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Abstract

I present a review of the Dirac equation in general relativity. Although the generaliza-
tion of the Dirac equation to a curved spacetime is well known, it is not usually part
of the standard toolkit of techniques known to people working on classical general
relativity. Recently, there has been some renewed interest in studying solutions of the
Einstein—Dirac system of equations, particularly in the context of the so-called “Dirac
stars”. Motivated by this, here I present a review of the Dirac equation in general rel-
ativity, starting from Minkowski spacetime, and then considering the Lorentz group
and the tetrad formalism in order to generalize this equation to the case of a curved
spacetime. I also derive the form of the Dirac equation and its associated stress—energy
tensor for the case of the 3+1 formalism of general relativity, which can be useful for
the study of the evolution of the Dirac field in a dynamical spacetime.
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1 Introduction

The relativistic description of spin 1/2 particles is given in terms of the Dirac equation.
This equation, proposed by Dirac in 1928 [1], is a first order equation in both time
and space that is fully Lorentz covariant and does not suffer the problem of having
negative probability densities as in the case of the Klein—-Gordon equation. The price
to pay is the need to introduce a new type of geometric object different from vectors
and tensors: a four-component spinor that transforms according to its own special set
of rules with respect to a general Lorentz transformation.

The original form of the Dirac equation is perfectly consistent in special relativity,
but since Einstein’s work in 1915 we know that in the presence of gravity our Universe
isnot correctly described by Minkowski spacetime, and one must use instead the curved
spacetime formalism of general relativity. A generalization of the Dirac equation to
the case of curved spacetimes was quickly found by Fock and Ivanenko in 1929 [2,
3], and later studied by Bargmann [4] and even Schroedinger [5]. However, due to the
fact that the gravitational field can be safely ignored when studying atomic physics,
this generalization was regarded for a long time as an academic exercise with little
practical applications.

Interest in the study of Dirac equation in curved spacetimes increased in the 1970’s
with the work of Hawking on quantum field theory on curved spacetimes, and since
then one can find some discussion (usually quite short) of the general relativistic
version of the Dirac equation in modern textbooks (see e.g. [6, 7]). Still, the formulation
of the Dirac equation in a curved spacetime remains, even today, as something that
most researchers working in the field of general relativity never study.

More recently, a revived interest in this subject has arisen related to the work on
exotic compact objects (ECO), in particular self-gravitating stationary solutions of
the Einstein equations coupled to some matter field. The case of ECO’s formed by
scalar fields corresponds to the well-known boson stars initially introduced by Kaup
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and Ruffini in the late 1960’s [8, 9] (a recent review can be found in [10]), while
ECQO’s formed from vector fields correspond to the more recently introduced Proca
stars of Brito et al. [11]. The so-called “Dirac stars”, that is self-gravitating stationary
solutions of the Einstein—Dirac system, have also been considered, originally by Finster
in 1998 [12], and more recently by Herdeiro et al. [13] (see also [14—16]).

Motivated by these developments, here I present a review of the Dirac equation
in general relativity, starting from Minkowski spacetime, and then considering the
Lorentz group and the tetrad formalism in order to generalize this equation to the case
of a curved spacetime. Other reviews on this subject already exist in the literature
(see e.g. [17-20]), but in my opinion none are fully comprehensive. Though most
of the material presented here is known, I try to present it in a pedagogical way
starting from first principles. I also derive the form of the Dirac equation and its
associated stress—energy tensor for the particular case of the 3+1 formalism of general
relativity. To my knowledge, these last sections include new material which can be
very useful for the study of the evolution of the Dirac field in a dynamical spacetime.
Finally, I consider the particular example of spherical symmetry: First the general
case of the Dirac equation in a spherically symmetric spacetime, and later the case of
self-consistent spherically symmetric solutions of the Einstein—Dirac system, and the
special configurations corresponding to Dirac stars.

A word about my conventions, throughout this paper I use the metric signature
(—, +, +, +) and Planck units such thatc = h =G = 1.

2 The Dirac equation in special relativity
2.1 Dirac equation

The Dirac equation is a relativistic generalization of the Schroedinger equation that
describes the behaviour of spin 1/2 particles (the material presented in this section
is well known, and can be found in any standard text book on quantum field theory,
see e.g. [21-23]). Before Dirac’s work in 1928 [1], there was already a relativistic
generalization of Schroedinger’s equation, namely the Klein—Gordon equation, which
takes the form:

Oy —m?y =0, (IL1)

where [ is the standard d’Alambertian operator in special relativity (though the
equation takes exactly the same form in general relativity (GR) with the curved
d’ Alambertian), and m is a mass parameter which corresponds to the mass of the
associated particle when the theory is quantized. For a complex wave function i one
can show that there is a conserved current given by:

o= =i (YR — Yo yt) (I1.2)
where ¥* denotes the complex conjugate of v, such that:
Vit =0. (I1.3)
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The main problem with interpreting the Klein—Gordon equation as a quantum equa-
tion comes from the fact that the density associated with the above conserved current
is given by:

p=j"=i(Wr oy — vy . (IL4)

This expression is clearly not positive definite, so it can not be associated with a
probability density. This problem can be traced back to the fact that, in contrast with
the Schroedinger equation, the Klein—Gordon equation is of second order in time.
Because of this the Klein-Gordon equation was initially rejected as a valid quantum
equation, which motivated Dirac to look for a relativistic equation that was first order
in time. The problem with the Klein—Gordon equation was later solved in quantum
field theory by associating the density p above not with a probability density, but rather
with a charge density, allowing it to describe particles and antiparticles of opposite
charge. However, this equation does not include the effects of the spin of the particles,
so today it is considered to describe only scalar (spin 0) particles such as for example
the Higgs boson. But we will not go any deeper into quantum field theory here and
we will instead regard both the Klein—Gordon equation and the Dirac equation below
as purely “classical” field equations.

Since having an equation that is first order in time and second order in space, such
as the Schroedinger equation, clearly violates Lorentz invariance, Dirac proposed a
purely first order expression for the Hamiltonian operator of the form:

Hy = (e p+pm)y. (IL5)

where bold letters indicate three-dimensional objects, with p; the usual momentum
operator, and where the quantities «; and 8 are constant coefficients to be deter-
mined. We can immediately see that, if the o; were the components of a simple
three-dimensional vector, the above equation would give preference to a specific direc-
tion in space, in clear violation of relativistic invariance, so they must be other type of
objects.

If we now want our Hamiltonian operator to satisfy the relativistic energy—
momentum relation we must ask for:

A%y = (j;z + mz) v (IL6)

Taking the square of Eq. (IL.5) we now find (notice that here we are not assuming that
the «; and B commute):

B> =Y "o p7+ ) (ciej +ajoi) pipj+ Y m (@i + Bai) pi+p°m* . (IL7)
l. :

i>] i

Comparing this with (I1.6) we find that we must have otl.2 = B2 = 1, plus the objects
(a1, a2, @3, B) must all anti-commute with each other. Given these anti-commutation
relations we must conclude that these objects are not simple numbers, but must be
matrices of some dimension. One can also show that in order to satisfy all these
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relationships such matrices must be at least of dimension 4 x 4. One such set of
matrices are known as the Dirac—Pauli matrices, and are given by:

a,~=<£(g> , ﬁ:(%_ol) , (IL8)

where I is the 2 x 2 identity matrix, and where the o; are the usual 2 x 2 Pauli

matrices:
01 0—i 10
01=<10> , = (i O) , G3=<0 _1> . (I1.9)

Given the fact that the Pauli matrices are hermitian (i.e. equal to their conjugate
transpose), the ¢; and B are also hermitian. It is important to remember at this point
that the Pauli matrices anti-commute with each other and are such that 01.2 = 1. Both
these properties can be combined into the expression:

{oi.0j} =281, (11.10)

where {, } denotes the anticommutator defined as {0}, 0;} := 0;0; + 7;0;.

One should mention the fact that the above choice for the matrices «; and g is clearly
not unique. In fact, any set of matrices related to the above choice by a transformation
of the form:

ap =UqU™", p =UpUu"", (L11)

with U a unitary matrix, would satisfy the same relations. Another common represen-
tation is the Weyl or quiral representation, and is given by:

a,-:(‘?i) ., B= (102102) . (IL12)

Now, given the fact that the Dirac Eq. (IL.5) involves matrix operators of dimension
4 x 4, we conclude that the “wave function” 1y must in fact be a complex column vector
with four components known as a Dirac spinor. The Dirac equation then represents a
set of four coupled equations for the four complex components of . Notice that even
if the Dirac spinor has four components, it is not a 4-vector in the usual spacetime
sense, but rather a collection of four complex numbers that transform in a special way
under rotations, as we will see below.

2.2 Covariant form
The Dirac Eq. (II.5) can easily be rewritten in a manifestly covariant form. In order to

do this we first write the standard energy and momentum operators in the usual form
(remember that we are taking i = 1):

H=id, P =-ij. (11.13)
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The equation now takes the form:
10y = —id' 0y + pmy (IL.14)

where we have defined o = «;. From here on we will adopt the convention that Greek
indices take values from O to 3, with O corresponding to the time coordinate, while
Latin indices only take values from 1 to 3. We also adopt the Einstein summation
convention: repeated indices in the same term, once covariant and once contravariant,
are to be summed over all their allowed values. Multiplying the above equation with
—i we obtain:

WY = —a' iy —iBmy . (IL.15)

Written in this form the Dirac equation can be interpreted as an evolution equation in
time for . This is important, for example, if one is interested in dynamical simulations
of solutions of the Dirac equation. Multiplying now (II.14) with g from the left, and
rearranging terms we find:

iBoY +ipadiy —my =0, (11.16)

where we used the fact that 82 = 1. The above equation can now be written in covariant
form as:
iyFoy —my =0. (I.17)

where we defined the y* matrices as:
yO =4, yk = Bak . (I1.18)

The above matrices are the so-called Dirac matrices. In the standard representation
they take the form:

L 0 0 o
0 _ 2 k _ k
while in the Weyl representation they are instead:
0 __ O 12 k _ 0 Of
y _(12()), y _(—Gk())' (I1.20)

It is usual to define the operator § := y#9,,, so that the Dirac equation takes the more
compact form:

(id—m)y =0. (I1.21)

From the definition of the y* matrices one can show that:
viyt vty ==t (I1.22)

with n*¥ the Minkowski tensor, and where here 14 denotes the 4 x 4 identity matrix.
Here it is important to mention the fact that the above relation is obtained when using a
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signature (—, +, +, +) for the metric. In quantum field theory text books it is common
to use the opposite signature, so that the term on the right hand side above changes
sign. The previous relation defines what is known as a Clifford algebra. In particular

we have: ) 5
(yo) =1, (y") =1, (I1.23)

and:
yorE+ 50 =0, (11.24)

that is, »° and y* anti-commute with each other. One can also show that:
of _ o kf ok
yo=v., vo==v, (I1.25)

where the symbol T denotes the transpose conjugate. That is, ¥ is hermitian while
the y* are anti-hermitian. These last relations can be summarized as:

yoyiy® = yrt . (I1.26)

It is common to also define the matrix > as follows:

v =iy’y'y?y?. (I1.27)
The use of the number 5 comes from the fact that many older texts take the spacetime
coordinates to run from 1 to 4 instead of from 0 to 3 as we do here. This matrix is
useful for many calculations in quantum field theory, but we will not consider it further
here.

There is another useful relation that can be obtained from the Clifford algebra that
allows us to commute two pairs of Dirac matrices. From (II.22) one can show, after
some algebra:

yeyPyty = yryty ey P £ 2 (Y Py — Pyt 4yt P — nfry iy
(I1.28)

2.3 Adjoint equation, conserved current and the Klein-Gordon equation

In order to find a conserved current associated with the Dirac equation we start from
considering its hermitian conjugate. We first write the Dirac equation in extended form
as:

iy0o, v +iykoy —my =0, (IL.29)

so that its hermitian conjugate takes the form:
_i (a,l/ﬁ) yO—i (aw*) (=5 —myt =0. (I30)

Notice that in the above equation v/ T is now a row vector, while v is a column vector.
Multiplying the last equation with y° from the right, and defining the adjoint spinor
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as ¥ 1= ¥ y0, we find: ) )
i(0u9)y* +my =0, (IL.31)

where we used the fact that y© and y* anti-commute. The last equation is known as
the adjoint Dirac equation.

We can now multiply the Dirac Eq. (IL.17) with ¥ on the left, and the adjoint
Eq. (I.31) with ¥ on the right, and add the resulting equations together (remembering
that the y# matrices are constant). We then find:

v (v o) + (8.¥) vy = 8, (v y) =0. (11.32)
This result implies that we have a conserved current of the form:
=yt (I133)
In particular, the associated density is now given by:
4
p=vy"v =vy =) Iyl (IL34)
i=1
where here (and in similar expressions below) the index i labels spinor components.
Clearly p is now positive definite and can be interpreted as a probability density, which
was Dirac’s main motivation.
Let us now go back to Eq. (II.17). Applying the operator —iy" 9, from the left we

obtain:
Yy yHo,0,% +imy"d, ¥ =0, (11.35)

where we again used the fact that the # matrices are constant. Using again (II.17) in
the second term this reduces to:

y yraud,y +mPy =0. (1L.36)
On the other hand, since partial derivatives commute we can write:
(Y yY + v ") duovy = 2y"y 0,0, (IL37)
Using now the Clifford algebra, relation (I1.22), this implies that:
yry ooy = —n*oyy = -0y, (11.38)
so that Eq. (I1.36) finally reduces to:
Oy —m?y =0, (11.39)

which is nothing more than the Klein—-Gordon equation. That is, each of the individual
components of the spinor ¥ obey the Klein—-Gordon equation separately. However,
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will see in the following sections that this is strictly true only in a flat spacetime and
in Cartesian coordinates.

3 The Lorentz group
3.1 Tensor representation

In order to study the behaviour of the Dirac equation under Lorentz transformations
we must first understand in some detail the Lorentz group, which includes the proper
Lorentz transformations as well as the three-dimensional rotations in space. A general
Lorentz transformation is defined as a linear (and real) coordinate transformation that
leaves the Minkowski interval invariant. Such a transformation can be represented in
the general form:

X =A% P (1IL.1)

where {x“} are the original coordinates, {x'*} are the new coordinates, and where
A% = ax""/ dxP is the jacobian matrix that must be constant for a linear transfor-
mation. Notice that in the above expression the order of the indices in the matrix A%g
matters, as we will see in a moment.

It is important to mention the fact that in general we are not assuming any symmetry
properties for the matrix A% g. For example, for as Lorentz “boost” along the x direction
the matrix turns out to be symmetric, while for a three-dimensional rotation in space
around the x axis it is antisymmetric. We will return to this point below.

We can now raise and lower indices of the jacobian matrix using the Minkowski
tensor nyg to construct, for example:

Aop = Naphlp . AP =nPrAY, AP =P AR, (I1.2)

In particular, since the Minkowski tensor is invariant under Lorentz transformations
by definition, we must have:

nf = A% NP " = AAP, (I11.3)

which implies:
A" Ag, = A%, A" = 85 - (1IL.4)

On the other hand, for the inverse transformation we have:
X = (A (I1L.5)

so that:
(ATH Alg =085 A% (AT =65 (I1L6)

Comparing this with (II.4) we find:
(AH% s = Ag”, (111.7)
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so the inverse transformation takes the form:
X% =A% x'P (IIL8)

That is, in order to obtain the inverse of the jacobian matrix we must lower the first
index, raise the second index, and transpose the matrix. In matrix notation this result
can be written as A~' = 5 ATx. In particular, for a rotation in space raising and
lowering indices has no effect, so the inverse is simply the transpose, and since the
jacobian matrix is real we see that rotations in space correspond to orthogonal matrices
(with inverse equal to the transpose). In contrast, for a Lorentz boost raising one index
and lowering the other changes the sign of the first column and first row (keeping
the 00 component unchanged), and leaves us again with a symmetric matrix, so now
taking the transpose has no effect. A Lorentz boost therefore does not correspond to
an orthogonal matrix.
Equation (II1.7) also implies the following relations (compare this with (I11.4)):

AP Nyp = N A g = 5% (I1L.9)

Given the previous results, the Lorentz transformations of vectors and 1-forms take
the form:
VI = AP ¢y = AdPas (111.10)

which can be generalized directly to tensors of arbitrary range. In particular, the coor-
dinate basis vectors (é,) transform in the same way as the components of a 1-form:

¢, =N LPeg . (IL11)

On the other hand, since the determinant of the Minkowski tensor is —1, we also
find that: )
[det (A%)]"=1 = [det(A%)]==I. (IIL.12)

The group of Lorentz transformations in known as O (3, 1), which is the general
group that leaves the Minkowski interval invariant. If we restrict ourselves to those
transformations that have determinant equal to 41 we obtain the “special” or “proper”
Lorentz group SO (3, 1). If, moreover, we ask for the direction of time to remain the
same, that is we ask for AOO > 1, we obtain the orthochronous Lorentz group.

Let us now consider an infinitesimal transformation of the form:

Aalg =5aﬁ —i—)»aﬁ , (II1.13)
with [A%g| < 1. Raising and lowering indices we find:
Aop =Nap +rap . AP =0 2P (IIL.14)

These results imply that, to first order in small quantities, we must have:

AP B — 0, (I11.15)
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that is, A% must be antisymmetric. In four dimensions such a matrix has only 6
independent components which correspond to the three spatial rotations and the three
possible boosts.

The next step is to introduce a basis for the space of the 4 x 4 antisymmetric
matrices. This basis must be clearly formed from 6 antisymmetric matrices M4 that
are linearly independent from each other, with A = 1, ..., 6. In fact, it turns out to be
very convenient to replace the index A with a new pair of antisymmetric indices, so
that our 6 basis matrices will now be M*?, with elements given by (M*°)*#. This
notation can seem somewhat cumbersome at first, but notice that we can now find an
explicit expression for our basis matrices as:

(Mpo)otﬂ — _npanaﬂ + n‘m‘npﬂ . (III.16)

In the above expression (&, 8) denote the different elements of a given matrix, while
(p, o) denote which particular matrix we are considering. By direct computation it
is not difficult to show that the basis introduced above corresponds to taking, for the
matrices MY withi = 1,2, 3:

(M"Y = — (M%) = 41, (IIL.17)
with all other components equal to zero, and for the matrices MY withi, j = 1,2, 3:
(MY = —(M7yT =1, (I11.18)

again with all other components equal to zero. That is, each basis matrix takes one of
the six independent components of a general 4 x 4 antisymmetric matrix equal to +1,
with all other other independent components equal to zero.

The matrix A%? associated with an infinitesimal Lorentz transformation can now
be written as a linear combination of our basis matrices in the form:

1
A% — 5 Cpo (MP)P (I11.19)

where the coefficients C, are six small parameters (antisymmetric in p and o) that
identify the type of transformation we are doing, that is, which precise combination
of rotations and boosts. The factor 1/2 is there to compensate for the fact that the
sum over (p, o) counts each independent term twice. In practice, in order to apply a
Lorentz transformation we need to lower one index and use A%g, where one should
remember that the matrices A%g are no longer necessarily antisymmetric (what we
actually have is A,? + A#, = 0). It is interesting to note that, given the form of the
matrices M in (II.16), the infinitesimal Lorentz transformation simply reduces to:

2P — P (I11.20)
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122 Page 12 of 85 M. Alcubierre

The matrices M are known as the generators of the Lorentz group, and satisfy the
Lie algebra:

[MP7, MM = PR MY — P" MO* 4 7  MPH — PR MPY (IIL.21)

We can now express a finite Lorentz transformation by using the standard expo-
nential mapping given by:

1
A%g = exp (E CPU(M”“)“ﬂ> . (II1.22)
Is it common to give alternative names to the matrices M as follows:
a 0i \* a 1 ik\*
(&)¢=@4)ﬁ, moﬂziw(MJ)f (I11.23)

where the Latin indices (i, j, k) only take values from 1 to 3, and with €k the
Levi—Civita symbol in three dimensions. The names of these new matrices are clearly
associated with spatial rotations, R, and Lorentz boosts, B. We find explicitly:

0+100 00+10 000 +1
| +1 000 | 00 o0 | 000 o0
Bi=1 "9 o000l B=|+10 oo B=| o000 of T2
0 000 00 00 +100 0
and:
00 0 0 0 00 0 0 0 00
00 0 0 0 00+1 0 0-10
Ri=100 o-1|" ®2=10 00 ol ®B=|o41 o0 T2
0041 0 0-10 0 0 0 00

We can now define the complex matrices J; := i R; and K; := i B;, which obey the
following algebra:

Ui Jl =i i, i Kjl=iej* Ky, [Ki,Kjl=—i€;*Jp . (I11.26)

These relations are equivalent to (II1.21) and define the algebra of the Lorentz group.
The matrices J generate spatial rotations, while the matrices K generate Lorentz
boosts. Notice here that the J matrices are purely imaginary and antisymmetric, so
they are hermitian, while the matrices K are purely imaginary and symmetric, and as
such are anti-hermitian.
With the previous definitions, a general Lorentz transformation can be expressed
as:
1\=ﬂp@-ﬁ—¢-é)=em(—ﬁ~j+@-g), (I11.27)
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with 6; and ¢; parameters associated with spatial rotations and boosts, respectively,
and where the dot product is the usual one in three dimensions (the negative sign
on the term with the ¢; is necessary in order to recover the Lorentz boosts in their
usual form). The 6; represent directly rotation angles, while the ¢; are in fact velocity
parameters as will be clear below.

To continue we will now define 6 “partial identity matrices” I, as diagonal matrices
such that their only non-zero components are the (o, p) and (o, o) components which
are equal to 1. A little algebra now allows us to show that the square of the B and R
matrices is given by:

(B> =+Iop1, (B)>=+Ipn. (B3)>=+Ip, (I1.28)
(R)*=—-Is, (R)*=-I3, (R3)?=—In. (I11.29)

These relationships allow us to find recurrent formulas for any power of the B and R
matrices. In particular, even powers of any B; are just the respective partial identity
matrix, while odd powers are the same B; again. For the R; matrices the situation is
similar but with alternating signs.

We can then expand the exponential mapping in a Taylor series, so that for the
B; matrices we get only positive signs that can be grouped into hyperbolic sines and
cosines. For example, for a boost along the x direction (¢1 = ¢, 92 = ¢3 =0,6; =0)

we find:
cosh(p) —sinh(p) 00

—sinh(¢) cosh(¢) 00
0 0 001"’
0 0 00

A =exp(—¢B)) = (II1.30)

and similarly for the y and z directions. This can be immediately recognized as a usual
Lorentz boost written in terms of the velocity parameter ¢ defined as v = tanh(p),
with v the speed associated with the boost.

On the other hand, for the R; matrices the alternating signs result in the Taylor
expansion for the standard trigonometric sines and cosines. For example, for a rotation
around the x axis (¢; = 0,01 = 6, 6, = 63 = 0) we now find:

00 O 0

00 O 0

00 cos(f) —sin(0) | °
00 sin(@) cos(0)

A =exp(OR)) = (IIL.31)

which is the usual rotation matrix around the x axis.

3.2 Spinor representation
The algebra of the Lorentz group is defined by the commutation relations (II1.21), but

the specific form of the matrices, and even their rank, can change when we pass from
one representation of the algebra to another. In order to see how this is related to the
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Dirac equation, let us define a new set of matrices o*" of the form:

o — 1 [v" y"] =

1 (Y™ v+ 0" L) | (I11.32)

N =

with y# the Dirac matrices we defined before in (II.19), and where [y#, y¥] =
ytyY — yYy# now denotes the commutator, and in the second equality we used
the Clifford algebra (I1.22). Notice in particular that we have o#* = 0. From this
definition it is not difficult to show that:

[a’”, yp] =nptPyY — Pyt (I11.33)
And using this last result we find:
[G'M, o“”] = nPHo% — Yo" 4 Vot — nTHe PV (I11.34)

But these are precisely the same commutation relations that we had before for the M
matrices in (II.21). We then conclude that the o matrices are a different representation
of the Lorentz group (notice in particular that the M matrices are real, while the o
matrices are complex).

Just as we did before, we can now introduce an infinitesimal Lorentz transformation

as: .
5§ = 3 Cps0’? (I11.35)
where the coefficients C, are the same as before, and the corresponding exponential

map as:
1
S =exp (5 Cpgap“> , (II1.36)
where now S represents a finite Lorentz transformation. Here one must remember that

both s and S are 4 x 4 matrices. Just as the original Lorentz transformation in the
representation A acts on vectors v* (and tensors) as:

V= A% 0P (111.37)

the Lorentz transformation in the representation S acts on 4-component Dirac spinors
in the following way (as will be shown in Sect. 4 below):

Y =8yl (I11.38)

where in the last equation the indices (i, j) are not spacetime indices, but rather spinor
indices.

In order to find the explicit form of the c®# matrices, let us first consider the purely
spatial components associated with spatial rotations. From the definition we find, for
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i

olp ., 1 L. 10 a\[ 0 o i ufon 0
ij _ — bl = 2 iy — 2 i J ) — 1 ik k
7 —4[V,V] 2)/)/ 2(—0‘10)(—0‘1' 0) 26 (00‘1()’

(I111.39)
where we used the fact that the y and y/ anticommute, and in the last steps we used
the form of the y’ matrices in Dirac’s representation (though in this case one in fact
finds the same result in the Weyl representation). If we now define the angles 6% such
that C;; = —¢; jkék, the rotation matrix can be written as:

(0512
S:( . ei§~3/2)’ (I11.40)

where the dot product is again the standard in three dimensions. Let us now consider,
for example, a rotation around the x axis by an angle 0, in that case we will have:

et 0 LOY, .. o1 0
S = < 0 e+i(9/2)n,> = cos(0/2) ( 0 12>+z sin(6/2) < 0 01) . (1IL.41)

where in the last step we use the fact that (o )2 = I, in order to expand the exponential
in a Taylor series and regroup terms into sines and cosines. Notice now that the form
of this matrix is quite different from the matrix X associated to the same rotation given
by (II1.31). In particular, if we take 8 = 27 we find S = — 14, so that ¥y now changes
sign after a full rotation, in contrast with what happens with vectors and tensors that
are invariant under a full rotation. This is a well known characteristic of spinors.

On the other hand, for a Lorentz boost we find, in the Dirac representation:

| . 1 (L 0 0 o; 100
0 _ = 0.0 _ 2 i _ i
g —21/3/—2<0_12>(_0[0)—2<0i0>. (111.42)
Defining now the velocity parameter as ¢ := —Cp; we find, for an arbitrary boost:
0 67¢ _./2
S = (e_¢,3/2 0 ) . (111.43)

Using now the fact that:

0 o; 2
L —
(Ui 0 ) =1, (111.44)

one can show that a boost along the direction x takes the form:

0 e @2 L0 . 0 o
S = <e_(‘p/2)"l 0 ) = cosh(¢/2) ( 0 12) — sinh(g/2) (01 0 ) .

(111.45)
One should be very careful when applying a Lorentz boost (also a rotation) using
the exponential map. The exponential of a matrix is really defined in terms of the
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Taylor expansion. This implies, for example, that even if the matrix S given in (I11.43)
apparently has no elements in the diagonal, once we do the Taylor expansion such
diagonal elements do appear (because of Eq. (II1.44)). That is the reason why it is
easier to use the Lorentz transformation along a specific direction as shown in (II1.45).

It turns out that for the case of a Lorentz boost it is more convenient to work in the
Weyl representation, in which case we have:

i 1 i Lior 0 o; 1/—6; 0
0i _ - 0.1 — _ 2 f _1 :
o _27/)/ 2(12 O><—0i0> 2<0 Ui)’ (I11.46)
and taking again ¢ := —Cp; we find:
A2
5= ( 0 e@f/z) : (I11.47)

For a boost along the x direction we now have:

(¢/Da1
S = <e 0 e_(q)o/z)m ) — cosh(g/2) «)2 g) + sinh(¢/2) (‘g _(;) .
(111.48)

The reason for which the Weyl representation is better in this case is that in the Dirac
representation the components (1, 2) of the spinor are mixed with the components
(3, 4) for a Lorentz boost, but this does not happen in the Weyl representation since the
matrix in now block diagonal. Here it is important to notice that the S transformations
in general are not unitary (i.e. with inverse equal to their transpose conjugate). A
three-dimensional rotation is unitary as can be easily seen from (II1.40) and the fact
that the Pauli matrices o; are hermitian, but a Lorentz boost is not unitary.

To finish this section we will show a very important relation between the matrices
S and A associated with the same Lorentz transformation. It turns out that in general
one has:
STIyHs =AM,V . (111.49)

The previous expression has to be understood with some care. On the left hand side
we have the product of three matrices, S -1 1S, while on the right hand side we have a
linear combination of matrices y¥ with coefficients given by the A*,,. In order to prove
this relation we shall work in the limit of infinitesimal transformations. In that case we
have, from (II1.22) and (II1.36) (here and in what follows ~ denotes approximately
equal to):

1 1
Axlat s CooMP |  S=1I4+ 5 Cpoo . (I11.50)
This implies:
1
AyyY =yt 4 3 Cpoo (MPOHYH,yY (11L51)
and: .
STlyrS ~ pht — 5 Coo (aPoyH — yhaP?) | (I11.52)
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where in the last expression we kept only linear terms in the coefficients C,, which
we assume are small. In order to prove (I11.49) we must then ask for:

[0F7, yH] = —(MPO 7. (I11.53)
But, from (II1.16) we have:
(MPOY Y = =0y +n7ty? (II1.54)

and using now (II1.33) we obtain precisely (II1.53). Equation (II1.49) can be easily
inverted to find the equivalent expression:

SyrsTh = A MyY . (I11.55)

4 Lorentz invariance of the Dirac equation

We are now in a position to show the invariance of Dirac’s equation under a Lorentz
transformation. We start from Dirac’s equation written in covariant form:

iyro —my =0, IV.1)

Under a Lorentz transformation x’* = A*, x” this equation must keep the exact same
form, with the same y* matrices, so we must have:

iy“%lﬁ’ -my' =0, av.2)
with 8; . = A,V 0,. We now propose that the Dirac spinor transforms with a transfor-

mation matrix S as:

v =Sy, (IV.3)

where at the moment we are not assuming anything about the form of S, except for
the fact that it must be a constant matrix (because of the homogeneity and isotropy of
spacetime). Substituting this into Eq. (IV.2) we find:

iN Y S 9 —mSy =0, (IV.4)

where we used the fact that S is constant and the A ,” are real numbers so they commute
with the matrices. Multiplying now from the left with S~ we find:

iA," (S—lyﬂs) 3y —my =0, (IV.5)
and comparing with the original Dirac equation we conclude that we must have:
A (S‘HMS) _— (IV.6)
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Using now the fact that A,V = (A > We can see that the previous expression is
equivalent to:
STIyHS =AM,V . (IV.7)

But this is nothing more than Eq. (II1.49) from the previous section, so we conclude
that the Dirac spinor ¢ transforms precisely with the S matrices we discussed before.

From the transformation law for ¢ one can easily show that the adjunct spinor v/
transforms as:

v =y Ty = ytsTy0. (IV.8)

Using now the relations (I1.26) it is not difficult to show that the matrices o*" defined
in (II1.32) satisfy:
(") = —yO%1vy0 (IV.9)

which in turn implies:
st =90571,0. (IV.10)

The transformation of v then takes the final form:

v =yTylsT = yst, (IV.11)
where we used the fact that (7/0)2 = 1. The result implies, in particular, that the
object (Yv/) is a Lorentz scalar, while the conserved current (yy* ) transforms as
a vector. Moreover, (¥ y*y" ) transforms as a rank 2 tensor, or strictly speaking its
antisymmetric part transforms as a tensor (actually a 2-form), while its symmetric part
is Lorentz invariant since it is proportional to the Minkowski tensor (see Eq. (I11.22)).

5 Dirac equation in general relativity
5.1 The tetrad formalism

In order to write the Dirac equation in the case of a general curved spacetime we first
need to introduce the formalism of tetrads. We will not describe here that formalism
in great detail as it is quite standard in advanced general relativity text books, and we
will limit ourselves to discuss some of its more important properties.

The basic idea behind the tetrad formalism is to choose, at each point of spacetime,
a set of four orthonormal vectors {€ 4 } that define a local inertial frame, where the index
A identifies each of the four vectors (A = 0, 1, 2, 3). It is important to emphasize that
this orthonormal basis is in principle completely independent from our coordinate
system. The basis {€4} is known as a tetrad (also frequently called a vierbein from the
German word for “four legs”, or even a vielbein meaning “many legs”).

Assume now that we have a general coordinate system {x"}, the corresponding
coordinate basis components of the tetrad will then be ex, and since the tetrad basis
is orthonormal by definition we will have:

éa-ep = guey s =nap . V.1
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with g, the components of the metric tensor and 1 p the usual Minkowski tensor.
Notice that now we have two different types of indices: indices associated with the
spacetime coordinates, denoted by Greek letters, and indices associated to the tetrad
basis vectors denoted by uppercase Latin letters and usually called “Lorentz indices”.
From here on we also take the convention that Greek indices are raised and lowered
with g, while uppercase Latin indices are raised and lowered with 4 g. For example
we will have:

euA = guvey M = nABeg ) V.2)

In particular, this implies:
e,LAeg = NAB - (V.3)

Somewhat more formally, we define a set of four 1-forms {¢4} associated with our
tetrad such that:

~A = A A

e’ (ep) = eueg =483 .

The 1-forms {&4} are known as the “co-tetrad”. However, it is easier just to think of
raising and lowering indices with n4p and g,..

We can now project arbitrary vectors onto the tetrad. For example, for a vector v
we will have:

A A
v = v“eu , va = v'eua , (V.4)
and the original vector can be written as:
U=, . (V.5)
This relation implies then that:
v = vAex . (V.6)

The dot product of two vectors can then be written as:
V- = (vAEA> . ( BEB) =vubnap =vius . V.7)
That is, we have ¥ - u = v/u, = vAuy.
Let now {Z,,} denote the coordinate basis vectors. We can then express this basis in

terms of the tetrad as:
Zu=1)ea . (V.8)

The dot product of two coordinate basis vectors will then be:
Zu T = 2paz) = (e2az};) (e;‘z;’) = (exad);) (egag) = eyael (V.9)

where we used the fact that the spacetime components of the coordinate basis are just
the Kronecker delta. But the dot product of coordinate basis vectors is precisely the
definition of the components of the metric tensor, so we finally have (compare this
with (V.3)):

eMAef = Quv - (V.10)
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This is a very important result, and shows that in some sense the tetrad can be under-
stood as a “square root” of the metric tensor. In particular, the last expression implies
that the determinant of the metric can be written in terms of the tetrad as:

2 2
¢ = det (e;‘eanB) = [det(e;})] det(nap) = — [det(ej})] , (V.11)
so the volume element takes the form:
|g|"/? = det(e}}) . (V.12)

It is interesting to notice that the components of the tetrad e‘j can also be interpreted
as the jacobian of the transformation from the coordinates {x*} to a new set of locally

flat coordinates {X4}. If we define eff{ = 9x"/3X* we will have, for an arbitrary
vector: .
o = (ai/‘) A =yt (V.13)

which corresponds to the rule (V.6) that we saw above.
We can also project tensors of arbitrary rank onto the tetrad. For example, for a
rank 2 tensor we will have:
Tap :=eyepTuy . (V.14)

In particular, if we take 7 as the metric tensor we find immediately gap = nap,
as should be expected. The operation that takes a spacetime index into a Lorentz
(tetrad) index is usually known as “strangulation” (v4 = eﬁv“), while the opposite
operation that takes a Lorentz index into a spacetime index is known as “resurrection”
(vt = egvA).

The importance of the tetrad formalism comes from the fact that, once projected
onto the tetrad, the components of vectors and tensors behave as scalar functions under
changes of coordinates. In the tetrad formalism we then have two different types of
transformations:

1. General coordinate transformations for which the tetrad basis vectors behave in the
usual manner, but the components of different geometric objects (vectors, tensors
and spinors) projected onto the tetrad behave as scalars.

2. Local Lorentz transformations that take an initial tetrad onto a new tetrad, for which
the components of geometric objects transform as tensors in special relativity (or
spinors, see next sections).

The next step is to consider the derivatives of vectors and tensors in the tetrad
formalism. For this we need to define the so-called spin connection coefficients, also
known as the Ricci rotation coefficients, as:

wyuBy = Vyeup =eyup.y . (V.15)

The order of the indices for the w’s is chosen here such that it coincides with the

natural order when using the “;” notation for covariant derivatives (this convention is
common, but not universal, so care must be taken when reading different references).
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It is usual to work with these coefficients with one or both of the spacetime indices
projected onto the tetrad (strangled):

A A
WABY = €, W\By ,  WABC = €4€¢ WiBo - (V.16)

One often finds that the name “spin connection coefficients” is reserved for the fully
strangled version w4 pc. Similarly, one can work with all three indices of spacetime
type (resurrected):

v = € OBy - (V.17)

Notice that with our notation the third index always corresponds to the derivative (but
many references put the derivative index as the first one), either directly as in w4,
and w4 gy, or strangled as in w4 pc.

From the above definition it is not difficult to show that in general we have:

N N - B -
BueA = (eUA;M) Zy = CUUAMZV =@ Au€B - (V.IS)

The spin connection that we have just defined turns out to be antisymmetric in the
first two indices when they are of the same type. In order to see this one must remember
that nap = guvearep”, which implies:

— — " ,v v M
0 ="naB; = guv (eAeB;,\—FeBeA;A)

= eyaey., +eupely., = oap +wpai , (V.19)

and finally:
WABa = —WBAa« - (V.20)
From this we immediately also find weg) = —wgqs. This property ensures that when

we express the covariant derivative of the metric tensor in terms of the tetrad we will
have V,,g.s = 0. To see this notice that from (V.10) we have:

Viugap = (e“Aeg>.u = eaney, + Cheuny

= conwp” | + efog A = Opay + wopy =0 . (V.21)

Notice that, from Eq. (V.18) above, the Ricci rotation coefficients play a similar role to
the Christoffel symbols when working with the tetrad instead of a coordinate basis. But
crucially, while the Christoffel symbols are symmetric in two indices, I'y;, = T'}),,
the Ricci rotation coefficients are antisymmetric in two indices, wApy = —®BAq-
This implies that there are fewer independent w g than there are I'y; . For example,
in 4 dimensions there are 40 independent I'}},,, while there are only 24 independent
w4 Bq- This is one of the advantages of the tetrad formalism: one has to compute fewer

quantities.
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The name “rotation coefficients” comes from considering the change of the tetrad
for an infinitesimal displacement §x*. In that case we have:

Se ﬁ = eA L0x" =4, 8x" = (a)BA‘,(Sx”) eﬁ . (V.22)
If we now define A%, := w AUSx we find:
ey = AByely . (V.23)

But this is just a rotation of the tetrad in 4 dimensions, that is a general Lorentz
transformation such as those we discussed above.

One can in fact define different concepts of derivatives of geometric quantities in
the tetrad formalism. The first one is the standard covariant derivative for which an
object completely projected onto the tetrad, i.e. completely strangled, behaves as a
scalar. To denote this derivative we will continue to use the V (or ;) symbol.

We can also define two different types of derivatives for geometric objects that
have indices of mixed type. The intrinsic derivative is defined by first strangling all
the spacetime indices, then taking the covariant derivative of the resulting scalar, and
finally resurrecting back the indices that had been strangled. To denote this derivative
we use a vertical bar instead of as semicolon, for example:

T4, = (Thef). L= TRy =05 (V.24)
where in the last step we used the fact that fully strangled components behave as
scalars for the covariant derivative. The intrinsic derivative then corresponds to the
change of the tensor components with respect to the tetrad basis. That is, if the tetrad
changes from one point to another and the tensor also changes but in such a way that

its tetrad components are the same, then its intrinsic derivative vanishes. In particular,
from the previous definition it is easy to see that:

eﬁlv (ei;ef) eB—(SA) e =0, (V.25)

that is, the intrinsic derivative of the tetrad is always zero, so that such derivative
commutes with the strangulation and resurrection operations, for example:

STy, =Tx, . Ty, =T, . (V.26)

Equation (V.24) can also be written explicitly in terms of the spin connection as
follows:
Ty, =Ty, + 0" T3 . (V.27)

The first term in the previous expression is the usual covariant derivative, for which
strangled indices behave as scalars (so that T/"‘ behaves as a vector). In the second
term the spin connection plays a similar role as the usual Christoffel symbols, but
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remember that they have different symmetries. It is also possible to strangle the index
in the derivative to define a directional derivative along the tetrad, for example:

[ U 7 LR o7
Tyic=ecTyy =T,

Nt oo cT] (V.28)

where we have defined T/’; ci=et T/f;, ,- Similarly, we also can strangle the u index
to find:
The=eiTyc+ws"cTS =efTh o +wp®cTy . (V.29)

Notice that for the first term we can not simply write T /f; ¢ since the covariant derivative
of the tetrad in general does not vanish.

The intrinsic derivative can be generalized to tensors with multiple indices in the
same way as the covariant derivative. For example, for an object with fully strangled
indices we have:

T, = T4, . (V.30)

while for an object with one covariant spacetime index we will have:
TuAlv = 1LpAv — a)p,UVTUA s (V.31)
and for objects with mixed spacetime indices we find:

mo_ ik o o h

T apy _TM;V—I—wa“UTAA—a)A w4 (V.32)
A different type of derivative is known as the invariant derivative. In this case

the definition is the opposite: we first resurrect all tetrad indices, we then take the

covariant derivative, and finally we strangle again. We denote this derivative by a dot,

for example:

Ty, = (The! ),U e =T, - (V.33)

In the same way as with the intrinsic derivative, it turns out that the invariant derivative
of the tetrad also vanishes:

et = (chef) eh=(0}), eh=0. (V.34)

The invariant derivative then also commutes with strangulation and resurrection, for
example:
A B B
ATy, =Tl . e Ty, =T, . (V35)

In particular, this implies that when a tensor is expressed with purely spacetime indices,
its invariant derivative is simply equal to its covariant derivative:

Iz Iz
TA-V =T

o (V.36)

In other words, the invariant derivative is just the projection of the usual covariant
derivative of a tensor with purely spacetime indices onto the tetrad, in one or several
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of its indices. In particular we have, for example:
A A
Tic = efehel TS . (V.37)
The previous expression can in fact be inverted to find:

g, =elefel Thc . (V.38)
For a tensor with mixed indices, the invariant derivative gives us the change of the
tensor as an abstract geometric object, that is already reconstructed in terms of the
corresponding basis. For example, if we have atensor T = TX Zu ¢, then its derivative

will be:
8, (T) = 3, (T){ZVZA) =T} 5t (V.39)

It is because of this property that the invariant derivative is the most natural general-
ization of the covariant derivative in the tetrad formalism.

The invariant derivative can also be written in terms of the spin connection. For
example we have:

T, =THA + o, THE (V.40)
THhay=THay — P4, TV g . (V.41)

In a similar way, for an object with mixed covariant and contravariant Lorentz indices
we will have:

HA A

TB~v - TB; v

o, ThHE — o€y, TH ¢ . (V.42)
It is interesting to notice that, while in the case of the intrinsic derivative the spin
connection “takes” the spacetime indices of the original tensor, in the case of the
invariant derivative it takes the Lorentz indices. In particular, if the original tensor had
no spacetime indices the intrinsic derivative has no extra terms and just reduces to the
covariant derivative (in fact the partial derivative), while the opposite happens for the
case of the invariant derivative where for a tensor with no Lorentz indices it reduces
to the usual covariant derivative. Notice that for a tensor with no spacetime indices
the invariant derivative simplifies and the first term reduces to a partial derivative, so
that we have for example:

vy = el = ol (auuA + a)AchC) = 950" + € | (V.43)

where we defined dp := ey, Similarly:

va.p = dgva — 0 apuc (V.44)

Tic = 0cTh + o peTh — 0P peTp . (V.45)
In particular if we apply the rule (V.41) to the tetrad vectors we find:
CuAa = €uA;a — wCAoteuC = WyuAa — OpAa = 0, (V.46)
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so that we recover (V.34). This result is usually called the “tetrad postulate”, and can
sometimes be a source of some confusion. But notice that in this case the invariant
derivative does not correspond directly with the covariant derivative of the 1-form ey4,
which is not zero in general, but rather with the covariant derivative of the “tensor”
e, projected onto the tetrad, and we have e, = ¢, Ae(} = guv- That is, having the
invariant derivative of the tetrad vanish simply represents the fact that the covariant
derivative of the metric tensor is always zero.

We can now use the expression for the invariant derivative of a vector to find a
relation between the spin connection and the Christoffel symbols. If we calculate v_‘fx
directly we have: '

v, =00t + T, 0", (V.47)

while if we calculate it from the projection of the invariant derivative we find:
v?‘u = e)éeﬁ (vi) = e)l}eﬁ <8AvB + a)BCAvC)
= ey, 08 + oty =0, (e)l‘;vB) —vBy,el 4+ oty 0"
= 0" + (a)xw - ef&uei}) v . (V.43)
Equating both expressions, and using the fact that this must be valid for an arbitrary

vector v, we find:
A A Bo
Fvu =w"y, —e, 0 ep, (V.49)

where we used the fact that the Christoffel symbols are symmetric in the lower indices.
Solving for the spin coefficients we finally find:

a)}‘m = F;\M + efaue;} . (V.50)
In a similar way, by considering now the derivative of a 1-form we also find:
oy =T}, — epoyel . (V.51)

Notice that the last expression can be obtained immediately from the fact that e? e)l} =
82 . Finally, projecting the first two indices onto the tetrad we obtain:

WABu = e% (eAAsz — aMeVA) . (V.52)

Even though not obvious, the expression above is in fact antisymmetric in the indices
A and B as will become apparent below. This expression is particularly useful in
order to calculate the coefficients w g, which, as we well see in the next sections, are
necessary in order to write the Dirac equation in general relativity.

If we now substitute the definition of the Christoffel symbols in terms of the met-
ric tensor, and the expression of the metric in terms of the tetrad g,, = ey Aeg‘, a
straightforward (but somewhat long) algebra allows us to find:

1
®ABC = —3 [(faBc + face + fcaB) — A < B] , (V.53)
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where we have projected the third index onto the tetrad, and where we have defined
the quantities:

fapc = (aeqn) €¢ (V.54)

The antisymmetry in the first two indices of w4 pc is now evident.
To finish this section we will now write the Riemann curvature tensor in terms of
the Ricci rotation coefficients. One finds:

c c
RABuy = 0u®ABy — OW@WABy + WAC @ By — WACY @ By - (V.55)

Notice that in this expression the Riemann tensor has the first two indices projected
onto the tetrad, so that it behaves as a rank 2 tensor (in fact a 2-form) with respect
to coordinate changes. The previous expression can be proved by direct calculation
(the algebra is rather long) by substituting the @’s in terms of the Christoffel symbols
from (V.49), and using the usual definition of the Riemann tensor:

R%gpuy := 0,4, — 8,0, + T, I, —TL,TG, . (V.56)
5.2 Generally covariant form of the Dirac equation

In order to generalize the Dirac equation to the case of a curved spacetime we must
first go back to Eq. (I1.22) that defines the Clifford algebra, which in the language of
tetrads now takes the form:

{VA, VB} =281, (V.57)

with {, } the anticommutator, and where the yA matrices are the same constant matrices
we defined in the case of special relativity. We will now define new y** matrices that
depend on the tetrad as:

yH o= plest . (V.58)

Notice that these new y* are in general not constant anymore and can change from
one point to another. From this definition we find immediately:

(v = [t v eaten” = M Beyten”, (V.59)
and using now (V.10) we finally obtain:
oy’ =-2¢""1s. (V.60)
This is the form of the Clifford algebra in general relativity. In particular, notice that
the new y* matrices with different indices in general do not anti-commute anymore,
and only do so for the special case of orthogonal coordinates. From the previous result
it is easy to show that:

Yuy" = yay® = -4l . (V.61)
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The next step is to consider the transformation rule for a spinor. For a 4D rotation
of the tetrad we will have:

V' =Sy, (V.62)

where now S(x) is a general Lorentz spinor transformation as those we saw before,
but which can now depend on position. The derivative of a spinor, however, does not
transform as a spinor anymore since we will have:

OV =0, (SY) =8 @u¥) + (0.9 ¥ . (V.63)
In order to take this into account we will now define a spinor covariant derivative as:
Dy = 0,% + Ty, (V.64)

where the I, are some matrices to be determined, and are known as the spinor affine
connection (not to be confused with the spin connection coefficients we saw above), or
the Fock—Ivanenko coefficients [2, 3]. We will find the explicit form of these coefficients
in the next Section.

Consider now the adjoint of Eq. (V.64) which takes the form:

’D;ﬂ/_/ = 8#‘& + lﬁ fu ) (V.65)

In order to find the relation between I, and ', we now ask for our spinor covariant
derivative to obey the Leibniz rule, and also for it to be compatible with the usual
covariant derivative. Consider then the covariant derivative of (1), we have:

Dy () = (Du¥r) ¥ + ¥ (Dur) = (3u9) ¥ + ¥ (3u¥) + ¥ (Cpu +Tpu) ¥
(V.66)
On the other hand, since we know that /1 behaves as a scalar we must also have:

Dy (V) = 8, (V¥) = (3,9) ¥ + ¥ (8,%) (V.67)

Comparing now both expressions we find immediately:

Fy=-Ty, (V.68)

so that the spinor covariant derivative of v takes the final form:
Dy =y — ¥ Ty . (V.69)
With the above definitions, the Dirac equation in a curved spacetime can be written

as:
YD —my =0, (V.70)

with D,y = 9,4 + I'y . Similarly, the adjunct equation takes the form:
i (D) y" +my =0, (V.71)
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with D¢ = 8, — ¢y,
5.3 The Fock-lvanenko coefficients

We still need to find the explicit form of the Fock—Ivanenko coefficients I';,. In order
to do this, let us first assume that we have a matrix operator with spacetime indices
Q%, such that (¥ Q%) transforms as a tensor with respect to a general change of
coordinates, and where « can represent any combination of covariant and contravariant
indices. For the spinor derivative of (1 Q%) we will have:

Du (Jf Q"‘d;) = (Dul/_’) Q“lﬁ + Jf (Du Qa) v+ &Qa (Dmﬁ)
= (9u¥) Q%Y + ¥ 0% (8u¥) + ¥ (D Q" =T 0% + Q°T) ¥ .
(V.72)

On the other hand, since (¥ Q%) behaves as a tensor, and spinors should behave as
scalars for the usual covariant derivative (they only have Lorentz indices), we have:

Dy @QW) =Vu (&Q“g&) = (31“;) 0"y +y 0" (%w) +v (VMQO[) v

(V.73)
Equating both expressions we now find:
¥ (DpQ* =T Q% + Q°Tu) ¥ = ¥ (V. Q%) ¥, (V.74)
and since this must hold for any i we finally obtain:
DuQ* =V, 0% + [T 0°] . (V.75)

Clearly, if we take Q = I4 we find D, 14 = 0, as expected. On the other hand, if
we take our matrix operator as 0% = g*B Iy, we immediately find D, g*f1y) =0,
which indicates that the spinor derivative must be compatible with the metric. Going
back to the Clifford algebra, Eq. (V.60), it is easy to see that a sufficient condition for
this to be satisfied is to ask for the spinor derivative of the y#* matrices to vanish, that
is:

Duy" =0, (V.76)

or more explicitly:
Vuy' + [T v’]=0. (V.77)

A somewhat long algebraic calculation shows that the previous equation will be sat-
isfied if we take:

1 1
Mp=—7 wapuyty? = = wapuol (V.78)

where the ¢4 matrices are the same we had previously defined in (II1.32), but now
expressed in terms of the tetrad:

1 1
oA = 2] =5 (v 40t n) (V.79)
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Equation (V.78) gives us the explicit form of the Fock—Ivanenko coefficients I';,.
Let us now return to Eq. (V.76). Since by definition we have y* = )/Aex, and the
y# are constant, the condition that the spinor derivative of y# should vanish implies
that we must ask for:
Dyely =0. (V.80)

The more natural way to accomplish this is to ask for the spinor derivative of tensor
objects with mixed indices (spacetime and Lorentz) to reduce to the invariant derivative
that we defined in the previous section.

5.4 Geometric derivation of the Fock-lvanenko coefficients

In the previous Section we arrived at an explicit form for the Fock—Ivanenko coeffi-
cients through a series of algebraic requirements that might seem somewhat obscure.
Here we will show an alternative geometric derivation that arrives at the same result
(the discussion here is based on that of [24]).

We start by considering the fact that the geometrically meaningful derivative of a
spinor i can not simply be given by the difference between its values at neighboring
points, since the tetrad with respect to which v is defined will in general not be
parallelly transported between these two points. The first step is then to consider how
the tetrad changes. Let €4 (x + dx) be the value of the tetrad at point (x + dx), and
41 (x 4 dx) the value of the corresponding tetrad that has been parallelly transported
from x to x + dx. Since both these tetrads are now evaluated at the same point, the
difference between them must be an infinitesimal Lorentz transformation, that is:

ealx +dx) — sl (x +dx) = aaPep(x +dx) ~ raBe5(x) , (V.81)

with A4p the infinitesimal Lorentz transformation that we introduced in Section 3
above. But this difference is precisely the definition of the usual covariant derivative,
so we must have:

el dx” =ralely . (V.82)

Contracting both sides of this equation with e,,c we immediately find:
eﬂceg;vdx” = )»ABegeﬂc = Aac = eucez;vdx” , (V.83)
or:
AaCc = euca)“Ade” = wcavdx’ = —wacpdx’ . (V.84)
From Eq. (II1.35), the change of the spinor v under such a Lorentz transformation
will then be:
1 AB
8y = —5 *aBO v, (V.85)
where we already used the fact that the coefficients for the transformation are given
by —Aap (see Eq. (I11.20)).

Now, just as before, the geometrically meaningful derivative of ¢ must be given
by the difference between the value of ¥ at point x + dx and the value of ! that has
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been parallelly transported from x to x + dx:
Dy = (x +dx) =yl +do) = Y (x +dx) — (Y () +89)

=9, ¥ dx” — 8¢ = 3, ¥ dx" + % rago By
= (avwdx“ — % wABvoAB¢> dx’ =D,y dx" . (V.86)
Comparing this to our definition for the spinor covariant derivative (V.64) we find:
Ty = —% wapuo? (V.87)
which is the same as (V.78).

5.5 Spinor Ricci identity

In the same way as the usual covariant derivatives, the commutator of the spinor
derivative can also be written in terms of the Riemann tensor. Using the expression
for the Fock—Ivanenko coefficients that we found above, as well as the expression for
the Riemann tensor in terms of the Ricci rotation coefficients (V.55) together with
Eq. (I1.28), it is not difficult to show that:

1
[y, D] v = -5 Rapuvo By . (V.88)

This expression is a generalization of the Ricci identity for the case of spinor covariant
derivatives. The previous result can also be written in terms of the I';, matrices as:

1
3,0y — a0, +T,T, —[,T, = -5 Rapuvo® (V.89)

which bears an obvious resemblance to the form that the Riemann tensor takes in
terms of the usual Christoffel symbols. In order to prove the previous expressions one
must remember that D, is both a spinor and a 1-form, so that:

DDy = du (Dvyp) + Ty (Do) — Ty, (Do)
= B +To¥) + Ty (¥ + o) = Ty (Bt + Tad))

= (0¥ = Tifya W) + Tt + Doyt + (9T = Tify T + Tuly ) ¥
(V.90)

and finally:

,Dp,,Dvw = V,uvvl/f + F,uavl/f + Fva,ul/f + (V/,LFV + F,urv) 1/f9 (V.91)
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where V, is the usual covariant derivative that acts on ¥ as a scalar, and on I, as
a 1-form. Notice that, even if the first three terms are clearly symmetric on (i, v),
the last term breaks this symmetry since there is no reason to assume that V,I', is
symmetric, and I',I",, also isn’t symmetric since the I', in general do not commute.

5.6 Invariance of the spinor affine connection

In the previous Sections we found the final form of the Fock—Ivanenko coefficients
'), in terms of the spin connection given by Eq. (V.78). We still need to show that the
spinor covariant derivative that we defined above does indeed transform as a spinor.
That is, we want to show that:

Dy =S Dy, (V.92)

where:

Dy =o' +T,9". (V.93)
It is not difficult to show that Eq. (V.92) will be satisfied if we ask for the I";, matrices
to transform according to the rule:

D, =8T, S —@,8s". (V.94)
We will now show that the I, given by (V.78) do in fact satisfy this transformation

rule. In order to do this, we consider an infinitesimal Lorentz transformation of the
form (see Eq. (II1.19)):

1
AMp=og+atp, A= 5 Cop MDY, (V.95)

with Ccp = Ccp(x) now functions of position, and |Ccp| <« 1. The associated
spinor transformation will be:

1
SAp = op +stp, st =5 Cen (CAR (V.96)
The inverse transformations will then have the form, to first order in small quantities:

(AHAp =88 —atp,  (STHAp =584 —stp. (V.97)

Substituting now the expressions for S and ™! in the transformation rule (V.94),
and keeping to first order in C4 p we find, after some algebra:

T, =T+ [s,Tu] — s, (V.98)
and explicitly substituting the form of s:

I 1
[y =Ty + 3 Cen [0, ] - 5 (0uCep) o (V.99)
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Let us now write the Iy, in the form (V.78), but instead of using the wap, as
coefficients of the o matrices we consider some arbitrary coefficients Bap,.:

1
T, = -5 Bapuo’t (V.100)

where at the moment we are not assuming anything about the coefficients B g, except
for the fact that they must be antisymmetric in their Lorentz indices. Substituting into
the transformation law we find:

1 1
BQBMUAB = Bapuof + 3 Cas [UAB, BCDMO'CD] + 3 (0.CaB) 0B
1
= (Basu + 0.Cag) o8 4 3 CaBBcpp [O"AB, GCD] , (V10D

where we used the fact that the o €2 are constant and as such are invariant, and also

that the C’s and B’s are real numbers. Using now the commutation relations of the o
matrices given in (II1.34) we find, after some algebra:

B)yp, 0" = [BAB;L +8,Cap — (BAC,uCBC + BCBMCAC)] o8 (V.102)
which implies that the B coefficients must transform as:
By, = Bagy + 9,Cap — (BACMCBC + BCBMCAC) . (V.103)

On the other hand, the transformation rule for the spin connection is:

/ I A _ C A D
Wppy = €AW g, =€) p., = Na e (AB EAD)_M

= Aa“ApPel esp.y + AaCel eip 3, ABP . (V.104)

Using now the fact that ef. e, p = ncp we find:
gy = A AP wcpu + Aa0Ape . (V.105)
Assuming an infinitesimal transformation, the last expression reduces to first order to:
Whp, = WABu + wacuhBC + wcpuriaC — duhan (V.106)

where we used the fact that A4p is antisymmetric. Remembering now that for an
infinitesimal transformation we have A 4p = —C4p (see Eq. (I11.20)), we finally find:

w;&Bu =wapu + 0,Cap — (CUAC;/,CBC + CUCB;/,CAC) . (V.107)
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But this is precisely the transformation rule for the B coefficients we found above, so
we conclude that the Fock—Ivanenko coefficients given by (V.78) do transform in the
correct way.

6 The Schroedinger-Dirac equation

For the case of Minkowski spacetime we have already shown that Dirac’s equation
takes us directly to the Klein—Gordon equation for each of the spinor components. In
the case of a curved spacetime this is no longer true, and what we find is a generalization
of the Klein—-Gordon equation known as the Schroedinger—Dirac equation [5] (see
also [25] and references therein).

The first step in finding this equation is to calculate the quantity @2¢ =
yDu(y"Dy)y = y*yVD,Dyr. We have:

Dy = y"y" DDy = = ([¥*. v"} +[y* v"]) DuDy

=N =

_gMUDMDvw + 5 [Vﬂs VV] ID;LIDVW

1
—DM'DMI// + Z []/M, )/v] [D/},, Dv] ¥
1
= —D'D, i — 3 o™ Repuvo Py
1
= —D'Dyy — 3 RagcpoBaCPvy (VL)

where we used the definition of the o*" matrices and the expression for the commutator
of the spinor derivatives given by (V.88), and the fact that the Riemann tensor is
symmetric when we exchange the first and second pairs of indices. Using now the
antisymmetry of the Riemann tensor in the two pairs of indices, and substituting the
definition of the o matrices, we can rewrite the previous result as:

1
P’y = —DFD, Y — g RagcpyyBySyPy . (VL.2)

The second term of the above result in fact turns out to be proportional to the scalar
curvature. In fact we have:

1
R=—3 RagcpyyBySy?l. (VL3)

We will leave the proof of this result to the end of this section. The quantity %21# then
takes the final form:

Py = (—D”DM + g) v (VL4)

This last expression is the natural form of the Laplace operator when applied to spinors
in a curved spacetime. Having a contribution from the curvature scalar is not surprising,
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and comes from the fact that the covariant derivatives of spinors in general do not
commute (something similar happens in the case of vectors and 1-forms, and the
natural Laplace operator in that case is the so-called “de Rham Laplacian” which also
has contributions from the curvature tensor).

Having found this result, we can now go back to the Dirac equation. Applying the
operator i y*D,, from the left we find:

iy"Dy (iy" Dy —myp) =0
— D —imy*D,y =0
— P 4+miy =0, (VL5)

where in the second term of the third row we used again Dirac’s equation. Substituting
now (VI1.4) we finally find:

(D“DM — g — m2> Y =0. (VL6)

This is the Schroedinger—Dirac equation, and is the generalization of the Klein—Gordon
equation for spinors in a curved spacetime. In the previous equation one should remem-
ber that the operator D*D,, must be calculated as (see Eq. (V.91)):

DFDyy = 0Oy + 2T 0,9 + (VuIH + T v (VL7)

where [ is the usual d’Alambertian applied to scalars, and
v, It = Bﬂ(|g|l/2F“)/|g|l/2. Notice that, since the operator D*D,, involves the
", matrices, in the Schroedinger-Dirac equation the different components of v are
in fact coupled, something that does not happen with the Klein—Gordon equation.

We will now prove Eq. (VI.3) that we used in order to derive the Schroedinger—
Dirac equation. The first step is to consider the contraction of the Ricci tensor Ry,
with two y matrices. using the symmetry of the Ricci tensor we find:

1
Ruwy"y" = Rapy?y® = = Rap (J/A)/B + )/BJ/A) = —Rapn*® = -R.

2
(VL8)
B

Next we must express R4py 4y 2 in terms of the Riemann tensor:

Raceon“Py*y® = Racspy*n“Py*®

|
-5 Racspy” (yCyD + J/DJ/C) y?

1
=3 (RACDBVAVCVDVB — RACBDVAVDVCVB>

1
=5 (RABCD)/AVB)/C)/D — RACBD)/A)/DVCVB> ) (VL9)

Rapy?y®

where we used the antisymmetry of the Riemann tensor in the second pair of indices,
and in the last step we renamed indices on the first term. In the first term above we
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can recognize already the contraction R4pcpy2yByCyP that we need in order to

prove (VL.3). For the second term we use the cyclic symmetry of Riemann so that:

1
Rapyty® = 3 [RABCDVAVBVCVD + (Rapcs + Ragpc) VAJ/DJ/CVB]

1
= RagcoyyByyP + 5 Ragpcy*yPyCy?, (VL10)

where we again renamed indices to show that two of the terms are identical. To calculate
the second term of the last expression we use the fact that the Clifford algebra implies:

yPyCyB = yByPyC 4 2nBPyC —2pBC) P (VL11)
Using this result we can show that:

Ragpcy®yPy<y® = Rappcy? (VB)/D)/C + 280y — 2nBCVD)

B, D, C

= RappcyyByPyC 4+ 2RAB gy yC —2RAB ppytyP

= Rapcoy?yByCyP —4Rapy*y? (VL12)

where once more we renamed indices and grouped terms. Collecting our results we
find:

3
Rapy*y? = 3 RapcoyyByCyP —2Rapy*y B, (VL13)
and solving for Rypy“yB:
1
Rasy*v® = = Rapcoyv®ySy?. (VL14)

2

Finally, using Eq. (V1.8) we obtain the desired result:

1
R=—2 Ragcpy?yByCyP. (VL15)

7 Lagrangian and stress-energy tensor of the Dirac field

7.1 Lagrangian, first version

The Lagrangian associated with the Dirac field should be a scalar function that depends
on the spinor ¥ and its derivatives. Furthermore, since the Dirac equation is of first

order, the Lagrangian should also be of first order. One possible expression that satisfies
all the previous conditions is:

L=y (iy*Dy—m)y , (VIL1)
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with ¥ = ¢y T, and where here yT corresponds to the constant matrix ¥ used in
Minkowski spacetime. The change in notation from y° to y T is introduced here in order
to avoid a possible confusion bewtween y! and coordinate component y' = yAe’A
when considering the case of a curved spacetime. From here on the constant y matrices
will be associated with the tetrad basis and not the coordiante basis (we will discuss
this further in Sect. 8.4.)

The Lagrangian (VII.1) is the one found in many text books on quantum field theory
in Minkowski spacetime (with d,,v instead of D, ). The Lagrangian density then
takes the form:

L= (iy"Dy—m)ylg'?, (VIL2)

with g the determinant of the metric, and the action integral becomes:
S = /£d4x = f U (iy Dy —m) ¥ g d*x . (VIL3)

For the variation of the action above one must take ¥ and v as independent fields.
The Euler—Lagrange equations are then:

i( 0L >_£=0, (VIL4)
oxi \9,0) ) ~ o

with an analogous equation for . In fact, in this case it turns out to be far easier to
work with ¢ since the Lagrangian (VII.1) does not depend on its derivatives. We find:

oL

L _
@)

oy

= (iy"Dy —m) ¥ 1g"* . 0, (VIL5)

so the Euler—Lagrange equation for ¥ gives us immediately Dirac’s equation:
iyFDuy —myyr =0. (VIL6)

The Dirac equation for i is a bit more subtle. In this case it is necessary to write
the spinor covariant derivative explicitly in the Lagrangian density:

L=[ivy" (0u¥ +Tuy) —my]lel'?. (VIL7)
From here we then find:

oL _
F =¥ (iy"T, —m) |g|'/?,

=iyt |g|'/?, VIL8
50, 9) ivy"” gl ( )
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which implies:

ad oL -
N — " 1/2
dxH (8(8M¢)> _laﬂ- <1//y |g| )

=i [(a,”/'f) Y4+ a4

1

Yyho |g|] lgl'/? . (VILY)
2|g| a

The Euler—Lagrange equation then takes the form:

1

2l &y"%lgl} — ¢ (iy"Ty—m)=0, (VIL1O)

i [(Bﬂtﬁ) YH 4+t +
and regrouping terms:
i, - 1
i (Du¥)y" +my +iv [aﬂy“ +3 y o, In gl + [Ty, y“]] =0. (VIL11)

Using now the fact that 9, In [g| = 2T'} ,, we can recognize that the term in square
brackets is just the spinor divergence of the y* matrices, but this divergence vanishes

since the spinor derivative of the y# is zero. We then finally obtain:
i (Du¥) y* +my =0, (VIL12)

which is precisely the adjunct Dirac equation.

7.2 Lagrangian, second version

Even though the Lagrangian (VIL1) results in the correct equations of motion, it has
the serious disadvantage of not being symmetric in 1 and 1. This can be easily fixed
if we define an alternative form of the Lagrangian as:

L= IE [y (Duy) = (D) v o] = miryr . (VIL13)

This is the form of the Lagrangian that we will use from now on (this form for the
Lagrangian is also well known, see for example [6, 7, 26]). The Lagrangian density is
now:

L= {15 [y (Duv) = (D) v ] — mw} PR (VIL14)

A similar procedure to the one presented above shows that this Lagrangian density
results on precisely the same Dirac equations (one should mention the fact that the
i factor is frequently absorbed in the definition of the y matrices, so that it does not
appear in the Lagrangian, or indeed in the Dirac equation). It is interesting to note that
both expressions for the Lagrangian in fact become zero when we substitute the Dirac
equation, that is when we evaluate them “on shell”. This represents no problem, since
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what one is interested in is the functional form of the Lagrangian in terms of i and
its derivatives, and not its specific numerical value on shell.
The Lagrangian (VII.14) is clearly invariant under a transformation of the form:

v ey, g ety (VIL15)

with 6 an arbitrary constant. This implies the existence of a conserved Noether current
given by:

» ( aL >(—i¢>+(i¢)( oL )
/ 3(0,1) RD)

Iy i) = 5 () vy
Y, (VIL16)

Il
<1

such that V, j#* = 0. We can now see that this is precisely the same conserved current
that we had initially found in Eq. (I1.33).

Even if the expression for the Lagrangian (VII.14) is correct, it is interesting to
rewrite it in a more illustrative form. We can write the Lagrangian as:

L=K-V, (VIL17)

where here K is the so-called kinetic term given by:

K

[‘/_’Vﬂ (DM/’) - (DM/_’) ),uw]

N = N~

[Vy" (0,%) — 0u%) v" ¥ + ¥ (' Tu +Tuy™) v] . (VIL18)

while V is the potential term that is simply:

V=myy. (VIL.19)

The kinetic term can in turn be written in several different forms. If we use the expres-
sion for the I';, in terms of the Ricci rotation coefficients given in (V.78) we find:

1 1
I‘# :—5 a)ABM(IAB =—§ eg WABC O'AB . (VH.ZO)

Using this relation, it is not difficult to show that:

1
YTy + Tyt = —5 WABC yCAB (VIL21)
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where we have defined y €48 := {y €, 648}, For what follows it is important to notice

that y €A% is totally antisymmetric:

CAB __ CBA __ ACB _ BAC (VIL.22)

The kinetic term then reduces to:
K =5 [07" (0uv) = (0,9) v w] = 5 ¥ (0anc y4F)y . (VIL23)

Finally, if we substitute the w’s using Eq. (V.53), and use the anticommutation property
of the )/A matrices, a little algebra allows us to show that the kinetic term takes the
final form:

i

_ _ i -
K =5 [07" (0uv) = 0u0) v" ] + 7 0 (Fanc y4P)y . (vIL24)
where we must remember that the f’s are defined as fapc := (daevple, =
ehetduenp.

7.3 Stress—energy tensor

In order to find the form of the stress—energy tensor associated with the Dirac field we
start from the action integral:

S = /L 1g|'2d*x | (VIL25)
with L the Lagrangian that we found above:

L= li [y (Duv) = (Duir) v o] = miryr . (VIL26)

At this point one could think of using the standard definition for the Hilbert stress—
energy tensor in terms of the Lagrangian L given by:

aL
Ty = —2 G gul . (VIL27)

However, in the case of a Dirac field this definition fails since the Lagrangian has
terms that depend directly on the tetrad and not just on the metric. Instead, we must
now define the stress—energy tensor by considering the variation of the action with
respect to the tetrad itself:

1 SL SL
T//.v = —5 €uD @ +evp @ + gMVL , (VIIZS)
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where we must remember that the metric is given in terms of the tetrad as g,,, = ey a€},
and where we have included two symmetrized terms since the final stress—energy tensor
must be symmetric. It is not difficult to see that for an action that depends only on the
metric both definitions for 7}, are in fact equivalent.

Using the expression above one arrives, after a somewhat lengthy algebra, at:

i

Ty = £ [(P0) vt — v Do) (Vi129)

This is the stress—energy tensor for the Dirac equation (this expression is also well
known, see e.g. [7, 20, 27]). Details of the derivation of this stress—energy tensor, as
well as a proof that it satisfies the conservation equations V#7},,, = 0, can be found
in Appendix A.

There is an property of the stress—energy tensor (VII.29) that is interesting to men-
tion. If we take its trace, and use the Dirac equation, one can easily show that:

T4, = —miy = —m (v ) = —m (WP + ol = 1wl = 1al?) .
(VIL.30)
We then see that the trace in fact vanishes for m = 0.

8 Dirac equation in the 3+1 formalism

In the previous sections we found the general form of the Dirac equation for a curved
spacetime. For numerical applications, or in case one is interested in the Hamiltonian
formalism, it is interesting to find the form that the Dirac equation takes in the 3+1
formalism of general relativity.

We assume that the spacetime is globally hyperbolic, so it can be foliated by Cauchy
hypersurfaces X; parametrized by a global time function . The metric can then be
written in the general form (see for example [28]):

ds? = (—a2 s ,3") dr? + 2Bidtdx’ + yijdx'dx) (VIIL1)

where x' are spatial coordinates, « is the lapse function, 8¢ is the shift vector, y; i
is the spatial metric induced on the spacelike hypersurfaces of constant #, and where
Bi = vij B/ (in general the indices of purely spatial tensors are raised and lowered
with y; j)-

The next step is to choose a tetrad adapted to our spacetime foliation. In particular
we will take:

ep=n", e =E}, (VIIL2)

with n** the unit vector orthogonal to the spatial hypersurfaces, and where E 7 with
I € {1, 2,3} are three purely spatial vectors orthogonal to each other that from now
on we will call the “spatial triad”.

Do notice that we now have four different types of indices that require special
notation: 1) Spacetime coordinate indices that take values from O to 3, for which we
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continue to use Greek letters {«, 8, - - - }; 2) tetrad (Lorentz) indices that also take
values from 0 to 3, for which we continue to use upper case Latin letters starting from
{A, B, - - - }; 3) purely spatial coordinate indices that only take values from 1 to 3, for
which we use lower case Latin letters starting from {i, j, - - - }; 4) purely spatial triad
indices that also only take values from 1 to 3, and for which we will use upper case
Latin indices starting from {7, J, - - - }.

The timelike vector e’T‘ = n" can now be expressed in terms of the lapse and shift
as:

et = (1 Ja, —f /a) . eur = (—a,0) (VIIL3)

so that we clearly have el;eﬂr = —1. On the other hand, since the vectors E f‘ are
purely spatial we must have e/ E,;; = e, 7 E} = 0, so that:

EY=0, Eoy=p8"En . (VIIL4)

Notice in particular that the purely spatial indices of E}' are raised and lowered with
the spatial metric Yy, thatis: Eyj = ymn E7, E7' = y™" E,. We also have:

E’”IE? =617, ErInEnI = VYmn - (VIILS)

At this point it is convenient to introduce the projection operator onto the spatial
hypersurfaces defined as:
Pl =8l +ntn, . (VIIL6)

Notice that, so defined, this operator corresponds directly with the induced metric on
the spatial hypersurfaces, y,,, = P,,. In particular the spatial metric is y;; = P;;, as
can be seen directly from the above definition.

8.1 Ricci rotation coefficients in 3+1 form

In order to find the components of the Ricci rotation coefficients in the 3+1 formalism
we start from Eq. (V.52) which we rewrite here:

oAy = € (exaTh, — dueva) - (VIIL7)

The expressions for the Christoffel symbols F:‘w in terms of the 3+1 quantities are
well known and can be found, for example, in Appendix B of reference [28]. We write
them again here for completeness:
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Iy = (3 o + B"dm o — " " Kun) /o . (VIILS)
Iy = (3 — B Kim) e . (VIIL9)
) = —Kij/a, (VIIL10)
Ty = od'a —2ap™ K}, — B! (i + " dma — B B" Kinn) /o + 01 + B Dy’ . (VIILI1)
o =~ (dme — B" Kmn) /e — e KL, + D p' . (VIIL12)
rf; =91 +8'Kij /e, (VIIL13)

with D; the covariant derivative associated with the spatial metric y;;, (3)Ff. j the
corresponding three-dimensional Christoffel symbols, and where K;; refers to the
extrinsic curvature tensor of the spatial hypersurfaces of constant time (also known
as the second fundamental form), defined as the spatial projection of the covariant
derivative of the timelike unit normal vector to the spatial hypersurfaces, thatis K, :=
— P}/ Vqn,. The purely spatial components of the extrinsic curvature can be shown to
be related to the time derivative of the spatial metric y;; as:

0vij = —2aK;j +D;B; + D;B; . (VIIIL.14)

Equations (VIIL.8)—(VIII.13) are used for deriving the results that follow.

Below I show the final results for the different components of the Ricci rotation
coefficients w4 g, . The calculations are straightforward and will not be presented here
in detail. Also, remember that the w’s are antisymmetric in the first two indices, so
that in a four-dimensional spacetime they only have 24 independent components. In
what follows the index T refers specifically to the Lorentz time component, while the
index [ refers to Lorentz purely spatial components.

1. Coefficients wrjg = —wrro (3 coefficients):
wr10 = —wiTo = —E7' (Bma — ,B”Kmn) . (VIIL.15)
2. Coefficients wr, = —wirm (9 coefficients):
OTIm = —017m = Ef Kpm (VIIL.16)
3. Coefficients w;j9 = —wyo (3 coefficients):
wrjo =—wyi0 = —E} [3Eni — E} (—aKyn + DnBp)] - (VIIL.17)

Here it is important to mention that, even if it is not immediately evident, when
using Eq. (VIII.14) for the time derivative of the spatial metric, plus the fact that
Ymn = Emi Eé, a short calculation allows one to show that the previous result is in
fact antisymmetric in (1, J).
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4. Coefficients wyj, = —wjrm (9 coefficients):
wigm = —E1DnEyg . (VIIL.18)

Again, using the fact that the three-dimensional covariant derivative of the spatial
metric is zero, it is not difficult to see that the previous expression is also antisym-
metricin (1, J).

If we now define the three-dimensional Ricci rotation coefficients as:

o) = E'DyE, (VIIL19)

our result reduces simply to:
®1im = ~0im = E} DuEny = @), . (VIIL.20)
The above results provide us with 3+1 expressions for the 24 independent compo-

nents of the four-dimensional Ricci rotation coefficients w4 g, . Using these results we
can now also project the third index of the w4 p,, onto the tetrad to obtain wapc:

1. Coefficients wr;r = —wrrr (3 coefficients):

wirr = —orir = Ef'dya/a = dja/a . (VIIL21)
2. Coefficients wrj; = —wjry (9 coefficients):

wrry =—wir) = EET Ky, =Ky . (VIIL.22)

Notice in particular that the coefficients w7y, turn out to be symmetric in (, J).
On the other hand, from (VIII.14) we have:

1
Ky = _Z (atymn - Dmﬂn - Dnﬁm) . (VIH'Z?’)

Equation (VIII.22) can then also be written as:

ETE"
_ _ 157
wrrj] = —WITJ] = — oy (0 Ymn — DmPBn — DuBm) . (VIIL24)
3. Coefficients w;j7 = —wy ;7 (3 coefficients):
1
wir = =wsir == |E} (3 —£5 Enr) +aKiy| . (VIL29)

where £ 7 E,,1 denotes the Lie derivative of the 1-form E,,; with respect to the shift
vector .

Again, even if it is not evident, one can show that the previous coefficients are
antisymmetric in (/, J). Notice that this antisymmetry implies that only three of
these coefficients are independent from each other.
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4. Coefficients w;jx = —wyrk (9 coefficients):
w1k = —wjik = ENERDyEyy = 0%k - (VIIL.26)

There are some interesting facts that we can notice about our results. First, as
already mentioned, there are only 24 independent coefficients. We can see that once
we have defined a spatial triad EY’, nine of these coefficients are given simply by the
projection of the extrinsic curvature tensor on the triad, wr;; = K. Another nine
coefficients are just projections onto the triad of the 3-covariant derivatives of the triad
itself, w;jx = EJEY Dy Eny = w?} k- This means that 18 of the coefficients depend
only on information at a given hypersurface. Of the six remaining coefficients, three
depend directly on our choice of the lapse function «, in other words on our slicing
condition, w;rr = Jra /.

The last three coefficients correspond to wyjr, and they depend on the form in
which the spatial triad propagates through time, as can be seen from Eq. (VIIL.25).
Just as the choice of lapse and shift is free, the choice of the propagation of the spatial
triad in time is also free, so it represents a new gauge degree of freedom. Now, since
the triad must by definition be orthonormal, the only thing it can do as it evolves is
rotate rigidly in space, and this rotation can be parametrized by the usual three Euler
angles. This explains why these coefficients have only three degrees of freedom.

8.2 Triad evolution and Fermi-Walker transport

In principle there are many different forms to choose the evolution of the spatial triad,
but there is one particular choice that is quite natural and can be useful in many cases.
Such a choice consists on asking for the triad not to rotate as it propagates along
the normal direction to the spatial hypersurfaces, or in other words, asking for the
triad to evolve in such a way that it always corresponds to the natural local inertial
frame associated with the normal (Eulerian) observers as they move through time. The
condition we need to impose to achieve this is known as Fermi—Walker transport [29].
Consider the worldline of an arbitrary observer with 4-velocity u*, such that
uyut = —1. In the general case we say that a vector v/ is transported without
rotation along the curve with tangent u*, with v* not necessarily normal to u*, if we

have:
ubvyv, = v# (auu,) - avuu) , (VIIL.27)

where a* := u"V,u* is the 4-acceleration associated with our observer (if the observer
moves on a geodesic we will clearly have a” = 0 and Fermi-Walker transport becomes
equivalent to parallel transport). The previous condition defines what is known as the
Fermi—Walker transport of the vector v#* along the integral lines of the vector field u*.
In the case when we consider the transport of the spatial triad along the worldline of
the Eulerian observers we will have u* = n* and v* = E 7 , with n** the unit timelike
vector to the spatial hypersurfaces. Since by construction we have n* E,; = 0, the
second term inside the parenthesis in equation (VIIL.27) vanishes and our condition

reduces to:
"V, Ey = (Efau)n, , (VIIL.28)
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where a* := n"V,n" is now the 4-acceleration of the Eulerian observers. Let us now
see the form that this condition takes in 3+1 language. The first step is to calculate the
term E}'a,. We have:

E;‘Lau = E;‘nvvvnﬂ = E?nv (auny, - F;)lv”)»)

1 2 ﬂn’l 5
=E} |:a (Blnﬂ — F;/.On)») - (Omny — Fﬂmnk):|

0

2

= — =L (oo = B"omer) + Ef (T = B" T ) = Ef (T — 8" )

n 1 m ,Bm 810[
=E; ;(ana—m)—i-— m :7. (VIIL.29)
The Fermi—Walker condition then becomes:
n*VyEyr =n, (0rlna) . (VIIL.30)

To proceed, consider first the spatial components of the previous condition by
taking v = m. Since we know that n,, = 0, the condition now reduces to simply
n*V, Ey; = 0. Calculating the left hand side we find, after some algebra:

1
W Ep = — 0wt = £ Eni + Kot} (VIIL31)
(07
The Fermi—Walker condition the takes the final form:
O Emr — £g Enr+aKy,u =0, (VIIL.32)

or:
0 Emp = £E Eni —aKyg . (VIIL.33)

We still need to consider the time component of equation (VIIL.30), that is taking
v = 0. We won’t do the calculation here, but it is not too difficult to show that
this component in fact adds no new information and reduces again to (VIIL.33). This
equation is then the full expression that guarantees that the spatial triad propagates
without rotation as seen by the Eulerian observers.

Let us now return to equation (VIIL.25) for the coefficients w; ;7. This equation
can be trivially rewritten as:

m

E
o == === (00t = £ Eni + Kot ] (VIIL34)

We then see that if we impose the condition that the spatial triad should evolve under
Fermi—Walker transport along the normal direction to the spatial hypersurfaces, we
will clearly have:

wrjr = 0. (VHI.35)
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We should emphasize here that this result is just a gauge choice, and does not
need to apply in the general case. This choice simplifies the equations, and as such
can be useful in some cases. On the other hand, it is not difficult to show that if we
impose condition (VIII.33) on the spatial triad we recover the evolution equation for
the metric (VIII.14), so that imposing the condition is a perfectly consistent gauge
choice.

Now, even though condition (VIII.33) is not general, one can always write in the
general case:

0 Enmr :£l§ Enr —aKpr+aQnr , (VIIL.36)

with the Q,,; quantities to be chosen. Notice, however, that not all the Q,,; can
be chosen freely since we need to guarantee that equation (VIII.14) holds. A little
algebra allows us to show that this requirement implies that Q,,, with purely space
indices, or equivalently Q;; with purely triad indices, must be antisymmetric. This is
to be expected since, as mentioned above, the only freedom we really have is a rigid
rotation of the triad, which can always be described by a 3 x 3 antisymmetric matrix.
Equation (VIIL.36) then allows us to reduce all the gauge freedom associated with the
evolution of the spatial triad to the choice of the three-dimensional tensor Q,,,. Given
equation (VIIL.36), the coefficients wy s are then given in general by:

wryr = -0y =+01, , (VIIL.37)

with Q75 = 0 corresponding to the choice of a triad that is Fermi—Walker transported
along the normal direction to the spatial hypersurfaces.

As mentioned above, Fermi—Walker transport can be a good choice in many cases.
As we will see below, it is the natural choice in spherical symmetry. However, there are
many situations when such a choice might not be adequate. For example, in situations
when there is angular momentum asking for the triad not to rotate might be a very
bad choice. In fact, it is not difficult to show that in the case of the Kerr spacetime
the most natural choice of triad, that is the one associated with the already orthogo-
nal spatial coordinates in the standard Boyer—Lindquist form of the metric, does not
satisfy (VIII.33). Another possible choice for the triad evolution is to simply take:

1
0 Emy = 3 E73:Ymn » (VIIL38)

or equivalently:
1
OE] = =5 Ery"" iy (VIIL39)

This last condition has the advantage of guaranteeing that for a stationary spacetime,
such as Kerr for example, the spatial triad is also time independent. We shall call it
the metric driven triad gauge choice. It is not difficult to show that this condition is
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also perfectly consistent in the sense that we find:

3 (817) =8 (E]'Emy) = ET 3 Emy + Emsd E]'

1
= 5 (EF S8 Ynn = Ens Ely™ di7) = 0. (VIIL40)
and:
0 (EnEnt) = 8" 0y (B En) = 8" (Eng®h Ent + Ent 9 Ens)

1 1
= 5 (EyInE;IatVan + E,iE?alVam) = 5 (Szatyan + Szatyam)

= 3 Vimn - (VIIL41)

We can now substitute condition (VIII.38) in the general equation (VIIL.36) in order
to find the value of Q,,, for this gauge choice. We find, after some algebra:

171
Omn = — [5 (DypBm — DpPn) — B (E,{ DlEm1>] . (VIIL42)

o

The first term in the last expression is clearly antisymmetric. On the other hand, using
the fact that E,{ Enr = Yam it is not difficult tom show that the second term is also
antisymmetric, so that we can rewrite the expression as:

O = =5 [@nba — dufm) — B (ES DiEw — EX DBk )] . (VIILA3)

or equivalently:

1
Q11 = =5 | EF'E} 0nBo = 0uP) + B (Ef DiEs — Ef DiE) | - (VIILA4)

where we used the symmetry of the Christoffel symbols on the two lower indices to
change covariant derivatives for partial derivatives in the first term. This is the form
of the tensor Q when we use the metric driven triad evolution (VIII.38). Notice that
this form of Q vanishes for the case when we have no shift vector, g = 0.

Of course, other gauge choices for 9d; E,,;; might be useful/interesting, but we will
not discuss this issue further here.

8.3 Fock-lvanenko coefficients in 3+1 form

The next step is to find the form of the Fock—Ivanenko coefficients I';, in terms of 3+1
quantities. In order to do this we start from equation (VIIL.45), which we repeat here

for completeness:
1
Cu=— wapuyy? . (VIIL45)
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It turns out to be more convenient to work with the coefficients projected onto the
tetrad, which now take the form:

1
Fe = -5 oascy*y", (VIIL46)

where here we must remember that the indices (A, B, C) take values from O to 3,
while the indices (/, J, K) will only take values from 1 to 3.
Consider first the time component I'7, we have:

1 1
I'r = ~1 wapryy? = 1 [2 oriry’y! +6011TVIVJ] ; (VIIL47)

where we used the fact that the w4 pc are antisymmetric in the first two indices, and
yAyB = —yBy4 for A #£ B (from Clifford’s algebra). Substituting now the values
of wyrr and wy j7 from Egs. (VIIL.21) and (VIIL.25) we find:

1 dra E™m
Iy = 1 |:2 <7> yTy[ + (:(J (8;Em1 — £/§ Eni “I‘OleI) VIVJ
oja\ 1 1 1 1.J
= (5 yTy -3 oviy’, (VIIL.48)

where in the last step we used equation (VIIL.36). Remember that in the last expression
the antisymmetric matrix Qyy is a free gauge choice that vanishes when the triad
evolves under Fermi—Walker transport.

Before considering the spatial components of I'4, let us remember that in Dirac’s
equation (V.70) we have the contraction y#T";, coming from the operator y#D,,, and
we have in general y#I",, = yAT 4 = yTI'r + y!T;. At this point we can already
calculate the product ' T'z:

2
y'Tr = (2—“) (yT) = Loyt = (al—a> U
o 4 20 4

(VIIL.49)
Here one should emphasize the fact that in the first term above we have a sum over 7,
while in the second we have sums over I and J. Notice that the term ' 'y clearly
only depends on our gauge choices, in particular on the choice of the lapse function «
and the triad rotation matrix Q;;. For the particular case when Q;; = 0 we simply
have:

9
y'Tr = (;—5) ! (VIIL50)

Let us now consider the spatial components of the Fock—Ivanenko coefficients I';.
We have:

1 1
Iy = ~1 wapryty® = 1 [2 ory’y’ + wJKIVJVK] . (VIIL51)
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Substituting the values of wr ;7 and w k7 from Eqgs. (VIII.22) and (VIII.26) we find:

1 1
r;= _5 KIJVTVJ - Z (EgE;anEnK) VJVK
1 1 g 1 3
= Kuy'y! = oyl vk = —5 KiyTy? + ., (VILs2)

where in the last step we defined the purely three-dimensional Ricci rotation and
Fock-Ivanenko coefficients as:

‘0(]31)<1 = EJE]'DnEyk , (VIIL53)
1
3 3
Iy = =g g y'vE (VIIL54)

Let us now calculate the contraction y/T';:

1
yIr; = -3 KiylyTy! 4909 (VIIL55)

For the first term above we find:
1

-3 KipylyTyl =

| =

1 2
(Km/’y]> yI =22k (7/’) + Y Ky |y
I I1+£]
(VIIL.56)
Now, since Kj; is symmetric, and from Clifford’s algebra we know that y’ yj =

—y’y! for I # J, the second term in the last equation cancels. On the other hand,
we also have (y!)> = —1, so that we finally find:

Kijy'y! == Kiu=-K, (VIIL57)
1

with K the trace of K,,,,. We can then rewrite the contraction y’ I'; as:
I K\ 17, 1+®
y'I'y=— > Yy +y Ly (VIIL.58)
To finish, we can add both contributions to yAI‘ A to obtain:

Jro 1 K

A 1 I T.,1.,J T I1+~3)

r “r = i — | — +y' .

yla=y “_[<2a>y 4QIJVJ/V (2)1/ 14 1}
(VIIL.59)

Notice that we can also write the spacetime components of the Fock—Ivanenko
coefficients as I'), = eﬁF A, from which we find:

@ Springer



122 Page 50 of 85 M. Alcubierre

[, =elTy =alr + 8T
dra o Ky

= (= )"y =S o'y =B (== yTy TP ) . (VIIL6D)
2 4 2

Km]

5 yIy/ +1O . (VIIL61)

Fm = e,ﬁFA = E;;FI = —

From the above expression one can now easily verify find that:

ara o
Iy —p"Ty = (T) yIy! — 1 0riv'y’ =al'y . (VIIL.62)

8.4 Dirac equation in 3+1 form

We are now ready to write the Dirac equation in 3+1 language. Remember that the
Dirac equation in general relativity takes the form (V.70):

iy'Duyy —myr =0, (VIIL63)

or equivalently:
(Y"ou + ¥ T +im)y =0, (VIIL64)

The last equation can also be written as:
(Yo +y"0m) ¥ =—(Y'Tpu+im)y . (VIIL65)

Notice now that (remember that [/ takes values from 1 to 3):
O
v =eiyt=epyt +e/’/ = (—) v’ (VIIL66)
o

m
ym =iyt =iyt eyl =~ (%) v+ EPy". (VIIL67)

Substituting these results into the Dirac equation we find:
v (3 — B"0m) ¥ = —a (A" 3 + y*Tp +im) ¥, (VIIL68)

where we have defined the purely spatial Dirac matrices as A" := E ’I”yl . Notice that,
so defined, A™ is different from y”* = e’XyA. In fact we have:

m m
vt =iyt =yl + eyl =~ <ﬂ7> yI+Efy =~ (% y .
(VIIL69)
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The A™ can also be defined in a completely equivalent way by simply projecting the
y* onto the spatial hypersurfaces:

A= PlyY (VIIL70)

with P} the projection operator defined above in (VIIL6). From this definition we find
immediately A’ = 0, as expected. Notice also that even if A" # y™  if we now lower
the indices of A™ using the spatial metric, that is if we define A,;, := y;,,A", then we
do find that A,, = y,,.

The purely spatial Dirac matrices satisfy the three-dimensional Clifford algebra:

AT AT = =2y (VIIL71)

with ™" the inverse spatial metric and /3 the 3 x 3 identity matrix. There is one
important comment to make here with respect to the spatial Dirac matrices A”. When
we project these matrices back onto the triad we find A/ = E} A" = ELETy) =
8§yj = y!. So that we have A/ = y/, but crucially A" # y™ whenever " # 0.
The reason for this is that we have A" := E;"yl, while y" = enyA. In particular,
for any three-dimensional tensor 7, we will have:

m

YT, = (Am - 7) T # X" Ty = AT = 1Ty, (VIIL72)

so that in general we have y"'T,, # yI Ty, while A™T,, = ATy . Because of this, in
order to avoid possible confusions, it is best to always try to use the A’s instead of
the y’s when considering purely spatial contractions of indices, be them coordinate
or triad indices.
Multiplying now equation (VIIL68) with 7 from the left, and using the fact that
(yT)2 =1, we find:
(3 — B"0m) ¥ = —ay’ (A3 + y" Ty +im) ¥ . (VIIL73)

We can now use our result for y#I",, equation (VIIL.59), to obtain:

0
(3 — B"m) ¥ = —ay” {A’”am + [(2’—:‘) y!

1 K
—1QuyTyly’ - (;) yT + y’F}”} + im} Y. (VIIL74)
The above equation can be further simplified by noticing first that:

yior =yl (ef9,) = v EF o = 2" 0 . (VIIL75)

Here one must remember again that in general A # y™, so that y/d8; = A", #
¥ 9,,. Similarly we find y! Ff) =" F,(,,3>. The Dirac equation then takes the form:
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(3 — B" ) ¥ = [—ﬂxm (am +Or, + a;”—“> + (g — imyT> + i Q]JA]AJ] v
o
(VIIL76)
Finally, if we define the three-dimensional spinorial covariant derivative as:
Dty =0y + TSy, (VIIL77)

the Dirac equation then becomes:

(3t - 5m3m) V= _O‘VT |:)Lm <Dm + 3;;%) +im] ¥ +a (g + Zl‘ an)\m)\n> Y.
(VIIL78)
The above equation can be written in a somewhat more compact form as:

(3 — B"3m) ¥ = —ay’ (A" Dpty +imy) +« (g - FT) W, (VIIL.79)

where I'r is given by (confront equation (VIIL.48)):

O o

1
Iy =ylam ( o ) =7 Quak"A" (VIIL80)

Equation (VIIL.79) is the final form of the Dirac equation in the 3+1 formalism.

The expression for I'r given above is in principle valid for any arbitrary choice of
the triad evolution gauge represented by the matrix Q,,,. In the particular case when
we choose a triad that evolves via Fermi—Walker transport we have Q,,,, = 0, so the
I'r reduces simply to:

0
Ty =T (’L“) . (VIIL81)
2u

Notice also that in the Dirac equation there is an explicit dependence on the Dirac

matrix ¥ 7. Since y7 is associated to the time direction in a local inertial frame, from
now on we will simple take 7 = y°, with y the usual Dirac matrix from Minkowski

spacetime, so that:
L 0
T _ (12
y' = (0 _12> . (VIIL.82)

However, when we resurrect the spacetime index we will now have:

0 T
y
y'=eyN = nhyr + B i = z. (VIIL83)

We then see that the matrix '’ is not just the y° used in Minkowski spacetime, so we
must be somewhat careful with the notation. Therefore, from here on we will always
write ¥ T instead of ¥ when we refer to the time component of the Dirac matrices in
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a local inertial frame. In particular, the above result implies that when we project the
gamma matrices onto the normal direction to the spatial hypersurfaces we find:

nuyt = —ay' = -yl . (VIIL.84)

From the expression for I' above it is not difficult to show that y ' Tz Ty T = —TI'z.
Using this result, a little algebra allows us to find the adjunct Dirac equation in 3+1
form:

(3 — B"m) ¥ = —a (DA™ —im@) y" + i <§ + FT> . (VIILS5)

8.5 Conserved current and stress-energy tensor in 3+1 form

Let us now conside_r the conserved current in 3+1 form. To do this we must first find
the adjoint spinor ¢y = Ty T:

v o= (Vi 3, —v5, —vi) (VIILS6)

_ As we have shown before, the conserved current will now be given by j#* =
YyH*y. We now define the particle density measured by the Eulerian observers as
pp = —n, j*. We the find:

pp =it =aj =gy’ =Pyt =19l + ol + s+ el
(VIIL.87)
which is, of course, what we would have expected.
On the other hand, the particle flux measured by the Eulerian observers is defined
as f' := Pl j¥, with P}’ the projection operator onto the spatial hypersurfaces. We
now find:

=P = Py ) =T (PIAY) v =iy (VIILS8)

where we used the definition of the purely spatial Dirac matrices (VIIL.70).

Let us now consider the stress—energy tensor expressed in 3+1 terms. For this, it
turns out to be convenient to define IT := n#*D,, 1. A little algebra then allows us to
show that:

1 .
p (8;1// _ ﬁ’a,»w) - (VIIL89)
o

From this definition one can see that IT represents the geometric change of the spinor
along the normal direction to the spatial hypersurfaces. In an analogous way we also
define IT := n*D, 1, so that:

el (aﬂp - ﬂiailﬁ) S (VIIL90)
o
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The energy density measured by the Eulerian observers is now defined as pg :=
n*nVT,,. Using the expression for the stress—energy tensor of the Dirac field, equa-
tion (VIL.29), we find:

pe = 5w (D) yorur = ¥y (Pow)] = 5 [y 1 =Ty v |
(VIILI1)
where we used the fact that n*y,, = —yT. We can simplify this further by noticing
first that yy 7 = 7. Also, from the transpose of the definition of IT we clearly have:

. 1 : .
nf = — (a,w _ ﬁ'a,»gﬂ) +yiret (VIIL92)
o
Multiplying this from the right with y7 we find:
T L0 gia )it i = L (00 — 893 — 0
N7 =~ (0 = por ) + 9 'Try" = — (0 = plor) = YTy . (VIILI3)
which implies that TT1Ty” = I, or equivalently [Ty 7 = I1'. The energy density then

reduces to: .
_ Lyt
pE =3 (zp m-1 w) . (VIIL94)

Itis clear from this expression that the energy density is not positive definite, as already
mentioned. In terms of the components of the spinor we will have:

i
pe =5 [T+ Y3 + Y3 + YiTla) —cc] (VIIL9S)

where c.c. denotes the complex conjugate of the previous expression.
There is an interesting observation to be made with respect to our final expression
for the energy density, equation (VIIL.94). If we now define:

1
o

= oy = (a,w - ﬂia,-l/,) , (VIIL96)

we will clearly have IT = IT + I'74. In the same way, if we define I17 := n“B,ﬂﬁ
we find 1" = IT7 + ¢+ 7. The energy density then becomes:

o = lE [(Wn — ﬁW) +yt (FT . FTT) w] . (VIIL97)

Using now the expression for I'r given by equation (VIIIL.80) it is not difficult to show
that:

1
Iy —TIpf = = Omn A"\ (VIIL98)
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The energy density then becomes:
_ et = Lyt myn
PE =3 ' — Iy 3 U (Qund" M) Y| . (VIIL.99)

The interesting fact about this last expression is that all dependencies coming from
the gradient of the lapse that appear in I'7 have cancelled, and we are only left with a
dependency on the Q,,,. For a triad that evolves via Fermi—Walker transport we have
Omn = 0, and the energy density reduces simply to:

_ ’5 (Wﬁ - ﬁhp) . (VIIL100)

Let us now consider the momentum density measured by the Eulerian observers,
which is defined as J; := —n* Pi" T,v. We will then have:

J = _’5 nt PP (D) v ¥ — ¥y (Dnv)]
= =3P I{DB) o+ (PuF) 7] ¥ = [ Do) + 7 (D) }]

= —% [ﬁkiw —ynT+9y" (P'Dyy) — (P'DuY) yTx/f] ., (VIIL101)

where we used the fact that n”y, = —yT and Pl.“ ¥u = A;. We now need to calculate
the projections of the spinor derivatives P"D, ¥ and P"D,, . In order to do this notice

first that, since the covariant components of the normal vector vanish, we will have
Pl.“ = 8;‘ (confront (VIIL.6)). This implies:

Kim

P'Dyy = Dw—awrlvf—aw( r® — 5

TAm>¢ DI//—i TAml//
(VIIL.102)
with D; the three-dimensional covariant derivative we define above, and where we

used equation (VIIL.61). Similarly:

"Dy = Diy = Diyr + % yylam. (VIIL103)
We then find:
vy (P'Dyy) — (P'D, &)y%
=9y " (D) = (D) v = S0 (M TR T) g
=y (DY) — (Dn/f ) v, (VIIL104)
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where we used the fact that (y7)?> = 1 and yTa"yT = EPyTylyT =
—E™y!(yT)? = —A™. The momentum density then takes the final form:

5 = =% [y = dn+ v o) — (D) v ] (VIIL105)

Finally, the spatial stress tensor is defined as defined as S;; = P/ PiTy =

8;‘ 8; T,y = T;j, where we used the fact that Pl.” = 8;‘ since the covariant spatial
components of the normal vector vanish, n; = 0 (confront (VIIL.6)). We now find:

Sij = 5 [(Pad) viyy = v (Djyw)]
i 7 7 I Tym Tym
= 5 | (Pa#) 2jyy =i (Djy¥) + 59 (Kmay " 4" + 2 K jynv "2 )w]
o ] L
= 3 | (D) ip v =T (Djy¥) + 5 VK (v ") + 25774 w]
i 7 7/ Lo m m
=5 [(Pav)py = ¥ia (Dy¥) + 5 (797) K (W72 = 2 )‘P}

(VIIL.106)
The last expression can be further simplified noticing first that ¢y 7 = ¥, and:

Kimi (A"Aj = 25A™) = Kpiyjn (M0 = A"A™) = =2Kpivin (WA + ™)
= —2(Kji + KmirjA") | (VIIL.107)

where we used the spatial Clifford algebra. We finally find for the spatial stress tensor:

i

Sy =5 [ (D) hpwr =B (D) =¥ (Kij + Knhpa") v | . (VIIL108)

It is interesting at this point to calculate the trace of this spatial stress tensor. We
have:

i - _
=" =1 [(me) WY — A (D) — U (K + KA w] .
(VIIL.109)
But, from equation (VIIL.57), we know that K,,,,A" A" = —K, so that S reduces to:

i

S =S [(Dwd) A"y = 43" (Du)] - (VIIL110)
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The previous expression can be further simplified by using the Dirac equation (VIIL.79)
and its adjunct (VIIL.85), which can be written in terms of IT and IT as:

T . K
M=—y" (W"(Dny) +imy) + SV (VIIL111)
_ _ - K -
M= — ((Du)A™ —imyr) y' + SV (VIIL112)

Solving for A" (D,, ) and (D,,¥)A™ from the above equations, and substituting into
S we find, after some algebra:

i ) i
S:E[w n—n'w]—mww. (VIIL113)

By comparing this with the expression for the energy density above it is easy to see
that: B
S =pg—myy. (VIIL.114)

But this result is to be expected since the trace of the full stress—energy tensor can be
written in 3+1 terms as T#, = S — pg, so that we have T#,, = —mr, which is
precisely the result we found before in equation (VII.30).

9 Example: Spherically symmetric spacetime

As an example of the Dirac equation in a curved spacetime, we will consider the
particular case of a spacetime with spherical symmetry. We will first only consider the
Dirac field as a test field in a background spherically-symmetric spacetime, and only
later we will consider the self-gravitating case.

We start by writing the metric of a spherically-symmetric spacetime in spherical
coordinates (t, r, 6, ¢) as:

ds® = (—a® + B, B")dt> + 2B,drdt + a*dr? + b*r?d? (IX.1)
where dQ? = d6? + sin? ) d<p2 is the standard solid angle element, ¢ = «(r, t) is
the lapse function, B = B (r, t) the shift vector which in this case only has a non-
zero radial component, and where a = a(r,t) and b = b(r, t) are the spatial metric

components. In particular we have B, := y,.8" = a>B". Notice that we recover the
Minkowski metric in spherical coordinates if we takea =a =b =1, g7 = 0.

9.1 Dirac equation
The first step in order to write the Dirac equation is to choose our tetrad. As we have

already mentioned when discussing the Dirac equation in the 3+1 formalism, for the
timelike vector we take the unit normal vector to the spatial hypersurfaces:

e’TL =nt = (l/ot, —B"/a, 0, 0) ) (IX.2)
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Notice that for 87 # 0 this vector has a non-trivial radial component. For the spatial
vectors we take as a natural choice the unit vectors along the radial and angular
directions, which now take the form:

w 1 i 1 W 1
g =(0.2.0,0) . g ={0.0.—.0) . ¢f=(0.0.0———). (X3

Is is clear that these three vectors are already orthogonal to each other.

In order to avoid confusions, from here on we will always denote the spacetime
indices by (¢, r, 6, ¢), and their associated Lorentz indices by (T, R, ®, ®). Using
now the metric (IX.1) one can now show that the associated 1-forms (the co-tetrad)
are:

eyt = (—2,0,0,0), e, = (aB",a,0,0), eyo = (0,0,rb,0), ey = (0,0,0,rbsing). (IX.4)

Notice again that for 8 # 0 the radial 1-form has a non-zero time component. When
thinking only of the spatial triad we will have:

(1 » 1 . 1
El = (5,0,0) . El = <0,5,0> ., El = <0,0, rbsin@) . (IX.5)

and:

Eir =(a,0,0), Eie=(0,rb,0), Eip»=(0,0,rbsin0) , (IX.6)

Next, we need to construct the Dirac matrices. Since spherical coordinates are
already orthogonal, the natural choice is to associate the y matrices directly to the
coordinate directions. We will start by defining the 4 matrices with Lorentz indices
since they correspond to a local inertial frame, and can therefore be constructed directly
from the usual Dirac matrices in Minkowski spacetime. As already mentioned, we will
take y 7 = ¥ along the time direction, but we now have to ask ourselves in what order
should be associate the yi to the spatial coordinates (r, 6, ¢). An obvious choice (used
frequently) is to associate y! to r, 2 to 6 and y> to . However, it turns out to be
more convenient when separating variables (see below) to make a different choice
and associate instead y> to the radial coordinate r, and 2 and y! to the angular
coordinates 6 and ¢ respectively. This is the choice we will follow here. Notice that
the different choices only correspond to changing the order of the coordinates and
should be completely equivalent physically. We will then take:

yT =90, yR=y3, 9 =p2 y®=yl (IX.7)

The spacetime components of the y matrices are then defined as y* = eZyA. Using
our choice of tetrad above we now find:
ooy . yR ~ pryT . v° Y y®

=< - , = = . . (IX.8
Y o Y a o Y rb Y rbsin ( )
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Notice that when B’ # 0 the matrix " now has a contribution from y 7. It is not
difficult to verify that the above matrices satisfy the Clifford algebra:

yEyY +y iyt =217 (IX.9)

On the other hand, for the purely spatial Dirac matrices A we have:

AM=y3 20 =y2, A=yt (IX.10)
and: ® o ©
=Y e Y e Y (IX.11)
a rb rbsin 9

Notice in particular that when 8" is not zero we clearly have A" # y”.
The A™ now clearly satisfy the spatial Clifford algebra:

A AP = —2y"M (IX.12)

with ™",

We now need to calculate the three-dimensional Ricci rotation coefficients, since
they are necessary in order to obtain the Fock—Ivanenko coefficients. In order to do
this we first need to find the 3D Christoffel symbols (3)Fj.k and use (VIIL.53). The
calculation is not particularly illuminating so we will not write it in detail here. In

particular, for the wfgc we find that the only non-zero components are:

3) 3) L1 9:b 3) cot 6
» —w =——(-+Z), Wk s = — ) IX.13
ROO R®P a (r b OPd rb ( )
The next step is to find the matrices o/ = [y, y/]/4. Given equation (V.78),
plus the fact that we only have three non-zero Ricci rotation coefficients, it is not

difficult to see that we only need the three matrices o X®, 6 ®® and 0 ®®. Using now
equation (I11.39) we find:

Ro _ 23 _  L(o1 0
oRO — 4 _+2<001), (IX.14)
Ro _ __13_ L (020
o' =—0" = 2<002), (IX.15)
e _ _12_ L (030
o = -0 —+2(063>, (IX.16)

with o; the usual Pauli matrices (see Eq. (I1.9)). We can now use the previous results to
calculate the three-dimensional Fock—Ivanenko coefficients from equation (VIII.54).
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We find:

ro o, (IX.17)
G _ _i o1 0

F® = 3 WREO ( 0 O’]) , (IX.lS)
3) i or 0 i o3 0

Iy = +§ WROD ( 0 02) — 5 oo ( 0 03) , (IX.19)

and for the coordinate components FP) =0, Fé3) =rb Fg) , F;S) =rbsinf Fg ).

We can now calculate the contraction A/ F§3) that appears in Dirac’s equation. A
little algebra yields:

0 0 +M; +M;,

1 0 0 —M, —M

I3 _ ymp@ _ 2 1
A Fl =A"T,) = 2 My —M, 0 0 s (IX.20)

+My +M; O 0

where:

1 ab (0
<_+L>, My = —i & (IX.21)

We now have all the necessary ingredients to write down the Dirac equation. Notice
first that in spherical symmetry our spatial triad does not rotate, so we have Qy; =0
and the Dirac equation reduces to:

>+Amr$)+im]w+<%>w,

2
(1X.22)

oy

(0 =B 0) ¥ =—ay’ [/\r <a, + 2
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or explicitly for each of the spinor components:

M1 o, 0:b 1 i
=B oY =a|—— |0+ +——+- |3+
L a 2 b r rb
do+—— o, + 2y v (X v (IX.23)
" Tsne T )T\ ) ‘

r [ 1 da b 1
Y2 — B Y= —i—; o + a+_+; Vs

(=0, + 2 ok (K im) s ] L axas)
b\ Tsng T )R\ T B

, [ 1 da b 1
0y — B orYy =« + 0y + — - V)

i i cot 8 K ]
L <ae - 3, + —) U+ <3 + lm) va | . (1X.26)

These are the Dirac equations in a general spherically symmetric spacetime.

In particular, by taking f© = K = 0 and « = a = b = 1 we will have the
explicit form of the Dirac equation for the case of Minkowski spacetime in spherical
coordinates. If, on the other hand, we take B = K = 0, ¢ = (1 — 2M/r)1/2,
a=1/(1-2M/r) and b = 1 we will have the Dirac equation in a Schwarzschild
spacetime in the standard coordinates. Alternatively, by taking o = 1/(14+2M /r)'/2,
BT =2M/(r +2M),a = (1 +2M/r),b=1,and K = QM /r>)(1 +3M/r)/(1 +
2M /r)*/? we will have the Dirac equation in a Schwarzschild spacetime in horizon
penetrating coordinates of Kerr—Schild type.

At this point is it important to mention the fact that, even though we arrived at the
previous equations using the 3+1 form of the Dirac equation, we would have obtained
precisely the same result starting from the fully covariant four-dimensional version.

The equations we just found can be written in a more compact form if we define:

yli=y1+ys, Vil =vaFn. (IX.27)

The Dirac equations then reduce to:

o Tt o b 1\, i
WYy — B oYy =« 2, 3r+g+7+; I/fi—l-E(ae
[ cotd0\ ,;, K , .
+ﬁ 8¢+T> W:F +?I//i—lmw:': N (IX28)
(1 oa  0b 1 i
il — B oy =o|F- (ar+ » +%+;) vil = (@
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[ cot0\ , K ;.

An interesting property of the previous system of equations is the fact that we
cannot have a spinor with spherical symmetry, which makes perfect sense since spinors
represent spin 1/2 particles. To see this notice that if even if we start with initial data
such that all the different spinor components are functions only of the radial coordinate
r, the terms with cot 6 above will immediately introduce a dependence on the angular
coordinate 6 during evolution.

9.2 Conserved current and stress—energy tensor

We can now calculate the particle density and its associated flux. For the particle
density we simply have, from equation (VIIL.87):

pp = 111>+ ¥l + 13 1% + 1Yl . (IX.30)

On the other hand, the spatial components of the current which give us the particle
flux, can be found using equation (VIIL.88). For the radial flux we find:

fr=vM¥=a (WVTAR) v =a[(yivi — voyl) +ec] (IX.31)

and for the angular components:

fo =¥ =rb (WY 2OU) =irb [(1¥] —vavi) —ce] . AX3D)

fo = Wi = rbsin® (wy%%) = rbsind [(Yiyd + vou) +ce]
(IX.33)

The next step is to find the 3+1 components of the stress—energy tensor. These
components involve the quantity IT defined in (VIIL.89), so it is convenient at this
point to find an expression for the Fock—Ivanenko coefficient I'r that appears in the
definition of IT for the case of spherical symmetry. First, notice that in spherical
symmetry our spatial triad does not rotate so we clearly have Q,,, = 0. Also, the
lapse function only depends on the radial coordinate r, so the coefficient I'7 reduces

in this case to:
Tqr 8,«0(
Fr=y"A . (IX.34)

2a

Consider now the energy density. Since, as we just mentioned, in spherical sym-
metry we have 0, = 0, we can use equation (VIIL.100) for the energy density in
terms of IT instead of I1. We find:

PE = % [WTI:I - I:ITW] = % [(Iﬁﬁl + 3T + YiTs + I/fffﬁ4) - C-C.] )
(IX.35)
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where now: |
i = — (s = B"0-vi) (IX.36)

The momentum density J; is given by equation (VIIL.105). In particular, for the

radial component we find, using the fact that F;S) =0:

Jr = —i [ﬁw — YT+ Y7 (@,y) — (arw)w] . (IX.37)

On the other hand, substituting [T = I+ I'ry, we have:
M,y — 0T =0y —yTy =0 5y —yTy 0
+yt (F;yTA, - yT,\,FT) v . (1X.38)

Using now our expression for 'z above, plus the fact that (y )" = y 7, (2™")T = -7,
(yT)? = 1, and the spatial Clifford algebra, one can show that in the case of spherical

symmetry we have:

0,a

ThyTa —yTalr = == (L7 +60) . (IX.39)

o
For i = r the Clifford algebra implies that A,A" = —1, so the above term vanishes.

The radial component of the momentum density can then be written using IT instead
of IT as:

J = _% (67 0y =y i+ @ - Guhy] . x40

or in terms of the spinor components:

I = _5—1 [a (wlﬁ;‘ — Yo lT} + yal} — Wﬁ;)
+ (Yo v + W3 + Y0 + Yo vs) —cc] (IX.41)

The angular components of the momentum density can also be calculated in a straight-
forward way, but they turn out to be rather long expressions that are not particularly
interesting and I will not write them here. But it is important to stress the fact that these
angular components do not vanish in general since, even if here we are considering
a spherically symmetric spacetime, we are not asking for a spherically symmetric v
(but see Sect. 9.4 below).

Finally, for the spatial stress tensor S;; we use equation (VIIL.108). Let us consider
the diagonal components S;;. Since in spherical symmetry the metric is diagonal, the
Clifford algebra implies that (no sum) A; A’ = —1. Moreover, in spherical symmetry
the extrinsic curvature tensor K;; is also diagonal. One can then easily see that the
contributions from the extrinsic curvature in equation (VIIL.108) cancel out fori = j.
The diagonal components of the spatial stress tensor then become:

@ Springer



122 Page 64 of 85 M. Alcubierre

[(D V) A — i (Diy)]

NIN t\JI

[(a V) M — i () — (F,@Ai n Airl@) w] . (IX42)

We can simplify this even further. Using now the expressions for the Fi(3) and A; found
above, plus the fact that the Pauli matrices anti-commute with each other, it is not
difficult to show that in our case we have Fi(S)Ai + AiFl.(3) = 0 for all three possible
values of i. The diagonal components of the spatial stress tensor then reduce simply
to:

Sii = E [@iV) A — ¥hi 9] (IX.43)

or more explicitly:

5[(3r V) ¥ = Py (3:9)]
- % [(V10r 93 — 2093 + 30,95 — Yudyy) —ce] (IX.44)
So0 = 5 [(309) 2o — 20 o]
- % [(V2009% + Vadori — v10vf — Y3093 +cc.] (IX.45)
Spp =5 [( V) AW — iy (359)]

zrb sin 6

- [(V10¥5 + Y2005 + V30,05 + Vadp V() —cc.] . (IX.46)

The mixed components of §;; fori # j again turn out to be rather long expressions
that I will not write here.

9.3 Separation of variables

We are be interested in finding solutions to Dirac’s equation that are compatible with
a spherically symmetric spacetime. For the moment we will still consider the Dirac
field as a test field on a fixed background spacetime, and only later consider the self-
gravitating case.

The first step in looking for solutions is to use the method of separation of variables.
We then propose an ansatz of the form (the discussion here is based in part in that
of [14]):

Vi =Rit,rT;0,9), (IX.47)

where here i = 1,2, 3, 4 denotes spinor components, and R; and 7; are complex
functions to be determined. Substituting this in Egs. (IX.23)—(IX.26), and regrouping
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terms we find, after some algebra:

rb [Ty (1 K 1 ha  ob 1
[ 1(—(az—ﬂ’ar)+im——>R1+—<8r+ - +L+—)R3]
o 2 a r

Ry T3 2 b
i i cot6
=+ [ag bt T} 7., (IX.48)
ﬁ[ﬁ(l(a —,3r8)+im—£>R —l<a +8’a+%+1>1€}
Ry [Ty \« ! " 2 2 a\” 20 b r 4
i i cotd
- [ag - T} 7y, (1X.49)
% % (é(az—ﬂ’ar)—im—§>R3+é(ar+i’j +a;—b+%>R1]
i i cotf ]
=t (Bt t 5 | (IX.50)
% %‘ [(é(at—ﬁ’a,)—im—§>1e4—é<a,+i’z+8;—b+%>1e2}
i [ i cotd]
=m0 et (IX.51)

The right hand side of the previous equations is now only a function of the angular
coordinates (6, ¢), but the separation of variables is not complete since we still have
angular functions on the left hand side. This can be fixed if we ask for 73 = a7} and
Ty = b1y, with (a, b) some proportionality constants. In that case the left hand side
of the above equations will now be only a function of (¢, r).

The constants (a, b) are in principle arbitrary, but a convenient choice isa = 1 and
b = —1. With this choice we can see that, except for a sign, the right hand side of
Egs. (IX.48) and (IX.50) is now the same, and also the right hand side of Egs. (IX.49)
and (IX.51). This implies that we must now have:

(Lo —pro)+im— K R+ L (0, + 29 22 g
R4 a " m 2 ! a\l’ 2a b r 3

rb [ 1 . K 1 ha ob 1
=—— (= -p8)—im—=)Ri+— 0+ —+"=+= )R],
R2[<a(z B'd,) —im 2) 3+a<r+2a+b+r) 1}

rb 1(a ,3’8)4—' K R 1 a+ara+a,b+1 R
20 Z (s, — im— — _ Z
R3 a 4 2 2 a\l" 2a b r 4

rb l(a ,8r8) . K R 1 a+a,a+a,b+1 R
=——1| - — —im—- — - = —+ — 4+ - .
Ry a 4 2 4 a\" 20 b r 2

(IX.53)

We can now reduce these two equations to just one if we take R» = cRj and R4 = cR3,
with ¢ a new constant. Again, the value of ¢ is arbitrary, but a convenient choice is
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¢ = i. With these choices we now have:
Ry =iR;, Ry =iR3, 3=T, T, =-T,, (IX.54)

and our system of equation reduces to:

rb ( ,88)—}—' K R—}—l a+8,a+8rb+l R
m— — - —+ — 4+ -
R3 ! 2 P \" 7 2a b r 3

R P A (IX.55)
TP T ane T |1 '
rb K 1 ha ob 1
3, -2 )R 3, T2 L 2R
R3[(a( —B'0,) +im 2) 1+ = ( o T +r) 3}
17 i cotf]
= |- —— 8, + —| T, IX.56
7 | sine “’Jrz_1 (IX.56)

rb [ 1(3 g K R+1 ML o]

R |\« 2 3 2a b r 1_
L PR A P (IX.57)
N Tl_g sing ¥ 2 | o )

rb (1 K o b 1\ T

(-G =pd)—im—=)Rs+-(0 T2 L 2R

Rl _(a(r B’ o,) —im ) 3+ <r+2 3 r) |

1 i cot6
=t |- —— 0, +——| T . IX.58
T2|:9 sinf ot 2 }1 ( )

The previous equations now have the following structure:

filt,r) =+g1(0, ), (IX.59)
filt,r) = —g200,9) , (IX.60)
fat,r)=—gi10,9), (IX.61)
) =40, 9) . (IX.62)

Since one side of these equations depends only on (r, t), and the other only on (6, ¢),
we conclude that both sides must be equal to the same constant. Also, given the above
structure we must have f| = g1 = —f» = —g» = k, with k a separation constant to
be determined. We will then have the following two radial equations:

1 - . K 1 oo b 1 kR3
—(8,—,38,)4—1}71—3 Rl—i—; Oy Ry = +—

o 2a b rb -’
(IX.63)

1(8 ﬂra) ) K R+1 8+8,a+8,b+1 R kR,

— — —im— — e = ——,

a " 2 3 20 b r ! rb
(IX.64)
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and two angular equations:

B —— 0, + 20V 1y =z (IX.65)
“ 7 sing ¥ 2 b= '
i cotf
0+ ——=0p +—— ) 1o =+kT . (IX.66)
sin 6 2

The angular equations are particularly interesting. In order to see this let us first
define the operators:

+ . i

as = —89 - E 3(/; + scotf s (IX67)
_ i

a_&‘ = —8(9 + m 8¢ —scotd s (IX68)

with s an integer or half-integer constant. The above operators are known as the
raising and lowering spin operators respectively, and are associated with the spherical
harmonics with spin weight s first introduced by Newman and Penrose in [30] (see also
Appendix D of reference [28]). For an integer s such that |s| < [, the spin weighted
spherical harmonics are defined in terms of the usual spherical harmonics Y (6, ¢)
as:

T2
(G ] o (v +H =520,
yhm .= 115t 1% - - IX.69
‘Y O[] A dp () cr=s <0, 0RO
0, Is| > 1.
We also define oY/ := Y™ For example, we find:
1/2
Lm (-1 +oim
5 =:|: Ys
= [(z+1)! %o
@ — 12 i .
= 0+ ——09, ) Y™, 1X.70
¢[(z+1)!] 0% 5ino % (IX.70)

1z 2i 1 5\ o

: 32 — cotfdy + —— (g — cotf) , — 82 ) ylm |
] <" Cotod = g ¥ D%~ 555 *”)
(IX.71)
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On the other hand, the above definitions imply that:

I (Y) = 410 = U+ + DIyt (1X.72)

Iy (V) = =10+ 9 =5+ D2yt (IX.73)

which explains why they are called spin raising and lowering operators. These relations
also allow us to show that:

I (Y = =10+ D = s+ DY (IX.74)

gt ac (SYI”") =—[d+1) —s(s—D] Y, (IX.75)

that s, the ;Y'" are eigenfunctions of the operators #, | #; and #_, #] . In particular,
for a function f with spin weight s = 0 we have §; # = #*,#, = L?, with L? the
usual angular Laplacian operator:

O f =05 f +coth dpf +

if
(IX.76)

1
L>f = —— 3y (sinfdg f) +
sin 6

sin% 0 sin% 0

Notice now that in our equations (IX.65) and (IX.66) we in fact have the raising and
lowering operators with spin s = £1/2. In that case the definition (IX.69) can not be
used since we have a half-integer value for s. However, we can define the functions
+12Y Lm simply as the eigenfunctions of the corresponding operators a;r]aj and
#7 ,#. with s = £1/2. Notice that in that case we must also have / and m as half-
integers, withm = —[,--- ,[. For s = +1/2 we find:

1 1 1
- gt o2 2 -
33/231/2f_80f+cot689f+m(%f%—zcos@%f)——(— 3)f,

4 \sin20
(IX.77)

1 1 1
+ — 2 2 .
=9 to 9 —F (0 69 ——|——+1 ,
3,]/23]/2 9f+CO 9f+sin29<(pf+lcos Wf) 4(Sin29+ )f
(IX.78)

while for s = —1/2 we find:

1 1/ 1
— 9+ _ a2 2 .
31/23_1/2f— 05 f +cotf dy f + o~ (Bwf—zcose a(pf) -3 (sin29 + 1)f,
(IX.79)
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1 1/ 1
+ - _ a2 2 .
3_3/25_1/2—89f+cot9 39f+m(8(pf—zc059 Bwf)—7< —3)f

4 \sin20
(IX.80)

In terms of our raising and lowering operators for spin 1/2 the angular equa-
tions (IX.65) y and (IX.66) can now be written as:

LpTi=kTh,  §F,T =—kT) . (IX.81)

Comparing this with equations (IX.72) and (IX.73) it is clear that we can take as
solutions:
Ti=qp¥™"™,  Ta=_pY", (IX.82)

with the separation constant given by k = —(/ + 1/2).

General expressions for the ;¥>™ with both integer and half-integer indices are
well known, and can be found in terms of the Wigner rotation matrices commonly
used in quantum mechanics. Here we will just consider the cases with [ = 1/2. For
I =1/2,s =+£1/2, m = 1/2 we have, in the standard normalization:

1Y /22 = (—

) T2y, (6) (IX.83)
TT

where y,(f) = sin(f/2) and y_ = cos(6/2). On the other hand, for [ = 1/2,
s ==x1/2,m = —1/2 we have:

L1pYV/272 =4 ( )e""Pﬂy;(@) ) (IX.84)

4

Notice that the functions 4 /2Y1/ 2.£1/2 gre discontinuous at ¢ = 0. This is an indica-
tion of the fact that spinors change sign under a full rotation, as mentioned when we
discussed the spinor representation of the Lorentz group in Sect. 3.2.

It is now not difficult to show that taking either 7} = 41,Y"/?>1/2 and T, =
,]/2Y1/2*1/2, or alternatively 77 = +1/2Y1/2’_1/2 and T, = ,]/2Y1/2*_1/2, we will
have two independent solutions for our angular equations with k = —1. Of course, we
can take higher half-integer values of (/, m) while keeping s = 1/2 in order to find
more solutions, but here we will only consider these two cases. In that case the radial
Egs. (IX.63) and (IX.63) become:

1 . . K 1 da b 1 R3
— (0 —B"3)+im—— | Ri+— (0 + +—+-)R3=——,
o 2 a r

2 b rb
(IX.85)
Lo —pra) —im— SV raa Lo+ 2% 4 20 Dy g = B
— — —im - — —_ _ — — —,
a ! 2 PTA\" T 2 b r ! rb
(IX.86)
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If we now take Ry(¢t,r) = F(t,r) and R3(¢t,r) = G(t, r) these equations can be
written as:

- o oa 0:b 1 a K
OF =B, F—— a,+—+7+-(1+—) Grol=—im)F
a r

200 b 2 ’
(IX.87)
3G =pg0,G -2 a+8r“+8’b+1(1 “) Fra(Xtim)e
T ER O T % T Ty b N\~
(1X.88)

These are now evolution equations for the functions F and G, and can be solved either
numerically given some adequate initial data, or considering some particular ansatz.
The spinors associated with our two solutions will then be given by:

_ F(t,r) y£(9)
R i F @) y£(0)

T (4m)1/2 G(t,r)y£(©) | °
FiG(1,r) y£(0)

(/22 (IX.89)

with y; () = sin(0/2) and y_ = cos(8/2). Equations (IX.87) and (IX.87) can be
used, for example, to study the evolution of our spinors in a general curved spherically
symmetric spacetime, such as Schwarzschild for example, given some adequate initial
data for both F and G.

To finish this section, it is important to find how the functions F' and G behave
near the origin » = 0. In order to do this we take » < 1, and expand our functions as
powers of r:

o0 o0
F = Z F,()r", G= Z G,(Or" . (IX.90)
n=0 n=0

On the other hand, regularity of the metric at the origin implies that a, b and o must
be even functions of r, while 8" must be odd:

a~ag(t) +arx()r? + O , (IX.91)

b~ bo(t) + br()r* + +00 %) , (IX.92)

a ~ag(t) +ar(O)r? + O (IX.93)

B~ Bi(t)r + O3 . (IX.94)

Furthermore, in order for the metric to be locally flat at r = 0 we must ask for

bo(t) = ap(t). Finally, from the definition of the extrinsic curvature we find that we
must also have K ~ Ko(r) + K2(1)r?2 + O@F*). When looking at equations (IX.87)
and (IX.88) there are two terms that appear to be singular at r = 0. Their behavior
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close to the origin is:

G a 2Gy F a F rF
F+5) = Z(-)=ge-axgt-a,
(IX.95)
where we used the fact that by = ag. The second term is now clearly regular at » = 0.
In order for the first term to be also regular we must now ask for Gy = 0, so the
function G (r) must vanish at the origin.

We can go further in the analysis, but it is easier to work in the case of Minkowski
spacetime for which we take « = a = b = 1, 7 = K = 0 (the general case is more
complicated but the conclusions are the same). Substituting the expansions for F and
G into equations (IX.87) y (IX.88) we now find:

o0 o0
Y (B +imF) "+ (n+2)Gur" ' =0, (IX.96)
n=0 n=0
(o 0] o0
Y (G —imGy) "+ nFu" =0 (1X.97)
n=0 n=0

Again, from the first equation it is clear that we must have Gy = 0. Moreover, in the
second term of the second equation the sum can be taken from n = 1 since the n = 0
term vanishes. We then have:

o0 o0
Y (B imF) "+ (n+2) Gy =0, (IX.98)
n=0 n=l1
o0 o0
Y (Gu—imGa) "+ nFr" =0 (IX.99)
n=0 n=1

Taking now n — n + 1 in the second term of both equations we can rewrite them as:

o0

Y (Fu+imFy+(n+3)Gupr)r" =0, (IX.100)
n=0

o0
Y (Gu—imGy+ (n+ DFyp1) " =0. (IX.101)
n=0

Finally, cancelling each power of r separately we find:

F, +imF, G, —imG
Fn +imky . Fpi = _Un T tMUn ] (I1X.102)
n+3

Gntt = = n+1

Since we must have Go = 0, the above result implies that /7 = 0, which in turn
implies G, = 0, which now implies F3 = 0, etc. We finally find that F must be an
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even function of r, while G must be odd:
F = Fo(t)+F2(t)r2+... , G :Gl(t)r+G3(t)r3+... . (IX.103)

This behavior must be taken into account if one wishes to construct initial data for F
and G.

9.4 Spherically symmetric solutions

As we have already mentioned, it is not possible to have spherically symmetric solu-
tions with the Dirac equation. However, we will now show that one can have solutions
that are compatible with spherical symmetry, in the sense of having both a conserved
current and a stress—energy tensor that are spherically symmetric, if we add the two
particular solutions that we found in the last section with the same amplitude, but
considering them as independent fields. We start from the conserved current, which is
given by:

=G + G- = Vvl + -y, (IX.104)

with 14 the spinors given by (IX.89). For the particle density we find, using (IX.30):
1

Pt = — (|F|2+ |G|2) . (1X.105)
2

On the other hand, the flux of particles in the radial direction now takes the form,
from (IX.31):

£t — % (FG* + GF*) . (IX.106)
Since both F and G depend only on (¢, r) we see that ,o[T,Ot and frT"t are clearly
spherically symmetric. Notice in particular that from the expansions for small r we
found above for F and G, it is clear that we will also have f, ~ r close to the origin.
Consider now the particle flux in the 6 direction. It is not difficult to see that
equation (IX.32) immediately implies jo, = jo_ = 0, so that we clearly have f@TOt =
ng"t = 0. Finally, for the flux in the ¢ direction we use equation (IX.33). We now find
that j, , # O and j,_ # 0, but crucially j, _ = —ji, so that we have f(;,r‘)t = jg"‘ =
0. We then see that the conserved current has both angular components equal to zero,
so that it is indeed compatible with spherical symmetry.
Let us now consider the total stress—energy tensor:

Tt = Tyv, + Tpv_ - (IX.107)

v

For the energy density we find, using (IX.35):

Tot —

T (F*ﬁp +G*ig — c.c.) : (IX.108)

i
4
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with:

fp = é (,F —p'0,F), Tg:= é (G — B"3,G) . (IX.109)

The previous result for the total energy density is written in a very compact form, but
it is convenient to rewrite it using the definitions of I r and I:IG and the evolution
equations (IX.87) y (IX.88). Doing this we obtain an equivalent, thought somewhat
larger expression, that does not involve time derivatives:

Pt = L [Im (l (F*3,G + G*8,F) + 2 F*G) +m (|F|2 - |G|2)} :
2 a rb
(IX.110)
where here Im(q) indicates the imaginary part of ¢ in the sense that, if ¢ = a + ib
with both a and b real, then Im(g) = b. The energy density is then purely real, as
expected.
On the other hand, for the total momentum density in the radial direction we find,
from (IX.41):

1 i ~
P = —m [F*a,F +G*3,G —a (F*I'IG + G*HF>]
TT

1
=5-Im [F*o,F + G*3,G] , (IX.111)
T

where in the last step we substituted the definitions of I and I, and used again
the evolutions Eqs. (IX.87) and (IX.88). The calculation for the angular components
of the momentum density is longer, but after some algebra one finds that both vanish,
J9TOt = JJO‘ = 0. Again, it interesting to notice that Jy in fact vanishes for both
individual solutions, Jy4 = Jy_ = 0, while J, is non-zero for each individual
solution but the sum vanishes.

Finally, for the diagonal components of the spatial stress tensor §;; we find, from
Eqgs. (IX.44)—(IX.46):

S = 5= [F*8,G + G*9, F] . (IX.112)
T

Spet = LA [F*G] , (IX.113)
2

sTot — (sin2 9) sTot, (IX.114)

All off-diagonal components of SI,T."t now vanish. We then conclude that the total
stress-energy tensor is indeed compatible with spherical symmetry.
In particular, the total trace of 7, turns out to be:

: m
(TILM)TOI — (Sli)T()t _ IOE()I — (Srr)TOI +2(899)T0t _ pEOI — _E <|F|2 _ |G|2) ,
(IX.115)
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in complete agreement with equation (VII.30). The extra factor of 1/27 comes from
our normalization of the spinors (see equation (IX.89)), and from the fact that we now
have two spinors with equal amplitude.

9.5 Dirac stars

As a particular example of a Dirac field in spherical symmetry we will consider the
so-called Dirac stars, which are self-gravitating stationary solutions of the Einstein—
Dirac equations, analogous to the usual boson stars for the case of the Klein—Gordon
field (see reference [10] for a very complete review of boson stars and their relatives).
Dirac stars have been previously studied in some detail for example in [13, 15, 16].
Because of this, here we will only consider the basic equations describing the system
and will not discuss any particular family of solutions.
We start from a spacetime metric in spherical symmetry of the form:

ds®> = —a?dt® + a*dr? + r?d* (IX.116)

where now « and a and only functions of the radial coordinate r. In terms of our
general spherically symmetric metric (IX.1) we are the taking 8” = O and b = 1, so
that we assume that our radial coordinate is the areal radius.

For the Dirac field we will use the spherically symmetric formalism we developed
in the previous sections, so that we take a solution of the form ¢ = v + ¥_, with
the spinors 14 given by equation (IX.89):

. F(t,r)y£(0)
R i F @) y£(0)
T @m'» G(t,r) y+(0)

FiG(t,r) y£(0)

(/A (IX.117)

We have already shown that the total spinor v is compatible with spherical sym-
metry in the sense that both the total conserved current j* and the total stress-energy
tensor 7, maintain that symmetry. But if we now want to have a static solution we
must also ask for j# and 7}, to be time independent, and for the associated flux of
particles and momentum density to vanish. In order to achieve this we introduce an
ansatz with a harmonic time dependence for the functions F' and G that define our
spinors:

F(r,t)= f(re ™,  G@r, 1) =ig(r)e ", (IX.118)

where now both f(r) and g(r) are purely real functions. It is now easy to see that

with this ansatz both the conserved current and the stress-energy tensor are time

independent. The minus sign in the exponential comes from the fact that the energy

operator is given by E=id (remember that we are working in Planck units), so the

sign guarantees that we will have positive energy solutions for @ > 0 (see below).
For the particle density and flux we find, from Eqs. (IX.105) and (IX.106):

1
=5 (£+6) . fi=0. (IX.119)
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Notice that the particle flux vanishes, as expected for a static solution.
On the other hand for the different components of the stress-energy tensor we find,
from Egs. (IX.110), (IX.111), IX.112) and (IX.113):

R ﬁ 2_ 2

pE = 5 [a (fe' = f'e)+ =22 4m (f —g )] : (1X.120)
5 =0. (IX.121)
r _ L /_ /

S =5—(fg'=f"g) . (IX.122)
0 _ qv _ &

$% = S0 =3, (IX.123)

where the prime denotes derivatives with respect to r. Notice again how the momentum
density J, vanishes, as expected for a static solution. We also find for the trace pf 7),,:

m
Ty = —ps+ 8, +25% = == (2= %) , (IX.124)

consistent with equation (VIL.30).

Here one should notice that, although the expression for pg above is correct, we can
in fact find an equivalent more compact expression using equation (IX.108), where in
this case we have from our ansatz [1p = 0; F /o and I[1g = 9;G /. We then find:

pr = 50— 2 (£2+4Y) . (IX.125)

Notice that we will clearly have pg > 0 for @ > 0.

The next step is to find the equations that must be satisfied by the stationary solution.
Substituting our ansatz for the metric and the functions F and G into Eqgs. (IX.87)
and (IX.88) we find:

a)f=+% |:g/+g(§‘_+l(1+a)>i|+amf, (IX.126)
wg =2 [f +f(_/+ (1—a)>:|—amg, (IX.127)

where we also used the fact that for a static spacetime the extrinsic curvature vanishes,
so that K = 0. Solving for f’ and g’ we obtain:

/ 1 w
f =—f( + - (1—a))—ag (m+—) , (IX.128)
r o
= “ Ll @ IX.129
g——g(ﬂ—i—;( +a))—af(m—;>. (IX.129)

We also need equations for the metric functions a and «. The equation for the radial
metric a is obtained directly from the Hamiltonian constraint. On the other hand, the
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equation for the lapse function « is obtained from the so-called polar-areal gauge,
which corresponds to asking for the time derivative of the angular component of the
extrinsic curvature Kyg to vanish. We will not write down the general expressions for
the Hamiltonian constraint and the polar-areal gauge condition here since they are well
known and can be found in text books (see e.g. [28]). In our case these two conditions
reduce to:

. a(l-d° 5
a = - + 8mra“pg | . (IX.130)
2 r
and:
a’ —
a’=a< 5 +4rrra25’r>. (IX.131)
r

The final system of equations to be solved for the functions (a, «, f, g) is then:

1 — 2
da = ‘5‘ ( a4 8ma2pE) , (IX.132)
r
a2 —1 2 ar
0o =« 5 +4xra“S", ) (IX.133)
r
0,a 1 w
o f=—f +-(U—-a))—ag <m+—) , (IX.134)
200 r o
0,a 1 w
g =—g f-(+a))—af (m——) , (IX.135)
20 r o

with pg given by (IX.125), and S", given by:

r_L It _ _l & ﬂ 2.2
S =5— (8 = f's) = pr n<r+2(f g)) (IX.136)

Notice that in the equations for o, f and 9,g above there are derivatives of the lapse
on the right hand side, but these can be eliminated using (IX.133).

It is important to consider the behavior of solutions of our system of equations both
at infinity and at the origin. Consider first the limit » — oo. For asymptotically flat
solutions we can assume our spacetime is Minkowski far away, so that we must have
a~>~1,a~1and 1/r — 0. The equations for f and g then reduce to:

Wfx~—gm+w) , dgx~—fm—o). (IX.137)

Taking a second derivative of the first equation, and substituting the result in the
second, we find:

P2f~f <m2 - a)z) . (IX.138)
It is now clear that if we want to have exponentially decaying solutions at infinity we

must have m> > w?. Of course, in principle we will also have solutions that grow
exponentially, which is incompatible with having an asymptotically flat spacetime.
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We will only have decaying solutions for specific values of w, so that we must solve
an eigenvalue problem.

Consider now the behaviour of the solutions near the origin » = 0. Since spacetime
must be locally flat there we must ask for the radial metric component a to behave as:

a~1+030?). (IX.139)
Similarly, for the lapse function & we will have:
a~ag+ OF?) (IX.140)

with «g some constant. In principle we don’t know the value of «, but notice that our
system of Eqgs. (IX.132)—(IX.135) is invariant under the rescaling:

o — ko, w— ko, (IX.141)

with k an arbitrary constant. This means that we can simply take «p = 1, solve the
system, and then rescale « and w so that we have o« — 1 at infinity.

On the other hand, we have already shown above that f must be an even function
of r, while g must be odd, so that we will have:

f=f+00%hH, gxar+00%, (1X.142)

with fy and g some constants. Substituting our expansions into the system of equa-
tions we find that at the origin we must have:

al_g=0., dalg=0, 0.fl_=0. (IX.143)

The condition for g is more interesting due to the presence of the term (1 4+ a)/r in
its equation, which might seem to be singular at r = 0. The equation, however, is in
fact regular since this factor is multiplied with g which goes as ~ r close to the origin.
When we substitute our expansions for small » we now find:

0,8 l,—0 =281, (IX.144)

with g1 = fo(w/ap —m)/3, so that g1 is not independent of fj.

To solve the full system of equations (IX.132)-(IX.135) one can then choose fy
as our only free parameter (taking og = 1), and look for solutions for which f and
g decay exponentially at infinity in order to find the eigenvalue w, using a variety of
numerical techniques. For example, for a given value of f{y one can choose a trial value
of w and integrate outward from the origin with some standard ODE integrator (for
example fourth order Runge—Kutta), and use a shooting algorithm to modify the value
of w until one finds exponentially decaying solutions at infinity.

By changing the value of fj one can construct a whole family of solutions for the
Dirac stars. As mentioned above, we will not discuss the family of solutions here, as
this has already been done before in some detail in references [13, 15, 16].
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10 Final remarks

The Dirac equation is one of the most fundamental equations in physics. It describes
the behavior of fermions such as leptons and quarks, and is at the heart of the standard
model of particles and fields. On the other hand, general relativity is our modern theory
of gravity, and describes with great success astrophysical phenomena that go from the
structure of neutron stars, to the formation of black holes, the emission of gravitational
waves, and the evolution of the Universe as a whole.

Though currently we do not have a successful theory of quantum gravity (though we
certainly have candidates in the form of string theory, loop quantum gravity, dynamical
causal triangulations, etc.), it is nevertheless very important to be able to study the
evolution of quantum fields in a curved spacetime. This was, for example, what led
Hawking to the discovery that black holes in fact radiate energy.

For the case of scalar or tensor fields, such as the Higgs or electromagnetic fields,
the generalization to a curved spacetime is rather straightforward and follows directly
from the equivalence principle. However, in the case of spinor fields this generalization
is not that simple, and requires the introduction of the Lorentz group and the tetrad
formalism.

Here, I have presented a pedagogical review of the Dirac equation in the case
of general relativity, starting from first principles. Even though I have ignored the
quantization of the Dirac field and have treated it as a purely “classical” field, I believe
that this review can be useful to researchers in general relativity who might not be
used to working with spinor fields. In the last sections I have also derived expressions
for the Dirac equation and its associated stress—energy tensor in the 3+1 formalism,
and shown how this can be applied to the special case of spherical symmetry. To my
knowledge, these last sections include new material which can be very useful for the
study of the evolution of the Dirac field in a dynamical spacetime.

11 Derivation of the stress—energy tensor for the Dirac equation

We start by considering the variation of the action with respect to the spacetime metric
guv-
8g5=8/L|g|1/2d4x. (A.1)

As we know, the Dirac Lagrangian has terms that depend directly on the tetrad and
not on the metric, so we now need to consider variations of the tetrad itself. Notice
first that from the expression for the metric in terms of the tetrad, g,, = e aes, we
immediately find:

88uv = NaB (eﬁ(Sef + e%c?ﬁ) ) (A.2)

The variation of the tetrad §e, 4 can be naturally decomposed into two parts, a “sym-
metric part” §"e, 4 that induces variations of the metric, and an “antisymmetric part”
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87 ey, 4 that leaves the metric unchanged [31]:

1
+ A A AB A A - A
§Fe, = 5 ((Seﬂ F7 g,w(?e}_f;) . ey =8Te, +57e, . (A3)

From these definitions we find:

NAB
Sigﬂv = 1NAB (e;jai + EBSi A) = T [eﬁ ((SEUB F nBcguxﬁeé)
f ((S@ﬁ F r)ACgM(Se)éﬂ
NAB 1
= > [62565 + efr?el‘j] F 3 [gv;\el’jSeﬁ + gw\eereﬁ]
oguv | 1 Ao, A A g A
= 2# + > I:gUAeASeM + guaeide, ]
ég 1 ég og
=7gi§[%@e+qm&] LS (A4)
where we used the fact that ¢/ ey =9, implies 63862 = —el‘j\éeﬁ. We then find:
8+g,w =88 » 8 guw=0. (A.S5)
We can also show that:
r;ABeg(Sglw = nABeE <€§5€MC + euCSeUC) = 863 + nABeMCeESef
=defy —n*PeyceSsey = ey —n*Pg ey =28l . (A6)
so that we can express (S+€ﬁ entirely in terms of g, as:
+,A 1 AB eV 1 VA
1) e, = 2 epdguy = 2 e’ dguy - (A.7)
And similarly:
1 1
Negzzzemaywzz_zgwxﬂahﬁ (A.8)

Now, the stress-energy tensor is defined in terms of the variation of the action
integral with respect to changes in the metric as:

1
%szzfrwkng%%. (A.9)

This means that if the Lagrangian is expressed in terms of the tetrad, as is the case
of the Dirac Lagrangian, we must only consider the changes in the tetrad that modify
the metric, that is we should only consider §*e The variation in the action will then
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take the form:

SL
5g5=/[|g|1/2< )3+ +L8|g|1/2:| ) (A.10)
SeA

For the second term we have:
L L L
12 _ _ L1722 aB
Lé|g| 22 Slgl = A 1818 88ap = 5 181778 0gap . (ALD)

On the other hand, for the first term we find:

5L 5L
1gI'/? (3 M)S* | I”2<(S M) el 5 gup

SL SL
=—- |g|1/2< e ‘35 +g”’3eA(S ,l> 88up - (A.12)
A

The variation of the action then becomes:

1 1 SL SL
5.8 = — N T 1B o wBr | s 1244 (A13
¢ 2/[ 3 (g 6A5ex+g €s aeA +g 8ap 18I . (A13)

Comparing this result with (A.9) we find for the stress—energy tensor:

1 SL 3L
T =—3 (g g+ &P >+g°‘ﬂL, (A.14)
€A
and lowering the indices we recover the expression for the stress-energy tensor given
in (VIL.28):

1 SL 8L
TMU = —E €uD @ +e 8 /L +gl,“) . (AIS)

One should stress the fact that at this point we are still not replacing the variations
with partial derivatives since the Lagrangian can depend also on derivatives of the
tetrad (see below).

Notice now that, since the Dirac Lagrangian (VII.13) vanishes on shell, for case of
the Dirac field we can in fact ignore the last term in the above expression. Moreover,
the mass term that appears in the Dirac Lagrangian is independent of the tetrad, so the
stress-energy tensor reduces to:

T, ! oK + oK (A.16)
=——\ep—+ewp—1, .
my 2\ P ey, vp 56%
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with K the kinetic term in the Lagrangian. The kinetic term can further be split into
two parts, K = K| 4+ K>, given by:

K [ﬁlﬁ (9pv) — €2 () " w] (A17)

-Jkl“‘ NI

(eAeC 9 eﬁB) yCABy, (A.18)

Now, the variations that appear in (A.16) can be substituted with partial derivatives
when K depends only on the tetrad and not its derivatives. This is clearly the case for
K1, so its contribution is not difficult to find and turns out to be:

(Tu)1 = 5[(aw) V¥ — v (0nv)] (A.19)

The contribution from K, is somewhat more difficult to find since it depends not
only on the tetrad, but also on its derivatives. The variation is then given by the so-
called Euler derivative (this can be shown by following the same procedure used to
find the Euler-Lagrange equations through integration by parts starting from the action

integral):

SK 0K 0K

T2 _272 1. (A.20)
SeD aeD 9(0sep)

From the definition of K, we can see that the term we are interested in is:
fABC = e%eg 8ae,33 . (A.21)

Using now the fact that 9y (eﬁ egB) = dynap = 0, one can show that we have dyegp =
—eé)egg dyef), so that we can rewrite f4pc as:

faBc = —eieg e}?e(,BBae‘B = —espeYduel . (A.22)

Consider first the derivative of f4pc with respect to the tetrad e”D:

dfaBc 8(30361) 33% des B
[ 8 o — o a o
de? der,  eC OB Geu T v ) deéC
=— (6538385\) - eﬁe(?evB) el = —eopdR0,e% + ePe,pdael |
(A.23)
where we used the fact that de, g/ Be"D = —e(l,) ey, which can be easily shown from

ad (eﬁ egy)/ey, = dnap/dey, = 0.The contribution to the stress-energy tensor coming
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from this term will then be:
i -
Py, = 3 v [euD (egB(Svae‘é — e?eugaAe‘é) + u < v] yCABlp
i -
= g ¥ [eMAeaBaveg‘ - guaevBaAeg + u < V] VCABw . (A.24)

In fact, it is more convenient to project this result onto the tetrad to find:

Py =eie’ Puy =< U [n1aeopdsel — nypesidael +1 < J]y<48y

Yl—niafrpc +nipfaic+1< Jly

CAB
v

= —% v [(fJAB + farB) vi*? + (fias + farp) VJAB] v,
(A.25)

where in the last step we used the symmetry properties of the y42¢ and renamed
indices.

Consider now the term associated with the derivatives of f4pc with respect to the
derivatives of the tetrad:

dfaBc d(espey duel) s o <D
—9 — g, (LEeBatc)) _ ( o 5h50 5 )
A<3(3x673)) A( 30 #\eoBA% 0 OC

= —382 9, (¢hiev) = =82 (¢hdrevs +evpdrel) . (A26)

The contribution to the stress-energy tensor coming from this term is then:

i -
Quv = =5 ¥ [euc (Baevs + evpires) + 1 < v]y 4oy (A27)
Again, it is convenient to project this result onto the tetrad to find:

Q1= _el;e; Q,uv

i -
=3 v [(nicey +nuce)) daevs + (nicnyp +nscnip) ek | v 48y

(A.28)

Notice now that the term proportional to the divergence Bke)/; is symmetric in C and
B, but is contracted with yCAB which is antisymmetric, so it cancels. We finally find:

Q1) =— CABy

v [niceldaevs + nicejdaens]y

0| ~- 00| ~

1} [eyaAevB VIAB + €F3AeuB VJAB] ¥

U fans vi*® + fan v | (A.29)

| ~
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Adding both contributions coming from K> we obtain:

Prj+0py —lg v [(fABJ + frap + farp) it +1 < J] ¥

I -
= 2 [wansvi™ +oanrys v (A.30)

And going back to spacetime indices:

(Ty)2 = lﬁ I:C‘)AB;LVUAB + a)ABvVuAB:I ¥

gl
M

20w 4 e Ty = =39 free Ty . A3

WABu {Vv» }+CUABV {VM,UAB}]K”

OOI“‘OOI“‘O(HN

{J/u, wapuo? } + {7/#, a)ABVaAB}] v

B~ |

Adding now the contributions to the stress-energy tensor from K| and K, we find:

Ty = (T + (T2 = = [(0¥) vy ¥ — Vv 0nv) — ¥ {vw. Tw} ¥]

5
lz (@t = ¥T) vy ¥ — ¥y @ny +Tyw)] .
(A32)
and finally: .
Ty = 15 [(Do.¥) v ¥ — ¥y (Dwy)] - (A33)

This is the final form of the stress-energy tensor for the Dirac field. Notice that there is
no explicit contribution from the mass term in this tensor, which might seem strange
at first glance, but such a contribution is implicitly there since ¥ must satisfy Dirac’s
equation.

We still need to show that the stress-energy tensor we just found does in fact satisfy
the conservation equations V#T;,,, = 0. Now, since this tensor involves spinors, and
for tensors the spinor derivative reduces to the covariant derivative, what we must show
is that we have D" T},, = 0. Substituting the expression for 7}, given in (VIL.29), and
ignoring constant factors, we have:

DMT/}.V o D* [(D/ﬂﬁ) w¥ + (Dvlz’) Vu‘ﬁ - !ZV/L (Dyr) — lz_’)’v (D/H”)]
= (D*Dur) vt + (Du) vo (D*¥) + (D Do) vt + (Do) v (DH4)
- ('DM‘p) Yu (Dyyr) — ILV;L (DMDN//) - (Dul/_/) Yv (Du‘/’) - ILVU (DMDM/’)
= (D"Dudl) yov + (D*Dui) yud + (Do¥) yu (D)
- (DMK}) Yu (Dvyr) — I/f)’u (D#D W) Yyv (D#D;LW) ) (A.34)
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where we used the fact that D, " = 0, and in the last step we cancelled two terms
that were clearly equal. In the first and last terms of the previous expression we can
now use the Schroedinger—Dirac equation (V1.6) for ¥ and v to show that those two
terms again cancel. On the other hand, the third and fourth terms can be simplified
using the Dirac equation to find:

(D) v (D) — (D*4) yu (Do) = —im (Do) ¥ + ¥ (Duy) ]

—imD, (V). (A35)

We then have:

DTy & (D*Dyr) yu¥r — ¥yu (D*Dyy) — imD,, (Vi) . (A.36)

For the first two terms in the previous expression we can now use the commutation
relation for the spinor derivatives (V.88):

(D*DuY) vt — Uy (DFDuy) = ¢ [(DaDuV) vt — ¥y (Dy DY)
o _ _ |
= <DUD/\W —3 RAB,\UGABW> v — gyt (DVDW —-3 RABMUABlﬂ)

n A n A
Dy [(Dadr) y*] ¥ = 9Dy (v D)

= imD, (V) , (A37)

where we again used Dirac’s equation. We finally find:
DT, = 0. (A.38)

We then see that the stress-energy tensor (VII.29) does indeed satisfy the conservation
laws.
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