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The bulk reconstruction program aims to obtain representations of bulk fields as operators in the
boundary conformal field theory (CFT). In this paper, we extend the program by obtaining the boundary
representation for a scalar field in a rotating BTZ black hole. We find that the representation of the field near
the inner horizon shows novel features. We also obtain a representation for fields inside the horizon as
operators in a single boundary CFT using mirror operator construction.
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I. INTRODUCTION

According to the AdS=CFT conjecture, quantum gravity
in dþ 1-dimensional asymptotically AdS spacetime and a
conformal field theory living on the d-dimensional boun-
dary of the spacetime are equivalent. Therefore, one should
be able to translate all of bulk physics to the boundary CFT
such that one can answer all questions about bulk physics
by carrying out calculations entirely in the boundary CFT.
To be able to do this, one would have to translate bulk

fields to operators in the boundary CFT. AdS=CFT corre-
spondence in its original form does not directly tell us how
to do this. The AdS=CFT extrapolate dictionary [1–3] only
tells us how to map the boundary value of a bulk correlation
function to a correlator in the boundary CFT.
Concretely, let us consider an asymptotically AdS

geometry g dual to a CFT state jψgi. Then for a scalar
field ϕ dual to a CFT primary O, the extrapolate dictionary
tells us that:

lim
r→∞

rnΔhϕðr1;x1Þϕðr2;x2Þ…::ϕðrn;xnÞig
¼ hψgjOðx1ÞOðx2Þ…:OðxnÞjψgi ð1Þ

Here xi are the boundary coordinates and r, xi are the
bulk coordinates.
This does not tell us to answer questions about physics

deep inside the bulk from the boundary CFT. That could be
done if one were able to construct a CFT operator ϕCFT
which exactly mimics the bulk field, which is to say that it
satisfies a relation like:

hϕðr1;x1Þ::ϕðrn;xnÞig
¼ hψgjϕCFTðr1;x1Þ::ϕCFTðrn;xnÞjψgi: ð2Þ

The CFT operator ϕCFT is referred to as the boundary
representation of the bulk field ϕ.
The program of constructing such CFT operators for

different fields and in different asymptotically AdS back-
grounds is called the bulk reconstruction program [4–15]).
For a recent review, see [16].
We will review how one can obtain boundary represen-

tations in the next section, for now we note that boundary
representations have the form:

ϕCFTðr;x;x0Þ ¼
Z

ddx0Kðr;x;x0ÞOðx0Þ: ð3Þ

Here Kðr;x;x0Þ is known as the smearing function. This
construction is referred to as the HKLL construction in
literature [6,7]. The boundary representation is a nonlocal
operator in the CFT. As we can see here, knowledge of the
smearing function Kðr;x;x0Þ will allow one to translate
any statement about bulk fields to statements about
boundary operators.
The bulk reconstruction program has had many impor-

tant applications and has led to several new insights.
Paradoxes that appeared from comparing boundary repre-
sentations of fields in overlapping AdS/Rindler wedges led
to the conjectured connection between holography and
quantum error correction [17] (although a different reso-
lution has also appeared [18]), which has proved to be a
productive line of enquiry. Another striking insight came
from the observation that it is impossible to obtain
boundary representations of horizon-crossing Wilson lines
that connect the two boundaries in a two-sided AdS black
hole. This observation led to the proposal that gauge fields
must be emergent and a surprising connection with the
weak gravity conjecture was found [19].
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A very fruitful avenue for the application of bulk
reconstruction has been in black hole physics [20–25],
especially in the context of the firewall paradox [8,26]. The
question of whether an infalling observer will encounter a
firewall can be directly translated to a bulk reconstruction
question: of whether one can find boundary representations of
bulk fields inside thehorizon.This has led to several interesting
ideas. A particularly interesting proposal is themirror operator
construction of Papadodimas and Raju [27–29] (see [30] for a
recent review) which shows that one can indeed reconstruct
fields behind the horizon as CFToperators, but these operators
will depend on the choice of black hole microstate. We will
return to mirror operators later in the paper.
Another question of black hole physics, which is par-

ticularly puzzling from the point of view of AdS=CFT, is
the issue of understanding what happens near inner
horizons of rotating or charged black holes. For such black
holes, it is possible to analytically extend the metric beyond
the inner horizon. The evolution of fields is not unique
beyond the inner horizon (as it depends on boundary
conditions at the timelike infinity), so the presence of
inner horizons signals a breakdown of determinism. For
Kerr and Reissner-Nordstrom black holes, this problem is
solved by the fact that the inner horizon is unstable [31–33].
Thus the principle of cosmic censorship, i.e., the statement
that singularities are always hidden by horizons holds for
these black holes. However, for rotating BTZ black holes
the question of stability is not yet settled [34–38].
What makes rotating BTZ black holes a puzzle from the

perspective of AdS=CFT is the fact that the analytically
extended spacetime continues infinitely in the past and
future. Therefore one might think that the dual to this
spacetime is also an infinite product of CFTs. However, this
cannot be the case because the different boundaries are
timelike separated and cannot be independent and more-
over the correct dual is known to be a thermofield double
state [39]. So it becomes important to understand the inner
horizon (and the possibility of going beyond it) from a CFT
perspective. Then one would be able to understand how
much of the maximally extended spacetime is dual to the
pair of CFTs. There have been several attempts to relate the
behavior of fields near the inner horizon to the properties of
CFT correlators [40–42].
In this paper, we take the first step toward translating

questions about the inner horizon directly to questions
about operators in the boundary CFT by carrying out bulk
reconstruction in a rotating BTZ background. With the
boundary representation of bulk objects in hand, one can
begin to understand the behavior of fields near the inner
horizon directly from the boundary CFT.
As we will review in the next section, smearing functions

for fields in black hole backgrounds are distributions rather
than functions. Therefore, one has to smear over fields
and construct boundary representations for wave packets.
This is what we have done in this paper, following the

HKLL construction. In the regime where the wave packet is
of high frequency, we obtained plots for the smearing
function near the outer and inner horizons.
We found novel features for the smearing function near

the inner horizon. The support of the smearing function
for wave packets near the inner horizon is qualitatively
different from that of wave packets near the outer horizon.
One way to interpret our result is by identifying the past
and future inner horizons. It then appears that while the
boundary CFT can “see” points near the outer horizon
through the outer horizon only, it can see the points near the
inner horizon both through the outer and inner horizons.
We will make this statement precise later. We note here that
this observation might hold some clues for the resolution of
the questions posed earlier.
We have also considered a mirror operator construction

for representing bulk fields near the outer and inner horizons.
As we will review in the next section, mirror operator
representations allow one to represent bulk fields beyond the
horizon as operators on a single CFT. The boundary
representations thus obtained can be used to study the
behavior of fields near the inner horizon from a single CFT.
With both the usual HKLL representation and the mirror

operator representation in hand, one now has all the tools
available to map bulk fields to boundary operators. One can
then start tackling questions about the inner horizon. For
instance, one can askhow fields near the inner horizonbehave
if it is perturbed by a shockwave. In the last section, we will
outline some concrete directionsone canpursue in this regard.
In the next section, we briefly recall the basics of

spinning BTZ black holes and those of bulk reconstruction
in black holes. The third section presents our results. We
conclude with a summary.

II. PRELIMINARIES

A. Spinning BTZ black hole

The rotating BTZ metric is given by:

ds2 ¼ −fðrÞdt2 þ 1

fðrÞ dr
2 þ r2ðdϕ −ΩdtÞ2 ð4Þ

where

fðrÞ ¼ ðr2 − r2þÞðr2 − r2−Þ
r2

:

The spacetime has two horizons: r ¼ r− is the inner
Cauchy horizon and r ¼ rþ is the outer event horizon. The
causal structure is shown in the Fig. 1.
The surface gravities of the two horizons are given by:

κ� ¼ r2þ − r2−
r�

; ð5Þ

while the corresponding angular velocities are given by:
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Ω� ¼ r∓
r�

: ð6Þ

We now want to solve the Klein-Gordon equation for a
massless field in this background:

□ϕ ¼ 0: ð7Þ

The radial coordinate z will be useful to describe the
solutions

z ¼ r2 − r2−
r2þ − r2−

: ð8Þ

In these coordinates the inner horizon is at z ¼ 0,
the outer horizon is at z ¼ 1 and the boundary is
at z ¼ ∞.
Using the symmetries of the metric we may write the

solution as:

ϕ ¼ eiωteilϕGðzÞ: ð9Þ
Substituting (9) in the Klein-Gordon equation we obtain

the hypergeometric equation in the radial coordinate:

zð1 − zÞF00ðzÞ þ ½c − zðaþ bþ 1Þ�F0ðzÞ − abFðzÞ ¼ 0

ð10Þ

where FðzÞ ¼ z−i
ω−mΩ−
2κ− ð1 − zÞ−i

ω−mΩþ
2κþ and

a ¼ 1

2

�
2 − i

ω −mΩ−

κ−
− i

ω −mΩþ
κþ

�
ð11Þ

b ¼ −
1

2

�
i
ω −mΩ−

κ−
þ i

ω −mΩþ
κþ

�
ð12Þ

c ¼ 1 −
ω −mΩ−

κ−
: ð13Þ

The hypergeometric function has singular points at 0, 1,
and ∞ and near each singular point, there is a convenient
choice of basis. Of course, one can transform between
the bases.
Near the boundary, the solutions are

Gnorm;∞
ω;m ¼ z−

1
2
ð2a−cþ1Þðz − 1Þ12ðaþb−cÞ

2F1

�
a; a − cþ 1; a − bþ 1;

1

z

�
; ð14Þ

Gnon−norm;∞
ω;m ¼ z−

1
2
ð2b−cþ1Þðz − 1Þ12ðaþb−cÞ

2F1

�
a; b − cþ 1;−aþ bþ 1;

1

z

�
: ð15Þ

Out of these,Gnorm
ω;m is the normalizable mode. It falls off as z−1 near the boundary. This is the one which we need for bulk

reconstruction.
Near the outer horizon, the convenient basis for the solutions is

GR;þ
ω;m ¼ z−

1
2
ð1−cÞj1 − zj−1

2
ðaþb−cÞ

2F1ðc − b; c − a;−a − bþ cþ 1; 1 − zÞ ð16Þ

GL;þ
ω;m ¼ z−

1
2
ð1−cÞj1 − zj12ðaþb−cÞ

2F1ða; b∶aþ b − cþ 1; 1 − zÞ: ð17Þ

At r ¼ rþ this basis behaves as:

GR;þ
ω;mjz∼1 ∼ j1 − zji

ω−lΩþ
2κþ ð18Þ

FIG. 1. Causal structure of a spinning BTZ black hole. IR and
IL are the two boundaries. Hþ

L aand H−
L are the future and past

parts of the left outer horizon, similarly Hþ
R aand H−

R are the
future and past right outer horizon. CHþ and CH− denote the
future and past inner horizons.
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GL;þ
ω;mjz∼1 ∼ j1 − zj−i

ω−lΩþ
2κþ : ð19Þ

The “tortoise” radial coordinate r� is useful to describe
near horizon solutions and we will use it (rather than z)
when we work out smearing functions near the horizon in
the next section:

r� ¼
1

2κþ
log

���� r − rþ
rþ rþ

�
rþ r−
r − r−

�
r−=rþ

����: ð20Þ

In terms of r�, the near horizon behavior of these
modes are

GR;þ
ω;mj ∼

�
4rþ

r2þ − r2−

���� rþ − r−
rþ þ r−

����
r−
rþ
�iðω−mΩþÞ

κþ
eiðω−mΩþÞr� ð21Þ

GL;þ
ω;m ∼

�
4rþ

r2þ − r2−

���� rþ − r−
rþ þ r−

����
r−
rþ
�−iðω−mΩþÞ

κþ
e−iðω−mΩþÞr� ð22Þ

These solutions behave like right and left moving waves
near the horizon (hence the R=L labels).
Near the inner horizon, the solutions are

GR;−
ω;m ¼ z−

1
2
ð1−cÞð1 − zÞ12ðaþb−cÞ

2F1ða; b; c; zÞ ð23Þ

GL;−
ω;m ¼ z

1
2
ð1−cÞð1 − zÞ12ðaþb−cÞ

× 2F1ða − cþ 1; b − cþ 1; 2 − c; zÞ: ð24Þ

The near-horizon behavior of the two solutions is
given by:

GR;−
ω;mjz∼0 ∼ j1 − zj−iω−lΩ−2κ− ð25Þ

GL;−
ω;mjz∼0 ∼ j1 − zjiω−lΩ−2κ− : ð26Þ

Again, in terms of the tortoise coordinate, they are
given by:

GR;−
ω;mj ∼

�
4r−

r2þ − r2−

���� rþ − r−
rþ þ r−

����
rþ
r−
�iðω−mΩþÞ

κ−
eiðω−mΩ−Þr� ð27Þ

GL;−
ω;mj ∼

�
4r−

r2þ − r2−

���� rþ − r−
rþ þ r−

����
rþ
r−
�−iðω−mΩþÞ

κ−
e−iðω−mΩ−Þr� : ð28Þ

One can go from one basis to the other. Later we will
need to know how the normalizable mode at the boundary
can be written in terms of the basis we used near the outer
horizon. This is given by:

Gω;mnorm;∞ ¼ Aðω; mÞGR;þ
ω;m þ Bðω; mÞGL;þ

ω;m ð29Þ

where

Aðω; mÞ ¼ Γða − bþ 1ÞΓðaþ b − cÞ
ΓðaÞΓða − cþ 1Þ ð30Þ

Bðω; mÞ ¼ Γð−a − bþ cÞΓða − bþ 1

Γð1 − bÞΓðc − bÞ : ð31Þ

We will also need to know how to write the basis near the
outer horizon in terms of the one near the inner horizon:

GR;þ
ω;m ¼ Cðω; mÞGR;−

ω;m þDðω; mÞGL;−
ω;m ð32Þ

GL;þ
ω;m ¼ C̃ðω; mÞGL;−

ω;m þ D̃ðω; mÞGR;−
ω;m ð33Þ

where

Cðω; mÞ ¼ Γð1 − cÞΓð1 − a − bþ cÞ
Γð1 − aÞΓð1 − bÞ ð34Þ

Dðω; mÞ ¼ Γðc − 1ÞΓð1 − a − bþ cÞ
Γðc − aÞΓðc − bÞ ð35Þ

C̃ðω; mÞ ¼ Γðc − 1ÞΓðaþ b − cþ 1Þ
ΓðaÞΓðbÞ ð36Þ

D̃ðω; mÞ ¼ Γð1 − cÞΓðaþ b − cþ 1Þ
Γða − cþ 1ÞΓðb − cþ 1Þ : ð37Þ

B. Bulk reconstruction in two-sided black holes

The aim of this section is to outline the general strategy
of obtaining a CFT representation of a bulk field in a black
hole background. But before that, let us briefly recall how
this is done in pure AdS background. For convenience, we
assume a 2þ 1 dimensional AdS. We consider a scalar
field ϕðr; t; θÞ dual to a boundary primary Oðt; θÞ.
One starts by defining the following boundary operators:

Oω;m ¼
Z

dtdθe−iωtþimθOðt; θÞ ð38Þ

O−ω;−m ¼
Z

dtdθeiωt−imθOðt; θÞ: ð39Þ

It can be checked that these operators satisfy:

h0j½Oω;m;Oω;m0 �j0i ¼ Nω;mδðωþ ω0Þδðmþm0Þ ð40Þ

where j0i is the CFT vacuum and Nω;m is a constant. Thus
we see that within correlators, these operators satisfy the
same algebra as bulk creation and annihilation operators, up
to themultiplicative constantNω;m. Thereforewemaywrite:

aω;m ¼ 1

Nω;k
Oω;m ð41Þ

a†ω;m ¼ 1

Nω;m
O−ω;−m ð42Þ
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where this relation is understood to hold when the left-hand
side (lhs) appears inside a CFT correlator. Thus we have
obtained a boundary representation of the bulk annihilation
and creation operators corresponding to the fieldϕ. Nowwe
can simply substitute them in themode expansion of the field
to obtain:

ϕCFT ¼
X
ω;m

gω;mOω;m þ g�ω;mO−ω;−m: ð43Þ

Here gω;m are the normalizable modes of the bulk field in
pure AdS.
This is a boundary operator whose correlators will satisfy

(2) for pure AdS by construction. Using (38), we can
rewrite (43) in the following form:

ϕCFTðr; t; θÞ ¼
Z

dt0dθ0Kðr; t; θ; t0; θ0ÞOðt0; θ0Þ ð44Þ

HereKðr; t; θ; t0; θ0Þ is called the smearing function. This
construction is referred to as the HKLL construction. In
what follows we will drop the prefix “CFT” from ϕCFT and
refer to the boundary representation as just ϕ.
We now turn to bulk reconstruction in a two-sided black

hole. There are now two CFTs living on either boundary.
The boundary dual to a two-sided black hole is a thermo-
field double state which is an entangled state of the two
boundaries.
The steps of bulk reconstruction are similar. Once again

we consider a scalar ϕ dual to a primaryO. The first step is
checking that the same operators (38) satisfy the same
algebra for the thermal state. Then (41) is still true for a
field in this geometry. From here on we refer to O−ω;−m

as O†
ω;m.

As before, one we have the annihilation and creation
operators in hand, we only need the normalizable mode
solutions of the Klein-Gordon equation to complete the
construction.
First, let us consider the exterior of the black hole, i.e.,

regions I and III. So for instance, in region I one solves the
Klein Gordon equation and chooses the modes which are
normalizable:

lim
r→∞

fnormω;m ∝ r−Δ: ð45Þ

Near the horizon the normalizable modes will behave as
linear combinations of left-moving and right-moving
modes fLω;m ≈ eiωtþimϕþωr� and fRω;m ≈ eiωtþimϕ−ωr�

fnormω;m ∝ fðLÞω;m þ e−2iδω;mfðRÞω;m: ð46Þ
The CFT representation in region I is then obtained as:

ϕIðx; rÞ ¼
X
m

Z
dω½Oω;mfnormω;m ðr; t; θÞ

þO†
ω;mðfnormω;m ðr; t; θÞÞ��: ð47Þ

One can formally write down the smearing function as:

Kðr; t; θ; t0; θ0Þ ¼
X
m

Z
dωeiðωðt−t0Þ−mðθ−θ0ÞÞfnormω;m ðr; t; θÞ:

ð48Þ

A similar procedure can be followed for region III.
Now we consider the interior or region II. Again, we

solve the Klein Gordon equation and obtain the mode
solutions. However, now there are no boundary conditions,
there are only matching conditions at the horizon. One
obtains the mode solutions χLω;mðr; t; θÞ and χRω;mðr; t; θÞ
which behave near the horizon as eiωtþimϕ−ωr� and
eiωtþimϕþωr� respectively. Now we can use matching at
the horizon. The solution inside the horizon must match
with fnormω;m at the horizon between regions I and III, for
instance. This gives χLω;mðr; t; θÞ ∼ eiωtþimϕfLω;m (up to a
scaling factor). Similarly χRω;mðr; t; θÞ is obtained by
matching at the horizon between regions II and III.
The absence of a boundary condition means that the

number of independent modes inside the horizon is double
that of outside the horizon. This is expected as independent
modes move into region II from both regions I and III.
The CFT representation is given by:

ϕIIðr; t; θÞ ¼
X
m

Z
dω½Oω;m χ

ðLÞ
ω;mðr; t; θÞ

þ Õ†
ω;m χ

ðRÞ
ω;mðr; t; θÞ þ H:c:�: ð49Þ

Here, as later, we refer to the CFT operators on the right
as Õ.
This can be rewritten as:

ϕIIðr; t; θÞ ¼
Z

dt0dϕ0KLðr; t; θ; t0; θ0ÞOðt0; θ0Þ

þ
Z

dt00dϕ00KRðr; t; θ; t00; θ00ÞÕðt00; θ00Þ ð50Þ

where

KLðr; t; θ; t0; θ0Þ ¼
X
m

Z
dωe−iðωt0−mθ0Þ χðLÞω;mðr; t; θÞ þ H:c:

ð51Þ

It has support on both the left and right boundaries.
The expressions for smearing functions in (48),

(50) always diverge. This is a peculiarity of black hole
backgrounds—that the smearing function does not exist as
a function [6,7,22] but as a distribution [43]. This is not a
problem as such, as the correct correlators are still obtained
from the boundary representation. To avoid divergences,
one can construct a wave packet by smearing the field over
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a region in spacetime and obtain a convergent expression
for the CFT representation of the wave packet [22,23].1

This is what we will do in the next section.
Now let us review the mirror operator construction. For

the CFT state jψi dual to ta two-sided black hole, we can
carry out the mirror operator construction starting from the
following observation from [35]:

Õω;mjψi ¼ e−πωO†
ω;mjψi ð52Þ

Õ†
ω;mjψi ¼ eπωOω;mjψi ð53Þ

We note that this is a state-dependent equation. For this
particular state, one may represent the creation and anni-
hilation operators on the right CFT by the operators on the
right-hand side of the equation. Therefore we can make
these substitutions and represent the fields behind the
horizon as operators on a single boundary CFT.
For instance, the expression of a field in region II as

given by (49) now becomes:

ϕIIðr; t; θÞ ¼
X
m

Z
dω½Oω;m χ

ðLÞ
ω;mðr; t; θÞ þ H:c:

þ eπωOω;m χ
ðRÞ
ω;mðr; t; θÞ

þ e−πωO†
ω;mðχðRÞω;mÞ�ðr; t; θÞ�: ð54Þ

Which translates to:

ϕIIðx; rÞ ¼
Z

dt0dϕ0ðKLðr; t; θ; t0; θ0Þ

þ Kmirrorðr; t; θ; t0; θ0ÞÞORðt00; θ00Þ ð55Þ
where

Kmirrorðr; t; θ; t0; θ0Þ ¼
X
m

Z
dωeπω−iðωt0−mθ0Þ χðRÞω;mðr; t; θÞ

þ e−πωþiðωt0−mθ0ÞðχðRÞÞ�ω;mðr; t; θÞ:
ð56Þ

Thus we see that we have obtained a boundary repre-
sentation on a single boundary, albeit at the cost of state-
dependence.

III. SMEARING FUNCTION FOR SPINNING
BTZ BLACK HOLE

In this section, we present our results. First, we present
the usual HKLL representation where the fields in the
interior are represented as a sum of the operators on the left
and right boundaries. Then we present a “mirror operator”-
like construction where the representation is on a single
boundary.

A. HKLL representation of the smearing function

Using the mode solutions in Sec. II A and following
the general strategy outlined in Sec. II B, we can now
obtain the boundary representation for bulk fields in a
spinning BTZ. However, as we observed before, the
smearing function obtained from (48) diverges. One needs
to introduce wave packets to obtain a convergent answer.
Instead of considering the field at a point, we smear them

using a wave packet:

Φðr; t0; θ0Þ ¼
Z

dtdθξ�ω0;t0η
�
θ0;m0

ϕþðr; t; θÞ þ H:c: ð57Þ

where ϕþ denotes the positive frequency part of the field.
We follow the wave packet construction of [23]:

ξω0;t0 ¼ e−iω0ðt−t0Þ sin ðϵðt − t0ÞÞffiffiffi
ϵ

p ðt − t0Þ
;

ηm0;θ0 ¼ eim0ðθ−θ0Þ sin ðϵðθ − θ0ÞÞffiffiffi
ϵ

p ðθ − θ0Þ
: ð58Þ

This gives a wave packet centered around t0, θ0.
Now using (47) and (48) we can obtain the CFT

representation of the wave packet Φ in region I:

ΦIðr; t0; θ0Þ ¼
Z

dt0Kω0;m0
ðr; t0; θ0; t0; θ0ÞOðt0; θÞ ð59Þ

where:

KI
ω0;m0

ðt0 − t; r;ϕ0 − ϕÞ ¼
X
m

1

ð2πÞ2
Z

dω½eiωt−imϕξ̃⋆ω0;t0ðωÞη̃⋆m0;ϕ0
ðmÞ þ H:c:�Gnorm;∞

ω;m ðrÞ

¼
Xm0þ1

2
ϵ

m¼m0−1
2
ϵ

2

ð2πÞ2ϵ
Z

ω0þ1
2
ϵ

ω0−1
2
ϵ

dω cos ½ωðt0 − tÞ −mðϕ0 − ϕÞ�Gnorm;∞
ω;m ðrÞ: ð60Þ

Here Gnorm;∞ is the normalizable mode at the boundary given by (14).

1An alternative to using wave packets that works for nonrotating black holes is to Wick rotate to de-Sitter space. Here one obtains a
representation in a complexified boundary[7,20]. This approach does not work in this case asWick rotation yields a complex bulkmetric.
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Similarly from (49) and (50) we obtain the CFT representation of the wave packet inside the horizon in region II:

ΦIIðr; t0; θ0Þ ¼
Z

dt0KL
ω0;m0

ðr; t0; θ0; t0; θ0ÞOLðt0; θÞ þ
Z

dt00KR
ω0;m0

ðr; t0; θ0; t00; θ00ÞORðt00; θ00Þ: ð61Þ

where:

KL
0 ðt0 − t; r;ϕ0 − ϕÞ ¼

X
m

1

ð2πÞ2
Z

dω½eiωt−imϕξ̃⋆ω0;t0ðωÞη̃⋆m0;ϕ0
ðmÞAðω; mÞGL;þ

ω;mðrÞ þ H:c:�

¼
Xm0þ1

2
ϵ

m¼m0−1
2
ϵ

1

ð2πÞ2ϵ
Z

ω0þ1
2
ϵ

ω0−1
2
ϵ

dω½e−iωðt0−tÞþimðϕ0−ϕÞAðω; mÞGL;þ
ω;mðrÞ þ H:c:�: ð62Þ

where GL;þ
ω;m is given by the Eq. (17). A similar equation holds for the right smearing function.

To obtain a representation of the smearing function near the inner horizon we can use the basis of hypergeoemtric
functions that is convenient in that region. To do this we use (32) and obtain:

KL
0 ðt0 − t; r;ϕ0 − ϕÞ ¼

Xm0þ1
2
ϵ

m¼m0−1
2
ϵ

1

ð2πÞ2ϵ
Z

ω0þ1
2
ϵ

ω0−1
2
ϵ

dω½e−iωðt0−tÞþimðϕ0−ϕÞAðω; mÞðC̃ðω; mÞGL;−
ω;m þ D̃ðω; mÞGR;−

ω;mÞÞ þ H:c:�

ð63Þ

where Gout;−
ω;m and Gin;−

ω;m are given by (23) and (24)
respectively and C̃ðω; mÞ and D̃ðω; mÞ are given by (34).
While these expressions of the smearing function are

convergent, they cannot be written as closed-form expres-
sions and offer little insight. One may obtain useful
approximations near the outer and inner horizons.
First, we consider the field at a point in the exterior of the

outer horizon which is close to the horizon. In the exterior
region, the smearing function is given by (60). We can
rewriteGnorm;∞

ω;m in terms ofGR;þ
ω;m andGL;þ

ω;m using (30). Close
to the outer horizon we can use (21) and (22). Converting to
the tortoise coordinate we finally get:

Gnorm;∞
ω;m ≈ jaω;mj cosðωr� þ δω;mÞ ð64Þ

where

jaω;mj ¼ jAðω; mÞαðω; mÞj1=2 ð65Þ

e2iδω;m ¼ Aðω; mÞαðω; mÞ
Bðω; mÞα�ðω; mÞ ð66Þ

where

αðω; mÞ ¼
�

4rþ
r2þ − r2−

���� rþ − r−
rþ þ r−

����
r−
rþ
�iðω−mΩþÞ

κþ
: ð67Þ

By choosing a wave packet in the high frequency regime
ω0 ≫ jm0j ≫ 1 we can obtain an expression for the
smearing function. We use the following identities to
simplify the formulas:

ΓðixÞ ¼ π

x sinh x
ð68Þ

Γð1þ ixÞ ¼ πx
sinh x

: ð69Þ

Further using the approximation which holds for x ≫ 1:

i log

�
ΓðixÞ
Γð−ixÞ

�
¼ 2xðlog x − 1Þ − π

2
þOðx−1Þ: ð70Þ

Using the above identities we get:

jaω;mj ≈
2ffiffiffiffiffiffiffiffiffiffi
2πrþ

p rþ − r−
ω3=2 ð71Þ

δω;m ≈
π

4
ð72Þ

Then the smearing function for a high-frequency wave
packet is given by:

Kðr; t − t0;ϕ − ϕ0Þ

≈
2ðrþ − r−Þffiffiffiffiffiffiffiffiffiffi

2πrþ
p

Z
dω

ω3=2 ðcos½ωðt0 − tþ r�Þ − π=4

þm0ðϕ0 − ϕÞ� þ cos½ωðt0 − t − r�Þ
þ π=4þm0ðϕ0 − ϕÞ�Þ ð73Þ
Here we have taken ϵ to be 1, thereby reducing the sum

over m to just a single m0. Except for the prefactor, this
agrees with the result derived for the nonrotating BTZ in
[23]. This can be integrated usingMathematica. The results
are summarized in Fig. 2.
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The second case we may consider is that of a wave packet
close to the outer horizon but in the interior of the black hole.
In this case, the smearing function is given by (62). Once

again we use (21) and the approximations above. The
resulting expression for smearing function is given by:

KLðr; t − t0;ϕ − ϕ0Þ

≈
2ðrþ − r−Þffiffiffiffiffiffiffiffiffiffi

2πrþ
p

Z
dω

ω3=2 cos½ωðt0 − t − r�Þ þm0ðϕ0 − ϕÞ�

ð74Þ

A similar expression holds for the KR. This is shown
in Fig. 3.
Finally, we consider a wave packet close to the inner

horizon. In this case, the formula (63) applies for the
smearing function. In this case, we have:

Gout;− ¼ jCnj cosðωr� þ δð1Þω;mÞ þ jDnj cosðωr� þ δð2Þω;mÞ
ð75Þ

where

jcω;mj ¼ jAðω; mÞC̃ðω; mÞβðω; mÞj1=2 ð76Þ

jdω;mj ¼ jAðω; mÞD̃ðω; mÞβðω; mÞj1=2 ð77Þ

δð1Þω;m ¼ C̃�ðω; mÞβ�ðω; mÞ
C̃ðω; mÞβðω; mÞ ð78Þ

δð2Þω;m ¼ D̃�ðω; mÞβ�ðω; mÞ
D̃ðω; mÞβðω; mÞ ð79Þ

where

βðω; mÞ ¼
�

4r−
r2þ − r2−

���� rþ − r−
rþ þ r−

����
rþ
r−
�iðω−mΩþÞ

κ− ð80Þ

Once again we use a high frequency wave packet. In this
case we find that while the prefactors are similar, the δs turn

out to be proportional to ω. We write δð1Þω;m ¼ ωΔð1Þ and

δð2Þω;m ¼ ωΔð2Þ where:

Δð1Þ ¼ 1

2

�
1

rþ þ r−
log

ðrþ − r−Þrþ
2r2−

þ 1

rþ − r−
log

2rþ
rþ þ r−

�

ð81Þ

Δð2Þ ¼ 1

2

�
1

rþ þ r−
log

2rþ
rþ þ r−

þ 1

rþ − r−
log

rþ þ r−
2rþ

�

ð82Þ

Then the smearing function for a wave packet close to
the inner horizon is given by:

(a)

30 20 10 10 20 30
y

0.0010

0.0005

0.0005

0.0010

fy

(b)

FIG. 2. (a) Bulk Reconstruction for wave packet in region I close to the outer horizon. The smearing function is peaked around two
points t0 þ r� and t0 − r� in one of the boundaries. (b) Plot of the smearing function for a point in the exterior near the outer horizon with
boundary time. ϕ0 − ϕ is taken to be zero. ω0 is chosen to be 40 and ϵ ¼ 1.
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KLðr; t − t0;ϕ − ϕ0Þ ≈
2ðrþ − r−Þffiffiffiffiffiffiffiffiffiffi

2πrþ
p

Z
dω

ω3=2

�
κ−
κþ

cos½ωðt0 − tþ r� þ Δð1ÞÞ þm0ðϕ0 − ϕÞ�

þ κþ
κ−

cos½ωðt0 − t − r� − Δð2ÞÞ þm0ðϕ0 − ϕÞ�
�

ð83Þ

The results are depicted in Fig. 4.
We note two striking features in this last case. First,

unlike previous cases, the smearing function is not exactly
peaked at where the light ray reaches, but at a distance Δð1Þ

or Δð2Þ from them. If the inner and outer horizons are close,
this deviation can be significant. This is a rather surprising
feature of the smearing function for points near the inner
horizon, which demands further study.
Second, the smearing function is peaked on four points,

two each on each boundary. Two of the points are similar to
the ones for the outer horizon—the peaks occur at points
close to where the past light-ray from the bulk point reaches
the boundary. But in this case, we get that the smearing
function is peaked at two more points. These two points can
be seen to be close to the ones where the future light ray

from the bulk point would reach if the past inner horizon
and the future inner horizon were to be identified. This
novel feature also demands further study.

B. Mirror operator representation
of smearing function

In the previous section, we obtained the HKLL repre-
sentation of the smearing function which has support on
both the boundaries. We can also use the mirror operator
construction to obtain a representation which has support
on only one boundary.
We can take (54) as our starting point. Once again, we con-

sider a wave packet instead of a field point. The CFT repre-
sentation of thewave packet inside the horizon then becomes:

ΦIIðr; t0; θ0Þ ¼
Z

dt0ðKL
ω0;m0

ðr; t0; θ0; t0; θ0Þ þ KðmirrorÞ
ω0;m0

ðr; t0; θ0; t0; θ0ÞÞOLðt0; θÞ ð84Þ

(a)
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y

0.0010

0.0005

0.0005

0.0010

fy

(b)

FIG. 3. (a) Bulk Reconstruction for wave packet in the interior close to the outer horizon. The smearing function is peaked around two
points t0 þ r� and t0 − r�, one in each boundary. (b) Plot of the smearing function for a point in the interior near the outer horizon with
boundary time. ϕ0 − ϕ is taken to be zero. ω0 is chosen to be 40 and ϵ ¼ 1.
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where

KðmirrorÞðt0 þ t; r;ϕ0 þ ϕÞ

¼
Xm0þ1

2
ϵ

m¼m0−1
2
ϵ

1

ð2πÞ2ϵ
Z

ω0þ1
2
ϵ

ω0−1
2
ϵ

dω½e−πωe−iωðt0þtÞþimðϕ0þϕÞGðLÞ;þ
ω;m ðrÞ þ eπωeiωðt0þtÞ−imðϕ0þϕÞðGðLÞ;þ

ω;m ðrÞÞ��:

Here we see that the peak of the mirror smearing function has a simple interpretation, it is obtained by reflecting the light
ray connecting the bulk point to the left(or right) boundary (denoted by the dashed red line in the figure) from the center to
the right boundary.
Using the approximations for a high-frequency wave packet close to the outer horizon we get the expression:

KðmirrorÞðt0 þ t; r;ϕ0 þ ϕÞ ≈ 2ðrþ − r−Þffiffiffiffiffiffiffiffiffiffi
2πrþ

p
Z

dω

ω3=2 ðcosh πω cos½ωðtþ t0 þ r�Þ þm0ðϕþ ϕ0Þ

þ i sinh πω sin½ωðtþ t0 þ r�Þ þm0ðϕþ ϕ0Þ�Þ ð85Þ
This is summarized in Fig. 5. For a wave packet close to the inner horizon, using the same approximations one obtains:

KðmirrorÞðt0 þ t; r;ϕ0 þ ϕÞ ≈ 2ðrþ − r−Þffiffiffiffiffiffiffiffiffiffi
2πrþ

p
Z

dω

ω3=2

�
κ−
κþ

e−πω þ κþ
κ−

eπω
�
ðcos½ωðt0 þ tþ r� þ Δð1ÞÞ

þm0ðϕ0 þ ϕÞ� þ ðcos½ωðt0 þ t − r� − Δð1ÞÞ þm0ðϕ0 þ ϕÞ�Þ þ
�
κ−
κþ

e−πω þ κþ
κ−

eπω
�

× ðsin½ωðt0 þ tþ r� þ Δð2ÞÞ þm0ðϕ0 þ ϕÞ� þ ðsin½ωðt0 þ t − r� − Δð2ÞÞ þm0ðϕ0 þ ϕÞ�Þ
ð86Þ

This is depicted in Fig. 6.

(a)

30 20 10 10 20 30
y

0.0010

0.0005

0.0005

0.0010

fy

(b)

FIG. 4. (a) Bulk reconstruction construction for wave packet centered around the point x in the interior close to the inner horizon. The
smearing function is peaked around the four points a,b,c,d two at each boundary. (b) Plot of the smearing function for a point in the
interior near the inner horizon with boundary time. ϕ0 − ϕ is taken to be zero. ω0 is chosen to be 40 and ϵ ¼ 1.
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(a)
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FIG. 5. (a) Mirror operator construction for wave packet in the interior close to the outer horizon. The smearing function is peaked
around two points t0 þ r� and r� − t0, both at the same boundary. The mirror point is obtained by reflecting back the red light ray at the
center. (b) Plot of the real part of the mirror smearing function for a point in the interior near the outer horizon. ω0 is chosen to be 40 and
ϵ ¼ 1. The imaginary part is identical.
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(b)

FIG. 6. (a) Mirror construction for wave packet centered around the point x in the interior close to the inner horizon. The smearing
function is peaked around the four points a’,b’,c,d on one boundary. a’,b’ are the mirrors of a and b in the previous diagram. (b) Plot of
the real part of the mirror smearing function for a point in the interior near the inner horizon. ω0 is chosen to be 40 and ϵ ¼ 1.
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Again the mirror operator smearing function is obtained
by reflecting the left-moving rays from the center to the
right boundary. Another interesting feature is that the
mirror smearing function is complex. This bears further
study in the future.

IV. SUMMARY AND FUTURE DIRECTIONS

In this paper, we carried out bulk reconstruction for a
spinning BTZ black hole. We obtained boundary repre-
sentations for a scalar field in both the exterior and interior
of the horizon. Using high-frequency wave packets we
obtained smearing functions near the inner and outer
horizons. While the smearing function near the outer
horizon had expected features, the wave packet near the
inner horizon showed some novel features, which require
further study. One feature is that the peaks are not exactly at
the boundary points hit by light rays from the bulk, but are
displaced from them in time. It is not clear what the
implication of this is for translating the bulk theory to the
boundary. The other novel feature is that the smearing
function is peaked around two points in each boundary, as
opposed to one. The position of the second peak could be
interpreted by identifying the past and future inner horizons
and considering a light ray that passed through the future
inner horizon and emerged from the past one.
This feature might contain a clue about the questions

about the inner horizon in AdS=CFT that we reviewed in
the introduction. It appears that, in contrast to fields close to
the outer horizon, the boundary “sees” fields near the inner
horizon not only through the outer horizon but “through”
the inner horizon as well. Put differently, a signal that
seemed headed out to the timelike infinity seems to end up
at the boundary CFT. These are, of course, speculative
interpretations of the smearing function we have obtained,
but they demand further investigation.
We also carried out a mirror operator construction for

fields inside the horizon. This gives us a boundary repre-
sentation of fields inside the horizon as operators on a
single CFT. We saw that for high-frequency wave packets
the peaks of the mirror operator smearing function on, say,
the left boundary could be read off by reflecting the right
moving rays from the center to the left boundary. We
obtained mirror operators smearing functions for points

close to the inner as well as outer horizons. One interesting
feature was that the mirror operator smearing functions are
complex. The implication of this is unclear and bears
further study.
In this paper we have translated, to the extent analytically

possible, bulk fields in a rotating black hole background to
operators in the boundary CFT. This can now be used to
answer questions about the inner horizon directly from the
boundary theories. We now outline some proposals about
how one may proceed.
One possible avenue is to try to construct boundary

representations for fields behind the inner horizon. If such a
CFT operator exists, it will show that the region immedi-
ately beyond the inner horizon, which lies in the “future
copy” of the spacetime, is also dual to the CFTs on the two
boundaries of the “past copy.” But [35] have identified a
necessary condition for the smoothness of the inner horizon
in terms of bulk correlation functions between fields on two
sides of the inner horizon. In the CFT, this would translate
to a condition on the correlation function between the
boundary representations of fields inside and outside the
inner horizon. The former was obtained in this paper. Any
candidate for the latter would thus have to satisfy certain
(quite restrictive) conditions on their correlation functions
with the boundary representations given here.
Another possible application arises in the context of the

paper [42]. In this paper, the stability of the inner horizon
under perturbation by a shock-wavewas studied by inserting
a heavy local operator and studying particular CFT corre-
lators which are indicative of the stability of the horizon.
While this study was indicative, one can obtain a more com-
plete picture from the CFT by looking at how the boundary
representations of bulk fields near the inner horizon evolve
under a shock wave perturbation. Indeed, general perturba-
tions of the inner horizon can be studied from the CFT from
the boundary representations obtained here.
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