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The bulk reconstruction program aims to obtain representations of bulk fields as operators in the
boundary conformal field theory (CFT). In this paper, we extend the program by obtaining the boundary
representation for a scalar field in a rotating BTZ black hole. We find that the representation of the field near
the inner horizon shows novel features. We also obtain a representation for fields inside the horizon as
operators in a single boundary CFT using mirror operator construction.
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I. INTRODUCTION

According to the AdS/CFT conjecture, quantum gravity
in d + 1-dimensional asymptotically AdS spacetime and a
conformal field theory living on the d-dimensional boun-
dary of the spacetime are equivalent. Therefore, one should
be able to translate all of bulk physics to the boundary CFT
such that one can answer all questions about bulk physics
by carrying out calculations entirely in the boundary CFT.

To be able to do this, one would have to translate bulk
fields to operators in the boundary CFT. AdS/CFT corre-
spondence in its original form does not directly tell us how
to do this. The AdS/CFT extrapolate dictionary [1-3] only
tells us how to map the boundary value of a bulk correlation
function to a correlator in the boundary CFT.

Concretely, let us consider an asymptotically AdS
geometry g dual to a CFT state |y,). Then for a scalar
field ¢ dual to a CFT primary O, the extrapolate dictionary
tells us that:

r]i)l’{.lol’nA<¢(rl, X1)¢(72, X2)""'¢(rnv Xn)>g

= (w,|O(x1)O(x2)....0(x,) lyy) (1)

Here x; are the boundary coordinates and r, x; are the
bulk coordinates.

This does not tell us to answer questions about physics
deep inside the bulk from the boundary CFT. That could be
done if one were able to construct a CFT operator ¢cpr
which exactly mimics the bulk field, which is to say that it
satisfies a relation like:
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<¢(r17 Xl)"(p(rnv Xn)>g
= <Wg|¢CFT(r1vX1>"¢CFT(rn7Xn)ll/’g>' (2)

The CFT operator ¢cpr is referred to as the boundary
representation of the bulk field ¢.

The program of constructing such CFT operators for
different fields and in different asymptotically AdS back-
grounds is called the bulk reconstruction program [4—15]).
For a recent review, see [16].

We will review how one can obtain boundary represen-
tations in the next section, for now we note that boundary
representations have the form:

dcrr(r,x, x) :/ddx’K(r,x;x’)O(x/). (3)

Here K(r, x; x") is known as the smearing function. This
construction is referred to as the HKLL construction in
literature [6,7]. The boundary representation is a nonlocal
operator in the CFT. As we can see here, knowledge of the
smearing function K(r,x;x’) will allow one to translate
any statement about bulk fields to statements about
boundary operators.

The bulk reconstruction program has had many impor-
tant applications and has led to several new insights.
Paradoxes that appeared from comparing boundary repre-
sentations of fields in overlapping AdS/Rindler wedges led
to the conjectured connection between holography and
quantum error correction [17] (although a different reso-
lution has also appeared [18]), which has proved to be a
productive line of enquiry. Another striking insight came
from the observation that it is impossible to obtain
boundary representations of horizon-crossing Wilson lines
that connect the two boundaries in a two-sided AdS black
hole. This observation led to the proposal that gauge fields
must be emergent and a surprising connection with the
weak gravity conjecture was found [19].
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A very fruitful avenue for the application of bulk
reconstruction has been in black hole physics [20-25],
especially in the context of the firewall paradox [8,26]. The
question of whether an infalling observer will encounter a
firewall can be directly translated to a bulk reconstruction
question: of whether one can find boundary representations of
bulk fields inside the horizon. This has led to several interesting
ideas. A particularly interesting proposal is the mirror operator
construction of Papadodimas and Raju [27-29] (see [30] for a
recent review) which shows that one can indeed reconstruct
fields behind the horizon as CFT operators, but these operators
will depend on the choice of black hole microstate. We will
return to mirror operators later in the paper.

Another question of black hole physics, which is par-
ticularly puzzling from the point of view of AdS/CFT, is
the issue of understanding what happens near inner
horizons of rotating or charged black holes. For such black
holes, it is possible to analytically extend the metric beyond
the inner horizon. The evolution of fields is not unique
beyond the inner horizon (as it depends on boundary
conditions at the timelike infinity), so the presence of
inner horizons signals a breakdown of determinism. For
Kerr and Reissner-Nordstrom black holes, this problem is
solved by the fact that the inner horizon is unstable [31-33].
Thus the principle of cosmic censorship, i.e., the statement
that singularities are always hidden by horizons holds for
these black holes. However, for rotating BTZ black holes
the question of stability is not yet settled [34-38].

What makes rotating BTZ black holes a puzzle from the
perspective of AdS/CFT is the fact that the analytically
extended spacetime continues infinitely in the past and
future. Therefore one might think that the dual to this
spacetime is also an infinite product of CFTs. However, this
cannot be the case because the different boundaries are
timelike separated and cannot be independent and more-
over the correct dual is known to be a thermofield double
state [39]. So it becomes important to understand the inner
horizon (and the possibility of going beyond it) from a CFT
perspective. Then one would be able to understand how
much of the maximally extended spacetime is dual to the
pair of CFTs. There have been several attempts to relate the
behavior of fields near the inner horizon to the properties of
CFT correlators [40-42].

In this paper, we take the first step toward translating
questions about the inner horizon directly to questions
about operators in the boundary CFT by carrying out bulk
reconstruction in a rotating BTZ background. With the
boundary representation of bulk objects in hand, one can
begin to understand the behavior of fields near the inner
horizon directly from the boundary CFT.

As we will review in the next section, smearing functions
for fields in black hole backgrounds are distributions rather
than functions. Therefore, one has to smear over fields
and construct boundary representations for wave packets.
This is what we have done in this paper, following the

HKLL construction. In the regime where the wave packet is
of high frequency, we obtained plots for the smearing
function near the outer and inner horizons.

We found novel features for the smearing function near
the inner horizon. The support of the smearing function
for wave packets near the inner horizon is qualitatively
different from that of wave packets near the outer horizon.
One way to interpret our result is by identifying the past
and future inner horizons. It then appears that while the
boundary CFT can “see” points near the outer horizon
through the outer horizon only, it can see the points near the
inner horizon both through the outer and inner horizons.
We will make this statement precise later. We note here that
this observation might hold some clues for the resolution of
the questions posed earlier.

We have also considered a mirror operator construction
for representing bulk fields near the outer and inner horizons.
As we will review in the next section, mirror operator
representations allow one to represent bulk fields beyond the
horizon as operators on a single CFT. The boundary
representations thus obtained can be used to study the
behavior of fields near the inner horizon from a single CFT.

With both the usual HKLL representation and the mirror
operator representation in hand, one now has all the tools
available to map bulk fields to boundary operators. One can
then start tackling questions about the inner horizon. For
instance, one can ask how fields near the inner horizon behave
if it is perturbed by a shockwave. In the last section, we will
outline some concrete directions one can pursue in this regard.

In the next section, we briefly recall the basics of
spinning BTZ black holes and those of bulk reconstruction
in black holes. The third section presents our results. We
conclude with a summary.

II. PRELIMINARIES

A. Spinning BTZ black hole
The rotating BTZ metric is given by:

ds* = —f(r)dr* + f(lr)drz + 2 (dg — Qdr)*  (4)

where

(P=R)* =)

f(r): >

I%

The spacetime has two horizons: r = r_ is the inner
Cauchy horizon and r = r is the outer event horizon. The
causal structure is shown in the Fig. 1.

The surface gravities of the two horizons are given by:

= (5)

ry

while the corresponding angular velocities are given by:
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FIG. 1. Causal structure of a spinning BTZ black hole. Iz and
I; are the two boundaries. H; aand Hj are the future and past
parts of the left outer horizon, similarly H; aand Hy are the
future and past right outer horizon. CH* and CH™ denote the
future and past inner horizons.

-
Q. =T,
£ = (6)

We now want to solve the Klein-Gordon equation for a
massless field in this background:

O¢ = 0. (7)

The radial coordinate z will be useful to describe the
solutions

=

| B

(8)

A\l

I
+
(IS

In these coordinates the inner horizon is at z =0,
the outer horizon is at z=1 and the boundary is
at 7 = oo.

Using the symmetries of the metric we may write the
solution as:

¢ = e eG(z). 9)

Substituting (9) in the Klein-Gordon equation we obtain
the hypergeometric equation in the radial coordinate:

2(1=2)F"(z2)+[c—z(a+b+1)|]F(z) —abF(z) =0
(10)

«w—mQ_ w—mQ |

where F(z) =z > (1—z)"" > and

1 — mQ — mQ
a—<2—iw e e~ ! *) (11)
2 K_ Ky
1 [ .0—mQ —mQ
bz——(iw e *) (12)
2 K_ Ky
—mQ
c=1-2"" (13)
K_

The hypergeometric function has singular points at 0, 1,
and oo and near each singular point, there is a convenient
choice of basis. Of course, one can transform between
the bases.

Near the boundary, the solutions are

i i 1
Gralf’rnm,oo _ Z—§(2a—c+1)(z — 1)7(a+b—c)2F1 <Cl, a—c+1l;a—b+ LE) s (14)
i | 1
Gg)(?;ln—nonn.oo — Z—§(2b—c+1)(z — 1)7(a+b—c)2F1 (a’ b—c+1;—a+b+ 1;_) . (15)
Z

Out of these, G is the normalizable mode. It falls off as z~

reconstruction.

! near the boundary. This is the one which we need for bulk

Near the outer horizon, the convenient basis for the solutions is

GRot = z7201=0|1 — g atb=c) F (¢ —b,c —a;—a—b+c+1;1—7) (16)

Gh = 7720791 — zfl@tb=0 F (a,bia+ b —c+ 1;1 = z). (17)

At r = r, this basis behaves as:

Gf,% |z~1

w—1Q.
~ 1= (18)
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Ghmlo ~ (1= 2] 7. (19)
The “tortoise” radial coordinate r, is useful to describe

near horizon solutions and we will use it (rather than z)
when we work out smearing functions near the horizon in

the next section:
r—ry (r+r_\"-/m
& r+r o \r—r_ '

In terms of r,, the near horizon behavior of these
modes are

1
r,=——Ilo
2K,

(20)

4 o io-mQy)
r ro—r_|m\ = .
Gf)’jy] ~ - + 5 + el(m mQ,)r, (21)
ry—ri|ry 4
4 roN Zil@-mQy)
r r.o—r_|~ o .
Gum~ |7 | erflomm@or (22
ry—riry+r_

These solutions behave like right and left moving waves
near the horizon (hence the R/L labels).
Near the inner horizon, the solutions are

GRo = 720791 = 2)2@tb= F (a,byc;z)  (23)

GcLu’r_n _ Z%(l—c)(] _ Z)%((Prh—c)

x,Filla—c+1,b—c+1;2-c;z). (24)
The near-horizon behavior of the two solutions is
given by:

0—1Q_

Gl ~ |1 =277 (25)
L.— i(u—lﬂ,
Ga):m ~0 |1 - Z| 2= (26)

Again, in terms of the tortoise coordinate, they are
given by:

4 i i(w0-mQy)
_ r_ ry —r_|m— K— o
G52m| - < 5 5 + ~ eli(@—mQ_)r, (27)
r —r r r
ooy e
4 rp\ Cilo-m@)
_ r_ ry —r_|m— K— TN
Gé)m| ~ <r2 r2 r+ T r ) e i(e mQ,)r*' (28)
oty e

One can go from one basis to the other. Later we will
need to know how the normalizable mode at the boundary
can be written in terms of the basis we used near the outer
horizon. This is given by:

Gomiorme = Alw, m)GE4 + B(w,m)Ghr (29)

where

INa-b+1)'(a+b-c)
Alom) = = S az e+ )

(30)

I'(—a-b+c)(a-b+1
I'(1-b)(c—->b)

B(w,m) = (31)

We will also need to know how to write the basis near the
outer horizon in terms of the one near the inner horizon:

G = Cl@,m)Gim + D(0,m)Ggm  (32)
L+ _ &~ L,— N R.—
Gom = C(w, m)Ga),m + D(w, m>Gm,m (33)
where

rl-cfl—a-b+c)
Clom) = a1 =8) (34)

INe—=1I(1l—a-b+c)
Dlew,m) = ['(c—a)l(c—b) (35)

Cleom) = [(c— 1)11%(((11);(?)— c+1) (36)

~ IF(l-c)f(a+b—-c+1)
Dloum) =ro it =crn &7

B. Bulk reconstruction in two-sided black holes

The aim of this section is to outline the general strategy
of obtaining a CFT representation of a bulk field in a black
hole background. But before that, let us briefly recall how
this is done in pure AdS background. For convenience, we
assume a 2 + 1 dimensional AdS. We consider a scalar
field ¢(r,t,60) dual to a boundary primary O(z,6).

One starts by defining the following boundary operators:

O = / didfe-o+m00(1, ) (38)

Oy = / dtdfe =m0 0|1, 0). (39)

It can be checked that these operators satisfy:

(01[O0,m: Opm10) = Ny (e + @' )8(m + m')  (40)
where |0) is the CFT vacuum and N, ,, is a constant. Thus
we see that within correlators, these operators satisfy the

same algebra as bulk creation and annihilation operators, up
to the multiplicative constant N, ,,. Therefore we may write:

Aym = N— O(u,m (41)

aIJ.m = O—w,—m (42)
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where this relation is understood to hold when the left-hand
side (lhs) appears inside a CFT correlator. Thus we have
obtained a boundary representation of the bulk annihilation
and creation operators corresponding to the field ¢p. Now we
can simply substitute them in the mode expansion of the field
to obtain:

¢CFT = Zgw,mow.m + g*w,mo—m,—m' (43)

Here g, ,, are the normalizable modes of the bulk field in
pure AdS.

This is a boundary operator whose correlators will satisfy
(2) for pure AdS by construction. Using (38), we can
rewrite (43) in the following form:

¢crr(r,t,0) :/dt’dG’K(r, 1,0;7,0)O(r,0") (44)

Here K(r,t,0;7,0) is called the smearing function. This
construction is referred to as the HKLL construction. In
what follows we will drop the prefix “CFT” from ¢cpr and
refer to the boundary representation as just ¢.

We now turn to bulk reconstruction in a two-sided black
hole. There are now two CFTs living on either boundary.
The boundary dual to a two-sided black hole is a thermo-
field double state which is an entangled state of the two
boundaries.

The steps of bulk reconstruction are similar. Once again
we consider a scalar ¢ dual to a primary O. The first step is
checking that the same operators (38) satisfy the same
algebra for the thermal state. Then (41) is still true for a
field in this geometry. From here on we refer to O_, _,,
as (’)I,,m.

As before, one we have the annihilation and creation
operators in hand, we only need the normalizable mode
solutions of the Klein-Gordon equation to complete the
construction.

First, let us consider the exterior of the black hole, i.e.,
regions [ and III. So for instance, in region I one solves the
Klein Gordon equation and chooses the modes which are
normalizable:

lim f1orm o y=4, (45)

Near the horizon the normalizable modes will behave as
linear combinations of left-moving and right-moving
modes f{I;)m ~ eiwt+im(/)+wr* and fR ~ eimH»im(/)—wr*

w,m

nom o L) 4 o2 fR) (46)

The CFT representation in region I is then obtained as:

Wxr) =3 [ dolOn .10

+ O (o (r,1.0))7]. (47)

One can formally write down the smearing function as:

K(r.t.0:1.0) = / dawe!(@(1=1)=m(0=0) prom (1. ¢ @),
(48)

A similar procedure can be followed for region III.

Now we consider the interior or region II. Again, we
solve the Klein Gordon equation and obtain the mode
solutions. However, now there are no boundary conditions,
there are only matching conditions at the horizon. One
obtains the mode solutions y%,,(r,7,0) and &, (r,t,0)
which behave near the horizon as e *mé=@r. and
elwrtimp+or. respectively. Now we can use matching at
the horizon. The solution inside the horizon must match
with fi°n" at the horizon between regions I and III, for
instance. This gives y% . (r,t,0) ~ @ *mPfL ~(up to a
scaling factor). Similarly x%,(r,z,0) is obtained by
matching at the horizon between regions II and III.

The absence of a boundary condition means that the
number of independent modes inside the horizon is double
that of outside the horizon. This is expected as independent
modes move into region II from both regions I and III.

The CFT representation is given by:

P (r,1,0) = Z / da)[(’)w,m;(gf,z(r, t,0)
+ @Z.m)(ﬁfﬂl(r, t,0) + H.c]. (49)

Here, as later, we refer to the CFT operators on the right

as O.
This can be rewritten as:

d'"(r,1,0) = /dt’dcj;’KL(r, 1,0,7,0)O(t,0)
+ / dr"dg"Kg(r,1,0;¢",0")O(¢",0") (50)
where

K;(r,1,0,7,0) = Z / da)e‘““”/‘me/))(,(,f,)n(r, t,0) + H.c.

(51)

It has support on both the left and right boundaries.

The expressions for smearing functions in (48),
(50) always diverge. This is a peculiarity of black hole
backgrounds—that the smearing function does not exist as
a function [6,7,22] but as a distribution [43]. This is not a
problem as such, as the correct correlators are still obtained
from the boundary representation. To avoid divergences,
one can construct a wave packet by smearing the field over
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a region in spacetime and obtain a convergent expression
for the CFT representation of the wave packet [22,23].!
This is what we will do in the next section.

Now let us review the mirror operator construction. For
the CFT state |y) dual to ta two-sided black hole, we can
carry out the mirror operator construction starting from the
following observation from [35]:

Opml) = €O mly) (52)
O mlw) = €0, W) (53)

We note that this is a state-dependent equation. For this
particular state, one may represent the creation and anni-
hilation operators on the right CFT by the operators on the
right-hand side of the equation. Therefore we can make
these substitutions and represent the fields behind the
horizon as operators on a single boundary CFT.

For instance, the expression of a field in region II as
given by (49) now becomes:

Pl(r.0) =" / dw[O, p yien(r.1.0) + H.

+ e”wow,m)(((f,)n(r, t,0)
+ e O (A (r,1,0)). (54)

Which translates to:

P"(x,r) :/dt’d¢’(KL(r, 1,0,17,0)
+ Kirror (71,057, 6)) O (1", 0")  (55)

where
Kt 121,0:,0) = Y [ dwer=ior=n0) 8 .1,0)
m

+ e—ﬂ'm+i(mt'—m6") ()((R>)*

w,m

(r,1,0).
(56)
Thus we see that we have obtained a boundary repre-

sentation on a single boundary, albeit at the cost of state-
dependence.

1
(2z)?

Ké)o,mo(to =1 r7¢0 _¢> = Z

m

my+ie

=

m=nmg—3€

III. SMEARING FUNCTION FOR SPINNING
BTZ BLACK HOLE

In this section, we present our results. First, we present
the usual HKLL representation where the fields in the
interior are represented as a sum of the operators on the left
and right boundaries. Then we present a “mirror operator”-
like construction where the representation is on a single
boundary.

A. HKLL representation of the smearing function

Using the mode solutions in Sec. Il A and following
the general strategy outlined in Sec. II B, we can now
obtain the boundary representation for bulk fields in a
spinning BTZ. However, as we observed before, the
smearing function obtained from (48) diverges. One needs
to introduce wave packets to obtain a convergent answer.

Instead of considering the field at a point, we smear them
using a wave packet:

O(r, 19, 00) = / drd0&y, i, & (r.1,0) + Hee,  (57)

where ¢ denotes the positive frequency part of the field.
We follow the wave packet construction of [23]:

sin (e(t — 1))
Ve(t—1y) -

sin (e(0 — 6y))
Ve(d - 0y)

_ ,—iwy(t—t,
50)”,10 = ¢ ‘0( 0)

img (0—0p) (58)

Mng.0, = €

This gives a wave packet centered around ¢, 6.
Now using (47) and (48) we can obtain the CFT
representation of the wave packet @ in region I:

@ (10.00) = [ Ao (110,007 0)O(F.0)  (59)

where:

/ dole™=mE ()it , (m) + H.c]GIm=(r)

wy+ie

dw cos [w(tg — 1) = m(¢o — $)|Gaym"> (r). (60)

Here G™™® is the normalizable mode at the boundary given by (14).

'An alternative to using wave packets that works for nonrotating black holes is to Wick rotate to de-Sitter space. Here one obtains a
representation in a complexified boundary[7,20]. This approach does not work in this case as Wick rotation yields a complex bulk metric.
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Similarly from (49) and (50) we obtain the CFT representation of the wave packet inside the horizon in region II:

(1, 14,0,) :/dtKé,Omo(r, tO,QO;t/,Q’)OL(t’,0)+/dt”Kf,Omo(r, to,0p; 1", 0")Or(1",0"). (61)

Kk(to—t,r.pg— ) = ZW/ dw[e"“’""’"¢§;0’t0(w)ﬁ;m’%(m)A(a), m)G5h(r) +Hee!]

where:
1
mo-&-%e 1 a)0+%e
B S
m:mo_%e (2”) € (1)0—%6
where G

dw[e@=0+imbo=0) A(w, m) Gl (r) + H.c.]. (62)

m 1s given by the Eq. (17). A similar equation holds for the right smearing function.

To obtaln a representation of the smearing function near the inner horizon we can use the basis of hypergeoemtric
functions that is convenient in that region. To do this we use (32) and obtain:

m0+%e
Ké(to _t7r7¢0 _¢> =

1
—Le
m=my—Le 0772

where GO'%~ and G2, are given by (23) and (24)
respectively and C(w, m) and D(w, m) are given by (34).
While these expressions of the smearing function are
convergent, they cannot be written as closed-form expres-
sions and offer little insight. One may obtain useful
approximations near the outer and inner horizons.

First, we consider the field at a point in the exterior of the
outer horizon which is close to the horizon. In the exterior
region, the smearing function is given by (60). We can
rewrite Gho™ in terms of GX' and GL 7, using (30). Close
to the outer horizon we can use (21) and (22). Converting to
the tortoise coordinate we finally get:

Gom™ & |g,m| cOs(@F, + 84 ) (64)
where
|y ] = |A(w, m)a(w,m)|'/? (65)
621'5,”{,” — A(CU, m)a(a)’ m) (66)
B(w, m)a*(w, m)
where
(w.m) dr, |r—r [F\50E (67)
alw, m) = .
ri -7 ry+r_

By choosing a wave packet in the high frequency regime
@y > |mg| > 1 we can obtain an expression for the
smearing function. We use the following identities to
simplify the formulas:

wy+ie
)€ Jw

m)(C(w, m)G5m + D(w, m)GR7)) + Hel]

(63)
o o
n-ﬂ)_mgx (69)

Further using the approximation which holds for x > 1:

ilog (;Eg%) =2x(logx—1) — g + 0. (70)

Using the above identities we get:

2 ry-—r_

Ay ¥ —F——=—"—55— 71

ol et ()
T

5w,mzz (72)

Then the smearing function for a high-frequency wave
packet is given by:

K(r,t—ty,¢ — o)

r+—r )
/ 37 (cos|m

+ m0(¢0 = @)] + coslw(ty —t—1,)
+ /4 + mo(po — @)]) (73)

Here we have taken € to be 1, thereby reducing the sum
over m to just a single m,. Except for the prefactor, this
agrees with the result derived for the nonrotating BTZ in
[23]. This can be integrated using Mathematica. The results
are summarized in Fig. 2.

to—t+r,)—n/4
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to—I‘

t0—|—r*

(a)

FIG. 2.

(b)

(a) Bulk Reconstruction for wave packet in region I close to the outer horizon. The smearing function is peaked around two

points ¢, + r, and ¢y, — r, in one of the boundaries. (b) Plot of the smearing function for a point in the exterior near the outer horizon with
boundary time. ¢y — ¢ is taken to be zero. w, is chosen to be 40 and € = 1.

The second case we may consider is that of a wave packet
close to the outer horizon but in the interior of the black hole.

In this case, the smearing function is given by (62). Once
again we use (21) and the approximations above. The
resulting expression for smearing function is given by:

K" (r,t =19, ¢ — ¢by)

2(ry - d
I~ (\77:‘_) wSC;)Z COS[CO(I() -t- r*) + m0(¢0 — ¢)]
+

(74)

A similar expression holds for the K®. This is shown
in Fig. 3.

Finally, we consider a wave packet close to the inner

horizon. In this case, the formula (63) applies for the
smearing function. In this case, we have:

G~ =|C,|cos(wr, + Som) + |D, | cos(wr, + 65,2),n)
(75)

where
[Com| = [A(w, m)C (@, m)p(w, m)|'/? (76)

|| = |A(@, m)D(w.m)p(@.m)['* (77)

0 C(@.m)p*(w.m)
Beom = Clw. m)p(w, m) (78)
@) D*(w, m)p* (@, m)
%5 =5 om0 ) 79)
where
4r ry—r_ e

_>— (80)

Once again we use a high frequency wave packet. In this
case we find that while the prefactors are similar, the s turn

out to be proportional to @. We write 5((,,1),,1 = wAW) and

5((1,2, ) = wA® where:

1 1 (ro—r_)r 1 2r
Al —_ loo At + | +
2 <r+ +r_ o8 2r2 * o8

Pleo,m) = (ri -2 ry+r

A(2):l ! log 27y + ! logr++r_
2\ry+r_ Tro4r. rp—r_ 2r,

(82)

Then the smearing function for a wave packet close to
the inner horizon is given by:
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t0+r*

to—r*

FIG. 3.

(b)

(a) Bulk Reconstruction for wave packet in the interior close to the outer horizon. The smearing function is peaked around two

points ty + r, and t, — r,, one in each boundary. (b) Plot of the smearing function for a point in the interior near the outer horizon with
boundary time. ¢q — ¢ is taken to be zero. @y is chosen to be 40 and € = 1.

(ro—r_) [ do

\/ 27y,

2
KE(rit—to,¢p— o) =

The results are depicted in Fig. 4.

We note two striking features in this last case. First,
unlike previous cases, the smearing function is not exactly
peaked at where the light ray reaches, but at a distance A(!)
or A® from them. If the inner and outer horizons are close,
this deviation can be significant. This is a rather surprising
feature of the smearing function for points near the inner
horizon, which demands further study.

Second, the smearing function is peaked on four points,
two each on each boundary. Two of the points are similar to
the ones for the outer horizon—the peaks occur at points
close to where the past light-ray from the bulk point reaches
the boundary. But in this case, we get that the smearing
function is peaked at two more points. These two points can
be seen to be close to the ones where the future light ray

|

a)3/2 <:—;COS[O)(IO —t+r,+ A(l)) + m0(¢0 - ¢)]

+ Kicos[w(to —t—r, = A®) + my(go - ¢)]> (83)

[

from the bulk point would reach if the past inner horizon
and the future inner horizon were to be identified. This
novel feature also demands further study.

B. Mirror operator representation
of smearing function

In the previous section, we obtained the HKLL repre-
sentation of the smearing function which has support on
both the boundaries. We can also use the mirror operator
construction to obtain a representation which has support
on only one boundary.

We can take (54) as our starting point. Once again, we con-
sider a wave packet instead of a field point. The CFT repre-
sentation of the wave packet inside the horizon then becomes:

O (r,19,0)) = /dt’(Kg,o,mo(r, t0,0p: 1, 0) +K§,’(’)’f,f{0”’)(r, 10,00:1,6))OL(1,0) (84)
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to—T* N 4

A AN .7

o /, .7 (b)

FIG. 4. (a) Bulk reconstruction construction for wave packet centered around the point x in the interior close to the inner horizon. The
smearing function is peaked around the four points a,b,c,d two at each boundary. (b) Plot of the smearing function for a point in the
interior near the inner horizon with boundary time. ¢y — ¢ is taken to be zero. wy is chosen to be 40 and ¢ = 1.

where

K™ (19 + 1, 7, o + )

m0+%€ .
1 (00+7€ —Tw ,—Iiw im L), W i —im L), *
— E (27[)26,/ 1 da)[e e (to+1)+ (¢0+¢)Gw,r)n+(r) 1 ™ (to+1) (¢0+(/))(G((u,r)n+(r)) ]
m=nmy %e W) —7€

Here we see that the peak of the mirror smearing function has a simple interpretation, it is obtained by reflecting the light
ray connecting the bulk point to the left(or right) boundary (denoted by the dashed red line in the figure) from the center to
the right boundary.

Using the approximations for a high-frequency wave packet close to the outer horizon we get the expression:

2(ry —r.)
2mr

+ isinhzw sin[w(t + 1y + r,.) + mo(P + ¢o)]) (89)

K(mirror)(to + 1,7, ¢O + ¢) ~

d
/a);;)z (cosh zw cos|w(t + ty + r,) + mo(P + ¢o)

This is summarized in Fig. 5. For a wave packet close to the inner horizon, using the same approximations one obtains:

. 2r, —r_ d _
K(mlrror)(to + 11 o+ ¢) ~ (7"+ r ) / 3(;)2 (K_ e 4 K_+enm> (COS[O)(tO +t4r, + A(l))
2mry 0} Ky K_

o+ B+ (sl + 1= = A0 (o + )+ (S e e

4 K_
x (sinfw(ty + t + r, + AP + my(dy + )] + (sinfw(ty + t — r, — AD) + my(hy + ¢)])
(86)
This is depicted in Fig. 6.
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to+r*

to—I‘* I‘*—t()

(b)

FIG. 5. (a) Mirror operator construction for wave packet in the interior close to the outer horizon. The smearing function is peaked
around two points ¢y + r, and r, — fy, both at the same boundary. The mirror point is obtained by reflecting back the red light ray at the
center. (b) Plot of the real part of the mirror smearing function for a point in the interior near the outer horizon.  is chosen to be 40 and
€ = 1. The imaginary part is identical.

FIG. 6. (a) Mirror construction for wave packet centered around the point x in the interior close to the inner horizon. The smearing
function is peaked around the four points a’,b’,c,d on one boundary. a’,b’ are the mirrors of a and b in the previous diagram. (b) Plot of
the real part of the mirror smearing function for a point in the interior near the inner horizon. wy is chosen to be 40 and € = 1.
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Again the mirror operator smearing function is obtained
by reflecting the left-moving rays from the center to the
right boundary. Another interesting feature is that the
mirror smearing function is complex. This bears further
study in the future.

IV. SUMMARY AND FUTURE DIRECTIONS

In this paper, we carried out bulk reconstruction for a
spinning BTZ black hole. We obtained boundary repre-
sentations for a scalar field in both the exterior and interior
of the horizon. Using high-frequency wave packets we
obtained smearing functions near the inner and outer
horizons. While the smearing function near the outer
horizon had expected features, the wave packet near the
inner horizon showed some novel features, which require
further study. One feature is that the peaks are not exactly at
the boundary points hit by light rays from the bulk, but are
displaced from them in time. It is not clear what the
implication of this is for translating the bulk theory to the
boundary. The other novel feature is that the smearing
function is peaked around two points in each boundary, as
opposed to one. The position of the second peak could be
interpreted by identifying the past and future inner horizons
and considering a light ray that passed through the future
inner horizon and emerged from the past one.

This feature might contain a clue about the questions
about the inner horizon in AdS/CFT that we reviewed in
the introduction. It appears that, in contrast to fields close to
the outer horizon, the boundary “sees” fields near the inner
horizon not only through the outer horizon but “through”
the inner horizon as well. Put differently, a signal that
seemed headed out to the timelike infinity seems to end up
at the boundary CFT. These are, of course, speculative
interpretations of the smearing function we have obtained,
but they demand further investigation.

We also carried out a mirror operator construction for
fields inside the horizon. This gives us a boundary repre-
sentation of fields inside the horizon as operators on a
single CFT. We saw that for high-frequency wave packets
the peaks of the mirror operator smearing function on, say,
the left boundary could be read off by reflecting the right
moving rays from the center to the left boundary. We
obtained mirror operators smearing functions for points

close to the inner as well as outer horizons. One interesting
feature was that the mirror operator smearing functions are
complex. The implication of this is unclear and bears
further study.

In this paper we have translated, to the extent analytically
possible, bulk fields in a rotating black hole background to
operators in the boundary CFT. This can now be used to
answer questions about the inner horizon directly from the
boundary theories. We now outline some proposals about
how one may proceed.

One possible avenue is to try to construct boundary
representations for fields behind the inner horizon. If such a
CFT operator exists, it will show that the region immedi-
ately beyond the inner horizon, which lies in the “future
copy” of the spacetime, is also dual to the CFTs on the two
boundaries of the “past copy.” But [35] have identified a
necessary condition for the smoothness of the inner horizon
in terms of bulk correlation functions between fields on two
sides of the inner horizon. In the CFT, this would translate
to a condition on the correlation function between the
boundary representations of fields inside and outside the
inner horizon. The former was obtained in this paper. Any
candidate for the latter would thus have to satisfy certain
(quite restrictive) conditions on their correlation functions
with the boundary representations given here.

Another possible application arises in the context of the
paper [42]. In this paper, the stability of the inner horizon
under perturbation by a shock-wave was studied by inserting
a heavy local operator and studying particular CFT corre-
lators which are indicative of the stability of the horizon.
While this study was indicative, one can obtain a more com-
plete picture from the CFT by looking at how the boundary
representations of bulk fields near the inner horizon evolve
under a shock wave perturbation. Indeed, general perturba-
tions of the inner horizon can be studied from the CFT from
the boundary representations obtained here.
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