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Abstract

Recently introduced dual unitary brickwork circuits have been recognised as
paradigmatic exactly solvable quantum chaotic many-body systems with tun-
able degree of ergodicity and mixing. Here we show that regularity of the
circuit lattice is not crucial for exact solvability. We consider a circuit where
random 2-qubit dual unitary gates sit at intersections of random arrangements
of straight lines in two dimensions (mikado) and analytically compute the
variance of the spatio-temporal correlation function of local operators. Note
that the average correlator vanishes due to local Haar randomness of the gates.
The result can be physically motivated for two random mikado settings. The
first corresponds to the thermal state of free particles carrying internal qubit
degrees of freedom which experience interaction at kinematic crossings, while
the second represents rotationally symmetric (random euclidean) space-time.

Keywords: random geometry, statistical physics, quantum circuits,
dual unitarity

(Some figures may appear in colour only in the online journal)
1. Introduction

Taming real time dynamics of interacting many-body systems represents one of the main chal-
lenges of theoretical physics. The cleanest and most versatile setting to study interacting many-
body dynamics is arguably that of quantum circuits with up to 2-qubit gates (representing local
interactions). Although the classical simulation of generic quantum circuits has been in general
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recognised as intractable, and is currently employed to demonstrate the so-called supremacy of
quantum computers [1], we have recently identified an interesting type of so-called dual unit-
ary circuits where the problem of computing certain dynamical quantities, such as two-point
spatio-temporal correlation functions [2—7], quantum quenches [8], spectral form factors [9,
10], operator entanglement [11], etc, can be solved efficiently or even analytically. Dual unit-
ary circuits, with the gates arranged on a regular brickwork pattern, possess a unique defining
feature: specifically, the many-body propagator is not only unitary in the time direction, but can
also be identified with a unitary dynamics in the space direction. Furthermore, one can argue
that chaotic variants of dual unitary circuits, with provable random matrix level statistics and
exponentially decaying temporal correlations, represent an exactly solvable instance of ergodic
and mixing quantum many-body dynamics. As such, unlike integrable systems, they may be
expected to be structurally stable against small perturbations breaking dual-unitarity [12].

Dual unitary circuits studied so far were all defined on regular lattices, either with 2-on-2
gates arranged as vertices of a square lattice (brickwork), or with 3-on-3 gates arranged as
vertices of a hexagonal lattice [13]. By factorising these so-called tri-unitary 3-on-3 gate in
terms of triples of dual unitary 2-on-2 gates, the latter can in fact be represented as the circuit
on the Kagome lattice where 2-qubit dual unitary gates are placed on all intersections of pairs
of lines.

In this paper, we propose an additional conceptual modification towards a definition of
more general dual unitary systems in 141 dimensions. Instead of insisting on a regular pat-
tern of 2-on-2 dual unitary gates, we consider an arbitrary arrangement of straight lines in
1+1 dimensions (mikado). Stipulating that each line (wire) carries a qubit state, we place a
(possibly different) dual unitary gate U, with 4 x 4 matrix Uf}’ (i,j,k,1 € {1,2}) at any intersec-
tion. Requirement of dual-unitarity of U, means that both Ug-l and (75-’ = UZ( should be unitary.
Assuming that none of the lines (wires) is precisely parallel to the time axis # = const, we thus
define a circuit dynamics between times =0 and ¢ = T, where the size of the system N—the
number of qubits—is equal to the total number of lines (figure 1(a)). By requirement of dual-
unitarity, such circuit is unitary, irrespective of the orientation of each gate, i.e. which pair of
adjacent lines are considered as input/output qubits. Requiring gates’ unitarity alone, the cir-
cuit generally possesses a unique (fixed) direction of time and reduces to the so-called hybrid
semiclassical model of [14], where qubit/spin degrees of freedom pairwise interact when clas-
sical free-particle trajectories cross.

2. Mikado dual unitary circuits

We investigate the behavior of spatio-temporal correlation functions and their decay using
random dual unitary gates in random geometries, with an example shown in figure 1(a). Let
us write the full unitary circuit between times #; and #, for a fixed mikado arrangement as
U(t1,t2) € End((C?)®V). Denoting the nth line coordinate at time # as x, (), we define the kth
moment of spatiotemporal correlator between a pair of local operators a,b € End(C?), with
local embeddings a,,b, € End((C?)®V), as

CO) (i tisann, 1) = > 0(x — x(1))0 (g — %0 (1))
X {2_Ntr (an[U(tl,tg)Tb,,/U(tl,tz))}k. @))

In the next step we use the folded picture [15] (following the notation of [7, 12]), to
rewrite (1) as
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(a) Before contraction (b) After contraction

Figure 1. Example of a local correlation function of a dual unitary random mikado lat-
tice (a). The crossings between wires (red circles) represent dual-unitary gates, while
the full circles (bullet) at the initial and final time represent the initial and final local
operator. The panel on the right (b) shows the identical tensor network obtained after
implementing all dual unitarity conditions (contractions). The correlator is nonzero only
if initial and final operator are connected by a straight wire (red line).

CO) (it 1) = 81 — x(11))0 (62 — 0 (12)) @ W (r1,12) B ). (@)

n,n’

Here W(t,,1,) € End((C*)®V) is exactly the same unitary circuit as U(t;,#,) but generated
by the folded 2-qudit (operator) gates with d =4, for which we will use a diagrammatic
representation

kK I

(RENQU) _ prkl k'l
Weiniin = Ui Uy = : ?3)
i 37’

The wires thus carry local operator-states, which we will graphically designate by e.
The self-contraction of the wire (summation over unprimed/bra and primed/ket indices in
equation (3)) either represents a unit operator or taking the trace and shall be designated by o.

The property of dual unitarity can then be neatly expressed as a single diagram, stating that
any pair of self-contracting wires can be simply pulled thru the interaction vertex (note that a
pair of ‘operator wires’ can have a pair of contraction symbols o on any side):

.

Dual unitary gates of qubits can be completely parametrised as [2]:
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U=e(up @u_)VJ)(v- o)

VIJ] = exp [—i(gax@)ax—k%Uy@)ay—i—]az@az)] , ©)
where 0% are the Pauli matrices, us,vy € SU(2) are arbitrary local 1-qubit gates, and
J € [0, %] is an interaction parameter which uniquely determines the entangling power of the
gate [5] For instance, J = 7 /4 corresponds to the non-interacting (SWAP) gate, while a region
around J = 0 yields the case of the maximal chaos [11].

Diagram equation (4) can be used to drastically simplify the circuit of figure 1(a). Assuming
that the operators a, b are traceless, the diagram of figure 1(a) contracts to zero, unless we place
the operators a, b on the same line/wire. In the latter case, the correlator reduces to the product
of unital 1-qubit quantum channels, as depicted in figure 1(b). These local unital channels,
written in the 3-dimensional Pauli basis {o®; o = x,y,z}—while on the unit operator 1 they
act trivially—are represented with elementary diagrams

M{u,v] = R[u] D R[v] = : (6)

Here, R[w] is the adjoint, 3-dimensional representation of w € SU(2) and

sin2J 0 0
D= 0 sin2J 0] . @)
0 0 1

Therefore, the kth moment of the correlation function for a fixed mikado arrangement reads

Ct(lb xntnxtatf Z(S Xi — Xn t1 ( xn(tf))

X <a\M[Mm>Vm]"'M[szvz]M[uuVlH@k, (®)

where (al, |b) are 3-dimensional vectors representing operators a,b in the Pauli basis, while
uj, and v, j=1,...,m are SU(2) 1-qubit gates before, and after, the interaction vertices (in
parametrization (5)) along all m = m(n) intersections of the line/wire n with all the other lines
between times # and f;.

Finally, we write the average moment of spatio-temporal correlator as an expectation value
over random mikado arrangements and Haar random gates u;,v;, while the interaction para-
meter J is kept fixed as the key parameter (coupling constant) of the model:

1 o0
Cy) (1) =E (Cf,ﬁ) (0,0;x, t)) =P (;) n;)IP(mpc, N (m). 9)

In random mikado arrangements we assume translational invariance in x and ¢, hence N = oo,
so we can fix x; = 0, t; = 0. p(v) denotes the probability density that a randomly chosen line (n)
has the velocity/slope v, = v, while P(m|x, ) denotes the probability that a line section from

(0,0) to (x, ) has exactly m crossings with other lines, while Cff;) (m) denotes an average over
Haar random u;,v;:

CW (m) = E ((a| My, vn] - - M[ttz, va] My, ] |bY*) . (10)
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We can evaluate the expectation (10) by using & replicas and explicit Haar measure for integ-

—

ration over Euler angle parametrization of the rotation matrix R[u] = R(0) = R(6,,6,,65),

cosf; —sinf; O 1 0 0 cosfz —sinf; O
R(0,,6,,05) = | sinfy cosf; O 0 cosf, —sinb, sinf3 cosf3 0] (11)
0 0 1 0 sinf, cosb, 0 0 1

. 1 2 T 27
0 0 0

¢ m) = (al* | [T am@yan(Rd) 0= R )

1<j<m

Specifically,

= (a|®*T™ ), (13)

where 7T is the 3¥ x 3* transfer matrix

—

T =PD¥P, P:= 3*"/2/@(0)13(9')@’& (14)

While the projector P can be in general expressed in terms of the Weingarten functions [16,
17], the results for the first and the second moment can be obtained fully explicitly.

Let us assume that a,b is an arbitrary pair of traceless and Hilbert-Schmidt normalized
observables, tra = trb = 0, tra® = trb? = 1.

For k=1, we find P = 0, and hence the average (mean) correlator vanishes for any m > 0,

') (m) = . (15)

For k=2, we find that

1 0001 0O0O0 1

00 0 0 O0O0OO0OTO0ODF O

00 0 0 O0O0OO0OTO0ODF O

1 00 0 0 O0O0OO0OTO0ODF O
P=-(1 0 0 0 1 0 0 0 1], (16)

3o 00000000

00 0 0 O0O0OO0OTO0OF O

00 0 0 O0O0OO0OTO0OF O

1 0001 0O0O0 1

and the transfer matrix has rank one
1 1 <

T=AUNT[, A=2(2—cosd)), |W>:%;|a>®|a>. (17)

Hence the second moment of the correlator reads
1 1
Cﬁ) (m) =6mo+ (1 — 5m,0)§)\m =0mo+(1— (;m,O))W(Z —cos(4J))", (18)

while the variance is given by:
2 1 .
Clm) =) m) = (€l m))" = (1 = b)) gy (2= cos(@n)™. (19)
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3. Two settings of random mikado networks

In this section, we will introduce the two settings of random networks that we studied (see
figure 2). In the first setting, studied in section 3.1, we assume to have a gas of N — oo identical
free non-interacting classical point particles in thermal equilibrium, at fixed temperature and
density. We then assume that particles carry internal quantum degrees of freedom—qubits,
which interact via random dual unitary gate whenever two particles meet (and their trajectories
Cross).

In the second setting, studied in section 3.2, we consider a rotationally and translationally
invariant random arrangement of wires, such that intersections with any, arbitrarily oriented
fixed line have a constant density.

Distinct outputs of these settings are conditional number-of-crossed-wires probabilities
P(m|x,t) which is the essential input into the formula (9).

3.1. Thermal distribution of wires

Here we consider a gas of N — co non-interacting particles with coordinates x,,(z) = x,, + v,t.
We assume the gas to be in thermal equilibrium, with mean interparticle spacing a=1 (or
density one), setting the length scale, and inverse temperature 3 =1, setting the time scale.
This means that coordinates of particles x, () form a Poisson point process on R with mean
spacing a =1 for all times ¢, and that velocities v, are i.i.d. normal Gaussian variables with
zero mean and unit variance

1 2
— —v°/2
V) = e . (20)
P ==
Given a random line x,(¢), ¢ € [0, 7], we shall now write the probability distribution P(m|X,T),
where X = v, T, of the number m of other lines x,(¢) crossing the line n during the time ¢ €
[0,T]. As the wires are statistically independent, the distribution is clearly the Poissonian

[m(x’ T)]me—rﬁ(X,T)
m! ’

P(m|X,T) = (21

We shall now derive the average number of crossings m(X,T).

We first write the probability of crossing of a pair of randomly chosen wires, indicated as
n=0and n=1, for 7 € [0, 7]. For convenience, we choose the reference initial coordinate at
the origin xyp = 0, and the second one at x; = x, with slopes/velocities, vy, v, respectively. The
condition for crossing in the targeted time interval then reads 0 < x/(vp — v;) < T, which gives
the probability, after integrating over the normally distributed velocity v,

1
HD(\/Q,)(?7 T) = —— (

x/T—vo o
/ e_%v%—l—/ e dv;
V2T —00 x/T—vy

1 sgn(x) 1 X
_§+ > erf(\@ (VQ—T>). (22)

As the initial coordinates x of the wires are distributed uniformly randomly on R with density
one, the average number of crossings then reads (noting vo = X/T):

_ > X 2 X? X
m(X,T) = /ﬂjodeP’ (T,x,T) = \/;Texp (27"2) +Xerf(m> . (23)

6
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3.2. Isotropic distribution of wires

In the second setting, we assume that the wire distribution is isotropic and translationally
invariant, with density one. This immediately implies that the slope (velocity) distribution
is given by a distribution of a tangent of a uniformly distributed angle

p(v) :

- m(1+v2)’ @9

while the distribution of the number of crossings is again Poissonian (21), with the average
that is given by the length of line-section (wire)

m(X,T) = VX2 +T2. (25)

4. The variance of spatio-temporal correlation function

Finally, we collect the pieces ((9), (19) and (21)) together, and write the final result for the
variance of local two-point correlation function in mikado dual unitary circuits:

) 1 /X & 1 [m(X,T)]"e "X "
cx.m = Tp<T) > - 5m»0))3m+1 [ ’]n! (2 —cos4J)

m=0

- 317‘1’()7{) i (X, T),]Ze%(m (1 - §c052(21)>m

m=1

= 31Tp<;{> {exp (—icosz(ZJ)m(X, T)) —exp (—m(X, T))} . (20)

For the two different distributions of random mikados that we have studied in section 3 we can
write the result even more explicitly:

(a) For the thermal case, we use ((20) and (23)) and find
1 X2 2c0s22J 2 2 X
ct X,T)= ex (—) exp|— \/7T€2T2 —l—Xerf()
ab ( ) 3\/2771'7" P 272 P 3 T \/ET
2 X X
—exp |—1/ —Te 22 — Xerf | —— 27
P [ \/; (ﬁT)] } @0

(b) For the isotropic case, the result is even simpler via (24) and (25)

T 2cos’2J
Cﬁ] (X, 7) = (XE 4T {GXP (- 3V X2 +T2) —exp (—\/X2 + TZ)} . (28)

For illustration, we show in figure 3 the variance of the correlator for an exemplar value of
the interaction parameter J = 7 /4 — 1/2. Specifically, figure 3(a) depicts the correlator in the
thermal case (equation (27)), and figure 3(b) in the isotropic case (equation (28)).

Equation (26) shows that there are two exponential terms contributing to the decay of the
variance of the correlation functions. The first term exp(—2/3 cos?(2J)m(X, T)) and the second
exp(—m(X,T)). The interaction parameter J contributes only to the first term, while the terms
with m come from the geometry and are independent of J. It is clear to see that for J =0 the
decay will be maximal, while as J — 7 /4 the interaction term contribution becomes smaller
and the decay is governed by the geometry.
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(a) Example of a realization of a mikado circuit for the case of thermal distribution
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(c) Example of a realization of a mikado circuit for the case of isotropic distribution
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(d) Zoom out of the isotropic case.

Figure 2. Example of the two types of random mikado geometries studied.
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(b) Heatmap for the isotropic case Eq. (28)

Figure 3. Heatmaps of the fluctuation of the correlation functions with J = 7 /4 — 1/2
in log-scale, equation (26). The value of the variance of the correlation function are
constant along the iso-contours drawn in white. We note that we took a cutoff for the

minimum values shown at log,OCCEZb] (X, T)=-17.
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5. Discussion

We proposed and explored random dual unitary circuits in random geometries. We studied two
settings of the so-called mikado random geometries, one with a preferred space-time direction
and the other with a random isotropic space-time. The first one can be physically motivated in
terms of a thermalised ideal gas of identical classical point particles carrying quantum qubit
degrees of freedom, which experience dual unitary scattering. The second one is a curious
example of a euclidean space-time with equivalent unitary-quantum dynamics in a continuum
set of directionalities. In both cases we have shown that, while the average local correlator
vanishes due to randomness of the local gates, the variance of the correlator can be computed
explicitly in terms of a simple rank-one transfer matrix. Computation of higher moments of
the correlator involves a nontrivial Weingarten calculus and shall be left for future work.

Unitary dynamics in a continuum set of space-time directions found here should be con-
trasted with a pair of unitary directions in regular brickwork dual unitary circuits [2] or a triple
of unitary space-time directions in the so-called tri-unitary circuits [13].

While this work addressed the simplest problem of computation of local correlations in
mikado dual unitary circuits, there are several immediate pending questions for future explor-
ations. For example, it would be interesting to compute entanglement dynamics, both for states
and operators, study perturbed non-dual-unitary defects, or even attempt to extend the concepts
of dual unitaries on random geometries to higher dimensions (in analogy to recent study [18]).

Last, but not least, one may wonder if an extension of random circuit geometry to arbit-
rary (non-mikado) graphs with degree 4 (i.e. random 4-regular graphs) would be feasible.
Perhaps one can find a meaningful ensemble of planar random 4-regular graphs for this pur-
pose. Clearly, in such cases, space-time paths which carry quantum information are no-longer
straight lines, and interesting physical effects may occur when such paths can form self-
intersections, or loops.
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