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Abstract
A central concept in the theory of phase transitions beyond the Landau–Ginzburg–Wilson
paradigm is fractionalization: the formation of new quasiparticles that interact via emergent
gauge fields. This concept has been extensively explored in the context of continuous quantum
phase transitions between distinct orders that break different symmetries. We propose a
mechanism for continuous order-to-order quantum phase transitions that operates independently
of fractionalization. This mechanism is based on the collision and annihilation of two
renormalization group fixed points: a quantum critical fixed point and an infrared stable fixed
point. The annihilation of these fixed points rearranges the flow topology, eliminating the
disordered phase associated with the infrared stable fixed point and promoting a second critical
fixed point, unaffected by the collision, to a quantum critical point between distinct orders. We
argue that this mechanism is relevant to a broad spectrum of physical systems. In particular, it
can manifest in Luttinger fermion systems in three spatial dimensions, leading to a continuous
quantum phase transition between an antiferromagnetic Weyl semimetal state, which breaks
time-reversal symmetry, and a nematic topological insulator, characterized by broken lattice
rotational symmetry. This continuous antiferromagnetic-Weyl-to-nematic-insulator transition
might be observed in rare-earth pyrochlore iridates R2Ir2O7. Other possible realizations include
kagome quantum magnets, quantum impurity models, and quantum chromodynamics with
supplemental four-fermion interactions.
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1. Introduction

The exploration of quantum phase transitions beyond the
Landau–Ginzburg–Wilson paradigm [1, 2] has garnered sig-
nificant attention in recent years. A particular focus has been
on continuous quantum phase transitions between phases that
break different symmetries [3]. Traditionally, it has been
believed that such transitions require fractionalization, where
new ‘deconfined’ quasiparticles with fractional quantum num-
bers arise and interact via emergent gauge fields. The intense
study of deconfined quantum phase transitions in recent years
has significantly advanced our understanding of quantum crit-
ical phenomena. Notable insights include the discovery of
emergent symmetries [4–7], the identification of spectroscopic
signatures of fractionalization [8], the uncovering of unexpec-
ted webs of field-theoretical dualities [9], and the observation
of anomalous scaling behaviors in entanglement entropy [10,
11]. However, the most recent numerical studies suggest that
the deconfined quantum phase transition, at least in its original
formulation within SU(2) spin models [1–3], is ultimately
first-order, characterized by a finite, though large, correlation
length at the transition point [6, 11–14].

Here, we propose a mechanism that provides a different
pathway to continuous order-to-order quantum phase trans-
itions, one that does not rely on fractionalization. Our proposal
involves the collision and annihilation of two renormalization
group (RG) fixed points: a quantum critical fixed point and
an infrared stable fixed point. We argue that the mechanism
is relevant to a broad spectrum of physical systems. In partic-
ular, we explicitly demonstrate within a RG calculation that
three-dimensional Luttinger fermion systems undergo a con-
tinuous quantum phase transition between an antiferromag-
netic Weyl semimetal state, marked by broken time-reversal
symmetry, and a nematic topological insulator state, charac-
terized by broken lattice rotational symmetry. Further possible
realizations in other setups are discussed as well.

The mechanism is schematically illustrated in figure 1,
which shows RG flow diagrams for two different values of an
external control parameter N. For N larger than a critical value
Nc, there is an interacting disordered phase, which is separated
from two ordered phases by continuous phase transition lines,
see figure 1(a). As N decreases, the fixed point associated with
the disordered phase (D) and those governing one of the two
transition lines (QCP2) approach each other and eventually
collide at a critical valueNc. ForN smaller thanNc, figure 1(b),
the fixed-point annihilation alters the flow topology by remov-
ing the disordered phase, leaving behind a continuous phase
transition line between two phases with distinct orders. Note
that the QCP1 fixed point, which governs the resulting continu-
ous order-to-order transition, is entirely decoupled from the
fixed-point annihilation occurring between D and QCP2. On
the left-hand side of QCP1, forG1 below the fixed-point value,
the system would naturally flow toward the disordered phase.
However, due to the annihilation of the disordered fixed point
D with QCP2, this phase becomes unstable, giving rise instead
to the competing order. Notably, since the proposed mechan-
ism solely relies on the fixed-point annihilation of the fixed
points D and QCP2 and the resulting rearrangement of the flow

Figure 1. Mechanism for continuous order-to-order transition from
fixed-point annihilation. (a) Schematic RG flow in the space
spanned by two couplings, G1 and G2, for N> Nc. Arrows indicate
flow toward infrared. Beyond an interacting disordered phase (gray)
at small couplings, governed by the fixed point D, there are two
ordered phases (red and blue) in the strong-coupling regime,
governed by the fixed points O1 and O2. The disordered phase is
separated from the two ordered phases by continuous phase
transition lines (purple), governed by the quantum critical fixed
points QCP1 and QCP2. As N decreases, the fixed points D and
QCP2 approach each other and eventually collide at a critical value
Nc. (b) Same as (a), but for N< Nc. The fixed-point annihilation at
Nc alters the flow topology, eliminating the disordered phase and
leaving behind a single continuous phase transition line (purple)
between two phases with distinct orders.

topology, any quantum critical fixed point not involved in the
annihilation qualifies as QCP1.

The remainder of the paper is organized as follows: In
section 2, we discuss in detail a concrete realization of the pro-
posedmechanism in Luttinger fermion systems in three spatial
dimensions, relevant to certain pyrochlore iridates. Another
potential realization, pertinent to kagome quantum magnets,
is discussed in section 3. We conclude with a summary of res-
ults in section 4. The appendices provide technical details of
the calculations and discuss additional potential realizations
of the mechanism in quantum impurity models and quantum
chromodynamics.

2. Pyrochlore iridates

2.1. Model

We begin by reviewing the interacting Luttinger fermion
model in three spatial dimensions [15–18]. This continuum
model effectively describes electronic excitations near a quad-
ratic band touching point at the Fermi level, as they occur in
pyrochlore iridates R2Ir2O7, with R a rare-earth element [19–
23]. In the low-temperature limit, the model can be defined by
the Euclidean action S= S0 + Sint, where S0 corresponds to the
noninteracting part,

S0 =
ˆ

dτ d3x⃗
N∑
i=1

ψ†
i

(
∂τ +

5∑
a=1

(1+ saδ)da (−i∇)γa

)
ψi,

(1)

which originates in the Luttinger Hamiltonian [24]. In the
above, N corresponds to the number of band touching points
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at the Fermi level, with N= 1 in the case of the pyro-
chlore iridates, ψi is a four-component Grassmann field,
sa := 1 (sa :=−1) for a= 1,2,3 (a= 4,5), δ parametrizes
the cubic anisotropy with −1⩽ δ ⩽ 1, the 4× 4 matrices
γa fulfill the Euclidean Clifford algebra, {γa,γb}= 2δab1,
and d1(⃗p) :=

√
3pypz, d2(⃗p) :=

√
3pxpz, d3(⃗p) :=

√
3pxpy,

d4(⃗p) :=
√
3(p2x − p2y)/2, and d5(⃗p) := (2p2z − p2x − p2y)/2 are

proportional to the ℓ= 2 real spherical harmonics.
We account for both short-range repulsion and the long-

range tail of the Coulomb interaction via [25–31]

Sint =−
ˆ

dτ d3x⃗

{
G1

2N

(
ψ†γ45ψ

)2
+
G2

2N

5∑
a=1

(
ψ†γaψ

)2
+

e2

8πN

ˆ
d3y⃗ψ† (⃗x)ψ (⃗x)

1
|⃗x− y⃗|

ψ† (⃗y)ψ (⃗y)

}
, (2)

where we defined γ45 := iγ4γ5. For notational simplicity, we
abbreviated ψ ≡ ψi(τ, x⃗) and ψ(⃗x)≡ ψi(τ, x⃗), and suppressed
the summation symbols over i = 1, . . . ,N. The long-range tail
parameterized by the charge e2 must be taken into account
because the Coulomb interaction is only marginally screened
due to the vanishing density of states at the Fermi level [28].
The couplingG1 originates from local Hubbard repulsion [32],
and is believed to increase with decreasing radius of the rare-
earth ion [19]. As we show below, a sizable G1 generates a
transition toward a Weyl semimetal phase characterized by
spontaneous time-reversal symmetry breaking and all-in-all-
out (AIAO) antiferromagnetic order on the pyrochlore lat-
tice [27, 30–32]. The couplingG2 may be assumed to be small
on the microscopic level. However, as will be shown below,
G2 is generated by G1 and the long-range interaction, and we
therefore include it from the outset. A sizableG2 drives a trans-
ition toward a nematic phase characterized by spontaneous lat-
tice rotational symmetry breaking and a topological gap in
the fermionic spectrum [25, 26, 29]. While previous works
have focused exclusively on instabilities toward either AIAO
order [27, 30–32] or nematic order [25, 26, 29], the present
study treats both order parameters (OPs) on equal footing.
This proves essential for revealing the direct order-to-order
transition.

2.2. Hubbard–Stratonovich transformation

It is convenient to rewrite the interactions in the Luttinger
model in terms of Hubbard–Stratonovich fields a, ϕ, and φ.
In particular, this formulation is crucial in order to explicitly
compute OPs within the RG approach, since it avoids the
runaway flows encountered in the purely fermionic formula-
tions [25, 29, 30].

We introduce the scalar Coulomb field a via

Sa =
ˆ

dτ d3x⃗

[
1
2
(∇a)2 + ie√

N
aψ†

i ψi

]
, (3)

where the summation over repeated indices i = 1, . . . ,N has
been implicitly assumed. AIAO fluctuations are parametrized

by an Ising order-parameter field ϕ, which couples to the elec-
tronic quasiparticles as [27, 30–32]

Sϕ =

ˆ
dτ d3x⃗

[
1
2
ϕ
(
r1 −∇2

)
ϕ +

g1√
N
ϕψ†

i γ45ψi

]
, (4)

where r1 represents the tuning parameter for the AIAO trans-
ition and g1 is the AIAO Yukawa coupling. Nematic fluc-
tuations are parametrized by a five-component tensor order-
parameter field φa, which couples to the electronic quasi-
particles as [26, 28, 29]

Sφ =

ˆ
dτ d3x⃗

1
2

5∑
a=1

φa
(
r2 − c∂2τ −∇2

)
φa

+
g2√
N

5∑
a=1

φaψ
†
i γaψi +

λ√
N

5∑
a,b,c=1

tr(ΛaΛbΛc)φaφbφc

 ,
(5)

where r2 represents the tuning parameter for the nematic
transition, g2 is the nematic Yukawa coupling, and λ para-
metrizes the bosonic self-interaction. Λa denote the five real
Gell–Mann matrices in three spatial dimensions1. The para-
meter c is power-counting irrelevant and included for regu-
larization purposes. Quartic bosonic self-interactions are also
power-counting irrelevant and are therefore set to zero from
the beginning.

The fermion-boson model defined by the Euclidean action

SFB = S0 + Sa+ Sϕ + Sφ (6)

is quadratic in the Hubbard–Stratonovich fields a, ϕ, and φ.
The latter can therefore, in principle, be integrated out. The
original microscopic, purely fermionic action S= S0 + Sint
presented in the main text can then be recovered from the
above fermion-boson action in the limit of infinite order-
parameter masses r1,2 →∞ and g21,2 →∞, with fixed ratios

G1 =
g21
r1

and G2 =
g22
r2
, (7)

and with c= λ= 0.

2.3. Mean-field theory

In the large-N limit and for smallG1 andG2, the couplings flow
to an infrared stable RG fixed point, characterizing an inter-
acting semimetal phase. This phase, which realizes a three-
dimensional non-Fermi liquid, is known as the Luttinger–
Abrikosov–Beneslavskii (LAB) phase [15–17]. Sizable four-
fermion interactions beyond a finite threshold, however, drive
instabilities of the LAB state, which can be understood within

1 We follow the notation of [31]. The five real Gell–Mann matrices, and there-
fore also the ℓ= 2 real spherical harmonics used in [26] correspond to the ones
used here by relabelling indices (1,2,3,4,5) 7→ (4,3,2,1,5).
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a mean-field analysis. To this end, we integrate out the fer-
mion fields ψ†

i and ψi, i = 1, . . . ,N, in equation (6), leading
to an effective action for the Hubbard–Stratonovich fields.
In the large-N limit, the saddle point of this effective action
dominates the partition function. Determining the saddle-
point solution ultimately reduces to minimizing the mean-field
energy [26, 31, 33],

EMF (ϕ,φ) =
r1
2
ϕ2 +

r2
2
φ2

+N
ˆ Λ

0

d3p⃗

(2π)3

[
ε+ϕ,φ (⃗p)+ ε−ϕ,φ (⃗p)

]
(8)

with respect to the order-parameter fields ϕ and φ. Here,
we used the fact that minimization of the mean-field energy
implies the Coulomb field vanishes at the mean-field level,
and assumed that the nematic OP takes the form (φa) =
(0,0,0,0,φ). This form implies that the nematic phase is
uniaxial, characterized by a single director with a residual
discrete rotational symmetry remaining intact in the plane
perpendicular to the director, and is believed to realize
the smallest mean-field energy among the different possible
nematic states [26]. Λ is the ultraviolet cutoff. The integrands
ε±ϕ,φ(⃗p) denote the two lower-branch energy eigenvalues of

the mean-field Hamiltonian HMF =
∑5

a=1(1+ saδ)da(⃗p)γa+
g1√
N
ϕγ45 +

g2√
N
φγ5. They are given as

ε±ϕ,φ (⃗p) =−

[
(1− δ)2 p4 + 4δ

3∑
a=1

d2a (⃗p)+
(
g1ϕ√
N

)2
+
(
g2φ√
N

)2

+2(1− δ)d5
g2φ√
N
± 2(1+ δ)

|g1ϕ|√
N

√√√√ 3∑
a=1

d2a (⃗p)

1/2

.

(9)

In equation (8), the first two terms, proportional to r1 and r2,
penalize finite OPs, while the integral can lower the energy by
causing partial or full band gap opening.

In order to expand the mean-field energy around small val-
ues of the OPs, we introduce polar coordinates in field space
as ϕ = (

√
N/g1)χ cosα and φ = (

√
N/g2)χ sinα, with radial

part χ> 0 and angle part α ∈ [0,2π). A finite χ signals an
instability of the Luttinger semimetal state, while the min-
imizing angle determines whether AIAO order (α ∈ {0,π}),
nematic order (α ∈ {π/2,3π/2}), or a coexistence of both
orders is realized (α /∈ {0,π/2,π,3π/2}). Following [26, 31],
it is convenient to add two suitably written zeros to the mean-
field energy, corresponding to the constant and quadratic terms
in EMF with respect to χ, namely

0=
ˆ

dΩ

(2π)3

 1

X̃3/4

ˆ X̃1/4Λ
χ1/2

0
dx

(
x4 +

c±x2

2X̃1/2
+

1
2
−
c2±
8X̃

)
χ5/2

−
(
X̃1/2Λ5

5
+
c±Λ3χ

6X̃1/2
+

Λχ2

2X̃1/2
−
c2±Λχ

2

8X̃3/2

)]
, (10)

where c± := 2(1− δ)d̃5 sinα± 2(1+ δ)|cosα|
√∑3

a=1 d̃
2
a

with d̃a ≡ d̃a(θ,ϕ) := da/p2 the real spherical harmonics,´
dΩ the integration over the solid angle in momentum space,

and we abbreviated X̃(θ,ϕ) := (1− δ)2 + 12δ
∑

i<j
p2i
p2

p2j
p2 .

Adding those zeros allows us to express the mean-field energy
for small χ � Λ2 as

EMF (χ,α)

NΛ5
=

1
2

(
r1 cos2α
g21Λ

+
r2 sin

2α

g22Λ
− I2 (α,δ)

)( χ
Λ2

)2
+ I5/2 (α,δ)

( χ
Λ2

)5/2
+O

(( χ
Λ2

)3)
, (11)

where we have subtracted an additive constant, which is irrel-
evant for theminimization problem, and introduced the dimen-
sionless integrals

I2 (α,δ) :=
ˆ

dΩ

(2π)3

[
−
c2+ + c2−
4X̃3/2

+
2

X̃1/2

]
(12)

=
5f1 (δ)− 3(1+ δ) f2t (δ)

5π2
cos2α

+
5f1 (δ)− (1− δ) f2e (δ)

5π2
sin2α, (13)

I5/2 (α,δ) :=
ˆ ∞

0
dx
ˆ

dΩ

(2π)3
1

X̃3/4

[
2x4 +

1
2
c+ + c−
X̃1/2

x2

− 1
8

(
c+
X̃1/2

)2

− 1
8

(
c−
X̃1/2

)2

+ 1

−x2
√
x4 +

c+
X̃1/2

x2 + 1− x2
√
x4 +

c−
X̃1/2

x2 + 1

]
.

(14)

The integral I2(α,δ) can be computed analytically and leads
to anisotropy-dependent renormalizations of the tuning para-
meters r1 and r2. The involved dimensionless functions
f 1, f2e, and f2t stem from solid-angle integration and are
defined in appendix A. Notably, the coefficient of the quad-
ratic term in χ in equation (11) takes the form r ′1 cos

2α+
r ′2 sin

2α with dimensionless renormalized tuning parameters
r ′1,2. Consequently, the coefficient is minimized for α= 0,π
if r ′1 < r ′2 and for α= π,3π/2 if r ′1 > r ′2. The nonanalytic
term I5/2(α,δ)χ5/2 arises from the presence of gapless fer-
mionic degrees of freedom. For general (α,δ), it has to be
calculated numerically. Figure 2(a) shows I5/2 as function of
α for a representative fixed value of δ =−1/2. Importantly,
I5/2(α,δ =−1/2)> 0 for all values of α. This implies a
continuous transition between the disordered Luttinger semi-
metal and the long-range-ordered phases, such that the higher-
order terms O(χ3) in equation (11) can be neglected near
the transition. In order to determine the nature of the trans-
ition between the two ordered phases, it is useful to res-
cale the fields ϕ and φ in a way that the coefficient of the
nonanalytic term in the AIAO sector is the same as those
in the nematic sector. This can be achieved by introdu-
cing the rescaled polar angle α using the field redefinitions
ϕ = [

√
N/(a1g1)]χ cosα and φ = [

√
N/(a2g2)]χ sinα with

a1 := [I5/2(α= 0)]2/5 and a2 := [I5/2(α= π/2)]2/5. Note that
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Figure 2. (a) Coefficient I5/2 of the nonanalytic term ∝ χ5/2 in the
mean-field energy, for fixed anisotropy parameter δ =−1/2, as
function of polar angle α in (ϕ,φ) field space. Here, α ∈ {0,π}
(α ∈ {π,3π/2}) corresponds to the AIAO (nematic) sector. I5/2 is
positive for all α ∈ [0,2π), justifying the truncation of the
mean-field energy after the nonanalytic term. (b) Rescaled
coefficient I5/2 as function of rescaled polar angle α, for fixed
δ =−1/2, unveiling three global minima at α= 0,π (AIAO sector)
and α= π

2 (nematic sector). This excludes the possibility of
coexisting AIAO and nematic order.

α= α for α ∈ {0,π/2,π,3π/2}. On the level of the quad-
ratic term ∝ χ2 in the mean-field energy, the rescaling can be
absorbed in a redefinition of the tuning parameters r1 and r2.
The rescaled coefficient of the nonanalytic term ∝ χ5/2 now
takes the form

I5/2 (α,δ) :=

(
cos2α
a21

+
sin2α
a22

)5/4

I5/2 (α(α) , δ) . (15)

Figure 2(b) shows I5/2 as function of α for a representative
fixed value of δ =−1/2. The rescaled coefficient hosts three
global minima, lying at angles α= 0,π (AIAO sector) as well
as α= π/2 (nematic sector). This implies that a coexistence
phase (corresponding to α /∈ {0,π/2,π,3π/2}) is not realized
for all values of r ′1 and r

′
2. As a consequence, the mean-field

theory predicts a direct discontinuous transition between the
AIAO and nematic orders.

This analytical result is consistent with the numerical min-
imization of the mean-field energy, equation (11), with respect
to the mean-field parameters χ and α for given G1 = g21/r1,
G2 = g22/r2, and δ. This is illustrated in figure 3(a), which
shows the resulting mean-field phase diagram as function of
G1 and G2 for a fixed representative value of δ. Beyond the
LABphase at small couplings, we identify two ordered phases:
for sufficiently large G1, a Weyl semimetal phase emerges,
characterized by the Ising OP 〈ϕ〉 ∝ 〈ψ†γ45ψ 〉, which sig-
nals spontaneous time-reversal symmetry breaking. On the
pyrochlore lattice, this phase exhibits AIAO antiferromagnetic
order [27, 30, 31]. In contrast, for sizable G2, we find a non-
magnetic phase that breaks lattice rotational symmetry. This
phase is characterized by the nematic OP 〈φ〉 ∝ 〈ψ†γ5ψ 〉,
constructed from one of the five irreducible components of
traceless symmetric tensors in three dimensions [26]. It cor-
responds to a nematic topological insulator [25, 29]. While the

transitions from the LAB phase to the ordered phases are con-
tinuous, the direct transition between the two ordered phases
is first order, consistent with the Landau–Ginzburg–Wilson
paradigm.

2.4. RG analysis

At finite N, fluctuation effects can become significant. To
account for these effects, we use an RG analysis in the dynam-
ical bosonization framework [34–36]. This approach applies
a Hubbard–Stratonovich transformation after each RG step,
effectively capturing potential nonperturbative effects from
the RG-induced generation of four-fermions couplings while
avoiding the unphysical singularities associated with their
runaway flow. The method has been successfully applied to
Luttinger semimetals [29], demonstrating the existence of a
critical valueNc of quadratic band touching points at the Fermi
level, consistent with earlier analyzes [25, 28]. For N↘ Nc,
the infrared stable fixed point corresponding to the LAB phase
collides and annihilates with the quantum critical fixed point
that governs the transition between the LAB phase and the
nematic topological insulator. All the different approaches
predict a value of Nc around 2, and therewith above the phys-
ical case N= 1 relevant for the pyrochlore iridates.

Crucially, the dynamically bosonized RG approach allows
us to compute the OPs as functions of the microscopic coup-
lings by integrating out the RGflow. This enables us to determ-
ine the nature of the phase transitions explicitly.

2.4.1. 4− ϵ expansion. To beginwith, note that the fermion-
boson model defined in equation (6) features a unique upper
critical dimension. This is because the effective charge e, the
AIAO Yukawa coupling g1, the nematic Yukawa coupling
g2, and the nematic self-interaction λ become simultaneously
marginal in d= 4 spatial dimensions. The presence of a unique
upper critical dimension enables a controlled 4− ϵ expan-
sion. To generalize our theory to noninteger spatial dimen-
sions 2< d< 4, we maintain the general dimensional scaling
of the couplings, but perform angular integrations directly in
the physical dimension d= 3 [37]. This approach is considered
the most suitable for models of this type [26]. By integrat-
ing out modes with momenta q in the thin shell Λ/b< q< Λ,
where Λ is the ultraviolet cutoff, and arbitrary frequencies, the
renormalized action takes the form

S<FB =

∞̂

−∞

dω
2π

Λ/bˆ

0

ddq⃗

(2π)d

{
N∑
i=1

ψ†
i

[
bη1 iω

+bηψ
5∑

a=1

da (⃗q)γa+(δ+∆δ)
5∑

a=1

sada (⃗q)γa

]
ψi

+
1
2
abηaq2a+

1
2
ϕ
[
bηϕq2 +(r1 +∆r1)

]
ϕ

+
1
2

5∑
a=1

φa
[
bηφq2 +(c+∆c)ω2 +(r2 +∆r2)

]
φa

}
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Figure 3. (a) Phase diagram of Luttinger model in the low-temperature limit as function of short-range couplings G1 and G2 for fixed
representative values of the charge e2 = 3π2Λ/2 and the anisotropy parameter δ =−1/2 from mean-field theory, which becomes exact in
the limit N→∞. The LAB phase at small couplings realizes a three-dimensional non-Fermi liquid (gray). For sufficiently large G1, a Weyl
semimetal emerges, characterized by AIAO antiferromagnetic order on the pyrochlore lattice. For sizable G2, a nonmagnetic nematic
topological insulator is stabilized. Color scale indicates magnitudes of AIAO OP ⟨ϕ⟩ ∝ ⟨ψ†γ45ψ ⟩ (red) and nematic OP ⟨φ⟩ ∝ ⟨ψ†γ5ψ ⟩
(blue). Single (double) lines indicate continuous (discontinuous) phase transitions. (b) Same as (a), but for N= 10 from RG analysis,
qualitatively agreeing with the mean-field result. (c) Same as (b), but for N= 2. The LAB phase shrinks in favor of the nematic phase as the
LAB fixed point and the quantum critical fixed point associated with the nematic instability approach each other. (d) Same as (b), but for
N= 1, corresponding to the case relevant for the pyrochlore iridates R2Ir2O7. The LAB phase is removed as a consequence of the
fixed-point annihilation, leaving behind a continuous phase transition line between the AIAO antiferromagnetic Weyl semimetal and the
nematic topological insulator for small G2.

+

∞̂

−∞

dω1 dω2

(2π)2

Λ/bˆ

0

ddq⃗1 ddq⃗2

(2π)2d

[
i
e+∆e√

N
a

N∑
i=1

ψ†
i ψi

+
g1 +∆g1√

N
ϕ

N∑
i=1

ψ†
i γ45ψi

+
g2 +∆g2√

N

5∑
a=1

φa

N∑
i=1

ψ†
i γaψi

+
λ+∆λ√

N

5∑
a,b,c=1

tr(ΛaΛbΛc)φaφbφc

 . (16)

We rescale all frequencies as bzω 7→ ω, with dynam-
ical exponent z= 2+ η1 − ηψ, and all momenta as
b⃗q 7→ q⃗. Further, we renormalize the fields accord-
ing to b−(2+d+z−ηψ)/2ψ 7→ ψ, b−(2+d+z−ηa)/2a 7→ a,
b−(2+d+z−ηϕ)/2ϕ 7→ ϕ, and b−(2+d+z−ηφ)/2φa 7→ φa. The
effective action then becomes of the same form as the ori-
ginal action, but with renormalized parameters δ, e, g1, r1,
g2, λ, c, and r2. We take into account all one-loop self-energy
and vertex diagrams depicted in figure 4. The resulting flow
equations read

dδ
dlnb

=−ηψ δ+
2

15N

(
1− δ2

)
[(1+ δ) f1t− (1− δ) f1e]e

2

− 2
15N

(
1− δ2

)
[(1+ δ) f1t+(1− δ) f1e]

g21
(1+ r1)

3

+
2
5N

[(1+ δ) f1t− (1− δ) f1e]
g22

(1+ r2)
3 , (17)

de2

dlnb
=

(
z+ 2− d− ηa +

2δ
1− δ2

dδ
dlnb

)
e2, (18)

dg21
dlnb

=

(
6− d− z− ηϕ− 2ηψ +

2δ
1− δ2

dδ
dlnb

)
g21

+
2
5N

(1− δ)
(
1− δ2

)
f2eg

2
1e

2

− 2
5N

(1− δ)
(
1− δ2

)
f2e

g41
1+ r1

− 2
5N

(1− δ) f2e
g21g

2
2

1+ r2
, (19)

dr1
dlnb

= (2− ηϕ)r1 −
4
5
(1− δ)

(
1− δ2

)
f2eg

2
1, (20)

dg22
dlnb

=
(
6− d− z(0) − η(0)φ − 2η(0)ψ

)
g22 +

12
5N

g42
1+ r2

+
4
5N

(
1− δ2

)
g22e

2 − 4c1
5N

(
1− δ2

) g21g
2
2

1+ r1
, (21)

dλ
dlnb

=
1
2

(
6− d− z(0) − 3η(0)φ

)
λ− 27

4N
λ3

√
c(1+ r2)

5/2

−
√
3

35
g32, (22)

dc
dlnb

=
(
2− 2z(0) − η(0)φ

)
c+

2
5
g22 +

21
4N

√
cλ2

(1+ r2)
5/2
, (23)

dr2
dlnb

=
(
2− η(0)φ

)
r2 −

8
5
g22 −

21
N

λ2
√
c(1+ r2)

3/2
, (24)

with the anomalous dimensions given by

ηψ =
2

15N

(
1− δ2

)
[(1+ δ) f1t+(1− δ) f1e]e

2

− 2
15N

(
1− δ2

)
[(1+ δ) f1t− (1− δ) f1e]

g21
(1+ r1)

3

+
2
5N

[(1+ δ) f1t+(1− δ) f1e]
g22

(1+ r2)
3 , (25)
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Figure 4. Feynman diagrams at one-loop order contributing to
(a)–(c) the fermion anomalous dimensions η1, ηψ and the
anisotropy parameter renormalization ∆δ, (d) the Coulomb
anomalous dimension ηa, (e) the AIAO order-parameter anomalous
dimension ηϕ and the AIAO tuning parameter renormalization ∆r1,
(f), (g) the nematic order-parameter anomalous dimension ηφ, the
parameter renormalization ∆c, and the nematic tuning parameter
renormalization∆r2, (h)–(j) the charge renormalizations∆e,
(k)–(m) the AIAO Yukawa vertex renormalizations ∆g1, (n)–(p) the
nematic Yukawa vertex renormalizations ∆g2, (q)–(s) the
self-interaction renormalizations ∆λ. The contributions to the flow
of e2 from (a) and (h), from (b) and (i), and from (c) and (j),
respectively, cancel as a consequence of a Ward identity.

η
(0)
ψ =

4
15N

(
1− δ2

)
e2 +

4
5N

g22
(1+ r2)

3 , (26)

ηa = e2fe2 , (27)

ηϕ = g21fg2 , (28)

η(0)φ =
44
35
g22 +

21
4N

λ2
√
c(1+ r2)

5/2
, (29)

η1 = 0, (30)

and the dynamical exponent takes the form

z= 2− ηψ, z(0) = 2− η
(0)
ψ . (31)

In the above flow equations and anomalous dimensions, we
have rescaled the couplings as (e2,g21)Λ

−ϵ/(2π2) 7→ (1− δ2)

(e2,g21), which turned out convenient to assess the proper-
ties of the AIAO fixed point [31]. We have further introduced
the dimensionless couplings (g22,λ

2)Λ−ϵ/(2π2) 7→ (g22,λ
2),

the dimensionless tuning parameters (r1,r2)Λ−2 7→ (r1,r2),
and the dimensionless parameter cΛ2 7→ c. The dimensionless
functions fi(δ) are defined in appendix A. Note that the self-
energy contributions to the flow of e2, depicted in figures 4(a)–
(c), cancel with the explicit charge vertex renormalizations,
shown in figures 4(h)–(j), as a consequence of the Ward iden-
tity associated with the minimalistic gauge transformation
ψ 7→ eieλ(τ)ψ, a 7→ a− ∂τλ(τ) [29, 31]. The parameter c is an
irrelevant parameter that is kept in order to regularize purely
bosonic loops in the nematic sector, shown in figures 4(g)
and (s). Note that such regularization parameter is not required
in the AIAO sector [31], since a cubic bosonic self-interaction
is forbidden by the Ising symmetry of the AIAO OP field ϕ.
In the above, we have expanded the flow equations assuming
small c� 1. Aswill be shown in section 2.4.3, this assumption
is consistent with c being small at all fixed points of interest,
namely, the LAB fixed point, the nematic fixed point, and the
AIAO fixed point.

Following [29], we neglect the anomalous contribution ∝∑d
i,j,k=1 ∂iTij∂kTkj in the nematic sector, allowed whenever the

spatial dimension d agrees with dimT, the dimension of the
nematic tensor field Tij =

∑(d−1)(d+2)/2
a=1 φaΛa,ij.

For simplicity, the flow equations for the nematic Yukawa
coupling g22, the self-interaction coupling λ, the regulariza-
tion parameter c, and the nematic tuning parameter r2 have
further been expanded to lowest order in the anisotropy para-
meter δ around the isotropic case δ= 0. This is sufficient to
describe the nematic sector, see section 2.4.3. For consistency,
before any rescalings of coupling constants, also the involved
anomalous dimensions ηψ and ηφ and the dynamical expo-
nent z have to be expanded to their leading orders in δ in these
cases, η(0)ψ = ηψ

∣∣
δ=0

, η(0)φ = ηφ
∣∣
δ=0

, and z(0) = z
∣∣
δ=0

. Note,
however, that anisotropy-dependent coupling reparametriza-
tions, such as the above rescaling (e2,g21) 7→ (1− δ2)(e2,g21),
can still lead to crucial anisotropy dependencies. On the level
of the 4− ϵ expansion, this happens explicitly through two
vertex corrections in the flow equation of g22 now involving
a factor of 1− δ2 and implicitly in the flow equations of g22,
λ, and c through the reparametrized anomalous dimension
η
(0)
ψ involving a factor of 1− δ2, see equation (26). In gen-
eral, the theory space is spanned by 13 different parameters,
namely the anisotropy parameter δ, the effective charge e, the
AIAO Yukawa coupling g1, the AIAO tuning parameter r1,
two nematic Yukawa couplings g2,t and g2,e (associated with
the T2g and Eg components of the nematic tensor OP), three
cubic nematic self-interactions λttt, λtte, and λeee, two regular-
ization parameters ct and ce, and two nematic tuning paramet-
ers r2,t and r2,e. Note that T2g⊗Eg⊗Eg = 2T1g⊕ 2T2g [38],
which forbids terms like φ1φ4φ5 in the action. This implies
the absence of a fourth cubic self-interaction governed by a
coupling λtee. Expanding the flow in the nematic sector around
the isotropic limit allows us to restrict the parameter space to
an eight-dimensional subspace spanned by δ, e, g1, r1, g2, λ, c,
and r2. The cost of this simplification is the introduction of an

7
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additional free parameter c1 in the flow of the nematic Yukawa
coupling g2. However, the contribution involving c1 is merely
a biquadratic term, ∝ g21g

2
2. As such, we can already anticip-

ate that its impact on the flow will likely be quantitative rather
than qualitative. Indeed, as will be shown in section 2.4.3, both
the location as well as the scaling exponents of the LAB fixed
point, the nematic fixed point, and theAIAOfixed point remain
entirely unaffected by the value of c1. We therefore expect that
disregarding the distinction between the T2g and Eg compon-
ents of the nematic tensor OPwill not affect the universal phys-
ics. For the numerical integration of the flow equations presen-
ted in section 2.4.4, we choose c1 ≡ 1/5, which represents the
weighted average of the T2g and Eg contributions c1t =+1 and
c1e =−1.

The flow equations presented here generalize those previ-
ously derived for the individual AIAO [31] and nematic [29]
sectors, reducing to these in the respective limits.

2.4.2. Dynamical bosonization scheme. In three spatial
dimensions, it is no longer sufficient to solely work with the
flow equations arising from the 4− ϵ expansion. Additionally,
we need to take into account four-fermion box diagrams,
which generate further four-fermion interactions, not present
at the microscopic scale. These are shown at the one-loop
order in figure 5. Although these contributions can be safely
neglected for small ϵ= 4− d� 1, four-fermion contributions
to the nematic channel turn out to be crucial in 2< d< 4
[29]. Neglecting these contributions would mask the fixed-
point collision and annihilation of the LAB fixed point with
the nematic fixed point when lowering the number of quad-
ratic band touching points N below a critical flavor number
Nc. Using dynamical bosonization in the nematic sector, RG-
generated four-fermion interactions can be directly incorpor-
ated into the flow of the nematic Yukawa coupling g22 [29, 34–
36, 39]. To illustrate this, consider the renormalized action

S<FB =

ˆ

ω,⃗q

1
2
φa (r2 +∆r2)φa+

ˆ

ω1,q⃗1

ˆ

ω2,q⃗2

g2 +∆g2√
N

φaψ
†
i γaψi

+

ˆ

ω1,q⃗1

ˆ

ω2,q⃗2

ˆ

ω3,q⃗3

∆G2

N

(
ψ†
i γaψi

)2
+ · · · , (32)

where
´
ω,⃗q :=

´∞
−∞

dω
2π

´ Λ/b
0

ddq⃗
(2π)d and the ellipsis denotes all

other, tree level or RG generated, terms. For notational
simplicity, we assume summation convention over repeated
indices in this section. The renormalizations∆r2,∆g2,∆G2 =
O(lnb) contribute to the nematic order-parameter mass, the
nematic Yukawa vertex, and the four-fermion coupling in the
nematic channel, respectively. Note that although the four-
fermion interaction is absent in the ultraviolet, it gets gener-
ated under an RG transformation. Shifting the nematic fields
as φa 7→ φa+

∆w√
N
ψ†
i γaψi results in the shifted renormalized

action

Figure 5. Complete set of four-fermion box diagrams at the
one-loop order. In the dynamical bosonization scheme, diagrams
(a)–(f) and (m)–(o) contribute to the flow of the nematic Yukawa
coupling g2. In contrast, diagrams (g)–(i) and (j)–(l) do not
contribute to the nematic channel when adding the individual
contributions.

S<FB 7→
ˆ

ω,⃗q

1
2
φa (r2 +∆r2)φa

+

ˆ

ω1,q⃗1

ˆ

ω2,q⃗2

g2 +∆g2 + r2∆w√
N

φaψ
†
i γaψi

+

ˆ

ω1,q⃗1

ˆ

ω2,q⃗2

ˆ

ω3,q⃗3

∆G2 + g2∆w
N

(
ψ†
i γaψi

)2
+ · · · ,

(33)

assuming ∆w=O(lnb). Choosing ∆w=−∆G2/g2 elim-
inates the four-fermion interaction at the cost of the addi-
tional Yukawa vertex renormalization∝−r2∆G2/g2. In other
words, the RG-generated four-fermion interaction can be
incorporated through a Hubbard–Stratonovich transformation
after each RG step, resulting in a modified flow equation
for the Yukawa coupling. Within the dynamical bosonization
scheme, the flow equation of the nematic Yukawa coupling g22
takes the form

dg22
dlnb

=
(
6− d− z(0) − η(0)φ − 2η(0)ψ

)
g22 +

12
5N

g42
1+ r2

+
4
5N

(
1− δ2

)
g22e

2 − 4c1
5N

(
1− δ2

) g21g
2
2

1+ r1
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Table 1. LAB fixed point: fixed-point values and corresponding scaling exponents in d= 3 spatial dimensions from dynamical bosonization
for different numbers of quadratic band touching points N⩾ Nc = 1.856. Below the critical number Nc, the LAB fixed point has annihilated
with the nematic fixed point and is no longer present in the physical space of real couplings.

N δ⋆ e2⋆ g21⋆ α1⋆ g22⋆ λ⋆ c⋆ α2⋆ 2− z ηa ηϕ ηφ ω1 ω2

Nc 0.000 0.874 0.732 1.000 1.446 −0.040 0.162 0.927 0.126 0.874 1.004 1.818 0.036 0.000
2 0.000 0.882 0.737 1.000 1.494 −0.040 0.164 0.952 0.118 0.882 1.011 1.878 0.034 0.269
3 0.000 0.918 0.738 1.000 1.542 −0.040 0.163 0.976 0.082 0.918 1.012 1.938 0.023 0.624
4 0.000 0.937 0.737 1.000 1.556 −0.040 0.162 0.983 0.063 0.937 1.011 1.956 0.018 0.740
5 0.000 0.949 0.736 1.000 1.564 −0.040 0.162 0.987 0.051 0.949 1.009 1.966 0.014 0.800
10 0.000 0.974 0.733 1.000 1.578 −0.040 0.161 0.994 0.026 0.974 1.005 1.984 0.007 0.908
25 0.000 0.989 0.731 1.000 1.586 −0.040 0.160 0.997 0.011 0.989 1.002 1.994 0.003 0.965
100 0.000 0.997 0.730 1.000 1.590 −0.040 0.159 0.999 0.003 0.997 1.001 1.998 0.001 0.991

∞ 0 1 35
48 1 35

22 −
√

105
13310

7
44 1 0 1 1 2 0 1

+
1

10N

(
1− δ2

)2
r2e

4 +
1

10N

(
1− δ2

)2 r2g41
(1+ r1)

2

+
13
10N

r2g42
(1+ r2)

2 −
c2
N

(
1− δ2

) r2g21g
2
2

(1+ r1)(1+ r2)
,

(34)

where the first four summands stem from the 4− ϵ expansion
above and the last four terms are the contributions arising from
the dynamical bosonization scheme. Restricting to the eight-
dimensional parameter space required us to introduce another
free parameter c2. As with the previously encountered para-
meter c1, the contribution corresponding to c2 is also simply
biquadratic,∝ g21g

2
2. We show in section 2.4.3 that the location

and the scaling exponents of the LAB fixed point, the nematic
fixed point, and the AIAO fixed point are independent of both
c1 and c2. For the numerical integration of the flow equations,
we choose, in analogy to the procedure for c1, the weighted
average c2 ≡ 2/5 of the T2g and Eg contributions c2t = 0 and
c2e = 1. The flow equations in the dynamical bosonization
scheme reduce to the corresponding equations from [29] in the
nematic sector when setting g1 = δ = 0. As a further cross-
check, we demonstrate in appendix B that the dynamically
bosonized flow equations reduce, in the limit of infinite order-
parameter masses, r1,r2 →∞, to those of a purely fermionic
model, obtained without introducing order-parameter fields
explicitly.

2.4.3. Fixed-point structure. We now discuss the fixed-
point structure of the model. Based on the mean-field res-
ults, we expect that in the large-N limit, the system exhibits
a fully infrared stable fixed point corresponding to the dis-
ordered LAB phase [15–17], along with two quantum critical
fixed points associated with instabilities toward AIAO [27, 30,
31] and nematic [25, 26, 29] order, respectively. For finite N,
however, we explicitly show below that the LAB fixed point
collides (annihilates) with the nematic fixed point at (below)
a critical number of quadratic band touching points Nc > 1.
Moreover, we demonstrate that the AIAO fixed point does not
take part in the collision and annihilation process, but remains
in the physical space of real couplings for any number of quad-
ratic band touching points N ∈ N.

To observe the fixed-point annihilation at finite coupling
strengths, it is convenient to reparametrize the AIAO Yukawa
coupling g21 7→ g21/(−δ) and the corresponding AIAO tuning
parameter r1 7→ r1/(−δ). Additionally, we introduce the new
tuning variables

α1 :=
r1

1+ r1
, α2 :=

r2
1+ r2

, (35)

which map the AIAO and nematic tuning parameters r1
and r2 for r1,r2 ∈ [0,∞) onto the unit interval, α1,α2 ∈
[0,1). The fixed-point equations for the eight parameters
δ,e2,g21,α1,g22,λ,c,α2 can be solved analytically in the limit
N→∞. Starting from the large-N solutions, we use a
Newton–Raphsonmethod in order to determine the fixed-point
values and the corresponding scaling or critical exponents
numerically at finite N. For sufficiently large N, we identify a
unique interacting infrared stable fixed point, which we asso-
ciate with the disordered LAB phase [15–17]. The correspond-
ing fixed-point values for different values of N, together with
the associated scaling exponents, are given in table 1. In addi-
tion, as expected from the mean-field analysis, we further find
two quantum critical fixed points associated with nematic [26,
29] and AIAO [27, 30, 31] instabilities. Their corresponding
fixed-point values and critical exponents are given in tables 2
and 3, respectively.

As visible from tables 1 and 2, the nematic fixed point
and the LAB fixed point are located in the physical space of
real couplings for N⩾ Nc = 1.8555070 . . . (rounded to three
decimal places for better readability in what follows). At N=
Nc, the LAB fixed point collides with the nematic fixed point
and for even lower numbers of quadratic band touching points
N< Nc, the two fixed points take complex values with finite
imaginary parts. This result is consistent with the earlier ana-
lyzes [25, 28, 29]. For the LAB fixed point, we show the
dynamical exponent z, which is related to the fermion anom-
alous dimension as ηψ = 2− z, the photon anomalous dimen-
sion ηa, the anomalous dimension ηϕ of the AIAOOP field, the
anomalous dimension ηφ of the nematic OP, as well as the two
least negative eigenvalues of the stability matrix at the LAB
fixed point, ω1 and ω2, corresponding to leading and next-to-
leading corrections to scaling. (We have labelled ω1 and ω2

9
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Table 2. Nematic fixed point: fixed-point values and corresponding critical exponents in d= 3 spatial dimensions from dynamical
bosonization for different numbers of quadratic band touching points N⩾ Nc = 1.856. Below the critical number Nc, the nematic fixed
point has annihilated with the LAB fixed point and is no longer present in the physical space of real couplings.

N δ⋆ e2⋆ g21⋆ α1⋆ g22⋆ λ⋆ c⋆ α2⋆ 2− z ηa ηϕ ηφ 1/ν

Nc 0.000 0.874 0.732 1.000 1.446 −0.040 0.162 0.927 0.126 0.874 1.004 1.818 0.000
2 0.000 0.882 0.725 1.000 1.378 −0.039 0.158 0.892 0.118 0.882 0.994 1.732 0.260
3 0.000 0.916 0.717 1.000 1.215 −0.038 0.145 0.805 0.084 0.916 0.983 1.528 0.577
4 0.000 0.934 0.716 1.000 1.125 −0.037 0.137 0.755 0.066 0.934 0.981 1.414 0.681
5 0.000 0.946 0.716 1.000 1.065 −0.037 0.132 0.721 0.054 0.946 0.982 1.339 0.740
10 0.000 0.971 0.720 1.000 0.934 −0.036 0.120 0.644 0.029 0.971 0.988 1.174 0.862
25 0.000 0.988 0.725 1.000 0.851 −0.035 0.112 0.594 0.012 0.988 0.994 1.070 0.943
100 0.000 0.997 0.728 1.000 0.809 −0.035 0.108 0.569 0.003 0.997 0.999 1.017 0.985

∞ 0 1 35
48 1 35

44 −
√

105
85184

7
66

14
25 0 1 1 1 1

Table 3. AIAO fixed point: fixed-point value and exact critical exponents in d= 3 spatial dimensions. The AIAO fixed point is present in
the physical space of real couplings for any number of quadratic band touching points N ∈ N.

N δ⋆ e2⋆ g21⋆ α1⋆ g22⋆ λ⋆ c⋆ α2⋆ 2− z ηa ηϕ ηφ 1/ν

all −1 9
16

9
16 0 35

44 −
√

105
85184

7
66 1 0 1 1 1 1

such that ω1 < ω2 at large N, and smoothly connected to this
limit for finite N.) The scaling exponent ω1 reflects the fact
that the anisotropy δ becomes an exactly marginal operator
in the limit of infinitely many quadratic band touching points
N→∞. The scaling exponent ω2 → 0+ for N→ N+

c signals
the collision of the LAB fixed point with the nematic fixed
point. For the nematic fixed point, we analogously show z, ηa,
ηϕ, and ηφ, as well as the inverse correlation-length exponent
1/ν, corresponding to the unique positive eigenvalue of the
stability matrix. We note that the AIAO OP is non-critical at
the nematic quantum critical point, indicated by α1⋆ = 1. The
corresponding anomalous dimension ηϕ at the nematic fixed
point determines the scaling of the AIAO correlation func-
tion only after subtracting the momentum-independent con-
tribution. The fact that α2⋆ ∈ (0,1) at the nematic fixed point
implies that the corresponding dimensionful mass parameter
Λ2α2⋆/(1−α2⋆) vanishes in the infrared limit, consistent with
the emergent scale invariance at criticality. The numerical val-
ues of z, ηa, ηφ, ω2, and 1/ν in tables 1 and 2 precisely agree
with the corresponding values given in [29]. This is a con-
sequence of the fact that AIAO fluctuations are suppressed by
the infinite mass of the AIAO order-parameter field ϕ at the
LAB and nematic fixed points, as indicated by the correspond-
ing α1⋆ = 1.

As shown in table 3, the AIAO fixed point exists for any
number of quadratic band touching points N ∈ N and, there-
fore, is not involved in any fixed-point annihilations. The fixed
point is characterized by maximal anisotropy δ⋆ =−1, which
has the consequence that the location of the fixed point and
the corresponding critical exponents can be computed analyt-
ically. In fact, as argued in appendix C, the AIAO critical expo-
nents are expected to be exact. Our results for z, ηa, ηϕ, and 1/ν
also precisely agree with the earlier calculations [27, 31].

We have explicitly verified that locations and exponents of
all three fixed points are independent from the parameters c1
and c2 introduced in section 2.4.1. This implies that also our
result for the critical number Nc at which the fixed-point col-
lision takes place does depend on neither c1 nor c2. This justi-
fies a posteriori the earlier introduced restriction to an eight-
dimensional theory space.

To summarize the fixed-point analysis, the flow equations
in the dynamical bosonization scheme exhibit, at large N, an
infrared stable fixed point corresponding to the disordered
LAB phase, along with two quantum critical fixed points
associated with instabilities toward the AIAO antiferromag-
netic Weyl semimetal and the nematic topological insulator,
respectively. As N is lowered toward a critical value Nc =
1.856, the stable LAB fixed point and the quantum critical
nematic fixed point approach each other and ultimately anni-
hilate forN< Nc.We now turn to the implications of this fixed-
point annihilation for the phase diagram.

2.4.4. Phase diagram. To obtain the zero-temperature
phase diagram, figures 3(b)–(d), we numerically integ-
rate out the flow equations for the eight paramet-
ers δ,e2,G1,α1,G2,λ,c,α2 in d= 3 spatial dimen-
sions, using varying initial effective interaction
strengths in the AIAO (nematic) channel G1 (G2),

and fixed
(
δ,2e2/(3π2Λ),α1,λ/

√
2π2Λ,cΛ2,α2

)
UV

=(
− 1

2 ,1,
1
10 ,−

√
105

85184 ,
7
66 ,

14
25

)
at the ultraviolet scale. Here,

G1 and G2 correspond to the four-fermion couplings in the
original four-fermion action in equation (2), which are related
to the Yukawa couplings g21 and g

2
2 as

10
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G1 =
g21
r1

and G2 =
g22
r2
, (36)

cf equation (7). In order to allow for an easier comparison
with the mean-field results and other studies, we have chosen
to work with dimensionful quantities e2, G1, G2, λ, and c in
this subsection. The initial values of the effective charge e2,
the cubic nematic self-interaction λ, the regularization para-
meter c, and the nematic mass parameter α2 have been chosen
according to the location of the nematic fixed point in the limit
of infinitelymany quadratic band touching pointsN→∞. The
factors of 2/(3π2) and 1/

√
2π2 in the definition of the start-

ing values for e2 and λ arise from the coupling rescaling for
δ =−1/2, as given after equation (31). While the location of
the phase boundaries depends on the choice of the initial val-
ues, our universal results, such as the occurrence of a con-
tinuous order-to-order transition is independent of this choice.
Depending on the chosen initial conditions, for N> Nc, we
find a flow toward either of three different regimes: For small
G1 and G2, the parameters flow toward the LAB fixed-point
values. In particular, this implies that α1 and α2 remain pos-
itive at all RG scales. This regime is associated with the LAB
phase. For positive G1 beyond a certain finite threshold, we
find that α1 becomes negative at some RG scale. Negative
α1 corresponds to a negative curvature of the effective poten-
tial in the AIAO sector. Consequently, we associate the flow
of α1 toward negative values with the onset of AIAO order.
For positive G2 beyond a certain finite threshold, on the other
hand, we find that α2 becomes negative at some RG scale,
which we associate with the onset of nematic order. In order
to estimate the values of the OPs in the two different ordered
phases, we assume that the flow away from the quantum crit-
ical fixed point is dominated by simple dimensional scaling.
This assumption only modifies nonuniversal properties of the
observables; in particular, it does neither change the order of
the transition nor the values of the corresponding critical expo-
nents [39–41]. Under this assumption, the values of the OPs
can be computed from the RG time tIR = lnbIR, at which the
associated parameters α1 and α2, respectively, turn negative.
In particular, in the AIAO phase, the OP 〈ϕ〉 is related to tIR
via 〈ϕ〉 ∝ exp

(
− d+z−2+ηϕ

2 tIR
)
= exp(−2tIR), since z= 2 and

ηϕ = 1 at the AIAO quantum critical fixed point for all num-
bers of quadratic band touching points N ∈ N and in d= 3
spatial dimensions. In the nematic phase, the corresponding
OP 〈φ〉 can be computed analogously; however, one has to be
careful which dynamical exponent and anomalous dimension
to incorporate: For N= 10 quadratic band touching points,

we identify 〈φ〉 ∝ exp
(
− d+z−2+ηφ

2 tIR
)
= exp(−2.072tIR),

with z= 1.971 and ηφ = 1.174 at the nematic fixed point,
see table 2. Likewise, for N= 2 quadratic band touch-

ing points, we employ again 〈φ〉 ∝ exp
(
− d+z−2+ηφ

2 tIR
)
=

exp(−2.307tIR), since z= 1.882 and ηφ = 1.732 at the
nematic fixed point, see table 2. However, for the case
N= 1, and therewith after the fixed-point annihilation, we

identify 〈φ〉 ∝ exp
(
− d+z−2+ηϕ

2 tIR
)
= exp(−2tIR), with z= 2

and ηϕ = 1 from the annihilation-surviving AIAO fixed point,
which governs the transition into the nematic phase.

The resulting quantum phase diagram for a representative
value ofN= 10 is shown in figure 3(b) and qualitatively aligns
with the mean-field result in figure 3(a). As N decreases, the
LAB fixed point and the quantum critical fixed point associ-
ated with the nematic instability approach each other. This
implies that the LAB phase shrinks in the phase diagram
in favor of the nematic phase, as exemplified for N= 2 in
figure 3(c). Upon further decreasing N, the two fixed points
eventually collide at a critical value Nc = 1.856, in agreement
with [29]. The fixed-point annihilation for N< Nc alters the
flow topology by removing the LAB phase. We emphasize
that no additional fixed points are involved in the collision;
in particular, the quantum critical fixed point associated with
the AIAO instability remains within the physical space of real
couplings for all N⩾ 1. The resulting quantum phase diagram
for the physical case of N= 1, relevant for the pyrochlore
iridates, is shown in figure 3(d). Importantly, there is now a
direct transition between the AIAO Weyl semimetal and the
nematic topological insulator upon tuning a single parameter,
G1. Although the two ordered states break different symmet-
ries, and the Landau–Ginzburg–Wilson paradigm would pre-
dict a discontinuous transition, the presence of the quantum
critical fixed point associated with the AIAO instability leads
to a continuous transition without fine tuning, provided G2 is
not too large.

To illustrate this fact, we show in figure 6(a) the nematic OP
〈φ〉 ∝ 〈ψ†γ5ψ 〉 and the AIAO antiferromagnetic OP 〈ϕ〉 ∝
〈ψ†γ45ψ 〉 for N= 1 as functions of the ultraviolet value of G1

while keeping the ultraviolet values ofG2, e2, and δ fixed. The
two OPs vanish continuously upon approaching the quantum
critical point at G1c from above and below, respectively. The
same behavior is observed for other values of G2, e2, and
δ, provided G2 is not too large. There is a direct continuous
order-to-order quantum phase transition without an interme-
diate mixed phase and without additional fine tuning.

2.4.5. Asymmetry in energy scales. A characteristic fea-
ture of the continuous order-to-order transition from fixed-
point annihilation is a significant anisotropy in the effective
energy scales on the two sides of the transition. In general,
energy scales depend on microscopic parameters and there-
fore cannot be quantitatively predicted within our continuum
model. However, at equal distances from criticality, we qual-
itatively find that the nematic OP for G1 < G1c is typically
several order of magnitude smaller than the AIAO OP for
G1 > G1c. This phenomenon arises as a direct consequence
of the fixed-point annihilation occurring at Nc = 1.856, which
is only slightly above the physical value of N= 1. For N just
below Nc, the complex LAB fixed point has a small imagin-
ary part. As a result, the RG flow near the location in para-
meter space where the fixed-point annihilation has occurred
becomes logarithmically slow. This slow flow leads to an
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Figure 6. (a) Normalized order parameters (OPs) ⟨φ⟩/Aφ and
⟨ϕ⟩/Aϕ for nematic (blue) and AIAO (red) order, respectively, for
N= 1 as functions of the ultraviolet value of the short-range
coupling G1 from RG analysis for representative fixed ultraviolet
values of the short-range coupling G2 = 0, charge e2 = 3π2Λ/2, and
anisotropy parameter δ =−1/2. There is a direct continuous
transition at G1c = 0.565 · 2π2/Λ between the nematic topological
insulator for G1 < G1c and the AIAO Weyl semimetal for G1 > G1c.
The normalization factors were chosen such that ⟨ϕ⟩= Aϕ and
⟨φ⟩= Aφ for G1 −G1c =±0.1 · 2π2/Λ, respectively. The OPs
scale as ⟨ϕ⟩ ∝ (G1 −G1c)

βϕ and ⟨φ⟩ ∝ (G1c −G1)
βφ for G1

approaching G1c from above and below, respectively, with the same
exponent βϕ = βφ = 2, but with significantly different prefactors.
(b) Finite-temperature phase diagram for N= 1 as function of G1

from RG analysis, with ultraviolet values of G2, e2, and δ as in (a).
Solid (dashed) lines denote phase transitions (crossovers). The
quantum critical point between the nematic topological insulator
(blue) and the AIAO Weyl semimetal (red) is marked as black dot.
The slow RG flow resulting from fixed-point annihilation causes a
striking anisotropy between the two sides of the transitions, with the
critical temperature significantly suppressed on the nematic side.
This suppression of the nematic order leaves an intermediate region
at finite temperature dominated by LAB-like behavior (gray).

exponential suppression of the effective energy scale associ-
ated with the nematic order, a phenomenon known as ‘walking
behavior’ in the field-theory literature [42, 43]. Walking beha-
vior is observed in fixed-point annihilation scenarios across
various systems, including quantum impurity models [44–47],
Potts models [48–51], Abelian Higgs models [52, 53], Wess–
Zumino–Witten models [54–56], QED3 [57–60], and QCD4

[61–65].
To illustrate this point, we again assume that the flow

away from the quantum critical fixed point is dominated by
simple dimensional scaling. Up to prefactors of order one, we
can then estimate the critical temperature on the AIAO side
of the transition as TAIAOc ∝ exp(−ztIR) = exp(−2tIR), where
tIR = lnbIR denotes the RG time at which the parameter α1

turns negative. Similarly, on the nematic side of the transition,
we can estimate the nematic critical temperature as Tnemc ∝
exp(−2tIR), with tIR denoting the RG time at which the para-
meter α2 turns negative. For N= 1, the complex LAB fixed
point is still reasonably close to the physical space of real
couplings. This results in a regime with logarithmically slow
flow and LAB-like behavior in a sizable finite-temperature
regime [25, 29]. The corresponding crossover temperature
TLAB⋆ between the nonuniversal high-temperature regime and
the LAB-like regime at intermediate temperatures can be

estimated via TLAB⋆ ∝ exp(−2tLAB), where tLAB corresponds
to the RG time at which the flow enters the slow-flow regime
associated with the complex LAB fixed point. A natural way
to estimate tLAB is to analyze the dimensionless vector of
flow parameters r⃗(t) := (δ,e2/[2π2(1− δ2)Λ],G1Λ/[2π2(1−
δ2)],α1,G2Λ/(2π2),λ/

√
2π2Λ,cΛ2,α2)(t) as function of RG

time t. Figure 7(a) shows the corresponding flow speed
∥∥∥ d⃗r(t)

dt

∥∥∥
as function of t ∈ [0, tIR]. We observe two regimes in which
the flow becomes slow. Comparing the flow parameters r⃗(t)
with the values of the different fixed points, we identify the
first (second) regime of slow flow to arise from the vicinity to
the AIAO (complex LAB) fixed point. The first minimum in∥∥∥ d⃗r(t)

dt

∥∥∥ thus corresponds to the quantum critical regime, while

the second minimum corresponds to the LAB regime. The

local maximum in
∥∥∥ d⃗r(t)

dt

∥∥∥ in between the two minima at inter-

mediate time tLAB thus corresponds to the crossover between
the two regimes.

In sum, on the nematic side of the transition, we find a
sizable intermediate-temperature regime between the critical
temperature Tnemc and the crossover temperature TLAB⋆ . On the
AIAO side, there is only a single minimum in the flow speed∥∥∥ d⃗r(t)

dt

∥∥∥, associated with the quantum critical regime, indic-

ating the absence of an additional intermediate-temperature
regime. The resulting finite-temperature phase diagram is
shown in figure 6(b), and illustrates the advertised asymmetry
in the effective energy scales on the two different sides of
the continuous order-to-order transition. On the nematic side
of the transition, the critical temperature is significantly sup-
pressed by several orders of magnitude in comparison with
the AIAO side. This suppression of the nematic order cre-
ates a broad intermediate regime at finite temperature, sep-
arated from the nonuniversal high-energy regime by a cros-
sover scale TLAB⋆ . In this regime, the RG flow is ‘stuck’ in
the vicinity of the, now imaginary, LAB fixed point [25, 29],
and thermodynamic and transport observables exhibit power
laws with nontrivial exponents, characteristic of a non-Fermi
liquid [17].While the asymmetry in the effective energy scales
on either side of the transition decreases with increasing G2,
we find it to remain significant for all parameter sets that we
have studied. This indicates that it can serve as a distinctive
signature for experimentally identifying the proposedmechan-
ism for continuous order-to-order transitions from fixed-point
annihilation.

In the present example, the proximity of the physical value
N= 1 to the critical value Nc = 1.856 results in an asymmetry
large enough to potentially hinder direct experimental verific-
ation. However, since the asymmetry diminishes with increas-
ing distance from the quantum critical point, finite nematic
order may still be observable, provided the system is suf-
ficiently removed from the critical region, leading to indir-
ect evidence of the proposed continuous order-to-order trans-
ition. Another possible indirect signature of the mechanism
is the appearance of ‘drifting’ exponents in the pseudo-critical
regime above the nematic phase, resulting from the fixed-point
annihilation [25, 29].
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Figure 7. (a) Flow speed
∥∥∥ d⃗r(t)

dt

∥∥∥ as a function of RG time t ∈ [0, tIR] for N= 1 and initial values of the flow parameters on the nematic side

of the transition, r⃗(t= 0) = (− 1
2 ,1,

G1c
3π2/(2Λ)

− 4
3 · 10

−5, 1
10 ,0,−

√
105

85184 ,
7
66 ,

14
25 ), with G1c = 0.752 . . . · 3π2

2Λ . The speed displays two regimes

of slow flow, indicated by the two minima of
∥∥∥ d⃗r(t)

dt

∥∥∥. The first (second) regime arises from the vicinity to the AIAO (complex LAB) fixed

point. The local maximum at intermediate tLAB corresponds to the crossover between the two regimes. (b) AIAO OP ⟨ϕ⟩ as a function of
G1 −G1c in double logarithmic plot on the AIAO side of the transition for N= 1. All other initial flow parameters have been chosen as in
(a). Dashed line indicates the theoretically expected slope νz= 2. (c) Same as (b), but for the nematic OP ⟨φ⟩ as a function of G1c −G1 on
the nematic side of the transition. The exceptionally small value of the nematic OP is a result of the complex LAB fixed point still being
reasonable close to the physical space of real couplings at N≲ Nc = 1.856, resulting in a slow flow and a sizable intermediate-temperature
LAB-like regime. (d) Same as (c), but for the crossover temperature TLAB⋆ between the nonuniversal high-temperature regime and the
intermediate-temperature LAB-like regime on the nematic side of the transition.

2.4.6. Universality class. The quantum critical behavior
of the continuous order-to-order transition is governed by
the RG flow near the fixed point associated with the AIAO
instability. In the present model, this fixed point is situated
at extreme cubic anisotropy [27, 31], allowing for the exact
computation of all critical exponents, see appendix C. We
find that the anomalous dimensions for both the AIAO and
nematic orders, respectively are ηϕ = ηφ = 1, the correlation-
length exponents νϕ = νφ = 1, and the dynamical exponent
z= 2. Assuming hyperscaling holds, we find that the two OPs
scale as 〈ϕ〉 ∝ (G1 −G1c)

βϕ and 〈φ〉 ∝ (G1c −G1)
βφ as G1

approaches G1c from above and below, respectively, with the
same exponent βϕ = βφ = 2.

This theoretical expectation can be explicitly confirmed
within our numerical analysis. To this end, we replot the data
from figure 6 using a double-logarithmic scale. Figure 7(b)
displays the AIAO OP as a function of the tuning parameter
G1 −G1c on the AIAO side of the transition. Near the crit-
ical point, the values obtained from numerical integration
(solid line) approach the expected behavior with slope βϕ =
2 (dashed line), as expected from the fixed-point analysis.
Similarly, figure 7(c) displays the nematic OP as a function
of G1c −G1 on the nematic side of the transition. While cor-
rections to scaling appear to be more significant in this case,
the leading behavior is still consistent with the expected slope
βφ = 2.We attribute the sizable scaling corrections to the slow
flow arising from the fixed-point annihilation and the marginal
anisotropy parameter δ, which leads to quasiuniversal beha-
vior over several length scales [31]. Lastly, figure 7(d) depicts
the crossover temperature TLAB⋆ as a function of G1c −G1 on
the nematic side of the transition. Again, the numerical res-
ult (solid line) in the vicinity of the critical point is consist-
ent with the expectation from the fixed-point analysis (dashed
line), namely TLAB⋆ ∝ (G1c −G1)

νz with νz= 2.

Let us end this section with two general comments on the
universality class of an order-to-order quantum phase trans-
ition caused by the proposed fixed-point annihilation mech-
anism. First, it is of course no coincidence that the two
correlation-length exponents νϕ and νφ associated with the
AIAO and nematic correlation functions align in our the-
ory, ν = νϕ = νφ. This has to hold for any order-to-order
quantum phase transition arising from fixed-point annihilation
as a consequence of the presence of a single divergent length
scale at the annihilation-surviving quantum critical fixed point.
Second, all other pairs of critical exponents associated with
the two different OPs may in general take on different val-
ues. The fact that this does not happen in the present case can
be understood as a consequence of the maximal anisotropy
δ⋆ =−1 at the AIAO fixed point, leading to ηϕ = ηφ = 1,
which, together with the hyperscaling assumption, implies that
all pairs of exponents agree.

3. Kagome quantum magnets

3.1. Model

Although the proposed mechanism for a continuous order-to-
order transition does not depend on the formation of fraction-
alized quasiparticles, it is possible to emerge also in conjunc-
tion with fractionalization phenomena. To illustrate this point,
consider the extended Heisenberg model on the kagome lat-
tice, defined by the Hamiltonian

H= J1
∑
⟨ij⟩

S⃗i · S⃗j+ J2
∑
⟨⟨ij⟩⟩

S⃗i · S⃗j+ J3
∑
⟨⟨⟨ij⟩⟩⟩

S⃗i · S⃗j. (37)

Here, S⃗i represents a spin-1/2 at site i, while 〈ij〉, 〈〈ij〉〉,
and 〈〈〈ij〉〉〉 correspond to first-, second-, and third-neighbor
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bonds, respectively, with J1, J2, and J3 denoting the associated
exchange couplings, see figure 9(a). Themodel describesmag-
netic Mott insulators crystallizing in a layered kagome struc-
ture, such as herbertsmithite ZnCu3(OH)6Cl2 [66], kapellas-
ite Cu3Zn(OH)6Cl2 [67], or YCu3(OH)6.5Br2.5 [68, 69]. For
dominant antiferromagnetic J1 > 0, numerical simulations at
finite temperature or on finite lattices observe no evidence
for any long-range-ordered state, suggesting the formation
of a quantum spin liquid [70–78]. The nature of this state
has been a matter of significant debate, with recent simula-
tions indicating a gapless U(1) Dirac spin liquid [74–76]. For
increasing second- and third-neighbor interactions J2 and J3,
a transition to a gapped chiral spin liquid, characterized by
broken time reversal symmetry with finite scalar spin chirality
〈⃗Si · (⃗Sj× S⃗k)〉, has been found [79–83]. For instance, fixing
the second- and third-nearest-neighbor couplings as J2/J1 =
J3/J1 = α with antiferromagnetic next-neighbor coupling
J1 > 0, the transition occurs at αc ' 0.4 [79]. The transition
has been argued to be continuous [79] and described by the
QED3-Gross–Neveu model with N= 2 four-component Dirac
fields [74, 84–89]. The QED3-Gross–Neveu model describes
fermionic excitations ψ and ψ† arising from fractionalization
of the spin degrees of freedom, interacting via an emergent
U(1) gauge field aµ and additional local four-fermion interac-
tions,

SQED3-GN =

ˆ
d3x

[
ψ̄i γµ

(
∂µ−

ie√
N
aµ

)
ψi +

1
4
f2µν

−G1

2N

(
ψ̄i γ45ψi

)2 − G2

2N

(
ψ̄i γµψi

)2]
. (38)

Here, ψi and ψ̄i := ψ†γ3 denote N= 2 flavors of four-
component Dirac spinors in (2+ 1)-dimensional Euclidean
space-time, fµν = ∂µaν − ∂νaµ is the U(1) field-strength
tensor associated with the U(1) gauge field aµ, the 4× 4
matrices γµ satisfy the Clifford algebra, and γ45 := iγ4γ5 is
the Hermitian product of the two chiral gamma matrices in
the reducible four-component spinor representation. For nota-
tional simplicity, we have assumed the summation conven-
tion over repeated flavor indices i = 1, . . . ,N and space-time
indices µ= 1,2,3. Among others, the model features Z2 time
reversal and SU(2N) flavor symmetry.

3.2. RG analysis

In 2+1 dimensions, the gauge coupling e2 has positive mass
dimension and flows to a finite value in the infrared. The four-
fermion couplings G1 and G2 are power-counting irrelevant,
but can be generated by the finite gauge coupling. On the level
of mean-field theory, the coupling G1, if tuned beyond a cer-
tain finite threshold, induces a transition between the Dirac
spin liquid for G1 < G1c and the chiral spin liquid for G1 <
G1c. The latter is characterized by a finite vacuum expect-
ation value of the fermion bilinear 〈ψ̄i γ45ψi 〉 6= 0, which
breaks time reversal symmetry [90]. The four-fermion coup-
ling G1 can thus be understood to parameterize the second-

and third-nearest-neighbor interactions J2 = J3 in the micro-
scopic model. The coupling G2 is generated by the RG flow
and is therefore included from the outset. Indeed, treating G1

and G2 on equal footing is essential for identifying the con-
tinuous order-to-order transition.

At one-loop order, the flow equations for the QED3-Gross–
Neveu model read [58, 85]

de2

dlnb
= (1− ηa)e

2, (39)

dG1

dlnb
=−G1 +

16
3N

e2G1 +
8
N
e2G2 −

4
N
e4 +

2(2N− 1)
N

G2
1

− 4
N
G2

2 −
6
N
G1G2, (40)

dG2

dlnb
=−G2 +

8
3N

e2G1 −
2(2N+ 1)

3N
G2

2 −
2
N
G1G2, (41)

with gauge field anomalous dimension ηa = 4
3e

2. Above, we
employed the rescaling e2 7→ 2π2Λe2, G1 7→ 2π2Λ−1G1, and
G2 7→ 2π2Λ−1G2, where Λ denotes the ultraviolet cutoff.
Figure 8(a) illustrates the fixed-point structure of the model.
For sufficiently large N, the infrared attractive plane e2 = e2⋆ =
3/4 hosts a fully infrared stable fixed point (cQED3), asso-
ciated with the conformal phase of QED3 [57–59, 91]. In
the context of the extended Heisenberg spin-1/2 model on
the kagome lattice, the latter can be understood as a U(1)
Dirac spin liquid [74–76]. In addition, the plane features
two quantum critical fixed points, associated with instabilities
toward Ising Z2 time reversal symmetry breaking (QCPIsing)
and SU(2N) flavor symmetry breaking (QCPflavor) ground
states, respectively [57, 59]. On the kagome lattice, the former
can be understood as chiral spin liquid [74, 84], while the latter
is expected to realize valence bond solid order [92].

For decreasing N, the infrared stable cQED3 fixed point
and the quantum critical QCPflavor fixed point approach each
other and eventually collide at a critical flavor number Nc.
This is illustrated in figures 8(b)–(d), which shows the RG
flow in the G1-G2 plane for fixed e2 = e2⋆ and different values
of N above, at, and below the critical flavor number Nc. For
N< Nc, the cQED3 and QCPflavor fixed points are located in
the complex plane, leaving behind a runaway flow in the space
of real couplings. Importantly, the fixed point QCPIsing, asso-
ciated with the time-reversal-symmetry-breaking instability,
remains unaffected by the collision and annihilation process.
For N< Nc, it distinguishes between two different regimes
characterized by runaway flows: Consider the line of starting
values given by e2 = e2⋆ and G2 = 0 at the ultraviolet scale.
For G1 > G1⋆, the flow diverges toward (G1,G2)→ (∞,0)
at a finite RG scale, indicating spontaneous time reversal
symmetry breaking. For G1 < G1⋆, on the other hand, the
flow diverges toward (G1,G2)→ (−∞,−∞), which has pre-
viously been interpreted as an instability toward flavor sym-
metry breaking [59, 85, 90]. This suggests that QCPIsing gov-
erns for N< Nc a continuous quantum phase transition on
the between two long-range ordered states that break differ-
ent symmetries. At the one-loop order, we find the critical
flavor number as Nc = 6.24. Higher-loop contributions may
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Figure 8. (a) Schematic fixed-point structure of the QED3-Gross–Neveu model in the space spanned by the couplings e2, G1, and G2.
Arrows indicate flow toward infrared. For sufficiently large N, the infrared attractive plane e2 = e2⋆ hosts a fully infrared stable fixed point
(cQED3), associated with the conformal phase of QED3, representing the U(1) Dirac spin liquid state in the kagome Heisenberg spin-1/2
model. In addition, the plane features two quantum critical fixed points, associated with instabilities toward Z2 time reversal symmetry
breaking (QCPIsing) and SU(2N) flavor symmetry breaking (QCPflavor) ground states, respectively. On the kagome lattice, the former can be
understood as chiral spin liquid, while the latter is expected to realize valence bond solid order. The critical manifold with respect to time
reversal symmetry breaking (flavor symmetry breaking) is indicated in blue (green). For decreasing N, cQED3 and QCPflavor approach each
other and eventually collide at a critical flavor number Nc. (b) RG flow diagram for N= 7 in the plane e2 = e2⋆ spanned by the four-fermion
couplings G1 and G2, indicating the locations of the infrared stable cQED3 fixed point and the quantum critical QCPIsing and QCPflavor fixed
points. (c) Same as (b), but for the critical flavor number N= Nc = 6.24, indicating the fixed-point collision. (d) Same as (b), but for N= 2,
relevant for the extended Heisenberg spin-1/2 model on the kagome lattice. The absence of the cQED3 fixed point implies that the U(1)
Dirac spin liquid is unstable and the QCPIsing fixed point governs a direct continuous transition between valence bond solid order and a
time-reversal-symmetry-breaking chiral spin liquid.

Figure 9. (a) Kagome lattice, indicating first (J1), second (J2), and third (J3) neighbors. (b) Schematic finite-temperature phase diagram of
kagome Heisenberg model as function of α= J2/J1 = J3/J1, from RG analysis of effective QED3-Gross–Neveu model. The gapped chiral
spin liquid (CSL) breaks time reversal. Solid (dashed) lines denote phase transitions (crossovers). The disordered gapless Dirac spin liquid
(DSL) is unstable at low temperatures toward a valence bond solid (VBS), leaving behind a continuous zero-temperature transition between
distinct orders.

reduce the number, but most analytical estimates [57, 59, 91,
93, 94] appear to suggest that the fixed-point collision and
annihilation occurs above the physical number N= 2 relev-
ant for the kagome quantum magnets. (We emphasize, how-
ever, that we are not aware of clear numerical evidence for
the scenario in an unbiased simulation of the QED3-Gross–
Neveu model, such as Monte Carlo [95, 96].) If indeed Nc > 2
in the QED3-Gross–Neveu model, it implies for the extended
Heisenberg spin-1/2 model on the kagome lattice that (1) the
U(1) Dirac spin liquid becomes unstable at the lowest temper-
atures toward a valence bond solid ordered ground state and
(2) the quantum phase transition between the valence bond
solid, stabilized for α< 0.4, and the chiral spin liquid, stabil-
ized for α> 0.4, is continuous and governed by the QCPIsing
fixed point. The resulting schematic phase diagram is depic-
ted in figure 9(b). An explicit computation of the OPs across
the order-to-order transitionwould require introducing the cor-
responding Hubbard–Stratonovich fields within the dynam-
ical bosonization framework of section 2, which we leave for
future work.

4. Conclusions

We have proposed a mechanism for generic continuous order-
to-order quantum phase transitions that operates independ-
ently of fractionalization. This mechanism is based on the
collision and annihilation of two RG fixed points, and may
be realized in pyrochlore iridates and kagome quantum mag-
nets. Further possible realizations in quantum impurity models
and quantum chromodynamics with additional four-fermion
interactions are discussed in appendix D. A distinctive exper-
imental or numerical signature of the mechanism is a pro-
nounced asymmetry in the effective energy scales between
the two sides of the transition, characterized by a significantly
lower critical temperature and a much smaller OP on the side
where the order emerges from fixed-point annihilation.

The fixed-point annihilation mechanism responsible for the
continuous order-to-order transition, discussed in this work,
should be contrasted with previously discussed scenarios,
where fixed-point annihilation gives rise to weak first-order
transitions [43, 52, 56, 60]. Such a scenario has recently been
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discussed in the context of SU(N) quantum spin models on
two-dimensional lattices, which are believed to be described
by the N-component Abelian Higgs model [3, 5, 11, 53, 97].
Similar scenarios have also been discussed in Q-state Potts
models [48–51] and tensor O(N) models [98–101]. In all these
examples, a critical fixed point collides with a bicritical fixed
point, and both disappear into the complex plane as a func-
tion of some external parameter. In these systems, after the
fixed-point collision, a continuous order-to-order transition is
therefore not possible without additional fine tuning. In the
examples discussed in the present work, by contrast, a crit-
ical fixed point collides with an infrared stable fixed point,
destabilizing the symmetric phase and leaving behind a con-
tinuous transition between two different orders.
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Appendix A. Solid-angle integrals

In this appendix, we provide definitions and numerical values
of the dimensionless functions fi(δ), with i ∈ {1, 1t, 1e, 2, 2t,
2e, 3, 3t, 3e, 3t, 4, 4t, 4e, 4tt, 4tt ′, 4ee, 4et, 4tt, 4et,e2}, and
fg2(δ) as function of the anisotropy parameter δ, occurring in
themean-field calculation in section 2.3 and in the RG analysis
in section 2.4. These are bounded and continuous functions of
order unity with fi > 0 (fg2 ⩾−2/3) for δ ∈ [−1,1] and fi = 1
(fg2 = 0) for δ= 0. Some of these have already been defined
in [30], reading

f1 (δ) :=
1
4π

ˆ
dΩ

1

X̃1/2
, (A.1)

f1t (δ) :=
5
4π

ˆ
dΩ

d̃21
X̃1/2

, (A.2)

f1e (δ) :=
5
4π

ˆ
dΩ

d̃24
X̃1/2

, (A.3)

f2 (δ) :=
1
4π

(1− δ)(1+ δ)

ˆ
dΩ

1

X̃3/2
, (A.4)

f2t (δ) :=
5
4π

(1+ δ)

ˆ
dΩ

d̃21
X̃3/2

, (A.5)

f2e (δ) :=
5
4π

(1− δ)

ˆ
dΩ

d̃24
X̃3/2

, (A.6)

f3 (δ) :=
1
4π

(1− δ)
3
(1+ δ)

3
ˆ

dΩ
1

X̃5/2
, (A.7)

f3t (δ) :=
5
4π

(1− δ)(1+ δ)
3
ˆ

dΩ
d̃21
X̃5/2

, (A.8)

f3e (δ) :=
5
4π

(1− δ)
3
(1+ δ)

ˆ
dΩ

d̃24
X̃5/2

, (A.9)

f3t (δ) :=
35√
34π

(1+ δ)
3
ˆ

dΩ
d̃1d̃2d̃3
X̃5/2

, (A.10)

where
´
dΩ=

´ π
0 dθ sinθ

´ 2π
0 dϕ denotes the integration

over the solid angle, X̃(θ,ϕ) = (1− δ)2 + 12δ
∑

i<j
q2i
q2

q2j
q2 , and

d̃a(θ,ϕ) := da(⃗q)/q2 are the ℓ= 2 real spherical harmonics.
Upon spatial rotations, the latter transform under the irredu-
cible representation T2g (Eg) of the octahedral point group Oh

for a= 1,2,3 (a= 4,5), and the indices t and e of the func-
tions fi indicate the type of spherical harmonics involved in
the integral. In addition to the above-defined functions, the
loop expansion of the AIAO order-parameter field theory [31]
gave rise to the following new solid-angle integrals,

f4 (δ) :=
1
4π

(1− δ)
5
(1+ δ)

5
ˆ

dΩ
1

X̃7/2
, (A.11)

f4t (δ) :=
5
4π

(1− δ)
3
(1+ δ)

5
ˆ

dΩ
d̃21
X̃7/2

, (A.12)

f4e (δ) :=
5
4π

(1− δ)
5
(1+ δ)

3
ˆ

dΩ
d̃24
X̃7/2

, (A.13)

f4tt (δ) :=
35
12π

(1− δ)(1+ δ)
5
ˆ

dΩ
d̃21 · d̃21
X̃7/2

, (A.14)

f4tt ′ (δ) :=
35
4π

(1− δ)(1+ δ)
5
ˆ

dΩ
d̃21 · d̃22
X̃7/2

, (A.15)

f4ee (δ) :=
35
12π

(1− δ)
5
(1+ δ)

ˆ
dΩ

d̃24 · d̃24
X̃7/2

, (A.16)

f4et (δ) :=
35
4π

(1− δ)
3
(1+ δ)

3
ˆ

dΩ
d̃21 · d̃24
X̃7/2

, (A.17)

f4tt (δ) :=
385√
312π

(1+ δ)
5
ˆ

dΩ
d̃21 · d̃1d̃2d̃3
X̃7/2

, (A.18)

f4et (δ) :=
385√
34π

(1− δ)(1+ δ)
3
ˆ

dΩ
d̃24 · d̃1d̃2d̃3
X̃7/2

. (A.19)

For the Coulomb and AIAO-order-parameter anomalous
dimensions, it is convenient to define two further functions as
combinations of the above-defined ones,
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Table A1. Values of solid-angle integrals fi(δ) for limiting cases δ =±1 and isotropic case δ= 0 from, whenever possible, analytical
integration, otherwise determined numerically.

fi fi (−1) fi(0) fi (+1)

f 1 1.0942 1 0.8130
f1t 1.3294 1 0.6225
f1e 0.7415 1 1.0987
f 2 1 1 1/2
f2t 5/6 1 0.6775
f2e 1.3678 1 5/8
f 3 4/3 1 2/3

fi fi (−1) fi(0) fi (+1)

f3t 5/9 1 5/9
f3e 5/3 1 5/12
f3t 35/54 1 0.7262
f 4 16/5 1 8/5
f4t 4/3 1 4/9
f4e 4/3 1 1
f4tt 7/27 1 7/9

fi fi (−1) fi(0) fi (+1)

f4tt ′ 7/9 1 7/18
f4ee 7/3 1 7/16
f4et 7/9 1 7/24
f4tt 77/162 1 0.8876
f4et 77/108 1 77/144
fe2 16/9 1 4/3
fg2 16/9 0 −2/3

fe2 (δ) :=
1
3

[
2(1− δ)

2
+ 3(1+ δ)

2
]
f2 (δ)

− 2
3

[
2
5
(1− δ)

2 f3e (δ)+
3
5
(1+ δ)

2 f3t (δ)

−12
5

δ2

(1+ δ)
2 f3t (δ)+

36
35
δ2 (1− δ)

(1+ δ)
2 f3t (δ)

]
,

(A.20)

fg2 (δ) :=
2(1− δ)

2 − (1+ δ)
2

4
f2 (δ)

+
8δ2 − 6(1− δ)

2
(1+ δ)

2 − 11(1+ δ)
4

20(1+ δ)
2 f3t (δ)

+
4(1− δ)

2
+ 9(1+ δ)

2

30
f3e (δ)−

6δ2 (1− δ)

35(1+ δ)
2 f3t (δ)

+

 (1− δ)
2
[
−4(1− δ)

2
+ 7(1+ δ)

2
]

14(1+ δ)
2

+
2δ2
[
−(1− δ)

2
+ 9(1+ δ)

2
]

7(1+ δ)
4

 f4tt (δ)

+

{
(1− δ)

2 [−5(1− δ)2 + 11(1+ δ)2
]

42(1+ δ)2

+
2δ2
[
(1− δ)2 + 18(1+ δ)2

]
21(1+ δ)4

}
f4tt ′(δ)

− 4(1− δ)2

21
f4ee(δ)+

54δ2(1− δ)

77(1+ δ)2
f4tt(δ)

−
4δ
[
(1− δ)2 + 3(1+ δ)2

]
21(1+ δ)2

f4et(δ)

− 12δ2(1− δ)2

77(1+ δ)2
f4et(δ). (A.21)

We emphasize that all fi are bounded from above and below
for all δ ∈ [−1,1]; in particular, they remain finite in the lim-
iting cases δ =±1, see table A1. For graphs of the above
defined functions fi, we refer the reader to [30, 31]. Further,

the two ratios, − fg2 (δ)

δ and f1e(δ)−f1t(δ)
δ , arise frequently in

the RG analysis in section 2.4. Their graphs are displayed
in figure A1. Most importantly, both ratios are well defined

Figure A1. Graphs of two useful expression, −
fg2
δ
(left) and f1e−f1t

δ
(right), arising frequently in the RG analysis, as function of
anisotropy parameter δ. Most importantly, both functions only
possess a removable singularity at δ= 0.

in the isotropic limit δ→ 0, namely limδ→0
fg2 (δ)

−δ = 48
35 and

limδ→0
f1e(δ)−f1t(δ)

δ = 4
7 .

Appendix B. Fermionic RG flow

In this appendix, we show that the dynamically bosonized flow
equations of our model using Hubbard–Stratonovich fields ϕ
and φ, as obtained in section 2.4, reduce, in the limit of infinite
order-parameter masses, α1,α2 → 1, to those of a purely fer-
mionic model, obtained without introducing order-parameter
fields explicitly. The latter is defined by the action

SF =
ˆ

dτ d3x⃗

{
ψ†

(
∂τ +

5∑
a=1

(1+ saδ)daγa+
ie√
N
a

)
ψ

+
1
2
(∇a)2 − G1

2N

(
ψ†γ45ψ

)2 − G2

2N

5∑
a=1

(
ψ†γaψ

)2}
,

(B.1)

and has been studied previously in [25, 29, 30]. The goal of
the comparison is twofold. First, we want to demonstrate that
our calculations are consistent with the fermionic ones presen-
ted in [25, 29, 30]. Second, we want build some intuition
on fermionic flows with respect to the proposed fixed-point
annihilation mechanism, which prepares us for the examples
discussed below. We note, however, that the limit of infinite
order-parameter masses is in principle insufficient to compute
OPs in symmetry-broken phases, as required for explicitly
demonstrating the proposed order-to-order transition. This is
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Figure B1. (a) RG flow diagram in d= 3 spatial dimensions and for N= 10 in the point-like limit α1,α2 → 1 (equations (B.2)–(B.7)) in the
plane spanned by G1 and G2 for fixed (δ,e2) = (0,15N/(4+ 15N)) (top panel) and (δ,e2) = (−1,9/16) (bottom panel), respectively.
Arrows indicate flow toward infrared. Besides the infrared stable fixed point associated with the disordered LAB phase (LAB), there are two
quantum critical points associated with instabilities toward nematic (QCPnem) and AIAO (QCPAIAO) orders, respectively. (b) Same as (a),
but for N= 2, illustrating that the LAB and QCPnem fixed point approach each other for decreasing N. (c) Same as (a), but for N= 1.91,
illustrating the collision of the LAB and QCPnem fixed points at a critical N> 1. (d) Same as (a), but for N= 1, illustrating the runaway flow
in the isotropic plane δ= 0 (top panel) and the persistence of QCPAIAO in the plane δ =−1 (bottom panel).

because fermionic RGflows diverge in the case of spontaneous
symmetry breaking.

We start from the flow equations in the dynamical boson-
ization scheme in terms of the couplings δ, e2, G1, α1, G2,
λ, c, and α2. In the limit of infinite order-parameter masses,
α1,α2 → 1, the flow equations for δ, e2, G1, and G2 become
independent of λ and c. In this limit, we find

dδ
dlnb

=−ηψ δ+
2

15N

(
1− δ2

)
[(1+ δ) f1t− (1− δ) f1e]e

2,

(B.2)

de2

dlnb
=

(
z+ 2− d− ηa +

2δ
1− δ2

dδ
dlnb

)
e2, (B.3)

dG1

dlnb
= (z− d)G1 +

2
5N

(1− δ)
(
1− δ2

)
f2ee

2G1

− 2(1− 2N)
5N

(1− δ) f2eG
2
1

− 2
5N

(1− δ) f2eG1G2, (B.4)

dG2

dlnb
=
(
z(0) − d

)
G2 +

37+ 16N
10N

G2
2 +

4
5N

(
1− δ2

)
e2G2

+
1

10N

(
1− δ2

)2
e4 − 4c1 + 5c2

5N
G1G2

+
1

10N
G2

1, (B.5)

with the anomalous dimensions

ηψ =
2

15N

(
1− δ2

)
[(1+ δ) f1t+(1− δ) f1e]e

2, (B.6)

ηa = e2fe2 , (B.7)

the full anisotropy-dependent dynamical exponent z= 2− ηψ,
and the corresponding form z(0) = 2− 4

15N (1− δ2)e2 in the
isotropic limit δ→ 0, relevant for the flow in the nematic chan-
nelG2. To arrive at the above flow equations, we have rescaled
the AIAO order-parameter mass in the dynamically boson-
ized flow equations as r1 7→ (1− δ2)r1, such that G1 = g21/r1
remains finite at the AIAO quantum critical point. The dimen-
sionless couplings occurring in equations (B.2)–(B.7) are
then related to the dimensionful couplings of the microscopic
action, equation (B.1), via the rescaling e2 7→ 2π2Λ4−d(1−
δ2)e2, G1 7→ 2π2Λ2−dG1, and G2 7→ 2π2Λ2−dG2. For N= 1,
the flow equations for the anisotropy δ, the charge e2, and the
anomalous dimensions ηψ and ηa agree with the previous cal-
culation [30]. For all N ∈ N, but δ= 0, the flow equations for
the charge e2 and the anomalous dimensions ηψ and ηa agree
with those of [25, 29]. The flow of G2 also agrees, with the
exception of slight differences in the prefactors of the terms
∝ G1G2 and ∝ G2

1. These can be attributed to the fact that
we have performed the dynamical bosonization scheme only
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in the nematic channel, leading to a Fierz-incomplete calcu-
lation. This also explains the (minor) differences in the flow
of G1 in comparison with the corresponding calculation in
[25, 29].

For N> 1.91, the fermionic flow equations feature a fully
infrared stable fixed point, associated with the LAB phase, as
well as two quantum critical fixed points, associated with the
instabilities toward nematic and AIAO orders, respectively.
We note that the AIAO fixed point in the point-like limit, in
contrast to our results in the dynamical bosonization scheme
(section 2.4.3), exhibits an additional marginally relevant dir-
ection, associated with the flow of the anisotropy parameter δ.
This is a known artifact of the fermionic RG flow that can be
attributed to the negligence of AIAO order-parameter fluctu-
ations in the point-like limit [31]. For N= 1.91, the infrared
stable LAB fixed point and the nematic quantum critical point
collide and subsequently disappear into the complex plane for
N< 1.91, in qualitative agreement with the fixed-point struc-
ture obtained from the dynamically bosonized RG flow, dis-
cussed in section 2.4, as well as the earlier works [25, 29,
30]. In agreement with the dynamically bosonized RG flow,
the fixed-point collision takes place in the isotropic G1-G2

plane defined by δ= 0 and finite effective charge e2 = 15N
4+15N .

The flow in this plane is depicted for different values of N
in figure B1(top row), illustrating the fixed-point collision.
Although all fixed points in this section are analytically access-
ible, we refrain from stating their expressions here, as they are
rather lengthy.

Importantly, the AIAO fixed point does not take part in
the collision and annihilation of the LAB fixed point with the
nematic fixed point, but remains in the physical space of real
couplings for all N ∈ N, in agreement with our results in the
dynamical bosonization scheme. The AIAO fixed point is loc-
ated in the plane defined by anisotropy δ =−1 and effective
charge e2 = 9

16 . The flow in this plane is depicted for differ-
ent values of N in figure B1(bottom row), illustrating the fact
that the AIAO fixed point persists for all N ∈ N. We conclude,
that, at least in the case of Luttinger semimetals, the presen-
ted fixed-point annihilation mechanism is also available in the
purely fermionic formulation.

Appendix C. Higher-loop corrections

In this appendix, we demonstrate that the critical exponents at
the AIAO fixed point we have found at the one-loop order do
not receive higher-loop corrections, and are thus expected to be
exact. This is ultimately another consequence of the maximal
anisotropy δ⋆ =−1 at the AIAO fixed point. Our argument is
independent of the number of quadratic band touching points
N and therefore holds for all N ∈ N.

As argued in [31] for G2 = 0, higher-loop corrections in
the AIAO and charge sector are fully suppressed at the AIAO
fixed point. This can be understood as a consequence of the
fact that the AIAO fixed point is located at maximal aniso-
tropy δ⋆ =−1. Here, it can be seen from the fact that the
fixed point values for e2 and g21 are finite after perform-
ing the anisotropy-dependent reparametrization (e2,g21) 7→

Figure C1. Every loop contribution to the nematic Yukawa vertex
falls into one of two distinct classes, (a) the class of diagrams which
involve at least one internal nematic boson and (b) the class of
diagrams which do not involve any internal nematic boson. While
class (a) does not contribute at the AIAO fixed point due to infinite
nematic boson mass r2⋆ =∞, class (b) vanishes at the AIAO fixed
point due to maximal spatial anisotropy δ⋆ =−1.

(1− δ2)(e2,g21), cf section 2.4. After this rescaling, every
higher-loop diagram now comes with a strictly positive power
of (1− δ2). As a result, all higher-loop corrections are strongly
suppressed in the vicinity of the AIAO fixed point at aniso-
tropy δ⋆ =−1, rendering the one-loop flow equations asymp-
totically exact, see [31] for details and [103, 104] for a differ-
ent model with analogous behavior.

In our extended model for finiteG1 andG2, the AIAO fixed
point remains to be located at maximal anisotropy δ⋆ =−1
and additionally lies now at infinite nematic boson mass r2⋆ →
∞, cf table 3. These two fixed-point values suppress all higher-
loop diagrams contributing to the flow equations relevant for
the critical exponents. For instance, all higher-loop corrections
to the flow of the anisotropy δ, to the effective charge e2, and to
the AIAO Yukawa coupling g21 are either strongly suppressed
by strictly positive powers of (1− δ2) (these are the already
known contributions arising in the theory forG1 = 0) and/or by
strictly positive powers of 1/(1+ r2) (these are new contribu-
tions with at least one internal nematic boson) in the vicinity of
the AIAOfixed point. Consequently, the anomalous dimension
of the fermion ηψ = 0, the dynamical exponent z= 2− ηψ =
2, the anomalous dimension of the photon ηa = 4− d, and the
anomalous dimension the AIAO boson ηϕ = 4− d are exact
critical exponents of the AIAO fixed point. A similar argument
can be made for the new flow equation of the nematic Yukawa
coupling g22 here, since all loop-correction fall again into two
distinct classes, as depicted in figure C1, which both vanish at
the AIAO fixed point. The first class of diagrams consists of all
loop-corrections involving at least one internal nematic boson.
Since internal nematic bosons give rise to the appearance of
strictly positive powers of 1/(1+ r2), the whole first class
of diagrams is suppressed in the vicinity of the AIAO fixed
point located at infinite nematic mass r2⋆ =∞. Any higher-
loop order correction that is not of the above form involves
only internal fermion, photon, and/or AIAO boson propagat-
ors and is, following the argument presented in [31], expec-
ted to be suppressed by a strictly positive power of (1− δ2).
Therefore, also the anomalous dimension of the nematic OP
field ηφ = 4− d is expected to be exact at the AIAO fixed
point. The only exponent left to think about is the correlation-
length exponent ν. Note that the AIAO and nematic propagator
display the same exponent ν = νϕ = νφ, since there is only
one divergent length scale present at the AIAO fixed point,
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as demonstrated in the previous section. Analogously to the
flow equation of the anisotropy δ, the effective charge e2, and
the AIAO Yukawa coupling g21, higher-loop corrections to the
flow of the AIAO mass r1 are either strongly suppressed by
strictly positive powers of (1− δ2) and/or by strictly positive
powers of 1/(1+ r2) in the vicinity of the AIAO fixed point.
As a consequence, the stability matrix is of block triangular
form with 1/ν = 2− ηϕ = d− 2 as the only (strictly) positive
eigenvalue.

Appendix D. Further examples of continuous
order-to-order transitions

In this appendix, we provide two further examples for continu-
ous order-to-order transitions arising from fixed-point annihil-
ation in interacting many-body systems.

D.1. Anisotropic spin-boson model

As an example for a model featuring a continuous order-to-
order transition from fixed-point annihilation that is directly
amenable to large-scale numerical simulations, consider the
anisotropic spin-boson model, which describes a single spin
S⃗ in a fluctuating magnetic field h⃗ with an XXZ anisotropy,
defined by the Hamiltonian [105]

Hspin-boson = gxy (h
xSx+ hySy)+ gzh

zSz+Hbulk

(
h⃗
)
. (D.1)

Here, gxy and gz correspond to in-plane and out-of-plane com-
ponents of the g tensor, respectively, and the bulk Hamiltonian
Hbulk(⃗h) is chosen such that the fluctuations of the magnetic
field are Gaussian, with power-law correlation

〈Tτha (τ)hb (0)〉 ∝
δab

|τ |2−ϵ
, (D.2)

where Tτ corresponds to the time ordering operator in ima-
ginary time τ . The bath exponent ϵ represents an external
tuning parameter, and we consider the case of small posit-
ive ϵ ∈ (0,1/2). The above spin-boson model may be realized
as an effective description of a quantum impurity in a two-
dimensional antiferromagnet in the vicinity of a quantum crit-
ical point [106–108].

The RG flow equations for the two couplings gxy and gz up
to two-loop order read [109, 110]

dg2xy
dlnb

= ϵg2xy− g2xy
(
g2xy+ g2z

)
+ g4xy

(
g2xy+ g2z

)
, (D.3)

dg2z
dlnb

= ϵg2z − 2g2xyg
2
z + 2g2xyg

4
z , (D.4)

where we have rescaled g2xy 7→ Λϵg2xy and g
2
z 7→ Λϵg2z . The flow

is illustrated for different values of 0< ϵ < 1/2 in figure D1.
For ϵ> 0, both couplings g2xy and g

2
z are infrared relevant. For

g2xy < g2z at the ultraviolet scale, the parameters flow toward
(g2xy,g

2
z )→ (0,+∞). This regime is associated with an Ising

ordered phase, in which the spin forms local order with a finite

moment along the z direction. The z-localized phase spon-
taneously breaks Ising Z2 symmetry [47]. For g2xy > g2z at the
ultraviolet scale, the phase structure depends on the value of
the external tuning parameter ϵ. This is due to a fixed-point
annihilation that takes place at a critical value of the tuning
parameter ϵc = 1/4. For ϵ < ϵc = 1/4 and g2xy above, but not
too far from g2z , the flow is attracted by a fully infrared stable
fixed point, corresponding to an interacting disordered phase
(D). For large g2xy, the parameters flow toward (g2xy,g

2
z )→

(+∞,0). This regime is associated with an XY ordered phase,
in which the spin forms local order with a finite moment per-
pendicular to the z direction. For ϵ= ϵc, the fixed point D col-
lides with the quantum critical fixed point associated with the
onset of XY order. Now for ϵ > ϵc, the parameters flow toward
(g2xy,g

2
z )→ (+∞,0) for all values of g2xy > g2z . Most import-

antly, on the isotropic axis g2xy = g2z , there is a quantum crit-
ical fixed point QCPIsing that governs a continuous transition
between Ising order and the disordered phase for 0< ϵ < ϵc
and between the Ising order and XY order phase for ϵc < ϵ <
1/2. For ϵ above, but not too far from ϵc, the two-loop flow
equations thus suggest a continuous order-to-order transition
governed by the QCPIsing fixed point. In fact, the qualitative
picture indicated by the perturbative calculation has recently
been confirmed in large-scale numerical calculations [46, 47];
see also [44, 111] for recent analytical approaches based on
large-S expansions. The numerical calculations show that the
true critical value of the control parameter ϵ, at which the
quantum critical fixed point QCPXY and the infrared stable
fixed point D collide, is ϵc = 0.2294(1), and thus close to
our perturbative estimate. Interestingly, the numerical data for
the transition between the Ising and XY ordered phases (see
figure 9(d) of [47]) confirm our theoretical predictions for a
continuous order-to-order transition from fixed-point annihila-
tion, as formulated in the main text: First, on the XY side of the
transition, the corresponding OP is significantly suppressed
in comparison with its counterpart on the Ising side. Second,
finite-temperature effects are significantly more enhanced on
the XY side of the transition. Both properties can be under-
stood as direct consequence of the annihilation between the
QCPXY and D fixed points and the resulting slow flow on the
XY side of the transition.

D.2. Quantum chromodynamics with four-fermion
interactions

As an example for a continuous order-to-order transition rel-
evant to high-energy physics, we discuss quantum chromo-
dynamics in 3+ 1 space-time dimensions (QCD4), supple-
mented with local four-fermion interactions, defined by the
action [60, 61, 63–65, 112]

SQCD4-GN =

ˆ
d4x

[
iψ̄��Dψ +

1
4
Fµνz Fzµν +

1
2

4∑
α=1

GαOα

]
(D.5)

with covariant derivative ��D := γµ(∂µ− igAµ), SU(Ncolor)
gauge field Aµ := AzµT

z, and the associated field-strength

20



Rep. Prog. Phys. 88 (2025) 098001 D J Moser and L Janssen

Figure D1. (a) RG flow diagram of the anisotropic spin-boson model for ϵ= 0.2 in the plane spanned by g2xy and g
2
z . Arrows indicate flow

toward infrared. For g2xy < g2z at the ultraviolet scale, the parameters flow toward (g2xy,g
2
z )→ (0,+∞), associated with an Ising ordered

phase. For g2xy above, but not too far from g2z , the flow is attracted by the fully infrared stable fixed point D, corresponding to an interacting
disordered phase. For large g2xy, the parameters flow toward (g2xy,g

2
z )→ (+∞,0), associated with an XY ordered phase. (b) Same as (a), but

for ϵ= ϵc = 1/4, illustrating the collision of the quantum critical fixed point QCPXY and the infrared stable fixed point D. (c) Same as (a),
but for ϵ= 0.3. For all values of g2xy > g2z , the parameters flow toward (g2xy,g

2
z )→ (+∞,0), associated with the xy-localized phase. The

quantum critical fixed point QCPIsing on the isotropic axis g
2
xy = g2z governs a continuous transition between the two different orders.

Figure D2. (a) Schematic fixed-point structure of QCD4 with additional four-fermion interactions in the Veneziano limit Nflavor,Ncolor →∞,
with fixed ratio x= Nflavor/Ncolor < 11/2, in the space spanned by the couplings g2, G1, and G2. Arrows indicate flow toward infrared. For x
below, but not too far from 11/2, the infrared attractive plane g2 = g2⋆(G1) = (11− 2x− 3xG1)/(13x− 34) hosts a fully infrared stable
Caswell–Banks–Zaks fixed point (CBZ), as well as two quantum critical fixed points (QCP1 and QCP2). The corresponding critical
manifolds are indicated in blue and green, respectively. For decreasing x, CBZ and QCP2 approach each other and eventually collide at a
critical xc. (b) RG flow diagram for x= 4.3 in the plane g2 = g2⋆ spanned by the four-fermion couplings G1 and G2, indicating the locations
of the infrared stable CBZ fixed point and the quantum critical fixed points QCP1 and QCP2. (c) Same as (b), but for the critical ratio
x= xc = 4.05, indicating the fixed-point collision. (d) Same as (b), but for x= 3.7. The absence of the stable CBZ fixed point implies a
direct continuous transition between a chiral-symmetry-broken state, signaled by the runaway flow toward G2 →+∞, and a different
ordered ground state, signaled by the runaway flow toward (G1,G2)→ (−∞,−∞).

tensor Fµν := FzµνT
z, where Tz denote the generators of

SU(Ncolor). A Fierz-complete basis of local four-fermion inter-
actions is given by [112]

O1 :=
(
ψ̄aγµψ

b
)2

+
(
ψ̄aγµγ5ψ

b
)2
, (D.6)

O2 :=
(
ψ̄aψb

)2 − (ψ̄aγ5ψb)2 , (D.7)

O3,4 :=
(
ψ̄ γµψ

)2 ± (ψ̄ γµγ5ψ )2 . (D.8)

For notational simplicity, we have abbreviated ψ̄ψ ≡ ψ̄ai ψ
a
i

and (ψ̄aψb)2 ≡ ψ̄ai ψ
b
i ψ̄

b
j ψ

a
j , and assumed summation con-

vention over repeated color indices i, j and flavor indices
a,b. Consider the so-called Veneziano limit Nflavor,Ncolor →
∞ with fixed ratio x := Nflavor/Ncolor. In this limit, the flow
equations reduce to a set of three equations [60, 64, 65],

dg2

dlnb
=

2(11− 2x)
3

g4 +
2(34− 13x)

3
g6

− 2xg4G1, (D.9)

dG1

dlnb
=−2G1 − (1+ x)G2

1 −
x
4
G2

2 +
3
4
g4, (D.10)

dG2

dlnb
=−2G2 + 2G2

2 − 2xG1G2 + 6g2G2 +
9
2
g4, (D.11)

wherewe have rescaled the gauge coupling g2Ncolor/(16π2) 7→
g2 and the four-fermion couplings G1,2Λ

2Ncolor/(4π2) 7→
G1,2. For reasons of consistency with the previous sections,
we write the flow equations in terms of an RG scale lnb, with
lnb= 0 (lnb→∞) corresponding to the ultraviolet (infrared)
scale.

The fixed-point structure of the model in the Veneziano
limit is shown schematically in figure D2(a). For x> 11/2,
asymptotic freedom is lost and the gauge coupling van-
ishes in the infrared if G1 and G2 are small at the ultravi-
olet scale. For x< 11/2, the gauge charge is a RG relev-
ant parameter and flows toward a finite value g2 = g2⋆(G1) =
(11− 2x− 3xG1)/(13x− 34) in the infrared. For x below, but
not too far from 11/2, the infrared attractive plane g2 = g2⋆(G1)
hosts a fully infrared stable fixed point that can be associated
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with the conformal phase of many-flavor QCD4, the so-called
Caswell-Banks-Zaks fixed point (CBZ) [113, 114]. In addi-
tion, the plane features two fixed points with unique infrared
relevant directions, which can be associated to quantum crit-
ical points (QCP1 and QCP2). For decreasing x, the infrared
stable CBZ fixed point and one of the two quantum critical
points (QCP2) approach each other and eventually collide at
the critical value xc = 4.05. This is illustrated in figures D2(b)–
(d), which show the RG flow in the plane g2 = g2⋆(G1) for
different values of x. The runaway flow toward G2 →+∞ at
finite RG scale is usually associated with an instability toward
a chiral symmetry breaking ground state [42, 61, 63]. The
other quantum critical point (QCP1) in the infrared attract-
ive plane g2 = g2⋆(G1), however, is not affected by the fixed-
point annihilation and persists for all x> 0. Since the run-
away flow corresponding to this quantum critical fixed point
is toward (G1,G2)→ (−∞,−∞), one should expect it to
describe an instability toward a different ground state, spon-
taneously breaking a symmetry different from chiral sym-
metry. This suggests a continuous order-to-order transition for
x< xc governed by QCP1.
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