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Abstract

This survey presents a comprehensive analysis of the quantum Fourier transform
(QFT), a fundamental tool in quantum computing, in comparison to its classical coun-
terpart, the fast Fourier transform (FFT). The study begins with an introduction to
the classical Fourier transform, which is widely used in different disciplines such as
signal and image processing. The article introduces the QFT as a quantum version
of the Fourier transform, detailing how it leverages quantum parallelism and super-
position to reduce the time complexity of the operation, and highlighting its crucial
role in quantum algorithms like Shor’s algorithm for integer factorization. The anal-
ysis also addresses the mathematical foundations of the QFT, its implementation in
quantum circuits, and the key advantages and challenges associated with its use, such
as measurement precision and quantum decoherence. Finally, it concludes with an
exploration of the current and potential applications of QFT in quantum computing.
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1 Introduction

At the beginning of the modern information era, the first electronic digital computer
ENIAC (1945) weighed 27 tons, consumed 174 kW, and had a memory size of 20
numbers-words and a clock frequency of 100 kHz [27]. Today, the miniaturization
and operation speed of digital computing devices have reached a level that makes it
possible to speak about intelligent systems with fantastic capabilities, and the boundary
in this direction has not yet been reached.

Despite this, not even parallelization is enough to solve problems at exponential growth
of complexity. At present, the operation speed of the fastest supercomputers is close
to 10'7 FLOPS. Will humankind be restricted in calculations to only problems of
polynomial complexity?

An alternative computing model is the quantum computing model, which offers a
fundamentally different approach to solving complex problems. One of the core com-
ponents of quantum computing is the quantum Fourier transform (QFT), a quantum
analogue of the classical Fourier transform. The QFT plays a critical role in several
quantum algorithms, such as Shor’s algorithm for integer factorization, which expo-
nentially speeds up the process compared to classical methods. This survey explores
the theoretical foundations of the QFT and delves into its applications in fields such
as cryptography, quantum simulation, and solving systems of linear equations, high-
lighting how the QFT can revolutionize computations that are intractable for classical
systems [50]. The creation of scalable quantum computers would fully unleash the
potential of QFT-based algorithms, enabling them to tackle problems that are currently
beyond the reach of even the fastest classical supercomputers.

After the description of theoretical foundations of the QFT, Section 3 explains the
followed methodology. Section 3.1 presents the categorization chart to describe the
overall tendencies in QFT research. Section 4 shows a review of relevant research on
the QFT according to the categorization of Sects. 3.1, and 5 concludes the present
work.

2 Theoretical foundations
2.1 The Fourier transform
In linear algebra, a vector v € R" or C" can be expressed as a linear combination of

basis vectors. Given a basis {e, ey, ..., €,} for the vector space, any vector v can be
written as Eq. 1, where v; are the coordinates (or components) of v with respect to the

basis vectors e;.
n
V=) e ()
i=1

A change of basis involves re-expressing the vector v in terms of a new set of basis
vectors {f], fa, ..., f,}. If this new basis is orthonormal, meaning that the basis vectors
are mutually orthogonal and have unit length (i.e., {f;, f;) = §;;), then the expansion
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of the vector in the new basis can be written as Eq. 2.

n
V= Z o )
i=1

where the coefficients 9; are given by the inner product between the vector and the
basis vectors of Eq. 3.
Ui = (v, f;). 3)

This process is called “the expansion of a vector in an orthonormal basis”.
The discrete Fourier transform (DFT) can be interpreted as a special case of this change
of basis, where the signal (treated as a vector) is expanded in terms of sinusoidal basis
functions. These functions form an orthonormal basis in the space of discrete signals.
Thus, applying the DFT to a signal is equivalent to expressing the signal as a sum of
sinusoidal components (frequency components), which is analogous to expanding a
vector in an orthonormal basis.

2.2 The fast Fourier transform (FFT)

N—=1 the direct calculation of the N

For a signal f of which we know a sample { f[n]},_, ,
coefficients of the DFT, shown in Eq.4, requires 2N? operations (complex addition

and multiplication).

N—1
fi =Y flne™ ¥ fork=0,..., N1 (4)
n=0

By splitting the operations, the FFT algorithm allows for a considerable reduction
in the computation time by bringing it down to an order of O (N log(N)). The algo-
rithm discovered by [14] has been developed in many more sophisticated versions to
adapt to different conditions (mainly the length of vectors) to obtain an even faster
result. Behind a seemingly simple transformation, FFT hides a multitude of ideas of
a combinatorial and algebraic nature.

The Cooley and Tukey algorithm revolutionized signal processing. It allows, when we
have a “good” decomposition of the integer N, to calculate the DFT very quickly. We
will see in the remainder of the presentation of other algorithms which make it possible
to exploit certain less optimal decompositions of N. However, in this first approach
of the FFT algorithm, we will assume that N = 27. This very simple factorization of
N will facilitate the use of the “divide and conquer” philosophy by performing a split
in the calculation of the DFT. To implement the split, let us group the terms of the
sum of a DFT according to the parity of the indices (Eq.5). Then, we obtain Eq. 6, for
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kefo,...,N—1).

N/2—1 N/2—-1
f[k] — Z f[2n]€_2mk(2n)/N + Z f[21’l + l]e—2mk(2n+1)/N 5)
n=0 n=0
N/2—-1 N/2—1
— Z f[zn]e—Ztnkn/(N/Z) _}_a);,k Z f[2n + l]e—Ztnkn/(N/Z)’ (6)
n=0 n=0

where we denote wy = /N So, if we write f* and f! as in Egs.7 and 8,

O ={sI01, fI21,..., fIN =21} @)
FL=1{r01 f131 ..., fIN =11} 8)

the vectors of even (£ in Eq.7) (and odds with f! in Eq.8) indices formed from f,
we notice that for the N /2 first indices k € {0, 1,..., N/2 — 1}, Eq.(6) is written as
the sum of two DFTs, according to Eq.9.

FIkT = fOIK] + oy fIK] )

For the indices k € {N/2, ..., N — 1}, if we write K" = kN /2, using the fact that
the vectors fO and f1 represent samples of period N/2, and that of, = —a¥, this
time we get the difference of two transforms from Fourier (Eq. 10):

FIkl = fOIK'] — oy f11K] (10)

Equations (9) and (10) are the key to the FFT algorithm. They allow us to calculate
the DFT of a vector of length N by calculating two DFTs of length N /2 and then
combining them in a certain way. This approach is then applied recursively to the
vectors of length N /2, until we reach vectors of length 1.

One of the most important properties of the Fourier transform is the convolution
theorem. Instead of directly computing the convolution, which is computationally
expensive (requiring O (N2) operations), we can instead transform both signals to the
frequency domain using the DFT, multiply their Fourier transforms pointwise, and
then apply the inverse DFT to obtain the result in the time domain. This approach is
computationally efficient, particularly when used in conjunction with the FFT, reduc-
ing the complexity to O (N log N).

This property is extremely useful in various fields, such as digital signal processing
(see Sect. 2.3.1), where convolution is a fundamental operation for filtering, noise
reduction, and event detection (see also Sect. 2.3). Additionally, convolution plays a
key role in image processing (see Sect. 2.3.2), where it is used for denoising, edge
enhancement, and image restoration. Finally, in numerical analysis and cryptography
(see Sect. 2.3.3), the FFT enables efficient polynomial multiplication and is integral
to modern cryptographic algorithms such as lattice-based cryptography and homo-
morphic encryption. These applications highlight the significance of the Convolution
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Fig.1 View of a signal in the time and frequency domain. . Source: NTi Audio [51]

Theorem in both time and frequency domains, making it an essential tool for efficiently
processing signals, images, and numerical data.

2.3 Applications of the FFT
2.3.1 Applications in signal processing

The FFT is one of the most frequently utilized methods for signal processing, as it
facilitates the analysis of a time series by transforming a signal from the time domain
into the frequency domain (see Fig. 1).

The FFT is used to perform some common applications by processing the resulting
frequency-space representation and then returning to the time domain with the inverse
transform. Some common applications are:

e Noise Reduction: Spectral subtraction is a powerful tool that leverages the FFT to
remove noise from a signal by computing the spectrum of the noisy speech and
subtracting the average magnitude of the noise spectrum from the noisy speech
spectrum [31].

e Event Detection: The combination of the FFT and a Hilbert—-Huang transform has
been successfully applied to the detection of ball-bearing failures [56].

e Compression: Lossy compression of a signal can be achieved by removing high-
frequency components in its frequency domain. When the signal returns to the time
domain, a compressed version is obtained, as said frequencies tend to represent
the noise and/or details of the signal [32].

2.3.2 Applications in image processing
In 2D, the Fourier transform retains the same properties as in 1D, except that the values
in the frequency plane are complex and that it is symmetrical with respect to the center

of the image. When being graphically displayed, it is common for the modulus of the
image to be shown.
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Observing the orientation of images: The modulus of the Fourier transform in (u, v)
represents the importance of the periodic patterns in the image in the direction given
by the vector ((0,0) — (u, v)) with a frequency proportional to (u2]TZ) Thus, the
preferred directions of the image can be seen in the modulus of its Fourier transform.

This operation has many applications, such as:

e Background/shape separation: In the frequency plane, the low frequencies are
represented in the center and correspond to the flatness of colors, while the high
frequencies located at the edges correspond to the rapid changes in colorimetry, and
therefore to the contours. Separating high and low frequencies therefore separates
the background from the shape of the image.

e Denoising, edge enhancement, image restoration: In addition, convolution cal-
culation in the time base only corresponds to term-by-term multiplication in the
frequency base. This makes conventional filtering easy to perform and understand.

e Image compression: In the same way as in 1D, the frequency vision of the image
enables it to be compressed while retaining important information, such as con-
tours.

e Magnetic resonance imaging (MRI)/tomography.

2.3.3 Applications in finite fields

The FFT has significant applications in numerical analysis and cryptography. One
key area is the efficient multiplication of large integers and polynomials, which is
fundamental for algorithms in both fields.
Polynomial multiplication and Schonhage—Strassen algorithm
One of the key advancements in reducing computational complexity is the use of
the FFT in polynomial and large number multiplications. Normally, multiplying
two numbers or polynomials of degree n requires O(n?) operations. However, the
Schonhage—Strassen algorithm [60] leverages the FFT to reduce this complexity to
O (nlognloglogn), making it highly efficient for large integer multiplications. This
technique is not only useful for basic arithmetic operations but also plays a vital role
in algorithms used for number theory and cryptography.
Integer factorization and cryptography.
In number theory and cryptography, the efficiency of integer factorization algorithms
depends heavily on fast multiplication techniques like the Schonhage—Strassen algo-
rithm [60] and FFT-based methods. Integer factorization is central to cryptographic
schemes such as RSA (Rivest-Shamir—Adleman), where the security relies on the
computational difficulty of factoring large composite numbers. Fast multiplication
algorithms improve the performance of these factorization methods, although even
with these improvements, factoring large integers (especially in cryptography) remains
computationally intensive. The application of the NTT (number theoretic transform)
in cryptographic algorithms further enhances the efficiency of modular arithmetic
operations, which are key in public-key encryption schemes [34].

Thus, the FFT and its variants are not only tools for signal and image processing but
also powerful methods for solving complex problems in numerical analysis and cryp-
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tography, contributing to both theoretical advancements and practical implementations
in these fields.

2.4 The quantum Fourier transform (QFT)

The quantum Fourier transform (QFT) is a key ingredient for several quantum algo-
rithms, such as Shor’s algorithm for factorization [62] or the quantum phase estimation
(QPE) algorithm for the estimation of the eigenvalues of a unitary operator [50]. The
latter additionally appears as a subroutine of other algorithms, such as the Harrow—
Hassidim—Lloyd (HHL) algorithm for linear systems of equations [25] or the quantum
principal component analysis (PCA) algorithm [37]. The quantum version of the
discrete Fourier transform (DFT) has an exponential speed-up over its classical coun-
terpart. Although, on the classical version, it is necessary to apply O (n2") gates, where
n refers to the number of bits, on the quantum approach only O (n?) gates are needed,
in this case n stands for the number of qubits [41].

QFT is the quantum implementation of the DFT over the amplitudes of a wavefunc-
tion. The QFT acts on a quantum state | X) = ) ;_ é x¢|€) and maps it to the quantum

state |Y) = Z;é vk |k). Note that only the amplitudes of the state are affected by this
transformation.

The DFT acts on a vector (£o, ..., £;—1) and maps it to the vector (ko, ..., kg—1)
according to Eq. 11, which represents the g-dimensional Fourier transform F, where
0<k<gqandw = e>"i/4,

Fylk) = Zw“w (11)

It should be noted that the input (k, £) of Fy is (Fy)ie = \/kf So, F is a symmetric

matrix.
To find FqT ,one simply takes the complex conjugate of each entry, which is w*¢/ Ja
because the complex conjugate of w is @™ !. Then one has Eq. 12, where 0 < k < g.

q—1
Fjlk) = Zw*k‘w (12)
=0

For this to work, it must be demonstrated that F, is unitary. Using the definitions
of F, and FqT, we have Eq. 13.

— -1 q—1
14 1 /
(k|FTF k) = Z —kZ £| _ZwkEw) Z_Zw(k—k)é (13)
-0 ﬂl:O 4 =0
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Using the closed-form formula for the geometric series with g terms, we obtain
Eq.14 fors # 1.

ik e 1 —s9
> sk = (14)
k=0

1—s

When s = 1, the sum on the left is equal to ¢. In this case, s = o*~%). By the

definition of w, we have w? = 1 and then w*~% )4 = 1. Combining those results, we
obtain Eq. 15.

1 q-1 , . ,
_wak e _ ) Lifk =k, (15)
q 0, otherwise

£=0

This demonstrates that (k/|FqTFq|k) = §,, that is, F;Fq =1.

The first decomposition of the Fourier transform in terms of basic quantum gates is
given in Coppersmith [15]. A description of this decomposition based on the classical
FFT is available in Marquezino et al. [40]. The best known QFT algorithms require
O(nlogn) gates to achieve an efficient approximation. The circuit of F; in terms of
CNOTs and one-qubit gates is described in the next section.

2.4.1 Fourier transform circuit

The basic block of the Fourier transform circuit F»», where n is the number of qubits,
is the controlled gate C(Ry) for k > 0, where Ry is given by Eq. 16.

1 0.
Re=| = (16)

The matrix representation of C(Ry) is shown in Eq. 17.

100 0

b 010 0
C(Ry) = R |l 001 0 (17)

2mi

000e2*

The gate set Ry has several special subcases, as shown in Eq. 18.

Ry =1,
R =7,
Ry =S, (18)
R3 =T,

where Z, S, and T are the Pauli gates Z, the phase gate, and the 7/8 or T gate,
respectively.

It should be noted that Ry = +/Rx. So, the above sequence means that the next
gate is the square root of the previous one. The same idea applies to C(Ry), i.e.,
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Fig.2 Decomposition of the Fourier transform F,s

C(Ri41) = ~/C(Ry), but in the latter case the square root of (4 x 4) matrices is being
computed. Figure 2 depicts the circuit of F»» in terms of the Hadamard gate, C (Rx)
and swap gates when n = 5.

The circuit structure can be easily understood from this example. The circuit has
n + 1 blocks. From left to right, the first block has n gates, starting with H and then
with R>, R3, ..., R, acting on qubit 1 and controlled by qubit 2, 3, ..., n,respectively.
The next block starts again with H and then with Ry, R3, ..., R,_1 acting on qubit 2
and controlled by qubit 3, 4, . . ., n, respectively. This continues until reaching the last
qubit, on which a single (n-th) H block is applied. The last block is made of [n/2]
swap gates and has a simple symmetric structure. If n is odd, the middle qubit is not
swapped. The number of gatesisn+(mn — 1)+ - -+ 1+ |n/2] =nn+1)/24+ |n/2].

It is shown that the circuit with the structure depicted in Fig. 2 implements the
Fourier transform when having n qubits. Assume that the inputis [£) = |[£]) & - -Q|{,).
When the input is a state of the computational basis, the output is a deentanglement
state |{/1) ®- -+ & [n).

We start by calculating the output |y/1) of the first qubit. Since there is an exchange
gate that inverts the states of the first and last qubit, we have Eq. 19.

0 27ri%”1 0 2711'%1
|1/f1)=H|€n>=|>+i/§ |)=|>+j/§ 1) (19)

The second equation follows from the fact that if ¢, is O, the output is |+), and
if ¢, = 1, the output is |—) (because e’ is -1). The last equation follows from the
decomposition of £ = 2n=lg, 4 2n=2p 54420, 1 + £, and of 2Tk = 1ifk
is an integer.

The output of the second qubit is given by Eq. 20.

~£n—|
_ pl _ pbl [0+
[Y¥2) = Ry"H|l,—1) = Ry" | P—F— 7 )

2
o Z (20)
2mi| s 20 i b
o CE )
o V2 - V2

The firstequation is obtained from Fig. 2 using C (R2) [, )|€n—1) = |Zn)(R§" [€n—1))-
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Fig.3 C(Ry) decomposition . Riq1
circuit

The second equation uses the same calculation described above for the first qubit.

- ln
The third equation follows from R%"[0) = [0), and RY"[1) = exp”™ 2% [1).
The last equation uses the same decomposition of ¢ described above. The output
of the last qubit is given by Eq.21.

|0)+627”(2+ +‘ +271)|1> B |O)+827‘[12Ln|1>

V) = Ry RAH|G) = = 21
n n 2 \/5 ﬁ

The first equation is obtained from Fig. 2 using the output of the last qubit which is

obtained from the action of H, Réz, e, Re" on the first qubit. The second and third

equations are obtained with the same type of calculations described above for the first
and second qubit.
Then, the output |1) ®- - - ® |¥,) of the circuit in Fig. 2 with n qubits is Eq. 22.

2mi

. £ .
10) + €2 [1) _10) + 722 1) 10) + 7137 1)
&
V2 V2 V2

Converting each term into a sum gives Eq. 23.

(22)

Zemlzuq Zﬁ’“’”zﬂk ) @ ®—Ze2mkﬂzn|k (23)

kn

Placing all the sums to the right side and combining the exponentials, we obtain

Eq.24.
1

1 2mit(Y+ )
= > ¢ "kt k) (24)
2" ki,..., k,=0

which is equivalent to J27 ,%n:f)l e k).

Using the definition of the Fourier transform given in Sect. 2.4, the last expression
is recognized to be Fon |£).

Decomposition of C(Ry)

The circuit providing the decomposition of C(Ry) in terms of CNOTs and 1-qubit
gates Ry is shown in Fig. 3.

This is not a decomposition in terms of universal gates because one needs to write
Ri41 interms of a finite set of 1-qubit gates. In most cases, one does not need to worry
about this step as it is done automatically by the compiler of quantum computers. R
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Fig.4 The PRISMA diagram for this review

can be implemented using R,, which is a rotation of the Bloch sphere about the z axis.
Note that if k is large, errors will prevent these gates from working correctly unless
error-correcting codes exist.

3 Methodology

We performed a systematic literature review to identify relevant academic papers
regarding the QFT. We employed the Scopus database using the search terms:

e ‘Quantum’ AND ’ ‘Fourier’ AND ‘Transform’ AND ‘Computing’
e ‘Shor’ AND ‘Algorithm’
e ‘QFT” AND °“Algorithm’

and limited the search to articles and conference papers which include the *Quantum
Theory’ keyword as to reduce the amount of false positive matches.

Figure 4 corresponds to the PRISMA diagram for this review. 102 publications
were initially identified through the use of database keywords, out of which 47 were
excluded for relevance, quality and accessibility reasons. The authors independently
screened all records for eligibility, and 55 publications were finally included in the
systematic review.

3.1 Tendencies in QFT research

Figure 5 presents the categorization chart to describe the overall tendencies in QFT
research. The categorization is designed to reflect the multi-faceted nature of QFT
as both a theoretical construct and a practical tool in quantum computing. Based on
the works analyzed during the research process and following the methodological
approach, we identified three main categories that encompass the breadth of QFT
research: fundamental studies, practical aspects, and applications. This structure aims
to highlight the key areas of focus and the depth of ongoing work in this field.

The diagram in Fig. 5 illustrates this categorization, providing a clear structure to
analyze the research landscape of the QFT.
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QFT

Y
PRACTICAL ASPECTS

FUNDAMENTAL STUDIES APPLICATIONS

Quantum Cryptohrapgy
Quantum Machine Learning
Image and Signal Processing
Computational Fluid Dynamics
and Physics Simulations

e Quantum Computing Architec-
tures and Implementations

e Efficient and Approximate
Implementations of QFT

® Theoretical Insights on the
nature of quantum computing
® Verification and Robustness of
QFT Circuits

® Extension of QFT to Symmet-
ric Groups

e Implementations
® Issues and Challenges
e Simulations of QFT Challenges

Fig.5 Categorization chart

Fundamental studies focus on the mathematical and theoretical foundations of the
QFT. This includes research into its inherent properties, its relationship with classical
Fourier transforms, and its behavior under conditions such as noise and quantum errors.
These studies are essential for understanding and improving the core algorithm.

Practical aspects cover the implementation and optimization of the QFT. This
category includes work on quantum hardware and software, the simulation of QFT
on classical systems, and algorithmic advancements that improve its efficiency and
resource requirements. These efforts are critical for bridging the gap between theory
and real-world usage.

Applications represent the practical use cases of the QFT in quantum computing.
This includes its role in Quantum Phase Estimation (QPE), cryptographic protocols,
and quantum simulations, among others. These applications demonstrate the transfor-
mative potential of the QFT in solving complex problems across various domains.

4 A brief description of relevant research on the QFT
What follows is a review of relevant research on the QFT according to the previously

mentioned categorization. We present a brief description of each publication’s results
in order to facilitate further research.

4.1 Fundamental studies
Fundamental studies focus on theoretical advances in the understanding of the QFT.

This section looks at recent research on more efficient QFT approximations, its role in
quantum-classical comparisons, and insights regarding the algorithm’s distributability.

4.1.1 Efficient and approximate implementations of QFT

Circuit optimization is essential for making quantum algorithms practical on near-term
quantum hardware. The standard fault-tolerant implementation of the QFT approx-
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imates the desired transformation by removing small-angle controlled rotations and
synthesizing the remaining ones into Clifford+T gates, incurring the T-count complex-
ity of O(nlog,(n)). Nam et al. [48] developed an approximate QFT implementation
that uses only O(nlogn) T gates, significantly reducing the algorithms’ gate com-
plexity.

Similarly, higher-radix representations have been explored to improve the scaling
and accuracy of QFT computations, enabling better approximations. Zilic and Radecka
[75] propose the use of ternary quantum bits (with corresponding ternary quantum
gates) to access better approximation properties than the traditional binary QFT.

Parallelism is another key factor. Research on fast parallel circuits for the QFT
shows that parallel implementations can reduce execution time and improve fault
tolerance [13]. Additionally, by adapting classical computing techniques, the QFT
can be derived from the FFT using QR decomposition, offering a new approach for
building quantum algorithms using classical ones [40].

Cleve and Watrous [13] give an upper bound O (logn +1oglog(1/¢€)) on the circuit
depth for computing an approximate QFT with respect to the modulus 2" with error
bounded by €. They also prove an 2 (logn) lower bound on the depth complexity of
approximate QFT with constant error.

The circuit shown in Kahanamoku-Meyer et al. [29] has depth O (log(n/€)) for
tunable error parameter €, uses n total qubits, i.e., no ancillas, is logarithmically local
for input qubits arranged in 1D, and is measurement-free. The circuit’s error is bounded
by € on all input states except an O (€)-sized fraction of the Hilbert space. According
to the authors, the circuit is also rather simple and thus may be practically useful.

In Baumer et al. [7] is shown a n-qubit QFT followed immediately by measurement,
where the scaling of resource requirements is reduced from O (n?) two-qubit gates
in an all-to-all connectivity in the standard unitary formulation to O (n) mid-circuit
measurements in its dynamic counterpart without any connectivity constraints.

Béumer et al. [8] also presented a circuit which uses measurement and feed-forward
to achieve logarithmic depth with only nearest-neighbor connectivity and O (n) ancilla
qubits.

While in some sense these quantum circuits are exponentially faster than the clas-
sical FFT, the task that they perform is quite different. The QFT does not explicitly
produce any of the values fo, B1, - . . , Bm—1 as output (nor does it explicitly obtain any
of the values g, o1, ..., ®;,—1 as input). Intuitively, the difference between perform-
ing a DFT and a QFT can be thought of as being analogous to the difference between
computing all the probabilities that comprise a probability distribution and sampling
a probability distribution—the latter task being frequently much easier [13].

4.1.2 Theoretical insights on the nature of quantum computing

The QFT plays a crucial role in highlighting the difference between quantum and
classical computing, and several studies have explored the fundamental nature of this
advantage. For example, the Forrelation problem provides a clear distinction between
quantum and classical computing capabilities, with the QFT helping to demonstrate
quantum superiority [1]. The idea of quantum parallelism has also been explored,
focusing on its exact role and limitations in quantum computing models [39].
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Other studies question whether quantum mechanics is truly necessary for quantum
algorithms, exploring whether quantum speed-ups come from specific physical prop-
erties or if they can be replicated classically. The question “Do we need ‘Quantum’ for
quantum computing?” [19] challenges the assumptions about quantum advantage and
prompts a discussion on the principles behind QFT’s computational power. Similarly,
“Quantum Computation: Where Does the Speed-Up Come From?” looks at the mech-
anisms that allow QFT-based quantum algorithms to outperform classical methods
[10].

Kahanamoku-Meyer et al. [29] say that there exist strategies for avoiding an algo-
rithm’s worst-case behavior entirely: it may be possible to detect bad inputs early and
switch to an algorithm which is more performant on them, or to solve the worst case
by building off of the solution of a related average-case input—a technique known as
a worst-case to average-case reduction [6].

4.1.3 Verification and robustness of QFT circuits

The QFT by itself will not provide an exponential speed-up in comparison with clas-
sical algorithms. One possibility is using atomic target qubits as discussed in Tomita
and Nakamura [69], where the unitary transformation is achieved by the interaction
between atoms.

Beauregard [9] used QFT for modular exponentiation and a QFT followed by
measurement on the control qubit. It is fault-tolerant, so his scheme not only reduces
the number of qubits but also provides robustness against decoherence.

Ensuring the correctness of QFT implementations requires formal verification tech-
niques. One approach involves using rotational abstractions to verify QFT circuits,
providing guarantees about their accuracy and functionality [21]. Their method scales
up to 10,000 qubits and 50 million quantum gates, providing an enormous advance in
the size of QFT circuits thus far verified using formal verification methods

Studies on the impact of noise on QFT-based quantum algorithms investigate how
errors in intermediate-scale quantum systems can affect performance, offering insights
into the robustness of QFT in real-world applications. Volya and Mishra [70] present a
complete characterization of quantum noise and performs a case-study to investigate
the impact of noise on the QFT in NISQ systems.

4.1.4 Extensions of QFT

While QFT is traditionally defined for integer-based quantum states, there has been
interest in extending it to other mathematical structures. In particular, the QFT over
symmetric groups looks at how QFT can be adapted for problems involving per-
mutation symmetries. Kawano and Sekigawa [33] present an algorithm specialized
for symmetric groups with O (n3 logn) time complexity, faster than the O (n* log n)
of the general version, which can run in O (n?) time when allowed some additional
gate requirements. Furthermore, Rodriguez [58] proposes a generalization of the QFT
that applies to Galois fields (a mathematical construct widely used in quantum error
correction algorithms).
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4.2 Practical aspects
4.2.1 Implementations of the QFT

Due to the importance of the QFT, there are several implementations optimized for
different hardware and algorithmic needs. This section reviews important works that
have contributed to making QFT more efficient, covering experimental, algorithmic,
and distributed computing approaches.

Hardware-Specific Implementations
Many studies focus on adapting the QFT for specific quantum hardware platforms. For
example, a hybrid qubit—qutrit nuclear magnetic resonance (NMR) quantum emulator
has been used to implement the QFT, showing that it’s feasible to run on hybrid
quantum systems employing higher-radix qudits [17].

In a similar vein, digital-analog quantum computation has been proposed as an
effective method for performing QFT while reducing gate overhead and minimizing
decoherence. The approach found in Martin et al. [41] suggests that in the NISQ era,
hybrid protocols combining digital and analog quantum computing could be a sensible
approach to reach useful quantum supremacy.

It has been shown in Freedman and Wang [20] that large QFTs cannot be exactly
realized using topological quantum computing, which is an alternative architecture
to quantum circuits. This presents challenges for fault-tolerant quantum computation,
as it means alternative methods or approximations must be used when implementing
QFT in topological quantum circuits.

Other research has explored QFT optimizations through tailored processor archi-
tectures. Yung et al. [74] propose an architecture based on a processing ‘core’ where
multiple qubits interact perpetually, and a separate ‘store’ where qubits exist in isola-
tion. Said model allows the implementation of a QFT with O (n) circuit depth, as well
as producing potential reductions in the decoherence rate.

Vorobyov et al. [71] utilize QFT to enhance the performance of a quantum sensor
using individual solid-state nuclear spins in diamond.

Specifically, the authors show the application of QFT for correlation spectroscopy,
where the long correlation time benefits the use of the QFT in gaining maximum
precision and dynamic range at the same time.

Algorithmic Optimizations and Error Mitigation
Efficiently implementing the QFT requires strategies to reduce circuit depth and
improve resilience to errors. Nagy and Akl [47] prove that under the constraints
imposed by quantum decoherence, only a parallel approach can guarantee a reliable,
scalable solution. The authors also propose a parallelization scheme to minimize the
effect of decoherence on the computation of the QFT.

Another study explores how genetic programming can be used to evolve novel QFT
implementations that outperform traditional, hand-designed circuits. Massey et al.
[42] propose Q-Pace, a software suite built to evolve quantum circuits. Their resulting
designs are competitive with the known QFT algorithm, and their approach may be
able to construct further quantum algorithms.

Beyond the direct implementation of the QFT, research on QPE algorithms has
led to improved methods that balance computational accuracy with qubit overhead.
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Chiang [12] presents an alternative QFT implementation that produces a result with
exact n-bit precision by leveraging additional qubits. The algorithm also boasts a lower
rotational gate complexity of O (nlog k) compared to the standard O (n?)

Experimental results in Mohammadbagherpoor et al. [44] also show that the
accuracy of QPE is greatly constrained by current NISQ architectures’ physical charac-
teristics. The authors propose a modified solution that reduces the amount of operations
to increase the accuracy in near-term quantum computers specifically.

Distributed Approaches
As quantum computing scales up, distributed implementations of the QFT have
become an area of interest. For example, a distributed version of Shor’s algorithm inte-
grates QFT across multiple nodes, demonstrating how quantum networks can enable
large-scale computations that would otherwise be hampered by decoherence [73].

Further research focuses on distributed QPE. Neumann et al. [49] evaluate the
effects on the output fidelity of a quantum algorithm when using noisy shared entangled
states. Their results show that using less noisy shared entangled states results in a higher
overall fidelity.

Experimental Perspectives
Finally, practical implementations of QFT have been analyzed from an experimental
perspective, where trade-offs between gate fidelity, execution time, and circuit depth
are carefully considered. These studies provide benchmarks for different QFT archi-
tectures and offer valuable insights for real-world implementations [18, 72].

Some studies also explore de-quantization approaches, looking into how QFT-
inspired methods can be used in classical computation to optimize certain tasks [2].
Additionally, there have been proposals to unify QFT with other fast unitary trans-
forms, broadening its applicability beyond traditional quantum algorithms [3].

4.2.2 Issues and challenges

While the QFT is a fundamental component of quantum algorithms, its practical
implementation faces several significant challenges. These challenges arise from
mathematical limitations, hardware constraints, and fundamental quantum effects that
impact the QFT’s efficiency and reliability.

Limitations in Fourier Sampling
One of the key theoretical challenges with the QFT is its use in Fourier sampling
problems. It has been shown that for particular problems the QFT is not as efficient
as is expected. Particularly, Moore et al. [45] prove that the QFT cannot efficiently
solve the notable hidden subgroup problem (HSP) for any group. This limitation
places constraints on the types of computational problems where the QFT can deliver
exponential speed-ups.

Sensitivity to Chaos and Imperfections
As with all quantum algorithms, the QFT is sensitive to quantum chaos and system
imperfections. Small errors in gate operations, environmental noise, and decoher-
ence have a cumulative effect on the accuracy of QFT-based computations. Song and
Shepelyansky [66] explore how imperfections affect different aspects of quantum
computing error rates, particularly how they degrade the performance of QFT-based
algorithms.
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4.2.3 Simulations of the QFT

Simulating the QFT on classical hardware is essential for testing quantum algorithms,
improving implementations, and understanding the practical limits of near-term
quantum devices. Researchers have explored a variety of methods, including high-
performance computing, hardware acceleration, and algorithmic optimizations, to
make QFT emulation more efficient on classical systems.

Classical Simulations of the QFT for Algorithm Testing
One of the main reasons for simulating the QFT on classical hardware is to evaluate
quantum algorithms before running them on actual quantum processors. Karafyllidis
[30] presents a quantum computer simulator based on the circuit model, which provides
a general framework allowing researchers to study quantum algorithms without the
need of quantum mechanical expertise. Pereira et al. [55] also propose an open-source
alternative for the simulation of the QFT.

Optimizing Shor’s Algorithm Simulations
Since Shor’s factoring algorithm relies on the QFT, it has been also been a focus for
classical simulation. Studies using frameworks like IBM’s Qiskit, Javadi-Abhari et
al. [28] have examined how to optimize and analyze Shor’s algorithm, particularly
in the context of near-term quantum hardware [68]. Additionally, researchers have
used GPU acceleration to speed up the QFT portion of Shor’s algorithm, allowing for
significantly faster execution on classical hardware [59].

High-Performance Computing for QFT Simulations For large-scale QFT simu-
lations, researchers have turned to supercomputers. Liu et al. [36] utilize the Sunway
TaihuLight supercomputer, which leverages massive parallelism to handle large quan-
tum state computations. These large-scale classical simulations are crucial for testing
quantum algorithms at scales beyond what current quantum processors can handle.

Efficient Classical Computation of Unitary Transformations
Beyond direct QFT simulation, some studies focus on efficient classical computa-
tion of unitary transformations: The fundamental building blocks of quantum circuits.
Researchers have proposed hardware architectures optimized for quantum algorithm
emulation, offering a bridge between classical and quantum computing [38]. Addi-
tionally, research into Fourier 1-norm techniques has examined how classical systems
can approximate some of the speed-ups associated with quantum Fourier-based com-
putations [24].

4.3 Applications
The QFT is a key quantum algorithm with a wide range of applications in fields such as

cryptography, machine learning (ML), image processing, computational physics, and
signal processing. This section highlights some of the most impactful uses of QFT.

4.3.1 Quantum cryptography

One of the most prominent applications of the QFT is in cryptanalysis. Shor’s algo-
rithm for integer factorization and discrete logarithms, which forms the foundation
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of many classical cryptographic systems, relies on QFT to efficiently find periodicity
[62]. In addition to this, QFT has been employed to enhance the security of crypto-
graphic schemes, such as Multi-Prime RSA, by limiting the potential for private key
recovery [65]. QFT also plays a significant role in quantum homomorphic encryption,
enabling secure computations on encrypted quantum data [11]. An updated survey
on quantum cryptography is in Solar, Cisterna, Villacura and Dombrovskaia [63] and
Solar, Villacura, Cisterna and Dombrovskaia [64].

4.3.2 Quantum machine learning (QML)

Quantum computing holds great promise for transforming ML, with the QFT playing
a critical role, as QPE forms the backbone of many QML algorithms, Ouedrhiri et
al. [52] present a few quantum implementations of classical ML algorithms, such as
PCA (principal component analysis), the HHL (Harrow—Hassidim—Lloyd) algorithm
and SVM (support vector machine). Additionally, QFT-based quantum neurons have
been proposed to implement nonlinear functions more efficiently, which is a key step
toward building quantum neural networks [54].

4.3.3 Image and signal processing

Following the FFTs widespread use in image processing shown in Sect. 2.3.2, some
research has attempted to extend the processing of images to the realm of quantum
computation. The application of the QFT in this domain has led to novel methods
for representing images as quantum states, enabling efficient manipulation and com-
pression [22, 23, 46]. QFT-inspired inverse algorithms have also been developed for
unsupervised image segmentation, improving the robustness of feature extraction tasks
[4].

Inimage processing literature, template matching is the problem of finding an image
within another. By leveraging the QFT, quantum computers can efficiently compare
and match patterns within large datasets, which is essential for applications like image
recognition and computer vision [16].

The QFT also provides an efficient way to compute and analyze wave patterns, as
these can be represented by signals with discrete frequencies. By transforming spatial
data into frequency components, the QFT has been applied to array antenna analysis
as [57], as well as signal synthesis [61]. The QFT has also been employed for quantum
frequency detection, facilitating efficient signal analysis and processing [43].

Haque et al. [26] show a very complete taxonomy of the quantum image compres-
sion and representation scheme, where image representation approaches are classified
into ten major categories, and one of them is QFT presented by Pang et al. [53].

4.3.4 Computational fluid dynamics and physics simulations
Quantum algorithms utilizing the QFT have shown potential in the field of compu-
tational fluid dynamics, offering parallel evaluation methods for fluid flow problems.

Steijl and Barakos [67] propose the use of a hybrid architecture where select com-
putationally intensive parts are implemented as quantum circuits. The authors show

@ Springer



A review on quantum Fourier transform Page 19 of 23 4

that despite inevitable noise and uncertainties, meaningful flow simulations can be
performed using their approach.

Additionally, the QFT plays a role in quantum computational mechanics, presenting
new approaches for simulating and analyzing physical systems [35]. The authors’
RVE solver attains exponential acceleration with respect to classical solvers, bringing
concurrent multiscale computing closer to practicality.

4.3.5 Quantum computing architectures and implementations

Arsoski [5] proposes a novel implementation of a multi-controlled X gates based
on the QFT. Said gates are crucial for many quantum algorithms, though they are
computationally costly. Emulating said gates with the QFT allows for a decrease in
gate complexity, while maintaining a constant time complexity. In cases where it
is necessary to implement complex arithmetic operations for a gate, the QFT-based
approach can be of great advantage.

5 Conclusion

The QFT is key to many quantum algorithms. Research has focused on making QFT
more practical through efficient circuit designs, distributed implementations, and noise
reduction techniques, helping to reduce the overhead that comes with running it on real
quantum hardware. Advances in approximate QFTs, hardware-aware optimizations,
and parallelization are making its execution more feasible for NISQ devices. Beyond
its role in speeding up computations, the QFT has found applications in areas like
image processing, cryptography, and signal analysis, showing its broader potential.

Still, challenges remain. Scalability, noise sensitivity, and hardware limitations
make large-scale QFT implementations difficult. Finding ways to bridge classical and
quantum approaches, refine error correction, and develop alternative architectures will
be key to overcoming these hurdles.
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