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wedge cross section in the dual BTZ black hole geometry truncated by two Karch-Randall
branes. Our result confirms the holographic duality between the reflected entropy and the
bulk entanglement wedge cross section in the context of the AdSs/BCFTy scenario. We
further investigate the critical issue of the holographic Markov gap between the reflected
entropy and the mutual information for these configurations from the bulk braneworld

geometry and study its variation with subsystem sizes and time.
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1 Introduction

Black hole information paradox [1, 2] has been one of the central problems in understanding
various aspects of quantum gravity. Recently there has been significant progress towards
a resolution of this issue in the context of lower dimensional effective theories of quantum
fields coupled to semi classical gravity. An evaporating black hole together with its radia-
tion flux as a closed quantum system is expected to respect unitarity under time evolution.
This suggests that for an evaporating black hole, the time evolution of the entanglement
entropy of Hawking radiation should follow the Page curve [3-5]. In the last few years
a possible resolution of this puzzle was proposed utilizing “entanglement islands” mecha-
nism which restores the unitarity of black hole evaporation for certain simple models. The
quantum corrected version of the Ryu-Takayanagi proposal [6-9] has been the main moti-
vation behind this “island” formalism. This involves the generalized fine-grained entropy
of a subregion in quantum field theories coupled to semi-classical gravity followed by an
extremization over the location of the “islands” which appear in the entanglement wedge of



the subregion after the Page time [10-14]. The corresponding formula for the fine-grained
entropy of a subregion R in the radiation flux of an evaporating black hole is given by,

Area[0Is(R)]

TN +Seﬁ[RUIs(72)]] } (1.1)

S[R]=min {extls(R) {
where Is(R) is called the entanglement entropy island region which is included in en-
tanglement wedge of the subregion R. This formula has also been derived utilizing the
gravitational path integral approach which describes certain non trivial replica wormhole
saddle contributions in [14-17].

Recently, it has been communicated in the literature that the entanglement island
formula naturally emerges in the context of the AdS/BCFT correspondence where the
dual CFT is defined on a manifold with a boundary (BCFT's) [18, 19]. The holographic
dual geometry of a BCFT with a single boundary involves a codimension-one surface
called End-of-the-World (EOW) brane in the bulk AdS spacetime [18, 20]. In a Karch-
Randall braneworld geometry this EOW brane is termed a Karch-Randall (KR) brane
which supports a lower dimensional black hole induced from the bulk AdS geometry [21, 22].
In this context, the dual BCF'T acts as a radiation bath for the evaporating black hole on
the KR brane. It is then expected that the holographic entanglement entropy computed
through the RT prescription should be consistent with the one obtained by utilizing the
island formula in the framework of the AdS/BCFT scenario and accordingly, the Page
curve for the radiation region should be reproduced.

In this article, we consider one such model in a KR braneworld geometry described
in [23]. The authors considered a BCF'Ty defined on a manifold with two distinct bound-
aries. The bulk dual geometry is then described by an AdSs space time truncated by two
KR branes containing matter C'F'T5s with a constant Lagrangian. These matter fields on
the KR branes are further coupled to the BC'F'T5 through transparent boundary conditions
at the junctions [12, 13]. At a finite temperature, two copies of such BCFTss with two
boundaries constitute a thermo-field double (TFD) state whose dual geometry corresponds
to a wedge region of a bulk eternal BTZ black hole bounded by the two KR branes. Effec-
tively this corresponds to two-dimensional black holes on the KR branes induced from the
higher dimensional eternal BTZ black hole. In the effective two-dimensional theory, the
two copies of the BC'F'T5s serve as radiation baths for the induced black holes on the KR
branes. Remarkably both the bath BC F'T5s with the KR branes appear to be gravitating
from the mutual perspectives of each other.! In this framework, the authors of [23] consid-
ered an interval in the bath BC'F'T5s and obtained the corresponding entanglement entropy
from both the field theory and the gravitational perspectives through corresponding replica
techniques and wedge holography respectively [26, 27].

On a separate note, from quantum information theory, the entanglement entropy is
known to be a unique measure for pure states only and is invalid for mixed state entan-
glement. In this context, several valid mixed state entanglement and correlation measures
such as entanglement negativity, reflected entropy, entanglement of purification have been

'In this direction, application of the island formalism involving gravitating baths coupled to semiclassical
gravity has been explored thoroughly in the article [24, 25].



proposed in quantum information theory [28-32] as well as for conformal field theories [32—
37] and in holography [32, 38-52]. In [53], the authors have explored the model [23] and
computed the holographic entanglement negativity for various bipartite mixed state con-
figurations in the bath BCF'T5s where the analogue of Page curves for the entanglement
negativity was reproduced for communicating black holes, revealing some intriguing prop-
erties of the entanglement structure.

Recently an island formulation for the reflected entropy (Sr) a mixed state correlation
measure introduced in [32] was proposed and further explored in the literature [54-57] which
leads to the analogue of the Page curve for black hole evaporation [58, 59]. In the present
article, we compute the reflected entropy for various mixed state configurations in the
bath BC F'T5s for the communicating black hole model described earlier. Subsequently, we
substantiate these field theory results from a bulk computation of the minimal entanglement
wedge cross-section (EWCS) for the wedge region in the eternal BTZ black hole geometry
subtended by the mixed states under consideration. We further obtain the holographic
mutual information (/) for the mixed states in the BC'FT’s and compare the results with
the reflected entropy which corresponds to an important feature that most multipartite
entanglement implies, known as the “Markov gap” and it is defined as the difference Sp—
I [60-64].

This article is organized as follows. In section 2, we review some earlier works relevant
to our article. We begin with the review of a braneworld model described in [23] in
section 2.1 followed by a brief recapitulation of reflected entropy described in section 2.2.
Subsequently we review the construction of the EWCS from section 2.3 and the issue
of the Markov gap described in section 2.4. The next section 3 describes the detailed
computations of the reflected entropy for various mixed state configurations involving two
adjacent and disjoint intervals in the communicating black hole braneworld model using
the field theory replica technique described in [32, 65]. Furthermore the corresponding
EWCS for the intervals in the bulk braneworld geometry are also computed to obtain the
holographic reflected entropy and compared with the field theory results. In section 4
we compare our results for the holographic reflected entropy with that of the holographic
mutual information for different scenarios involving the adjacent and disjoint intervals and
comment on the corresponding Markov gap observed. Finally we summarize our results in
section 5 and discuss some future open issues.

2 Review of earlier results

We begin with a brief review of a model involving two communicating black holes intro-
duced in the article [23]. The authors considered a TFD state which consists of two copies
of BCFT5s, each with two distinct boundaries at a finite temperature. The bulk dual
geometry for this configuration is defined by an eternal AdS3 BTZ black hole truncated
by two Karch-Randall (KR) branes. Subsequently, we review the mixed state correlation
measure termed reflected entropy and the replica technique for its computation in CFTss
described in [32]. Following this we briefly review the entanglement wedge cross section
(EWCS) [42] which describes the bulk holographic dual of the reflected entropy and also
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Figure 1. Diagram depicts a constant time slice of an eternal AdS3 BTZ black hole (the grey
shaded region in the figure) truncated by two Karch-Randall (KR) branes namely a and b branes.
At the asymptotic boundaries of the bulk BTZ black hole, two copies of BC' F'Tss are located which
constitute a TFD state. Each of the BCFTss lives on a manifold with two boundaries where
the boundary points py=r;=1 and ppo =ro =2 contain different boundary conditions b and a
respectively. The dotted line in the figure denoted by H describes the horizon of the bulk eternal
AdS3 BTZ black hole. An interval A= [p1,p2]U[ps,ps] in the two copies of the BC'FTss is also
shown in the diagram. (Figure modified from [23, 67].)

review the Markov gap between the reflected entropy and the mutual information in the
context of the AdSs/CFTy correspondence.

2.1 Braneworld model

The authors of [23] considered a BCFT; at a zero temperature on a manifold containing
two boundaries with distinct boundary conditions imposed on both. The holographic dual
for this configuration involves two Karch-Randall (KR) branes truncating the bulk AdSs
geometry. These KR branes are further coupled to C'FT5 matter fields with constant
Lagrangians describing the brane tensions. From the two dimensional perspective, the
gravitating KR branes are connected to a non-gravitating bath described by the BCFT5.
Transparent boundary conditions [12, 13] are imposed at the junctions of the two branes
with the bath BCFT5. However, the BC'F'T5 along with one of the two KR branes appears
to be a gravitating bath from the perspective of the other brane.

It is now possible to construct a TFD state at a finite temperature described by two
copies of the above BC' F'I5s each with two distinct boundaries. The holographic dual for
this TFD state is described by an eternal BTZ black hole in the bulk AdSs braneworld
geometry as depicted in figure 1. The bulk eternal BTZ black hole induces two-dimensional
black holes on the KR branes which are at different temperatures arising from the distinct
boundary conditions imposed at the two boundaries of the BC'F'Tys [66]. Once again from
the two dimensional perspective, the KR branes are connected to the two copies of the
BC FTss which serves as bath regions for the radiation flux from the induced black holes
on the KR branes.

In the above framework, the authors of [23] considered an interval in the BC'F'Tys at the
conformal boundary and computed the entanglement entropy of the corresponding bipartite



state at zero and finite temperatures through a suitable replica technique. Subsequently
these field theory results were substantiated through a bulk computation involving wedge
holography. The entanglement entropy of the interval at a finite temperature in the bath
BCF1T5s then characterized the communication of information between the two induced
black holes on the KR branes.

2.2 Reflected entropy

In this subsection, we provide a brief review of the reflected entropy which is a mixed
state correlation measure in quantum information theory. For this purpose it is required to
consider a bipartite system AUB in a mixed state defined in a Hilbert space H A ®Hp with
the density matrix p4p. The canonical purification of the mixed state pap is described
by the density matrix \/pap in a Hilbert space HA@HpRH @Hp where A* and B* are
the CPT conjugate copies of the intervals A and B. The reflected entropy between the
intervals A and B may then be defined as the von Neumann entropy between A and A* in
the pure state \/pap as follows [32, 65]

Sr(A: B)=S(AA") /. (2.1)

In two-dimensional C'F'T's, the reflected entropy may be obtained by a replica technique
developed in [32]. In this context, it is required to consider two disjoint intervals A = [z, z2]
and B = [z3,z4] in a CFT,. To obtain the reflected entropy for this configuration we require
to compute the Rényi reflected entropy in terms of the partition function on an mn-sheeted

replica manifold,
1 Zn,m

- .
" 1n O (Zym)"

This may further be expressed in term of a four point correlation function of the twist

Sn(AA")y (2.2)

operators located at the end points of the intervals described above as follows,

1 g (2’1)0 71(22)0 (23)0 71(,24) . o
S(AA%)y, = log< S ST >CnFT® =5 (ALY, (2.3)

1-n <agm(Z1)Ug (22)Ugm(z3)ag7n1(z4)>

Here 04,5 and o4, s are the twist operators inserted at the end points of the intervals in the

—1
m

CFT®m

nm-sheeted and the m-sheeted replica manifolds respectively with conformal dimensions
given by,

nc 1 2c 1 c 1
hg;l = th = ﬁ (m—m) s thggl = ﬁ <n—n> s hgm = ﬂ (m—m) . (24)

Now, following the analytic continuations in the n and m replica indices, the corre-
sponding reflected entropy may be obtained as?

Sr(A:B)=lim lim SU"™(A:B). (2.5)

n—1m—1

2The two replica limits n — 1 and m — 1 do not commute with each other as discussed in [32, 58, 68, 69].
In this work, we compute the reflected entropy by first considering n — 1 and subsequently m — 1 limit as
suggested in [32, 58, 68, 69].



Figure 2. The unshaded region represents the entanglement wedge of the interval AUB. (Adapted
from [74].)

In the next subsection we review the entanglement wedge cross section (EWCS) which
describes the bulk holographic dual of the reflected entropy in the context of the AdS/CFT
correspondence. Note that besides the reflected entropy other entanglement/ correlation
measures such as entanglement of purification (EoP) [70], odd entropy [71] and the entan-
glement negativity [28, 72] in dual C' F'T’s have also been conjectured to be holographically
related to the bulk EWCS in the AdS/CFT scenario.

2.3 Entanglement wedge cross section

The entanglement wedge is described as the bulk dual of the density matrix psap corre-
sponding to a interval AUB in the dual CFT [73]. If y4p is the codimension-two bulk
minimal surface homologous to the interval AUB, then the entanglement wedge is defined
by the bulk region enclosed by AUBU~v4p. Subsequently, the entanglement wedge cross
section (Eyy) is described by the minimum cross sectional area of the entanglement wedge
of the interval AUB, .

Area(Z38)

4G N

Here X3 is the codimension-two minimal surface that divides the corresponding entan-

Ew(A:B)= (2.6)

glement wedges of the intervals A and B as depicted in the figure 2.
Consider the disjoint intervals A and B specified as A =[a1,a2| and B = [b;,bs] such
that a; <ag <b; <bg. The authors of [42] showed that for such disjoint intervals, the

EWCS is given as
c
EW(A:B)Zglog <1+2z+2\/z(z+1)> . (2.7)

Here z is the finite temperature cross ratio defined as

sinh]|

~ sinh]

(a2 —a1)|sinh]
(b1 —ag)] sinh[

(b2—01)]
(b2—a1)]”

(2.8)
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In the context of the AdS/CFT scenario the EWCS was proposed as the holographic
dual of the reflected entropy Sr(A:B) in [32]. The authors further proved this duality
from the gravitational path integral techniques developed in [75] and is described as

Sr(A:B)=2Ew(A:B), (2.9)

where Eyy(A: B) is the EWCS for the bipartite quantum state AUB.
In the following subsection we describe a crucial issue of the holographic Markov

gap [60] between the reflected entropy and the mutual information in the context of the
AdS/CFT correspondence.

2.4 Markov gap

Consider a bipartite mixed state pap in the Hilbert space H4® Hp. As discussed in
secsection 2.2, there exists a canonical purification \/pap in the doubled Hilbert space
HA®Hp®Ha«®Hp~ such that the von Neumann entropy of pa4+ leads to the reflected
entropy Sr(A: B).

Now in the context of quantum information theory, a Markov recovery map may be
thought of as a quantum channel from a one-party interval into a two-party interval, pro-
vided with a three-party quantum state papc. For example, consider the quantum channel
defined by the map Rp_ pc whose action takes the system B into the system BC. We
may produce a tripartite state by the action of this quantum channel R on the bipartite
reduced density matrix pap as

paBc=Rp-pc (paB) - (2.10)

In this connection, the Markov recovery process corresponds to the production of the state
papc by the action of a Markov map (Rp_pc in the above example) on one of its bi-
partite reduced density matrix (p4p in the above example). A perfect Markov recovery
process happens when papc in eq. (2.10) becomes equal to the tripartite state papc. In
this scenario, papc is termed as a quantum Markov chain with the ordering A — B —C
satisfying the eq.,

paBc =Rp-pc (paB) - (2.11)

As discussed in [76], the above statement is true only when the conditional mutual infor-
mation I(A:C|B) vanishes. Furthermore, as demonstrated in [77], there exists an upper
bound to the mutual information given as

I(A:C]B)E—Rmax log F'(paBc,Re—pc (paB)) - (2.12)
B—BC

Here F (papc,Rp—pc (paB)), the quantum Fidelity of the optimal Markov recovery pro-
cess, lies between zero and one. This Fidelity is one for a perfect Markov recovery process
and zero when the density matrices have support on orthogonal subspaces. The inequality



in eq. (2.12) further implies some constraint conditions on the conditional mutual informa-
tion given by,

I(A:B | B*) > —Rmax IOgF(PABB*vtRB%BB* (pAB)) 5 (2.13)
B—BB*

SR(A:B)—I(A:B) > —Rmax logF(PABB*,RB%BB* (PAB)) 5 (2.14)
B—BB*

where papp- =T+ (|\/pAB){\/PAB|) is the reduced density matrix appearing in the canon-
ical purification. The left hand side in eq. (2.13) may be expressed in terms of the reflected
entropy and the mutual information in eq. (2.14) which is interpreted as the Markov Gap
in [60]. In the framework of the AdSs/CFTy scenario, the authors also demonstrated that
the bound described in eq. (2.14) may be expressed geometrically as

(# of boundaries of the EWCS )+0O <Gl> , (2.15)

N

log(2)laas
2G N
where [aqg is the AdS radius. The number of non-trivial endpoints of the EWCS ending
in the bulk AdSs geometry defines the “# of boundaries of the EWCS” in the above ex-
pression. Note that the endpoints at the asymptotic boundary are not to be considered

Sr(A:B)—I(A:B)>

here since they are located at spatial infinity.

3 Reflected entropy and the EWCS in the braneworld model

In this section, we first compute the reflected entropy for bipartite states involving adjacent
and disjoint intervals in BC F'T5ss for the communicating black hole configuration described
in section 2.1. In this context, we obtain the reflected entropy for various finite temperature
mixed state configurations specific to channels for the corresponding twist field correlation
functions in eq. (2.3). Subsequently, we demonstrate that the field theory results are
exactly reproduced from a computation of the entanglement wedge cross section (EWCS)
for the bulk eternal BTZ black hole geometries verifying the holographic duality described
in eq. (2.9). We then evaluate the holographic mutual information for the corresponding
mixed states in the bath BC' F'T5s and describe the behaviour of the Markov gap for these
mixed states through the comparison of the reflected entropy and the mutual information
with respect to different interval sizes and time.

In the following, we first itemize the various contributions to the reflected entropy
for different channels of the twist field correlator and the corresponding bulk dual EWCS
computations for two adjacent intervals in the bath BC'FT5ss.

3.1 Adjacent intervals

We first consider two adjacent intervals A= [p1,p2]U[ps,ps] and B = [pa+€,p3]U[pa, ps+e€]
in the bath BC FTss for the communicating black holes described earlier. In this context,
we compute the contributions from the various dominant channels of the corresponding
twist field correlator for the reflected entropy of the above bipartite mixed state in the
BCFTss depending on the interval sizes. Subsequently we compute the corresponding
EWCSs in the dual bulk eternal BTZ black hole geometry and compare these with the
field theory results.
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Figure 3. Dominant channel for the Sgp. EWCS is denoted by the violet dotted curve. Here
¢® =rr—e is the mirror image of the point p; =r;+¢ with respect to the b-boundary at point
pr=rr. Similarly, ¢§ =ro+e€ is the mirror image of the point ps =rp—e with respect to the a-
boundary at point po =ro.

Configuration (a): we begin with the configuration as depicted in figure 3 and obtain
the reflected entropy for the adjacent intervals A and B in the boundary BCFTss with
the twist operators located at their endpoints. In this case, we encounter a six-point twist
correlator in the corresponding expression for the reflected entropy described in eq. (2.3).
From the symmetry of the figure 3, it is observed that the six-point function may be
expressed in terms of certain three-point twist correlator in the large central charge limit.
Following this the Rényi reflected entropy for this configuration may be obtained as,

L (001 (01)0 1 (22)0, 1 (09)) @,

(00, (1)1 (03)) o @

1 <‘79A (pl)aggl(qll))gngf(p2)>cFT®mn

(o0 (Pl)Ug,;l(Q?)>ZFT®m

S\mm(A:B) =2

(3.1)

The factor two in the above equation arises due to the symmetry of this configuration as
shown in the figure 3. Here we have utilized a factorization of the three-point function into
a two-point and a one-point function in the BC' FT5 for the dominant channel as described
in eq. (A.1) of appendix A. The final expression in eq. (3.1) was obtained by using the
doubling trick which maps the BCF'T; correlators to the entire complex plane. In the
replica limit as described in eq. (2.5), the reflected entropy for the intervals A and B may
then be obtained as

sinh (w) sinh (%)

sinh (%) sinh (ﬂg%)) )

2
Sr(A:B) = §C1og 4 (3.2)

where the factor four arises from the OPE coefficient of the three-point function in eq. (3.1).



The EWCS for this configuration is described by a co-dimension two surface which
starts from the common point of the two adjacent intervals A and B and lands on the RT
surface for the interval [pr,p1] =|[rr,71+¢€] as shown in figure 3. We follow the procedure
discussed in section 2.3 to compute the corresponding EWCS from eq. (2.7) which in the
adjacent limit, for the above intervals reduces to,

Ew(A:B)= glog (42). (3.3)

Here z is the cross-ratio at a finite temperature 8 may be given by,

sinh (2221 ) sinh <”("5’ ;”)) sinh (M09 sin, (=29

sinh (W) sinh (“(qﬁﬁm)) - sinh (%) sinh (%)

(3.4)

Configuration (b): this configuration describes another possible contribution to the
reflected entropy Sgr(A: B) from a dominant channel of the corresponding twist field cor-
relators. As earlier, from the symmetry of the configuration described in figure 4, the
six-point correlation function in the BC'F'T3s reduces to three-point function in the large
central charge limit. The expression for the Rényi reflected entropy may then be given by

smm (4. gy—o—1 | <UgA<p1)093921(pQ)Ugél(p3)>BCFT®mn
ko (A:B)=27——log -
<agm (Pr)o <p3)>BCFT®m
! b
= 22108 (0,51 (P2)0 1 (48)) L @ e (3.5)

The factor two in the above expression corresponds to the symmetry of the figure 4 and we
have utilized a factorization of the three-point function in BC' F'I5s at large central charge
limit to obtain a two-point and a one-point function as shown in eq. (A.2) of appendix A.
Finally using the doubling trick, we obtain the expression for the ng,m) (A:B)in eq. (3.5).
The key point to be noted here is that we utilize the doubling trick for the one-point
function <Jng21(p2)> with respect to the b-boundary. We may then consider the replica
limit (n,m — 1) of eq. (3.5) to obtain the reflected entropy for the adjacent intervals A and

B as follows

2c r2—r?
SR(A : B) = glog ( e I) +4deyb- (3.6)

The EWCS in this configuration corresponds to a co-dimension two surface which
starts from the common point of the two adjacent intervals and intersects the b-brane as
depicted in figure 4. The expression for the EWCS may now be obtained using the area of
the RT surface described in [23] as follows,

C 7"2*7"%
Ew(A : B) = g log e —I-Qdeyb. (3.7)

~10 -
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Figure 4. Dominant channel for the Sg. EWCS is denoted by the violet dotted curve. Here
¢® =rr—e is the mirror image of the point p; =r;+¢ with respect to the b-boundary at p;r =r;.
Similarly, g§ =ro-+e€ is the mirror image of the point p3 =ro—e with respect to the a-boundary at
po =r0. Also, g5 =2r;—7 is the mirror image of the point py =r with respect to the b-boundary.

Configuration (c): we now discuss another configuration where a non-trivial contribu-
tion to the reflected entropy Sgr(A:B) arises from a different dominant channel of the
corresponding twist field correlator. The Rényi reflected entropy in this configuration in-
volves a six-point function with the twist operators located at the end points of the intervals
in both the BCFT5 copies. However, in the large central charge limit, this six-point func-
tion factorizes to four one-point and one two-point function in the BC'FTss as shown in
eq. (B.3) of appendix A. Finally, we utilize the doubling trick as earlier to map the BC'F'T;
correlators to the entire complex plane. The Rényi reflected entropy for this configuration

may then be expressed as follows

S0 (A2 By = —1og (200 21021 221745 (03)000 (P27 50 751740 09)) g @
Lon (00 (1)1 (09),, (D)7 (P6)) . @
1
= 1108 ({0,001 ()01 (95)) L @) - (3.8)

Implementing the replica limit in eq. (3.8), the corresponding reflected entropy for the
intervals A and B may be computed as

2c 2r 2mt
SR(A.B)Zglog (eCOShB> . (3.9)

For this configuration, the EWCS corresponds to the co-dimension two surface known
as the Hartman-Maldacena (HM) surface which connects the common points of the two
adjacent intervals in the asymptotic boundaries as depicted in figure 5. Once again the
EWCS may be obtained from the area of the HM surface described in [23] as

2 2mt
Ew(A:B)= glog (: cosh g) . (3.10)

- 11 -



Figure 5. Possible channel for Sr. The violet dotted line defines the EWCS. Here ¢¢ =r;—e and

qlg) =ry—e are the mirror images of the points p; =r;+¢ and pg = r;+€ respectively with respect to

the b-boundary. Similarly, ¢ =ro+e€ and ¢f =ro-+e€ are the mirror images of the points ps =rp—e
and py =ro—e respectively with respect to the a-boundary. The point ps; and ps are equal to 7.

Configuration (d): this case is a mirror image of the scenario described in configuration
(b) where the one-point function <0'ng21(]72)> in the BCFT, was written as a two-point
function utilizing the doubling trick with respect to the b-boundary. In this case however,
the doubling trick for the same one-point correlation function is performed with respect to
the a-boundary of the BCFT5 as depicted in figure 6. The corresponding factorization of
the twist field correlator in the Rényi reflected entropy is shown in eq. (A.4) of appendix A.
The reflected entropy in this scenario may then be obtained in a similar fashion as in
configuration (b),

9 2 .2
Sr(A:B) = —log (’“O 4 ) +4Spaya. (3.11)
3 TO€

The corresponding EWCS for this configuration is a co-dimension two surface which
starts from the common point of the two adjacent intervals in the BC'FT5 and lands on
the a brane (figure 6). The computation for the EWCS follows from the results of [23] as
follows,

C 7’20—7’2
Ew(A : B) = g log o€ +25bdya- (312)

Configuration (e): we proceed to another case which is a mirror image of the scenario
discussed in configuration (a). However, in this configuration, the twist field correlators in
the reflected entropy expression factorizes differently in the large central charge limit as
shown in eq. (A.5) of appendix A. This particular factorization arises due to the locations
of the twist field operators at the endpoints of the intervals in the BC F'T5s, depicted in
figure 7. We can obtain the expression for the reflected entropy in this scenario following
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Figure 6. Here the points and their corresponding mirror images are same as in the previous
figure. Additionally, ¢5 =2ro—r and gf =2rp—r are the mirror images of the points ps =r and
ps =1 with respect to the a-boundary at po =70.

¢ mp1 A P2 B P3nds
.-o ...........

A

A Ps B Pa i

Figure 7. Possible channel for Si. The violet dotted curve denotes the EWCS. All the points in
the boundary theory are identified similarly as in figure 3.

a similar analysis demonstrated in configuration (a) as follows

2 sinh (T0=r0=9) ginp (Zro=r=209
Sl A= gc g {4 (Sinhﬁ(g) Zinh (S(ﬁ%)g )

(3.13)

We now discuss the bulk computation of the reflected entropy for this configuration
where the violet dotted curve in figure 7 describes the corresponding EWCS in the dual
eternal BTZ black hole geometry. In this case, the corresponding EWCS starts from the
common point of the two adjacent intervals and lands on the RT surface of the interval
[p3,po] =[ro—¢,ro]. Following the procedure as in configuration (a), the expression for
the EWCS may then be obtained by considering the adjacent limit in eq. (2.7) as,

Ew(A:B)= glog (42). (3.14)
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Figure 8. Possible channel for the S when the interval sizes are small compared to the full bath
BCFTss. The points in the diagram are specified as p; =r;+¢€, po =11 and p3 =ry. Similarly in
its TFD copy, the points are identified as pg =r;4€, ps =11 and py =13

Here z is the finite temperature cross ratio given by,

L sinh (%) sinh (%) _ sinh (%) sinh (w> .
sinh (W) sinh (%) sinh (%) sinh (%) . .

Configuration (f): the reflected entropy computation for this configuration is trivial
since it reduces to the usual computation of Sk for two adjacent intervals in a CFT5. The
Rényi reflected entropy then may be expressed as,

S(n’m) A-B) =9 1 1 <09A(pl)anggl(p2)Ug§1(p3)>BCFT®m”
(00,0041 (1)) . @
I (004 (1)1 (22)0, 1 (19)) . @ oo 516)
1—n ’ '

<agm (p1)o,- (p3)>ZJFT®m

with the symmetry factor two originating from the two copies of the BCFT5s in a TFD
state as depicted in figure 8. The reflected entropy for this configuration may then be
obtained considering the replica limit as follows

A- _ 2 o ( Sinh(%(ﬁ—m—e)) sinh (g(rz—ﬁ—e))), |
Sr(A:B)="log | 4 sinh (5 (€)) sinh (5 (ra—r—e)) (3.17)

3
where the factor four arises from the OPE coefficient of the three-point function in eq. (3.16).

In the dual bulk geometry, the interval AUB supports dome-type RT surface as de-
picted in figure 8 and the EWCS for this configuration may be obtained from eq. (2.7)

which can be expressed in the adjacent limit as

Ew(A:B)= glog (42), (3.18)
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Figure 9. Here ¢® =r;—¢ and ¢} =7 —e€ are the mirror images of the points p; =r;+¢ and pg =
rr+e€ respectively with respect to the b-boundary. Also the other points in the two BCFThs are
identified as po =71, p3 =71, ps=7 and py=r1.

with z being the finite temperature cross ratio given by,

Sinh( (p2 —pl)) sinh (%(pg —pg—e)) B sinh (%(rl —7"[—6)) sinh (%(TQ—T1—€)>

:
sinh (%(pg—l—e—pg)) sinh (%(pg —pl)) sinh (%(e)) sinh (%(7’2 —7“[—6))

=

(3.19)

Configuration (g): we proceed to another possible contribution to the reflected entropy
which is analogous to the one obtained in configuration (a). However in this case, the fac-
torization of the multipoint correlator in the reflected entropy expression is quite different
due to a different dominant channel as shown in eq. (A.6) of appendix A. Particularly,
the six-point function of the twist operators, located at endpoints of the intervals in the
two copies of BC'FT5s, factorizes into three lower-point functions. Nevertheless, the final
result of the reflected entropy turns out to be the same as that obtained in configuration
(a) which is given as

1-n (09 (91)01 (92)04,, (P2) 0 (D6)) - @
g (p]_)O' _l(qllj)o- _l(pz) mn
=2 ! log< o (P00 )7 72)) 10 . (3.20)
—n

(09 (P1)0 41 (Q?)>ZFT®m

Finally considering the replica limit of the above equation the reflected entropy Sgr(A: B)
is given by the expression described in eq. (3.2).

As depicted in figure 9 the EWCS for the entanglement wedge of AUB is identical
to that described in the configuration (a). Consequently, the computation for the same
follows a similar procedure and the EWCS for this may be obtained from eq. (3.3) as,

Ew(A:B)= glog (42), (3.21)
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Figure 10. Here ¢5=2r;—7; and ¢¢=2r;—r; are the mirror images of the points ps =r and
ps =1 respectively in the two BCF'T; copies with respect to the b-boundary. The other points are
identified similarly as in figure 9.

where z is the cross ratio at a finite temperature 8 given by the eq. (3.4).

Configuration (h): this configuration involves an analogous computation for the re-
flected entropy as in configuration (b) with a slightly different factorization of the correlator
in the expression of the corresponding S}(;’m) (A: B). We refer to the eq. (A.7) of appendix A
for the corresponding factorization employed here. However, the final expression for the
Rényi reflected entropy is identical to that of configuration (b) and is described as

1-n (09 (91)01 (92)04,, (P2) 0 (D6)) . @
1 b
=2 log <angzl (P2)7y 40 (q2)>CFT®m" . (3.22)

The reflected entropy may now be obtained from the replica limit of the above equation
which is identical to that in eq. (3.6).

Similar to the reflected entropy, the EWCS for this case is identical to the one discussed
in configuration (b) as seen from the figures 4 and 10. Consequently the expression for the
EWCS for this configuration may be given by the eq. (3.7).

Configuration (i): we now refer to a scenario discussed earlier in configuration (c) for
the corresponding reflected entropy in this case. The present configuration involves a six-
point correlation function in the reflected entropy expression which in the large central
charge limit factorizes to the same two-point function as in eq. (3.8). This factorization
of the six-point twist correlator is shown in eq. (A.8) of appendix A. The Rényi reflected
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Figure 11. The points in the two copies of BCFT,s in a TFD state are identified as ¢® =77 —¢

and qg =r;—e which are the mirror images of the points p; =r;+¢€ and pg =r;+¢€ respectively with
respect to the b-boundary. The other points are identified similarly as in figure 9.

entropy for the two adjacent intervals in this case may then be written as

L e (004 1)y 1 (12)0, 1 (P)00 (1) o (D)0 1 (D)) @0

S4By =

n

<agm (P1)0y-1(P3)og,, (P4)o -1 (P6)>BCFT®m
B lin log <<"ng;1 (P2)og 451 (P5)>CFT®WL) : (3.23)

Consequently, the reflected entropy Sr(A: B) may be given by the eq. (3.9) after consid-

1-n

ering the replica limit of eq. (3.23).

We may note from the figures 5 and 11, that the EWCS for the entanglement wedge
of AUB in this scenario is identical to that discussed in configuration (c) where the EWCS
was described by a HM surface. Hence the expression for the EWCS for this configuration
can be given by the eq. (3.10).

Configuration (j): we proceed with a non-trivial contribution to the reflected entropy
which arises from a four-point twist correlator after employing a factorization procedure in
the large central charge limit as shown in eq. (A.9) of appendix A. The corresponding Rényi
reflected entropy for the bipartite mixed state under consideration may be expressed as,

S0 (4 5y = o 4700 P0003 P2)750 (231000 (02)7 50 ()0 (00) @ o
1-n <gm P (93)05, (P17, (06)) - @
L1 o (205 00 P05 09) o @, (3.24)
1-n <

-1(p3)og,, p4)>CFT®m

For the four-point twist correlator in the numerator of the last line, we now use the doubling
trick inversely such that it can be written as a two-point correlator in a BCFT,. In an
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Figure 12. The points in the two copies of BCFT5s in a TFD state are identified as py =1y,

D5 =171, p3=rg and py =r13.

OPE channel, this BCFT5 correlator is further equivalent to a three-point function on a
flat CFTy [78, 79]. Consequently, the above expression may be re-written as

1 o, —~1(p2)o,-1(p3) o
ng,m) (A:B)= 1 log < B9 I5 >,]L3CFT® (inverse doubling trick)
—n <0'g,;7(1 (pg)agm(p4)>CFT®m
1 o, ~1(p2)o,-1(p3)og,(q3) -
=1 a log < B9 I5 - o >CFT® (OPE channel). (3.25)

<ag;l1 (P3)0 g, (P4) >CFT®m

We compute this OPE channel result following the methods discussed in [78, 79] which
after considering the replica limit reduces to

2c (r1—72) sech (%) \/7"%-1—27“17’2 cosh (%)4_73
Sr(A:B)=—-log
3 r€

(3.26)

As depicted in figure 12, the EWCS for this configuration is described by a co-dimension
two surface which starts from the common point of the two adjacent intervals and lands
on the HM surface. We may now follow the procedure discussed in [78] to compute this
EWCS from a purely geometric perspective with a proper coordinate transformation given
in eq. (7.34) of [78] where we have considered e* =7 in our work. The corresponding
EWCS may then be expressed as

c (ro—m1) sech (%) \/r%—l—errgcosh (%) +r2
Ew(A:B)=Slog

3.27
3 ro€ ( )

Configuration (k): we now consider another possible contribution to the reflected en-
tropy for the adjacent intervals A and B which produces an expression for Sg(A: B) similar
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Figure 13. The points in the two BCFT; copies are identified as p1 =77+¢€, pg=r7+€ pa =11,
Ps =71, p3=To—¢€ and py =10 —€.

to the one obtained in the previous configuration. Note that after implementing the fac-
torization to the six-point twist correlator in large central charge limit, the corresponding

Rényi reflected entropy may be written as,
1 log <0-9A(p1)0-ng21(p2)0—g (pS)UgB (p4)0—gAg§1(p5>O—g;1 <p6)>BCFT®mn

-1
B

1=n <agm (P1)oy=1(P3)og,, (Pa)o -1 (p6)>BCFT®m

1 <Unggl(p2)UgA (pl)aggl(pG)U!]AgEl(p5)>CFT®m" (3.28)

=1 <0'gm (pl)o-gfnl (p6)>CFT®m

The factorization procedure employed in the above expression is shown in eq. (A.10) of
appendix A. Similar to the previous configuration, we now utilize the same techniques in
this scenario to obtain the reflected entropy Sg(A: B). Using the doubling trick inversely,
the above expression may be re-expressed as

(01 (P2) 04 (P1))

n,m 1 mn
S5m(A:B) = 1og BorI®en, (3.29)

1— <Ugm(P1)Ug:n1 (p6)>CFT®m

However, in an OPE channel, this BCFT5 two-point function is further equal to a three-

point function on a flat CFT5 as follows

S (A B) = ——log (o (2170, 01) 5 (:11>>CFT®W - (330)
1—-n <Ugm(p1)gg%1(p6)>cpT®m

Finally considering the replica limit of the above expression, the reflected entropy for the
adjacent intervals A and B is given by the eq. (3.26) with the point ry replaced by rr—e
where € is the UV cut off.

Analogous to the reflected entropy, the EWCS for this configuration as depicted in
figure 13 is similar to the previous case. Consequently, the expression for the EWCS in
this case is given by the eq. (3.27) with the point r3 replaced by r;—e.
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Figure 14. The points in the two BC'F'T5 copies are identified as po =1 and ps =1 and the other
points are identified similarly as in the figure 13.

Configuration (1): in this case, the contribution to the reflected entropy is given by the
one obtained in configuration (c) since, the Rényi reflected entropy reduces to an identical
expression after implementing a factorization of the six-point correlation function in the
large central charge limit as follows

1 log <UgA (pl)Unggl(pQ)O-ggl(pS)O’gB (p4)0.gAg};1(p5)O'gzl (p6)>BCFT®mn

S (A B) =

n

<‘79m (p1)oy,1(ps)og,, (Pa)oy 2 (p6)>BCFT®m

B 1in 108 (751 (2)g g1 (5)) @ nn ) (3.31)

The corresponding factorization of the six-point twist correlator utilized in the above ex-

1—-n

pression is shown in eq. (A.11) of appendix A. Consequently, the reflected entropy Sr(A: B)
for this configuration is given by the eq. (3.9).

Figure 14 depicts the corresponding EWCS for the entanglement wedge of the inter-
val AUB identical to that described in figure 5 of configuration (c). Consequently, the
expression for the EWCS in this scenario is given by the eq. (3.10).

Configuration (m): we refer to configuration (j) for the computation of reflected entropy
in this scenario since the six-point twist correlator in the corresponding Rényi reflected
entropy expression factorizes in the large central charge limit and produce an identical
expression for the same. This factorization procedure is given in eq. (A.12) of appendix A.
The Rényi reflected entropy may then be expressed as,

50 (4 gy = 1Og<agA<m> gy (P2)0 1 (P3)00 (P1)o s (95)0, 3 (86)) L @
1=n <Ugm (P1)og-1(p3)og,, (Pa)o, 1(P6)>BCFT®m
_ ! 10g<Ung {02)75 )0 ()0 gngl(p5)>CFT®m". (3.32)
o < 7 (P3)7gn, p4)>CFT®m
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Figure 15. The points in the two BC'FT5, copies are identified similarly as in the figure 12.

As earlier, we first perform the inverse doubling trick as discussed in configuration (j) which
transforms the above expression into

m 1 0ot (P2)0—1(p3) mn
SS (A B) = 1_nlog< 0~ Im >)§CFT® . (3.33)
(04 (13)09, (1) ) oo @

In an OPE channel, the BC'FT5 two-point function in the above expression is further equal
to a three-point function on a flat CF'Ts as discussed in [78, 79]. Hence, we obtain

S (4 B) = ——log (om0 75) s “ Ve (3.34)
1—-n <O'g;l(p3)o-gm(p4)>CFT®m

The reflected entropy may then be obtained after considering the replica limit which pro-
duces an identical expression given in eq. (3.26).

The EWCS for this configuration is shown by the dotted violet curve in figure 15 which
indicates an identical structure observed in figure 12 of configuration (j). Therefore the
corresponding expression for the EWCS in this scenario is given by the eq. (3.27).

Configuration (n): this case is a mirror image of the scenario discussed in configuration
(j)- Consequently, we refer to the configuration (j) for the corresponding reflected entropy
computation. The six-point twist correlator involved in the Rényi reflected entropy factor-
izes in the large central charge limit as shown in eq. (A.13) of appendix A and produces an
expression analogous to the one obtained in eq. (3.26) with the point r5 replaced by r7—e
where € is the UV cut off.

Similarly to the reflected entropy, the EWCS for this configuration (figure 16) is identi-
cal to the one described in figure 12. Therefore the corresponding expression for the EWCS
in this case is given by the eq. (3.27) with the point r5 replaced by rr—e.

Configuration (o0): this configuration corresponds to a dominant channel of the six-

point twist correlator in the Rényi reflected entropy Sg’m)(A:B) which reduces to an
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Figure 17. The points in the two BC'FT5 copies are identified similarly as in figure 7.

expression identical to the one obtained in configuration (e). The Rényi reflected entropy
for this case may be given as

1 (00a 10y (92)0, 1 (93)00 (1) 1 (05), 1 (P6)) - @

log

—1
B

n

Sm (A B) =
5 <‘79m (p1)oy1(p3)ag, (), (p6)>BCFT®m

1—-n

1 (O ()01 (03)005 () @

n | (3.35)
1-n <O'g;ll (p3)agm(qg)>cqu®m

In the above expression we have employed a factorization of the six-point twist correlator
in the large central charge limit as shown in eq. (A.14) of appendix A. From the replica
limit of eq. (3.35), the reflected entropy for this case may then be expressed as in eq. (3.13).

The violet dotted curve as shown in figure 17 corresponds to the EWCS for this present
scenario which is identical to the one observed in figure 7 of configuration (e). Consequently,
the EWCS for this configuration is given by the eq. (3.14) with the cross-ratio in eq. (3.15).
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Figure 18. The points in the two BCF'T5, copies are identified similarly as in figure 6.

Configuration (p): in this scenario, the reflected entropy for the adjacent intervals A
and B corresponds to an expressions for Sg(A: B) which is identical to the one obtained in
configuration (d). The six-point correlation function in the corresponding Rényi reflected
entropy expression factorizes in the large central charge limit as shown in eq. (A.15) of
appendix A and produces

Lon (00 (1)1 (P)0g, (P1)T 1 (D))
1 a
=21, log <<Ugsg;1(pz)ggAgél(qz)>cFT®m") ' (3:36)

Consequently the reflected entropy Sg(A: B), from a replica limit of eq. (3.36), may be
given by the eq. (3.11).

The corresponding EWCS computation for this scenario follows an identical procedure
as discussed in configuration (e). The expression for the same for this configuration may
then be given by the eq. (3.12).

Configuration (q): finally, the last contribution to the reflected entropy for the adjacent
intervals A and B is similar to the Sg(A : B) expression computed in configuration (¢). Once
again, we refer to eq. (A.16) of appendix A where the factorization of the six-point twist
correlator in the Rényi reflected entropy expression is shown in the large central charge
limit. We then obtain a simplified expression for the Rényi reflected entropy as

S0 (4. B) = 1og (904 (11), 1 (92)0,1 (93) 05 (P2) 1 (95) 01 (06) ) @ e
L=n (09 (91)01 (93)04,, (P2) 0 (D6)) . @
1
=1n log (<angzl (pQ)UgAggl (p5)>CFT®m"> . (3.37)

Now implementing the replica limit to the above equation, the corresponding reflected
entropy for the intervals A and B may be computed as in eq. (3.9).
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Figure 19. The points in the two BCF'T; copies are identified similarly as in figure 5.

Similar to the reflected entropy, the EWCS for this case is identical to configuration (c)
and consequently the corresponding expression for the EWCS may be given by eq. (3.12).

3.2 Disjoint intervals

We now proceed to compute the reflected entropy for two disjoint intervals A= [p1,p2|U
[ps,p7] and B = [ps,ps]U[pe,ps] in the bath BC' FTss. Following this, we obtain the corre-
sponding EWCSs for the dual bulk eternal BTZ black hole geometry to demonstrate the
holographic duality between the reflected entropy and the EWCS as described in eq. (2.9).
Once again the different contributions to the reflected entropy and the EWCS outlined
below, occur due to the various configurations involving the sizes of the intervals similar
to the case of adjacent intervals.

Configuration (a): we begin with the first configuration where the Rényi reflected en-
tropy involves four-point twist correlators in a BC F'T,. In a dominant channel, this BCFT5
four-point twist correlator factorizes into three-point and one-point functions in the large
central charge limit which upon utilizing the doubling trick results in C'F'T5 four-point and
two-point functions respectively . This intermediate factorization procedure is described
in eq. (B.1) of appendix B. The corresponding Rényi reflected entropy is given as

Ly (004 (P1)0 1 (02005 (P3)0 1 (1)) @
1-n <

S (A B) =
! O (1)1 (92)0,, (13) 0,2 (00)) @

b
1 9 71(Q1)0 (pl) e pz o ps mn
) log< g4 2 5)) 1 ® (3.38)

Lon <097n1 (@))0g. (P1)o - (p2)agm(p3)>CFT®m

where the factor two arises due to the symmetry of the configuration as depicted in figure 20.

Implementing the replica limit and following the procedure discussed in [65], the reflected
entropy for the disjoint intervals A and B in this case may be obtained as

Sr(A:B)= %log <1+\/§> ,

i (3.39)
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Figure 20. The endpoints of the intervals A and B in the two BCFTy copies are identified as
p1=pg =Tr+€ Po =Dy =72, p3 =ps =3 and py = p5 =ro —e. The other points ¢¥ =r;—e, qg =rr—e
are the image points of p; and pg respectively with respect to the b-boundary at p;=r; and
g% =ro+e, ¢¢ =ro+e are the image points of py and ps respectively with respect to the a-boundary
at PO =TO-

with & being the cross-ratio at a finite temperature given by
_ab

sinh (7#(101/8*1)2)) sinh <7r(p3ﬂ ql))
—\

sinh (7ﬂ(p1[;p3)) sinh (W(mﬂ ql))

The corresponding EWCS for this configuration is described by a codimension two

(3.40)

surface as depicted by the violet dotted curve in figure 20. We follow the procedure de-
scribed in section 2.3 to obtain the EWCS in this scenario which is given by twice of the
contribution in eq. (2.7) with the finite temperature cross-ratio in eq. (2.8). However, in
this configuration we have identified the points as aj = p1, az = p2, by =p3 and by = ¢ with
¢} being the image point of p; with respect to the b-boundary in the BCFT,. Although,
egs. (2.7) and (3.39) appears to be different with the corresponding cross-ratios being dis-
tinct, we can always transform one expression to another with identical cross-ratios utilizing

a transformation z — T
+z

Configuration (b): the second configuration corresponds to a different channel for the
four-point twist correlator which results in another contribution to the reflected entropy
for the disjoint intervals A and B in the BCFTss. The Rényi reflected entropy for this
case may be written as

S(n m)(A B)= 10g <09A e (P2)ags (p3)o >BCFT®mn
<a o p2)09m(p3) ( 4)>BCFT®m
log <agA g7 (P2)0gs (p3)o (g3 >CFT®m" (3.41)
<0'9 gt p2)‘79m(p3)0 l(q )>CFT®m
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Figure 21. The endpoints of the intervals A and B and the image points in the two BC F'Ty copies
are identified similarly as in figure 20. The other points ql3’ =2r;—rs3, g5 =2r;—ry are the image
points of po and p3 respectively with respect to the b-boundary. Also ¢} =2r;—r3, ¢4 =2r;—ry are
the image points of pg and p7 respectively with respect to the b-boundary.

where once again the factor two arises from the symmetry of the configuration as depicted
in figure 21. The BC'FT5 four-point function in the Rényi reflected entropy factorizes into
two one-point and a two-point functions in the large central charge limit which as earlier
upon utilizing the doubling trick may be expressed in terms of appropriate CFT5 twist
correlators. These intermediate procedures are described in eq. (B.2) of appendix B. Note
from figure 21 that qg and ¢§ are the image points for py and p3 respectively with respect
to the b and a-boundaries in the BCFT5.

A similar configuration for the reflected entropy of two disjoint intervals in a BCFTh
was demonstrated in [80] the final expression for the reflected entropy was computed as

1+V/1-%
NG

where the Z is the finite temperature cross-ratio given by
- 7T(zoz—ps)) N )
sinh ( 3 sinh ( 3

sinh (F(qgﬂ_m)) sinh (F(mﬁ_qg))

2
Sp(A:B)= gc log ( ) +4Shqy . (3.42)

T =

(3.43)

1

47 can be further re-expressed as

The above expression in eq. (3.42) upon utilization & —

SR(A:B):glog (1+2z+2./z(z+1)> +4Spay (3.44)

where z is the finite temperature cross ratio defined as in eq. (2.8) with a1, a2, b1, bo
replaced by the points qg, D2, D3, qg respectively.

The EWCS for this configuration corresponds to the violet dotted curve shown in
figure 21 which starts from the tip of the dome-type RT surfaces admitted by the interval
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C and lands on the b-brane in the dual bulk AdS3 geometry. The computation for the
EWCS in this scenario involves half of the contribution given in eq. (2.7) for two disjoint
intervals [¢5, pa] and [p3,¢4] with an additive Spdy term. Finally, considering the two copies
of the BC'FT5s in a TFD state we obtain the final expression for the EWCS as

EW(A:B):%log (1+22+2«/z(z+1))+25’bdy, (3.45)

where z being the finite temperature cross-ratio given in eq. (2.8) with ay, ag, b1, by replaced
by the points ¢3, p2, p3 and qg respectively.

Configuration (c): we now consider the configuration where the correlation function in
the reflected entropy expression involves eight twist operators located at the end points
of the intervals in the two copies of the BC'FT3s. However, after utilizing a factorization
procedure (as shown in eq. (B.3) of appendix B), this eight-point function reduces to a
four-point function in the BC'F'T» which in an appropriate (bulk) OPE channel reduces to
a four-point function in a C'FT5.

S (A B)

o (004 (P1)0 1 (02)45 (13)0 1 (P2) s (95)0y 1 (D) (0T, 1 (98)) - @y

1—-n

—1
B

(P4)ag,, (p5)a,,

-1
B

n

Oy (1)0 -1 (p2)7g,, (P30, (P6)g,, (7)1 (Ps))

< ' m BerT®™
o (041 (P2)09 (P2)r, 1 (060 (7)) @y
1-n

(3.46)

(041 (02)00,, (08)0 41 (P6) 0, (7)) @

—1
m

Following the discussions in [65] upon implementing the replica limit of the above eq. (3.46),
we obtain the reflected entropy for the two disjoint intervals A and B, which is equivalent
to the reflected entropy for the intervals [p7,p2] and [ps, ps], as

Sn(A:B)="<log (ig) , (3.47)

where T = ﬁ is the cross-ratio at a finite temperature 8. In the proximity limit, the re-

flected entropy for the two disjoint intervals may be expressed following the similar analysis
demonstrated in [78] as

& 4
SR(A:B)zglog(l_j>

¢ (ra+rz)cosh (%)

=2-1o
3 & (’FQ—Tg)

The EWCS for this configuration stretches between the tip of the dome-type RT sur-
faces for the interval C' in the two BC F'T5 copies as depicted in figure 22. We compute the
length of the EWCS in the dual bulk AdS3 geometry in the Poincaré coordinates since the
dual bulk BTZ black hole space time can always be mapped to a Poincaré patch with an

(3.48)

appropriate coordinate transformation described in [23]. Consequently, the length of one
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Figure 22. The endpoints of the intervals A and B and the image points in the two BC' FTy copies
are identified similarly as in figure 20.

violet dotted curve in the Poincaré patch of the dual bulk BTZ black hole geometry may
be obtained as

(3.49)

d=L cosh™! Skl ot i ,
2z 2!

where L is the length scale of the dual AdSs geometry and (7,x,z), (7/,2',2') are the
Poincaré coordinates of some arbitrary points u and v’ as shown in figure 22. We then
extremize eq. (3.49) with respect to the points u and ' and divide it by 4G . Finally using
the Brown-Henneaux formula ¢ = % and considering a proper coordinate transformation
given in eq. (7.34) of [78] where we have considered eX =r in our work, we obtain the
corresponding expression for the EWCS as

¢ (ro+rsg)cosh (%)

Ew(A:B)=-1
W( ) 3 0g (7’2—7’3>

Configuration (d): this scenario is a mirror image of configuration (b) which involves

(3.50)

four-point functions in the corresponding reflected entropy for the disjoint intervals A
and B. In the large central charge limit each four-point function factorizes into two one-
point and one single-point function as shown in eq. (B.4) of appendix B. However, in this
configuration the doubling tricks for the points py and p3 are performed with respect to
the a-boundary in the BCFT5 as depicted in figure 23.

We now follow the procedure described in configuration (b) to obtain the reflected
entropy for the two disjoint intervals A and B which may be expressed as in eq. (3.44).
Here the finite temperature cross-ratio z is given by the eq. (2.8) with aq, az, by, by replaced
by the points ps, g5, ¢5 and pa respectively.

The corresponding EWCS for this configuration as shown in figure 21 starts from the
tip of the dome-type RT surface supported by the interval C' and intersects b-brane in the
dual bulk BTZ black hole geometry. Once again, the expression for the EWCS in this
configuration may be obtained as in eq. (3.45) where z is the finite temperature cross-ratio
given by the eq. (2.8) with a1, ag, b1, ba replaced by the points ps, ¢4, ¢§ and pa respectively.
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Figure 23. The endpoints of the intervals A and B and the image points in the two BC FTy copies
are identified similarly as in figure 20. The other points ¢§ =2rp—r2, ¢§ =2ro—rs3 are the image
points of ps and ps respectively with respect to the a-boundary. Also ¢§ =2r;—rs, ¢% =2r;—ry are
the image points of pg and p7 respectively with respect to the a-boundary.

Configuration (e): this case is a mirror image to the one described in configuration (a)
which involves a four-point twist correlator in the expression for the reflected entropy with
a symmetry factor two. However, after a factorization of the four-point function in the
dominant channel, we obtain a three-point twist correlator involving the points pa, p3, pa
and a one-point function with a twist operator at p; in the BCFT;. This factorization
procedure is shown in eq. (B.5) of appendix B. Finally upon utilization of the doubling
trick this results in a four-point function in a C'FT5.

Similar to the configuration (a), we follow the procedure discussed in [32] to obtain the
reflected entropy which is given by the eq. (3.39) with the finite temperature cross-ratio z
expressed as

sinh (%) sinh (%)

sinh <7T(P4T—qz)) <inh (%) : (3.51)

Z =

The EWCS for this configuration is described by the violet dotted curve in figure 24
which is analogous to the one observed in figure 24 of configuration (a). Consequently the
EWCS for this case may be expressed by the eq. (2.7) with the finite temperature cross-
ration in eq. (2.8). However the points in eq. (2.8) are identified as a1 = ps, aa =pa, by =pj
and by =py4 with ¢f being the image point of p; with respect to the a-boundary in the
BCFT,. As earlier, egs. (2.7) and (3.39) appear to be different with distinct cross-ratios,

however one can always transform one expression to another with identical cross-ratios

z
1+z"

utilizing a transformation & —

Configuration (f): next we consider the configuration depicted in figure 25 and compute
the reflected entropy for the disjoint intervals A and B. As seen from the figure, theory
of BCFT5 does not play any significant role for the reflected entropy computation in
this scenario since the BC'F'T5 four-point twist correlators in the Rényi reflected entropy
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Figure 24. The endpoints of the intervals A and B and the image points in the two BC F'Ts copies
are identified similarly as in figure 20.

expression reduce to C'F'T5 four-point correlators in the an appropriate (bulk) OPE channel.
Consequently this configuration corresponds to a trivial one where the reflected entropy
for the two disjoint intervals may be obtained following the usual procedure in a C'FT5 as
discussed in [32]. The Rényi reflected entropy for this configuration may be obtained as

1 log <09A (pl)ggzl(pﬂags (ps)o _1(p4)>BCFT®m"

S4By =2
R <agm(p1) gt (P2)0g,, (P3)o 1 (p )>BCFT®m

1 10g<UgA<p1) *1(172)‘793 p3)o >CFT®’"”
-n <

=25 (3.52)

T4 (P1)0 a(pz)ogm(pg) 2)) @

As earlier, the factor two in the above expression arises from the symmetry of the config-
uration as seen from figure 25. Now implementing the replica limit for the eq. (3.52), we
obtain the reflected entropy for this configuration as

Sr(A:B)= %log (ig) . (3.53)

Here 7 is the cross ratio at a finite temperature which is given by
: T(P1—p2) \ o 7(p3—pa)
sinh ( 7 ) sinh ( 7 )
: m(P1—p3) \ o m(p2—pa) \ "
sinh ( 3 ) sinh ( 3 )

T =

(3.54)

The corresponding EWCS computation for this configuration is also a trivial one since
it refers to the case of two disjoint intervals in the context of the usual AdSs/CFT, scenario
as seen from the figure 25. Therefore, the expression for the EWCS in this case is given
by the eq. (2.7) with the finite temperature cross-ratio in eq. (2.8) where the points a1, as,
by and by are replaced by p1, p2, ps and py respectively. Once again, eqgs. (2.7) and (3.53)
appear to be different with distinct cross-ratios, however one expression can always be
transformed to the other one with identical cross-ratios utilizing a transformation & — 14
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Figure 25. The endpoints of the intervals A and B in the two BCFTy copies are identified as
pL=ps=Ti+€ p2=pr="r2, p3=pe=r3 and py=ps =r4.

Configuration (g): another possible contribution to the reflected entropy is considered
in this case which results into an expression for Sp(A : B) analogous to the one obtained in
configuration (a). However, in this case the Rényi reflected entropy involves an eight-point
function of the twist operators located at the endpoints of the intervals in the two copies
of the BC'F'T,s. Nevertheless, after using a factorization of the eight-point function in the
large central charge limit, we obtain an identical expression for the Rényi reflected entropy
as in configuration (a),

S (A: B)

1 (o0 ()00n 5)7 ()00n (25105 (000071, () @
L= 0, (1) (P2)0, (03)0 2 (02)0, (95)5 3 (6, () (PS) )

oL, (041 (@D)00, (p1)0, 1 (p2)g, (p5) ) cr®m 55)
L= (o 1 (@)04, (1)1 (92)05,, (95)) . @

The factorization procedure utilized in the above expression is shown in eq. (B.6) of ap-
pendix B. Now considering the replica limit of eq. (3.55), the reflected entropy Sgr(A: B)
is given by the eq. (3.39) with the finite temperature cross-ratio in eq. (3.40).

The corresponding EWCS for this case is identical to that in configuration (a) as seen
from the figures 20 and 26. Consequently the EWCS for this configuration may be expressed
as in eq. (2.7) with the cross-ratio at a finite temperature given in eq. (2.8). Similar to the
configuration (a), we have identified the points in this scenario as a; =pi, as =p2, by =p3
and by =% with ¢} being the image point of p; with respect to the b-boundary in the
BCFT,. As explained earlier, the egs. (2.7) and (3.39) appear to be different with distinct
cross-ratios, however one can always transform one expression to another with identical
cross-ratios utilizing a transformation Z — ﬁ
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Figure 26. The endpoints of the intervals A and B add the image points in the two BC' FTy copies
are identified similarly as in figure 20.

Configuration (h): in this configuration, we discuss another contribution to the re-
flected entropy for the disjoint intervals under consideration which is similar to the one de-
scribed in configuration (b). The Rényi reflected entropy for this case involves eight-point
correlation functions with the twist operators located at the end points of the intervals
in the bath BC' F'T5s. However after employing a factorization of the correlation function
in the large central charge limit (as described in eq. (B.7) of appendix B), we obtain an

expression for the Sgl’m)(A : B) similar to the one in configuration (b) as follows

Sp™(A: B)

1, (91,5 (02)ys ()51 (0)0n (071 (00) 70 37)7 1 85) )y @

1—n 08 <

—1
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m

1 <<7gA (qg)gggl(m)%ﬂe (p3)09§1(q§)>CFT®m"

=2 og
1=n <0gm(qg)ag

7 : (3.56)
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—1
m

Considering the replica limit to the above equation and following the same procedure
discussed in configuration (b), Sr(A: B) in this case may be given by the eq. (3.44) where
the finite temperature cross-ratio z defined as in eq. (2.8) with aj, ag, b1, by replaced by
the points ¢5, p2, ps, qg respectively.

Similar to the reflected entropy, the corresponding EWCS in the bulk dual geometry is
identical to that discussed in configuration (b) as seen from the figures 21 and 27. Therefore
the expression for the EWCS for this configuration may be given by the eq. (3.45) where
once again the finite temperature cross-ratio z is defined as in eq. (2.8) with aj, ag, b1, bo
replaced by the points qg, D2, D3, qg respectively.

Configuration (i): for this scenario, we may refer to configuration (c) for the compu-
tation of the reflected entropy since, in the large central charge limit, after employing
a factorization procedure to the eight-point correlation functions involved in the Rényi
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Figure 27. The endpoints of the intervals A and B and the image points in the two BC FT» copies
are identified similarly as in figures 20 and 21 with py =ps =r4.
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Figure 28. The endpoints of the intervals A and B and the image points in the two BC'F'T5 copies
are identified similarly as in figure 20 with py =ps =r4.

reflected entropy, we obtain an identical expression as follows

"(A:B)
-1 <U ~1(P2)ags (p3)o *1(p4)093(p5)ag§1(pG)JgA(p7)0921(p8)>BCFT®mn
og n
<a -1(p2)oyg,, (p3) —1 (p4)og,, (p5)09;11 (p6)og,, (p7)ag;n1 (p8)>BCFT®m
< RS . -

2 .
(04 (12)04,,(92)0 -1 (96) g, (PT)) . @ e
The factorization of the eight-point functions employed in the above expression is described

in eq. (B.8) of appendix B. Consequently, the reflected entropy for the disjoint intervals A
and B for this configuration is given by the eq. (3.48).
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As shown in the figure 28, the violet dotted curve describes the corresponding EWCS
in the bulk dual BTZ black hole space time which is analogous to the one observed in
figure 22 of configuration (c). Consequently the EWCS for this case may be given by the
eq. (3.50).

Configuration (j): we now discuss a non-trivial contribution to the reflected entropy
for the two disjoint intervals A and B in the two copies of the BC FT5s. This scenario
is similar to the one discussed in configuration (j) of the two adjacent intervals. The
corresponding computation initially involves eight-point correlation functions in the Rényi
reflected entropy expression which factorizes in the large central charge limit (as described
in eq. (B.9) of appendix B) into two one-point and one six-point functions in a BC'FT5.
Finally this reduces to an expression for the Rényi reflected entropy which include six-point
functions in a C'F'T5 as follows

S (A B)

04 (P1)0 1 (P2)0 35 (13)0 1 (P4)0 g (5)0 1 (D)0, (P1)0 3 (88)) . @

n

BCFT® m

{
(0 (91)0-1 (92) 05, (93) -1 (4) 7, (05)0 41 (06) g (7)1 () )
{

)
gg;1(p2)0g5(p3)0'93 1(P4)ogs (ps)o *1(p6)09A(p7)>CFT®m"

I _ (3.58)
(045 0210 (191751 (01170, ()0, ()0, )y 1

We now utilize a technique that has already been discussed for the adjacent intervals termed
as inverse doubling trick which transforms the above CFT5 six-point twist correlator into
a BCFTy three-point correlator [78, 79]. Finally in an appropriate OPE channel and
implementing the replica limit, we obtain the reflected entropy for this configuration in a
proximity limit as

(3.59)

2sech( )(p4 D2 \/p4+p2+2p4pzcosh(4”t)
pa(p1—p2)

2
SR(A:B)chlog (

In the bulk dual geometry, the EWCS is described by a codimension two surface that
starts from the tip of the dome-type RT surface supported by the interval C' and lands on
the HM surface as depicted in figure 29. We compute the length for such EWCS from a
purely geometric perspective. First we consider two arbitrary points « and «’ in the bulk
dual geometry where the EWCS intersects the dome-type RT surface supported by the
interval C' and the HM surface respectively. We then compute the corresponding length
of the EWCS in the Poincaré coordinates since the dual bulk BTZ black hole space time
can always be mapped to a Poincaré patch with an appropriate coordinate transformation
described in [23]. Consequently, the length of one violet dotted curve in the Poincaré patch
of the dual bulk BTZ black hole geometry may be obtained as

1= o (TP )

: (3.60)

2z 7
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Figure 29. The endpoints of the intervals A and B and the image points in the two BC FT» copies
are identified similarly as in figure 20 with py =ps =r4.

where L is the length scale of the dual AdSs geometry and (7,x,z), (7/,2/,2') are the
Poincaré coordinates of the points « and u/. Finally, minimizing eq. (3.60) with respect to
the points u and v/ and multiplying by ﬁ in a proximity limit (ps — p3) we obtain the
expression for the EWCS as

2 sech( 27 (ps—p2 \/ Pi+D3+2pap2 Cosh( amt)

C
—log
pa(p1—p2)

W(A:B):3

(3.61)

In the above expression we have used the Brown-Henneaux formula ¢ = 2G to express it in
terms of the central charge c of the boundary C'F'Ts and a proper coordinate transformation
given in eq. (7.34) of [78] where we have considered eX =r in our work.

Configuration (k): this configuration is similar to the previous one however with a
different factorization procedure employed in the large central charge limit for the eight-
point function in the Rényi reflected entropy expression. This factorization of the eight-
point twist correlator is described in eq. (B.10) of appendix B. The final expression for the
ng’m) (A: B) involving six-point functions is given as follows

S(nm)(A:B)

_ 1 og <agA (pl)a 71(;02)093 (p3)Ug§1(p4)UgB (p5)ag§1(p6)GgA (p7)UgA1(p8)>BHCFT®"‘”
L=n <Ugm( 1)0,-1(p2)og,, (p3)o gal(p4)agm(p5)ag&1(pﬁ)agm(m)ag;nl(ps)>BCFT®m
S (704 p1)7 (2) 3 (p2)e 951(pﬁ)a“(m)agil(p8)>CnFT®’”", (3.62)
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Similar to the previous configuration, we now utilize the same tricks discussed in [78, 79]
to obtain the final result for the reflected entropy which may be given by the eq. (3.59)
with the points p4 and ps interchanged with p; and pg respectively.
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Figure 30. The endpoints of the intervals A and B in the two BC F'T5 copies are identified similarly
as in figure 20.

The EWCS for this scenario is analogous to the previous configuration as seen from
the figures 29 and 30. Consequently the EWCS for this configuration may be expressed as
in eq. (3.61) with the points ps and ps being interchanged by p; and pg respectively.

Configuration (1): we refer to configuration (c) to obtain the reflected entropy for the
disjoint intervals A and B in this scenario. The Rényi reflected entropy for this con-
figuration reduces to an expression identical to the one in eq. (3.46) after employing a
factorization procedure for the eight-point twist correlator in the large central charge limit
as described in eq. (B.11) of appendix B. The corresponding Rényi reflected entropy may
then be given as follows

Sy m)(A B)
1 <a 2)093 (p3)o *1(194)093 (P5)Ug§1(p6)0914 (p7)ag;1(p8)>BCFT®m"
og "
<0 (p2)og,, (p3)o 71(p4)09m (175)%7;1 (P6)0g,, (p7)097711 (p8)>BCFT®m
_ 1_n10g< 9 1(p2)ogy, (p3)o gBl(pG)UgA(p7)>%FT®m"_ (3.63)

<Ug,;1 (p2)og,, (p3)o -1 (p6)oy,, (P7)>CFT®m

Consequently, after implementing the replica limit to the above equation, the reflected
entropy Sr(A: B) may be given by the eq. (3.48).

As seen from the figures 22 and 31, the EWCS for this scenario is identical to the
one described in configuration (c). Therefore we follow the same procedure discussed in
configuration (c¢) to obtain the EWCS for this case and the corresponding expression may
then be given by the eq. (3.50).

Configuration (m): the reflected entropy for this case is identical to the one computed in
configuration (j) since factorizing the eight-point function in the corresponding expression
in a dominant channel (as shown in eq. (B.12) of appendix B) we obtain the same six-point
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Figure 31. The endpoints of the intervals A and B in the two BC' F'T, copies are identified similarly
as in figure 20.
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Figure 32. The endpoints of the intervals A and B in the two BC' F'T, copies are identified similarly
as in figure 20.

function as

S("’m)(A-B)
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Once again, employing the same techniques as discussed in configuration (j), the reflected
entropy Sr(A: B) in this scenario is given by the eq. (3.59).

As seen from the figures 29 and 32, the EWCS for the entanglement wedge of AUB
for this case is identical to that of in configuration (j). Consequently the corresponding
expression for the EWCS for this configuration may be given by the eq. (3.61).
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Figure 33. The endpoints of the intervals A and B and the image points in the two BC FTs copies
are identified similarly as in figure 20.

Configuration (n): again we refer to configuration (j) which is a mirror image of this
scenario. The corresponding reflected entropy for the two disjoint intervals under consid-
eration in this case involves eight-point twist-field correlators which factorize at the large
central charge limit into lower-point twist correlators in a dominant channel as shown in
eq. (B.13) of appendix B.

The corresponding reflected entropy Sgr(A: B) in this scenario may then be obtained
following an identical procedure described in configuration (j) and subsequently may be
expressed as in eq. (3.59) with the points ps and ps replaced by p; and ps respectively.

Similar to the reflected entropy, the EWCS for this scenario is analogous to the one
described in configuration (j) as seen from the figures 29 and 33. Therefore, the EWCS for
this configuration may be given by the eq. (3.61) with the points py and ps replaced by p;
and pg respectively.

Configuration (0): we proceed with another possible contribution to the reflected en-
tropy for the disjoint intervals A and B as depicted in eq. (3.65). However in this scenario
the Rényi reflected entropy reduces to the same expression of configuration (e) after a
possible factorization of the correlation function as

S (A: B)
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The factorization procedure of the eight-point function utilized above in a dominant channel
is described in eq. (B.14) of appendix B. Consequently, the reflected entropy Sr(A: B) after
considering the replica limit of the above equation is then given by the eq. (3.39) with the
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Figure 34. The endpoints of the intervals A and B and the image points in the two BC F'T» copies
are identified similarly as in figure 20.

finite temperature cross-ratio as in eq. (3.51). In the bulk dual geometry, the EWCS for
this case is described by the violet dotted curve as depicted in figure 34 which is identical
to the one described in figure 24 of configuration (e). Consequently, the EWCS for this
scenario is given by the eq. (2.7) with the cross-ratio at a finite temperature in eq. (2.8).
However for this configuration, the points in eq. (2.8) are identified as a; =ps3, a2 =pa4,
b1 =p§ and by =py where ¢f is the image point of p; with respect to the a-boundary in the
BCFT,. As stated in configuration (e), egs. (2.7) and (3.39) appear to be different with
distinct cross-ratios, however one can always transform one expression to another with
identical cross-ratios.

Configuration (p): in this scenario the reflected entropy for the two disjoint intervals A
and B is analogous to the one discussed configuration (d). Here, the eight-point function in
the corresponding expression for the Rényi reflected entropy factorizes in the large central
charge limit as shown in eq. (B.15) of appendix B and we obtain

S"m(A: B)
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Therefore, the reflected entropy Sgr(A: B) is given by the eq. (3.44) where the finite tem-
perature cross-ratio z is given by the eq. (2.8) with ay, ag, b1, b2 replaced by the points ps,
g%, g5 and py respectively.

We refer to configuration (d) for the computation of the EWCS in this scenario since
in both the configurations, the EWCS are identical as seen from the figures 23 and 35.
Therefore, the EWCS for this case may expressed as in eq. (3.45) where once again the
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Figure 35. The endpoints of the intervals A and B and the image points in the two BC'F'T5 copies
are identified similarly as in figures 20 and 24.

finite temperature cross-ratio z is given by the eq. (2.8) with a1, ag, b1, ba replaced by the
points p3, ¢, ¢5 and py respectively.

Configuration (q): finally the last scenario corresponds to the reflected entropy for the
two disjoint intervals A and B which is similar to configuration (d). The factorization of
the eight-point function in the corresponding expression for the Rényi reflected entropy is
shown in eq. (B.16) of appendix B in the large central charge limit. The final expression
for the Rényi reflected entropy is then obtained as

044 (P1)0 1 (12)041 (P3)0,-1 (P1) 0y (5)0 1 (6) s (P)O 1 (P8)) L @
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, (3.67)
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Considering the replica limit, the reflected entropy for the disjoint intervals A and B is
given by the eq. (3.48).

The EWCS for this case is identical to the one described in configuration (c) as seen
from the figures 22 and 36. Consequently the corresponding expression for the EWCS may
be given by the eq. (3.50).

Note that all the above configurations for the reflected entropy of two adjacent and
disjoint intervals are computed depending on the location of the twist-field operators in the
BCFTss. In the following section, we analyze the behaviour of the holographic Markov
gap for different scenarios involving the adjacent and disjoint interval sizes and time. In
this context, we observed that only few dominant configurations of section 3 appear in the
analysis of the corresponding holographic Markov gap described below.
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Figure 36. The endpoints of the intervals A and B and the image points in the two BC FTs copies
are identified similarly as in figure 20.

4 Markov gap in the braneworld model

In this section we explore an intriguing issue of the holographic Markov gap described by
the difference between the reflected entropy and the mutual information in the context of
the braneworld model under consideration. For this purpose we first consider the bipartite
mixed state of two adjacent intervals in the two copies of the bath BC F'T5s to analyze the
behaviour of the Markov gap for various configurations involving the interval sizes and time.
Subsequently, the above analysis is repeated for the mixed state of two disjoint intervals
in the bath BC'FTss. We observe several phases for the reflected entropy while varying
the interval sizes and time with the dominant contributions arising from the different
configurations described in section 3. Similarly the profile for the mutual information also
corresponds to various phases due to the various structures of the RT surfaces supported
by the intervals with varying sizes and time. For both the scenarios involving the adjacent
and disjoint intervals, we observe the holographic Markov gap as expected from [60] for
multipartite mixed states.

4.1 Adjacent intervals

To begin with, we consider various configurations involving two adjacent intervals and
comment on the corresponding holographic Markov gap in each case. In this context,
the holographic mutual information for two adjacent intervals A= [p1, p2]U[ps,ps] and B =
[p2+€,p3]U[ps+€,p4] in the bath BC FT,s may be given by the following eq.,
I(A:B)=S(A)+S(B)—-S(AUB), (4.1)

where S(X) is the entanglement entropy for a interval X in the BC'FT5s described in [53].

3Some specific configurations of the reflected entropy (i.e. configurations (j), (k), (m) and (n) for both
adjacent and disjoint intervals discussed in section 3) do not appear in the following plots of the reflected
entropy depending upon the size of the bath BC' F'I>s considered in this paper. The reason behind this is
that there exists no extremal solution for the EWCS ending on the HM surface in the dual bulk geometry
for such a choices of bath sizes. However, for some special choices of the bath sizes these configurations
may appear.
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Figure 37. Plot of correlation measures namely reflected entropy (yellow) and mutual information
(blue) for two adjacent intervals A and B while the common boundary of the two intervals is shifted
from one end point to the other in the bath BC FTss. In the y-axis, the correlation measures are
plotted after scaling over the central charge ¢ of the BCFTss. Here ry =1, ro =2, e=.0001, 5=".1,
c¢=>500, t =15, Spayp =875 and Spgyq = 850.

(¢) Full system (AUB) fixed, common point varied. In the first scenario, we con-
sider the two adjacent intervals A= [r;+e¢,r] and B ={[r,ro—¢€] to cover the entire bath
BCF'T5 regions on a constant time slice and vary the common point r between them. In
this case, we compare the corresponding reflected entropy to the holographic mutual infor-
mation to analyse the characteristics of the Markov gap for various phases as depicted in
the figure 37.

In the above figure, the reflected entropy for the adjacent intervals A and B receives
dominant contributions from various configurations described in section 3 while shifting
the common point between them. Particularly, we observe that configurations (a), (b), (c),
(d) and (e) of adjacent intervals in section 3 respectively dominates the consecutive phases
of the reflected entropy curve in figure 37.4

(i?) interval A fixed, B varied. Next we consider the size of the interval A= [r;+e€,r]
to be fixed while varying the size of B = [r1,r| by shifting the point 7 on a constant time slice.
We then follow the same procedure as in the previous scenario comparing the corresponding
holographic reflected entropy with the holographic mutual information. As depicted in
figure 38, we observe the holographic Markov gap for different phases.

As earlier, the reflected entropy for the adjacent intervals A and B in the scenario
receives dominant contributions from various configurations described in section 3 while
increasing the size of the interval B. In this case, we observe that configurations (f) and

“Interestingly in this scenario we observe that in some phases of the reflected entropy, the holographic
Markov gap appears to be non-zero although there is no non-trivial boundaries of the dual EWCS ending
in the bulk BTZ black hole geometry. This appears to be in contradiction to the geometrical interpretation
of the Markov gap as described in section 2.4. Particularly at the initial part of the third phase of reflected
entropy curve in figure 37, the Markov gap appears to be non-zero although the bulk EWCS corresponds
to the HM surface described in configuration (c) of section 3 which has no bulk end points. This issue
indicates that a better understanding of the holographic Markov gap is necessary.
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Figure 38. Plot of correlation measures i.e. reflected entropy (yellow) and mutual information
(blue) for two adjacent intervals A and B while the endpoint of the interval B is increased in the
bath BCFT3s. In the y-axis, the correlation measures are plotted after scaling over the central
charge c of the BCF1T5s. Here ry =1, ro =2, €=.001, f=.1, c=500, t =.15, r1 = 1.15, Spqyp = 875
and deya =850.
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Figure 39. Plot of correlation measures i.e. reflected entropy (yellow) and mutual information
(blue) for two adjacent intervals A and B in the dual BCFT,s with increasing time. In the y-axis,
the correlation measures are plotted after scaling over the central charge ¢ of the BC'FTss. Here
rr= 1, ro= 2, €= .001, 6 = .1, c= 5007 deyb =875 and deya =850.

(g) of adjacent intervals in section 3 respectively dominates the consecutive phases of the
reflected entropy curve in figure 38.

(ii¢) intervals A and B fixed, time varied. Finally we fix the interval sizes of the
two adjacent intervals A = [r;+e€,1.15], B=[1.15,r0 —¢] and vary the time ¢ to compare the
holographic reflected entropy and the mutual information as depicted in figure 39. Once
again we observe the holographic Markov gap for the various phases with evolving time.
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Once again, the reflected entropy for the adjacent intervals A and B in the above
figure receives dominant contributions from various configurations described in section 3
with increasing time ¢. In this scenario, the configurations (c) and (b) of adjacent intervals
in section 3 respectively dominate the consecutive phases of the reflected entropy curve in
figure 39. Once again in this case we observe holographic Markov gap although there is no
non-trivial bulk end points of the dual EWCS (cf. footnote 4).

4.2 Disjoint intervals

We now consider two disjoint intervals in the two copies of the bath BC' F'T5s and demon-
strate the holographic Markov gap for various configurations involving the interval sizes
and time. In this connection, the holographic mutual information for the two disjoint

intervals A = [p1,p2]U[ps,p7] and B = [ps,p4]U[ps, ps] with C = [p2, p3]U[p7, ps] sandwiched
between them may be expressed as

I(A: B)=S(A)+S(B)—S(AUBUC)—S(C), (4.2)

where S(X) is again the entanglement entropy for a interval X in the bath BCFTss
described in [53]. Let us now consider the different scenarios for the two disjoint intervals
and compare the holographic reflected entropy with the mutual information.

(i) interval A fixed, C varied. We begin with the case where the size of the interval
A=[rr+e,r] is fixed and we gradually increase the size of the interval C' = [r1,r] between
A and B on a constant time slice. In this scenario we illustrate the holographic Markov
gap by comparing the corresponding reflected entropy obtained in section 3 to the mutual
information computed through the eq. (4.2). We observe the holographic Markov gap for
different phases as depicted in figure 40.

As discussed for the adjacent scenario, the reflected entropy for the disjoint intervals
A and B in the above figure receives dominant contributions from various configurations
described in section 3 while increasing the size of C. We note that the configurations (a)
and (c) of disjoint intervals in section 3 respectively dominate the consecutive two phases
of the reflected entropy curve in figure 40 and finally in the last phase the entanglement
wedges of A and B become disconnected which results into zero reflected entropy for the
two intervals in question.

(¢¢) intervals A and C fixed, B varied. We proceed to the second scenario where we
fix the interval sizes of A= [r;+e€,71] and C' =|[r1,72] on a constant time slice. We show the
holographic Markov gap from figure 41 where the holographic reflected entropy and the
mutual information are plotted together while increasing the size of the interval Blry,r]
by shifting the point r. As earlier, we observe the holographic Markov gap for the various
phases in this scenario.

As earlier, different configurations described in section 3 dominate the reflected entropy
curve for the disjoint intervals A and B depicted in figure 41 while increasing the size of C.
Particularly, the consecutive phases of the corresponding reflected entropy curve receives
dominant contributions from configurations (f) and (i) respectively of disjoint intervals in
section 3.
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Figure 40. Plot of correlation measures i.e. reflected entropy (yellow) and mutual information
(blue) for two disjoint intervals A and B while the endpoint of the interval C =[rq,7] is increased
by shifting the point 7 in the bath BCFTs. In the y-axis, the correlation measures are plotted
after scaling over the central charge c of the BCFT5s. Here ry =1, ro =2, e=.001, §=.1, ¢= 500,
t=.15, r; =1.15, deyb =875 and deya =850.
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Figure 41. Plot of correlation measures i.e. reflected entropy (yellow) and mutual information
(blue) for two disjoint intervals A and B while the endpoint of the interval B is increased in
the bath BC'FTys. In the y-axis, the correlation measures are plotted after scaling over the central
charge c of the BC'FT5s. Herery =1, rpo=2,e=.001, f=.1,c=500, r1 =1.15, ro = 1.2, Spqyp =875
and deya = 850.

45 —



Correlation Measures

8

L L L L L L L L Il L L L L Il L L L L Il L L L L Il time
0.05 0.10 0.15 0.20 0.25 0.30

Figure 42. Plot of correlation measures i.e. reflected entropy (yellow) and mutual information
(blue) for two disjoint intervals A and B with fixed sizes in the bath BC'FT5s while increasing the
time t. In the y-axis, the correlation measures are plotted after scaling over the central charge c
of the BCFTys. Here ry=1, ro =2, e=.001, f=.1, ¢=500, r; =1.15, 70 =1.2, Spqyp =875 and
Shdya = 850.

(¢41) intervals A, B and C fixed, time varied. Finally we consider the intervals
A=[ri+e,r], B=Ira,ro—¢] and C =[ry,re| with fixed sizes and study the behaviour of
the holographic Markov gap from the comparison between the holographic reflected entropy
and the mutual information. In figure 42, we plot the holographic reflected entropy and
the mutual information with increasing time t and observe the holographic Markov gap for
different phases as earlier.

Once again, the reflected entropy for the disjoint intervals A and B in the above figure
receives dominant contributions from various configurations described in section 3 with
increasing time ¢. In this scenario, we observe that the configurations (1) and (q) dominate
the phase-1 of the reflected entropy curve, whereas phase-2 receives dominant contribution
from the configuration (a) of disjoint intervals described in section 3.

5 Summary and discussion

To summarize, we have investigated the reflected entropy for various bipartite mixed states
at finite temperatures for the communicating black holes configuration in a KR braneworld
geometry. For this purpose we considered two copies of BCFT5s at finite temperatures
where each BCFT, was defined on a manifold with two distinct boundaries. The holo-
graphic dual of this construction was described by a bulk eternal BT Z black hole truncated
by two KR branes. In this scenario, two dimensional black holes were induced on these KR
branes from the higher dimensional eternal BTZ black hole. These induced black holes com-
municate with each other through the shared bath regions described by the BC F'T5s. Note

— 46 —



that the bath BC'FTss together with one of the KR branes appear to be non-gravitating
from the perspective of the other brane.

We have computed the reflected entropy for various bipartite mixed state configurations
of two adjacent and disjoint intervals in the bath BCFTss for the above scenario. It was
observed that for the field theory computations of the reflected entropy involved different
possible dominant channels for the multipoint twist correlators in the large central charge
limit. The reflected entropy for the mixed state configuration of two adjacent intervals was
first computed in this scenario. This involved the dominant channels and the corresponding
factorization of the twist correlators in the large central charge limit. Subsequently the
replica technique described in [32] were utilized to compute the reflected entropy for the
two adjacent intervals under consideration in the above limit. The corresponding EWCS
for the different configurations of the two adjacent intervals in the BCFTss was then
computed from the bulk eternal BTZ black hole geometry. Our results clearly verified
the holographic duality between the reflected entropy and the EWCS. Next we followed a
similar analysis for the reflected entropy of two disjoint intervals in the bath BC'FTss and
once again obtained the contributions to the reflected entropy arising from the dominant
channels for the multi-point twist correlators in the large central charge limit. Subsequently
as earlier, we have substantiated these field theory results for the reflected entropy from
explicit computations of the corresponding EWCSs in the bulk eternal BTZ black hole
geometry verifying the holographic duality mentioned earlier.

As demonstrated in [60], a holographic Markov gap between the reflected entropy
and the mutual information appears for multipartite mixed states in the context of the
AdSs3/CFT;, correspondence. Keeping this in perspective we have compared the holo-
graphic reflected entropies for the bipartite mixed state configurations considered in our
work with the corresponding mutual information. Our results clearly demonstrate the holo-
graphic Markov gap for all the mixed state configurations in question and hence provides
a strong substantiation of this issue in the island scenario for the bulk braneworld model
considered here. Furthermore we have also analyzed the behaviour of the Markov gap for
varying interval sizes and time. It is observed that for all the scenarios the holographic
Markov gap is non zero. Interestingly we also observe that the Markov gap is non zero even
when there are no non-trivial bulk end points of the EWCS which stands in contradiction
with its standard geometrical interpretation. Note that the authors in [60] also mentioned
a correction to the expression for the holographic Markov gap which has not been under-
stood properly in the context of a braneworld geometry. Our result indicate that there is
possibly more to this issue which needs further examination.

There are various interesting future directions that can be investigated to provide a
clear understanding of the structure of mixed state entanglement in Hawking radiation.
One such immediate issue would be the extension of the study of the present article in
another brane world geometry described in [81, 82]. One may also generalize our study
to multipartite correlations to elucidate the characteristics of the holographic Markov gap.
Following the developments in [53, 83], it will also be extremely fascinating to explore other
mixed state correlation measures in the context of the model utilized in the present article
to obtain further insights into their corresponding island constructions and “Markov gap”.
We would like to return to these exciting issues in the near future.
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A Adjacent intervals

We consider different configurations of two adjacent intervals at a finite temperature and
show how the higher-point twist correlators in the Rényi reflected entropy expression fac-
torize into lower-point twist correlator in the large central charge limit for various dominant
channels. These factorizations of the twist correlators listed below are utilized in the re-
flected entropy computation in section 3.
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B Disjoint intervals

Next we consider different configurations of two disjoint intervals A and B at a finite
temperature and show how the higher-point twist correlators in the Rényi reflected entropy
expression factorize into lower-point twist correlator in the large central charge limit for
various dominant channels. These factorizations of the twist correlators listed below are
utilized in the reflected entropy computation in section 3.
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