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Stimulated by recent progress made by the LHCb Collaboration in discoveries of new bottom baryons,
e.g., the 5,(6227) and the £, (6097)*, we reexamine the orbitally excited spectrum of the charmed and
bottom baryons using the Regge approach in the heavy quark-diquark picture. The results indicate that the
spin-averaged mass spectrum of the orbitally excited charmed and bottom baryons can be described by a
linear Regge relation, which is derived from the rotating QCD string model. By giving further mass-
splitting analysis of spin-dependent interactions, we explain the baryons E,(6227)~ and the Z,(6097)*,
and the £,(2800) and E..(2930) to be the 1P-wave baryons, all with the spin-parity J* = 3/2~ preferably.
Mass prediction of the bottom baryon E, in its P-wave- and D-waves are presented, providing clues for the

coming experiments like the LHCb to find them.
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I. INTRODUCTION

The information from singly heavy (SH) baryon spectrum
is quite helpful to deepen the understanding of nonperturba-
tive quantum chromodynamics (QCD) as the heavy quark
inside a baryon endows us with a “flavor tag” to look further
into the nature of the interquark forces [1]. This forms an
analogy with the hydrogenlike atoms, in which the quantum
states of the binding systems are labeled well by that of light
degrees of freedom, and provides us with a good chance to
further construct excited states of the bottom baryon family.
In the past two decades, more than twenty charmed baryon
candidates have been announced by the different experi-
mental collaborations [2]. Differing from the charmed
baryons, searching for the bottom baryon states is far from
easy for experiment since the bottom baryons seems to be
more difficult to produce than the charmed baryons. Only
several bottom baryon candidates were reported before 2017.

Recently, the LHCb Collaboration discovered, one after
another, two new bottom baryon states, the E,(6227)~ by
studying its final states of the AY)K~ and E9z~ [3], and the
2, (6097)* in the final states of AYz™ [4]. The two baryons
differ about 130 MeV in mass, close to the mass difference
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of u/d and s constituent quarks, and exhibit similar decay
behaviors in width and final states. After their observations,
the two baryons become the key states for establishing the
whole family of the excited bottom baryons, and their
properties and inner structures become hot topics for the
heavy baryon study [5—11]. Most of these studies prefer to
suggest that the 2, (6227) is the P-wave strange partner of
the £,(6097)*, with spin-parity J* = 3/2~ or 5/2~ while
there are also the molecular accommodation [12]. For more
discussions on the excited heavy baryons, see Refs. [13-20].

To further decode inner structure of the E,(6227)~ and
%,(6097)%, it becomes important to explore the charmed
and bottom baryons in a coherent way so that these newly
discovered baryons can be analysed in connection with the
existing SH baryons in the charm sector, e.g., the £.(2800)
and Z/.(2930), whose quantum numbers are not established
experimentally yet [2,21,22]. Obviously, it will be helpful
to deepen our understanding of nonperturbative QCD if
some analogies were found among these SH hadron
systems. For the two charmed baryons mentioned above,
quark models predict their quantum number to be [17-20],

1- 3-
JP(ZL(2800)) = E or 5 s

JP(E’C(2930)):%_ or 2 (1)

Based on the Regge trajectories, authors of Ref. [23] assign
the X.(2800) and E/(2930) to be the P-wave states
with J# =3/27.

Published by the American Physical Society


https://orcid.org/0000-0003-4815-6058
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.101.034016&domain=pdf&date_stamp=2020-02-18
https://doi.org/10.1103/PhysRevD.101.034016
https://doi.org/10.1103/PhysRevD.101.034016
https://doi.org/10.1103/PhysRevD.101.034016
https://doi.org/10.1103/PhysRevD.101.034016
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

DUOIJIE JIA, WEN-NIAN LIU, and ATSUSHI HOSAKA

PHYS. REV. D 101, 034016 (2020)

The purpose of this work is to explore the orbitally
excited mass spectrum of the SH baryons ggQ with the
help of Regge trajectory and accommodate the newly
discovered bottom baryons E,(6227), the X,(6097)*, as
well as the charmed baryons X.(2800) and Z/(2930). Our
mass analysis indicates that a linear Regge trajectory is able
to describe the spin-averaged mass spectrum of the existing
singly heavy baryons in their orbitally excited states.
Further mass-splitting analysis of the orbitally excited
SH baryons suggests that the quantum numbers of the
four SH baryons considered here are J© = 3 /2~ preferably.
We also make the mass prediction of the bottom baryon =,
in its P-wave- and D-waves, which should be tested by
future experiments, especially the LHCb.

The paper is organized as follows. After the introduction,
we show how the linear Regge relation can be employed to
demonstrate Regge behaviors in the spin-averaged masses
of orbitally excited SH baryons in Sec. II, where the
trajectory parameters are discussed. In Sec. III, we perform
mass calculations for the orbital excitations of the SH
baryons with L = 0, 1 and 2(A,, E. cases) by including the
spin-dependent interactions, and assign the J© quantum
number for the £,.(2800) and the Z..(2930). In Sec. IV the
similar analysis is applied to the singly bottom baryons and
to assign the quantum number for the newly reported
baryons E,(6227) and the X,(6097)*. The masses of the
bottom baryon states &, in the P-wave- and D-waves are
also predicted. Finally, the paper ends with the discussions
and summary in Sec. V.

I1. SPIN-INDEPENDENT MASSES
FOR SINGLY HEAVY BARYONS

The notion of Regge trajectory or Regge mass relation
L = o/ M? + a for hadrons, which connects high energy
scattering and the spectrum of hadrons in general theory
[24], provides us a powerful way to organize the whole
spectrum of a given family of the hadrons. In the case of
light hadrons, the Regge trajectories are commonly
believed to be linear and parallel, and these features are
also tested to be true roughly for the SH hadrons in
Ref. [25] provided that the hadron mass undergoes a shift
M—>M-M,, with M, the heavy quark mass. As such,
one can estimate the spin-averaged masses of X, and E’Q in
their orbitally excited states with the help of the trajectory
information of the partner SH baryons or mesons.

We begin with a linear Regge relation [26,27], which is
derived from the rotating string model (see Appendix A),

2\ 2
(M-M )2—naL+<m +i) (2)
o) — d M ’
0

This relation connects the shifted mass of a SH baryon
squared, (M — M Q)Z, with its quantum number of orbital
angular momentum L. Here, a stands for the tension of the

string connected to the heavy quark with mass M, at one
end and the light diquark with mass m, at the other, and M
is the mass of the heavy baryon. In Eq. (2), the intercept
depends on the diquark mass m, and the nonrelativistic
kinematic energy P2Q /Mg of the heavy quark through

ag = (md + P2Q/MQ)2, Wlth

m% 0 1/2
arc:
Q

where Mg = 1.275 GeV and 4.18 GeV are the bare

masses of the heavy charmed quark Q = ¢ and bottom

1/2
stands

2
_ mbuch

quark Q = b, respectively. Here, vy =(1--7%%)
0

for the velocity of the heavy quark, which is conserved in
the heavy quark limit.

The simplest way to understand Eq. (2) is to view it as an
extension of the Selem-Wilczek relation [28] for the SH

hadrons,
3/2
_ /@ 1/4 H

which scales as (M —M)* « (a/2)L when L — oo but
divergent at L = 0. As L > 1, Eq. (2) reduces to Eq. (4),
M —My =/raL + ay/(2v/maLl), while it is finite at
L = 0 and becomes

P2
M(1S) = My +my+ 2. (5)
My

This is consistent with the prediction by the heavy quark
symmetry for the ground state (L = 0) [29] as M, is very
close to the bare mass of the heavy quark Q when Q
is heavy, as indicated by Eq. (A3) in Appendix A. The
heavy quark limit defined by my,,.o — co implies M ~
Mpareg — 00 and the 3-velocity of heavy quark vy, — 0 (see
Appendix A). Here, the m, plays the role of the energy of
the light brown muck in a baryon in the lowest states. We
note that the orbital angular momentum L here corresponds
to the 4 mode in the quark model [30,31].

In the light of the rotating string model [28], one can
view the heavy baryon mass M as the sum of the mass M
of heavy quark at one end of the string and the string energy
vmaL + ay, with the light diquark tied to the other. We
note that the full quantum treatment [32,33] of the QCD
string provides merely an additional constant a, added to L
as expected by the Regge trajectory of hadrons.

As will be seen in what follows, the mass of the diquark
(¢q), in Eq. (2) varies when the strangeness and its spin
involve. In a SH baryon with zero strangeness, the diquark
can be either of scalar (spin = 0) or of vector (spin = 1),
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TABLEI. The observed quantum numbers and masses (in MeV) [2] of the charmed and charm-strange baryons A, and E? that contain
the scalar-diquark. The J? of some states indicated by the question marks are the quark-model predictions [26], and have not been
established experimentally. The errors less than 5 MeV are not indicated.

States, J” Baryon Mass This work Baryon Mass This work
1281/2, 1/2* A 2286.46(14) 2286.0 = 2467.87(30) 2469.1
12P1/2, 1/2- A.(2595) 2592.25(28) 2588.7 E.(2790)* 2792.0(5) 2778.6
12P3/2, 3/2° A (2625) 2628.11(19) 2628.9 E.(2815)F 2816.67(31) 2816.5
12Dy),,3/2* A.(2860)* 2856.1123 2857.3 Z.(3055)F 3055.9(4) 3058.7
12D5/2, 5/2* A, (2880)" 2881.63(24) 2880.2 =.(3080)* 3077.2(4) 3079.7
12S1/2, 1/27F A 5619.60(17) 5615.5 g, 5791.9(5) 5792
12P1/2, 1/2- A,(5912)° 5912.20(21) 5908.5 g, 6116.9
12P3/2, 3/2° A,(5920)° 5919.92(19) 5921.4 g, 6129.1
12D3/2, 3/2F A,(6146)° 6146.17 6144.8 g, 6376.9
12D5/2,5/2+ A,(6152)° 6152.51 6152.2 g, 6383.6

TABLEII. The observed quantum numbers and masses (in MeV) [2] charmed and charm-strange baryons that contain vector-diquark.
The J? of some states indicated by the question marks are the quark-model predictions.
States, J” Baryon Mass This work Baryon Mass This work
1285, 1/27 2. (2455)tF 2453.97(14) 24527 =, 2578.8(5) 2586.0
1483,3/27% Z.(2520)"F 2518.41507 2517.8 E00(2645) 2646.32(31) 2641.6
12+p,. 7 >.(2800)"+? 28017 e E.(2930)? 2931(6) e
1285, 1/2% b 5811.3(1.9) 5811.0 5,(5935)" 5935.02(05) 5937.1
1485,,,3/2" =t 5832.1(1.9) 5832.0 B}, (5955) 5955.33(13) 5955.0
12/+1p, 7 2,(6097)*? 6095.8(2) B, (6227)? 6226.92.1)
[ud], I =0 = spin,in Ay, including the ensuing P-wave spin-averaged masses pre-
(99)a = {uu,ud,ddy, =1 = spin,in =,. dicted by Eq. (6). The resulted parameters are compared
Y ' ' @ with the quark model predictions [17] in the three tables. In
while in those with strangeness = —1, it can be either of  Table III, the observed spin-averaged masses are collected

scalar (spin = 0) or axial vector (spin = 1)

(a5) { lus,ds], I=1/2,spin=0,in E,
qs)a = . N
{us,ds}, I1=1/2,spin=1,in :.’Q.

[1]

To confront Eq. (2) with the baryon mass data, we list in
Table I the observed masses of the heavy baryons A, and
the strange heavy baryons E, (Q = ¢, b), and in Table II
that of the heavy baryons X, and the strange heavy baryons
E’Q (Q = ¢, b). In Table III, the observed spin-averaged
masses for the family of orbitally excited SH baryons are
collected with the weight 2J + 1 (with J the angular
momentum of the baryon), and are fitted by the relation
(2), in which the estimated mass can be rewritten as, upon
using Eq. (3),

ML:MQ+ ﬂaL—l—[md—l—MQ—mgareQ/MQ]z.

(6)

In Tables IV, V and VI, the trajectory parameters
reproducing the observed masses in Table I and Table 11
are listed for the charmed baryons A, and E_, and for the
baryons X. and charm-strange baryons E., respectively,

—cs

for all relevant baryons except for the baryons £, and =,
(Q = ¢, b), and the spin-averaged masses predicted by
Eq. (2) via the parameters given in Tables IV, V, and VI are
also shown for comparisons. Here, we assumed the orbital

TABLE III.

The measured spin-averaged masses of the SH

baryons and that predicted by the linear Regge relation (2), with

the parameters in Tables [V-VI.

Baryon Exp (M) This work (M)

Baryon Exp (M) This work (M)

A, 1S 2286.0 22860  E. 1S 2467.87 2469.0
A 1P 2616 26185  E,1P 2808 2803.9
A, 1D 2871 28711 E,1D 3069 3071.3
Ap, 1S 5619 5619 g, 1S 5792 5798.1
Ap, 1P 5917 56163  E,, 1P - 6125.1
Ap, 1D 6148 61493  E,, 1D 6380.9
2,18 2497.0 2496.1 2,18 2624 2623.1
.1P 2774.1 gL1P - 2923.0
£, 1S 5825 58250  E, 1S 5949 5949.0
5, 1P 60884  E, 1P ... 6248.2
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TABLEIV. The effective masses (GeV) of the charm quark and scalar-diquarks, and the tension (GeV?) that match the measured spin-
averaged masses of the A, and the Z, in Table I. Here, the RMS error yrys = 0.001 GeV and n = u/d. The comparison with that by
quark model is given.

Parameters M, my([nn]) a(A,) mq([ns]) a(E,) M(A,) M(E,)
This work 1.44 0.535 0.212 0.718 0.255 2.618 2.804
EFG[17] 1.55 0.710 0.18 0.948 0.18 2.617 2.808

TABLE V. The effective masses (GeV) of the charm quark and vector-diquarks, and the tension (GeV?) that match the measured spin-
averaged masses of the X and the E.. in Table II. Here, the RMS error yrys = 0.001 GeV and n = u/d. The comparison with that by
quark model is given.

Parameters M, mq({nn}) a(z,) mg({ns}) a(Z) M(Z.) M(Z)
This work 1.44 [input] 0.745 0.212 0.872 0.255 2.774 2.923
EFG[17] 1.55 0.99 0.18 1.069 0.18 2.780 2.919

trajectories of the X.(E.) and the A.(E]) to be parallel, and the string tensions a, for the D/D; mesons and the

leading to the same string tensions between them. B/ B, mesons. The resulted parameters are compared to that
We also apply Eq. (2), with m, everywhere replaced by  in the quark model [34] for the heavy-light mesons.
the effective masses of light(strange or u/d) antiquarks, to From Table IV one sees that the predicted spin-averaged

the heavy-light (Qg) mesons whose observed masses are =~ masses 2616 MeV and 2804 MeV of the 1P-wave A, and
listed in Tables VII and VIII, and list in Table IX the =, are very close to the corresponding values 2616 MeV
determined trajectory parameters, namely, the effective  and 2808 MeV in Tables I, respectively. Furthermore, the
masses m, , of light u/d quark and the strange quark, following remarks are in order.

TABLE VI. The masses (GeV) of the bottom quark and diquarks, and the tension (GeV?) that match the measured spin-averaged
masses of the A, and the 5, in Table I and the Z;, and the ] in Table II. Here, the RMS error yrys = 0.001 GeV. The comparison with
that by quark model is given.

Parameters My mg([nn]) a(A,) mg([ns]) a(g,) M(A) M(E,)
This work 4.48 0.534 0.246 0.718 0.307 5.917 6.125
EFG [17] 4.88 0.710 0.18 0.948 0.18 5.938 6.127
Parameters My, mg({nn}) a(zy) mq({ns}) a(g)) M(Zy) M(E})
This work 4.48 [input] 0.745 0.246 0.869 0.307 6.088 6.248
EFG [17] 4.88 0.909 0.18 1.069 0.18 6.090 6.228

TABLE VII. The observed masses (in MeV) of the charmed and charmed strange mesons [2]. The some of
quantum numbers indicated by question marks are quark model predictions, which has not been established
experimentally. The errors less than 5 MeV are not indicated.

State J* Meson Mass EFG [34] Meson Mass EFG [34]
15,0~ D* 1869.7 1871 Dy 1968.3 1969
13s,1- Dp*(2010)* 2010.3 2010 Di[JP?) 2112.2 2111
13p,0% D(*)(24OO)i 2351(7) 2406 D%,(2317) 2317.7 2509
P11t D, (2430)° 2427(40) 2469 Dy (2460) 2459.5 2574
1P 1+ D, (2420)*[JP?7] 24232 2426 D,1(2536) 2535.1 2536
13p,2* D3(2460)* 2465.4 2460 D}, (2573) 2569.1 2571
1°p,1- 2788 D*,(2860) 2859(27) 2913
1D,2~ 2850 2961
1D,2~ D(2740)°[77 ") 2737(12) 2806 2931
13D53" D}(2750) 2763.5 2863 D5(2860) 2860(7) 2971
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TABLE VIII. The observed masses (in MeV) of the bottomed and bottomed strange mesons [2]. The some of
quantum numbers as shown are quark model predictions. The errors less than 5 MeV are not indicated.

State J* Meson Mass EFG [34] Meson Mass EFG [34]
15,0~ B 5279.6 5280 B, 5366.9 5372
35,1~ B* 5324.7 5326 B} 5415.4 5414
13p,0t B;(5732) [JP27] 5698(8) 5749 5833
P11t 5774 B%;(5850)[J7 7’ 5853(15) 5865
1pP1t B, (5721)° 5726.0 5723 B, (5830) 5828.6 5831
13p,2* 33(5747)0 5739.5 5741 B%,(5840) 5839.9 5842

TABLE IX. The effective masses (in GeV) of quarks that match the observed spin-averaged masses in Table VII
and VIII, with a in GeV and the RMS error yrys = 0.001 GeV. The comparison with that by quark model is given.

Parameters M, M, m, my a(cn) a(cs) a(bn) a(bs)
This work 1.44 [input]  4.48 [input] 0.23  0.328 0.223 0.249 0.275 0.313
EFG [34] 1.55 4.88 033 0.5 0.64/0.58 0.68/0.64 1.25/1.21 1.28/1.23

(1) The mass differences between the S-wave SH
baryons X, and A, are equal to that between the
diquarks (of scalar or vector type) contained in
them,

ma(Ee) = m(A,) = 210 MeV = H(Z,) - M(A,),
(7)
my(E) = my(E,) = 154 MeV = [(2}) - M(Z,).
(8)

This imposes a constraint on the masses of the vector
diquark which are crucial for predicting, through
Eq. (2), the spin-averaged masses of the P-wave
excitations of the baryons X, and =.. The latter are
less established experimentally, as shown in Table II.
The mass values of the heavy quark and light
diquarks in our approach are in consistent with that
in the relativistic quark model. The string tension a
in our approach is flavor-dependent weakly, with a
rising about 0.04 GeV? (0.06 GeV?) for the
charmed(bottom) baryons when diquark flavor in
them changes from nn to ns(n = u, d).

Once determined, the diquark masses of both types
can be applied to explore the Regge behaviors in the
bottom partner of the charmed baryons, for which
the less data are available experimentally.

@)

3)

III. INCLUDING MASS SPLITTING
FOR ORBITAL EXCITATIONS

To estimate the mass splitting in orbitally excited
charmed and bottom baryons Qqq(Q = c¢,b,q = u/d, s,
qq # ss), one needs to consider the spin-dependent inter-
action which was ignored in Eq. (2). In the light of QCD

string, the orbital motion of QCD string [34] contributes
dominantly to total angular moment L of the system,
which makes the quark-diquark potential nontrivial (L-
dependent) effectively. For simplicity, we follow Ref. [35]
to compute the spin-dependent mass for L = 0,1 and
2(Ag.Egcaseonly) via the scaling relation between
heavy baryons Qgq and their meson partners Qg (note
that the color-structure similarity between baryon and
meson is implicitly assumed in the quark-diquark
picture). The spin-dependent interaction we consider is
[17,35]

HSD = a]L -Sd+a2L 'SQ"’bS]Q"‘CSd‘SQ, (9)
S12 :3Sdf'SQf'—SdSQ,

where the first two terms are spin-orbit energies, the third is
the tensor energy, and the last describes the hyperfine
splitting between the heavy quark with spin S, and diquark
with spin S,. Here, L is the orbital angular momentum of
the baryons. The first term (a,-term) is obviously larger
than the others (especially for the bottom systems) as the
later all involve the magnetic moment S,/M, of heavy
quark when viewing Eq. (9) as a spin-relevant relativistic
correction.

(A) The S-wave baryons (L = 0). In this case, only the
last term survives in Eq. (9), H? = ¢S, - S,. Note that
(Sa-Sg) = [S(S+1) = So(Sg +1) = Sa(Sa+1)]/2 be-
comes 0O when the conserved total quark spin
S(=Jhere) =1/2 and S; =0, and has the value —1
and 1/2, when S; =1 and S =1/2,3/2, respectively.
Thus, the mass for the 1S-wave states is

M(1S)g g = M1, (Ao/Ep). (10)
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-1 0

M(1S)g =M+
( )sﬁl L=0 C{ 0 1/2

}, (0/Z,). (1)

For the baryon Ay, and E, containing an light scalar
diquark(spin S; = 0), the total spin S =1/2 =J. This
corresponds to a single baryon ground state 125, /2. The
ground state masses of the baryons Ay and E are given
simply by their spin-independent masses in Eq. (2). To
estimate ¢ for the baryon X, and Ef, which contain the light
vector diquark (spin S, = 1), we employ the following
scaling relation to the partner in heavy mesons,

c(Qqq) = —4

B m4(qq) «(0q).

(12)

which stems from the inverse-mass scaling inherent in the
contact interaction (~ the diquark magnetic moment
S4/my). Extracting ¢(Qg) from the splitting between the
Qg meson mass M(13S;,17) and M(1'Sy,07) in the case
of the D mesons (see Table VII):

c(Qq) =M(13S,,17) = M(1'S,,07) = 140.6 MeV, (13)

one estimates, by Eq. (12),

406 {230/745} _ {43-4(20) } (14
230/872 37.1(2)

Having c given by Eps. (14), Egs. (10)—(11) give masses for
the S-wave charmed baryons, as listed in Table I and
Table II, respectively.

(B) The P-wave baryons(L = 1). For the baryon A, and
E( containing spin = 0 diquarks, the P-wave states cor-
respond to two baryon states of J© = 1/2~ and 3/2~. This
can be written as [0; ® (3),,]; ® 1, = 5 @ 3 in the notation
of symmetry group, where the notations ® and & stand for
the coupling(adding of the angular momentum in the
standard terminology) and the juxtaposition of the angular
momentum shown. In the charm sectors, for instance, there
are four P-wave candidates A.(2595)" and A.(2625)7,
E.(2790)" and E.(2815)" [2] (see Table I). The masses
and possible quantum numbers for the observed low-lying
baryons A, and E. are summarized in Table L.

For the baryon X, and E’Q containing spin = 1 diquarks,
the five P-wave states J = 1/2/, 3/2', 1/2, 3/2, and 5/2
with negative parity are allowed:

Le(Y) | e1,= Vel oI
d 2QS L_2 25 L»

I 3 5

1 3
“29293 9383 9

The current candidates of these P-wave charmed baryons
are the %.(2800)%"*F in the nonstrange sector and the
E.(2930)%" in the strange sector, whose spin and parity
have not been established yet [2]. The quark model
assignments are given by Eq. (1). The masses and possible
quantum numbers for the observed low-lying baryons
Y. and E, are summarized in Table II, with the question
marks indicating that their J* assignments are unknown
experimentally.

A normal scheme (the L-S coupling) of computing mass
splitting by Eq. (9) is to couple the diquark spin S, to the
heavy quark spin S, first and then to the orbital angular
momentum L of the system, as shown in (15) for S; =1
case. In the L-S basis the two J = 1/2 states and the two
J = 3/2 states are usually mixed unless a; = a,. They are
eigenstates of 2 x 2 matrices M; given in the basis
2p,;* P,. Using the 1P-wave wavefunctions of the heavy
quark-diquark systems in the basis of |L,,Sy,.S,,), these
matrices can be evaluated and given by (Appendix B)

PR S
_ 3 3
<L.Sd>J:%_ _ﬁ s
L 3 3
SRS

_ 3 3
<L'S¢1>J:%— 5 2
L 3 3

and (L-Sy),_sp =1, (L-Sp), 5, =1/2. The two
matrices above have the eigenvalues —1, —2 for J = 1/2
and the eigenvalues +1 for J = 3/2.

One can also choose an alternative scheme(the j-j
coupling) in which the diquark spin S; couples to L first
and then to the conserved spin S, of the heavy quark. In the
P-wave case(L = 1), for instance, this scheme reads,

1 1 1 3
[0d®1L]j® <2>Q: 1j® <2)Q:2€B2,

for the baryons Ay and E, and takes form

1 1
Loy e(;) -012,8(3)
' 2/ 2/ 0
_l@f®§@?@§
272 Y22 Yy

for the baryons X, and E’Q Since the interactions other than
the L - S, term in (9) are suppressed by 1/M, one can
compute the mass splitting in a basis in which L - S, is
diagonal, with the other interactions treated perturbatively.

Notice that (L-S;)=[j(j+1)—L(L+1)=S,(S;+1)]/2
takes values —2, —1 and 1 when j = 0, 1,2, respectively,
one can use the eigenfunction of the L - S, to evaluate the
mass splitting operators in Eq. (9) in the j-j coupling
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TABLE X. The matrix elements of the mass splitting operators
in the P-wave baryon states in the j-j coupling.

(/. J)) (L-Sgp) (S12) (Sa-Sp)
(1/2,0) 0 0 0
(1/2.1) -1 -1 -1
(3/2.1) i 3 i
(3/2.2) -3 I -3
52 ] . ]

(Appendix B). The results are listed in Table X, from which
the mass splitting M(J, j) = (J, j|HSP|J, j) can be evalu-
ated in the |/, j) basis. Written in terms of three parameters
(a;,a, + ¢, b), the results are (see Ref. [36] for details,
which corrected an error in Ref. [35])

MSP(1/2,0) = —2a,, (16)

MSD(1/2,1):—al—%(az—l—c)—b, (17)

1 1
MSD(3/2,1):—a1+Z(a2+c)+§b, (18)

3 3
MSD(3/2,2) :dl—z((lz—i-C)—f—Eb, (19)

1 1
MSD(5/2,2):a1+§(a2+c)—§b. (20)
One additional constraint stems from the vanishing of these
splitting as a sum:>_(2J + 1)M5P(J, j) = 0, which is

10M3P(1/2,0) — 15M5P(1/2,1) + 8M5P(3/2,2)
=3M5P(5/2,2). (21)

Following Ref. [35], one can calculate the parameters
{a|,a,,b} in Eq. (9) for the heavy baryon Qgq(q =
u/d,s) by assuming the following mass scaling, which
relates these parameters to that for the heavy mesons Qg
with effective antiquark mass m,, or relates the parameters
among the heavy flavor partners (bgq and cqq),

md(qq)>’ (22)

a1(0qq) = a1(Q51)<

b(b) = b(c) (%b) (23)

where b, ¢ in parenthesis stand for the bottom and charm
sectors. In evaluating the coupling a, for the charmed

baryons, a simple way is to estimate it via that for the
charmed mesons by resembling the charmed baryon cgqq to
the charmed meson c¢g systems. Considering the finite mass
effects of the charm quark which differ between the
charmed baryons and the charmed mesons, we use a recoil
factor (14 m,/My) to partially remedy the uncertainty
that may happen in this resembling,

a,(c

asleqq) = 2D 4
In the following, we describe very briefly how to
evaluate the parameters {a, a,, b} for the charmed-strange
mesons for which the spin-dependent Hamiltonian is given
by Eq. (9) in which S; is replaced by S,. First, one can
derive a counterpart of Egs. (16)—(20) for Qg system via a
calculation similar to the P-wave heavy baryons and obtain
the mass for the P-wave spin multiplets of the heavy
mesons (Qg) in the |/, j) states (j = L3 + S3,L = 1). The

results are [Appendix C: Eq. (C8)—(C11)]:

M(O,1/2):M—a1—a2—b—§, (25)
M(L1/2) = M —a) +~ar+ 25 -5, (26)
N N T
1 s 1.5
M(1,3)2) = M +~a,—2ay +-b—"o, (27)

2 6 6 12

_ 1] 1 1 c
Second, confronting the observed masses of the D, mesons
in the P-wave (see Table VII), one can find the parameters
{ai,a,,b} for the heavy mesons D, reproducing their
observed mass spectrum via Egs. (16)—(20). Ignoring ¢
(vanishes almost in the P-wave), one can find lastly [35]
[see Appendix C: Eq. (C12)]:

{ M(MeV),
2513 4,

a;(MeV),
89.4,

a,(MeV)

b(MeV)
40.7, } (29)

65.6.
Given a; in Eq. (29) for the D; mesons in P-wave, the

diquark masses in Table IV and V and the strange quark
mass in Table IX, Eq. (22) gives

. 1P a; = a,(c5) <m> =894 MeV(%)

=394 MeV,
m 328
= 1P: = 5)[———— ) =894 MeV | —
P = ) (G ) =904 mev ()
— 33.6 MeV. (30)

For the charmed baryons X, and E,, Eq. (24) with my
given in Table V gives
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w(D,) 407
. 1P) = - —26.8 MeV,
e 1) = N~ 1517 ¢
_ w(D,) 407
= 1P) = - —253MeV, (31
(B 1P) = 1 i~ 1,606 ¢ (31)

while for the charmed baryons A, and E.., the parameter a,
become slightly larger when using Eq. (29) and the diquark
masses given in Table IV. We take a,(A,, 1P) ~ a,(Z., 1P)
and a, (8., 1P) ~ a,(E,, 1P) for simplicity as this varying
in a, is small at the mass scale of the P-wave charmed
baryons, as shown explicitly in Figs. 1-2. Equations (31)
are in consistent with the values of a, that match the
observed P-wave masses of the baryons A, and E,.:
a(A,) =24 MeV, a(E.) =16 MeV. (32)

These two values follows from the mass differences (see
Table I) between the J = 3/2~ and J = 1/2~ states of the
baryon A, and the E,., respectively, which depend only
on the second term in Eq. (9) when S, =0, that is,
M(J =3/27)—M(J =1/27) =3a,/2.

As S; =0 for the A, and the Z., the mass splitting
operator for them simplifies, H*” = a,L - S, which gives
the mass in the |/ =1/2,j=1) and |[J =3/2,j = 1):

-1 0

M(A: /B, 1P) = M;_; + ar(A./E ){ 0 12

| o
where the expectation values of L -S, is given by
J(J+1)=L(L+1)—-58y(So + 1)]/2, taking values —1
for J = 1/2 and +1/2 for J = 3/2. The computed masses
via Egs. (33) and (31) for the P-wave A./E,. are collected
in Table I.

Putting all together and ignoring the spin-spin c-term
(quite small) in the P-wave, it follows from Egs. (16)—(20)
that the mass splitting in the P-wave are

2840 -

dE---]

2820

2800

2780 F | E

2760

MeV

L 1
2740 (J=:=3/2J 1]

2720

M2 j—oj
ﬁ\
(JI'I/ZJ 17

2660 |- ; .
PR U [ U Y I NNY IUN N T U N T e R

-40 -35-30-25-20-15-10 -5 0 5 10 15 20 25 30 35 40
40 <b <40

2700

2680 -

FIG. 1. The masses of the P-wave X against the parameter b.

2980
2960

2940

2920 |

MeV

2900

2880

2860

=0T w1207
2820 | : y
PN TR U ST U NN ST N NI I S R :I | I

-40 -35-30-25-20-15-10 -5 0 5 10 15 20 25 30 35 40
-40<b <40

FIG. 2. The masses of the P-wave E.. against the parameter b.

M(1/2,0) =2694.74, (34)
M(1/2,1) =2722.64 — b, (35)
1
M(3/2,1) =2740.37 + Eb’ (36)
3
M(3/2,2) =2795.63 + Eb (37)
1
M(5/2,2) = 2825.63 — §b' (38)
for the baryon X, and
M(1/2,0) = 2855.76, (39)
M(1/2,1) =2881.38 — b, (40)
1
M(3/2,1) :2893.38+5b, (41)
M(3/2,2) =2938.62 + Eb (42)
1
M(5/2,2) =2964.62 — §b’ (43)

for the baryon Z/, which are plotted against b in Figs. |
and 2, respectively. Each pair of the adjacent lines corre-
sponds to the choice a, given in Eq. (31) (dotted lines) and
Eq. (32) (solid lines), respectively. As shown in Fig. 1, for
moderate values of b, there is a clear separation between the
three lowest masses M(1/2,j=0), M(1/2,j=1),
M(3/2,j=1), and the two highest masses M(3/2,j=2)
and M(5/2,j =2).

Without loss of the generality, we assume that b is of
same order with a, (note that a, = b in the quark model
[37] of the heavy-light mesons in the heavy quark limit).
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The mass function M(3/2, j = 2) in Fig. 1 approaches the
observed mass of the £.(2800)%* at b around 20 MeV,
while the mass function M (3/2, j = 2) meets the observed
averaged mass 2936 MeV of the E.(2930) and E.(2942),
Also, the mass function M(3/2,j = 1) slowly tends to
approach the mass of the £.(2930) at larger b in Fig. 2. In
both cases, the P-wave states with the spin-parity J© =
3/2 is favored. The states with J© = 3/2~ and 5/2 can
be the states most likely being relatively narrow and
thereby easier to observe when they decay via the higher
partial wave(D-wave), as discussed in Sec. IV.

(C) The D-wave baryons(L = 2). We consider only the
baryon A, and £, containing spin = 0 diquarks due to the
limited experimental information for the charmed mesons
(cg) in D-wave on which our calculation depends. Two
possible D-wave states are the baryon states of J = 3/2%
and 5/27, which can be written as

1 3 5
[Od® <§)QL®2L —EGBE-

In the charm sectors, for instance, there are four D-wave
candidates, the A.(2860)%, the A.(2880)", the A.(3055)"
and the Z.(3080)* [2], as shown in Table I where the other
masses and their quantum numbers are also summarized.

Given S; =0 for the baryon A, and E, the mass
splitting operator is H5? = a,L - S, which gives the mass
in the basis [3/2,j =2) and |5/2,j = 2):

_ -3/2 0

Employing the parametrized mass in Egs. (C19-C22)
stemming from Eq. (9) in the j-j coupling and confronting
it with the observed masses of the D mesons in D-wave in
Table XII (see Appendix C), one finds a, = 12.6 MeV [see
Eq. (C23) for details]. It follows from Eq. (24), with m, in
Table 1V,

ox(cqd) 12.6 MeV {9.2MeV(A6)}‘ s)

T 1+ my/144 | 84 MeV(z,)

by which all computed masses of the D-wave charmed
baryons in Table I follow.

IV. MASS SPLITTING FOR THE SINGLY
BOTTOM BARYONS

One can apply the calculational method similar to
Sec. III to the singly bottom baryons. Differing from the
charmed baryons, one can improve the computational
accuracy for the bottom baryons via the scaling relation
to the charmed baryons(note that there are few higher
partial waves for the B; mesons in Table VIII). The masses
and the quantum numbers for the observed low-lying

baryons A, and Z, are summarized in Table I, whereas
in Table II, we list mainly the observed lowest baryons X,
and E) and the newly observed excited baryons X,(6097)
and E}(6227), including the resonances A,(6146) and
A, (6152) [38] discovered very recently by the LHCb
Collaboration.

(A) The S-wave baryons (L = 0). Only the last (contact)
term in Eq. (9) survives for the bottom baryons (,,Z))
while Eq. (9) vanishes for the bottom baryons (A, Z;) for
which both L and S, vanish. Considering the contact term
is suppressed by the magnetic moment S,/M,, the
computation of the parameter ¢ for the bottom baryons
(Zy,E}) can be obtained by the following heavy-quark
mass scaling

o) ()

Given c¢ in Eq. (46), Egs. (10)—(11) lead to the masses for
the S-wave bottom baryons, as listed in Tables I and II,
respectively.

(B) The P-wave baryons (L = 1). A classification that is
similar to the charmed baryons in Sec. III B can be given to
the baryon state (namely, Q — b). Using the scaling (23)
for the bottom hadrons where Q = b, one can calculate a,

Zb: al(lP) = al(ZC(lP)) =394 MCV,
¢ a)(1P) = a) (E,(1P)) = 33.6 MeV.

For the parameter a, for the singly bottom baryons, the
scaling (23) gives, using a, for the SH mesons given in

M, 1.44
612(Zb) = az(ZC) (M;) =24 <m> =177 MeV,

_ (M, 1.44

Note that they are smaller than a; roughly by factor of 1/5.
For the A,/E,, Eq. (23) leads to, using a, in the charm
sector given in Eq. (31),

1.44
az(Ab) = 02<AC) (m) = 8.61 MCV,
_ _ . (144
Clz(db) = Clz(dc) (m) = 8.13 MeV. (48)

Including the spin-dependent mass splitting, the relation
similar to Eq. (33) yields
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) 10
M(Ay/Z,, 1P) =ML=1(Ab/Eb)+"2<Ab/Eb){ 0 1/2}’

(49)

which gives, combining with the spin-averaged masses in
Table VI and Eq. (48), the mass predictions for the P-wave
baryons A, and E,. The results as collected in Table 1.
Knowing the coupling strengths a, ; and adding the spin-
independent masses in Table VI to the mass splitting (16)—
(20), one can find the masses of the P-wave spin multiplets,

M(1/2,0) = 6009, (50)
M(1/2,1) = 6046 — b, (51)
M(3/2,1) = 6050 + %b, (52)
M(3/2,2) = 6124 + 13—019, (53)
M(5/2,2) = 6130 — éb, (54)
for the bottom baryon X, and

M(1/2,0) = 6181 (55)
M(1/2,1) = 6211 — b, (56)
M(3/2.1) :6216+%b, (57)
M(3/2,2) = 6277 + 13—019, (58)
M(5/2,2) = 6285 — éb, (59)

=/

for the baryon &;, which are plotted against b in Figs. 3 and
4, respectively. Note that two adjacent lines in the plots are
very close and not distinguishable for the two choices in
Eq. (47) and Eq. (48) and hence only the later case is shown
in Fig. 3 and Fig. 4.

In Fig. 3, the observed mass of the X,(6097)” pass
through the gap between two mass functions M(3/2,j =
1,2) while in Fig. 4 the line of the mass function
M(3/2,j = 1) approaches the mass of the E)(6227) at
about b =20 assuming b is positive. In former case,
agreement with data can be achieved most likely when
the states |3/2,j = 1,2) mixes. In both cases, the spin-
parity J” =3/27 is favored for the X,(6097)~ and
=} (6227)". The states with J” =3/2" are easier to
observe since they decay strongly only via D-wave and
are relatively narrow.

6140 ———————————

L S SN A 1 73
6120 | v M(J=3/2,j=2)
L : 4
6100 |- EXP:6097 : i
6080 |- | i
s - P MJ=312,=1)]
S 6060 FTT--o__ e g
Bodo - TTTeeel Lt 4
6020 | i M(I=1/2,j=1)]
[rmre e S s S r=M(E@=1/2,j=0)
6000 - | 2
5980 | L 1 L 1 L 1 L 1 L 1 L : 1 L 1 L
20 -5 10 5 0 5 10 15 20
-20<b <20
FIG. 3. The masses of the P-wave X, against the parameter b.

(C) The D-wave baryons A,/Z,. We compute, as an
example, the masses of the A,(1D). Using the trajectory
parameters in Table VI, and M, v} =4.48(1-4.18%/4.48%) =
0.5799GeV, Egs. (2)—(3) yield a spin-averaged mass for the
D-wave,

M(1D) = 448 + /27 - 0.246 + [0.534 + 0.5799]
— 6.14927 GeV,

which agrees remarkably well with the observed spin-
averaged mass 6149.97 MeV of the new resonances
A, (3/27,5/27%) reported very recently by LHCb [38]:

M[A,(6146)°] = 6146.17 +0.33 +0.22 + 0.16 MeV,
M[A,(6152)°] = 6152.51 +0.26 4 0.22 £ 0.16 MeV.

6300 —r - r T T T T T
' M(J=5/2,=2)
sl A5 )
"""""""""""""""" TTTTTMJU=312=2)
6260 : ]
I :

6240 |- : ]
® - EXP6227 | \geap ey
= 0| ——_ e y

e Eaat — \ |

200 - =L M=172=1)]

I ! =
1
P ]
i ' MU=112j=0)]
6160 | |
A T T T T T S TR SR
20 A5 10 5 0 5 10 15 20
20<b<20

FIG. 4. The masses of the P-wave E) against the parameter b.
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Given the difference 5/2 in L - S, between the 5/2% and
3/2% states, one can extract a, for the A.(1D) to have
a[A(1D)] =2[A.(5/27) = A.(3/27)] = 10.21 MeV.
The scaling relation (23) gives then

iy [Ay(1D)] = ar[A,(1D)] (i—j‘s‘) — 328 MeV,

which predicts (in MeV), by Eq. (44),

MIA,(1D)] = 6149.3 + 3.28 [_3/§ (1’]

_ [61444 0
N 0 61526/

corresponding to J = 3/2%,5/27, respectively. This is in
good agreement with the observations.

Due to the lacking of the B/B, meson data for D-wave
unfortunately, we are not able to test the scaling relation
(24) directly with the SH mesons. An alternative is to verify
it via scaling from the D(1D) mesons to the A.(1D) and
then to the A,(1D). Combined with Eq. (22) and (C23) in
Appendix C, Eq. (24) yields

ar[Ap] = as[A.(1D)] <%> - ﬁ[DT% (%)
12.6 MeV (1.44

T 1+0.535/1.44 \4.48

) =295 MeV,  (60)

which gives

M[A,(1D)] = 6149.27 4+ {-3/2,1} % 2.95
= {6144.8,6152.2} MeV.

This agrees with the LHCb observations equally well. The
same procedure as in Eq. (60) applies for computing the D-
wave masses of the E,, with the results collected in Table I.

Finally, we explain why the some of the four observed
SH baryons discussed in this work can not be the lower
JP = 1/2~ multiplet in the P-wave SH baryons so that they
can be seen easily experimentally comparing with the J¥ =
3/2~ multiplets. In the following, we choose E) (6227)~
as a example to address this question briefly in the light
of strong decay behavior which was not the main topics
of this work. For more discussions on decays of the
%,(6097)/8)(6227), see the literatures [8—10,16].

First of all, we note that experiments by LHCb using pp
collision data found the ) (6227)" to be relatively narrow
[39,40]

T[=}(6227)7] = 18.1 £ 5.4 + 1.8 MeV,

In principle the 1/2~ assignment for the Z} (6227)~ is
allowed since in the P-wave the diquark angular

momentum can be j = 1@ 1 = {0, 1,2} and couple with
So = 1/2 to give J = 1/2. If this is the case, the decay to
the 1/2% ground-state E,7~ (or A,K™) is very likely to
happen via the S-wave by absorbing the L =1 orbital
motion into the diquark system to flip the spin of one quark
in diquark bsTg"(1P) — bqul(lSl/z) +4q'g" (S-wave).
This yields normally a large decay width, contradictory
with the relatively narrow width of the &} (6227) shown
above. For the J* = 3/2~ SH baryons in P-wave, this kind
of absorbing is prohibited by the angular momentum
conservation, and the P-wave decay is also banned by
the parity. So the ) (6227) can decay strongly only via D-
wave which agrees with its relatively narrow width due to
the higher L suppression. So, unlike the 1/2 state, a 3/2~
baryon E, in P-wave is easier to be seen in experiments due
to its relatively narrow width. In addition, though the 5/2~
assignment for the X,(6097) seems to be marginal, it
cannot be excluded fully in the light of our mass analysis.

V. SUMMARY AND DISCUSSIONS

In this work we use Regge approach in the heavy quark-
diquark picture to re-examine the orbitally excited spec-
trum of the charmed and bottom baryons. Our analysis via a
simple linear Regge relation (2) with the baryon mass
shifted by the heavy quark mass M — M — M, indicates
that the relation is able to describe the spin-averaged mass
spectrum of the orbitally excited charmed and bottom
baryons (AQ, EQ, ZQ and E’Q Q =c, b). The further
computations on spin-dependent mass splitting suggest that
the baryons E,(6227)" and the %,(6097)", and the
>.(2800) and the =.(2930) are all the 1P-wave baryons
with the spin-parity J* = 3/2 preferably. We also present
mass predictions of the unseen bottom baryon Z, in their
1P and 1D states, providing some useful clues for the
coming experiments to find them, especially the LHCb.

It is noticeable that the relation (2) is derived from the
classical relativistic energy and angular momentum of the
rotating QCD string model, with no attempt made to obtain
quantum correction to it. However, this relation shows the
main feature predicted by the quantized theory of the QCD
string [32,33,41-43]: the linear functional form of trajec-
tory remains intact, only with the intercept and the hadron
mass shifted. When taking L to be the quantized numbers,
the approach in this work can be viewed, in a sense, as an
leading semiclassical approximation of quantized theory of
string. A recent quantum treatment of rotating string [33] in
the nonvanishing endpoint-mass case yields a similar
conclusion. We also note that for a string tied to one
heavy and one light quarks, the mass shift M — M — M in
the relation (2) is crucial for describing the moderate
nonlinear behavior of the baryon mass squared M? as a
function of L [41](see Figs. 6-7) at low-L: such a non-
linearity is absorbed into Eq. (2) largely, since the latter
takes the form:
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M?* = 2M oM + M}, = maL + ay. (61)

when expanding it in M. Obviously, a nonlinear depend-

ence in M? happens in the left-hand side (LHS) of Eq. (61)
which tends to vanish when L is large. This is in consistent
with the numerical computations in Ref. [41], and is
supported by a systematic examination [25] for whole
SH hadron systems (the SH mesons and baryons).

In order to compute the spin-dependent mass, we
employed the scaling relations based on similarity in the
color-configurations between a SH baryon and its meson
partner or among the heavy flavor partners. While they are
of approximate these relations turn out to be valuable as
they have exhibited the most general features of the spin-
dependent relativistic corrections, which scale as the
magnetic moment S,/m, for the a;-term and as S, /M,
for the a,-term in Eq. (9). We note that the color-structure
similarity among these SH hadrons is implicitly assumed in
the quark-diquark picture.

By the way, the following remarks are in order:

(1) Without adding or tuning of the parameters, a simple
application of our computational procedure to the D-
wave bottom baryon A, yields a spin-averaged mass
and spin-dependent mass splitting which agree well
with the observed spin-averaged mass 6149.97 MeV
of the newly reported resonances A, [38] and its
mass splitting —3.80 MeV and 2.54 MeV for the
3/2" and 5/2% states, respectively.

(2) By predicting spin-averaged masses, the relation (2)
are helpful in itself in identifying the state order of
the excited spin-multiplets in the sense of the
bisection of the mass intervals. To accommodate
them further, detailed computations about the mass
differences of the spin-multiplets are necessary.

(3) Similar decay behaviors (the pseudoscalar meson
emission and relatively narrow widths) seen for the
baryons E,(6227)7/Z,(6097)7, the X.(2800)/
E.(2930) prefer to support that they are all the
1P-wave baryons with J© = 3/2~. Further explor-
ing of the parameter b for them becomes valuable for
decoding inner-structures of the P-wave partners of
these baryons.

(4) The method in this work can in principle be used to
estimate the higher orbital excitations of the bottom
baryons, with the experimental mass information of
the excited meson partners or the charmed partners
increasing. To go beyond the limitation having to
refer to the SH meson mass spectrum in computing
the mass splitting, the quantized string dynamics is
desirable for further exploring the heavy baryon
spectroscopy.
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Note added.—After submission of this work, two newly
reported resonances A,(6146)° and the A,(6146)° [38]
come to our attention, which can be nicely accommodated
as the D-wave singly bottom baryons using our approach in
this work. The agreement of our prediction with the
observed mass data is remarkable.

APPENDIX A

For the orbitally excitations, the classical energy and
orbital angular momentum for the rotating QCD string read
[28,41,44]

mo m a v du
E= + +—Z/ —, (Al
\/1—sz \/l—vﬁ S5 Jo V1 —u?
mov3/w 2
L = et/ Wi (a)

2 :

mvy/ o a /u
= + +5 ,
\/1—U2Q \/l—vfl o L5y do V1—u?

where m( and m are the bare masses of the heavy quark Q
and light diquarks d and v; = wr;(i = Q, d) the velocity of
the string end tied to the quark i = Q, d. It is known that
the Selem-Wilczek relation (4) follows from upon the
(m;w/a)-expansion of (Al) and (A2) [28]. Following
[27], we define the effective (dynamical) masses of the
heavy quark and the light diquark in the CM frame of the
baryon by

mQ m

B ) m; = —F/—,
1 — o2 !
o

2
to rewrite (Al) and (A2) as

My = (A3)

1-v3

E=My+my;+ e larcsin(v,) + arcsin(vy)],  (A4)
w

1
L = E(MQUZQ + mdvfl)

+ ZLa)z Z [arcsin(v;) — v;\/1 — 03],  (AS5)

i=0.d

in which the last term in (A4) is the contribution to the
orbital angular momentum due to the string rotating.

The boundary condition of string at ends with heavy
quark gives

(A6)

or
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a P3Q

with Py = M, the conserved momentum of the heavy
quark. Expanding Eqgs. (A3) and (A4) in vy and m gives, up
to v, and the leading order of m,

Ta a m 1 5 s
E:MQ+md+%+5|:vQ_m_d+81]Q:| +O[UQ],

(A8)

_ ) 4 m a 3 5
wL_md+MQUQ+5[Z_m_J +%UQ+O[UQ].

(A9)

Using Eq. (A7) and upon eliminating @, Eqs. (A8)-(A9)
combines to give, when ignoring the small term m/m,,

P2 2

This leads to Eq. (2) when taking the bare mass m — 0. By
the way, we note that Eq. (3) follows by rewriting the
velocity vg = 1 — (mg/My)?, with my = my,.o the bare
mass of the heavy quark Q.

Note that the heavy quark limit(HQL) is defined as the
largeness of the bare mass mg of the heavy quark Q
entering the QCD Lagrangian while its 3-momentum P, =
M v, remains fixed as Q behaves like a static external
source [29] within the bound state of hadrons. It follows
from Eq. (A3) that in the HQL the effective mass M, tends
to infinity also while the 3-velocity v, tends to vanish, that
is, the heavy quarks move nonrelativistically within
hadrons, as it should be. One can readily check that in
the HQL, Egs. (A8) and (A9) become E = M, + my + 3¢
and wL = m, + 4=, which yield (E — My)* = naL + m3.
Here, Myv3 = P3/M tends to vanish in the right-hand
side (RHS) of Eq. (A9).

APPENDIX B

For the heavy quark-diquark systems, the matrix ele-
ments of L - S; can be calculated by explicit construction of
the baryon states with a given J5 as linear combinations of
the states |Sd3’ SQ3,L3> Wlth Sd3 + SQ3 + L3 = J3. Due to
the rotation invariance of the matrix elements, it suffices to
use a single J3 for each and, one can use

1
L-S,=-[L.Si. +L_S;.]+L;Ss.

5 (B1)

to find their elements by applying L -S; on the third
components of angular momenta. In the rep. of
IL,,So..S4;) these component are given by the following
basis states [35]

V2 1
|12P1/2’JZ:1/2>:?|1’_1/2’0>_§|O’1/2’0>
> 2
—£|0’—1/2,1>+7|—1,1/2,1>,
3 3
4P 10, J. = 1/2) = —|1,1/2,=1) =211, =1/2,0)
1/27 z — _\/E 3 5 3 5 5
3 1
_v2 0.1/2,0) +510.-1/2,1)
1
b -1 1/2.1),
-2

2 1
2Py, J, =3/2) = \@1,—1/2, 1)~ \/go, 1/2.1),

3 2
|14P3/27‘]z:3/2>:\/;171/27(»_ Blv_l/231>
2

V15
|14P5/27Jz = 5/2’> = |17 1/2’1>

|0,1/2,1),

Having these component states (in L-S coupling), one
can compute the matrix elements of L - S,

[ _4 2]
3 3

<L . Sd>J:% — \/z 5 ) (BZ)
L—%  —3l
[ 2 5]
3 3

LoSh=| 2 (B3)
L—5  —3J

Accordingly, the states in terms of the J-j coupling can
be expressed as linear combinations of states with definite
L-S coupling (for each eigenvalue A of L - S,.):

1 1 2
A==2 JZE’J =0> = \/;|12P1/2> + \/;’14})1/2%
1 2 1 (B4
A=-liV=5.J= 1> B \£|12P1/2> - \/514P1/z>’
(BS)
3 1 5
A=—1 JZE,J = 1> = \/%|12P3/2> + \/%|14P3/2>’

(B6)

3. 5 1
A= +1 ’J :5’] = 2> = \/%|12P3/2> - \/%|14P3/2>,
(B7

)
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5 TABLE XI. Expectation values of the spin-dependent terms for
A=+1: 'J = E’j = 2> = [1*Ps)5), (B8)  P-wave cg mesons in the L-S-coupling basis states.
State <L . S> <S12> <SQ N Sq>
which can be used to average L - S and S;,. The detailed 3
Its are collected in Table X Po N N /4
fesu : P, 0 0 ~3/4
3P, -1 2 1/4
APPENDIX C 3p, 1 -2/5 1/4

We describe here some of the details on how to estimate
the values of the parameters a;, a,, b, ¢ that enter the spin-
dependent interaction (9) for the SH mesons where S, is
replaced everywhere in Appendix C by the spin S, of light
quark. The following three cases of excited states are
considered in order:

(1) The S-wave SH mesons. In this ground-state case,
only the contact term ¢Sy - S, remains in the spin-
dependent interaction (9). Since the expectation values
of Sy - S, are —=3/4 and 1/4 in the 1'S; and 1°S;
meson states, respectively, the parameter ¢ can be
estimated simply by confronting the predicted mass
difference between two S-states, c(1/4 + 3/4) = c,
with the measured S-wave masses of the D mesons in
the Table VII. The result is
¢ = (2010.3 = 1869.7) MeV = 140.6 MeV. (C1)

(2) The P-wave SH mesons. Similar to Appendix B, a
calculation can be performed for the P-wave SH
mesons. As in the case of the SH baryons, we find it
convenient to work in the j-j basis in which the
analogue of the first term in Eq. (9), a,L ~Sq, is
diagonal. We first calculate the expectation values of
L - S and the tensor operator S, in the basis states
25+1p ;. The results are shown in Table XI.

To evaluate the expectation values of
L -S;(i =¢q,Q), it is convenient to use the L-S

basis. When labeling the states by |S 3. Sps3, L), one
can construct the L-S basis by
1
3P, J3=0)=|—=,—=,1), C2
PPosy=0) = [-5.-5.1) (€)
TSSO B U O
1-J3 — _\/j 27 27 5 2727 s
(C3)
I 11 1 1
P1J =1)== _7’711 9_791
*Pr s >2'22>+2'2 2>
111
——l=,=,0), C4
PPy gy —2) = |2 1 (C5)
2:J3 — - 2’2’ .
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Using (B1) in the J = 1 subspace given by the basis

('P,,* P,), the matrices describing mixing of the
J =1 states are
0 1/v2
sy | |
1/vV2 —-1/2
0 —1/v2
(L-Sg),_, = { } (C7)
-1/vV2  -1)2

The first matrix, which has the eigenvalues —1 and
1/2, can be diagonalized by transforming the L-§
eigenstates to the |/, j) eigenstates. This transfor-
mation, when written in the whole space, can be
given by

[/ =0,j=1/2) =Py,

=1,j=1/2) = \/7|1P \/PP
1= 1i=3/2 = ey + 4

U =2,j=3/2) = FPy).

With the expressions above one can work
out the expectation values of all spin-dependent
operators contributing to the masses of the P-wave
Qg mesons and thereby obtain estimations for the
spin-dependent mass splitting via expanding
around the eigenstates of j =L +S,. Including
the spin-averaged mass M, the results for the P-wave
are [35],

M(0,1/2):M—a1—a2—b—%, (C8)
MOL1/2) = = ay +Yay+ b (9)
’ - al 302 3 12’
_ 1 5 1 Sc
M(1,3/2>—M+§611—6612+8b—ﬁ, (CIO)
_ 1 1 1 c
M(2,3/2>:M+—611+—(12_—b+_. (Cll)
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Given Egs. (C8)—(Cl11), the parameters (a;,a,,b)
which reproduce the observed masses of the c5
mesons in Table VII are [35]

a;(MeV),
89.4,

a,(MeV)

{ M(MeV),
40.7,

b(MeV) }
2513.4,

65.6.
(C12)

where the parameter ¢ in the hyperfine term is
taken to be zero as it is quite small in the P-wave
state.

(3) The D-wave SH mesons. The similar procedure
applies for the D-wave Qg mesons. Using the state
1S,3.Sp3. L3), one can explicitly construct the L-S
basis for the D-wave Qg states by

-4 Vi
(3t} Bl

|3D]1J3:1

C13)
1 1 1 11
Dy J;=2)=—|=-,—=,2)——=| —=,=,2 ),
D273 =2) ﬁ’f 2’> ﬁ‘ 272 >
(C14)
1111 1|1 1
Dy J3=2)=——=|5.5. 1) +—[5.—5.2
|2,3 ) \/522>+\/§{22>
1 11
+\/§‘—2,2,2>, (CIS)
1 1

Utilizing (B1) again in the J = 2 subspace given by the
basis (!D,,> D,), the matrices describing mixing of the
J =2 states are

TABLE XII.

(L-S,),_, = 0 V32 ) (C17)
V3/2 -1)2
B 0 —/3/2
<L'SQ>J=2_ [_ #3/2 _1/21- (C18)

The first matrix, which has the eigenvalues —3/2
and 1, can be diagonalized by the following basis trans-
formation between the L-S eigenstates and the |J,j)
eigenstates. In the whole space, the transformation takes
the form:

[V =1,j=3/2) =D,

\/7|1P2 \/7|3P2
. 3 2
|J=2,j=5/2) = \/;1P2> + \/;|3P2>7

[/ =3.j=5/2) = P3).

J=2,j=3/2) =

Given these relations, the calculations for the expectation
values of all mass splitting operators can be performed and
the mass expression for the D-wave Qg mesons can be
obtained via the procedure similar to that to have Egs. (16)—
(20). The results are

3 3 5 c

39 3 3¢
M(2,5/2) = M+ ay—~ay + L b - 1€ (C21)

e AT
M(3,5/2):M+a1+a2—b—§. (C22)

In the D-wave case, only two observed masses
are available in Table VII for each family of the D/D;
mesons. Since only the mass splitting AM = M — M is
relevant here, we use the mass splitting AM given by

The masses and corresponding mass splitting AM = M — M for the D-wave D mesons. The QM

stands for the quark model predictions(# = 2834.3 MeV). The rescaled mass splitting are obtained by multiplying
AM(QM) by a deviation factor (2763.5 —2737)/(2863 — 2850) = 2.04.

States M (Exp.) M(QM) [34] AM(QM) AM (rescaled)
) e 2788 —46.3 -94.4
) e 2806 —28.3 -57.6
12,5/2) 2737(12) 2850 15.8 32.1
13,5/2) 2763.5 2863 28.8 58.7
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the quark model(QM) predictions [34] rescaled by
the deviation factor 2.04 so that the rescaled mass
splitting match the observed data. The details are listed
in Table XII.

The parameters for the D-wave D mesons
which reproduce the mass splitting AM (rescaled) in
Table IX are

a,(MeV)
12.6,

b(MeV)

{ a;(MeV),
0.52,

C23
47.6, } (€23)
where the parameter ¢ in the hyperfine term has been set to
be zero. This completes the estimation of a, for the SH
mesons in their P-wave and D-wave excitations.
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