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Abstract
I present a review of the Dirac equation in general relativity. Although the generaliza-
tion of the Dirac equation to a curved spacetime is well known, it is not usually part
of the standard toolkit of techniques known to people working on classical general
relativity. Recently, there has been some renewed interest in studying solutions of the
Einstein–Dirac system of equations, particularly in the context of the so-called “Dirac
stars”. Motivated by this, here I present a review of the Dirac equation in general rel-
ativity, starting from Minkowski spacetime, and then considering the Lorentz group
and the tetrad formalism in order to generalize this equation to the case of a curved
spacetime. I also derive the form of the Dirac equation and its associated stress–energy
tensor for the case of the 3+1 formalism of general relativity, which can be useful for
the study of the evolution of the Dirac field in a dynamical spacetime.
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1 Introduction

The relativistic description of spin 1/2 particles is given in terms of the Dirac equation.
This equation, proposed by Dirac in 1928 [1], is a first order equation in both time
and space that is fully Lorentz covariant and does not suffer the problem of having
negative probability densities as in the case of the Klein–Gordon equation. The price
to pay is the need to introduce a new type of geometric object different from vectors
and tensors: a four-component spinor that transforms according to its own special set
of rules with respect to a general Lorentz transformation.

The original form of the Dirac equation is perfectly consistent in special relativity,
but since Einstein’s work in 1915 we know that in the presence of gravity our Universe
is not correctly describedbyMinkowski spacetime, andonemust use instead the curved
spacetime formalism of general relativity. A generalization of the Dirac equation to
the case of curved spacetimes was quickly found by Fock and Ivanenko in 1929 [2,
3], and later studied by Bargmann [4] and even Schroedinger [5]. However, due to the
fact that the gravitational field can be safely ignored when studying atomic physics,
this generalization was regarded for a long time as an academic exercise with little
practical applications.

Interest in the study of Dirac equation in curved spacetimes increased in the 1970’s
with the work of Hawking on quantum field theory on curved spacetimes, and since
then one can find some discussion (usually quite short) of the general relativistic
version of theDirac equation inmodern textbooks (see e.g. [6, 7]). Still, the formulation
of the Dirac equation in a curved spacetime remains, even today, as something that
most researchers working in the field of general relativity never study.

More recently, a revived interest in this subject has arisen related to the work on
exotic compact objects (ECO), in particular self-gravitating stationary solutions of
the Einstein equations coupled to some matter field. The case of ECO’s formed by
scalar fields corresponds to the well-known boson stars initially introduced by Kaup
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and Ruffini in the late 1960’s [8, 9] (a recent review can be found in [10]), while
ECO’s formed from vector fields correspond to the more recently introduced Proca
stars of Brito et al. [11]. The so-called “Dirac stars”, that is self-gravitating stationary
solutions of theEinstein–Dirac system, have also been considered, originally byFinster
in 1998 [12], and more recently by Herdeiro et al. [13] (see also [14–16]).

Motivated by these developments, here I present a review of the Dirac equation
in general relativity, starting from Minkowski spacetime, and then considering the
Lorentz group and the tetrad formalism in order to generalize this equation to the case
of a curved spacetime. Other reviews on this subject already exist in the literature
(see e.g. [17–20]), but in my opinion none are fully comprehensive. Though most
of the material presented here is known, I try to present it in a pedagogical way
starting from first principles. I also derive the form of the Dirac equation and its
associated stress–energy tensor for the particular case of the 3+1 formalism of general
relativity. To my knowledge, these last sections include new material which can be
very useful for the study of the evolution of the Dirac field in a dynamical spacetime.
Finally, I consider the particular example of spherical symmetry: First the general
case of the Dirac equation in a spherically symmetric spacetime, and later the case of
self-consistent spherically symmetric solutions of the Einstein–Dirac system, and the
special configurations corresponding to Dirac stars.

A word about my conventions, throughout this paper I use the metric signature
(−,+,+,+) and Planck units such that c = � = G = 1.

2 The Dirac equation in special relativity

2.1 Dirac equation

The Dirac equation is a relativistic generalization of the Schroedinger equation that
describes the behaviour of spin 1/2 particles (the material presented in this section
is well known, and can be found in any standard text book on quantum field theory,
see e.g. [21–23]). Before Dirac’s work in 1928 [1], there was already a relativistic
generalization of Schroedinger’s equation, namely the Klein–Gordon equation, which
takes the form:

�ψ − m2ψ = 0 , (II.1)

where � is the standard d’Alambertian operator in special relativity (though the
equation takes exactly the same form in general relativity (GR) with the curved
d’Alambertian), and m is a mass parameter which corresponds to the mass of the
associated particle when the theory is quantized. For a complex wave function ψ one
can show that there is a conserved current given by:

jμ := −i
(
ψ∗∂μψ − ψ∂μψ∗) , (II.2)

where ψ∗ denotes the complex conjugate of ψ , such that:

∇μ jμ = 0 . (II.3)
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Themain problemwith interpreting the Klein–Gordon equation as a quantum equa-
tion comes from the fact that the density associated with the above conserved current
is given by:

ρ ≡ j0 = i
(
ψ∗∂tψ − ψ∂tψ

∗) . (II.4)

This expression is clearly not positive definite, so it can not be associated with a
probability density. This problem can be traced back to the fact that, in contrast with
the Schroedinger equation, the Klein–Gordon equation is of second order in time.
Because of this the Klein–Gordon equation was initially rejected as a valid quantum
equation, which motivated Dirac to look for a relativistic equation that was first order
in time. The problem with the Klein–Gordon equation was later solved in quantum
field theory by associating the density ρ above not with a probability density, but rather
with a charge density, allowing it to describe particles and antiparticles of opposite
charge. However, this equation does not include the effects of the spin of the particles,
so today it is considered to describe only scalar (spin 0) particles such as for example
the Higgs boson. But we will not go any deeper into quantum field theory here and
we will instead regard both the Klein–Gordon equation and the Dirac equation below
as purely “classical” field equations.

Since having an equation that is first order in time and second order in space, such
as the Schroedinger equation, clearly violates Lorentz invariance, Dirac proposed a
purely first order expression for the Hamiltonian operator of the form:

Ĥψ = (α · p̂ + βm
)
ψ . (II.5)

where bold letters indicate three-dimensional objects, with p̂i the usual momentum
operator, and where the quantities αi and β are constant coefficients to be deter-
mined. We can immediately see that, if the αi were the components of a simple
three-dimensional vector, the above equationwould give preference to a specific direc-
tion in space, in clear violation of relativistic invariance, so they must be other type of
objects.

If we now want our Hamiltonian operator to satisfy the relativistic energy–
momentum relation we must ask for:

Ĥ2ψ =
(
p̂2 + m2

)
ψ . (II.6)

Taking the square of Eq. (II.5) we now find (notice that here we are not assuming that
the αi and β commute):

Ĥ2 =
∑

i

α2
i p̂2i +

∑

i> j

(
αiα j + α jαi

)
p̂i p̂ j +

∑

i

m (αiβ + βαi ) p̂i +β2m2 . (II.7)

Comparing this with (II.6) we find that we must have α2
i = β2 = 1, plus the objects

(α1, α2, α3, β) must all anti-commute with each other. Given these anti-commutation
relations we must conclude that these objects are not simple numbers, but must be
matrices of some dimension. One can also show that in order to satisfy all these
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relationships such matrices must be at least of dimension 4 × 4. One such set of
matrices are known as the Dirac–Pauli matrices, and are given by:

αi =
(

0 σi

σi 0

)
, β =

(
I2 0
0 −I2

)
, (II.8)

where I2 is the 2 × 2 identity matrix, and where the σi are the usual 2 × 2 Pauli
matrices:

σ1 =
(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. (II.9)

Given the fact that the Pauli matrices are hermitian (i.e. equal to their conjugate
transpose), the αi and β are also hermitian. It is important to remember at this point
that the Pauli matrices anti-commute with each other and are such that σ 2

i = 1. Both
these properties can be combined into the expression:

{
σi , σ j

} = 2δi j I2 , (II.10)

where {, } denotes the anticommutator defined as {σi , σ j } := σiσ j + σ jσi .
One shouldmention the fact that the above choice for thematricesαi andβ is clearly

not unique. In fact, any set of matrices related to the above choice by a transformation
of the form:

α′
k = UαkU−1 , β ′ = UβU−1 , (II.11)

with U a unitary matrix, would satisfy the same relations. Another common represen-
tation is the Weyl or quiral representation, and is given by:

αi =
(−σi 0

0 σi

)
, β =

(
0 I2
I2 0

)
. (II.12)

Now, given the fact that the Dirac Eq. (II.5) involves matrix operators of dimension
4×4, we conclude that the “wave function”ψ must in fact be a complex column vector
with four components known as a Dirac spinor. The Dirac equation then represents a
set of four coupled equations for the four complex components of ψ . Notice that even
if the Dirac spinor has four components, it is not a 4-vector in the usual spacetime
sense, but rather a collection of four complex numbers that transform in a special way
under rotations, as we will see below.

2.2 Covariant form

The Dirac Eq. (II.5) can easily be rewritten in a manifestly covariant form. In order to
do this we first write the standard energy and momentum operators in the usual form
(remember that we are taking � = 1):

Ĥ = i∂t , P̂i = −i∂i . (II.13)
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The equation now takes the form:

i∂tψ = −iαi∂iψ + βmψ , (II.14)

where we have defined αi ≡ αi . From here on we will adopt the convention that Greek
indices take values from 0 to 3, with 0 corresponding to the time coordinate, while
Latin indices only take values from 1 to 3. We also adopt the Einstein summation
convention: repeated indices in the same term, once covariant and once contravariant,
are to be summed over all their allowed values. Multiplying the above equation with
−i we obtain:

∂tψ = −αi∂iψ − iβmψ . (II.15)

Written in this form the Dirac equation can be interpreted as an evolution equation in
time forψ . This is important, for example, if one is interested in dynamical simulations
of solutions of the Dirac equation. Multiplying now (II.14) with β from the left, and
rearranging terms we find:

iβ∂tψ + iβαi∂iψ − mψ = 0 , (II.16)

wherewe used the fact thatβ2 = 1. The above equation can nowbewritten in covariant
form as:

iγ μ∂μψ − mψ = 0 . (II.17)

where we defined the γ μ matrices as:

γ 0 := β , γ k := βαk . (II.18)

The above matrices are the so-called Dirac matrices. In the standard representation
they take the form:

γ 0 =
(

I2 0
0 −I2

)
, γ k =

(
0 σk

−σk 0

)
, (II.19)

while in the Weyl representation they are instead:

γ 0 =
(
0 I2
I2 0

)
, γ k =

(
0 σk

−σk 0

)
. (II.20)

It is usual to define the operator /∂ := γ μ∂μ, so that the Dirac equation takes the more
compact form: (

i /∂ − m
)
ψ = 0 . (II.21)

From the definition of the γ μ matrices one can show that:

γ μγ ν + γ νγ μ = −2ημν I4 , (II.22)

with ημν the Minkowski tensor, and where here I4 denotes the 4 × 4 identity matrix.
Here it is important to mention the fact that the above relation is obtained when using a
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signature (−,+,+,+) for the metric. In quantum field theory text books it is common
to use the opposite signature, so that the term on the right hand side above changes
sign. The previous relation defines what is known as a Clifford algebra. In particular
we have: (

γ 0
)2 = I4 ,

(
γ k
)2 = −I4 , (II.23)

and:
γ 0γ k + γ kγ 0 = 0 , (II.24)

that is, γ 0 and γ k anti-commute with each other. One can also show that:

γ 0† = γ 0 , γ k† = −γ k , (II.25)

where the symbol † denotes the transpose conjugate. That is, γ 0 is hermitian while
the γ k are anti-hermitian. These last relations can be summarized as:

γ 0γ μγ 0 = γ μ†
. (II.26)

It is common to also define the matrix γ 5 as follows:

γ 5 := iγ 0γ 1γ 2γ 3 . (II.27)

The use of the number 5 comes from the fact that many older texts take the spacetime
coordinates to run from 1 to 4 instead of from 0 to 3 as we do here. This matrix is
useful for many calculations in quantum field theory, but wewill not consider it further
here.

There is another useful relation that can be obtained from the Clifford algebra that
allows us to commute two pairs of Dirac matrices. From (II.22) one can show, after
some algebra:

γ αγ βγ μγ ν = γ μγ νγ αγ β + 2
(
ηαμγ βγ ν − ηβμγ αγ ν + ηανγ μγ β − ηβνγ μγ α

)
.

(II.28)

2.3 Adjoint equation, conserved current and the Klein–Gordon equation

In order to find a conserved current associated with the Dirac equation we start from
considering its hermitian conjugate.We first write the Dirac equation in extended form
as:

iγ 0∂tψ + iγ k∂kψ − mψ = 0 , (II.29)

so that its hermitian conjugate takes the form:

− i
(
∂tψ

†
)

γ 0 − i
(
∂kψ

†
)

(−γ k) − mψ† = 0 . (II.30)

Notice that in the above equation ψ† is now a row vector, while ψ is a column vector.
Multiplying the last equation with γ 0 from the right, and defining the adjoint spinor
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as ψ̄ := ψ†γ 0, we find:
i
(
∂μψ̄

)
γ μ + mψ̄ = 0 , (II.31)

where we used the fact that γ 0 and γ k anti-commute. The last equation is known as
the adjoint Dirac equation.

We can now multiply the Dirac Eq. (II.17) with ψ̄ on the left, and the adjoint
Eq. (II.31) withψ on the right, and add the resulting equations together (remembering
that the γ μ matrices are constant). We then find:

ψ̄
(
γ μ∂μψ

)+ (∂μψ̄
)
γ μψ = ∂μ

(
ψ̄γ μψ

) = 0 . (II.32)

This result implies that we have a conserved current of the form:

jμ = ψ̄γ μψ . (II.33)

In particular, the associated density is now given by:

ρ = ψ̄γ 0ψ = ψ†ψ =
4∑

i=1

|ψi |2 , (II.34)

where here (and in similar expressions below) the index i labels spinor components.
Clearly ρ is now positive definite and can be interpreted as a probability density, which
was Dirac’s main motivation.

Let us now go back to Eq. (II.17). Applying the operator −iγ ν∂ν from the left we
obtain:

γ νγ μ∂ν∂μψ + imγ ν∂νψ = 0 , (II.35)

where we again used the fact that the γ μ matrices are constant. Using again (II.17) in
the second term this reduces to:

γ νγ μ∂ν∂μψ + m2ψ = 0 . (II.36)

On the other hand, since partial derivatives commute we can write:

(
γ μγ ν + γ νγ μ

)
∂μ∂νψ = 2γ μγ ν∂μ∂νψ . (II.37)

Using now the Clifford algebra, relation (II.22), this implies that:

γ μγ ν∂μ∂νψ = −ημν∂νψ = −�ψ , (II.38)

so that Eq. (II.36) finally reduces to:

�ψ − m2ψ = 0 , (II.39)

which is nothing more than the Klein–Gordon equation. That is, each of the individual
components of the spinor ψ obey the Klein–Gordon equation separately. However,
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will see in the following sections that this is strictly true only in a flat spacetime and
in Cartesian coordinates.

3 The Lorentz group

3.1 Tensor representation

In order to study the behaviour of the Dirac equation under Lorentz transformations
we must first understand in some detail the Lorentz group, which includes the proper
Lorentz transformations as well as the three-dimensional rotations in space. A general
Lorentz transformation is defined as a linear (and real) coordinate transformation that
leaves the Minkowski interval invariant. Such a transformation can be represented in
the general form:

x ′α = �α
β xβ , (III.1)

where {xα} are the original coordinates, {x ′α} are the new coordinates, and where
�α

β := ∂x ′α/∂xβ is the jacobian matrix that must be constant for a linear transfor-
mation. Notice that in the above expression the order of the indices in the matrix �α

β

matters, as we will see in a moment.
It is important to mention the fact that in general we are not assuming any symmetry

properties for thematrix�α
β . For example, for asLorentz “boost” along the x direction

the matrix turns out to be symmetric, while for a three-dimensional rotation in space
around the x axis it is antisymmetric. We will return to this point below.

We can now raise and lower indices of the jacobian matrix using the Minkowski
tensor ηαβ to construct, for example:

�αβ = ηαμ�μ
β , �αβ = ηβμ�α

μ , �α
β = ηαμηβν�μ

ν . (III.2)

In particular, since the Minkowski tensor is invariant under Lorentz transformations
by definition, we must have:

ηαβ = �α
μ�β

ν ημν = �αν�β
ν , (III.3)

which implies:
�αν�βν = �α

ν�β
ν = δα

β . (III.4)

On the other hand, for the inverse transformation we have:

xα = (�−1)αβ x ′β , (III.5)

so that:
(�−1)αμ�μ

β = δα
β , �α

μ(�−1)μβ = δα
β . (III.6)

Comparing this with (III.4) we find:

(�−1)αβ = �β
α , (III.7)
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so the inverse transformation takes the form:

xα = �β
α x ′β . (III.8)

That is, in order to obtain the inverse of the jacobian matrix we must lower the first
index, raise the second index, and transpose the matrix. In matrix notation this result
can be written as �−1 = η �T η. In particular, for a rotation in space raising and
lowering indices has no effect, so the inverse is simply the transpose, and since the
jacobianmatrix is real we see that rotations in space correspond to orthogonal matrices
(with inverse equal to the transpose). In contrast, for a Lorentz boost raising one index
and lowering the other changes the sign of the first column and first row (keeping
the 00 component unchanged), and leaves us again with a symmetric matrix, so now
taking the transpose has no effect. A Lorentz boost therefore does not correspond to
an orthogonal matrix.

Equation (III.7) also implies the following relations (compare this with (III.4)):

�μα�μβ = �μ
α�μ

β = δα
β . (III.9)

Given the previous results, the Lorentz transformations of vectors and 1-forms take
the form:

v′α = �α
βvβ , q ′

α = �α
βqβ , (III.10)

which can be generalized directly to tensors of arbitrary range. In particular, the coor-
dinate basis vectors (�eα) transform in the same way as the components of a 1-form:

�e ′
α = �α

β �eβ . (III.11)

On the other hand, since the determinant of the Minkowski tensor is −1, we also
find that: [

det
(
�α

β

)]2 = 1 �⇒ [
det
(
�α

β

)] = ±1 . (III.12)

The group of Lorentz transformations in known as O(3, 1), which is the general
group that leaves the Minkowski interval invariant. If we restrict ourselves to those
transformations that have determinant equal to+1 we obtain the “special” or “proper”
Lorentz group SO(3, 1). If, moreover, we ask for the direction of time to remain the
same, that is we ask for �0

0 ≥ 1, we obtain the orthochronous Lorentz group.
Let us now consider an infinitesimal transformation of the form:

�α
β = δα

β + λα
β , (III.13)

with |λα
β | 
 1. Raising and lowering indices we find:

�αβ = ηαβ + λαβ , �αβ = ηαβ + λαβ . (III.14)

These results imply that, to first order in small quantities, we must have:

λαβ + λβα = 0 , (III.15)
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that is, λαβ must be antisymmetric. In four dimensions such a matrix has only 6
independent components which correspond to the three spatial rotations and the three
possible boosts.

The next step is to introduce a basis for the space of the 4 × 4 antisymmetric
matrices. This basis must be clearly formed from 6 antisymmetric matrices M A that
are linearly independent from each other, with A = 1, ..., 6. In fact, it turns out to be
very convenient to replace the index A with a new pair of antisymmetric indices, so
that our 6 basis matrices will now be Mρσ , with elements given by (Mρσ )αβ . This
notation can seem somewhat cumbersome at first, but notice that we can now find an
explicit expression for our basis matrices as:

(Mρσ )αβ = −ηραησβ + ησαηρβ . (III.16)

In the above expression (α, β) denote the different elements of a given matrix, while
(ρ, σ ) denote which particular matrix we are considering. By direct computation it
is not difficult to show that the basis introduced above corresponds to taking, for the
matrices M0i with i = 1, 2, 3:

(M0i )0i = −(M0i )i0 = +1 , (III.17)

with all other components equal to zero, and for the matrices Mi j with i, j = 1, 2, 3:

(Mi j )i j = −(Mi j ) j i = −1 , (III.18)

again with all other components equal to zero. That is, each basis matrix takes one of
the six independent components of a general 4× 4 antisymmetric matrix equal to ±1,
with all other other independent components equal to zero.

The matrix λαβ associated with an infinitesimal Lorentz transformation can now
be written as a linear combination of our basis matrices in the form:

λαβ = 1

2
Cρσ (Mρσ )αβ , (III.19)

where the coefficients Cρσ are six small parameters (antisymmetric in ρ and σ ) that
identify the type of transformation we are doing, that is, which precise combination
of rotations and boosts. The factor 1/2 is there to compensate for the fact that the
sum over (ρ, σ ) counts each independent term twice. In practice, in order to apply a
Lorentz transformation we need to lower one index and use λα

β , where one should
remember that the matrices λα

β are no longer necessarily antisymmetric (what we
actually have is λα

β + λβ
α = 0). It is interesting to note that, given the form of the

matrices M in (III.16), the infinitesimal Lorentz transformation simply reduces to:

λαβ = −Cαβ . (III.20)
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The matrices Mρσ are known as the generators of the Lorentz group, and satisfy the
Lie algebra:

[
Mρσ , Mμν

] = ηρμMσν − ηρν Mσμ + ησν Mρμ − ησμMρν . (III.21)

We can now express a finite Lorentz transformation by using the standard expo-
nential mapping given by:

�α
β = exp

(
1

2
Cρσ (Mρσ )αβ

)
. (III.22)

Is it common to give alternative names to the matrices M as follows:

(Bi )
α

β :=
(

M0i
)α

β
, (Ri )

α
β = 1

2
εi jk

(
M jk

)α

β
, (III.23)

where the Latin indices (i, j, k) only take values from 1 to 3, and with εi jk the
Levi–Civita symbol in three dimensions. The names of these new matrices are clearly
associated with spatial rotations, R, and Lorentz boosts, B. We find explicitly:

B1 =

⎛

⎜
⎜
⎝

0 +1 0 0
+1 0 0 0
0 0 0 0
0 0 0 0

⎞

⎟
⎟
⎠ , B2 =

⎛

⎜
⎜
⎝

0 0 +1 0
0 0 0 0

+1 0 0 0
0 0 0 0

⎞

⎟
⎟
⎠ , B3 =

⎛

⎜
⎜
⎝

0 0 0 +1
0 0 0 0
0 0 0 0

+1 0 0 0

⎞

⎟
⎟
⎠ , (III.24)

and:

R1 =

⎛

⎜
⎜
⎝

0 0 0 0
0 0 0 0
0 0 0 −1
0 0 +1 0

⎞

⎟
⎟
⎠ , R2 =

⎛

⎜
⎜
⎝

0 0 0 0
0 0 0 +1
0 0 0 0
0 −1 0 0

⎞

⎟
⎟
⎠ , R3 =

⎛

⎜
⎜
⎝

0 0 0 0
0 0 −1 0
0 +1 0 0
0 0 0 0

⎞

⎟
⎟
⎠ . (III.25)

We can now define the complex matrices Ji := i Ri and Ki := i Bi , which obey the
following algebra:

[Ji , J j ] = iεi j
k Jk , [Ji , K j ] = iεi j

k Kk , [Ki , K j ] = −iεi j
k Jk . (III.26)

These relations are equivalent to (III.21) and define the algebra of the Lorentz group.
The matrices J generate spatial rotations, while the matrices K generate Lorentz
boosts. Notice here that the J matrices are purely imaginary and antisymmetric, so
they are hermitian, while the matrices K are purely imaginary and symmetric, and as
such are anti-hermitian.

With the previous definitions, a general Lorentz transformation can be expressed
as:

� = exp
(�θ · �Rl − �ϕ · �Bl

)
= exp

(
−i �θ · �J + i �ϕ · �K

)
, (III.27)

123



The Dirac equation in general relativity and the 3+1 formalism Page 13 of 85   122 

with θi and ϕi parameters associated with spatial rotations and boosts, respectively,
and where the dot product is the usual one in three dimensions (the negative sign
on the term with the ϕi is necessary in order to recover the Lorentz boosts in their
usual form). The θi represent directly rotation angles, while the ϕi are in fact velocity
parameters as will be clear below.

To continuewewill nowdefine6 “partial identitymatrices” Iρσ as diagonalmatrices
such that their only non-zero components are the (ρ, ρ) and (σ, σ ) components which
are equal to 1. A little algebra now allows us to show that the square of the B and R
matrices is given by:

(B1)
2 = +I01 , (B2)

2 = +I02 , (B3)
2 = +I03 , (III.28)

(R1)
2 = −I23 , (R2)

2 = −I13 , (R3)
2 = −I12 . (III.29)

These relationships allow us to find recurrent formulas for any power of the B and R
matrices. In particular, even powers of any Bi are just the respective partial identity
matrix, while odd powers are the same Bi again. For the Ri matrices the situation is
similar but with alternating signs.

We can then expand the exponential mapping in a Taylor series, so that for the
Bi matrices we get only positive signs that can be grouped into hyperbolic sines and
cosines. For example, for a boost along the x direction (ϕ1 = ϕ, ϕ2 = ϕ3 = 0, θi = 0)
we find:

� = exp (−ϕB1) =

⎛

⎜⎜
⎝

cosh(ϕ) − sinh(ϕ) 0 0
− sinh(ϕ) cosh(ϕ) 0 0

0 0 0 0
0 0 0 0

⎞

⎟⎟
⎠ , (III.30)

and similarly for the y and z directions. This can be immediately recognized as a usual
Lorentz boost written in terms of the velocity parameter ϕ defined as v = tanh(ϕ),
with v the speed associated with the boost.

On the other hand, for the Ri matrices the alternating signs result in the Taylor
expansion for the standard trigonometric sines and cosines. For example, for a rotation
around the x axis (ϕi = 0, θ1 = θ, θ2 = θ3 = 0) we now find:

� = exp (θ R1) =

⎛

⎜⎜
⎝

0 0 0 0
0 0 0 0
0 0 cos(θ) − sin(θ)

0 0 sin(θ) cos(θ)

⎞

⎟⎟
⎠ , (III.31)

which is the usual rotation matrix around the x axis.

3.2 Spinor representation

The algebra of the Lorentz group is defined by the commutation relations (III.21), but
the specific form of the matrices, and even their rank, can change when we pass from
one representation of the algebra to another. In order to see how this is related to the
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Dirac equation, let us define a new set of matrices σμν of the form:

σμν := 1

4

[
γ μ, γ ν

] = 1

2

(
γ μγ ν + ημν I4

)
, (III.32)

with γ μ the Dirac matrices we defined before in (II.19), and where [γ μ, γ ν] :=
γ μγ ν − γ νγ μ now denotes the commutator, and in the second equality we used
the Clifford algebra (II.22). Notice in particular that we have σμμ = 0. From this
definition it is not difficult to show that:

[
σμν, γ ρ

] = ημργ ν − ηνργ μ . (III.33)

And using this last result we find:

[
σρσ , σμν

] = ηρμσσν − ηρνσσμ + ησνσρμ − ησμσρν . (III.34)

But these are precisely the same commutation relations that we had before for the M
matrices in (III.21).We then conclude that the σ matrices are a different representation
of the Lorentz group (notice in particular that the M matrices are real, while the σ

matrices are complex).
Just as we did before, we can now introduce an infinitesimal Lorentz transformation

as:

s = 1

2
Cρσ σρσ , (III.35)

where the coefficients Cρσ are the same as before, and the corresponding exponential
map as:

S = exp

(
1

2
Cρσ σρσ

)
, (III.36)

where now S represents a finite Lorentz transformation. Here one must remember that
both s and S are 4 × 4 matrices. Just as the original Lorentz transformation in the
representation � acts on vectors vα (and tensors) as:

v′α = �α
β vβ , (III.37)

the Lorentz transformation in the representation S acts on 4-component Dirac spinors
in the following way (as will be shown in Sect. 4 below):

ψ ′i = Si
j ψ j , (III.38)

where in the last equation the indices (i, j) are not spacetime indices, but rather spinor
indices.

In order to find the explicit form of the σαβ matrices, let us first consider the purely
spatial components associated with spatial rotations. From the definition we find, for
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i �= j :

σ i j = 1

4

[
γ i , γ j

]
= 1

2
γ iγ j = 1

2

(
0 σi

−σi 0

)(
0 σ j

−σ j 0

)
= − i

2
εi jk

(
σk 0
0 σk

)
,

(III.39)
where we used the fact that the γ i and γ j anticommute, and in the last steps we used
the form of the γ i matrices in Dirac’s representation (though in this case one in fact
finds the same result in the Weyl representation). If we now define the angles θk such
that Ci j = −εi jkθ

k , the rotation matrix can be written as:

S =
(

ei �θ ·�σ/2 0

0 ei �θ ·�σ/2

)

, (III.40)

where the dot product is again the standard in three dimensions. Let us now consider,
for example, a rotation around the x axis by an angle θ , in that case we will have:

S =
(

e+i(θ/2)σ1 0
0 e+i(θ/2)σ1

)
= cos(θ/2)

(
I2 0
0 I2

)
+i sin(θ/2)

(
σ1 0
0 σ1

)
. (III.41)

where in the last step we use the fact that (σ1)2 = I2 in order to expand the exponential
in a Taylor series and regroup terms into sines and cosines. Notice now that the form
of this matrix is quite different from the matrix λ associated to the same rotation given
by (III.31). In particular, if we take θ = 2π we find S = −I4, so that ψ now changes
sign after a full rotation, in contrast with what happens with vectors and tensors that
are invariant under a full rotation. This is a well known characteristic of spinors.

On the other hand, for a Lorentz boost we find, in the Dirac representation:

σ 0i = 1

2
γ 0γ i = 1

2

(
I2 0
0 −I2

)(
0 σi

−σi 0

)
= 1

2

(
0 σi

σi 0

)
. (III.42)

Defining now the velocity parameter as ϕ := −C0i we find, for an arbitrary boost:

S =
(

0 e−�ϕ·�σ/2

e−�ϕ·�σ/2 0

)
. (III.43)

Using now the fact that: (
0 σi

σi 0

)2

= I4 , (III.44)

one can show that a boost along the direction x takes the form:

S =
(

0 e−(ϕ/2)σ1

e−(ϕ/2)σ1 0

)
= cosh(ϕ/2)

(
I2 0
0 I2

)
− sinh(ϕ/2)

(
0 σ1
σ1 0

)
.

(III.45)
One should be very careful when applying a Lorentz boost (also a rotation) using
the exponential map. The exponential of a matrix is really defined in terms of the
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Taylor expansion. This implies, for example, that even if the matrix S given in (III.43)
apparently has no elements in the diagonal, once we do the Taylor expansion such
diagonal elements do appear (because of Eq. (III.44)). That is the reason why it is
easier to use the Lorentz transformation along a specific direction as shown in (III.45).

It turns out that for the case of a Lorentz boost it is more convenient to work in the
Weyl representation, in which case we have:

σ 0i = 1

2
γ 0γ i = 1

2

(
0 I2
I2 0

)(
0 σi

−σi 0

)
= 1

2

(−σi 0
0 σi

)
, (III.46)

and taking again ϕ := −C0i we find:

S =
(

e+�ϕ·�σ/2 0
0 e−�ϕ·�σ/2

)
. (III.47)

For a boost along the x direction we now have:

S =
(

e(ϕ/2)σ1 0
0 e−(ϕ/2)σ1

)
= cosh(ϕ/2)

(
I2 0
0 I2

)
+ sinh(ϕ/2)

(
σ1 0
0 −σ1

)
.

(III.48)
The reason for which the Weyl representation is better in this case is that in the Dirac
representation the components (1, 2) of the spinor are mixed with the components
(3, 4) for a Lorentz boost, but this does not happen in theWeyl representation since the
matrix in now block diagonal. Here it is important to notice that the S transformations
in general are not unitary (i.e. with inverse equal to their transpose conjugate). A
three-dimensional rotation is unitary as can be easily seen from (III.40) and the fact
that the Pauli matrices σi are hermitian, but a Lorentz boost is not unitary.

To finish this section we will show a very important relation between the matrices
S and � associated with the same Lorentz transformation. It turns out that in general
one has:

S−1γ μS = �μ
νγ

ν . (III.49)

The previous expression has to be understood with some care. On the left hand side
we have the product of three matrices, S−1γ μS, while on the right hand side we have a
linear combination ofmatrices γ ν with coefficients given by the�μ

ν . In order to prove
this relation we shall work in the limit of infinitesimal transformations. In that case we
have, from (III.22) and (III.36) (here and in what follows � denotes approximately
equal to):

� � I4 + 1

2
Cρσ Mρσ , S � I4 + 1

2
Cρσ σρσ . (III.50)

This implies:

�μ
νγ

ν � γ μ + 1

2
Cρσ (Mρσ )μνγ

ν , (III.51)

and:

S−1γ μS � γ μ − 1

2
Cρσ

(
σρσ γ μ − γ μσρσ

)
, (III.52)
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where in the last expression we kept only linear terms in the coefficients Cρσ , which
we assume are small. In order to prove (III.49) we must then ask for:

[
σρσ , γ μ

] = −(Mρσ )μνγ
ν . (III.53)

But, from (III.16) we have:

(Mρσ )μνγ
ν = −ηρμγ σ + ησμγ ρ , (III.54)

and using now (III.33) we obtain precisely (III.53). Equation (III.49) can be easily
inverted to find the equivalent expression:

Sγ μS−1 = �ν
μγ ν . (III.55)

4 Lorentz invariance of the Dirac equation

We are now in a position to show the invariance of Dirac’s equation under a Lorentz
transformation. We start from Dirac’s equation written in covariant form:

iγ μ∂μψ − mψ = 0 . (IV.1)

Under a Lorentz transformation x ′μ = �μ
νxν this equation must keep the exact same

form, with the same γ μ matrices, so we must have:

iγ μ∂ ′
μψ ′ − mψ ′ = 0 , (IV.2)

with ∂ ′
μ = �μ

ν∂ν . We now propose that the Dirac spinor transforms with a transfor-
mation matrix S as:

ψ ′ = Sψ , (IV.3)

where at the moment we are not assuming anything about the form of S, except for
the fact that it must be a constant matrix (because of the homogeneity and isotropy of
spacetime). Substituting this into Eq. (IV.2) we find:

i�μ
νγ μS ∂νψ − mSψ = 0 , (IV.4)

wherewe used the fact that S is constant and the�μ
ν are real numbers so they commute

with the matrices. Multiplying now from the left with S−1 we find:

i�μ
ν
(

S−1γ μS
)

∂νψ − mψ = 0 , (IV.5)

and comparing with the original Dirac equation we conclude that we must have:

�μ
ν
(

S−1γ μS
)

= γ ν . (IV.6)
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Using now the fact that �μ
ν = (�−1)νμ, we can see that the previous expression is

equivalent to:
S−1γ μS = �μ

νγ
ν . (IV.7)

But this is nothing more than Eq. (III.49) from the previous section, so we conclude
that the Dirac spinor ψ transforms precisely with the S matrices we discussed before.

From the transformation law for ψ one can easily show that the adjunct spinor ψ̄

transforms as:
ψ̄ ′ = ψ ′†γ 0 = ψ†S†γ 0 . (IV.8)

Using now the relations (II.26) it is not difficult to show that the matrices σμν defined
in (III.32) satisfy:

(σμν)† = −γ 0σμνγ 0 , (IV.9)

which in turn implies:
S† = γ 0S−1γ 0 . (IV.10)

The transformation of ψ̄ then takes the final form:

ψ̄ ′ = ψ†γ 0S−1 = ψ̄S−1 , (IV.11)

where we used the fact that (γ 0)2 = 1. The result implies, in particular, that the
object (ψ̄ψ) is a Lorentz scalar, while the conserved current (ψ̄γ μψ) transforms as
a vector. Moreover, (ψ̄γ μγ νψ) transforms as a rank 2 tensor, or strictly speaking its
antisymmetric part transforms as a tensor (actually a 2-form), while its symmetric part
is Lorentz invariant since it is proportional to the Minkowski tensor (see Eq. (II.22)).

5 Dirac equation in general relativity

5.1 The tetrad formalism

In order to write the Dirac equation in the case of a general curved spacetime we first
need to introduce the formalism of tetrads. We will not describe here that formalism
in great detail as it is quite standard in advanced general relativity text books, and we
will limit ourselves to discuss some of its more important properties.

The basic idea behind the tetrad formalism is to choose, at each point of spacetime,
a set of four orthonormal vectors {�eA} that define a local inertial frame, where the index
A identifies each of the four vectors (A = 0, 1, 2, 3). It is important to emphasize that
this orthonormal basis is in principle completely independent from our coordinate
system. The basis {�eA} is known as a tetrad (also frequently called a vierbein from the
German word for “four legs”, or even a vielbein meaning “many legs”).

Assume now that we have a general coordinate system {xμ}, the corresponding
coordinate basis components of the tetrad will then be eμ

A, and since the tetrad basis
is orthonormal by definition we will have:

�eA · �eB = gμνeμ
A eν

B = ηAB , (V.1)
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with gμν the components of the metric tensor and ηAB the usual Minkowski tensor.
Notice that now we have two different types of indices: indices associated with the
spacetime coordinates, denoted by Greek letters, and indices associated to the tetrad
basis vectors denoted by uppercase Latin letters and usually called “Lorentz indices”.
From here on we also take the convention that Greek indices are raised and lowered
with gμν , while uppercase Latin indices are raised and lowered with ηAB . For example
we will have:

eμA = gμνeν
A , eμA = ηABeμ

B . (V.2)

In particular, this implies:
eμAeμ

B = ηAB . (V.3)

Somewhat more formally, we define a set of four 1-forms {ẽA} associated with our
tetrad such that:

ẽA (�eB) = eA
μeμ

B = δA
B .

The 1-forms {ẽA} are known as the “co-tetrad”. However, it is easier just to think of
raising and lowering indices with ηAB and gμν .

We can now project arbitrary vectors onto the tetrad. For example, for a vector �v
we will have:

vA = vμeA
μ , vA = vμeμA , (V.4)

and the original vector can be written as:

�v = vA�eA . (V.5)

This relation implies then that:
vμ = vAeμ

A . (V.6)

The dot product of two vectors can then be written as:

�v · �u =
(
vA�eA

)
·
(

u B �eB

)
= vAu BηAB = vAu A . (V.7)

That is, we have �v · �u = vμuμ = vAu A.
Let now {�zμ} denote the coordinate basis vectors. We can then express this basis in

terms of the tetrad as:
�zμ = z A

μ �eA . (V.8)

The dot product of two coordinate basis vectors will then be:

�zμ · �zν = zμAz A
ν = (eλAzλ

μ

) (
eA
σ zσ

ν

)
= (eλAδλ

μ

) (
eA
σ δσ

ν

)
= eμAeA

ν , (V.9)

where we used the fact that the spacetime components of the coordinate basis are just
the Kronecker delta. But the dot product of coordinate basis vectors is precisely the
definition of the components of the metric tensor, so we finally have (compare this
with (V.3)):

eμAeA
ν = gμν . (V.10)
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This is a very important result, and shows that in some sense the tetrad can be under-
stood as a “square root” of the metric tensor. In particular, the last expression implies
that the determinant of the metric can be written in terms of the tetrad as:

g = det
(

eA
μeB

ν ηAB

)
=
[
det(eA

μ)
]2

det(ηAB) = −
[
det(eA

μ)
]2

, (V.11)

so the volume element takes the form:

|g|1/2 = det(eA
μ) . (V.12)

It is interesting to notice that the components of the tetrad eμ
A can also be interpreted

as the jacobian of the transformation from the coordinates {xμ} to a new set of locally
flat coordinates {X A}. If we define eμ

A := ∂xμ/∂ X A we will have, for an arbitrary
vector:

vμ =
(

∂xμ

∂ X A

)
vA = eμ

AvA , (V.13)

which corresponds to the rule (V.6) that we saw above.
We can also project tensors of arbitrary rank onto the tetrad. For example, for a

rank 2 tensor we will have:
TAB := eμ

Aeν
B Tμν . (V.14)

In particular, if we take T as the metric tensor we find immediately gAB = ηAB ,
as should be expected. The operation that takes a spacetime index into a Lorentz
(tetrad) index is usually known as “strangulation” (vA = eA

μvμ), while the opposite
operation that takes a Lorentz index into a spacetime index is known as “resurrection”
(vμ = eμ

AvA).
The importance of the tetrad formalism comes from the fact that, once projected

onto the tetrad, the components of vectors and tensors behave as scalar functions under
changes of coordinates. In the tetrad formalism we then have two different types of
transformations:

1. General coordinate transformations for which the tetrad basis vectors behave in the
usual manner, but the components of different geometric objects (vectors, tensors
and spinors) projected onto the tetrad behave as scalars.

2. Local Lorentz transformations that take an initial tetrad onto a new tetrad, for which
the components of geometric objects transform as tensors in special relativity (or
spinors, see next sections).

The next step is to consider the derivatives of vectors and tensors in the tetrad
formalism. For this we need to define the so-called spin connection coefficients, also
known as the Ricci rotation coefficients, as:

ωμBν := ∇νeμB ≡ eμB;ν . (V.15)

The order of the indices for the ω’s is chosen here such that it coincides with the
natural order when using the “;” notation for covariant derivatives (this convention is
common, but not universal, so care must be taken when reading different references).
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It is usual to work with these coefficients with one or both of the spacetime indices
projected onto the tetrad (strangled):

ωABν = eλ
A ωλBν , ωABC = eλ

Aeσ
C ωλBσ . (V.16)

One often finds that the name “spin connection coefficients” is reserved for the fully
strangled version ωABC . Similarly, one can work with all three indices of spacetime
type (resurrected):

ωμλν = eB
λ ωμBν . (V.17)

Notice that with our notation the third index always corresponds to the derivative (but
many references put the derivative index as the first one), either directly as in ωμAν

and ωABν , or strangled as in ωABC .
From the above definition it is not difficult to show that in general we have:

∂μ�eA ≡ (eν
A;μ
) �zν = ων

Aμ�zν = ωB
Aμ�eB . (V.18)

The spin connection that we have just defined turns out to be antisymmetric in the
first two indices when they are of the same type. In order to see this onemust remember
that ηAB = gμνeA

μeB
ν , which implies:

0 = ηAB;λ = gμν

(
eμ

Aeν
B;λ + eν

Beμ

A;λ
)

= eν Aeν
B;λ + eμBeμ

A;λ = ωABλ + ωB Aλ , (V.19)

and finally:
ωABα = −ωB Aα . (V.20)

From this we immediately also find ωαβλ = −ωβαλ. This property ensures that when
we express the covariant derivative of the metric tensor in terms of the tetrad we will
have ∇μgαβ = 0. To see this notice that from (V.10) we have:

∇μgαβ =
(

eαAeA
β

)

;μ = eαAeA
β;μ + eA

β eαA;μ

= eαAωβ
A

μ
+ eA

β ωα Aμ = ωβαμ + ωαβμ = 0 . (V.21)

Notice that, from Eq. (V.18) above, the Ricci rotation coefficients play a similar role to
the Christoffel symbols whenworkingwith the tetrad instead of a coordinate basis. But
crucially, while the Christoffel symbols are symmetric in two indices, �α

μν = �α
νμ,

the Ricci rotation coefficients are antisymmetric in two indices, ωABα = −ωB Aα .
This implies that there are fewer independent ωABα than there are �α

μν . For example,
in 4 dimensions there are 40 independent �α

μν , while there are only 24 independent
ωABα . This is one of the advantages of the tetrad formalism: one has to compute fewer
quantities.
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The name “rotation coefficients” comes from considering the change of the tetrad
for an infinitesimal displacement δxμ. In that case we have:

δeμ
A = eμ

A;νδxν = ωμ
Aνδxν =

(
ωB

Aνδxν
)

eμ
B . (V.22)

If we now define �B
A := ωB

Aνδxν we find:

δeμ
A = �B

Aeμ
B . (V.23)

But this is just a rotation of the tetrad in 4 dimensions, that is a general Lorentz
transformation such as those we discussed above.

One can in fact define different concepts of derivatives of geometric quantities in
the tetrad formalism. The first one is the standard covariant derivative for which an
object completely projected onto the tetrad, i.e. completely strangled, behaves as a
scalar. To denote this derivative we will continue to use the ∇ (or ;) symbol.

We can also define two different types of derivatives for geometric objects that
have indices of mixed type. The intrinsic derivative is defined by first strangling all
the spacetime indices, then taking the covariant derivative of the resulting scalar, and
finally resurrecting back the indices that had been strangled. To denote this derivative
we use a vertical bar instead of as semicolon, for example:

T μ
A|ν =

(
T λ

A eB
λ

)

;ν eμ
B = T B

A;νeμ
B = T B

A,νeμ
B , (V.24)

where in the last step we used the fact that fully strangled components behave as
scalars for the covariant derivative. The intrinsic derivative then corresponds to the
change of the tensor components with respect to the tetrad basis. That is, if the tetrad
changes from one point to another and the tensor also changes but in such a way that
its tetrad components are the same, then its intrinsic derivative vanishes. In particular,
from the previous definition it is easy to see that:

eμ
A|ν =

(
eλ

AeB
λ

)

;ν eμ
B =

(
δB

A

)

;ν eμ
B = 0 , (V.25)

that is, the intrinsic derivative of the tetrad is always zero, so that such derivative
commutes with the strangulation and resurrection operations, for example:

eB
μ T μ

A|ν = T B
A|ν , eA

λ T μ
A|ν = T μ

λ|ν . (V.26)

Equation (V.24) can also be written explicitly in terms of the spin connection as
follows:

T μ
A|ν = T μ

A;ν + ωσ
μ

νT σ
A . (V.27)

The first term in the previous expression is the usual covariant derivative, for which
strangled indices behave as scalars (so that T μ

A behaves as a vector). In the second
term the spin connection plays a similar role as the usual Christoffel symbols, but
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remember that they have different symmetries. It is also possible to strangle the index
in the derivative to define a directional derivative along the tetrad, for example:

T μ
A|C = eν

C T μ
A|ν = T μ

A;C + ωσ
μ

C T σ
A , (V.28)

where we have defined T μ

A;C := eν
C T μ

A;ν . Similarly, we also can strangle the μ index
to find:

T B
A|C = eB

μ T μ

A;C + ωσ
B

C T σ
A = eB

μ T μ

A;C + ωD
B

C T D
A . (V.29)

Notice that for thefirst termwecannot simplywrite T B
A;C , since the covariant derivative

of the tetrad in general does not vanish.
The intrinsic derivative can be generalized to tensors with multiple indices in the

same way as the covariant derivative. For example, for an object with fully strangled
indices we have:

T A
B|ν = T A

B,ν , (V.30)

while for an object with one covariant spacetime index we will have:

TμA|ν = TμA;ν − ωμ
σ

νTσ A , (V.31)

and for objects with mixed spacetime indices we find:

T μ
λA|ν = T μ

λA;ν + ωσ
μ

νT σ
λA − ωλ

σ
νT μ

σ A . (V.32)

A different type of derivative is known as the invariant derivative. In this case
the definition is the opposite: we first resurrect all tetrad indices, we then take the
covariant derivative, and finally we strangle again. We denote this derivative by a dot,
for example:

T μ
A·ν =

(
T μ

B eB
λ

)

;ν eλ
A = T μ

λ;νeλ
A . (V.33)

In the same way as with the intrinsic derivative, it turns out that the invariant derivative
of the tetrad also vanishes:

eμ
A·ν =

(
eμ

BeB
λ

)

;ν eλ
A = (δλ

μ

)
;ν eλ

A = 0 . (V.34)

The invariant derivative then also commutes with strangulation and resurrection, for
example:

eA
λ T μ

A·ν = T μ
λ·ν , eB

μ T μ
A·ν = T B

A·ν . (V.35)

In particular, this implies thatwhen a tensor is expressedwith purely spacetime indices,
its invariant derivative is simply equal to its covariant derivative:

T μ
λ·ν = T μ

λ;ν . (V.36)

In other words, the invariant derivative is just the projection of the usual covariant
derivative of a tensor with purely spacetime indices onto the tetrad, in one or several
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of its indices. In particular we have, for example:

T A
B·C = eA

α eβ
Beν

C T α
β;ν . (V.37)

The previous expression can in fact be inverted to find:

T α
β;ν = eα

AeB
β eC

ν T A
B·C . (V.38)

For a tensor with mixed indices, the invariant derivative gives us the change of the
tensor as an abstract geometric object, that is already reconstructed in terms of the
corresponding basis. For example, if we have a tensorT ≡ T μ

A �zμ�eA, then its derivative
will be:

∂μ (T) = ∂μ

(
T ν

A�zν �eA
)

= T ν
A·μ�zν �eA . (V.39)

It is because of this property that the invariant derivative is the most natural general-
ization of the covariant derivative in the tetrad formalism.

The invariant derivative can also be written in terms of the spin connection. For
example we have:

T μA ·ν = T μA;ν + ωA
BνT μB , (V.40)

T μ
A·ν = T μ

A;ν − ωB
AνT μ

B . (V.41)

In a similar way, for an object with mixed covariant and contravariant Lorentz indices
we will have:

T μA
B·ν = T μA

B;ν + ωA
CνT μC

B − ωC
BνT μA

C . (V.42)

It is interesting to notice that, while in the case of the intrinsic derivative the spin
connection “takes” the spacetime indices of the original tensor, in the case of the
invariant derivative it takes the Lorentz indices. In particular, if the original tensor had
no spacetime indices the intrinsic derivative has no extra terms and just reduces to the
covariant derivative (in fact the partial derivative), while the opposite happens for the
case of the invariant derivative where for a tensor with no Lorentz indices it reduces
to the usual covariant derivative. Notice that for a tensor with no spacetime indices
the invariant derivative simplifies and the first term reduces to a partial derivative, so
that we have for example:

vA·B = eμ
BvA·μ = eμ

B

(
∂μvA + ωA

CμvC
)

= ∂BvA + ωA
C BvC , (V.43)

where we defined ∂B := eμ
B∂μ. Similarly:

vA·B = ∂BvA − ωC
ABvC , (V.44)

T A
B·C = ∂C T A

B + ωA
DC T D

B − ωD
BC T A

D . (V.45)

In particular if we apply the rule (V.41) to the tetrad vectors we find:

eμA·α = eμA;α − ωC
AαeμC = ωμAα − ωμAα = 0 , (V.46)
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so that we recover (V.34). This result is usually called the “tetrad postulate”, and can
sometimes be a source of some confusion. But notice that in this case the invariant
derivative does not correspond directly with the covariant derivative of the 1-form ẽA,
which is not zero in general, but rather with the covariant derivative of the “tensor”
eμν projected onto the tetrad, and we have eμν = eμAeA

ν = gμν . That is, having the
invariant derivative of the tetrad vanish simply represents the fact that the covariant
derivative of the metric tensor is always zero.

We can now use the expression for the invariant derivative of a vector to find a
relation between the spin connection and the Christoffel symbols. If we calculate v

μ

;α
directly we have:

vλ
;μ = ∂μvλ + �λ

νμvν , (V.47)

while if we calculate it from the projection of the invariant derivative we find:

vλ
;μ = eλ

BeA
μ

(
vB·A
)

= eλ
BeA

μ

(
∂AvB + ωB

C AvC
)

= eλ
B∂μvB + ωλ

νμvν = ∂μ

(
eλ

BvB
)

− vB∂μeλ
B + ωλ

νμvν

= ∂μvλ +
(
ωλ

νμ − eB
ν ∂μeλ

B

)
vν . (V.48)

Equating both expressions, and using the fact that this must be valid for an arbitrary
vector �v, we find:

�λ
νμ = ωλ

νμ − eB
ν ∂μeλ

B , (V.49)

where we used the fact that the Christoffel symbols are symmetric in the lower indices.
Solving for the spin coefficients we finally find:

ωλ
νμ = �λ

νμ + eB
ν ∂μeλ

B . (V.50)

In a similar way, by considering now the derivative of a 1-form we also find:

ωλ
νμ = �λ

νμ − eλ
B∂μeB

ν . (V.51)

Notice that the last expression can be obtained immediately from the fact that eB
ν eλ

B =
δλ
ν . Finally, projecting the first two indices onto the tetrad we obtain:

ωABμ = eν
B

(
eλA�λ

μν − ∂μeν A
)

. (V.52)

Even though not obvious, the expression above is in fact antisymmetric in the indices
A and B as will become apparent below. This expression is particularly useful in
order to calculate the coefficients ωABμ which, as we well see in the next sections, are
necessary in order to write the Dirac equation in general relativity.

If we now substitute the definition of the Christoffel symbols in terms of the met-
ric tensor, and the expression of the metric in terms of the tetrad gμν = eμAeA

ν , a
straightforward (but somewhat long) algebra allows us to find:

ωABC = −1

2
[( f ABC + f AC B + fC AB) − A ↔ B] , (V.53)
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where we have projected the third index onto the tetrad, and where we have defined
the quantities:

f ABC := (∂AeαB) eα
C . (V.54)

The antisymmetry in the first two indices of ωABC is now evident.
To finish this section we will now write the Riemann curvature tensor in terms of

the Ricci rotation coefficients. One finds:

RABμν = ∂μωABν − ∂νωABμ + ωACμ ωC
Bν − ωACν ωC

Bμ . (V.55)

Notice that in this expression the Riemann tensor has the first two indices projected
onto the tetrad, so that it behaves as a rank 2 tensor (in fact a 2-form) with respect
to coordinate changes. The previous expression can be proved by direct calculation
(the algebra is rather long) by substituting the ω’s in terms of the Christoffel symbols
from (V.49), and using the usual definition of the Riemann tensor:

Rα
βμν := ∂μ�α

βν − ∂ν�
α
βμ + �α

σμ�σ
βν − �α

σν�
σ
βμ . (V.56)

5.2 Generally covariant form of the Dirac equation

In order to generalize the Dirac equation to the case of a curved spacetime we must
first go back to Eq. (II.22) that defines the Clifford algebra, which in the language of
tetrads now takes the form:

{
γ A, γ B

}
= −2ηAB I4 , (V.57)

with {, } the anticommutator, andwhere the γ A matrices are the same constantmatrices
we defined in the case of special relativity. We will now define new γ μ matrices that
depend on the tetrad as:

γ μ := γ AeA
μ . (V.58)

Notice that these new γ μ are in general not constant anymore and can change from
one point to another. From this definition we find immediately:

{
γ μ, γ ν

} =
{
γ A, γ B

}
eA

μeB
ν = −2ηABeA

μeB
ν , (V.59)

and using now (V.10) we finally obtain:

{
γ μ, γ ν

} = −2gμν I4 . (V.60)

This is the form of the Clifford algebra in general relativity. In particular, notice that
the new γ μ matrices with different indices in general do not anti-commute anymore,
and only do so for the special case of orthogonal coordinates. From the previous result
it is easy to show that:

γμγ μ = γAγ A = −4I4 . (V.61)
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The next step is to consider the transformation rule for a spinor. For a 4D rotation
of the tetrad we will have:

ψ ′ = S(x) ψ , (V.62)

where now S(x) is a general Lorentz spinor transformation as those we saw before,
but which can now depend on position. The derivative of a spinor, however, does not
transform as a spinor anymore since we will have:

∂μψ ′ = ∂μ (S ψ) = S (∂μψ) + (∂μS) ψ . (V.63)

In order to take this into account we will now define a spinor covariant derivative as:

Dμψ := ∂μψ + �μψ , (V.64)

where the �μ are some matrices to be determined, and are known as the spinor affine
connection (not to be confused with the spin connection coefficients we saw above), or
theFock–Ivanenko coefficients [2, 3].Wewill find the explicit formof these coefficients
in the next Section.

Consider now the adjoint of Eq. (V.64) which takes the form:

Dμψ̄ := ∂μψ̄ + ψ̄ �̄μ , (V.65)

In order to find the relation between �̄μ and �μ we now ask for our spinor covariant
derivative to obey the Leibniz rule, and also for it to be compatible with the usual
covariant derivative. Consider then the covariant derivative of (ψ̄ψ), we have:

Dμ

(
ψ̄ψ

) = (Dμψ̄
)
ψ + ψ̄

(Dμψ
) = (∂μψ̄

)
ψ + ψ̄

(
∂μψ

)+ ψ̄
(
�̄μ + �μ

)
ψ .

(V.66)
On the other hand, since we know that ψ̄ψ behaves as a scalar we must also have:

Dμ

(
ψ̄ψ

) = ∂μ

(
ψ̄ψ

) = (∂μψ̄
)
ψ + ψ̄

(
∂μψ

)
. (V.67)

Comparing now both expressions we find immediately:

�̄μ = −�μ , (V.68)

so that the spinor covariant derivative of ψ̄ takes the final form:

Dμψ̄ := ∂μψ̄ − ψ̄ �μ . (V.69)

With the above definitions, the Dirac equation in a curved spacetime can be written
as:

iγ μDμψ − mψ = 0 , (V.70)

with Dμψ = ∂μψ + �μψ . Similarly, the adjunct equation takes the form:

i
(Dμψ̄

)
γ μ + mψ̄ = 0 , (V.71)
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with Dμψ̄ = ∂μψ̄ − ψ̄�μ.

5.3 The Fock–Ivanenko coefficients

We still need to find the explicit form of the Fock–Ivanenko coefficients �μ. In order
to do this, let us first assume that we have a matrix operator with spacetime indices
Qα , such that (ψ̄ Qαψ) transforms as a tensor with respect to a general change of
coordinates, andwhereα can represent any combination of covariant and contravariant
indices. For the spinor derivative of (ψ̄ Qαψ) we will have:

Dμ

(
ψ̄ Qαψ

) = (Dμψ̄
)

Qαψ + ψ̄
(DμQα

)
ψ + ψ̄ Qα

(Dμψ
)

= (∂μψ̄
)

Qαψ + ψ̄ Qα
(
∂μψ

)+ ψ̄
(DμQα − �μQα + Qα�μ

)
ψ .

(V.72)

On the other hand, since (ψ̄ Qαψ) behaves as a tensor, and spinors should behave as
scalars for the usual covariant derivative (they only have Lorentz indices), we have:

Dμ

(
ψ̄ Qαψ

) = ∇μ

(
ψ̄ Qαψ

) = (∂μψ̄
)

Qαψ + ψ̄ Qα
(
∂μψ

)+ ψ̄
(∇μQα

)
ψ .

(V.73)
Equating both expressions we now find:

ψ̄
(DμQα − �μQα + Qα�μ

)
ψ = ψ̄

(∇μQα
)
ψ , (V.74)

and since this must hold for any ψ we finally obtain:

DμQα = ∇μQα + [�μ, Qα
]

. (V.75)

Clearly, if we take Q = I4 we find Dμ I4 = 0, as expected. On the other hand, if
we take our matrix operator as Qαβ = gαβ I4, we immediately find Dμ(gαβ I4) = 0,
which indicates that the spinor derivative must be compatible with the metric. Going
back to the Clifford algebra, Eq. (V.60), it is easy to see that a sufficient condition for
this to be satisfied is to ask for the spinor derivative of the γ μ matrices to vanish, that
is:

Dμγ ν = 0 , (V.76)

or more explicitly:
∇μγ ν + [�μ, γ ν

] = 0 . (V.77)

A somewhat long algebraic calculation shows that the previous equation will be sat-
isfied if we take:

�μ = −1

4
ωABμγ Aγ B = −1

2
ωABμσ AB , (V.78)

where the σ AB matrices are the same we had previously defined in (III.32), but now
expressed in terms of the tetrad:

σ AB := 1

4

[
γ A, γ B

]
= 1

2

(
γ Aγ B + ηAB I4

)
. (V.79)
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Equation (V.78) gives us the explicit form of the Fock–Ivanenko coefficients �μ.
Let us now return to Eq. (V.76). Since by definition we have γ μ = γ Aeμ

A, and the
γ A are constant, the condition that the spinor derivative of γ μ should vanish implies
that we must ask for:

Dμeν
A = 0 . (V.80)

The more natural way to accomplish this is to ask for the spinor derivative of tensor
objectswithmixed indices (spacetime andLorentz) to reduce to the invariant derivative
that we defined in the previous section.

5.4 Geometric derivation of the Fock–Ivanenko coefficients

In the previous Section we arrived at an explicit form for the Fock–Ivanenko coeffi-
cients through a series of algebraic requirements that might seem somewhat obscure.
Here we will show an alternative geometric derivation that arrives at the same result
(the discussion here is based on that of [24]).

We start by considering the fact that the geometrically meaningful derivative of a
spinor ψ can not simply be given by the difference between its values at neighboring
points, since the tetrad with respect to which ψ is defined will in general not be
parallelly transported between these two points. The first step is then to consider how
the tetrad changes. Let �eA(x + dx) be the value of the tetrad at point (x + dx), and
�eA

‖(x + dx) the value of the corresponding tetrad that has been parallelly transported
from x to x + dx . Since both these tetrads are now evaluated at the same point, the
difference between them must be an infinitesimal Lorentz transformation, that is:

�eA(x + dx) − �eA
‖(x + dx) = λA

B �eB(x + dx) � λA
B �eB(x) , (V.81)

with λAB the infinitesimal Lorentz transformation that we introduced in Section 3
above. But this difference is precisely the definition of the usual covariant derivative,
so we must have:

eμ

A;νdxν = λA
Beμ

B . (V.82)

Contracting both sides of this equation with eμC we immediately find:

eμC eμ

A;νdxν = λA
Beμ

BeμC �⇒ λAC = eμC eμ

A;νdxν , (V.83)

or:
λAC = eμCωμ

Aνdxν = ωC Aνdxν = −ωACνdxν . (V.84)

From Eq. (III.35), the change of the spinor ψ under such a Lorentz transformation
will then be:

δψ = −1

2
λABσ ABψ , (V.85)

where we already used the fact that the coefficients for the transformation are given
by −λAB (see Eq. (III.20)).

Now, just as before, the geometrically meaningful derivative of ψ must be given
by the difference between the value of ψ at point x + dx and the value of ψ‖ that has
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been parallelly transported from x to x + dx :

Dψ = ψ(x + dx) − ψ‖(x + dx) = ψ(x + dx) − (ψ(x) + δψ)

= ∂νψ dxν − δψ = ∂νψ dxν + 1

2
λABσ ABψ

=
(

∂νψdxν − 1

2
ωABνσ

ABψ

)
dxν ≡ Dνψ dxν . (V.86)

Comparing this to our definition for the spinor covariant derivative (V.64) we find:

�μ = −1

2
ωABμσ AB , (V.87)

which is the same as (V.78).

5.5 Spinor Ricci identity

In the same way as the usual covariant derivatives, the commutator of the spinor
derivative can also be written in terms of the Riemann tensor. Using the expression
for the Fock–Ivanenko coefficients that we found above, as well as the expression for
the Riemann tensor in terms of the Ricci rotation coefficients (V.55) together with
Eq. (II.28), it is not difficult to show that:

[Dμ,Dν

]
ψ = −1

2
RABμνσ

ABψ . (V.88)

This expression is a generalization of the Ricci identity for the case of spinor covariant
derivatives. The previous result can also be written in terms of the �μ matrices as:

∂μ�ν − ∂ν�μ + �μ�ν − �ν�μ = −1

2
RABμνσ

AB , (V.89)

which bears an obvious resemblance to the form that the Riemann tensor takes in
terms of the usual Christoffel symbols. In order to prove the previous expressions one
must remember that Dμψ is both a spinor and a 1-form, so that:

DμDνψ = ∂μ (Dνψ) + �μ (Dνψ) − �α
μν (Dαψ)

= ∂μ (∂νψ + �νψ) + �μ (∂νψ + �νψ) − �α
μν (∂αψ + �αψ)

=
(
∂μ∂νψ − �α

μν∂αψ
)

+ �μ∂νψ + �ν∂μψ +
(
∂μ�ν − �α

μν�α + �μ�ν

)
ψ ,

(V.90)

and finally:

DμDνψ = ∇μ∇νψ + �μ∂νψ + �ν∂μψ + (∇μ�ν + �μ�ν

)
ψ, (V.91)
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where ∇μ is the usual covariant derivative that acts on ψ as a scalar, and on �μ as
a 1-form. Notice that, even if the first three terms are clearly symmetric on (μ, ν),
the last term breaks this symmetry since there is no reason to assume that ∇μ�ν is
symmetric, and �μ�ν also isn’t symmetric since the �μ in general do not commute.

5.6 Invariance of the spinor affine connection

In the previous Sections we found the final form of the Fock–Ivanenko coefficients
�μ in terms of the spin connection given by Eq. (V.78). We still need to show that the
spinor covariant derivative that we defined above does indeed transform as a spinor.
That is, we want to show that:

D′
μψ ′ := S Dμψ , (V.92)

where:
D′

μψ ′ = ∂μψ ′ + �′
μψ ′ . (V.93)

It is not difficult to show that Eq. (V.92) will be satisfied if we ask for the �μ matrices
to transform according to the rule:

�′
μ = S �μ S−1 − (∂μS) S−1 . (V.94)

We will now show that the �μ given by (V.78) do in fact satisfy this transformation
rule. In order to do this, we consider an infinitesimal Lorentz transformation of the
form (see Eq. (III.19)):

�A
B � δA

B + λA
B , λA

B := 1

2
CC D (MC D)A

B , (V.95)

with CC D = CC D(x) now functions of position, and |CC D| 
 1. The associated
spinor transformation will be:

S A
B � δA

B + s A
B , s A

B := 1

2
CC D (σC D)A

B . (V.96)

The inverse transformations will then have the form, to first order in small quantities:

(�−1)A
B � δA

B − λA
B , (S−1)A

B � δA
B − s A

B . (V.97)

Substituting now the expressions for S and S−1 in the transformation rule (V.94),
and keeping to first order in CAB we find, after some algebra:

�′
μ = �μ + [s, �μ

]− ∂μs , (V.98)

and explicitly substituting the form of s:

�′
μ = �μ + 1

2
CC D

[
σC D, �μ

]
− 1

2

(
∂μCC D

)
σC D . (V.99)
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Let us now write the �μ in the form (V.78), but instead of using the ωABμ as
coefficients of the σ matrices we consider some arbitrary coefficients BABμ:

�μ = −1

2
BABμσ AB , (V.100)

where at themomentwe are not assuming anything about the coefficients BABμ, except
for the fact that they must be antisymmetric in their Lorentz indices. Substituting into
the transformation law we find:

B ′
ABμσ AB = BABμσ AB + 1

2
CAB

[
σ AB, BC DμσC D

]
+ 1

2

(
∂μCAB

)
σ AB

= (BABμ + ∂μCAB
)
σ AB + 1

2
CAB BC Dμ

[
σ AB, σC D

]
, (V.101)

where we used the fact that the σC D are constant and as such are invariant, and also
that the C’s and B’s are real numbers. Using now the commutation relations of the σ

matrices given in (III.34) we find, after some algebra:

B ′
ABμσ AB =

[
BABμ + ∂μCAB −

(
BACμCB

C + BC BμCA
C
)]

σ AB , (V.102)

which implies that the B coefficients must transform as:

B ′
ABμ = BABμ + ∂μCAB −

(
BACμCB

C + BC BμCA
C
)

. (V.103)

On the other hand, the transformation rule for the spin connection is:

ω′
ABμ = e′λ

A ω′
λBμ = e′λ

A e′
λB;μ = �A

C eλ
C

(
�B

DeλD

)

;μ
= �A

C�B
Deλ

C eλD;μ + �A
C eλ

C eλD ∂μ�B
D . (V.104)

Using now the fact that eλ
C eλD = ηC D we find:

ω′
ABμ = �A

C�B
D ωC Dμ + �A

C∂μ�BC . (V.105)

Assuming an infinitesimal transformation, the last expression reduces to first order to:

ω′
ABμ = ωABμ + ωACμλB

C + ωC BμλA
C − ∂μλAB , (V.106)

where we used the fact that λAB is antisymmetric. Remembering now that for an
infinitesimal transformation we have λAB = −CAB (see Eq. (III.20)), we finally find:

ω′
ABμ = ωABμ + ∂μCAB −

(
ωACμCB

C + ωC BμCA
C
)

. (V.107)
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But this is precisely the transformation rule for the B coefficients we found above, so
we conclude that the Fock–Ivanenko coefficients given by (V.78) do transform in the
correct way.

6 The Schroedinger–Dirac equation

For the case of Minkowski spacetime we have already shown that Dirac’s equation
takes us directly to the Klein–Gordon equation for each of the spinor components. In
the case of a curved spacetime this is no longer true, andwhatwefind is a generalization
of the Klein–Gordon equation known as the Schroedinger–Dirac equation [5] (see
also [25] and references therein).

The first step in finding this equation is to calculate the quantity /D2
ψ :=

γ μDμ(γ νDν)ψ = γ μγ νDμDνψ . We have:

/D2
ψ = γ μγ νDμDνψ = 1

2

({
γ μ, γ ν

}+ [γ μ, γ ν
])DμDνψ

= −gμνDμDνψ + 1

2

[
γ μ, γ ν

]DμDνψ

= −DμDμψ + 1

4

[
γ μ, γ ν

] [Dμ,Dν

]
ψ

= −DμDμψ − 1

2
σμν RC Dμνσ

C Dψ

= −DμDμψ − 1

2
RABC Dσ ABσC Dψ , (VI.1)

whereweused the definition of theσμν matrices and the expression for the commutator
of the spinor derivatives given by (V.88), and the fact that the Riemann tensor is
symmetric when we exchange the first and second pairs of indices. Using now the
antisymmetry of the Riemann tensor in the two pairs of indices, and substituting the
definition of the σ matrices, we can rewrite the previous result as:

/D2
ψ = −DμDμψ − 1

8
RABC Dγ Aγ Bγ Cγ Dψ . (VI.2)

The second term of the above result in fact turns out to be proportional to the scalar
curvature. In fact we have:

R = −1

2
RABC Dγ Aγ Bγ Cγ D . (VI.3)

We will leave the proof of this result to the end of this section. The quantity /D2
ψ then

takes the final form:

/D2
ψ =

(
−DμDμ + R

4

)
ψ . (VI.4)

This last expression is the natural form of the Laplace operator when applied to spinors
in a curved spacetime.Having a contribution from the curvature scalar is not surprising,
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and comes from the fact that the covariant derivatives of spinors in general do not
commute (something similar happens in the case of vectors and 1-forms, and the
natural Laplace operator in that case is the so-called “de Rham Laplacian” which also
has contributions from the curvature tensor).

Having found this result, we can now go back to the Dirac equation. Applying the
operator iγ μDμ from the left we find:

iγ μDμ

(
iγ μDμψ − mψ

) = 0

�⇒ − /D2
ψ − imγ μDμψ = 0

�⇒ /D2
ψ + m2ψ = 0 , (VI.5)

where in the second term of the third row we used again Dirac’s equation. Substituting
now (VI.4) we finally find:

(
DμDμ − R

4
− m2

)
ψ = 0 . (VI.6)

This is the Schroedinger–Dirac equation, and is the generalization of theKlein–Gordon
equation for spinors in a curved spacetime. In the previous equation one should remem-
ber that the operator DμDμ must be calculated as (see Eq. (V.91)):

DμDμψ = �ψ + 2�μ∂μψ + (∇μ�μ + �μ�μ
)
ψ , (VI.7)

where � is the usual d’Alambertian applied to scalars, and
∇μ�μ = ∂μ(|g|1/2�μ)/|g|1/2. Notice that, since the operator DμDμ involves the
�μ matrices, in the Schroedinger–Dirac equation the different components of ψ are
in fact coupled, something that does not happen with the Klein–Gordon equation.

We will now prove Eq. (VI.3) that we used in order to derive the Schroedinger–
Dirac equation. The first step is to consider the contraction of the Ricci tensor Rμν

with two γ matrices. using the symmetry of the Ricci tensor we find:

Rμνγ
μγ ν = RABγ Aγ B = 1

2
RAB

(
γ Aγ B + γ Bγ A

)
= −RABηAB = −R .

(VI.8)
Next we must express RABγ Aγ B in terms of the Riemann tensor:

RABγ Aγ B = RAC B DηC Dγ Aγ B = RAC B Dγ AηC Dγ B

= −1

2
RAC B Dγ A

(
γ Cγ D + γ Dγ C

)
γ B

= 1

2

(
RAC DBγ Aγ Cγ Dγ B − RAC B Dγ Aγ Dγ Cγ B

)

= 1

2

(
RABC Dγ Aγ Bγ Cγ D − RAC B Dγ Aγ Dγ Cγ B

)
, (VI.9)

where we used the antisymmetry of the Riemann tensor in the second pair of indices,
and in the last step we renamed indices on the first term. In the first term above we
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can recognize already the contraction RABC Dγ Aγ Bγ Cγ D that we need in order to
prove (VI.3). For the second term we use the cyclic symmetry of Riemann so that:

RABγ Aγ B = 1

2

[
RABC Dγ Aγ Bγ Cγ D + (RADC B + RAB DC ) γ Aγ Dγ Cγ B

]

= RABC Dγ Aγ Bγ Cγ D + 1

2
RAB DCγ Aγ Dγ Cγ B , (VI.10)

wherewe again renamed indices to show that twoof the terms are identical. To calculate
the second term of the last expression we use the fact that the Clifford algebra implies:

γ Dγ Cγ B = γ Bγ Dγ C + 2ηB Dγ C − 2ηBCγ D . (VI.11)

Using this result we can show that:

RAB DCγ Aγ Dγ Cγ B = RAB DCγ A
(
γ Bγ Dγ C + 2ηB Dγ C − 2ηBCγ D

)

= RAB DCγ Aγ Bγ Dγ C + 2RA
B

BCγ Aγ C − 2RA
B

DBγ Aγ D

= RABC Dγ Aγ Bγ Cγ D − 4RABγ Aγ B , (VI.12)

where once more we renamed indices and grouped terms. Collecting our results we
find:

RABγ Aγ B = 3

2
RABC Dγ Aγ Bγ Cγ D − 2RABγ Aγ B , (VI.13)

and solving for RABγ Aγ B :

RABγ Aγ B = 1

2
RABC Dγ Aγ Bγ Cγ D . (VI.14)

Finally, using Eq. (VI.8) we obtain the desired result:

R = −1

2
RABC Dγ Aγ Bγ Cγ D . (VI.15)

7 Lagrangian and stress–energy tensor of the Dirac field

7.1 Lagrangian, first version

TheLagrangian associatedwith theDirac field should be a scalar function that depends
on the spinor ψ and its derivatives. Furthermore, since the Dirac equation is of first
order, theLagrangian should also be of first order.One possible expression that satisfies
all the previous conditions is:

L = ψ̄
(
iγ μDμ − m

)
ψ , (VII.1)
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with ψ̄ = ψ†γ T , and where here γ T corresponds to the constant matrix γ 0 used in
Minkowski spacetime.The change in notation fromγ 0 toγ T is introducedhere in order
to avoid a possible confusion bewtween γ T and coordinate component γ t = γ Aet

A
when considering the case of a curved spacetime. From here on the constant γ matrices
will be associated with the tetrad basis and not the coordiante basis (we will discuss
this further in Sect. 8.4.)

The Lagrangian (VII.1) is the one found inmany text books on quantum field theory
in Minkowski spacetime (with ∂μψ instead of Dμψ). The Lagrangian density then
takes the form:

L = ψ̄
(
iγ μDμ − m

)
ψ |g|1/2 , (VII.2)

with g the determinant of the metric, and the action integral becomes:

S =
∫

L d4x =
∫

ψ̄
(
iγ μDμ − m

)
ψ |g|1/2d4x . (VII.3)

For the variation of the action above one must take ψ and ψ̄ as independent fields.
The Euler–Lagrange equations are then:

∂

∂xμ

(
∂L

∂(∂μψ)

)
− ∂L

∂ψ
= 0 , (VII.4)

with an analogous equation for ψ̄ . In fact, in this case it turns out to be far easier to
work with ψ̄ since the Lagrangian (VII.1) does not depend on its derivatives. We find:

∂L
∂ψ̄

= (iγ μDμ − m
)
ψ |g|1/2 ,

∂L
∂(∂μψ̄)

= 0 , (VII.5)

so the Euler–Lagrange equation for ψ̄ gives us immediately Dirac’s equation:

iγ μDμψ − mψ = 0 . (VII.6)

The Dirac equation for ψ is a bit more subtle. In this case it is necessary to write
the spinor covariant derivative explicitly in the Lagrangian density:

L = [iψ̄γ μ
(
∂μψ + �μψ

)− mψ
] |g|1/2 . (VII.7)

From here we then find:

∂L
∂ψ

= ψ̄
(
iγ μ�μ − m

) |g|1/2 ,
∂L

∂(∂μψ)
= iψ̄γ μ |g|1/2 , (VII.8)
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which implies:

∂

∂xμ

(
∂L

∂(∂μψ)

)
= i∂μ

(
ψ̄γ μ |g|1/2

)

= i

[(
∂μψ̄

)
γ μ + ψ̄∂μγ μ + 1

2|g| ψ̄γ μ∂μ|g|
]

|g|1/2 . (VII.9)

The Euler–Lagrange equation then takes the form:

i

[
(
∂μψ̄

)
γ μ + ψ̄∂μγ μ + 1

2|g| ψ̄γ μ∂μ|g|
]

− ψ̄
(
iγ μ�μ − m

) = 0 , (VII.10)

and regrouping terms:

i
(Dμψ̄

)
γ μ + mψ̄ + iψ̄

[
∂μγ μ + 1

2
γ μ∂μ ln |g| + [�μ, γ μ

]] = 0 . (VII.11)

Using now the fact that ∂μ ln |g| = 2�ν
νμ, we can recognize that the term in square

brackets is just the spinor divergence of the γ μ matrices, but this divergence vanishes
since the spinor derivative of the γ μ is zero. We then finally obtain:

i
(Dμψ̄

)
γ μ + mψ̄ = 0 , (VII.12)

which is precisely the adjunct Dirac equation.

7.2 Lagrangian, second version

Even though the Lagrangian (VII.1) results in the correct equations of motion, it has
the serious disadvantage of not being symmetric in ψ and ψ̄ . This can be easily fixed
if we define an alternative form of the Lagrangian as:

L = i

2

[
ψ̄γ μ

(Dμψ
)− (Dμψ̄

)
γ μψ

]− mψ̄ψ . (VII.13)

This is the form of the Lagrangian that we will use from now on (this form for the
Lagrangian is also well known, see for example [6, 7, 26]). The Lagrangian density is
now:

L =
{

i

2

[
ψ̄γ μ

(Dμψ
)− (Dμψ̄

)
γ μψ

]− mψ̄ψ

}
|g|1/2 . (VII.14)

A similar procedure to the one presented above shows that this Lagrangian density
results on precisely the same Dirac equations (one should mention the fact that the
i factor is frequently absorbed in the definition of the γ matrices, so that it does not
appear in the Lagrangian, or indeed in the Dirac equation). It is interesting to note that
both expressions for the Lagrangian in fact become zero when we substitute the Dirac
equation, that is when we evaluate them “on shell”. This represents no problem, since
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what one is interested in is the functional form of the Lagrangian in terms of ψ and
its derivatives, and not its specific numerical value on shell.

The Lagrangian (VII.14) is clearly invariant under a transformation of the form:

ψ → e−iθψ , ψ̄ → e+iθ ψ̄ , (VII.15)

with θ an arbitrary constant. This implies the existence of a conserved Noether current
given by:

jμ =
(

∂L

∂(∂μψ)

)
(−iψ) + (iψ̄)

(
∂L

∂(∂μψ̄)

)

= i

2
ψ̄γ μ (−iψ) − i

2

(
iψ̄
)
γ μψ

= ψ̄γ μψ , (VII.16)

such that ∇μ jμ = 0. We can now see that this is precisely the same conserved current
that we had initially found in Eq. (II.33).

Even if the expression for the Lagrangian (VII.14) is correct, it is interesting to
rewrite it in a more illustrative form. We can write the Lagrangian as:

L = K − V , (VII.17)

where here K is the so-called kinetic term given by:

K = i

2

[
ψ̄γ μ

(Dμψ
)− (Dμψ̄

)
γ μψ

]

= i

2

[
ψ̄γ μ

(
∂μψ

)− (∂μψ̄
)
γ μψ + ψ̄

(
γ μ�μ + �μγ μ

)
ψ
]

, (VII.18)

while V is the potential term that is simply:

V = mψ̄ψ . (VII.19)

The kinetic term can in turn be written in several different forms. If we use the expres-
sion for the �μ in terms of the Ricci rotation coefficients given in (V.78) we find:

�μ = −1

2
ωABμσ AB = −1

2
eC
μ ωABC σ AB . (VII.20)

Using this relation, it is not difficult to show that:

γ μ�μ + �μγ μ = −1

2
ωABC γ C AB , (VII.21)
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where we have defined γ C AB := {γ C , σ AB}. For what follows it is important to notice
that γ C AB is totally antisymmetric:

γ C AB = −γ C B A = −γ AC B = −γ B AC . (VII.22)

The kinetic term then reduces to:

K = i

2

[
ψ̄γ μ

(
∂μψ

)− (∂μψ̄
)
γ μψ

]− i

4
ψ̄
(
ωABC γ C AB

)
ψ . (VII.23)

Finally, if we substitute theω’s using Eq. (V.53), and use the anticommutation property
of the γ A matrices, a little algebra allows us to show that the kinetic term takes the
final form:

K = i

2

[
ψ̄γ μ

(
∂μψ

)− (∂μψ̄
)
γ μψ

]+ i

4
ψ̄
(

f ABC γ C AB
)

ψ , (VII.24)

where we must remember that the f ’s are defined as f ABC := (∂AeνB)eν
C =

eμ
Aeν

C∂μeνB .

7.3 Stress–energy tensor

In order to find the form of the stress–energy tensor associated with the Dirac field we
start from the action integral:

S =
∫

L |g|1/2d4x , (VII.25)

with L the Lagrangian that we found above:

L = i

2

[
ψ̄γ μ

(Dμψ
)− (Dμψ̄

)
γ μψ

]− mψ̄ψ . (VII.26)

At this point one could think of using the standard definition for the Hilbert stress–
energy tensor in terms of the Lagrangian L given by:

Tμν = −2
∂L

∂gμν
+ gμν L . (VII.27)

However, in the case of a Dirac field this definition fails since the Lagrangian has
terms that depend directly on the tetrad and not just on the metric. Instead, we must
now define the stress–energy tensor by considering the variation of the action with
respect to the tetrad itself:

Tμν = −1

2

(

eμD
δL

δeν
D

+ eνD
δL

δeμ
D

)

+ gμν L , (VII.28)
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wherewemust remember that themetric is given in terms of the tetrad as gμν = eμAeA
ν ,

andwherewehave included two symmetrized terms since thefinal stress–energy tensor
must be symmetric. It is not difficult to see that for an action that depends only on the
metric both definitions for Tμν are in fact equivalent.

Using the expression above one arrives, after a somewhat lengthy algebra, at:

Tμν = i

2

[(D(μψ̄
)
γν)ψ − ψ̄γ(μ

(Dν)ψ
)]

. (VII.29)

This is the stress–energy tensor for the Dirac equation (this expression is also well
known, see e.g. [7, 20, 27]). Details of the derivation of this stress–energy tensor, as
well as a proof that it satisfies the conservation equations ∇μTμν = 0, can be found
in Appendix A.

There is an property of the stress–energy tensor (VII.29) that is interesting to men-
tion. If we take its trace, and use the Dirac equation, one can easily show that:

T μ
μ = −mψ̄ψ = −m

(
ψ†γ T ψ

)
= −m

(
|ψ1|2 + |ψ2|2 − |ψ3|2 − |ψ4|2

)
.

(VII.30)
We then see that the trace in fact vanishes for m = 0.

8 Dirac equation in the 3+1 formalism

In the previous sections we found the general form of the Dirac equation for a curved
spacetime. For numerical applications, or in case one is interested in the Hamiltonian
formalism, it is interesting to find the form that the Dirac equation takes in the 3+1
formalism of general relativity.

We assume that the spacetime is globally hyperbolic, so it can be foliated byCauchy
hypersurfaces �t parametrized by a global time function t . The metric can then be
written in the general form (see for example [28]):

ds2 =
(
−α2 + βiβ

i
)

dt2 + 2βi dtdxi + γi j dxi dx j , (VIII.1)

where xi are spatial coordinates, α is the lapse function, β i is the shift vector, γi j

is the spatial metric induced on the spacelike hypersurfaces of constant t , and where
βi = γi jβ

j (in general the indices of purely spatial tensors are raised and lowered
with γi j ).

The next step is to choose a tetrad adapted to our spacetime foliation. In particular
we will take:

eμ
T = nμ , eμ

I = Eμ
I , (VIII.2)

with nμ the unit vector orthogonal to the spatial hypersurfaces, and where Eμ
I with

I ∈ {1, 2, 3} are three purely spatial vectors orthogonal to each other that from now
on we will call the “spatial triad”.

Do notice that we now have four different types of indices that require special
notation: 1) Spacetime coordinate indices that take values from 0 to 3, for which we
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continue to use Greek letters {α, β, · · · }; 2) tetrad (Lorentz) indices that also take
values from 0 to 3, for which we continue to use upper case Latin letters starting from
{A, B, · · · }; 3) purely spatial coordinate indices that only take values from 1 to 3, for
which we use lower case Latin letters starting from {i, j, · · · }; 4) purely spatial triad
indices that also only take values from 1 to 3, and for which we will use upper case
Latin indices starting from {I , J , · · · }.

The timelike vector eμ
T = nμ can now be expressed in terms of the lapse and shift

as:
eμ

T =
(
1/α,−β i/α

)
, eμT = (−α, 0) , (VIII.3)

so that we clearly have eμ
T eμT = −1. On the other hand, since the vectors Eμ

I are
purely spatial we must have eμ

T EμI = eμT Eμ
I = 0, so that:

E0
I = 0 , E0I = βm Em I . (VIII.4)

Notice in particular that the purely spatial indices of Em
I are raised and lowered with

the spatial metric γmn , that is: Em I = γmn En
I , Em

I = γ mn EnI . We also have:

Em I Em
J = δI J , E I

m EnI = γmn . (VIII.5)

At this point it is convenient to introduce the projection operator onto the spatial
hypersurfaces defined as:

Pμ
ν := δμ

ν + nμnν . (VIII.6)

Notice that, so defined, this operator corresponds directly with the induced metric on
the spatial hypersurfaces, γμν ≡ Pμν . In particular the spatial metric is γi j = Pi j , as
can be seen directly from the above definition.

8.1 Ricci rotation coefficients in 3+1 form

In order to find the components of the Ricci rotation coefficients in the 3+1 formalism
we start from Eq. (V.52) which we rewrite here:

ωABμ = eν
B

(
eλA�λ

νμ − ∂μeν A
)

. (VIII.7)

The expressions for the Christoffel symbols �λ
μν in terms of the 3+1 quantities are

well known and can be found, for example, in Appendix B of reference [28]. We write
them again here for completeness:
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�0
00 = (

∂t α + βm∂m α − βmβn Kmn
)
/α , (VIII.8)

�0
0i = (

∂i α − βm Kim
)
/α , (VIII.9)

�0
i j = −Ki j /α , (VIII.10)

�l
00 = α∂lα − 2αβm K l

m − βl (∂t α + βm∂mα − βmβn Kmn
)
/α + ∂t β

l + βm Dmβl ,(VIII.11)

�l
m0 = −βl (∂mα − βn Kmn

)
/α − αK l

m + Dmβl , (VIII.12)

�l
i j = (3)�l

i j + βl Ki j /α , (VIII.13)

with Di the covariant derivative associated with the spatial metric γi j , (3)�l
i j the

corresponding three-dimensional Christoffel symbols, and where Ki j refers to the
extrinsic curvature tensor of the spatial hypersurfaces of constant time (also known
as the second fundamental form), defined as the spatial projection of the covariant
derivative of the timelike unit normal vector to the spatial hypersurfaces, that is Kμν :=
−Pα

μ∇αnν . The purely spatial components of the extrinsic curvature can be shown to
be related to the time derivative of the spatial metric γi j as:

∂tγi j = −2αKi j + Diβ j + D jβi . (VIII.14)

Equations (VIII.8)–(VIII.13) are used for deriving the results that follow.
Below I show the final results for the different components of the Ricci rotation

coefficients ωABμ. The calculations are straightforward and will not be presented here
in detail. Also, remember that the ω’s are antisymmetric in the first two indices, so
that in a four-dimensional spacetime they only have 24 independent components. In
what follows the index T refers specifically to the Lorentz time component, while the
index I refers to Lorentz purely spatial components.

1. Coefficients ωT I0 = −ωI T 0 (3 coefficients):

ωT I0 = −ωI T 0 = −Em
I

(
∂mα − βn Kmn

)
. (VIII.15)

2. Coefficients ωT I m = −ωI T m (9 coefficients):

ωT I m = −ωI T m = En
I Knm . (VIII.16)

3. Coefficients ωI J0 = −ωJ I0 (3 coefficients):

ωI J0 = −ωJ I0 = −Em
J

[
∂t Em I − En

I (−αKmn + Dmβn)
]

. (VIII.17)

Here it is important to mention that, even if it is not immediately evident, when
using Eq. (VIII.14) for the time derivative of the spatial metric, plus the fact that
γmn = Em I E I

n , a short calculation allows one to show that the previous result is in
fact antisymmetric in (I , J ).
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4. Coefficients ωI Jm = −ωJ I m (9 coefficients):

ωI Jm = −En
J Dm EnI . (VIII.18)

Again, using the fact that the three-dimensional covariant derivative of the spatial
metric is zero, it is not difficult to see that the previous expression is also antisym-
metric in (I , J ).
If we now define the three-dimensional Ricci rotation coefficients as:

ω
(3)
I Jm := En

I Dm En J , (VIII.19)

our result reduces simply to:

ωI Jm = −ωJ I m = En
I Dm En J ≡ ω

(3)
I Jm . (VIII.20)

The above results provide us with 3+1 expressions for the 24 independent compo-
nents of the four-dimensional Ricci rotation coefficients ωABμ. Using these results we
can now also project the third index of the ωABμ onto the tetrad to obtain ωABC :

1. Coefficients ωT I T = −ωI T T (3 coefficients):

ωI T T = −ωT I T = Em
I ∂mα/α ≡ ∂I α/α . (VIII.21)

2. Coefficients ωT I J = −ωI T J (9 coefficients):

ωT I J = −ωI T J = Em
I En

J Kmn ≡ K I J . (VIII.22)

Notice in particular that the coefficients ωT I J turn out to be symmetric in (I , J ).
On the other hand, from (VIII.14) we have:

Kmn = − 1

2α
(∂tγmn − Dmβn − Dnβm) . (VIII.23)

Equation (VIII.22) can then also be written as:

ωT I J = −ωI T J = − Em
I En

J

2α
(∂tγmn − Dmβn − Dnβm) . (VIII.24)

3. Coefficients ωI J T = −ωJ I T (3 coefficients):

ωI J T = −ωJ I T = − 1

α

[
Em

J

(
∂t Em I − £ �β Em I

)
+ αK I J

]
, (VIII.25)

where £ �β Em I denotes the Lie derivative of the 1-form Em I with respect to the shift

vector β i .
Again, even if it is not evident, one can show that the previous coefficients are
antisymmetric in (I , J ). Notice that this antisymmetry implies that only three of
these coefficients are independent from each other.
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4. Coefficients ωI J K = −ωJ I K (9 coefficients):

ωI J K = −ωJ I K = En
I Em

K Dm En J ≡ ω
(3)
I J K . (VIII.26)

There are some interesting facts that we can notice about our results. First, as
already mentioned, there are only 24 independent coefficients. We can see that once
we have defined a spatial triad Em

I , nine of these coefficients are given simply by the
projection of the extrinsic curvature tensor on the triad, ωT I J = K I J . Another nine
coefficients are just projections onto the triad of the 3-covariant derivatives of the triad
itself, ωI J K = En

I Em
K Dm En J = ω

(3)
I J K . This means that 18 of the coefficients depend

only on information at a given hypersurface. Of the six remaining coefficients, three
depend directly on our choice of the lapse function α, in other words on our slicing
condition, ωI T T = ∂I α/α.

The last three coefficients correspond to ωI J T , and they depend on the form in
which the spatial triad propagates through time, as can be seen from Eq. (VIII.25).
Just as the choice of lapse and shift is free, the choice of the propagation of the spatial
triad in time is also free, so it represents a new gauge degree of freedom. Now, since
the triad must by definition be orthonormal, the only thing it can do as it evolves is
rotate rigidly in space, and this rotation can be parametrized by the usual three Euler
angles. This explains why these coefficients have only three degrees of freedom.

8.2 Triad evolution and Fermi–Walker transport

In principle there are many different forms to choose the evolution of the spatial triad,
but there is one particular choice that is quite natural and can be useful in many cases.
Such a choice consists on asking for the triad not to rotate as it propagates along
the normal direction to the spatial hypersurfaces, or in other words, asking for the
triad to evolve in such a way that it always corresponds to the natural local inertial
frame associated with the normal (Eulerian) observers as they move through time. The
condition we need to impose to achieve this is known as Fermi–Walker transport [29].

Consider the worldline of an arbitrary observer with 4-velocity uμ, such that
uμuμ = −1. In the general case we say that a vector vμ is transported without
rotation along the curve with tangent uμ, with vμ not necessarily normal to uμ, if we
have:

uμ∇μvν = vμ
(
aμuν − aνuμ

)
, (VIII.27)

whereaμ := uν∇νuμ is the 4-acceleration associatedwith our observer (if the observer
moves on a geodesic wewill clearly have aμ = 0 and Fermi-Walker transport becomes
equivalent to parallel transport). The previous condition defines what is known as the
Fermi–Walker transport of the vector vμ along the integral lines of the vector field uμ.

In the case when we consider the transport of the spatial triad along the worldline of
the Eulerian observers we will have uμ = nμ and vμ = Eμ

I , with nμ the unit timelike
vector to the spatial hypersurfaces. Since by construction we have nμEμI = 0, the
second term inside the parenthesis in equation (VIII.27) vanishes and our condition
reduces to:

nμ∇μEν I = (Eμ
I aμ

)
nν , (VIII.28)
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where aμ := nν∇νnμ is now the 4-acceleration of the Eulerian observers. Let us now
see the form that this condition takes in 3+1 language. The first step is to calculate the
term Eμ

I aμ. We have:

Eμ
I aμ = Eμ

I nν∇νnμ = Eμ
I nν

(
∂νnμ − �λ

μνnλ

)

= Eμ
I

[
1

α

(
∂t nμ − �λ

μ0nλ

)
− βm

α

(
∂mnμ − �λ

μmnλ

)
]

= −���
0

E0
I

α

(
∂tα − βm∂mα

)+ Eμ
I

(
�0

μ0 − βm�0
μm

)
= En

I

(
�0

n0 − βm�0
nm

)

= En
I

[
1

α
(∂nα − ����βm Kmn ) +

����βm

α
Knm

]
= ∂I α

α
. (VIII.29)

The Fermi–Walker condition then becomes:

nμ∇μEν I = nν (∂I ln α) . (VIII.30)

To proceed, consider first the spatial components of the previous condition by
taking ν = m. Since we know that nm = 0, the condition now reduces to simply
nμ∇μEm I = 0. Calculating the left hand side we find, after some algebra:

nμ∇μEm I = 1

α

{
∂t Em I − £ �β Em I + αKm I

}
. (VIII.31)

The Fermi–Walker condition the takes the final form:

∂t Em I − £ �β Em I + αKm I = 0 , (VIII.32)

or:
∂t Em I = £ �β Em I − αKm I . (VIII.33)

We still need to consider the time component of equation (VIII.30), that is taking
ν = 0. We won’t do the calculation here, but it is not too difficult to show that
this component in fact adds no new information and reduces again to (VIII.33). This
equation is then the full expression that guarantees that the spatial triad propagates
without rotation as seen by the Eulerian observers.

Let us now return to equation (VIII.25) for the coefficients ωI J T . This equation
can be trivially rewritten as:

ωI J T = −ωJ I T = − Em
J

α

[
∂t Em I − £ �β Em I + αKm I

]
. (VIII.34)

We then see that if we impose the condition that the spatial triad should evolve under
Fermi–Walker transport along the normal direction to the spatial hypersurfaces, we
will clearly have:

ωI J T = 0 . (VIII.35)
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We should emphasize here that this result is just a gauge choice, and does not
need to apply in the general case. This choice simplifies the equations, and as such
can be useful in some cases. On the other hand, it is not difficult to show that if we
impose condition (VIII.33) on the spatial triad we recover the evolution equation for
the metric (VIII.14), so that imposing the condition is a perfectly consistent gauge
choice.

Now, even though condition (VIII.33) is not general, one can always write in the
general case:

∂t Em I = £ �β Em I − αKm I + αQm I , (VIII.36)

with the Qm I quantities to be chosen. Notice, however, that not all the Qm I can
be chosen freely since we need to guarantee that equation (VIII.14) holds. A little
algebra allows us to show that this requirement implies that Qmn with purely space
indices, or equivalently QI J with purely triad indices, must be antisymmetric. This is
to be expected since, as mentioned above, the only freedom we really have is a rigid
rotation of the triad, which can always be described by a 3× 3 antisymmetric matrix.
Equation (VIII.36) then allows us to reduce all the gauge freedom associated with the
evolution of the spatial triad to the choice of the three-dimensional tensor Qmn . Given
equation (VIII.36), the coefficients ωI J T are then given in general by:

ωI J T = −Q J I = +QI J , (VIII.37)

with QI J = 0 corresponding to the choice of a triad that is Fermi–Walker transported
along the normal direction to the spatial hypersurfaces.

As mentioned above, Fermi–Walker transport can be a good choice in many cases.
As wewill see below, it is the natural choice in spherical symmetry. However, there are
many situations when such a choice might not be adequate. For example, in situations
when there is angular momentum asking for the triad not to rotate might be a very
bad choice. In fact, it is not difficult to show that in the case of the Kerr spacetime
the most natural choice of triad, that is the one associated with the already orthogo-
nal spatial coordinates in the standard Boyer–Lindquist form of the metric, does not
satisfy (VIII.33). Another possible choice for the triad evolution is to simply take:

∂t Em I = 1

2
En

I ∂tγmn , (VIII.38)

or equivalently:

∂t Em
I = −1

2
El

I γ
mn∂tγln . (VIII.39)

This last condition has the advantage of guaranteeing that for a stationary spacetime,
such as Kerr for example, the spatial triad is also time independent. We shall call it
the metric driven triad gauge choice. It is not difficult to show that this condition is
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also perfectly consistent in the sense that we find:

∂t (δI J ) = ∂t
(
Em

I Em J
) = Em

I ∂t Em J + Em J ∂t Em
I

= 1

2

(
Em

I En
J ∂tγmn − Em J El

I γ
mn∂tγln

)
= 0 , (VIII.40)

and:

∂t

(
E I

m EnI

)
= δ I J ∂t (Em J EnI ) = δ I J (Em J ∂t EnI + EnI ∂t Em J )

= 1

2

(
E I

m Ea
I ∂tγan + E I

n Ea
J ∂tγam

)
= 1

2

(
δa

m∂tγan + δa
n∂tγam

)

= ∂tγmn . (VIII.41)

We can now substitute condition (VIII.38) in the general equation (VIII.36) in order
to find the value of Qmn for this gauge choice. We find, after some algebra:

Qmn = 1

α

[
1

2
(Dnβm − Dmβn) − βl

(
E I

n Dl Em I

)]
. (VIII.42)

The first term in the last expression is clearly antisymmetric. On the other hand, using
the fact that E I

n Em I = γnm it is not difficult tom show that the second term is also
antisymmetric, so that we can rewrite the expression as:

Qmn = − 1

2α

[
(∂mβn − ∂nβm) − βl

(
E K

m Dl EnK − E K
n Dl EmK

)]
, (VIII.43)

or equivalently:

QI J = − 1

2α

[
Em

I En
J (∂mβn − ∂nβm) + βl (Em

I Dl Em J − Em
J Dl Em I

)]
. (VIII.44)

where we used the symmetry of the Christoffel symbols on the two lower indices to
change covariant derivatives for partial derivatives in the first term. This is the form
of the tensor Q when we use the metric driven triad evolution (VIII.38). Notice that
this form of Q vanishes for the case when we have no shift vector, β i = 0.

Of course, other gauge choices for ∂t Em I might be useful/interesting, but we will
not discuss this issue further here.

8.3 Fock–Ivanenko coefficients in 3+1 form

The next step is to find the form of the Fock–Ivanenko coefficients �μ in terms of 3+1
quantities. In order to do this we start from equation (VIII.45), which we repeat here
for completeness:

�μ = −1

4
ωABμγ Aγ B . (VIII.45)
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It turns out to be more convenient to work with the coefficients projected onto the
tetrad, which now take the form:

�C = −1

4
ωABCγ Aγ B , (VIII.46)

where here we must remember that the indices (A, B, C) take values from 0 to 3,
while the indices (I , J , K ) will only take values from 1 to 3.

Consider first the time component �T , we have:

�T = −1

4
ωABT γ Aγ B = −1

4

[
2 ωT I T γ T γ I + ωI J T γ I γ J

]
, (VIII.47)

where we used the fact that the ωABC are antisymmetric in the first two indices, and
γ Aγ B = −γ Bγ A for A �= B (from Clifford’s algebra). Substituting now the values
of ωI T T and ωI J T from Eqs. (VIII.21) and (VIII.25) we find:

�T = 1

4

[
2

(
∂I α

α

)
γ T γ I + Em

J

α

(
∂t Em I − £ �β Em I + αKm I

)
γ I γ J

]

=
(

∂I α

2α

)
γ T γ I − 1

4
QI J γ I γ J , (VIII.48)

where in the last step we used equation (VIII.36). Remember that in the last expression
the antisymmetric matrix QI J is a free gauge choice that vanishes when the triad
evolves under Fermi–Walker transport.

Before considering the spatial components of �A, let us remember that in Dirac’s
equation (V.70) we have the contraction γ μ�μ coming from the operator γ μDμ, and
we have in general γ μ�μ = γ A�A = γ T �T + γ I �I . At this point we can already
calculate the product γ T �T :

γ T �T =
(

∂I α

2α

)(
γ T
)2

γ I − 1

4
QI J γ T γ I γ J =

(
∂I α

2α

)
γ I − 1

4
QI J γ T γ I γ J .

(VIII.49)
Here one should emphasize the fact that in the first term above we have a sum over I ,
while in the second we have sums over I and J . Notice that the term γ T �T clearly
only depends on our gauge choices, in particular on the choice of the lapse function α

and the triad rotation matrix QI J . For the particular case when QI J = 0 we simply
have:

γ T �T =
(

∂I α

2α

)
γ I . (VIII.50)

Let us now consider the spatial components of the Fock–Ivanenko coefficients �I .
We have:

�I = −1

4
ωAB I γ

Aγ B = −1

4

[
2 ωT J I γ

T γ J + ωJ K I γ
J γ K

]
. (VIII.51)
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Substituting the values of ωT J I and ωJ K I from Eqs. (VIII.22) and (VIII.26) we find:

�I = −1

2
K I J γ T γ J − 1

4

(
En

J Em
I Dm EnK

)
γ J γ K

= −1

2
K I J γ T γ J − 1

4
ω

(3)
J K I γ

J γ K = −1

2
K I J γ T γ J + �

(3)
I , (VIII.52)

where in the last step we defined the purely three-dimensional Ricci rotation and
Fock–Ivanenko coefficients as:

ω
(3)
J K I := En

J Em
I Dm EnK , (VIII.53)

�
(3)
I := −1

4
ω

(3)
J K I γ

J γ K . (VIII.54)

Let us now calculate the contraction γ I �I :

γ I �I = −1

2
K I J γ I γ T γ J + γ I �

(3)
I . (VIII.55)

For the first term above we find:

− 1

2
K I J γ I γ T γ J = 1

2

(
K I J γ I γ J

)
γ T = 1

2

⎛

⎝
∑

I

K I I

(
γ I
)2 +

∑

I �=J

K I J γ I γ J

⎞

⎠ γ T .

(VIII.56)
Now, since K I J is symmetric, and from Clifford’s algebra we know that γ I γ J =
−γ J γ I for I �= J , the second term in the last equation cancels. On the other hand,
we also have (γ I )2 = −1, so that we finally find:

K I J γ I γ J = −
∑

I

K I I = −K , (VIII.57)

with K the trace of Kmn . We can then rewrite the contraction γ I �I as:

γ I �I = −
(

K

2

)
γ T + γ I �

(3)
I . (VIII.58)

To finish, we can add both contributions to γ A�A to obtain:

γ A�A = γ μ�μ =
[(

∂I α

2α

)
γ I − 1

4
QI J γ T γ I γ J −

(
K

2

)
γ T + γ I �

(3)
I

]
.

(VIII.59)
Notice that we can also write the spacetime components of the Fock–Ivanenko

coefficients as �μ = eA
μ�A, from which we find:
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�t = eA
t �A = α�T + β I �I

=
(

∂I α

2

)
γ T γ I − α

4
QI J γ I γ J − β I

(
K I J

2
γ T γ J − �

(3)
I

)
, (VIII.60)

�m = eA
m�A = E I

m�I = − Km J

2
γ T γ J + �(3)

m . (VIII.61)

From the above expression one can now easily verify find that:

�t − βm�m =
(

∂I α

2

)
γ T γ I − α

4
QI J γ I γ J = α�T . (VIII.62)

8.4 Dirac equation in 3+1 form

We are now ready to write the Dirac equation in 3+1 language. Remember that the
Dirac equation in general relativity takes the form (V.70):

iγ μDμψ − mψ = 0 , (VIII.63)

or equivalently: (
γ μ∂μ + γ μ�μ + im

)
ψ = 0 , (VIII.64)

The last equation can also be written as:

(
γ t∂t + γ m∂m

)
ψ = − (γ μ�μ + im

)
ψ . (VIII.65)

Notice now that (remember that I takes values from 1 to 3):

γ t = et
Aγ A = et

T γ T + �
���

0
et

I γ
I =

(
1

α

)
γ T , (VIII.66)

γ m = em
Aγ A = em

T γ T + em
I γ I = −

(
βm

α

)
γ T + Em

I γ I . (VIII.67)

Substituting these results into the Dirac equation we find:

γ T (∂t − βm∂m
)
ψ = −α

(
λm∂m + γ μ�μ + im

)
ψ , (VIII.68)

where we have defined the purely spatial Dirac matrices as λm := Em
I γ I . Notice that,

so defined, λm is different from γ m = em
Aγ A. In fact we have:

γ m = em
Aγ A = em

T γ T + em
I γ I = −

(
βm

α

)
γ T + Em

I γ I = −
(

βm

α

)
γ T + λm .

(VIII.69)
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The λm can also be defined in a completely equivalent way by simply projecting the
γ μ onto the spatial hypersurfaces:

λμ := Pμ
ν γ ν , (VIII.70)

with Pμ
ν the projection operator defined above in (VIII.6). From this definition we find

immediately λt = 0, as expected. Notice also that even if λm �= γ m , if we now lower
the indices of λm using the spatial metric, that is if we define λm := γmnλ

n , then we
do find that λm = γm .

The purely spatial Dirac matrices satisfy the three-dimensional Clifford algebra:

λmλn + λnλm = −2γ mn I3 , (VIII.71)

with γ mn the inverse spatial metric and I3 the 3 × 3 identity matrix. There is one
important comment to make here with respect to the spatial Dirac matrices λm . When
we project these matrices back onto the triad we find λI = E I

mλm = E I
m Em

J γ J =
δ I

J γ J = γ I . So that we have λI = γ I , but crucially λm �= γ m whenever βm �= 0.
The reason for this is that we have λm := Em

I γ I , while γ m := em
Aγ A. In particular,

for any three-dimensional tensor Tm we will have:

γ m Tm =
(

λm − βm

α

)
Tm �= λm Tm = λI TI = γ I TI , (VIII.72)

so that in general we have γ m Tm �= γ I TI , while λm Tm = λI TI . Because of this, in
order to avoid possible confusions, it is best to always try to use the λ’s instead of
the γ ’s when considering purely spatial contractions of indices, be them coordinate
or triad indices.

Multiplying now equation (VIII.68) with γ T from the left, and using the fact that
(γ T )2 = 1, we find:

(
∂t − βm∂m

)
ψ = −αγ T (λm∂m + γ μ�μ + im

)
ψ . (VIII.73)

We can now use our result for γ μ�μ, equation (VIII.59), to obtain:

(
∂t − βm∂m

)
ψ = −αγ T

{
λm∂m +

[(
∂I α

2α

)
γ I

−1

4
QI J γ T γ I γ J −

(
K

2

)
γ T + γ I �

(3)
I

]
+ im

}
ψ . (VIII.74)

The above equation can be further simplified by noticing first that:

γ I ∂I = γ I (eμ
I ∂μ

) = γ I Em
I ∂m = λm∂m . (VIII.75)

Here one must remember again that in general λm �= γ m , so that γ I ∂I = λm∂m �=
γ m∂m . Similarly we find γ I �

(3)
I = λm�

(3)
m . The Dirac equation then takes the form:
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(
∂t − βm∂m

)
ψ = α

[
−γ T λm

(
∂m + (3)�m + ∂mα

2α

)
+
(

K

2
− imγ T

)
+ 1

4
QI J λI λJ

]
ψ.

(VIII.76)
Finally, if we define the three-dimensional spinorial covariant derivative as:

Dmψ := ∂mψ + �(3)
m ψ , (VIII.77)

the Dirac equation then becomes:

(
∂t − βm∂m

)
ψ = −αγ T

[
λm
(

Dm + ∂mα

2α

)
+ im

]
ψ + α

(
K

2
+ 1

4
Qmnλmλn

)
ψ .

(VIII.78)
The above equation can be written in a somewhat more compact form as:

(
∂t − βm∂m

)
ψ = −αγ T (λm Dmψ + imψ

)+ α

(
K

2
− �T

)
ψ , (VIII.79)

where �T is given by (confront equation (VIII.48)):

�T = γ T λm
(

∂mα

2α

)
− 1

4
Qmnλmλn . (VIII.80)

Equation (VIII.79) is the final form of the Dirac equation in the 3+1 formalism.
The expression for �T given above is in principle valid for any arbitrary choice of

the triad evolution gauge represented by the matrix Qmn . In the particular case when
we choose a triad that evolves via Fermi–Walker transport we have Qmn = 0, so the
�T reduces simply to:

�T = γ T λm
(

∂mα

2α

)
. (VIII.81)

Notice also that in the Dirac equation there is an explicit dependence on the Dirac
matrix γ T . Since γ T is associated to the time direction in a local inertial frame, from
now on we will simple take γ T = γ 0, with γ 0 the usual Dirac matrix fromMinkowski
spacetime, so that:

γ T =
(

I2 0
0 −I2

)
. (VIII.82)

However, when we resurrect the spacetime index we will now have:

γ t = et
Aγ A = nt

T γT + ���
0

Et
I γI = γ T

α
. (VIII.83)

We then see that the matrix γ t is not just the γ 0 used in Minkowski spacetime, so we
must be somewhat careful with the notation. Therefore, from here on we will always
write γ T instead of γ 0 when we refer to the time component of the Dirac matrices in
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a local inertial frame. In particular, the above result implies that when we project the
gamma matrices onto the normal direction to the spatial hypersurfaces we find:

nμγ μ = −αγ t = −γ T . (VIII.84)

From the expression for�T above it is not difficult to show that γ T �T
†γ T = −�T .

Using this result, a little algebra allows us to find the adjunct Dirac equation in 3+1
form:

(
∂t − βm∂m

)
ψ̄ = −α

(
(Dmψ̄)λm − imψ̄

)
γ T + αψ̄

(
K

2
+ �T

)
. (VIII.85)

8.5 Conserved current and stress–energy tensor in 3+1 form

Let us now consider the conserved current in 3+1 form. To do this we must first find
the adjoint spinor ψ̄ = ψ†γ T :

ψ̄ = (ψ∗
1 , ψ∗

2 ,−ψ∗
3 ,−ψ∗

4

)
. (VIII.86)

As we have shown before, the conserved current will now be given by jμ =
ψ̄γ μψ . We now define the particle density measured by the Eulerian observers as
ρp := −nμ jμ. We the find:

ρp := −nμ jμ = α j t = αψ̄γ tψ = ψ̄γ T ψ = |ψ1|2 + |ψ2|2 + |ψ3|2 + |ψ4|2 ,

(VIII.87)
which is, of course, what we would have expected.

On the other hand, the particle flux measured by the Eulerian observers is defined
as f i := Pi

ν jν , with Pμ
ν the projection operator onto the spatial hypersurfaces. We

now find:

f i = Pi
ν jν = Pi

ν

(
ψ̄γ νψ

) = ψ̄
(

Pi
νλν
)

ψ = ψ̄λiψ , (VIII.88)

where we used the definition of the purely spatial Dirac matrices (VIII.70).
Let us now consider the stress–energy tensor expressed in 3+1 terms. For this, it

turns out to be convenient to define � := nμDμψ . A little algebra then allows us to
show that:

� = 1

α

(
∂tψ − β i∂iψ

)
+ �T ψ . (VIII.89)

From this definition one can see that � represents the geometric change of the spinor
along the normal direction to the spatial hypersurfaces. In an analogous way we also
define �̄ := nμDμψ̄ , so that:

�̄ = 1

α

(
∂t ψ̄ − β i∂i ψ̄

)
− ψ̄�T . (VIII.90)
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The energy density measured by the Eulerian observers is now defined as ρE :=
nμnνTμν . Using the expression for the stress–energy tensor of the Dirac field, equa-
tion (VII.29), we find:

ρE = i

2
nμnμ

[(D(μψ̄
)
γν)ψ − ψ̄γ(μ

(Dν)ψ
)] = i

2

[
ψ̄γ T � − �̄γ T ψ

]
,

(VIII.91)
where we used the fact that nμγμ = −γ T . We can simplify this further by noticing
first that ψ̄γ T = ψ†. Also, from the transpose of the definition of � we clearly have:

�† = 1

α

(
∂tψ

† − β i∂iψ
†
)

+ ψ†�T
† . (VIII.92)

Multiplying this from the right with γ T we find:

�†γ T = 1

α

(
∂t ψ̄ − β i∂i ψ̄

)
+ ψ†�T

†γ T = 1

α

(
∂t ψ̄ − β i∂i ψ̄

)
− ψ̄�T , (VIII.93)

which implies that �†γ T = �̄, or equivalently �̄γ T = �†. The energy density then
reduces to:

ρE = i

2

(
ψ†� − �†ψ

)
. (VIII.94)

It is clear from this expression that the energy density is not positive definite, as already
mentioned. In terms of the components of the spinor we will have:

ρE = i

2

[(
ψ∗
1�1 + ψ∗

2�2 + ψ∗
3�3 + ψ∗

4�4
)− c.c.

]
, (VIII.95)

where c.c. denotes the complex conjugate of the previous expression.
There is an interesting observation to be made with respect to our final expression

for the energy density, equation (VIII.94). If we now define:

�̃ := nμ∂μψ = 1

α

(
∂tψ − β i∂iψ

)
, (VIII.96)

we will clearly have � = �̃ + �T ψ . In the same way, if we define �̃† := nμ∂μψ†

we find �† = �̃† + ψ†�T
†. The energy density then becomes:

ρE = i

2

[(
ψ̃†� − �̃†ψ

)
+ ψ†

(
�T − �T

†
)

ψ
]

. (VIII.97)

Using now the expression for �T given by equation (VIII.80) it is not difficult to show
that:

�T − �T
† = −1

2
Qmnλmλn . (VIII.98)
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The energy density then becomes:

ρE = i

2

[(
ψ†�̃ − �̃†ψ

)
− 1

2
ψ† (Qmnλmλn)ψ

]
. (VIII.99)

The interesting fact about this last expression is that all dependencies coming from
the gradient of the lapse that appear in �T have cancelled, and we are only left with a
dependency on the Qmn . For a triad that evolves via Fermi–Walker transport we have
Qmn = 0, and the energy density reduces simply to:

ρE = i

2

(
ψ†�̃ − �̃†ψ

)
. (VIII.100)

Let us now consider the momentum density measured by the Eulerian observers,
which is defined as Ji := −nμ Pν

i Tμν . We will then have:

Ji = − i

2
nμ Pν

i

[(D(μψ̄
)
γν)ψ − ψ̄γ(μ

(Dν)ψ
)]

= − i

4
nμ Pν

i

[{(Dμψ̄
)
γν + (Dνψ̄

)
γμ

]
ψ − ψ̄

[
γμ (Dνψ) + γν

(Dμψ
)}]

= − i

4

[
�̄λiψ − ψ̄λi� + ψ̄γ T (Pν

i Dνψ
)− (Pν

i Dνψ̄
)
γ T ψ

]
, (VIII.101)

where we used the fact that nμγμ = −γ T and Pμ
i γμ = λi . We now need to calculate

the projections of the spinor derivatives Pν
i Dνψ and Pν

i Dνψ̄ . In order to do this notice
first that, since the covariant components of the normal vector vanish, we will have
Pμ

i = δ
μ
i (confront (VIII.6)). This implies:

Pν
i Dνψ = Di ψ = ∂i ψ + �i ψ = ∂i ψ +

(
�

(3)
i − Kim

2
γ T λm

)
ψ = Di ψ − Kim

2
γ T λmψ ,

(VIII.102)
with Di the three-dimensional covariant derivative we define above, and where we
used equation (VIII.61). Similarly:

Pν
i Dνψ̄ = Di ψ̄ = Di ψ̄ + Kim

2
ψ̄γ T λm . (VIII.103)

We then find:

ψ̄γ T (Pν
i Dνψ

)− (Pν
i Dνψ̄

)
γ T ψ

= ψ̄γ T (Diψ) − (Di ψ̄
)
γ T ψ − Kim

2
ψ̄
(
λm + γ T λmγ T

)
ψ

= ψ† (Diψ) −
(

Diψ
†
)

ψ , (VIII.104)
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where we used the fact that (γ T )2 = 1 and γ T λmγ T = Em
I γ T γ I γ T =

−Em
I γ I (γ T )2 = −λm . The momentum density then takes the final form:

Ji = − i

4

[
�̄λiψ − ψ̄λi� + ψ† (Diψ) −

(
Diψ

†
)

ψ
]

. (VIII.105)

Finally, the spatial stress tensor is defined as defined as Si j := Pμ
i Pν

j Tμν =
δ
μ
i δν

j Tμν = Ti j , where we used the fact that Pμ
i = δ

μ
i since the covariant spatial

components of the normal vector vanish, ni = 0 (confront (VIII.6)). We now find:

Si j = i

2

[(D(i ψ̄
)
γ j)ψ − ψ̄γ(i

(D j)ψ
)]

= i

2

[
(
D(i ψ̄

)
λ j)ψ − ψ̄λ(i

(
D j)ψ

)+ 1

2
ψ̄
(

Km(i γ
T λmλ j) + λ(i K j)mγ T λm

)
ψ

]

= i

2

[(
D(i ψ̄

)
λ j)ψ − ψ̄λ(i

(
D j)ψ

)+ 1

2
ψ̄ Km(i

(
γ T λmλ j) + λ j)γ

T λm
)

ψ

]

= i

2

[
(
D(i ψ̄

)
λ j)ψ − ψ̄λ(i

(
D j)ψ

)+ 1

2

(
ψ̄γ T

)
Km(i

(
λmλ j) − λ j)λ

m)ψ
]

.

(VIII.106)

The last expression can be further simplified noticing first that ψ̄γ T = ψ†, and:

Kmi
(
λmλ j − λ jλ

m) = Kmiγ jn
(
λmλn − λnλm) = −2Kmiγ jn

(
λnλm + γ nm)

= −2
(
K ji + Kmiλ jλ

m) , (VIII.107)

where we used the spatial Clifford algebra. We finally find for the spatial stress tensor:

Si j = i

2

[(
D(i ψ̄

)
λ j)ψ − ψ̄λ(i

(
D j)ψ

)− ψ† (Ki j + Km(iλ j)λ
m)ψ

]
. (VIII.108)

It is interesting at this point to calculate the trace of this spatial stress tensor. We
have:

S ≡ Sm
m = i

2

[(
Dmψ̄

)
λmψ − ψ̄λm (Dmψ) − ψ† (K + Kmnλmλn)ψ

]
.

(VIII.109)
But, from equation (VIII.57), we know that Kmnλmλn = −K , so that S reduces to:

S = i

2

[(
Dmψ̄

)
λmψ − ψ̄λm (Dmψ)

]
. (VIII.110)
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The previous expression can be further simplified by using theDirac equation (VIII.79)
and its adjunct (VIII.85), which can be written in terms of � and �̄ as:

� = −γ T (λm(Dmψ) + imψ
)+ K

2
ψ , (VIII.111)

�̄ = − ((Dmψ̄)λm − imψ̄
)
γ T + K

2
ψ̄ . (VIII.112)

Solving for λm(Dmψ) and (Dmψ̄)λm from the above equations, and substituting into
S we find, after some algebra:

S = i

2

[
ψ†� − �†ψ

]
− mψ̄ψ . (VIII.113)

By comparing this with the expression for the energy density above it is easy to see
that:

S = ρE − mψ̄ψ . (VIII.114)

But this result is to be expected since the trace of the full stress–energy tensor can be
written in 3+1 terms as T μ

μ = S − ρE , so that we have T μ
μ = −mψ̄ψ , which is

precisely the result we found before in equation (VII.30).

9 Example: Spherically symmetric spacetime

As an example of the Dirac equation in a curved spacetime, we will consider the
particular case of a spacetime with spherical symmetry. We will first only consider the
Dirac field as a test field in a background spherically-symmetric spacetime, and only
later we will consider the self-gravitating case.

We start by writing the metric of a spherically-symmetric spacetime in spherical
coordinates (t, r , θ, ϕ) as:

ds2 = (−α2 + βrβ
r )dt2 + 2βr drdt + a2dr2 + b2r2d�2 , (IX.1)

where d�2 = dθ2 + sin2(θ) dϕ2 is the standard solid angle element, α = α(r , t) is
the lapse function, βr = βr (r , t) the shift vector which in this case only has a non-
zero radial component, and where a = a(r , t) and b = b(r , t) are the spatial metric
components. In particular we have βr := γrrβ

r = a2βr . Notice that we recover the
Minkowski metric in spherical coordinates if we take α = a = b = 1, βr = 0.

9.1 Dirac equation

The first step in order to write the Dirac equation is to choose our tetrad. As we have
already mentioned when discussing the Dirac equation in the 3+1 formalism, for the
timelike vector we take the unit normal vector to the spatial hypersurfaces:

eμ
T = nμ = (1/α,−βr/α, 0, 0

)
. (IX.2)
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Notice that for βr �= 0 this vector has a non-trivial radial component. For the spatial
vectors we take as a natural choice the unit vectors along the radial and angular
directions, which now take the form:

eμ
R =

(
0,

1

a
, 0, 0

)
, eμ

� =
(
0, 0,

1

rb
, 0

)
, eμ

� =
(
0, 0, 0,

1

rb sin θ

)
. (IX.3)

Is is clear that these three vectors are already orthogonal to each other.
In order to avoid confusions, from here on we will always denote the spacetime

indices by (t, r , θ, ϕ), and their associated Lorentz indices by (T , R,�,�). Using
now the metric (IX.1) one can now show that the associated 1-forms (the co-tetrad)
are:

eμT = (−α, 0, 0, 0) , eμR = (aβr , a, 0, 0
)
, eμ� = (0, 0, rb, 0) , eμ� = (0, 0, 0, rb sin θ) . (IX.4)

Notice again that for βr �= 0 the radial 1-form has a non-zero time component. When
thinking only of the spatial triad we will have:

Ei
R =

(
1

a
, 0, 0

)
, Ei

� =
(
0,

1

rb
, 0

)
, Ei

� =
(
0, 0,

1

rb sin θ

)
, (IX.5)

and:

Ei R = (a, 0, 0) , Ei� = (0, rb, 0) , Ei� = (0, 0, rb sin θ) , (IX.6)

Next, we need to construct the Dirac matrices. Since spherical coordinates are
already orthogonal, the natural choice is to associate the γ matrices directly to the
coordinate directions. We will start by defining the γ A matrices with Lorentz indices
since they correspond to a local inertial frame, and can therefore be constructed directly
from the usual Dirac matrices inMinkowski spacetime. As alreadymentioned, wewill
take γ T = γ 0 along the time direction, but we now have to ask ourselves in what order
should be associate the γ i to the spatial coordinates (r , θ, φ). An obvious choice (used
frequently) is to associate γ 1 to r , γ 2 to θ and γ 3 to ϕ. However, it turns out to be
more convenient when separating variables (see below) to make a different choice
and associate instead γ 3 to the radial coordinate r , and γ 2 and γ 1 to the angular
coordinates θ and ϕ respectively. This is the choice we will follow here. Notice that
the different choices only correspond to changing the order of the coordinates and
should be completely equivalent physically. We will then take:

γ T = γ 0 , γ R = γ 3 , γ � = γ 2 , γ � = γ 1 . (IX.7)

The spacetime components of the γ matrices are then defined as γ μ = eμ
Aγ A. Using

our choice of tetrad above we now find:

γ t = γ T

α
, γ r = γ R

a
− βrγ T

α
, γ θ = γ �

rb
, γ ϕ = γ �

rb sin θ
. (IX.8)
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Notice that when βr �= 0 the matrix γ r now has a contribution from γ T . It is not
difficult to verify that the above matrices satisfy the Clifford algebra:

γ μγ ν + γ νγ μ = −2gμν . (IX.9)

On the other hand, for the purely spatial Dirac matrices λ we have:

λR = γ 3 , λ� = γ 2 , λ� = γ 1 , (IX.10)

and:

λr = γ R

a
, λθ = γ �

rb
, λϕ = γ �

rb sin θ
. (IX.11)

Notice in particular that when βr is not zero we clearly have λr �= γ r .
The λm now clearly satisfy the spatial Clifford algebra:

λmλn + λnλm = −2γ mn I3 , (IX.12)

with γ mn .
We now need to calculate the three-dimensional Ricci rotation coefficients, since

they are necessary in order to obtain the Fock–Ivanenko coefficients. In order to do
this we first need to find the 3D Christoffel symbols (3)�i

jk and use (VIII.53). The
calculation is not particularly illuminating so we will not write it in detail here. In
particular, for the ω

(3)
ABC we find that the only non-zero components are:

ω
(3)
R�� = ω

(3)
R�� = −1

a

(
1

r
+ ∂r b

b

)
, ω

(3)
��� = −cot θ

rb
. (IX.13)

The next step is to find the matrices σ I J = [γ I , γ J ]/4. Given equation (V.78),
plus the fact that we only have three non-zero Ricci rotation coefficients, it is not
difficult to see that we only need the three matrices σ R�, σ R� and σ��. Using now
equation (III.39) we find:

σ R� = −σ 23 = + i

2

(
σ1 0
0 σ1

)
, (IX.14)

σ R� = −σ 13 = − i

2

(
σ2 0
0 σ2

)
, (IX.15)

σ�� = −σ 12 = + i

2

(
σ3 0
0 σ3

)
, (IX.16)

with σi the usual Pauli matrices (see Eq. (II.9)). We can now use the previous results to
calculate the three-dimensional Fock–Ivanenko coefficients from equation (VIII.54).
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We find:

�
(3)
R = 0 , (IX.17)

�
(3)
� = − i

2
ωR��

(
σ1 0
0 σ1

)
, (IX.18)

�
(3)
� = + i

2
ωR��

(
σ2 0
0 σ2

)
− i

2
ω���

(
σ3 0
0 σ3

)
, (IX.19)

and for the coordinate components �
(3)
r = 0, �(3)

θ = rb �
(3)
� , �(3)

ϕ = rb sin θ �
(3)
� .

We can now calculate the contraction λI �
(3)
I that appears in Dirac’s equation. A

little algebra yields:

λI �
(3)
I = λm�(3)

m = 1

2

⎛

⎜⎜
⎝

0 0 +M1 +M2
0 0 −M2 −M1

−M1 −M2 0 0
+M2 +M1 0 0

⎞

⎟⎟
⎠ , (IX.20)

where:

M1 := 2

a

(
1

r
+ ∂r b

b

)
, M2 := −i

cot θ

rb
. (IX.21)

We now have all the necessary ingredients to write down the Dirac equation. Notice
first that in spherical symmetry our spatial triad does not rotate, so we have QI J = 0
and the Dirac equation reduces to:

(
∂t − βr∂r

)
ψ = −αγ T

[
λr
(

∂r + ∂rα

2α

)
+ λm�(3)

m + im

]
ψ +

(
αK

2

)
ψ ,

(IX.22)
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or explicitly for each of the spinor components:

∂tψ1 − βr∂rψ1 = α

[
−1

a

(
∂r + ∂rα

2α
+ ∂r b

b
+ 1

r

)
ψ3 + i

rb
(

∂θ + i

sin θ
∂ϕ + cot θ

2

)
ψ4 +

(
K

2
− im

)
ψ1

]
, (IX.23)

∂tψ2 − βr∂rψ2 = α

[
+1

a

(
∂r + ∂rα

2α
+ ∂r b

b
+ 1

r

)
ψ4

− i

rb

(
∂θ − i

sin θ
∂ϕ + cot θ

2

)
ψ3 +

(
K

2
− im

)
ψ2

]
, (IX.24)

∂tψ3 − βr∂rψ3 = α

[
−1

a

(
∂r + ∂rα

2α
+ ∂r b

b
+ 1

r

)
ψ1

+ i

rb

(
∂θ + i

sin θ
∂ϕ + cot θ

2

)
ψ2 +

(
K

2
+ im

)
ψ3

]
, (IX.25)

∂tψ4 − βr∂rψ4 = α

[
+1

a

(
∂r + ∂rα

2α
+ ∂r b

b
+ 1

r

)
ψ2

− i

rb

(
∂θ − i

sin θ
∂ϕ + cot θ

2

)
ψ1 +

(
K

2
+ im

)
ψ4

]
. (IX.26)

These are the Dirac equations in a general spherically symmetric spacetime.
In particular, by taking βr = K = 0 and α = a = b = 1 we will have the

explicit form of the Dirac equation for the case of Minkowski spacetime in spherical
coordinates. If, on the other hand, we take βr = K = 0, α = (1 − 2M/r)1/2,
a = 1/(1 − 2M/r) and b = 1 we will have the Dirac equation in a Schwarzschild
spacetime in the standard coordinates. Alternatively, by taking α = 1/(1+2M/r)1/2,
βr = 2M/(r + 2M), a = (1 + 2M/r), b = 1, and K = (2M/r2)(1 + 3M/r)/(1 +
2M/r)3/2 we will have the Dirac equation in a Schwarzschild spacetime in horizon
penetrating coordinates of Kerr–Schild type.

At this point is it important to mention the fact that, even though we arrived at the
previous equations using the 3+1 form of the Dirac equation, we would have obtained
precisely the same result starting from the fully covariant four-dimensional version.

The equations we just found can be written in a more compact form if we define:

ψ I± := ψ1 ± ψ3 , ψ I I± := ψ4 ∓ ψ2 . (IX.27)

The Dirac equations then reduce to:

∂tψ
I± − βr∂rψ

I± = α

[
∓1

a

(
∂r + ∂rα

2α
+ ∂r b

b
+ 1

r

)
ψ I± + i

rb
(∂θ

+ i

sin θ
∂ϕ + cot θ

2

)
ψ I I∓ + K

2
ψ I± − imψ I∓

]
, (IX.28)

∂tψ
I I± − βr∂rψ

I I± = α

[
∓1

a

(
∂r + ∂rα

2α
+ ∂r b

b
+ 1

r

)
ψ I I± − i

rb
(∂θ
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− i

sin θ
∂ϕ + cot θ

2

)
ψ I∓ + K

2
ψ I I± + imψ I I∓

]
. (IX.29)

An interesting property of the previous system of equations is the fact that we
cannot have a spinorwith spherical symmetry, whichmakes perfect sense since spinors
represent spin 1/2 particles. To see this notice that if even if we start with initial data
such that all the different spinor components are functions only of the radial coordinate
r , the terms with cot θ above will immediately introduce a dependence on the angular
coordinate θ during evolution.

9.2 Conserved current and stress–energy tensor

We can now calculate the particle density and its associated flux. For the particle
density we simply have, from equation (VIII.87):

ρp = |ψ1|2 + |ψ2|2 + |ψ3|2 + |ψ4|2 . (IX.30)

On the other hand, the spatial components of the current which give us the particle
flux, can be found using equation (VIII.88). For the radial flux we find:

fr = ψ̄λrψ = a
(
ψ†γ T λR

)
ψ = a

[(
ψ1ψ

∗
3 − ψ2ψ

∗
4

)+ c.c.
]

, (IX.31)

and for the angular components:

fθ = ψ̄λθψ = rb
(
ψ†γ T λ�ψ

)
= irb

[(
ψ1ψ

∗
4 − ψ2ψ

∗
3

)− c.c.
]

, (IX.32)

fϕ = ψ̄λϕψ = rb sin θ
(
ψ†γ T λ�ψ

)
= rb sin θ

[(
ψ1ψ

∗
4 + ψ2ψ

∗
3

)+ c.c.
]

.

(IX.33)

The next step is to find the 3+1 components of the stress–energy tensor. These
components involve the quantity � defined in (VIII.89), so it is convenient at this
point to find an expression for the Fock–Ivanenko coefficient �T that appears in the
definition of � for the case of spherical symmetry. First, notice that in spherical
symmetry our spatial triad does not rotate so we clearly have Qmn = 0. Also, the
lapse function only depends on the radial coordinate r , so the coefficient �T reduces
in this case to:

�T = γ T λr
(

∂rα

2α

)
. (IX.34)

Consider now the energy density. Since, as we just mentioned, in spherical sym-
metry we have Qmn = 0, we can use equation (VIII.100) for the energy density in
terms of �̃ instead of �. We find:

ρE = i

2

[
ψ†�̃ − �̃†ψ

]
= i

2

[(
ψ∗
1 �̃1 + ψ∗

2 �̃2 + ψ∗
3 �̃3 + ψ∗

4 �̃4

)
− c.c.

]
,

(IX.35)
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where now:

�̃i = 1

α

(
∂tψi − βr∂rψi

)
. (IX.36)

The momentum density Ji is given by equation (VIII.105). In particular, for the
radial component we find, using the fact that �(3)

r = 0:

Jr = − i

4

[
�̄λrψ − ψ̄λr� + ψ†(∂rψ) − (∂rψ

†)ψ
]

. (IX.37)

On the other hand, substituting � = �̃ + �T ψ , we have:

�̄λrψ − ψ̄λr� = �†γ T λrψ − ψ†γ T λr� = �̃†γ T λrψ − ψ†γ T λr �̃

+ψ†
(
�
†
T γ T λr − γ T λr�T

)
ψ . (IX.38)

Using now our expression for�T above, plus the fact that (γ T )† = γ T , (λm)† = −λm ,
(γ T )2 = 1, and the spatial Clifford algebra, one can show that in the case of spherical
symmetry we have:

�
†
T γ T λi − γ T λi�T = ∂rα

α

(
λiλ

r + δr
i

)
. (IX.39)

For i = r the Clifford algebra implies that λrλ
r = −1, so the above term vanishes.

The radial component of the momentum density can then be written using �̃ instead
of � as:

Jr = − i

4

[
�̃†γ T λrψ − ψ†γ T λr �̃ + ψ†(∂rψ) − (∂rψ

†)ψ
]

, (IX.40)

or in terms of the spinor components:

Jr = − i

4

[
a
(
ψ1�̃

∗
3 − ψ2�̃

∗
4 + ψ3�̃

∗
1 − ψ4�̃

∗
2

)

+ (
ψ∗
1 ∂rψ1 + ψ∗

2 ∂rψ2 + ψ∗
3 ∂rψ3 + ψ∗

4 ∂rψ4
)− c.c.

]
. (IX.41)

The angular components of the momentum density can also be calculated in a straight-
forward way, but they turn out to be rather long expressions that are not particularly
interesting and I will not write them here. But it is important to stress the fact that these
angular components do not vanish in general since, even if here we are considering
a spherically symmetric spacetime, we are not asking for a spherically symmetric ψ

(but see Sect. 9.4 below).
Finally, for the spatial stress tensor Si j we use equation (VIII.108). Let us consider

the diagonal components Sii . Since in spherical symmetry the metric is diagonal, the
Clifford algebra implies that (no sum) λiλ

i = −1. Moreover, in spherical symmetry
the extrinsic curvature tensor Ki j is also diagonal. One can then easily see that the
contributions from the extrinsic curvature in equation (VIII.108) cancel out for i = j .
The diagonal components of the spatial stress tensor then become:
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Sii = i

2

[(
Di ψ̄

)
λiψ − ψ̄λi (Diψ)

]

= i

2

[(
∂i ψ̄
)
λiψ − ψ̄λi (∂iψ) − ψ̄

(
�

(3)
i λi + λi�

(3)
i

)
ψ
]

. (IX.42)

We can simplify this even further. Using now the expressions for the �
(3)
i and λi found

above, plus the fact that the Pauli matrices anti-commute with each other, it is not
difficult to show that in our case we have �

(3)
i λi + λi�

(3)
i = 0 for all three possible

values of i . The diagonal components of the spatial stress tensor then reduce simply
to:

Sii = i

2

[(
∂i ψ̄
)
λiψ − ψ̄λi (∂iψ)

]
, (IX.43)

or more explicitly:

Srr = i

2

[(
∂r ψ̄

)
λrψ − ψ̄λr (∂rψ)

]

= ia

2

[(
ψ1∂rψ

∗
3 − ψ2∂rψ

∗
4 + ψ3∂rψ

∗
3 − ψ4∂rψ

∗
2

)− c.c.
]

, (IX.44)

Sθθ = i

2

[(
∂θ ψ̄

)
λθψ − ψ̄λθ (∂θψ)

]

= rb

2

[(
ψ2∂θψ

∗
3 + ψ4∂θψ

∗
1 − ψ1∂θψ

∗
4 − ψ3∂θψ

∗
2

)+ c.c.
]

, (IX.45)

Sϕϕ = i

2

[(
∂ϕψ̄

)
λϕψ − ψ̄λϕ

(
∂ϕψ

)]

= irb sin θ

2

[(
ψ1∂ϕψ∗

4 + ψ2∂ϕψ∗
3 + ψ3∂ϕψ∗

2 + ψ4∂ϕψ∗
1

)− c.c.
]

. (IX.46)

The mixed components of Si j for i �= j again turn out to be rather long expressions
that I will not write here.

9.3 Separation of variables

We are be interested in finding solutions to Dirac’s equation that are compatible with
a spherically symmetric spacetime. For the moment we will still consider the Dirac
field as a test field on a fixed background spacetime, and only later consider the self-
gravitating case.

The first step in looking for solutions is to use the method of separation of variables.
We then propose an ansatz of the form (the discussion here is based in part in that
of [14]):

ψi = Ri (t, r)Ti (θ, ϕ) , (IX.47)

where here i = 1, 2, 3, 4 denotes spinor components, and Ri and Ti are complex
functions to be determined. Substituting this in Eqs. (IX.23)–(IX.26), and regrouping
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terms we find, after some algebra:

rb

R4

[
T1
T3

(
1

α

(
∂t − βr∂r

)+ im − K

2

)
R1 + 1

a

(
∂r + ∂rα

2α
+ ∂r b

b
+ 1

r

)
R3

]

= + i

T3

[
∂θ + i

sin θ
∂ϕ + cot θ

2

]
T4, (IX.48)

rb

R3

[
T2
T4

(
1

α

(
∂t − βr∂r

)+ im − K

2

)
R2 − 1

a

(
∂r + ∂rα

2α
+ ∂r b

b
+ 1

r

)
R4

]

= − i

T4

[
∂θ − i

sin θ
∂ϕ + cot θ

2

]
T3, (IX.49)

rb

R2

[
T3
T1

(
1

α

(
∂t − βr∂r

)− im − K

2

)
R3 + 1

a

(
∂r + ∂rα

2α
+ ∂r b

b
+ 1

r

)
R1

]

= + i

T1

[
∂θ + i

sin θ
∂ϕ + cot θ

2

]
T2, (IX.50)

rb

R1

[
T4
T2

[
(
1

α

(
∂t − βr∂r

)− im − K

2

)
R4 − 1

a

(
∂r + ∂rα

2α
+ ∂r b

b
+ 1

r

)
R2

]

= − i

T2

[
∂θ − i

sin θ
∂ϕ + cot θ

2

]
T1. (IX.51)

The right hand side of the previous equations is now only a function of the angular
coordinates (θ, ϕ), but the separation of variables is not complete since we still have
angular functions on the left hand side. This can be fixed if we ask for T3 = aT1 and
T4 = bT2, with (a, b) some proportionality constants. In that case the left hand side
of the above equations will now be only a function of (t, r).

The constants (a, b) are in principle arbitrary, but a convenient choice is a = 1 and
b = −1. With this choice we can see that, except for a sign, the right hand side of
Eqs. (IX.48) and (IX.50) is now the same, and also the right hand side of Eqs. (IX.49)
and (IX.51). This implies that we must now have:

rb

R4

[(
1

α

(
∂t − βr∂r

)+ im − K

2

)
R1 + 1

a

(
∂r + ∂rα

2α
+ ∂r b

b
+ 1

r

)
R3

]

= − rb

R2

[(
1

α

(
∂t − βr∂r

)− im − K

2

)
R3 + 1

a

(
∂r + ∂rα

2α
+ ∂r b

b
+ 1

r

)
R1

]
,

(IX.52)

rb

R3

[(
1

α

(
∂t − βr∂r

)+ im − K

2

)
R2 − 1

a

(
∂r + ∂rα

2α
+ ∂r b

b
+ 1

r

)
R4

]

= − rb

R1

[(
1

α

(
∂t − βr∂r

)− im − K

2

)
R4 − 1

a

(
∂r + ∂rα

2α
+ ∂r b

b
+ 1

r

)
R2

]
.

(IX.53)

We can now reduce these two equations to just one if we take R2 = cR1 and R4 = cR3,
with c a new constant. Again, the value of c is arbitrary, but a convenient choice is
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c = i . With these choices we now have:

R2 = i R1 , R4 = i R3 , T3 = T1 , T4 = −T2 , (IX.54)

and our system of equation reduces to:

rb

R3

[(
1

α

(
∂t − βr∂r

)+ im − K

2

)
R1 + 1

a

(
∂r + ∂rα

2α
+ ∂r b

b
+ 1

r

)
R3

]

= + 1

T1

[
∂θ + i

sin θ
∂ϕ + cot θ

2

]
T2 , (IX.55)

rb

R3

[(
1

α

(
∂t − βr∂r

)+ im − K

2

)
R1 + 1

a

(
∂r + ∂rα

2α
+ ∂r b

b
+ 1

r

)
R3

]

= − 1

T2

[
∂θ − i

sin θ
∂ϕ + cot θ

2

]
T1 , (IX.56)

rb

R1

[(
1

α

(
∂t − βr∂r

)− im − K

2

)
R3 + 1

a

(
∂r + ∂rα

2α
+ ∂r b

b
+ 1

r

)
R1

]

= − 1

T1

[
∂θ + i

sin θ
∂ϕ + cot θ

2

]
T2 , (IX.57)

rb

R1

[(
1

α

(
∂t − βr∂r

)− im − K

2

)
R3 + 1

a

(
∂r + ∂rα

2α
+ ∂r b

b
+ 1

r

)
R1

]

= + 1

T2

[
∂θ − i

sin θ
∂ϕ + cot θ

2

]
T1 . (IX.58)

The previous equations now have the following structure:

f1(t, r) = +g1(θ, ϕ) , (IX.59)

f1(t, r) = −g2(θ, ϕ) , (IX.60)

f2(t, r) = −g1(θ, ϕ) , (IX.61)

f2(t, r) = +g2(θ, ϕ) . (IX.62)

Since one side of these equations depends only on (r , t), and the other only on (θ, ϕ),
we conclude that both sides must be equal to the same constant. Also, given the above
structure we must have f1 = g1 = − f2 = −g2 = k, with k a separation constant to
be determined. We will then have the following two radial equations:

(
1

α

(
∂t − βr∂r

)+ im − K

2

)
R1 + 1

a

(
∂r + ∂rα

2α
+ ∂r b

b
+ 1

r

)
R3 = +k R3

rb
,

(IX.63)
(
1

α

(
∂t − βr∂r

)− im − K

2

)
R3 + 1

a

(
∂r + ∂rα

2α
+ ∂r b

b
+ 1

r

)
R1 = −k R1

rb
,

(IX.64)
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and two angular equations:

(
∂θ − i

sin θ
∂ϕ + cot θ

2

)
T1 = −kT2 , (IX.65)

(
∂θ + i

sin θ
∂ϕ + cot θ

2

)
T2 = +kT1 . (IX.66)

The angular equations are particularly interesting. In order to see this let us first
define the operators:

/∂
+
s := −∂θ − i

sin θ
∂ϕ + s cot θ , (IX.67)

/∂
−
s := −∂θ + i

sin θ
∂ϕ − s cot θ , (IX.68)

with s an integer or half-integer constant. The above operators are known as the
raising and lowering spin operators respectively, and are associated with the spherical
harmonics with spinweight s first introduced byNewman and Penrose in [30] (see also
Appendix D of reference [28]). For an integer s such that |s| < l, the spin weighted
spherical harmonics are defined in terms of the usual spherical harmonics Y l,m(θ, ϕ)

as:

sY l,m :=

⎧
⎪⎪⎨

⎪⎪⎩

[
(l−s)!
(l+s)!

]1/2
/∂
+
s−1 · · · /∂

+
0

(
Y l,m

)
, +l ≥ s ≥ 0 ,

(−1)s
[

(l−|s|)!
(l+|s|)!

]1/2
/∂
−
s−1 · · · /∂

−
0

(
Y l,m

)
, −l ≤ s ≤ 0 ,

0 , |s| > l .

(IX.69)

We also define 0Y l,m := Y l,m . For example, we find:

±1Y l,m = ±
[
(l − 1)!
(l + 1)!

]1/2
/∂
±
0 Y l,m

= ∓
[
(l − 1)!
(l + 1)!

]1/2 (
∂θ ± i

sin θ
∂ϕ

)
Y l,m , (IX.70)

±2Y l,m =
[
(l − 2)!
(l + 2)!

]1/2
/∂
±
1 /∂

±
0 Y l,m ,

=
[
(l − 2)!
(l + 2)!

]1/2 (
∂2θ − cot θ∂θ ± 2i

sin θ
(∂θ − cot θ) ∂ϕ − 1

sin2 θ
∂2ϕ

)
Y l,m .

(IX.71)
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On the other hand, the above definitions imply that:

/∂
+
s

(
sY l,m

)
= + [(l − s)(l + s + 1)]1/2 s+1Y l,m , (IX.72)

/∂
−
s

(
sY l,m

)
= − [(l + s)(l − s + 1)]1/2 s−1Y l,m , (IX.73)

which explainswhy they are called spin raising and lowering operators. These relations
also allow us to show that:

/∂
−
s+1/∂

+
s

(
sY l,m

)
= − [l(l + 1) − s(s + 1)] sY l,m , (IX.74)

/∂
+
s−1/∂

−
s

(
sY l,m

)
= − [l(l + 1) − s(s − 1)] sY l,m , (IX.75)

that is, the sY l,m are eigenfunctions of the operators /∂
−
s+1/∂

+
s and /∂

+
s−1/∂

−
s . In particular,

for a function f with spin weight s = 0 we have /∂
−
1 /∂

+
0 = /∂

+
−1/∂

−
0 = L2, with L2 the

usual angular Laplacian operator:

L2 f = 1

sin θ
∂θ (sin θ∂θ f ) + 1

sin2 θ
∂2ϕ f = ∂2θ f + cot θ ∂θ f + 1

sin2 θ
∂2ϕ f .

(IX.76)

Notice now that in our equations (IX.65) and (IX.66) we in fact have the raising and
lowering operators with spin s = ±1/2. In that case the definition (IX.69) can not be
used since we have a half-integer value for s. However, we can define the functions
±1/2Y l,m simply as the eigenfunctions of the corresponding operators /∂

−
s+1/∂

+
s and

/∂
+
s−1/∂

−
s with s = ±1/2. Notice that in that case we must also have l and m as half-

integers, with m = −l, · · · , l. For s = +1/2 we find:

/∂
−
3/2 /∂

+
1/2 f = ∂2θ f + cot θ ∂θ f + 1

sin2 θ

(
∂2ϕ f + i cos θ ∂ϕ f

)
− 1

4

(
1

sin2 θ
− 3

)
f ,

(IX.77)

/∂
+
−1/2 /∂

−
1/2 = ∂2θ f + cot θ ∂θ f + 1

sin2 θ

(
∂2ϕ f + i cos θ ∂ϕ f

)
− 1

4

(
1

sin2 θ
+ 1

)
f ,

(IX.78)

while for s = −1/2 we find:

/∂−
1/2

/∂+
−1/2 f = ∂2θ f + cot θ ∂θ f + 1

sin2 θ

(
∂2ϕ f − i cos θ ∂ϕ f

)
− 1

4

(
1

sin2 θ
+ 1

)
f ,

(IX.79)
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/∂+
−3/2

/∂−
−1/2 = ∂2θ f + cot θ ∂θ f + 1

sin2 θ

(
∂2ϕ f − i cos θ ∂ϕ f

)
− 1

4

(
1

sin2 θ
− 3

)
f .

(IX.80)

In terms of our raising and lowering operators for spin 1/2 the angular equa-
tions (IX.65) y and (IX.66) can now be written as:

/∂
−
+1/2T1 = kT2 , /∂

+
−1/2T2 = −kT1 . (IX.81)

Comparing this with equations (IX.72) and (IX.73) it is clear that we can take as
solutions:

T1 = +1/2Y l,m , T2 = −1/2Y l,m , (IX.82)

with the separation constant given by k = −(l + 1/2).
General expressions for the sY l,m with both integer and half-integer indices are

well known, and can be found in terms of the Wigner rotation matrices commonly
used in quantum mechanics. Here we will just consider the cases with l = 1/2. For
l = 1/2, s = ±1/2, m = 1/2 we have, in the standard normalization:

±1/2Y 1/2,1/2 =
(

1√
4π

)
e+iϕ/2y±(θ) , (IX.83)

where y+(θ) = sin(θ/2) and y− = cos(θ/2). On the other hand, for l = 1/2,
s = ±1/2, m = −1/2 we have:

±1/2Y 1/2,−1/2 = ±
(

1√
4π

)
e−iϕ/2y∓(θ) . (IX.84)

Notice that the functions ±1/2Y 1/2,±1/2 are discontinuous at ϕ = 0. This is an indica-
tion of the fact that spinors change sign under a full rotation, as mentioned when we
discussed the spinor representation of the Lorentz group in Sect. 3.2.

It is now not difficult to show that taking either T1 = +1/2Y 1/2,1/2 and T2 =
−1/2Y 1/2,1/2, or alternatively T1 = +1/2Y 1/2,−1/2 and T2 = −1/2Y 1/2,−1/2, we will
have two independent solutions for our angular equations with k = −1. Of course, we
can take higher half-integer values of (l, m) while keeping s = 1/2 in order to find
more solutions, but here we will only consider these two cases. In that case the radial
Eqs. (IX.63) and (IX.63) become:

(
1

α

(
∂t − βr∂r

)+ im − K

2

)
R1 + 1

a

(
∂r + ∂rα

2α
+ ∂r b

b
+ 1

r

)
R3 = − R3

rb
,

(IX.85)
(
1

α

(
∂t − βr∂r

)− im − K

2

)
R3 + 1

a

(
∂r + ∂rα

2α
+ ∂r b

b
+ 1

r

)
R1 = + R1

rb
,

(IX.86)
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If we now take R1(t, r) ≡ F(t, r) and R3(t, r) ≡ G(t, r) these equations can be
written as:

∂t F = βr∂r F − α

a

[
∂r + ∂rα

2α
+ ∂r b

b
+ 1

r

(
1 + a

b

)]
G + α

(
K

2
− im

)
F ,

(IX.87)

∂t G = βr∂r G − α

a

[
∂r + ∂rα

2α
+ ∂r b

b
+ 1

r

(
1 − a

b

)]
F + α

(
K

2
+ im

)
G ,

(IX.88)

These are now evolution equations for the functions F and G, and can be solved either
numerically given some adequate initial data, or considering some particular ansatz.
The spinors associated with our two solutions will then be given by:

ψ± = e±iϕ/2

(4π)1/2

⎛

⎜⎜
⎝

F(t, r) y±(θ)

±i F(t, r) y∓(θ)

G(t, r) y±(θ)

∓iG(t, r) y∓(θ)

⎞

⎟⎟
⎠ , (IX.89)

with y+(θ) = sin(θ/2) and y− = cos(θ/2). Equations (IX.87) and (IX.87) can be
used, for example, to study the evolution of our spinors in a general curved spherically
symmetric spacetime, such as Schwarzschild for example, given some adequate initial
data for both F and G.

To finish this section, it is important to find how the functions F and G behave
near the origin r = 0. In order to do this we take r 
 1, and expand our functions as
powers of r :

F =
∞∑

n=0

Fn(t)rn , G =
∞∑

n=0

Gn(t)rn . (IX.90)

On the other hand, regularity of the metric at the origin implies that a, b and α must
be even functions of r , while βr must be odd:

a � a0(t) + a2(t)r
2 + O(r4) , (IX.91)

b � b0(t) + b2(t)r
2 + +O(r4) , (IX.92)

α � α0(t) + α2(t)r
2 + O(r4) , (IX.93)

βr � β1(t)r + O(r3) . (IX.94)

Furthermore, in order for the metric to be locally flat at r = 0 we must ask for
b0(t) = a0(t). Finally, from the definition of the extrinsic curvature we find that we
must also have K � K0(t) + K2(t)r2 + O(r4). When looking at equations (IX.87)
and (IX.88) there are two terms that appear to be singular at r = 0. Their behavior
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close to the origin is:

G

r

(
1 + a

b

)
� 2G0

r
,

F

r

(
1 − a

b

)
= F

rb
(b − a) � r F

b0
(b2 − a2) ,

(IX.95)
where we used the fact that b0 = a0. The second term is now clearly regular at r = 0.
In order for the first term to be also regular we must now ask for G0 = 0, so the
function G(r) must vanish at the origin.

We can go further in the analysis, but it is easier to work in the case of Minkowski
spacetime for which we take α = a = b = 1, βr = K = 0 (the general case is more
complicated but the conclusions are the same). Substituting the expansions for F and
G into equations (IX.87) y (IX.88) we now find:

∞∑

n=0

(
Ḟn + im Fn

)
rn +

∞∑

n=0

(n + 2) Gnrn−1 = 0 , (IX.96)

∞∑

n=0

(
Ġn − imGn

)
rn +

∞∑

n=0

nFnrn−1 = 0 . (IX.97)

Again, from the first equation it is clear that we must have G0 = 0. Moreover, in the
second term of the second equation the sum can be taken from n = 1 since the n = 0
term vanishes. We then have:

∞∑

n=0

(
Ḟn + im Fn

)
rn +

∞∑

n=1

(n + 2) Gnrn−1 = 0 , (IX.98)

∞∑

n=0

(
Ġn − imGn

)
rn +

∞∑

n=1

nFnrn−1 = 0 . (IX.99)

Taking now n → n + 1 in the second term of both equations we can rewrite them as:

∞∑

n=0

(
Ḟn + im Fn + (n + 3)Gn+1

)
rn = 0 , (IX.100)

∞∑

n=0

(
Ġn − imGn + (n + 1)Fn+1

)
rn = 0 . (IX.101)

Finally, cancelling each power of r separately we find:

Gn+1 = − Ḟn + im Fn

n + 3
, Fn+1 = − Ġn − imGn

n + 1
. (IX.102)

Since we must have G0 = 0, the above result implies that F1 = 0, which in turn
implies G2 = 0, which now implies F3 = 0, etc. We finally find that F must be an
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even function of r , while G must be odd:

F = F0(t) + F2(t)r
2 + . . . , G = G1(t)r + G3(t)r

3 + . . . . (IX.103)

This behavior must be taken into account if one wishes to construct initial data for F
and G.

9.4 Spherically symmetric solutions

As we have already mentioned, it is not possible to have spherically symmetric solu-
tions with the Dirac equation. However, we will now show that one can have solutions
that are compatible with spherical symmetry, in the sense of having both a conserved
current and a stress–energy tensor that are spherically symmetric, if we add the two
particular solutions that we found in the last section with the same amplitude, but
considering them as independent fields. We start from the conserved current, which is
given by:

jTotμ = ( jμ)+ + ( jμ)− = ψ̄+γμψ+ + ψ̄−γμψ− , (IX.104)

with ψ± the spinors given by (IX.89). For the particle density we find, using (IX.30):

ρTot
p = 1

2π

(
|F |2 + |G|2

)
. (IX.105)

On the other hand, the flux of particles in the radial direction now takes the form,
from (IX.31):

f Totr = a

2π

(
FG∗ + G F∗) . (IX.106)

Since both F and G depend only on (t, r) we see that ρTot
p and f Totr are clearly

spherically symmetric. Notice in particular that from the expansions for small r we
found above for F and G, it is clear that we will also have fr ∼ r close to the origin.

Consider now the particle flux in the θ direction. It is not difficult to see that
equation (IX.32) immediately implies jθ+ = jθ− = 0, so that we clearly have f Totθ =
jTotθ = 0. Finally, for the flux in the ϕ direction we use equation (IX.33). We now find
that jϕ+ �= 0 and jϕ− �= 0, but crucially jϕ− = − jϕ+ so that we have f Totϕ = jTotϕ =
0. We then see that the conserved current has both angular components equal to zero,
so that it is indeed compatible with spherical symmetry.

Let us now consider the total stress–energy tensor:

T Tot
μν = Tμν+ + Tμν− . (IX.107)

For the energy density we find, using (IX.35):

ρTot
E = i

4π

(
F∗�̃F + G∗�̃G − c.c.

)
, (IX.108)
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with:

�̃F := 1

α

(
∂t F − βr∂r F

)
, �̃G := 1

α

(
∂t G − βr∂r G

)
. (IX.109)

The previous result for the total energy density is written in a very compact form, but
it is convenient to rewrite it using the definitions of �̃F and �̃G and the evolution
equations (IX.87) y (IX.88). Doing this we obtain an equivalent, thought somewhat
larger expression, that does not involve time derivatives:

ρTot
E = 1

2π

[
Im

(
1

a

(
F∗∂r G + G∗∂r F

)+ 2

rb
F∗G

)
+ m

(
|F |2 − |G|2

)]
,

(IX.110)
where here Im(q) indicates the imaginary part of q in the sense that, if q = a + ib
with both a and b real, then Im(q) ≡ b. The energy density is then purely real, as
expected.

On the other hand, for the total momentum density in the radial direction we find,
from (IX.41):

JTot
r = 1

4π
Im
[

F∗∂r F + G∗∂r G − a
(

F∗�̃G + G∗�̃F

)]

= 1

2π
Im
[
F∗∂r F + G∗∂r G

]
, (IX.111)

where in the last step we substituted the definitions of �̃F and �̃G , and used again
the evolutions Eqs. (IX.87) and (IX.88). The calculation for the angular components
of the momentum density is longer, but after some algebra one finds that both vanish,
JTot
θ = JTot

ϕ = 0. Again, it interesting to notice that Jθ in fact vanishes for both
individual solutions, Jθ+ = Jθ− = 0, while Jϕ is non-zero for each individual
solution but the sum vanishes.

Finally, for the diagonal components of the spatial stress tensor Si j we find, from
Eqs. (IX.44)–(IX.46):

STot
rr = a

2π
Im
[
F∗∂r G + G∗∂r F

]
, (IX.112)

STot
θθ = rb

2π
Im
[
F∗G

]
, (IX.113)

STot
ϕϕ =

(
sin2 θ

)
STot
θθ . (IX.114)

All off-diagonal components of STot
i j now vanish. We then conclude that the total

stress-energy tensor is indeed compatible with spherical symmetry.
In particular, the total trace of Tμν turns out to be:

(T μ
μ)Tot = (Si

i )
Tot − ρTot

E = (Sr
r )

Tot + 2 (Sθ
θ )

Tot − ρTot
E = − m

2π

(
|F |2 − |G|2

)
,

(IX.115)
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in complete agreement with equation (VII.30). The extra factor of 1/2π comes from
our normalization of the spinors (see equation (IX.89)), and from the fact that we now
have two spinors with equal amplitude.

9.5 Dirac stars

As a particular example of a Dirac field in spherical symmetry we will consider the
so-called Dirac stars, which are self-gravitating stationary solutions of the Einstein–
Dirac equations, analogous to the usual boson stars for the case of the Klein–Gordon
field (see reference [10] for a very complete review of boson stars and their relatives).
Dirac stars have been previously studied in some detail for example in [13, 15, 16].
Because of this, here we will only consider the basic equations describing the system
and will not discuss any particular family of solutions.

We start from a spacetime metric in spherical symmetry of the form:

ds2 = −α2dt2 + a2dr2 + r2d�2 , (IX.116)

where now α and a and only functions of the radial coordinate r . In terms of our
general spherically symmetric metric (IX.1) we are the taking βr = 0 and b = 1, so
that we assume that our radial coordinate is the areal radius.

For the Dirac field we will use the spherically symmetric formalism we developed
in the previous sections, so that we take a solution of the form ψ = ψ+ + ψ−, with
the spinors ψ± given by equation (IX.89):

ψ± = e±iϕ/2

(4π)1/2

⎛

⎜⎜
⎝

F(t, r) y±(θ)

±i F(t, r) y∓(θ)

G(t, r) y±(θ)

∓iG(t, r) y∓(θ)

⎞

⎟⎟
⎠ . (IX.117)

We have already shown that the total spinor ψ is compatible with spherical sym-
metry in the sense that both the total conserved current jμ and the total stress-energy
tensor Tμν maintain that symmetry. But if we now want to have a static solution we
must also ask for jμ and Tμν to be time independent, and for the associated flux of
particles and momentum density to vanish. In order to achieve this we introduce an
ansatz with a harmonic time dependence for the functions F and G that define our
spinors:

F(r , t) = f (r)e−iωt , G(r , t) = ig(r)e−iωt , (IX.118)

where now both f (r) and g(r) are purely real functions. It is now easy to see that
with this ansatz both the conserved current and the stress-energy tensor are time
independent. The minus sign in the exponential comes from the fact that the energy
operator is given by Ê = i∂t (remember that we are working in Planck units), so the
sign guarantees that we will have positive energy solutions for ω > 0 (see below).

For the particle density and flux we find, from Eqs. (IX.105) and (IX.106):

ρp = 1

2π

(
f 2 + g2

)
, fr = 0 . (IX.119)
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Notice that the particle flux vanishes, as expected for a static solution.
On the other hand for the different components of the stress-energy tensor we find,

from Eqs. (IX.110), (IX.111), (IX.112) and (IX.113):

ρE = 1

2π

[
1

a

(
f g′ − f ′g

)+ 2 f g

r
+ m

(
f 2 − g2

)]
, (IX.120)

Jr = 0 , (IX.121)

Sr
r = 1

2πa

(
f g′ − f ′g

)
, (IX.122)

Sθ
θ = Sϕ

ϕ = f g

2πr
, (IX.123)

where the prime denotes derivativeswith respect to r . Notice again how themomentum
density Jr vanishes, as expected for a static solution. We also find for the trace pf Tμν :

T μ
μ = −ρE + Sr

r + 2Sθ
θ = − m

2π

(
f 2 − g2

)
, (IX.124)

consistent with equation (VII.30).
Here one should notice that, although the expression for ρE above is correct, we can

in fact find an equivalent more compact expression using equation (IX.108), where in
this case we have from our ansatz �F = ∂t F/α and �G = ∂t G/α. We then find:

ρE = ω

2πα

(
f 2 + g2

)
. (IX.125)

Notice that we will clearly have ρE > 0 for ω > 0.
The next step is to find the equations thatmust be satisfied by the stationary solution.

Substituting our ansatz for the metric and the functions F and G into Eqs. (IX.87)
and (IX.88) we find:

ω f = +α

a

[
g′ + g

(
α′

2α
+ 1

r
(1 + a)

)]
+ αm f , (IX.126)

ωg = −α

a

[
f ′ + f

(
α′

2α
+ 1

r
(1 − a)

)]
− αmg , (IX.127)

where we also used the fact that for a static spacetime the extrinsic curvature vanishes,
so that K = 0. Solving for f ′ and g′ we obtain:

f ′ = − f

(
α′

2α
+ 1

r
(1 − a)

)
− ag

(
m + ω

α

)
, (IX.128)

g′ = −g

(
α′

2α
+ 1

r
(1 + a)

)
− a f

(
m − ω

α

)
. (IX.129)

We also need equations for the metric functions a and α. The equation for the radial
metric a is obtained directly from the Hamiltonian constraint. On the other hand, the
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equation for the lapse function α is obtained from the so-called polar-areal gauge,
which corresponds to asking for the time derivative of the angular component of the
extrinsic curvature Kθθ to vanish. We will not write down the general expressions for
the Hamiltonian constraint and the polar-areal gauge condition here since they are well
known and can be found in text books (see e.g. [28]). In our case these two conditions
reduce to:

a′ = a

2

(
1 − a2

r
+ 8πra2ρE

)
. (IX.130)

and:

α′ = α

(
a2 − 1

2r
+ 4πra2Sr

r

)
. (IX.131)

The final system of equations to be solved for the functions (a, α, f , g) is then:

∂r a = a

2

(
1 − a2

r
+ 8πra2ρE

)
, (IX.132)

∂rα = α

(
a2 − 1

2r
+ 4πra2Sr

r

)
, (IX.133)

∂r f = − f

(
∂rα

2α
+ 1

r
(1 − a)

)
− ag

(
m + ω

α

)
, (IX.134)

∂r g = −g

(
∂rα

2α
+ 1

r
(1 + a)

)
− a f

(
m − ω

α

)
, (IX.135)

with ρE given by (IX.125), and Sr
r given by:

Sr
r = 1

2πa

(
f g′ − f ′g

) = ρE − 1

π

(
f g

r
+ m

2

(
f 2 − g2

))
. (IX.136)

Notice that in the equations for ∂r f and ∂r g above there are derivatives of the lapse
on the right hand side, but these can be eliminated using (IX.133).

It is important to consider the behavior of solutions of our system of equations both
at infinity and at the origin. Consider first the limit r → ∞. For asymptotically flat
solutions we can assume our spacetime is Minkowski far away, so that we must have
a � 1, α � 1 and 1/r → 0. The equations for f and g then reduce to:

∂r f � −g (m + ω) , ∂r g � − f (m − ω) . (IX.137)

Taking a second derivative of the first equation, and substituting the result in the
second, we find:

∂2r f � f
(

m2 − ω2
)

. (IX.138)

It is now clear that if we want to have exponentially decaying solutions at infinity we
must have m2 > ω2. Of course, in principle we will also have solutions that grow
exponentially, which is incompatible with having an asymptotically flat spacetime.
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We will only have decaying solutions for specific values of ω, so that we must solve
an eigenvalue problem.

Consider now the behaviour of the solutions near the origin r = 0. Since spacetime
must be locally flat there we must ask for the radial metric component a to behave as:

a � 1 + O(r2) . (IX.139)

Similarly, for the lapse function α we will have:

α � α0 + O(r2) , (IX.140)

with α0 some constant. In principle we don’t know the value of α0, but notice that our
system of Eqs. (IX.132)–(IX.135) is invariant under the rescaling:

α → kα , ω → kω , (IX.141)

with k an arbitrary constant. This means that we can simply take α0 = 1, solve the
system, and then rescale α and ω so that we have α → 1 at infinity.

On the other hand, we have already shown above that f must be an even function
of r , while g must be odd, so that we will have:

f � f0 + O(r2) , g � g1r + O(r3) , (IX.142)

with f0 and g1 some constants. Substituting our expansions into the system of equa-
tions we find that at the origin we must have:

∂r a |r=0 = 0 , ∂rα |r=0 = 0 , ∂r f |r=0 = 0 . (IX.143)

The condition for g is more interesting due to the presence of the term (1 + a)/r in
its equation, which might seem to be singular at r = 0. The equation, however, is in
fact regular since this factor is multiplied with g which goes as∼ r close to the origin.
When we substitute our expansions for small r we now find:

∂r g |r=0 = g1 , (IX.144)

with g1 = f0(ω/α0 − m)/3, so that g1 is not independent of f0.
To solve the full system of equations (IX.132)-(IX.135) one can then choose f0

as our only free parameter (taking α0 = 1), and look for solutions for which f and
g decay exponentially at infinity in order to find the eigenvalue ω, using a variety of
numerical techniques. For example, for a given value of f0 one can choose a trial value
of ω and integrate outward from the origin with some standard ODE integrator (for
example fourth order Runge–Kutta), and use a shooting algorithm to modify the value
of ω until one finds exponentially decaying solutions at infinity.

By changing the value of f0 one can construct a whole family of solutions for the
Dirac stars. As mentioned above, we will not discuss the family of solutions here, as
this has already been done before in some detail in references [13, 15, 16].
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10 Final remarks

The Dirac equation is one of the most fundamental equations in physics. It describes
the behavior of fermions such as leptons and quarks, and is at the heart of the standard
model of particles and fields. On the other hand, general relativity is ourmodern theory
of gravity, and describes with great success astrophysical phenomena that go from the
structure of neutron stars, to the formation of black holes, the emission of gravitational
waves, and the evolution of the Universe as a whole.

Though currentlywe do not have a successful theory of quantum gravity (thoughwe
certainly have candidates in the form of string theory, loop quantum gravity, dynamical
causal triangulations, etc.), it is nevertheless very important to be able to study the
evolution of quantum fields in a curved spacetime. This was, for example, what led
Hawking to the discovery that black holes in fact radiate energy.

For the case of scalar or tensor fields, such as the Higgs or electromagnetic fields,
the generalization to a curved spacetime is rather straightforward and follows directly
from the equivalence principle. However, in the case of spinor fields this generalization
is not that simple, and requires the introduction of the Lorentz group and the tetrad
formalism.

Here, I have presented a pedagogical review of the Dirac equation in the case
of general relativity, starting from first principles. Even though I have ignored the
quantization of the Dirac field and have treated it as a purely “classical” field, I believe
that this review can be useful to researchers in general relativity who might not be
used to working with spinor fields. In the last sections I have also derived expressions
for the Dirac equation and its associated stress–energy tensor in the 3+1 formalism,
and shown how this can be applied to the special case of spherical symmetry. To my
knowledge, these last sections include new material which can be very useful for the
study of the evolution of the Dirac field in a dynamical spacetime.

11 Derivation of the stress–energy tensor for the Dirac equation

We start by considering the variation of the action with respect to the spacetime metric
gμν :

δg S = δ

∫
L |g|1/2d4x . (A.1)

As we know, the Dirac Lagrangian has terms that depend directly on the tetrad and
not on the metric, so we now need to consider variations of the tetrad itself. Notice
first that from the expression for the metric in terms of the tetrad, gμν = eμAeA

ν , we
immediately find:

δgμν = ηAB

(
eA
μδeB

ν + eB
ν δeA

μ

)
. (A.2)

The variation of the tetrad δeμA can be naturally decomposed into two parts, a “sym-
metric part” δ+eμA that induces variations of the metric, and an “antisymmetric part”
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δ−eμA that leaves the metric unchanged [31]:

δ±eA
μ = 1

2

(
δeA

μ ∓ ηAB gμνδeν
B

)
, δeA

μ = δ+eA
μ + δ−eA

μ . (A.3)

From these definitions we find:

δ±gμν = ηAB

(
eA
μδ±eB

ν + eB
ν δ±eA

μ

)
= ηAB

2

[
eA
μ

(
δeB

ν ∓ ηBC gνλδeλ
C

)

+eB
ν

(
δeA

μ ∓ ηAC gμλδeλ
C

)]

= ηAB

2

[
eA
μδeB

ν + eB
ν δeA

μ

]
∓ 1

2

[
gνλeA

μδeλ
A + gμλeA

ν δeλ
A

]

= δgμν

2
± 1

2

[
gνλeλ

AδeA
μ + gμλeλ

AδeA
ν

]

= δgμν

2
± 1

2

[
eν AδeA

μ + eμAδeA
ν

]
= δgμν

2
± δgμν

2
, (A.4)

where we used the fact that eA
μeν

A = δν
μ implies eA

μδeν
A = −eν

AδeA
μ . We then find:

δ+gμν = δgμν , δ−gμν = 0 . (A.5)

We can also show that:

ηABeν
Bδgμν = ηABeν

B

(
eC
ν δeμC + eμCδeC

ν

)
= δeA

μ + ηABeμC eν
BδeC

ν

= δeA
μ − ηABeμC eC

ν δeν
B = δeA

μ − ηAB gμνδeν
B = 2δ+eA

μ , (A.6)

so that we can express δ+eA
μ entirely in terms of δgμν as:

δ+eA
μ = 1

2
ηABeν

Bδgμν = 1

2
eν Aδgμν . (A.7)

And similarly:

δ+eμ
A = 1

2
eν Aδgμν = −1

2
gμαeβ

Aδgαβ . (A.8)

Now, the stress-energy tensor is defined in terms of the variation of the action
integral with respect to changes in the metric as:

δg S = 1

2

∫
T αβδgαβ |g|1/2d4x . (A.9)

This means that if the Lagrangian is expressed in terms of the tetrad, as is the case
of the Dirac Lagrangian, we must only consider the changes in the tetrad that modify
the metric, that is we should only consider δ+eμ

A. The variation in the action will then
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take the form:

δg S =
∫ [

|g|1/2
(

δL

δeμ
A

)

δ+eμ
A + L δ|g|1/2

]

d4x . (A.10)

For the second term we have:

L δ|g|1/2 = L

2|g|1/2 δ|g| = L

2|g|1/2 |g|gαβδgαβ = L

2
|g|1/2gαβδgαβ . (A.11)

On the other hand, for the first term we find:

|g|1/2
(

δL

δeμ
A

)

δ+eμ
A = −1

2
|g|1/2

(
δL

δeμ
A

)

gμαeβ
Aδgαβ

= −1

4
|g|1/2

(

gμαeβ
A

δL

δeμ
A

+ gμβeα
A

δL

δeμ
A

)

δgαβ . (A.12)

The variation of the action then becomes:

δg S = 1

2

∫ [

−1

2

(

gμαeβ
A

δL

δeμ
A

+ gμβeα
A

δL

δeμ
A

)

+ gαβ L

]

δgαβ |g|1/2d4x . (A.13)

Comparing this result with (A.9) we find for the stress–energy tensor:

T αβ = −1

2

(

gμαeβ
A

δL

δeμ
A

+ gμβeα
A

δL

δeμ
A

)

+ gαβ L , (A.14)

and lowering the indices we recover the expression for the stress-energy tensor given
in (VII.28):

Tμν = −1

2

(

eμD
δL

δeν
D

+ eνD
δL

δeμ
D

)

+ gμν L . (A.15)

One should stress the fact that at this point we are still not replacing the variations
with partial derivatives since the Lagrangian can depend also on derivatives of the
tetrad (see below).

Notice now that, since the Dirac Lagrangian (VII.13) vanishes on shell, for case of
the Dirac field we can in fact ignore the last term in the above expression. Moreover,
the mass term that appears in the Dirac Lagrangian is independent of the tetrad, so the
stress-energy tensor reduces to:

Tμν = −1

2

(

eμD
δK

δeν
D

+ eνD
δK

δeμ
D

)

, (A.16)
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with K the kinetic term in the Lagrangian. The kinetic term can further be split into
two parts, K = K1 + K2, given by:

K1 = i

2

[
eβ

A ψ̄γ A (∂βψ
)− eα

A

(
∂αψ̄

)
γ Aψ

]
, (A.17)

K2 = i

4
ψ̄
(

eα
Aeβ

C ∂αeβB

)
γ C ABψ . (A.18)

Now, the variations that appear in (A.16) can be substituted with partial derivatives
when K depends only on the tetrad and not its derivatives. This is clearly the case for
K1, so its contribution is not difficult to find and turns out to be:

(Tμν)1 = i

2

[(
∂(μψ̄

)
γν)ψ − ψ̄γ(μ

(
∂ν)ψ

)]
. (A.19)

The contribution from K2 is somewhat more difficult to find since it depends not
only on the tetrad, but also on its derivatives. The variation is then given by the so-
called Euler derivative (this can be shown by following the same procedure used to
find the Euler–Lagrange equations through integration by parts starting from the action
integral):

δK2

δeμ
D

= ∂K2

∂eμ
D

− ∂λ

(
∂K2

∂(∂λeμ
D)

)

. (A.20)

From the definition of K2 we can see that the term we are interested in is:

f ABC = eα
Aeβ

C ∂αeβB . (A.21)

Using now the fact that ∂α(eβ
AeβB) = ∂αηAB = 0, one can show that we have ∂αeβB =

−eD
β eσ B∂αeσ

D , so that we can rewrite f ABC as:

f ABC = −eα
Aeβ

C eD
β eσ B∂αeσ

D = −eσ Beα
A∂αeσ

C . (A.22)

Consider first the derivative of f ABC with respect to the tetrad eν
D:

∂ f ABC

∂eν
D

= −∂(eσ Beα
A)

∂eν
D

∂αeσ
C = −

(
eσ B

∂eα
A

∂eν
D

+ eα
A

∂eσ B

∂eν
D

)
∂αeσ

C

= −
(

eσ Bδα
ν δD

A − eα
AeD

σ eνB

)
∂αeσ

C = −eσ BδD
A ∂νeσ

C + eD
σ eνB∂Aeσ

C ,

(A.23)

where we used the fact that ∂eσ B/∂eν
D = −eD

σ eνB , which can be easily shown from

∂(eβ
AeβB )/∂eν

D = ∂ηAB/∂eν
D = 0. The contribution to the stress-energy tensor coming

123



  122 Page 82 of 85 M. Alcubierre

from this term will then be:

Pμν := i

8
ψ̄
[
eμD

(
eσ BδD

A ∂νeσ
C − eD

σ eνB∂Aeσ
C

)
+ μ ↔ ν

]
γ C ABψ

= i

8
ψ̄
[
eμAeσ B∂νeσ

C − gμσ eνB∂Aeσ
C + μ ↔ ν

]
γ C ABψ . (A.24)

In fact, it is more convenient to project this result onto the tetrad to find:

PI J = eμ
I eν

J Pμν = i

8
ψ̄
[
ηI Aeσ B∂J eσ

C − ηJ Beσ I ∂Aeσ
C + I ↔ J

]
γ C ABψ

= i

8
ψ̄ [−ηI A f J BC + ηJ B f AI C + I ↔ J ] γ C ABψ

= − i

8
ψ̄
[
( f J AB + f AJ B) γI

AB + ( f I AB + f AI B) γJ
AB
]
ψ ,

(A.25)

where in the last step we used the symmetry properties of the γ ABC and renamed
indices.

Consider now the term associated with the derivatives of f ABC with respect to the
derivatives of the tetrad:

−∂λ

(
∂ f ABC

∂(∂λeν
D)

)
= −∂λ

(
∂(eσ Beα

A∂αeσ
C )

∂(∂λeν
D)

)
= −∂λ

(
eσ Beα

Aδλ
αδσ

ν δD
C

)

= −δD
C ∂λ

(
eλ

AeνB
) = −δD

C

(
eλ

A∂λeνB + eνB∂λeλ
A

)
. (A.26)

The contribution to the stress-energy tensor coming from this term is then:

Qμν := − i

8
ψ̄
[
eμC

(
∂AeνB + eνB∂λeλ

A

)+ μ ↔ ν
]
γ C ABψ . (A.27)

Again, it is convenient to project this result onto the tetrad to find:

QI J = −eμ
I eν

J Qμν

= − i

8
ψ̄
[(

ηI C eν
J + ηJC eν

I

)
∂AeνB + (ηI CηJ B + ηJCηI B) ∂λeλ

A

]
γ C ABψ .

(A.28)

Notice now that the term proportional to the divergence ∂λeλ
A is symmetric in C and

B, but is contracted with γ C AB which is antisymmetric, so it cancels. We finally find:

QI J = − i

8
ψ̄
[
ηI C eν

J ∂AeνB + ηJC eν
I ∂AeνB

]
γ C ABψ

= − i

8
ψ̄
[
eν

J ∂AeνB γI
AB + eν

I ∂AeνB γJ
AB
]
ψ

= − i

8
ψ̄
[

f AB J γI
AB + f AB I γJ

AB
]
ψ . (A.29)

123



The Dirac equation in general relativity and the 3+1 formalism Page 83 of 85   122 

Adding both contributions coming from K2 we obtain:

PI J + QI J = − i

8
ψ̄
[
( f AB J + f J AB + f AJ B) γI

AB + I ↔ J
]
ψ

= i

8
ψ̄
[
ωAB J γI

AB + ωAB I γJ
AB
]
ψ . (A.30)

And going back to spacetime indices:

(Tμν)2 = i

8
ψ̄
[
ωABμγν

AB + ωABνγμ
AB
]
ψ

= i

8
ψ̄
[
ωABμ

{
γν, σ

AB
}

+ ωABν

{
γμ, σ AB

}]
ψ

= i

8
ψ̄
[{

γν, ωABμσ AB
}

+
{
γμ, ωABνσ

AB
}]

ψ

= − i

4
ψ̄
[{

γν, �μ

}+ {γμ, �ν

}]
ψ = − i

2
ψ̄
{
γ(μ, �ν)

}
ψ . (A.31)

Adding now the contributions to the stress-energy tensor from K1 and K2 we find:

Tμν = (Tμν)1 + (Tμν)2 = i

2

[(
∂(μψ̄

)
γν)ψ − ψ̄γ(μ

(
∂ν)ψ

)− ψ̄
{
γ(μ, �ν)

}
ψ
]

= i

2

[(
∂(μψ̄ − ψ̄�(μ

)
γν)ψ − ψ̄γ(μ

(
∂ν)ψ + �ν)ψ

)]
,

(A.32)

and finally:

Tμν = i

2

[(D(μψ̄
)
γν)ψ − ψ̄γ(μ

(Dν)ψ
)]

. (A.33)

This is the final form of the stress-energy tensor for the Dirac field. Notice that there is
no explicit contribution from the mass term in this tensor, which might seem strange
at first glance, but such a contribution is implicitly there since ψ must satisfy Dirac’s
equation.

We still need to show that the stress-energy tensor we just found does in fact satisfy
the conservation equations ∇μTμν = 0. Now, since this tensor involves spinors, and
for tensors the spinor derivative reduces to the covariant derivative, what wemust show
is that we haveDμTμν = 0. Substituting the expression for Tμν given in (VII.29), and
ignoring constant factors, we have:

DμTμν ∝ Dμ
[(Dμψ̄

)
γνψ + (Dνψ̄

)
γμψ − ψ̄γμ (Dνψ) − ψ̄γν

(Dμψ
)]

= (DμDμψ̄
)
γνψ + (Dμψ̄

)
γν

(Dμψ
)+ (DμDνψ̄

)
γμψ + (Dνψ̄

)
γμ

(Dμψ
)

− (Dμψ̄
)
γμ (Dνψ) − ψ̄γμ

(DμDνψ
)− (Dμψ̄

)
γν

(Dμψ
)− ψ̄γν

(DμDμψ
)

= (DμDμψ̄
)
γνψ + (DμDνψ̄

)
γμψ + (Dνψ̄

)
γμ

(Dμψ
)

− (Dμψ̄
)
γμ (Dνψ) − ψ̄γμ

(DμDνψ
)− ψ̄γν

(DμDμψ
)

, (A.34)
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where we used the fact that Dμγ ν = 0, and in the last step we cancelled two terms
that were clearly equal. In the first and last terms of the previous expression we can
now use the Schroedinger–Dirac equation (VI.6) for ψ and ψ̄ to show that those two
terms again cancel. On the other hand, the third and fourth terms can be simplified
using the Dirac equation to find:

(Dνψ̄
)
γμ

(Dμψ
)− (Dμψ̄

)
γμ (Dνψ) = −im

[(Dνψ̄
)
ψ + ψ̄ (Dνψ)

]

= −imDν

(
ψ̄ψ

)
. (A.35)

We then have:

DμTμν ∝ (DμDνψ̄
)
γμψ − ψ̄γμ

(DμDνψ
)− imDν

(
ψ̄ψ

)
. (A.36)

For the first two terms in the previous expression we can now use the commutation
relation for the spinor derivatives (V.88):

(DμDνψ̄
)
γμψ − ψ̄γμ

(DμDνψ
) = gμλ

[(DλDνψ̄
)
γμψ − ψ̄γμ (DλDνψ)

]

=
(
DνDλψ̄ − 1

2
RABλνσ

ABψ̄

)
γ λψ − ψ̄γ λ

(
DνDλψ − 1

2
RABλνσ

ABψ

)

= Dν

[(Dλψ̄
)
γ λ
]
ψ − ψ̄Dν

(
γ λDλψ

)

= im
[(Dνψ̄

)
ψ + ψ̄ (Dνψ)

]

= imDν

(
ψ̄ψ

)
, (A.37)

where we again used Dirac’s equation. We finally find:

DμTμν = 0 . (A.38)

We then see that the stress-energy tensor (VII.29) does indeed satisfy the conservation
laws.
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