where n
is the particle number density, and uA is the four-velocity
defined in the Riemann space, according to

∇AN
A = ṅ + 3Hn = n�, (125)

where ∇A is the covariant derivative defined with respect
to the Levi-Civita connection associated to the metric (75),
while � is the matter creation rate.

We assume in the following that all quantities are functions
of the cosmological time only. If � � H , one can neglect the
source term in the particle balance equation. The entropy flux
vector is defined according to SA ≡ s̃u A = nσuA, where s̃ is
the entropy density, while σ denotes the entropy per particle.
By taking the divergence of the entropy flux we obtain

∇AS
A = nσ̇ + nσ� ≥ 0, (126)

where the positivity condition follows from the second law of
thermodynamics. If the entropy per particle σ is a constant,
then we obtain the condition

∇AS
A = nσ� = s̃� ≥ 0, (127)

which indicates that the change of the entropy is exclusively
due to the matter production processes by the gravitational
field. Since always s̃ > 0, it follows that the matter produc-
tion rate must satisfy the important condition � ≥ 0. This
condition can be interpreted physically as allowing the grav-
itational fields to create matter, but forbidding the inverse
process. In the presence of matter production the energy-
momentum tensor of cosmological fluid must also be modi-
fied through the inclusion of the irreversible effects related to
the second law of thermodynamics, and it can be represented
generally as [136]

T AB = T AB
eq + �T AB, (128)

where T AB
eq represents the standard equilibrium component

[136], while �T AB corresponds to the adjustments necessary
due to matter creation. Since we assume that the space-time is

homogeneous and isotropic, �T AB , giving the supplemen-
tary contribution to T AB , can be generally written in the form

�T 0
0 = 0, �T B

A = −pcδ
B
A, (129)

where the quantity pc represents the creation pressure, an
effective quantity that describes phenomenologically in a
macroscopic physical system the thermodynamical effects
of matter production. The tensor �T AB can be represented
covariantly as [136]

�T AB = −pch
AB = −pc

(
gAB − uAuB

)
, (130)

where hAB is the projection operator. Hence, we can obtain
immediately the relation uA∇B�T AB = 3HPc. Therefore,
in the presence of matter creation, the scalar component of
the energy balance equation uA∇BT AB = 0, which follows
from Eq. (128), gives the temporal variation of the energy
density of the cosmological fluid in the form

ρ̇ + 3H

[

ρ + 1

c2 (p + pc)

]

= 0. (131)

The basic thermodynamic parameters of the cosmological
fluid must also satisfy the Gibbs law, which is given by [134]

nT d

(
s̃

n

)

= nT dσ = dρ − ρ + p/c2

n
dn, (132)

where by T we have denoted the thermodynamical temper-
ature of the Barthel–Randers Univerze.

4.5.2 Irreversible thermodynamics and Barthel–Randers
cosmology

The matter energy balance equation (122) of the Barthel–
Randers cosmology can be reformulated after some simple
algebraic transformations as

ρ̇ + 3H

[

ρ + p

c2 + c2φ̇

2c2Hφ

(
ρ + p

c2

)]

= 0. (133)

The simple comparison of Eqs. (131) and (133) gives the
expression of the creation pressure in the Barthel–Randers
cosmological model in the presence of matter creation as

pc = φ̇

2Hφ

(
ρc2 + p

)
= c2ρφ̇

2Hφ
(1 + w) , (134)

where we have introduced the notation w = p/ρc2. Then the
energy density balance Eq. (122) can be derived by taking
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the divergence in the Riemann space with the FLRW metric
(75) of the total energy momentum tensor T AB , given by

T AB =
(
ρc2 + p + pc

)
uAuB − (p + pc) g

AB . (135)

Furthermore, under the important assumption of adiabatic
particle production, which implies σ̇ = 0, from the Gibbs law
(132) it follows

ρ̇ =
(
ρ + p

c2

) ṅ

n
=
(
ρ + p

c2

)
(� − 3H) , (136)

which together with the energy balance equation gives imme-
diately the relation between the particle creation rate and the
creation pressure as

� = −3Hpc
ρc2 + p

. (137)

Therefore, with the use of Eq. (134) we obtain for the
particle creation rate in the Barthel–Randers cosmology the
simple expression

� = −3

2

φ̇

φ
= −3

2

ȧη + aη̇

1 + aη
. (138)

Under the assumption 1 + aη > 0, the condition � ≥ 0,
which ensures the existence of particle creation, imposes the
constraint φ̇ = ȧη + aη̇ = a (η̇ + Hη) ≤ 0 on the two
physical parameters of the theory, the scale factor a and the
vector field η. This condition depends only indirectly, via
the Hubble function, on the equation of state of the ordinary
matter. On the other hand, the condition φ̇ < 0 leads to a
negative creation pressure, as seen from Eq. (134). Hence
particle creation can take place only in the presence of a
negative creation pressure pc.

In the Barthel–Randers Universe the particle balance
equation can therefore be formulated as

ṅ + 3Hn = −3

2
n
φ̇

φ
. (139)

In the case of a dust Universe with p = 0, the creation
pressure takes the form

pc = φ̇

2Hφ
ρc2, (140)

and it is directly proportional to the matter density.
As a function of the creation pressure, the divergence of

the entropy flux vector Sa can be written as

∇AS
A = −3nσHpc

ρc2 + p
= −3

2
nσ

φ̇

φ
= nσ�. (141)

An important parameter in systems with particle creation
is the temperature T . To investigate the temperature evolution
in a system with particle creation, and to determine the time
dependence of the temperature of the relativistic fluid in the
Barthel–Randers Universe, we consider the general case in
which the equations of state of the density and pressure are
functions of the particle number and the temperature, and
have the general parametric form ρ = ρ(n, T ) and p =
p(n, T ), respectively. Then we immediately find

ρ̇ =
(

∂ρ

∂n

)

T
ṅ +

(
∂ρ

∂T

)

n
Ṫ . (142)

With the use of the energy and particle balance equations
we obtain

−3H
(
ρc2 + p + pc

)
=
(

∂ρ

∂n

)

T
n (� − 3H)+

(
∂ρ

∂T

)

n
Ṫ .

(143)

Next, by making use of the thermodynamic identity [136]

T

(
∂p

∂T

)

n
= ρc2 + p − n

(
∂ρ

∂n

)

T
, (144)

Eq. (143) leads to the temperature evolution of the cosmo-
logic fluid in the Barthel–Randers Universe, and in the pres-
ence of matter creation we have

Ṫ

T
=
(

∂p

c2∂ρ

)

n

ṅ

n
= w

ṅ

n
. (145)

By taking into account that from the particle balance equa-
tion we obtain

ṅ

n
= −3

(
φ̇

φ
+ ȧ

a

)

, (146)

and assuming that φ̇ < 0, for the temperature evolution of
the newly created matter in the Barthel–Randers Universe
we find the expression

T = T0
φ3w/2

a3 . (147)

Generally, one can assume that w is an arbitrary, varying
equation-of-state parameter w(a), which is also a function of
the scale factor [137]. Moreover, in a consistent cosmological
model all physical and geometrical quantities must be regular
and well-defined for all values of w(a).
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4.5.3 The case of the exotic matter

In the thermodynamical approach discussed in the previous
section we have assumed that particles are created in the form
of ordinary baryonic matter, and hence it satisfies the condi-
tions ρc2 + p ≥ 0, and w ≥ 0, respectively. However, we
cannot exclude automatically the case in which the Barthel–
Randers Universe is filled with exotic fluids with w < 0.
The thermodynamic approach and the physical interpreta-
tion of the Barthel–Randers theory can also be extended to
the case w < 0. In this case the creation pressure is negative
for φ̇ > 0, while the particle creation rate becomes positive.
Hence in the presence of exotic matter particle creation pro-
cesses can also take place in the Barthel–Randers Universe.

An interesting case is represented by the equation of state
ρc2+ p = 0, corresponding to w = −1, or, from a geometric
point of view, to the presence of a cosmological constant.
Then Eq. (131) immediately gives

ρ̇ = −3Hpc. (148)

By assuming adiabatic particle production, with σ̇ = 0,
from the Gibbs law we obtain

ρ̇ = (ρc2 + p)
ṅ

n
= 0. (149)

Consequently, the above two equations independently give
the result

ρ̇ = pc = 0, (150)

implying an Universe with constant matter density. But, if, for
example, w = −2, and ρ > 0, then pc = − (c2φ̇/2Hφ

)
ρ,

the particle creation rate is given by � = (3/2)φ̇/φ, and
particle creation takes place if φ̇ > 0.

Hence the Barthel–Randers geometry can act as a source
of exotic matter in the Riemannian space-time described by
the FLRW metric.

5 Exact cosmological models

In the present section we investigate the general cosmolog-
ical implications of the generalized Friedmann equations
(115) and (116), describing the cosmological evolution in
the Barthel–Randers geometry, and we also consider some
specific models.

5.1 General properties of Barthel–Randers cosmological
models

In the limit φ → 1, the Friedmann equations (115) and (116)
do reduce to the standard equations of general relativity.

Therefore, the function φ = 1 + aη describes the devia-
tions from the general relativistic background, as induced
by the new geometrical structure attached to the standard
Friedmann–Lemaitre–Robertson–Walker space-time.

By representing the function φ(t) in terms of a new
function α(t), defined as φ(t) = φ0eα(t), or α(t) =
ln [(1 + aη)/φ0], where φ0 is a constant, the Friedmann
equations (115) and (116) can be reformulated as

3H2 = 8πGφ2
0e

2αρ − 3

4
α̇2 − 3H α̇ = 8πGeff (ρ + ρeff)

(151)

and

2Ḣ + 3H2 = −8πGφ2
0

c2 e2α p − α̈ + 1

4
α̇2 − H α̇

= −8πGeff

c2 (p + peff) , (152)

respectively, where

Geff = φ2
0Ge2α, (153)

ρeff = − 1

φ2
0G

(
3

4
α̇2 + 3H α̇

)

e−2α, (154)

and

peff = 1

φ2
0G

(

α̈ − 1

4
α̇2 + H α̇

)

e−2α, (155)

respectively.
From the generalized Friedmann equations, after elimi-

nating 3H2, we immediately obtain

2Ḣ = −8πGφ2
0

c2

(
ρc2 + p

)
e2α − α̈ + α̇2 + 2H α̇. (156)

For the deceleration parameter of the model we find the
expression

q =
(
4πφ2

0G/c2
) (

ρc2 + p
)
e2α + (3/2)α̈ − (3/4)α̇2

8πφ2
0Gρe2α − (3/4)α̇2 − 3H α̇

.

(157)

The effective energy density generated by the Barthel–
Randers geometry is positive if the condition (3/4)α̇2 +
3H α̇ < 0, ∀t ≥ 0. However, there is no guarantee that this
conditions is satisfied for all times. Negative energy densi-
ties also do appear in the framework of the so-called phantom
field cosmological models, initially proposed in [124], where
the kinetic energy of the scalar field is negative.
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The system of the Friedmann equations can be formu-
lated in a dimensionless form, by introducing the set of the
dimensionless variables (τ, h, r, P), defined as

H = H0h, τ = H0t, ρ = H2
0

8πGφ2
0

r, p = H2
0 c

2

8πGφ2
0

P. (158)

Then we obtain

3
1

a2

(
da

dτ

)2

= e2αr − 3

4

(
dα

dτ

)2

− 3h
dα

dτ
(159)

and

2

a

d2a

dτ 2 + 1

a

(
da

dτ

)2

= −e2αP − d2α

dτ 2 + 1

4

(
dα

dτ

)2

− h
dα

dτ
,

(160)

respectively. By taking into account that α is a function of
a and η, the system of equations (159) and (160) can be
explicitly written down as

3
a′2

a2 = (1 + aη)2r − 3
(
ηa′ + aη′)2

4(1 + aη)2 − 3a′ (ηa′ + aη′)

a(1 + aη)

(161)

and

2
a′′

a
+ a′2

a2 = −(1 + aη)2P + 5
(
ηa′ + aη′)2

4(1 + aη)2

− a′ (ηa′ + aη′)

a(1 + aη)
− ηa′′ + 2a′η′ + aη′′

1 + aη
,

(162)

respectively, where, from now on, a prime denotes the deriva-
tive with respect to τ . Once the equation of state P = P(r)
is specified, Eqs. (161) and (162) represents a system of two,
strongly nonlinear, ordinary differential equations for a and
η that must be solved with some appropriately chosen initial
conditions a(0) = a0, η(0) = η0, and η′(0) = η′

0.
The first generalized Friedmann equation can be reformu-

lated as

3

[

h + 1

2

ηa′ + aη′

1 + aη

]2

= (1 + aη)2r. (163)

5.2 The de Sitter solution

We will look first for the de Sitter type solutions of the
Finslerian cosmological model described by Eqs. (115) and
(116) for a vacuum Universe, corresponding to H = H0 =
constant, ρ = p = 0, and a(t) = eH0(t−t0), respectively.

Then from Eqs. (115) and (116) it follows that φ must satisfy
the differential equation

φ̈ − 2
φ̇2

φ
− 2H0φ̇ = 0. (164)

By introducing a new variable φ̇ = u, the above equation
becomes

du

dφ
− 2

φ
u − 2H0 = 0, (165)

with the general solution given by

u(φ) = Cφ2 − 2H0φ, (166)

where C is an arbitrary constant of integration. Hence we
obtain

φ(t) = 2H0

e2H0(t−t0) + C
, (167)

where t0 is an integration constant, giving

η(t) = −eH0(t−t0) + (C − 2H0) e−H0(t−t0)

e2H0(t−t0) + C
. (168)

5.3 Generating a cosmological constant

If the condition

−3

4

φ̇2

φ2 − 3H
φ̇

φ
= 8πG�φ2, (169)

holds, where � is a constant, the first Friedmann equation
(115) can be reformulated as

3H2 = 8πGφ2 (ρ + �) , (170)

while Eq. (116) becomes

2Ḣ + 3H2 = −8πG

c2 φ2
(
p − �c2

)
− φ̈

φ
+ 2H

φ̇

φ
+ 2

φ̇2

φ2 .

(171)

Hence, while there is a positive contribution to the energy
density of the ordinary matter in the form of a constant
term, the effective cosmological constant term, introduced
through the condition (169), generates an effective pressure
term in the second Friedmann equation. Moreover, we have
also taken into account the variation of the gravitational cou-
pling.
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Equation (169) determines the cosmological Barthel–
Randers vector η as a solution of the ordinary differential
equation

η̇ = ±2(1 + aη)
√

3H2 − 8πG�(1 + aη)2
√

3a

−ηȧ + 2(1 + aη)H

a
. (172)

It is interesting to note that if the solution of the above
equation does exist, the Barthel–Randers geometry will gen-
erate an effective cosmological constant for all functional
forms of the scale factor a. Alternatively, one can impose the
simpler condition

−3

4

φ̇2

φ2 − 3H
φ̇

φ
= �, (173)

to generate a “simple” cosmological constant that may allow
one to write the first Friedmann equation as

3H2 = 8πGφ2ρ + �, (174)

and which gives η as a solution of the differential equation

η̇ = ±2(1 + aη)
√

3H2 − �√
3a

− ηȧ + 2(1 + aη)H

a
. (175)

As an application of the above relation we consider the
simple cosmological scenario in which a(t) = t/t0, H(t) =
1/t , and q = 0, respectively, where t0 is a constant, which,
without any loss of generality, we will take as one in the
following. Hence Eq. (175), in which we adopt the minus
sign, takes the form

η̇ = −
t
(

2
√

9 − 3�t2 + 9
)

η + 2
√

9 − 3�t2 + 6

3t2 , (176)

giving

η =
3c1e

−2
√

1− �t2
3

(
2
√

9 − 3�t2 − �t2 + 6
)

t5
− 1

t
, (177)

where c1 is a constant of integration. By assuming aη << 1,
Eq. (175) can be approximated as

η̇ + Hη = ±2
√

3H2 − �√
3a

− 2H

a
. (178)

For a scale factor of the form a = (t/t0)n , n > 0, and by
adopting the minus sign in the above equation, the functional
form of the Barthel–Randers cosmological vector η generat-
ing a cosmological constant in the first Friedmann equation

is given by

η = 1

3
t−n
[

3c1 − 2t

√
3n2

t2 − 3� + 2
√

3n

× ln

⎛

⎝t

√
n2

t2 − � + n

⎞

⎠− 2
(

3 + √
3
)
n ln(t)

]

, (179)

where c1 is an arbitrary constant of integration, and we have
again taken t0 = 1.

Alternatively, we can generate an effective cosmological
constant via the second Friedmann equation, by imposing the
condition

− φ̈

φ
+ 5

4

φ̇2

φ2 − H
φ̇

φ
= �, (180)

which would allow one to write the second Friedmann equa-
tion as

2Ḣ + 3H2 = −8πG

c2 p + �. (181)

The first Friedmann equation then becomes

3H2 = 8πGφ2ρ + � + φ̈

φ
− 2

φ̇2

φ2 − 2H
φ̇

φ
, (182)

and it can be interpreted in terms of an effective energy den-
sity satisfying the standard field equation in the presence
of a varying gravitational coupling. By introducing the new
variable u = −φ̇/φ, Eq. (180 takes the form of a Riccati
equation,

u̇(t) + 1

4
u2(t) − H(t)u(t) = �. (183)

Once the form of the Hubble function is known, the form
of the Finsler vector η generating a cosmological constant
and an effective energy density can be obtained either ana-
lytically, or with the use of numerical methods.

5.4 Solutions with constant vector field

As a second exact solution of the cosmological evolution
equation in the Barthel–Randers geometry we consider the
case in which the vector field η is a constant, η = η0 =
constant. In this case, the cosmological evolution equations
reduce to the form

3
a′2

a2 = (1 + η0a)2 r − 3η2
0a

′2

4 (1 + η0a)2 − 3η0a′2

a (1 + η0a)
,

(184)

2a′′

a
+ a′2

a2 = − (1 + η0a)2 P + 5η2
0a

′2

4 (1 + η0a)2
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− η0a′2

a (1 + η0a)
− η0a′′

1 + η0a
. (185)

5.4.1 The dust Universe with P = 0

As a first example of a solution of the generalized Friedmann
equations in a Barthel–Randers geometry with constant vec-
tor field we consider the case of a dust Universe, with P = 0.
Then Eq. (185) takes the form

4a(1 + η0a)(2 + 3η0a)a′′ + [3η0a(η0a + 4) + 4] a′2 = 0.

(186)

By introducing a new dependent function a′ = u, a′′ =
u(du/da), the above equation takes the form

4a(1 + η0a)(2 + 3η0a)
du

da
+ [3η0a(η0a + 4) + 4] u = 0,

(187)

with the general solution given by

u = c1(1 + η0a)5/4

√
a(2 + 3η0a)

, (188)

where c1 is a constant of integration. Hence the general solu-
tion of Eq. (186) can be obtained by quadratures as

τ − τ0 =
∫ √

a (2 + 3η0a) da

c1 (1 + η0a)5/4
, (189)

where τ0 is a constant of integration, or

τ − τ0 =
4
√
a
[
3aη0 − 8(aη0 + 1) 2F1

(
1, 5

4 ; 3
2 ;−aη0

)
+ 8
]

5c1η0
4
√

1 + η0a
,

(190)

where 2F1(a; b; c; z) = ∑∞
k=0 [(a)k(b)k/(c)k] zk/k! is the

hypergeometric function. When η0a << 1, from Eq. (189)
it follows that a(τ ) ∝ τ 2/3, that is, we reobtain the stan-
dard dust solution of general relativity. The general relativis-
tic dust solution is decelerating, with q = 1/2. In the limit
η0a >> 1, from Eq. (189) we obtain a(τ ) ∝ τ 4/5, giving
q = 1/4.

Even that the expansion of the Barthel–Randers Universe
is faster than the general relativistic one, it is still decelerat-
ing, but with a smaller deceleration parameter. The behavior
of the scale factor can be obtained implicitly by performing
a series expansion of Eq. (190, which gives

τ − τ0 = 4a3/2

3c1
+ a5/2η0

5c1
− 15a7/2η2

0

56c1
+ O

(
a9/2

)
, (191)

in which the first term corresponds to the general relativistic
case, while the higher order terms give the Finslerian correc-
tions.

The energy density of the matter is obtained generally as

r(a) = 3 (2 + 3η0a)2 a′2

4a2(1 + η0a)4 , (192)

giving, after the substitution of the expression of u,

r(a) = 3c2
1

4

1

a3 (1 + η0a)3/2 . (193)

In the limit η0a << 1 we obtain again the standard general
relativistic result.

5.4.2 The stiff fluid Universe

The stiff fluid equation of state, or the Zeldovich equation
of state, with P = r [125,126], is assumed to describe the
physical properties of very dense matter, having densities
as high or higher than ten times the nuclear density, that is,
densities greater than 1017 g/cm3, corresponding to temper-
atures of the order of T = (ρ/σ)1/4 > 1013 K, where σ is
the radiation constant [126]. One of the important features of
stiff matter is that the speed of sound cs equals the speed of
light, so that c2

s = ∂p/∂ρ = c2. This is one of the attractive
features of the Zeldovich equation of state, since in a stiff
fluid the speed of the perturbations cannot exceed the speed
of light.

For a stiff fluid the generalized Friedmann equations in
Barthel–Randers geometry can be reduced to the following
single second order differential equation:

2a (1+η0a) (2 + 3η0a) a′′ + [3η0a (8 + 5η0a)+8] a′2 = 0.

(194)

By denoting a′ = u, the above equation takes the form

2a (1+η0a) (2 + 3η0a)
du

da
+ [3η0a (8 + 5η0a) + 8] u=0,

(195)

and it has the general solution given by

u = c1
√

1 + η0a

a2 (2 + 3η0a)
, (196)

where c1 is a constant of integration. Hence the solution of
Eq. (194) can be obtained:

τ − τ0 = 1

c1

∫
a2 (2 + 3η0a) da√

1 + η0a
, (197)
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or

τ(a)−τ0 = 2
√

1 + η0a
(
45η3

0a
3 − 12η2

0a
2 + 16η0a − 32

)

105c1η
3
0

.

(198)

The matter density can be found from Eq. (184), and it is
given by

r(a) = 3c2
1

4a6 (1 + η0a)3 . (199)

At the initial moment τ = τ0, the scale factor is obtained
from the algebraic equation 45η3

0a
3−12η2

0a
2+16η0a−32 =

0, and it has the finite value a (τ0) = a0 ≈ 38/45η0. The
energy density has the finite value r (τ0) ≈ 0.33c2

1η
6
0, which

sensitively depends on the numerical value of η0. In the stan-
dard general relativistic scenario the stiff fluid is described
by a(τ ) = τ 1/3, and ρ(a) = ρ0/a6. The solution is singu-
lar at τ = 0. This singularity is removed in the osculating
Barthel–Randers cosmology in the presence of a constant
vector, generated from the Finsler type geometry.

5.5 The case (aη)′ = β(1 + aη)

Next we consider some exact solutions of the generalized
Friedmann equations in Barthel–Randers geometry that sat-
isfy the condition

a′η + aη′

1 + aη
= β, (200)

where β is a constant. This condition can be reformulated as
a first order differential equation for aη, given by

(aη)′ = β + β(aη), (201)

with the general solution given by

aη = C1e
βτ − 1. (202)

Then, by assuming P = 0, Eq. (162) becomes

2h′ + 3h2 − βh − β2

4
= 0, (203)

with the general solution satisfying the initial condition
h(0) = C0 given by

h(τ ) = β

2
− 2β (β − 2C0)

(β + 6C0)eβτ + 3 (β − 2C0)
. (204)

For the scale factor we obtain

a(τ ) = e− βτ
6
[
eβτ (β + 6C0) + 3 (β − 2C0)

]2/3
. (205)

In the limit of large times the Hubble function tends to
h(τ ) = β/2, while the scale factor is given by an exponential
function a(τ ) = eβτ/2. This gives the interpretation of the
constant β as β = 2h0, where h0 is the present day value of
the Hubble function. The deceleration parameter is given by

q = 8 (2C0 − β) (β + 6C0) eβτ

[
(β + 6C0) eβτ + 2C0 − β

]2 − 1. (206)

If the condition 2C0h0 + h2
0 < C2

0 is satisfied, then,
at τ = 0, q(0) > 0, and the Universe begins its expan-
sion from a decelerating phase. At the moment τcr =
ln
[(

3 + 2
√

2
)

(C0 − h0) (3C0 + h0)
]
, the deceleration

parameter is zero, q (τcr ) = 0, and for τ > τcr the Uni-
verse enters into an accelerating phase that ends with a de
Sitter type expansion. The energy density of the matter varies
according to

r(τ )= 12

C2
1e

4h0τ

[

h0 + 2h0 (C0 − h0)

(h0 + 3C0) e2h0τ − 3 (C0 − h0)

]2

,

(207)

and it tends to zero in the limit of large times. As for the
vector field η, its time dependence is obtained:

η (τ) = eh0τ/3
(
C1e2h0τ − 1

)

[
(2h0 + 3C0) e2h0τ + 6 (h0 − C0)

]2/3 . (208)

6 Numerical analysis

In this section, we will analyze the cosmological implications
of the model by comparing it with the realistic, high preci-
sion, observational data. We assume that the ordinary matter
content of the Universe consists of radiation, with energy
density ρr , and pressure pr = ρr c2/3, and of pressureless
dust, with energy density ρm . We also add to the basic model
the cosmological constant �.

In order to simplify the mathematical and numerical for-
malism we introduce the following set of dimensionless vari-
ables (τ, h,��ρ̄):

τ = H0t, H = H0h,�� = �c2

3H2
0

, ρ̄i = 8πGρi

3H2
0

, i = r,m,

(209)

where H0 is the current value of the Hubble parameter. It
should be mentioned that the field φ is dimensionless.

The conservation equation (122) can naturally be decom-
posed into two equations, governing the conservation of radi-
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ations and dust components as

d

dτ
ρ̄m + 3hρ̄m + 3

2

1

φ

dφ

dτ
ρ̄m = 0, (210)

and

d

dτ
ρ̄r + 4hρ̄r + 2

1

φ

dφ

dτ
ρ̄r = 0, (211)

respectively.
The generalized Friedmann equations can be written in

the dimensionless variables introduced above as

h2 = φ2(ρ̄m + ρ̄r + ��) − h
1

φ

dφ

dτ
+ 1

4

1

φ2

(
dφ

dτ

)2

,

(212)

2
dh

dτ
+ 3h2 = φ2(3�� − ρ̄r ) − 1

φ

d2φ

dτ 2

+5

4

1

φ2

(
dφ

dτ

)2

− h
1

φ

dφ

dτ
. (213)

It should be noted that in the present section, we have
added the cosmological constant to the cosmological equa-
tions. We will see that the cosmological constant can be
obtained from the model parameters, and also from the cur-
rent matter abundances, and, for the simplified models we
are considering, it is still necessary to have a solution that is
fully compatible with the observational data.

In order to compare the present theory with observational
data, we will rewrite the Friedmann equations by using the
redshift variable defined in Eq. (84), and with the time deriva-
tive obtained by using Eq. (85). In the redshift variable, one
can analytically solve the conservation equations (210) and
(211), with the results

ρ̄m = �m0(1 + z)3

φ3/2 , (214)

and

ρ̄r = �r0(1 + z)4

φ2 , (215)

respectively. Here �m0 and �r0 are integration constants. In
the following we normalize φ such that φ(z = 0) = 1. In this
case �m0 and �r0 becomes the current values of the density
abundances for dust and radiation, respectively.

Using the above relations, one can obtain the Hubble
parameter:

h(z) = 2φ
√

(1 + z)4�r0 + (1 + z)3
√

φ�m0 + φ2��

(1 + z) (dφ/dz) − 2φ
.

(216)

Evaluating the Hubble parameter at z = 0 and taking
into account that h(0) = 1 by definition, one can obtain the
cosmological constant as

�� =
(

1 − 1

2
φ′(0)

)2

− �m0 − �r0, (217)

where here, the prime denotes the derivative with respect to
the redshift z.

For the deceleration parameter we obtain

q(z)

= − (1 + z)

4φ2
[
�r0(z + 1)4 + ��φ2 + �m0(z + 1)3

√
φ
]3/2

×
{

2�m0(z + 1)4φ3/2φ′′ − 5

2
�m0(z + 1)4

√
φφ′2

+4(z + 1)φ2
[
2�r0(z + 1)2 − ��φ′2]

−2�r0(z + 1)5φ′2 + 2��φ3
[
(z + 1)φ′′ + 3φ′]

+2�r0(z + 1)4φ
[
(z + 1)φ′′ − φ′]

+6�m0(z + 1)2φ5/2
}

− 1. (218)

The transition from a decelerating state to an accelerat-
ing one occurs at a redshift z = ztr , satisfying the equation
q (ztr ) = 0.

In the following, we will consider some special choices
for the redshift dependence of the function φ, and analyze
their cosmological implications. We will also compare the
theoretical models with the observational data.

6.1 Linear case: φ(z) = 1 + δz

Let us first assume that φ is a linear function of the redshift
z, φ(z) = 1 + δz, where δ is a constant. Because of our
normalization, the constant term can be taken to be equal to
unity. In order to compare the model with the cosmologi-
cal observations, we will estimate the best fit values of the
parameters H0 and δ by using the recent observational data
on the Hubble parameter [138,139].

In order to do this, we use the likelihood analysis of the
model, based on the data on H0. In the case of independent
data points, the likelihood function can be defined as

L = L0e
−χ2/2, (219)

where L0 is the normalization constant, and χ2 is defined as

χ2 =
∑

i

(
Oi − Ti

σi

)2

. (220)
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Table 1 Best fit values of the model parameters δ, H0 and ztr , together
with their 1σ and 2σ confidence intervals for the linear case φ(z) =
1 + δz

Best fit value 1σ interval 2σ interval

δ 0.027 ±0.023 ±0.047

H0 67.8 ±1.41 ±2.78

ztr 0.58 ±0.06 ±0.11

Here i counts the data points, Oi are the observational
values, Ti are the theoretical values, and σi are the errors
associated with the i th data from observation. One can then
write the likelihood function as

L = L0 exp

[

−1

2

∑

i

(
Oi − Ti

σi

)2
]

, (221)

By maximizing the likelihood function one can find the
best fit values of the parameter δ, and also the numerical
value of the current Hubble parameter H0. In Table 1 we
have summarized the results for the linear model. We have
also computed the transition redshift of the model, together
with its 1σ and 2σ intervals. The transition redshift for the
�CDM-based observations can be inferred as ztr = 0.65.
We can see that the results of the model are in agreement
with the observational data.

In Fig. 1, we have plotted the Hubble parameter and the
deceleration parameter as a function of the redshift, for the
best values of the parameter δ, and also for the extreme 2σ

values. By the red solid line we have represented the predic-
tions of the �CDM model, while the error bars correspond
to the observational data.

Since φ(z) = 1+a(z)η(z) = 1+η(z)/(1+ z), it follows
that in this theoretical model the Barthel–Randers vector η

Table 2 Best fit values of the model parameters δ, H0 and ztr together
with their 1σ and 2σ confidence intervals for the logarithmic model
φ(z) = 1 + ln(1 + δz)

Best fit value 1σ interval 2σ interval

δ 0.029 ±0.025 ±0.050

H0 67.75 ±1.41 ±2.77

ztr 0.57 ±0.04 ±0.09

increases with the redshift according to

η(z) = δz (1 + z) . (222)

6.2 Logarithmic case: φ(z) = 1 + ln(1 + δz)

Let us consider now a logarithmic ansatz for the function
φ as φ(z) = 1 + ln(1 + δz), where δ is a constant. The
function φ is constructed in such a way that at z = 0, the φ

reduces to unity, as was discussed earlier. In the case of the
logarithmic dependence of φ, the best fit value together with
their 1σ and 2σ confidence intervals for the parameters H0

and δ are summarized in Table 2. As one can see from the
table, the present day value of the Hubble function as well as
the transition redshift are in agreement with the observational
data.

The evolution of the Hubble and of the deceleration
parameters are also depicted in Fig. 2. One can see that the
qualitative behavior of this ansatz for φ is similar to the linear
case.

The Barthel–Randers vector field η is given in this model,
as a function of redshift, by

η(z) = (1 + z) ln(1 + δz). (223)

Fig. 1 The evolution of the Hubble parameter (left panel) and of the
deceleration parameter (right panel) as a function of the redshift z in the
linear case φ(z) = 1 + δz. The dashed, dotted and dot-dashed curves

correspond to the best fit and lower/higher 2σ extreme values of the
parameter δ in Table 1. The red solid line corresponds to the �CDM
model, and the error bars represent the observational data
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Fig. 2 The evolution of the Hubble parameter (left panel) and of the
deceleration parameter (right panel) as a function of the redshift z in the
logarithmic case φ(z) = 1 + ln(1 + δz). The dashed, dotted and dot-

dashed curves correspond to the best fit and lower/higher 2σ extreme
values of the parameter δ in Table 2. The red solid line corresponds to
the �CDM model, and the error bars represent the observational data

Table 3 Best fit values of the model parameters δ, H0 and ztr together
with their 1σ and 2σ confidence intervals for the exponential case
φ(z) = exp(2δz)

Best fit value 1σ interval 2σ interval

δ 0.013 ±0.011 ±0.022

H0 67.83 ±1.42 ±2.78

ztr 0.58 ±0.04 ±0.09

6.3 Exponential case: φ(z) = e2δz

Let us finally consider the case in which the function φ has an
exponential dependence on the redshift, φ(z) = exp(2δz). In
this case, the best fit values for δ, H0 and ztr together with
their 1σ and 2σ confidence intervals, are shown in Table 3.

As one can see from Table 3, the present day value of
the Hubble function, as well as the transition redshift, are
in agreement with the observational data. Also, in Fig. 3,
we have represented the behavior of the Hubble and of the
deceleration parameters as a function of the redshift.

As for the vector field η, its redshift dependence is given
in this model by

η(z) = (1 + z)
(
e2δz − 1

)
. (224)

As one can see from the above discussion of the three con-
sidered special cases, the Barthel–Randers cosmology can in
principle satisfy all the existing basic observational data. The
Hubble parameter for the best fit values of the model param-
eter β is for all cases slightly greater than its �CDM coun-
terpart. This shows that, at least for the considered models,
the Barthel–Randers cosmological theory predicts smaller
Universes than �CDM theory. Also, the present theory pre-
dicts lower levels of the acceleration of the Universe than the

�CDM model. This result is also supported by the dynamical
evolution of the Hubble parameter of the models.

7 Discussions and final remarks

There is an almost general consensus in the scientific commu-
nity that the gravitational interaction can be described only
in geometrical terms. However, no such general consensus
does exist with respect to which geometry is best fitted to
characterize gravity. The initial Riemannian framework was
extended to geometric theories containing Weyl-type non-
metricity [7,8,17], torsion [30], or Weitzenböck type geome-
tries [36,37].

In the present paper we have investigated another geo-
metric perspective on the gravitational phenomena, which is
offered by the Finsler geometry. In a Finsler space the inde-
pendent variable is the line element (x, y), where y is a vec-
tor obeying linear transformations, instead of the point (x)
of the Riemannian geometry. Therefore the y-dependence
essentially characterizes Finsler spaces, and from the physi-
cal point of view y plays the role of an internal variable asso-
ciated with each point x . Hence, this dependence can also be
viewed in terms of the concepts of anisotropy and nonlocality.
However, from a physical point of view one can also assume
that under some specific circumstances the vector y becomes
a function of x . Such a situation may appear, for example,
if we interpret y as corresponding to quantum space-time
fluctuations [71], and we take the average of y. The geome-
try of the Finsler spaces with metric ĝ(x, y)

∣
∣
y=Y (x) is well

developed from a mathematical point of view, and leads to
interesting physical consequences. In our study we have con-
sidered such a geometric structure, constructed over an oscu-
lating Riemann geometry, and described by a Barthel con-
nection. Moreover, we have considered a particular (α, β)

metric, the Randers metric, with the property that the associ-
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Fig. 3 The evolution of the Hubble parameter (left panel) and of the
deceleration parameter (right panel) as a function of the redshift in the
exponential case φ(z) = exp(2δz). The dashed, dotted and dot-dashed

curves correspond to the best fit and lower/higher 2σ extreme values of
the parameter δ in Table 2. The red solid line corresponds to the �CDM
model, and the error bars represent the observational data

ated Barthel connection reduces to the Levi-Civita connec-
tion for ĝ(x, y)

∣
∣
y=Y (x). In this geometric framework we have

obtained the generalized Friedmann equations that describe
the evolution of the Universe with Riemann metric gAB(x).
The present theory can be interpreted as a two-metrics the-
ory. On the one hand we have the physical Riemann metric
g, introduced via the term α in the Randers line element,
and the associated Finsler metric ĝ(x, y)

∣
∣
y=Y (x), which also

depends on the one-form AI introduced through the Finsler
function F = α + β. In the cosmological case the one-form
generates some multiplicative terms in the Finsler metric,
with respect to the Riemannian one, as one can see from
Eq. (96). Since the y dependence is now carried by A0, one
could interpret physically A as describing a kind of effective
quantum fluctuations of the metric.

Such a physical interpretation may also be supported by
the nonconservation of the matter energy-momentum tensor
in Eq. (122). In quantum field theories in curved space-times
particle production naturally occur, and it is an intrinsic prop-
erty of these theories. Therefore, if y, and A, respectively, can
be associated to quantum fluctuations of the space-time, then
the appearance of some particle creation processes may be
inevitable. We have provided a qualitative interpretation of
the balance equation in Barthel–Randers geometry by using
the thermodynamics of open systems, in which irreversible
particle creation takes place, and we have obtained the basic
physical parameters (creation rate, temperature, entropy) that
describe such processes. The particle creation rate is essen-
tially determined by the Barthel–Randers vector η, which
originates from the Randers line element, and, as we have
earlier discussed, can be interpreted as an averaged space-
time fluctuation. In this way particle creation in the present
model can be explained as a quantum process.

It is interesting to point out that the nonconservation of the
matter energy-momentum tensor does appear in other Fins-
lerian geometrical models. For example, in the scalar-tensor
theories that arise effectively from the Lorentz fiber bundle

of a Finsler-like geometry, investigated in [104], the mat-
ter energy-momentum tensor satisfies the balance equation
∇μT

μ
ν = − (∂νφ/φ)Lm , whereLm is the matter Lagrangian.

For a FLRW type geometry, the conservation equations for
matter and dark energy can be written in this model as [104]

ρ̇m + 3H (ρm + Pm) = −2φ̇

φ
ρm, (225)

and

ρ̇DE + 3H (ρDE + PDE ) = 2φ̇

φ
ρm, (226)

respectively. As a result of the intrinsic Finsler type geomet-
rical structure, an interaction between matter and the dark-
energy sector is generated, which leads to a rich cosmologi-
cal behavior. The total energy density balance equation of the
Barthel–Randers geometric model, Eq. (122), can be refor-
mulated in a similar way to Eq. (225) as

ρ̇ + 3H
(
ρ + p

c2

)
= −3

2

φ̇

φ

(
ρ + p

c2

)
. (227)

By assuming that the total density and pressure can be rep-
resented as ρ = ρm + ρDE and p = pm + pDE, respectively,
then Eq. (227) can be split as

ρ̇m + 3H (ρm + Pm) = −2φ̇

φ

(

ρm + ρDE + pm + pDE

c2

)

,

(228)

and

ρ̇DE+3H (ρDE + PDE) = 1

2

φ̇

φ

(

ρm + ρDE + pm + pDE

c2

)

,

(229)
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respectively. Hence, we can obtain an alternative cosmologi-
cal interpretation of the Barthel–Randers model as describing
the interaction between the ordinary matter and the dark sec-
tor of the Universe, as initially suggested in the framework
of Finsler cosmology in [104]. It is also interesting to note
that the matter decay and dark-energy generation depend on
the thermodynamic quantities describing both components,
as well as on the scalar field φ, and its derivative.

One of the fundamental symmetries in nature is repre-
sented by the Lorentz invariance. In the limit of φ = 1, cor-
responding to η = 0, we recover general relativity, and the
corresponding Lorentz invariance. However, when φ �= 1,
the deviation from Riemannian geometry induces a breaking
of Lorentz invariance. As pointed out in [98], the departures
from Lorentz invariance are parameterized by the one-form
field β. Recently, bounds on the Lorentz invariance viola-
tion were obtained from the observations of gamma-ray burst
GRB 190114C [140], indicating that a lower bound of the
quantum energy scale for the modification of the linear pho-
ton dispersion relation is of the order of EQG > 0.59 × 1019

GeV. On the other hand, limits on the Lorentz invariance
violation in the gravitational sector, obtained from Gravity
Probe B, indicate an independent limit of 10−7 [141]. Sim-
ilar or weaker bounds are obtained from the analysis of the
Solar System data using the parameterized post-Newtonian
(PPN) formalism [142]. Hence, in order to obtain consistency
with the observational data regarding Lorentz invariance, the
zero component of the vector field AI must satisfy the con-
straint aη < 10−7. At the present time, corresponding to
z = 0 and a(0) = 1, the constraint on η can be formulated as
η(0) < 10−7. In the case of the linear cosmological model,
η is given by η(z) = δz (1 + z), and the Lorentz violation
constraint is satisfied in the limit z → 0. A similar situa-
tion occurs in both logarithmic and exponential cases, with
η(z) = (1+ z) ln(1+δz), and η(z) = (1+ z)

(
e2δz − 1

)
, and

limz→0 η(z) = 0. Hence, in the present day Universe Lorentz
invariance is maintained, but its violation is expected in the
earlier phases of the cosmological expansion.

On the other hand, in the present approach we assume
that the field φ = 1 + a

(
x0
)
η
(
x0
)

is a purely geometric
quantity. From a classical point of view, the field φ encom-
passes the Finslerian geometric properties of the space-time.
Geometrically, it is given by the time component of the one-
form field β that appears in the Randers metric. The vector
AI was initially interpreted by Randers [54], in a tentative
to construct a unified theory of the gravitational and electro-
magnetic forces, as the electromagnetic four-potential. From
a physical point of view AI can be seen as a U(1) gauge field.
Hence, generally, the present approach corresponds physi-
cally to a vector-tensor type theory, and not to a scalar-tensor
one. Since we are constructing the theory on a purely geo-
metric basis, we do not impose any equation of motion for the
field AI , and, implicitly, to φ, which in the present approach

remains arbitrary. Its main properties, as well as its func-
tional form may be determined from observations, fixing in
this way, the empirical form of the Finsler geometry of the
space-time. On the other hand, a fundamental physical the-
ory, based on a quantum gravitational approach, may provide
an equation of motion for the gauge field AI , thus leading to
the full determination of the Finsler function F .

From a cosmological point of view the generalized Fried-
mann equations have the important property of admitting a
de Sitter type solution, which corresponds to a specific func-
tional form of η. This opens the possibility of the explanation
of the recent acceleration of the Universe by the existence of
the Barthel–Randers geometry. Moreover, an effective cos-
mological constant can also be generated from the model,
and it appears for all values of the scale factor. A cosmolog-
ical constant in the Friedmann equations can be introduced
in two ways, by modifying the first or the second equation.
However, the presence of the cosmological constant in one
equation implies the introduction of an effective energy den-
sity, or pressure, in the other equation. Several models with
a constant vector field η, which lead to exact solutions of
the Friedmann equations, have been also investigated. An
interesting model is obtained for η satisfying the condition
(aη)′ = β(1 + aη), from which a complete description of
a Universe beginning its evolution in a decelerating era, and
ending in a de Sitter accelerating phase, can be obtained. For
such a solution the field η exponentially increases with the
cosmological time, and this increase continues even when
the matter density becomes negligibly small, but with the
Universe expanding exponentially.

We have also considered a comparison of the Barthel–
Randers model predictions with observations. For this we
have adopted three simple functional forms of φ as a func-
tion of the redshift, and we have fitted the Hubble function
of the theory with the observational data. It turns out that
despite their simplicity, the models can provide a satisfac-
tory description of the observations.

In this work we have investigated some of the cosmolog-
ical implications of a particular version of the Finsler geom-
etry, and we have provided some basic theoretical tools that
may help the in depth investigation of the astrophysical and
cosmological applications of this model, and, generally, of
Finsler geometries.
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Appendix A: Computation of the coefficients γ̂i j k

In the present appendix we will present the details of the
derivation of Eq. (65). Let F = α + β be the fundamen-

tal function of an (α, β) metric, with α =
√

εgi j (x)yi y j ,

ε = ±1, and β = Ai (x)yi , respectively. We introduce the
following quantities:

ĝi j (x, y) = F

α
hi j + li l j , (A1)

where hi j is the angular metric of the Riemannian space

(M, α), li := ∂F

∂yi
and

γ̂i jk(x, y) := 1

2

(
∂ ĝik(x, y)

∂x j
+ ∂ ĝi j (x, y)

∂xk
− ∂ ĝ jk(x, y)

∂xi

)

,

(A2)


i jk := 1

2

(
∂gik(x)

∂x j
+ ∂gi j (x)

∂xk
− ∂g jk(x)

∂xi

)

, (A3)

respectively.

Lemma A1

∂gik(x)

∂x j
= 
ik j + 
ki j . (A4)

Lemma A2
(a)

∂α

∂x j
= εα

2

∂gst (x)

∂x j

ys

α

yt

α
= εα
nnj , (A5)

(b)

∂β

∂x j
= α

∂Am(x)

∂x j
l̃m, (A6)

(c)

∂

∂x j

(
F

α

)

= ∂

∂x j

(

1 + β

α

)

= 1

α

∂β

∂x j
− β

α2

∂α

∂x j

= ∂Am(x)

∂x j
l̃m − εβ

α

nnj . (A7)

Lemma A3
(a)

li := ∂F

∂yi
= ∂α

∂yi
+ ∂β

∂yi
= εl̃i + Ai (x), (A8)

(b)

∂ l̃i
∂xk

= ∂

∂xk

( yi
α

)

= 1

α2

(

α
∂yi
∂xk

− ∂α

∂xk
yi

)

= 1

α

∂gim(x)

∂xk
ym

−ε
nnk
yi
α

= 
ink + 
nik − ε
nnkl̃i , (A9)

(c)

∂li
∂xk

= ∂

∂xk

(
εl̃i + Ai (x)

)

= ∂Ai (x)

∂xk
+ ε (
ink + 
nik) − 
nnkl̃i . (A10)

Lemma A4
∂ ĝi j (x, y)

∂xk
= ε

F

α

∂gi j (x)

∂xk
+
(

∂Am(x)

∂xk
l̃m − ε

β

α

nnk

)

hi j

+ (
ink + 
nik) ξ j + (
 jnk + 
njk
)
ξi

−ε
nnk

(
l̃iξ j + l̃ jξi

)

+
(

∂Ai (x)

∂xk
A j (x) + ∂A j (x)

∂xk
Ai (x)

)

+ε

(
∂Ai (x)

∂xk
l̃ j + ∂A j (x)

∂xk
l̃i

)

, (A11)

where

ξi = εAi (x) − (β/α) l̃i , (A12)

(compare with [50, page 295]).

Appendix B: Derivation of the general relativistic
Friedmann equations

In order to derive the Friedmann equations in standard gen-
eral relativity for a homogeneous and isotropic Universe with
metric given by Eq. (75), we need to calculate the Ricci tensor
and the Ricci scalar, respectively. In Riemannian geometry
the Christoffel symbols are defined as


L
J I = 1

2
gLM

(
∂gMI

∂x J
+ ∂gM J

∂x I
− ∂gI J

∂xM

)

. (B1)
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For the case of the Friedmann–Lemaitre–Robertson–
Walker metric (75), the non-zero Christoffel symbols are


0
ss = aa′δss, 
s

0s = a′

a
δss , s = 1, 2, 3, (B2)

where a′ = da
dx0 . After calculating the Christoffel symbols,

we can obtain the Riemann tensor, given by

RA
BCD = ∂
A

BD

∂xC
− ∂
A

BC

∂xD
+ 
E

BD
A
EC − 
E

BC
A
ED, (B3)

where A, B,C, D = 0, 1, 2, 3, and its contraction, the
Ricci tensor, RBD = RA

BAD . For the Friedmann–Lemaitre–
Robertson–Walker metric the only non-zero components of
the Ricci tensor are

R00 = −3
a′′

a
, Ri j =

(
aa′′ + a′2) δi j . (B4)

For the Ricci scalar we find

R = −6

(
a′′

a
+ a′2

a2

)

. (B5)

Hence we arrive at the Friedmann equations, as given by

R0
0 − 1

2
R = 3

a′2

a2 = 3
1

c2

ȧ2

a2 = 8πG

c4 ρc2, (B6)

where ȧ = da
dt and

Rk
k − 1

2
δkk R = 2

a′′

a
+ a′2

a2 = 1

c2

(

2
ä

a
+ ȧ2

a2

)

= −8πG

c4 pδkk , k = 1, 2, 3, (B7)

respectively.

Appendix C: The computation of the Ricci curvatures

Lemma C1 
nnI (x, y)|y=A(x) = 0, for all I ∈ {0, 1, 2, 3}.
Indeed, observe that (93) implies


nnI (x, y)|y=A(x) = 
00I .

On the other hand, by writing in components formula (B1)
for the metric gI J in (75), it is elementary to see that the non-

vanishing components are


0i j = a2

c
Hδi j ,


i i0 = −a2

c
H,


i j0 = −
0i j = −a2

c
Hδi j ,


i i0 = 
i0i = −a2

c
H.

Lemma C2 We have the following formulas.
(a)

φ
(
x0
)

:= 1 + a
(
x0
)

η
(
x0
)

,

(b)

φ′ := dφ
(
x0
)

dx0 = a
(
η′ + Hη

) = aη′ + (φ − 1)H

= (φ − 1)

(
η′

η
+ H

)

,

(c)

φ′′ := d2φ(
(
x0
)

d
(
x0
)2 = φ′

(
η′

η
+ H

)

+(φ − 1)

(
η′′

η
− η′2

η2 + H′
)

.

Lemma C3 From the definition of the Ricci tensors, we have

R̂00 =
∑

A

(
∂γ̂ A

00

∂x A
− ∂γ̂ A

0A

∂x0 +
∑

E

γ̂ E
00γ̂

A
E A −

∑

E

γ̂ E
A0γ̂

A
E0

)

.

Lemma C4

∑

A

∂γ̂ A
00

∂x A
= ∂γ̂ 0

00

∂x0 +
3∑

i=1

∂γ̂ i
00

∂xi
= ∂γ̂ 0

00

∂x0 = φφ′′ − (φ′)2

φ2 .

Lemma C5

∑

A

∂γ̂ A
0A

∂x0 = 3H′ + 5

2

φφ′′ − (φ′)2

φ2 .

Lemma C6
(a)

γ̂ E
00γ̂

A
E A = γ̂ 0

00

(

γ̂ 0
00 +

3∑

i=1

γ̂ i
i0

)

,

(b)

γ̂ E
A0γ̂

A
E0 =

(
γ̂ 0

00

)2 +
3∑

i=1

(
γ̂ i
i0

)2
,

(c)

γ̂ E
00γ̂

A
E A − γ̂ E

A0γ̂
A
E0 =

3∑

i=1

γ̂ i
i0

(
γ̂ 0

00 − γ̂ i
i0

)

= −3

(

H2 − φ′2

4φ2

)

.
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Lemma C7 Again from the definition of Ricci tensors, we
have

R̂i j =
∑

A

∂γ̂ A
i j

∂x A
−
∑

A

(
∂γ̂ A

i A

∂x j
+
∑

E

γ̂ E
i j γ̂

A
E A −

∑

E

γ̂ E
i Aγ̂ A

E j

)

.

Lemma C8

∑

A

∂γ̂ A
i A

∂x j
= ∂γ̂ 0

i0

∂x j
+

3∑

k=1

∂γ̂ k
ik

∂x j
= 0.

Lemma C9

∑

A

∂γ̂ A
i j

∂x A
= ∂γ̂ 0

i j

∂x0 +
3∑

k=1

∂γ̂ k
i j

∂xk
= ∂γ̂ 0

i j

∂x0

= a2

φ2

[

φH′ + 2φH2 + 1

2
φ′′ − φ′2

φ

]

δi j .

Lemma C10
(a)

∑

A,E

γ̂ E
i j γ̂

A
E A = a2

2φ2

(
φ′ + 2φH

)
(

5

2

φ′

φ
+ 3H

)

δi j ,

(b)

∑

A,E

γ̂ E
i Aγ̂ A

j E = a2

2φ3

(
φ′ + 2φH

)2
δi j ,

(c)

∑

A,E

(
γ̂ E
i j γ̂

A
E A − γ̂ E

i Aγ̂ A
E j

)
= a2

2φ2

(
φ′ + 2φH

)
(

H + 3

2

φ′

φ

)

.
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