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Abstract Temperature effects in a scalar field
non-minimally coupled to gravity are investigated. The
Thermo Field Dynamics formalism is used. This is a topolog-
ical field theory that allows us to calculate different effects,
such as the Stefan–Boltzmann law and the Casimir effect, on
an equal footing. These phenomena are calculated assum-
ing the Gödel space-time as a gravitational background. A
possible implication of these results at the beginning of the
universe is discussed.

1 Introduction

The universe has a non-zero temperature from its beginnings
until today. Then the temperature is an important ingredient
in nature and must be considered when studying any phe-
nomenon. These thermal effects are present in all known phe-
nomena of the standard model and general relativity. There
are two approaches to introducing temperature into a theory.
One of them is the imaginary-time formalism which con-
sists of replacing t , with a complex time, iτ [1]. Then the
temporal information of the system is lost. The other is the
real-time formalism. In this case, there are two distinct, but
equivalent approaches. (i) Closed time path formalism [2,3],
where the degrees of freedom of the system are doubled and
the Green’s function assumes a matrix structure. (ii) Thermo
Field Dynamics (TFD) formalism [4–10]. This procedure is
built from the ideas that consider the statistical average of an
operator equal to the vacuum expectation value of this oper-
ator. For such an interpretation to be possible, two elements
are necessary: the Hilbert space must be duplicated and the
Bogoliubov transformation is used. Another characteristic of
this formalism is its topological structure that allows study-
ing different phenomena on an equal footing, such as the
Stefan–Boltzmann law and the Casimir effect. In this paper,
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the TFD formalism is used and three different topologies are
investigated.

To investigate finite temperature applications, a scalar field
coupled to gravity is considered. Then the Stefan–Boltzmann
law and the Casimir effect are calculated. Gödel space-time
is taken as the gravitational background to develop such a
study. The Gödel universe, proposed by Kurt Gödel, in 1949,
is an exact solution of Einstein equations that describes a
rotating universe [11]. The main feature of this metric is
that it displays Closed Timelike Curves (CTCs) that allow
an observer traveling along them to go back in time. As a
consequence, the causality is violated. Although the Gödel
universe does not present expansion, several studies with this
solution have been developed [12–17]. Here, corrections due
to this space-time are calculated for the Casimir effect at zero
and at finite temperature.

The Casimir effect is a quantum phenomenon proposed
by Hendrik Casimir in 1948 [18]. This effect consists of the
interaction between two parallel conducting plates placed in
the vacuum of a quantum field. This implies modifications in
the quantum vacuum and, as a result, the plates are attracted
toward each other. The experimental measurement took place
ten years after the theoretical prediction [19], and the accu-
racy has increased over the years [20,21]. In the first study,
these ideas were considered for the electromagnetic field.
However, any quantum field exhibits this effect. Although
the Casimir force for a scalar field in the Gödel universe has
been calculated [22], in this paper such a study is developed
following a different context. Here, the topological structure
of the TFD formalism is considered. Then, different topolo-
gies, which lead to different compactifications, allow us to
obtain the Casimir effect in Gödel space-time at zero and
finite temperature.

This paper is organized as follows. In Sect. 2, a brief intro-
duction to the TFD formalism is presented. In Sect. 3, the
model that describes a massless scalar field non-minimally
coupled to gravity is introduced. The energy–momentum
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tensor associated with the theory is calculated. It is then ther-
malized to investigate some finite temperature applications.
In Sect. 4, the Gödel universe is considered. Using this space-
time as a gravitational background, the Stefan–Boltzmann
law and the Casimir effect at zero and finite temperature for
the scalar field coupled to gravity are calculated. In Sect. 5,
some concluding remarks are made.

2 TFD formalism

TFD is a thermal quantum field theory that takes the statisti-
cal average of an arbitrary operator as the expectation value
in a thermal vacuum. Such a construction requires two ingre-
dients: the doubling of the Hilbert space and the Bogoliubov
transformation. The doubled Hilbert space, i.e. ST = S⊗ S̃,
consist of the original Hilbert space S and the dual (tilde)
Hilbert space S̃. The Bogoliubov transformation consists of
a rotation between tilde and non-tilde operators that intro-
duce the temperature effects. Considering an arbitrary oper-
ator O(k), this transformation is presented as

(
O(k, α)

η Õ†(k, α)

)
= B(α)

(
O(k)

η Õ†(k)

)
, (1)

where η = −1(+1) for bosons (fermions) and B(α) is
defined as

B(α) =
(

u(α) −v(α)

ηv(α) u(α)

)
, (2)

with u(α) and v(α) being functions given as

v2(α) = (eαωk − 1)−1, u2(α) = 1 + v2(α). (3)

The α is defined as the compactification parameter that can
be associated with any physical quantity. Its definition is
α = (α0, α1, . . . αD−1), where D is the space-time dimen-
sion. To introduce the effects of temperature, it is considered
as α0 ≡ β and α1, . . . αD−1 = 0. This parameter can be intro-
duced into the propagator of any quantum field theory. As an
example, the scalar field propagator is considered. Then

G(AB)
0 (x − x ′;α) = i

∫
d4k

(2π)4 e
−ik(x−x ′)G(AB)

0 (k;α), (4)

where A, B = 1, 2 define the doubled notation and

G(AB)
0 (k;α) = B−1(α)G(AB)

0 (k)B(α), (5)

with G0(k) being the usual massless scalar field propagator.
The physical component, which is given by the non-tilde
variables (A = B = 1), is

G(11)
0 (k;α) = G0(k) + η v2(k;α)[G∗

0(k) − G0(k)], (6)

where v2(k;α) is the generalized Bogoliubov transforma-
tion. Its definition is given as [23]

v2(k;α) =
d∑

s=1

∑
{σs }

2s−1
∞∑

lσ1 ,...,lσs=1

(−η)s+
∑s

r=1 lσr

× exp

⎡
⎣−

s∑
j=1

ασ j lσ j k
σ j

⎤
⎦ , (7)

with d being the number of compactified dimensions and
{σs} denotes the set of all combinations with s elements.

Furthermore, it is important to emphasize that TFD is a
field theory on the topology Γ d

D = (S1)d × R
D−d . Here

1 ≤ d ≤ D, where D is the dimension of the manifold and d
is the number of compactified dimensions. In this formalism
any set of dimensions of the manifold R

D can be compact-
ified, where the circumference of the nth S

1 is specified by
αn . In this paper, three different topologies will be consid-
ered: (i) the topology Γ 1

4 = S
1 × R

3, where the time-axis
is compactified into a circumference of length β. (ii) The
topology Γ 1

4 with the compactification along the coordinate
z. (iii) The topology Γ 2

4 = S
1 × S

1 × R
2 with a double

compactification, with one being the time and one along the
coordinate z.

3 The model: scalar field non-minimally coupled to
gravity

The Lagrangian describing a massless scalar field non-
minimally coupled to gravity is given as

L = 1

2

(
gμν∂μφ(x)∂νφ(x) − ξ Rφ(x)2

)
, (8)

where φ(x) is the massless scalar field and ξ is the coupling
parameter for the scalar curvature, R.

In the next section, some finite temperature applications
for this theory are investigated. Then the main quantity that
must be calculated is the energy–momentum tensor. Its def-
inition,

Tμν = − 2√−g

δL
δgμν

, (9)

leads to

Tμν(x) = 1

2
gμν∂

ρφ(x)∂ρφ(x)

−∂μφ(x)∂νφ(x)

+ξ

(
Rμν − 1

2
gμνR + gμν� − ∂μ∂ν

)
φ(x)2,

(10)

where Rμν is the Ricci tensor and � = gμν∂μ∂ν is the
d’Alembert operator. In this quantity there are products of
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two operators at the same space-time point, this leads to
divergence. In order to avoid such problems, the energy–
momentum tensor is written at different points in space-time,
i.e.

Tμν(x) = lim
x ′→x

τ

[
1

2
gμν∂ρφ(x)∂ρφ(x ′) − ∂μφ(x)∂νφ(x ′)

+ξ

(
Rμν − 1

2
gμν R + gμν� − ∂μ∂ν

)
φ(x)φ(x ′)

]
,

(11)

with τ being the time ordering operator.
Using the canonical quantization for the scalar field

[φ(x), ∂ ′μφ(x ′)] = inμ
0 δ(
x − 
x ′), (12)

and the relation

∂ρθ(x0 − x ′
0) = nρ

0 δ(x0 − x ′
0), (13)

where nμ
0 = (1, 0, 0, 0) is a time-like vector and θ(x0 − x ′

0)

is the step function, the energy–momentum tensor reads

Tμν(x) = lim
x ′→x

{
Δμντ

[
φ(x)φ(x ′)

] − Σμνδ(x − x ′)
}
,

(14)

with

Δμν = 1

2
gμν∂

ρ∂ρ

−∂μ∂ν + ξ

(
Rμν − 1

2
gμνR + gμν� − ∂μ∂ν

)
,

(15)

Σμν = − i

2
gμνn

ρ
0 n0ρ + in0μn0ν . (16)

The vacuum expectation value of the energy–momentum
tensor is〈
Tμν(x)

〉 = lim
x ′→x

{
Δμν

〈
0

∣∣τ [φ(x)φ(x ′)]∣∣ 0
〉

−Σμνδ(x − x ′) 〈0|0〉
}
. (17)

Considering the massless scalar field propagator G0(x − x ′),
which is defined as〈
0

∣∣τ [φ(x)φ(x ′)]∣∣ 0
〉 = iG0(x − x ′), (18)

Equation (17) becomes
〈
Tμν(x)

〉 = lim
x ′→x

{
iΔμνG0(x − x ′) − Σμνδ(x − x ′)

}
. (19)

Applying the TFD formalism, the α parameter is intro-
duced. Then the vacuum expectation value of the energy–
momentum tensor is given as〈
T (AB)

μν (x;α)
〉

= lim
x ′→x

{
iΔμνG

(AB)
0 (x − x ′;α)

−Σμνδ(x − x ′)δ(AB)
}
. (20)

In order to study some application, a physical (renormal-
ized) energy–momentum tensor is needed. Then the follow-
ing prescription is used

Tμν(x;α) =
〈
T (AB)

μν (x;α)
〉
−

〈
T (AB)

μν (x)
〉
. (21)

This leads to

Tμν(x;α) = lim
x ′→x

{
iΔμνG

(AB)

0 (x − x ′;α)
}
, (22)

with

G
(AB)

0 (x − x ′;α) = G(AB)
0 (x − x ′;α) − G(AB)

0 (x − x ′).
(23)

In the next section, these results are used to investigate
some finite temperature applications in the Gödel universe.

4 Gödel space-time and applications

Here the main characteristics of the Gödel universe are pre-
sented. The Gödel metric is given as

ds2 = a2
[
dt2 − dx2 + 1

2
e2xdy2 − dz2 + 2exdtdy

]
, (24)

where a is a positive constant. The relevant quantities for the
following calculations are: (i) non-zero Ricci tensor compo-
nents:

R00 = 1, R02 = R20 = ex , R22 = e2x , (25)

and (ii) the Ricci scalar:

R = 1

a2 . (26)

Using these elements, the components with μ = ν = 0 and
μ = ν = 3 on Eq. (15) are given as

Δ00 = −1

2

(
3∂0∂

′
0 − 4e−x∂0∂

′
2 + ∂1∂

′
1 + 2e−2x∂2∂

′
2 + ∂3∂

′
3

)

+ξ

(
1

2
−

(
2∂0∂

′
0 − 4e−x∂0∂

′
2 + ∂1∂

′
1 + 2e−2x∂2∂

′
2 + ∂3∂

′
3

))

(27)

and

Δ33 = 1

2

(
∂0∂

′
0 − 4e−x∂0∂

′
2 + ∂1∂

′
1 + 2e−2x∂2∂

′
2 − ∂3∂

′
3

)

+ξ

(
1

2
+ ∂0∂

′
0 − 4e−x∂0∂

′
2 + ∂1∂

′
1 + 2e−2x∂2∂

′
2

)
.

(28)

The scalar field propagator in this gravitational back-
ground is given by

G0(x − x ′) = − i

(2π)2

1

(x − x ′)2 , (29)
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where

(x − x ′)2 = a2(t − t ′)2

+2a2ex (t − t ′)(y − y′) − a2(x − x ′)2

+1

2
a2e2x (y − y′)2 − a2(z − z′)2. (30)

Now using these ingredients and different topologies,
some applications at finite temperature are calculated.

4.1 Stefan–Boltzmann law in Gödel space-time

In order to obtain the energy density in Gödel universe the
topology Γ 1

4 = S
1 ×R

3, with α = (β, 0, 0, 0) is considered.
In this case the generalized Bogoliubov transformation is
given as

v2(β) =
∞∑

l0=1

e−βk0l0 , (31)

and the Green function is

G0(x − x ′;β) = 2
∞∑

l0=1

G0(x − x ′ − iβl0n0), (32)

where G0(x − x ′;β) ≡ G
(11)

0 (x − x ′;β) represents the
physical component and n0 = (1, 0, 0, 0). Then the energy–
momentum tensor becomes

T (11)
μν (x;β) = 2i lim

x ′→x

{
Δμν

∞∑
l0=1

G0(x − x ′ − iβl0n0)
}
.

(33)

Taking μ = ν = 0 and using Eq. (27) in the last equation,
we get

T (11)
00 (T ) = π2

30a2 T
4 + ξ

a2

(
π2

30
− 1

96T 2

)
T 4. (34)

This is the Stefan–Boltzmann law associated with the scalar
field coupled to gravity in the Gödel space-time. The Gödel
parameter a2 changes the usual result. If the coupling con-
stant ξ is very small, the standard result for the massless
scalar field is recovered if a2 = 1. It is interesting to observe
two temperature limits: at very high temperature E ∝ T 4,
while at very low temperature E ∝ T 2.

4.2 Casimir effect in Gödel space-time

In this subsection the Casimir effect for the massless scalar
field coupled to gravity in Gödel space-time is calculated in
two different topologies. This leads to obtaining the Casimir
effect at zero and finite temperature.

4.2.1 Zero temperature

To calculate the Casimir effect in Gödel space-time at
zero temperature the topology Γ 1

4 = S
1 × R

3 with α =
(0, 0, 0, i2d) is considered. Here 2d is the length of the cir-
cumference S1. Then the Bogoliubov transformation is given
as

v2(d) =
∞∑

l3=1

e−i2dk3l3 (35)

and the Green function is written as

G0(x − x ′; d) = 2
∞∑

l3=1

G0(x − x ′ − 2dl3n3) (36)

with n3 = (0, 0, 0, 1). Using these results, the energy–
momentum tensor becomes

T (11)
μν (x; d) = 2i lim

x ′→x

{
Δμν

∞∑
l3=1

G0(x − x ′ − 2dl3n3)
}
.

(37)

Choosing μ = ν = 0 the Casimir energy in Gödel space-
time reads

T (11)
00 (d) = − π2

1440a2d4 − ξ

(
π2

1440a2d4 + 1

96a2d2

)
.

(38)

And for μ = ν = 3 the Casimir pressure is given as

T (11)
33 (d) = − π2

480a2d4 − ξ

(
π2

480a2d4 + 1

96a2d2

)
. (39)

Therefore the Gödel space-time allows for the Casimir effect
at zero temperature. The gravitational background, described
by the Gödel metric, changes the usual Casimir effect for
the massless scalar field coupled with gravity. The modifi-
cations due to the gravitational background are governed by
the parameter a2. Three cases can be analyzed. (i) a2 = 1
leads to the standard result; (ii) a2 very small implies that
the Casimir effect increases; and (iii) for a2 very large the
Casimir effect in the Gödel universe decreases compared to
the standard result.

4.2.2 Finite temperature

To investigate thermal corrections for the Casimir effect in
Gödel space-time two compactifications are considered, i.e.,
one along the time axis and the other along the z-coordinate.
The topological structure that represents this effect is given
by Γ 2

4 = S
1 × S

1 × R
2. In this case the α parameter is

chosen as α = (β, 0, 0, i2d). For this choice, the Bogoliubov
transformation is given as
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v2(β, d) =
∞∑

l0=1

e−βk0l0 +
∞∑

l3=1

e−i2dk3l3

+2
∞∑

l0,l3=1

e−βk0l0−i2dk3l3 , (40)

where dk3 is the product between the distance d and the z-
component of the momentum k3. It is important to note that
the first term leads to the Stefan–Boltzmann law and the sec-
ond term is related to the Casimir effect at zero temperature.
The third term is associated with the Casimir effect with non-
zero temperature. In this case, two compactifications happen
together. The Green function that describes the third term is

G0(x − x ′; β, b) = 4
∞∑

l0,l3=1

G0
(
x − x ′ − iβl0n0 − 2dl3n3

)
.

(41)

Using this result, the energy–momentum tensor becomes

T (11)
μν (x;β, d) = 4i

lim
x ′→x

{
Δμν

∞∑
l0,l3=1

G0
(
x − x ′ − iβl0n0 − 2dl3n3

) }
.

(42)

After some calculations, the Casimir energy for the scalar
field coupled to gravity at finite temperature in Gödel space-
time is given as

T (11)
00 (β, d) = − 2

π2a2

∞∑
l0,l3=1

{
(2dl3)2 − 3(βl0)2

[(2dl3)2 + (βl0)2]3

−ξ

4

[−(4dl3)2(1 + (dl3)2) + (2βl0)2(3 − 2(dl3)2) − (βl0)4]
[(2dl3)2 + (βl0)2]3

}
. (43)

Similarly, the Casimir pressure at finite temperature in Gödel
universe reads

T (11)
33 (β, d) = − 2

π2a2

∞∑
l0,l3=1

{
3(2dl3)2 − (βl0)2

[(2dl3)2 + (βl0)2]3

−ξ

4

[−(4dl3)2(3 + (dl3)2) + (2βl0)2(1 − 2(dl3)2) − (βl0)4]
[(2dl3)2 + (βl0)2]3

}
. (44)

These expressions show that the Casimir energy and Casimir
pressure are affected by the effects of temperature in addition
to modifications due to the Gödel parameter.

5 Conclusions

A scalar field coupled to gravity in the TFD formalism is con-
sidered. TFD is an approach that allows introducing tempera-
ture effects using a topological structure. Different topologies
lead to different phenomena, although all effects are treated
on an equal footing. Here, three topologies are chosen which
imply: (i) the time is compactified into a circumference of
length β, (ii) the z-coordinate is compactified, and (iii) both
compactifications are taken together. As a result, three dif-
ferent effects associated with the scalar field non-minimally
coupled to gravity are calculated: the Stefan–Boltzmann law
and the Casimir effect at zero and non-zero temperature. In
such a study, Gödel space-time is considered. This cosmo-
logical model is an exact solution of general relativity. Its
main feature is the possibility of CTCs that leads to a vio-
lation of causality. Our results show that the Gödel universe
allows for a Stefan–Boltzmann law and the Casimir effect.
However, these phenomena depend on the Gödel parameter
a2. Although the Gödel universe does not describe expan-
sion, then it is not a realistic model of our actual universe,
there is an important discussion that considers that the uni-
verse can experience a Gödel phase for a small period of
time during the inflation era. This characterizes the de Sitter-
Gödel-de Sitter phase transition, i.e., there is a phase tran-
sition from de Sitter to Gödel space-time and then back to
de Sitter space-time [22,24]. Therefore, the study developed
here is important since the Casimir effect in Gödel space-
time is a quantum effect and may be relevant at the beginning
of the universe. Furthermore, the study developed here can
be generalized considering the Gödel-type space-time. Using
cylindrical coordinates, the causality problem is examined in
more detail. Causal and non-causal regions are allowed. Then

it is interesting to investigate how the parameters that deter-
mine such regions affect the Casimir effect at zero and finite

temperature. This analysis is under investigation in work-in-
progress.
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