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Stimulated by recent progress made by the LHCb Collaboration in discoveries of new bottom baryons,
e.g., the Ξbð6227Þ− and the Σbð6097Þ�, we reexamine the orbitally excited spectrum of the charmed and
bottom baryons using the Regge approach in the heavy quark-diquark picture. The results indicate that the
spin-averaged mass spectrum of the orbitally excited charmed and bottom baryons can be described by a
linear Regge relation, which is derived from the rotating QCD string model. By giving further mass-
splitting analysis of spin-dependent interactions, we explain the baryons Ξbð6227Þ− and the Σbð6097Þ�,
and the Σcð2800Þ and Ξ0

cð2930Þ to be the 1P-wave baryons, all with the spin-parity JP ¼ 3=2− preferably.
Mass prediction of the bottom baryon Ξb in its P-wave- andD-waves are presented, providing clues for the
coming experiments like the LHCb to find them.
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I. INTRODUCTION

The information from singly heavy (SH) baryon spectrum
is quite helpful to deepen the understanding of nonperturba-
tive quantum chromodynamics (QCD) as the heavy quark
inside a baryon endows us with a “flavor tag” to look further
into the nature of the interquark forces [1]. This forms an
analogy with the hydrogenlike atoms, in which the quantum
states of the binding systems are labeled well by that of light
degrees of freedom, and provides us with a good chance to
further construct excited states of the bottom baryon family.
In the past two decades, more than twenty charmed baryon
candidates have been announced by the different experi-
mental collaborations [2]. Differing from the charmed
baryons, searching for the bottom baryon states is far from
easy for experiment since the bottom baryons seems to be
more difficult to produce than the charmed baryons. Only
several bottombaryon candidateswere reported before 2017.
Recently, the LHCb Collaboration discovered, one after

another, two new bottom baryon states, the Ξbð6227Þ− by
studying its final states of the Λ0

bK
− and Ξ0

bπ
− [3], and the

Σbð6097Þ� in the final states of Λ0
bπ

� [4]. The two baryons
differ about 130 MeV in mass, close to the mass difference

of u=d and s constituent quarks, and exhibit similar decay
behaviors in width and final states. After their observations,
the two baryons become the key states for establishing the
whole family of the excited bottom baryons, and their
properties and inner structures become hot topics for the
heavy baryon study [5–11]. Most of these studies prefer to
suggest that the Ξbð6227Þ− is the P-wave strange partner of
the Σbð6097Þ�, with spin-parity JP ¼ 3=2− or 5=2− while
there are also the molecular accommodation [12]. For more
discussions on the excited heavy baryons, see Refs. [13–20].
To further decode inner structure of the Ξbð6227Þ− and

Σbð6097Þ�, it becomes important to explore the charmed
and bottom baryons in a coherent way so that these newly
discovered baryons can be analysed in connection with the
existing SH baryons in the charm sector, e.g., the Σcð2800Þ
and Ξ0

cð2930Þ, whose quantum numbers are not established
experimentally yet [2,21,22]. Obviously, it will be helpful
to deepen our understanding of nonperturbative QCD if
some analogies were found among these SH hadron
systems. For the two charmed baryons mentioned above,
quark models predict their quantum number to be [17–20],

JPðΣcð2800ÞÞ ¼
1

2

−
or

3

2

−
;

JPðΞ0
cð2930ÞÞ ¼

3

2

−
or

5

2

−
: ð1Þ

Based on the Regge trajectories, authors of Ref. [23] assign
the Σcð2800Þ and Ξ0

cð2930Þ to be the P-wave states
with JP ¼ 3=2−.
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The purpose of this work is to explore the orbitally
excited mass spectrum of the SH baryons qqQ with the
help of Regge trajectory and accommodate the newly
discovered bottom baryons Ξbð6227Þ, the Σbð6097Þ�, as
well as the charmed baryons Σcð2800Þ and Ξ0

cð2930Þ. Our
mass analysis indicates that a linear Regge trajectory is able
to describe the spin-averaged mass spectrum of the existing
singly heavy baryons in their orbitally excited states.
Further mass-splitting analysis of the orbitally excited
SH baryons suggests that the quantum numbers of the
four SH baryons considered here are JP ¼ 3=2− preferably.
We also make the mass prediction of the bottom baryon Ξb
in its P-wave- and D-waves, which should be tested by
future experiments, especially the LHCb.
The paper is organized as follows. After the introduction,

we show how the linear Regge relation can be employed to
demonstrate Regge behaviors in the spin-averaged masses
of orbitally excited SH baryons in Sec. II, where the
trajectory parameters are discussed. In Sec. III, we perform
mass calculations for the orbital excitations of the SH
baryons with L ¼ 0, 1 and 2ðΛc;Ξc casesÞ by including the
spin-dependent interactions, and assign the JP quantum
number for the Σcð2800Þ and the Ξ0

cð2930Þ. In Sec. IV the
similar analysis is applied to the singly bottom baryons and
to assign the quantum number for the newly reported
baryons Ξbð6227Þ and the Σbð6097Þ�. The masses of the
bottom baryon states Ξb in the P-wave- and D-waves are
also predicted. Finally, the paper ends with the discussions
and summary in Sec. V.

II. SPIN-INDEPENDENT MASSES
FOR SINGLY HEAVY BARYONS

The notion of Regge trajectory or Regge mass relation
L ¼ α0M2 þ α0 for hadrons, which connects high energy
scattering and the spectrum of hadrons in general theory
[24], provides us a powerful way to organize the whole
spectrum of a given family of the hadrons. In the case of
light hadrons, the Regge trajectories are commonly
believed to be linear and parallel, and these features are
also tested to be true roughly for the SH hadrons in
Ref. [25] provided that the hadron mass undergoes a shift
M → M −MQ, with MQ the heavy quark mass. As such,
one can estimate the spin-averaged masses of ΣQ and Ξ0

Q in
their orbitally excited states with the help of the trajectory
information of the partner SH baryons or mesons.
We begin with a linear Regge relation [26,27], which is

derived from the rotating string model (see Appendix A),

ðM −MQÞ2 ¼ πaLþ
�
md þ

P2
Q

MQ

�2

; ð2Þ

This relation connects the shifted mass of a SH baryon
squared, ðM −MQÞ2, with its quantum number of orbital
angular momentum L. Here, a stands for the tension of the

string connected to the heavy quark with mass MQ at one
end and the light diquark with mass md at the other, andM
is the mass of the heavy baryon. In Eq. (2), the intercept
depends on the diquark mass md and the nonrelativistic
kinematic energy P2

Q=MQ of the heavy quark through
a0 ¼ ðmd þ P2

Q=MQÞ2, with

PQ ≡MQvQ ≃MQ

�
1 −

m2
bareQ

M2
Q

�1=2

; ð3Þ

where mbareQ ¼ 1.275 GeV and 4.18 GeV are the bare
masses of the heavy charmed quark Q ¼ c and bottom

quark Q ¼ b, respectively. Here, vQ¼ð1−m2
bareQ

M2
Q
Þ1=2 stands

for the velocity of the heavy quark, which is conserved in
the heavy quark limit.
The simplest way to understand Eq. (2) is to view it as an

extension of the Selem-Wilczek relation [28] for the SH
hadrons,

M −MQ ¼
ffiffiffiffiffiffiffi
α

2
L

r
þ 21=4κ

μ3=2

L1=4 ; ð4Þ

which scales as ðM −MQÞ2 ∝ ðα=2ÞL when L → ∞ but
divergent at L ¼ 0. As L ≫ 1, Eq. (2) reduces to Eq. (4),
M −MQ ¼ ffiffiffiffiffiffiffiffiffi

πaL
p þ a0=ð2

ffiffiffiffiffiffiffiffiffi
πaL

p Þ, while it is finite at
L ¼ 0 and becomes

Mð1SÞ ¼ MQ þmd þ
P2
Q

MQ
: ð5Þ

This is consistent with the prediction by the heavy quark
symmetry for the ground state (L ¼ 0) [29] as MQ is very
close to the bare mass of the heavy quark Q when Q
is heavy, as indicated by Eq. (A3) in Appendix A. The
heavy quark limit defined by mbareQ → ∞ implies MQ ≃
mbareQ → ∞ and the 3-velocity of heavy quark vQ → 0 (see
Appendix A). Here, the md plays the role of the energy of
the light brown muck in a baryon in the lowest states. We
note that the orbital angular momentum L here corresponds
to the λ mode in the quark model [30,31].
In the light of the rotating string model [28], one can

view the heavy baryon mass M as the sum of the mass MQ

of heavy quark at one end of the string and the string energyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πaLþ a0

p
, with the light diquark tied to the other. We

note that the full quantum treatment [32,33] of the QCD
string provides merely an additional constant α0 added to L
as expected by the Regge trajectory of hadrons.
As will be seen in what follows, the mass of the diquark

ðqqÞd in Eq. (2) varies when the strangeness and its spin
involve. In a SH baryon with zero strangeness, the diquark
can be either of scalar (spin ¼ 0) or of vector (spin ¼ 1),
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ðqqÞd ¼
� ½ud�; I ¼ 0 ¼ spin; in ΛQ;

fuu; ud; ddg; I ¼ 1 ¼ spin; in ΣQ:

while in those with strangeness ¼ −1, it can be either of
scalar (spin ¼ 0) or axial vector (spin ¼ 1)

ðqsÞd ¼
� ½us; ds�; I ¼ 1=2; spin ¼ 0; in ΞQ;

fus; dsg; I ¼ 1=2; spin ¼ 1; in Ξ0
Q:

To confront Eq. (2) with the baryon mass data, we list in
Table I the observed masses of the heavy baryons ΛQ and
the strange heavy baryons ΞQ (Q ¼ c; b), and in Table II
that of the heavy baryons ΣQ and the strange heavy baryons
Ξ0
Q (Q ¼ c; b). In Table III, the observed spin-averaged

masses for the family of orbitally excited SH baryons are
collected with the weight 2J þ 1 (with J the angular
momentum of the baryon), and are fitted by the relation
(2), in which the estimated mass can be rewritten as, upon
using Eq. (3),

ML ¼ MQ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πaLþ ½md þMQ −m2

bareQ=MQ�2
q

: ð6Þ
In Tables IV, V and VI, the trajectory parameters

reproducing the observed masses in Table I and Table II
are listed for the charmed baryons Λc and Ξc, and for the
baryons Σc and charm-strange baryons Ξ0

c, respectively,

including the ensuing P-wave spin-averaged masses pre-
dicted by Eq. (6). The resulted parameters are compared
with the quark model predictions [17] in the three tables. In
Table III, the observed spin-averaged masses are collected
for all relevant baryons except for the baryons ΣQ and Ξ0

Q

(Q ¼ c; b), and the spin-averaged masses predicted by
Eq. (2) via the parameters given in Tables IV, V, and VI are
also shown for comparisons. Here, we assumed the orbital

TABLE I. The observed quantum numbers and masses (in MeV) [2] of the charmed and charm-strange baryons Λc and Ξ0
c that contain

the scalar-diquark. The JP of some states indicated by the question marks are the quark-model predictions [26], and have not been
established experimentally. The errors less than 5 MeV are not indicated.

States, JP Baryon Mass This work Baryon Mass This work

12S1=2; 1=2þ Λþ
c 2286.46(14) 2286.0 Ξþ

c 2467.87(30) 2469.1
12P1=2; 1=2− Λcð2595Þþ 2592.25(28) 2588.7 Ξcð2790Þþ 2792.0(5) 2778.6
12P3=2; 3=2− Λcð2625Þþ 2628.11(19) 2628.9 Ξcð2815Þþ 2816.67(31) 2816.5
12D3=2; 3=2þ Λcð2860Þþ 2856.1þ2.3

−6.0 2857.3 Ξcð3055Þþ 3055.9(4) 3058.7
12D5=2; 5=2þ Λcð2880Þþ 2881.63(24) 2880.2 Ξcð3080Þþ 3077.2(4) 3079.7

12S1=2; 1=2þ Λ0
b 5619.60(17) 5615.5 Ξb 5791.9(5) 5792

12P1=2; 1=2− Λbð5912Þ0 5912.20(21) 5908.5 Ξb 6116.9
12P3=2; 3=2− Λbð5920Þ0 5919.92(19) 5921.4 Ξb 6129.1
12D3=2; 3=2þ Λbð6146Þ0 6146.17 6144.8 Ξb 6376.9
12D5=2; 5=2þ Λbð6152Þ0 6152.51 6152.2 Ξb 6383.6

TABLE II. The observed quantum numbers and masses (in MeV) [2] charmed and charm-strange baryons that contain vector-diquark.
The JP of some states indicated by the question marks are the quark-model predictions.

States, JP Baryon Mass This work Baryon Mass This work

12S1=2; 1=2þ Σcð2455Þþþ 2453.97(14) 2452.7 Ξ0
c 2578.8(5) 2586.0

14S3=2; 3=2þ Σcð2520Þþþ 2518.41þ0.21
−0.19 2517.8 Ξ00

c ð2645Þ 2646.32(31) 2641.6
12Jþ1PJ; ?? Σcð2800Þþþ? 2801þ4

−6 � � � Ξ0
cð2930Þ? 2931(6) � � �

12S1=2; 1=2þ Σþ
b 5811.3(1.9) 5811.0 Ξ0

bð5935Þ− 5935.02(05) 5937.1
14S3=2; 3=2þ Σ�þ

b 5832.1(1.9) 5832.0 Ξ0
bð5955Þ 5955.33(13) 5955.0

12Jþ1PJ; ?? Σbð6097Þþ? 6095.8(2) � � � Ξ0
bð6227Þ? 6226.9(2.1) � � �

TABLE III. The measured spin-averaged masses of the SH
baryons and that predicted by the linear Regge relation (2), with
the parameters in Tables IV–VI.

Baryon Exp ðM̄Þ This work ðM̄Þ Baryon Exp ðM̄Þ This work ðM̄Þ
Λc; 1S 2286.0 2286.0 Ξc; 1S 2467.87 2469.0
Λc; 1P 2616 2618.5 Ξc; 1P 2808 2803.9
Λc; 1D 2871 2871.1 Ξc; 1D 3069 3071.3

Λb; 1S 5619 5619 Ξb; 1S 5792 5798.1
Λb; 1P 5917 5616.3 Ξb; 1P � � � 6125.1
Λb; 1D 6148 6149.3 Ξb; 1D � � � 6380.9

Σc; 1S 2497.0 2496.1 Ξ0
c; 1S 2624 2623.1

Σc; 1P � � � 2774.1 Ξ0
c; 1P � � � 2923.0

Σb; 1S 5825 5825.0 Ξ0
b; 1S 5949 5949.0

Σb; 1P � � � 6088.4 Ξ0
b; 1P � � � 6248.2
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trajectories of the ΣcðΞcÞ and the ΛcðΞ0
cÞ to be parallel,

leading to the same string tensions between them.
We also apply Eq. (2), with md everywhere replaced by

the effective masses of light(strange or u=d) antiquarks, to
the heavy-light (Qq̄) mesons whose observed masses are
listed in Tables VII and VIII, and list in Table IX the
determined trajectory parameters, namely, the effective
masses mn;s of light u=d quark and the strange quark,

and the string tensions a, for the D=Ds mesons and the
B=Bs mesons. The resulted parameters are compared to that
in the quark model [34] for the heavy-light mesons.
From Table IVone sees that the predicted spin-averaged

masses 2616 MeV and 2804 MeV of the 1P-wave Λc and
Ξc are very close to the corresponding values 2616 MeV
and 2808 MeV in Tables I, respectively. Furthermore, the
following remarks are in order.

TABLE VI. The masses (GeV) of the bottom quark and diquarks, and the tension (GeV2) that match the measured spin-averaged
masses of the Λb and the Ξb in Table I and the Σb and the Ξ0

b in Table II. Here, the RMS error χRMS ¼ 0.001 GeV. The comparison with
that by quark model is given.

Parameters Mb mdð½nn�Þ aðΛbÞ mdð½ns�Þ aðΞbÞ M̄ðΛbÞ M̄ðΞbÞ
This work 4.48 0.534 0.246 0.718 0.307 5.917 6.125
EFG [17] 4.88 0.710 0.18 0.948 0.18 5.938 6.127

Parameters Mb mdðfnngÞ aðΣbÞ mdðfnsgÞ aðΞ0
bÞ M̄ðΣbÞ M̄ðΞ0

bÞ
This work 4.48 [input] 0.745 0.246 0.869 0.307 6.088 6.248
EFG [17] 4.88 0.909 0.18 1.069 0.18 6.090 6.228

TABLE IV. The effective masses (GeV) of the charm quark and scalar-diquarks, and the tension (GeV2) that match the measured spin-
averaged masses of the Λc and the Ξc in Table I. Here, the RMS error χRMS ¼ 0.001 GeV and n ¼ u=d. The comparison with that by
quark model is given.

Parameters Mc mdð½nn�Þ aðΛcÞ mdð½ns�Þ aðΞcÞ M̄ðΛcÞ M̄ðΞcÞ
This work 1.44 0.535 0.212 0.718 0.255 2.618 2.804
EFG[17] 1.55 0.710 0.18 0.948 0.18 2.617 2.808

TABLE V. The effective masses (GeV) of the charm quark and vector-diquarks, and the tension (GeV2) that match the measured spin-
averaged masses of the Σc and the Ξ0

c in Table II. Here, the RMS error χRMS ¼ 0.001 GeV and n ¼ u=d. The comparison with that by
quark model is given.

Parameters Mc mdðfnngÞ aðΣcÞ mdðfnsgÞ aðΞ0
cÞ M̄ðΣcÞ M̄ðΞ0

cÞ
This work 1.44 [input] 0.745 0.212 0.872 0.255 2.774 2.923
EFG[17] 1.55 0.99 0.18 1.069 0.18 2.780 2.919

TABLE VII. The observed masses (in MeV) of the charmed and charmed strange mesons [2]. The some of
quantum numbers indicated by question marks are quark model predictions, which has not been established
experimentally. The errors less than 5 MeV are not indicated.

State JP Meson Mass EFG [34] Meson Mass EFG [34]

11S00
− D� 1869.7 1871 Ds 1968.3 1969

13S11
− D�ð2010Þ� 2010.3 2010 D�

s ½JP??� 2112.2 2111
13P00

þ D�
0ð2400Þ� 2351(7) 2406 D�

s0ð2317Þ 2317.7 2509
1P11

þ D1ð2430Þ0 2427(40) 2469 Ds1ð2460Þ 2459.5 2574
1P11

þ D1ð2420Þ�½JP??� 2423.2 2426 Ds1ð2536Þ 2535.1 2536
13P22

þ D�
2ð2460Þ� 2465.4 2460 D�

s2ð2573Þ 2569.1 2571
13D11

− 2788 D�
s1ð2860Þ 2859(27) 2913

1D22
− 2850 2961

1D22
− Dð2740Þ0½JP??� 2737(12) 2806 2931

13D33
− D�

3ð2750Þ 2763.5 2863 D�
s3ð2860Þ 2860(7) 2971
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(1) The mass differences between the S-wave SH
baryons Σc and Λc are equal to that between the
diquarks (of scalar or vector type) contained in
them,

mdðΣcÞ −mdðΛcÞ ¼ 210 MeV ¼ M̄ðΣcÞ −MðΛcÞ;
ð7Þ

mdðΞ0
cÞ −mdðΞcÞ ¼ 154 MeV ¼ M̄ðΞ0

cÞ −MðΞcÞ:
ð8Þ

This imposes a constraint on the masses of the vector
diquark which are crucial for predicting, through
Eq. (2), the spin-averaged masses of the P-wave
excitations of the baryons Σc and Ξ0

c. The latter are
less established experimentally, as shown in Table II.

(2) The mass values of the heavy quark and light
diquarks in our approach are in consistent with that
in the relativistic quark model. The string tension a
in our approach is flavor-dependent weakly, with a
rising about 0.04 GeV2 (0.06 GeV2) for the
charmed(bottom) baryons when diquark flavor in
them changes from nn to nsðn ¼ u; dÞ.

(3) Once determined, the diquark masses of both types
can be applied to explore the Regge behaviors in the
bottom partner of the charmed baryons, for which
the less data are available experimentally.

III. INCLUDING MASS SPLITTING
FOR ORBITAL EXCITATIONS

To estimate the mass splitting in orbitally excited
charmed and bottom baryons QqqðQ ¼ c; b; q ¼ u=d; s;
qq ≠ ssÞ, one needs to consider the spin-dependent inter-
action which was ignored in Eq. (2). In the light of QCD

string, the orbital motion of QCD string [34] contributes
dominantly to total angular moment L of the system,
which makes the quark-diquark potential nontrivial (L-
dependent) effectively. For simplicity, we follow Ref. [35]
to compute the spin-dependent mass for L ¼ 0; 1 and
2ðΛQ;ΞQ case onlyÞ via the scaling relation between
heavy baryons Qqq and their meson partners Qq̄ (note
that the color-structure similarity between baryon and
meson is implicitly assumed in the quark-diquark
picture). The spin-dependent interaction we consider is
[17,35]

HSD ¼ a1L · Sd þ a2L · SQ þ bS12 þ cSd · SQ; ð9Þ

S12 ¼ 3Sd · r̂SQ · r̂ − Sd · SQ;

where the first two terms are spin-orbit energies, the third is
the tensor energy, and the last describes the hyperfine
splitting between the heavy quark with spin SQ and diquark
with spin Sd. Here, L is the orbital angular momentum of
the baryons. The first term (a1-term) is obviously larger
than the others (especially for the bottom systems) as the
later all involve the magnetic moment SQ=MQ of heavy
quark when viewing Eq. (9) as a spin-relevant relativistic
correction.
(A) The S-wave baryons (L ¼ 0). In this case, only the

last term survives in Eq. (9), HSD ¼ cSd · SQ. Note that
hSd · SQi ¼ ½SðSþ 1Þ − SQðSQ þ 1Þ − SdðSd þ 1Þ�=2 be-
comes 0 when the conserved total quark spin
Sð¼ J hereÞ ¼ 1=2 and Sd ¼ 0, and has the value −1
and 1=2, when Sd ¼ 1 and S ¼ 1=2; 3=2, respectively.
Thus, the mass for the 1S-wave states is

Mð1SÞSd¼0 ¼ M̄L¼0; ðΛQ=ΞQÞ; ð10Þ

TABLE IX. The effective masses (in GeV) of quarks that match the observed spin-averaged masses in Table VII
and VIII, with a in GeVand the RMS error χRMS ¼ 0.001 GeV. The comparison with that by quark model is given.

Parameters Mc Mb mn ms a ðcn̄ Þ a ðcs̄ Þ aðbn̄Þ aðbs̄Þ
This work 1.44 [input] 4.48 [input] 0.23 0.328 0.223 0.249 0.275 0.313
EFG [34] 1.55 4.88 0.33 0.5 0.64=0.58 0.68=0.64 1.25=1.21 1.28=1.23

TABLE VIII. The observed masses (in MeV) of the bottomed and bottomed strange mesons [2]. The some of
quantum numbers as shown are quark model predictions. The errors less than 5 MeV are not indicated.

State JP Meson Mass EFG [34] Meson Mass EFG [34]

11S00
− B0 5279.6 5280 Bs 5366.9 5372

13S11
− B� 5324.7 5326 B�s 5415.4 5414

13P00
þ B�Jð5732Þ½JP??� 5698(8) 5749 5833

1P11
þ 5774 B�sJð5850Þ½JP??� 5853(15) 5865

1P11
þ B1ð5721Þ0 5726.0 5723 Bs1ð5830Þ 5828.6 5831

13P22
þ B�2ð5747Þ0 5739.5 5741 B�s2ð5840Þ 5839.9 5842
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Mð1SÞSd¼1 ¼ M̄L¼0 þ c

�−1 0

0 1=2

�
; ðΣQ=Ξ0

QÞ: ð11Þ

For the baryon ΛQ and ΞQ containing an light scalar
diquark(spin Sd ¼ 0), the total spin S ¼ 1=2 ¼ J. This
corresponds to a single baryon ground state 12S1=2. The
ground state masses of the baryons ΛQ and ΞQ are given
simply by their spin-independent masses in Eq. (2). To
estimate c for the baryon ΣQ and Ξ0

Q which contain the light
vector diquark (spin Sd ¼ 1), we employ the following
scaling relation to the partner in heavy mesons,

cðQqqÞ ¼ mq

mdðqqÞ
cðQq̄Þ; ð12Þ

which stems from the inverse-mass scaling inherent in the
contact interaction (∼ the diquark magnetic moment
Sd=md). Extracting cðQq̄Þ from the splitting between the
Qq̄ meson mass Mð13S1; 1−Þ and Mð11S0; 0−Þ in the case
of the D mesons (see Table VII):

cðQq̄Þ ¼Mð13S1;1−Þ−Mð11S0;0−Þ ¼ 140.6 MeV; ð13Þ

one estimates, by Eq. (12),

c ¼ 140.6 ×

�
230=745

230=872

�
¼

�
43.4ðΣcÞ
37.1ðΞ0

cÞ

�
; ð14Þ

Having c given by Eps. (14), Eqs. (10)–(11) give masses for
the S-wave charmed baryons, as listed in Table I and
Table II, respectively.
(B) The P-wave baryons(L ¼ 1). For the baryon ΛQ and

ΞQ containing spin ¼ 0 diquarks, the P-wave states cor-
respond to two baryon states of JP ¼ 1=2− and 3=2−. This
can be written as ½0d ⊗ ð1

2
ÞQ�S ⊗ 1L ¼ 1

2
⊕ 3

2
in the notation

of symmetry group, where the notations⊗ and⊕ stand for
the coupling(adding of the angular momentum in the
standard terminology) and the juxtaposition of the angular
momentum shown. In the charm sectors, for instance, there
are four P-wave candidates Λcð2595Þþ and Λcð2625Þþ,
Ξcð2790Þþ and Ξcð2815Þþ [2] (see Table I). The masses
and possible quantum numbers for the observed low-lying
baryons Λc and Ξc are summarized in Table I.
For the baryon ΣQ and Ξ0

Q containing spin ¼ 1 diquarks,
the five P-wave states J ¼ 1=20, 3=20, 1=2, 3=2, and 5=2
with negative parity are allowed:

�
1d ⊗

�
1

2

�
Q

�
S

⊗ 1L ¼
�
1

2

0
⊕

3

2

�
S
⊗ 1L;

¼ 1

2
⊕

3

2
⊕

1

2

0
⊕

3

2

0
⊕

5

2
: ð15Þ

The current candidates of these P-wave charmed baryons
are the Σcð2800Þ0;þ;þþ in the nonstrange sector and the
Ξcð2930Þ0;þ in the strange sector, whose spin and parity
have not been established yet [2]. The quark model
assignments are given by Eq. (1). The masses and possible
quantum numbers for the observed low-lying baryons
Σc and Ξ0

c are summarized in Table II, with the question
marks indicating that their JP assignments are unknown
experimentally.
A normal scheme (the L-S coupling) of computing mass

splitting by Eq. (9) is to couple the diquark spin Sd to the
heavy quark spin SQ first and then to the orbital angular
momentum L of the system, as shown in (15) for Sd ¼ 1
case. In the L-S basis the two J ¼ 1=2 states and the two
J ¼ 3=2 states are usually mixed unless a1 ¼ a2. They are
eigenstates of 2 × 2 matrices MJ given in the basis
2PJ;4 PJ. Using the 1P-wave wavefunctions of the heavy
quark-diquark systems in the basis of jLz; SQz; Sdzi, these
matrices can be evaluated and given by (Appendix B)

hL · SdiJ¼1
2
¼

"
− 4

3
−

ffiffi
2

p
3

−
ffiffi
2

p
3

− 5
3

#

hL · SdiJ¼3
2
¼

"
2
3

−
ffiffi
5

p
3

−
ffiffi
5

p
3

− 2
3

#

and hL · SdiJ¼5=2 ¼ 1, hL · SQiJ¼5=2 ¼ 1=2. The two
matrices above have the eigenvalues −1, −2 for J ¼ 1=2
and the eigenvalues �1 for J ¼ 3=2.
One can also choose an alternative scheme(the j-j

coupling) in which the diquark spin Sd couples to L first
and then to the conserved spin SQ of the heavy quark. In the
P-wave case(L ¼ 1), for instance, this scheme reads,

½0d ⊗ 1L�j ⊗
�
1

2

�
Q
¼ 1j ⊗

�
1

2

�
Q
¼ 1

2
⊕

3

2
;

for the baryons ΛQ and ΞQ, and takes form

½1d ⊗ 1L�j ⊗
�
1

2

�
Q
¼ f0; 1; 2gj ⊗

�
1

2

�
Q

¼ 1

2
⊕

1

2

0
⊕

3

2
⊕

3

2

0
⊕

5

2
;

for the baryons ΣQ and Ξ0
Q. Since the interactions other than

the L · Sd term in (9) are suppressed by 1=MQ, one can
compute the mass splitting in a basis in which L · Sd is
diagonal, with the other interactions treated perturbatively.
Notice that hL·Sdi¼½jðjþ1Þ−LðLþ1Þ−SdðSdþ1Þ�=2

takes values −2, −1 and 1 when j ¼ 0, 1,2, respectively,
one can use the eigenfunction of the L · Sd to evaluate the
mass splitting operators in Eq. (9) in the j-j coupling
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(Appendix B). The results are listed in Table X, from which
the mass splitting MðJ; jÞ ¼ hJ; jjHSDjJ; ji can be evalu-
ated in the jJ; ji basis. Written in terms of three parameters
(a1; a2 þ c; b), the results are (see Ref. [36] for details,
which corrected an error in Ref. [35])

MSDð1=2; 0Þ ¼ −2a1; ð16Þ

MSDð1=2; 1Þ ¼ −a1 −
1

2
ða2 þ cÞ − b; ð17Þ

MSDð3=2; 1Þ ¼ −a1 þ
1

4
ða2 þ cÞ þ 1

2
b; ð18Þ

MSDð3=2; 2Þ ¼ a1 −
3

4
ða2 þ cÞ þ 3

10
b; ð19Þ

MSDð5=2; 2Þ ¼ a1 þ
1

2
ða2 þ cÞ − 1

5
b: ð20Þ

One additional constraint stems from the vanishing of these
splitting as a sum:

Pð2J þ 1ÞMSDðJ; jÞ ¼ 0, which is

10MSDð1=2; 0Þ − 15MSDð1=2; 1Þ þ 8MSDð3=2; 2Þ
¼ 3MSDð5=2; 2Þ: ð21Þ

Following Ref. [35], one can calculate the parameters
fa1; a2; bg in Eq. (9) for the heavy baryon Qqqðq ¼
u=d; sÞ by assuming the following mass scaling, which
relates these parameters to that for the heavy mesons Qq̄
with effective antiquark mass mq, or relates the parameters
among the heavy flavor partners (bqq and cqq),

a1ðQqqÞ ¼ a1ðQq̄Þ
�

mq

mdðqqÞ
�
; ð22Þ

a1ðbÞ ¼ a1ðcÞ; a2ðbÞ ¼ a2ðcÞ
�
Mc

Mb

�
;

bðbÞ ¼ bðcÞ
�
Mc

Mb

�
; ð23Þ

where b, c in parenthesis stand for the bottom and charm
sectors. In evaluating the coupling a2 for the charmed

baryons, a simple way is to estimate it via that for the
charmed mesons by resembling the charmed baryon cqq to
the charmed meson cq̄ systems. Considering the finite mass
effects of the charm quark which differ between the
charmed baryons and the charmed mesons, we use a recoil
factor ð1þmd=MQÞ to partially remedy the uncertainty
that may happen in this resembling,

a2ðcqqÞ ¼
a2ðcq̄Þ

1þmd=Mc
: ð24Þ

In the following, we describe very briefly how to
evaluate the parameters fa1; a2; bg for the charmed-strange
mesons for which the spin-dependent Hamiltonian is given
by Eq. (9) in which Sd is replaced by Sq. First, one can
derive a counterpart of Eqs. (16)–(20) for Qq̄ system via a
calculation similar to the P-wave heavy baryons and obtain
the mass for the P-wave spin multiplets of the heavy
mesons (Qq̄) in the jJ; ji states (j ¼ L3 þ S3; L ¼ 1). The
results are [Appendix C: Eq. (C8)–(C11)]:

Mð0; 1=2Þ ¼ M̄ − a1 − a2 − b −
c
4
; ð25Þ

Mð1; 1=2Þ ¼ M̄ − a1 þ
1

3
a2 þ

1

3
b −

c
12

; ð26Þ

Mð1; 3=2Þ ¼ M̄ þ 1

2
a1 −

5

6
a2 þ

1

6
b −

5c
12

; ð27Þ

Mð2; 3=2Þ ¼ M̄ þ 1

2
a1 þ

1

2
a2 −

1

10
bþ c

4
: ð28Þ

Second, confronting the observed masses of the Ds mesons
in the P-wave (see Table VII), one can find the parameters
fa1; a2; bg for the heavy mesons Ds reproducing their
observed mass spectrum via Eqs. (16)–(20). Ignoring c
(vanishes almost in the P-wave), one can find lastly [35]
[see Appendix C: Eq. (C12)]:

�
M̄ðMeVÞ; a1ðMeVÞ; a2ðMeVÞ bðMeVÞ
2513.4; 89.4; 40.7; 65.6:

�
ð29Þ

Given a1 in Eq. (29) for the Ds mesons in P-wave, the
diquark masses in Table IV and V and the strange quark
mass in Table IX, Eq. (22) gives

Σc; 1P∶ a1 ¼ a1ðcs̄Þ
�

ms

mdðfqqgÞ
�

¼ 89.4 MeV

�
328

745

�
¼ 39.4 MeV;

Ξ0
c; 1P∶ a1 ¼ a1ðcs̄Þ

�
ms

mdðfqsgÞ
�

¼ 89.4 MeV

�
328

872

�
¼ 33.6 MeV: ð30Þ

For the charmed baryons Σc and Ξ0
c, Eq. (24) with md

given in Table V gives

TABLE X. The matrix elements of the mass splitting operators
in the P-wave baryon states in the j-j coupling.

ðJ; jÞ hL · SQi hS12i hSd · SQi
ð1=2; 0Þ 0 0 0
ð1=2; 1Þ − 1

2
−1 − 1

2

ð3=2; 1Þ 1
4

1
2

1
4

(3=2; 2Þ − 3
4

3
10

− 3
4

ð5=2; 2Þ 1
2

− 1
5

1
2
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a2ðΣc; 1PÞ ¼
a2ðDsÞ

1þmd=Mc
¼ 40.7

1.517
¼ 26.8 MeV;

a2ðΞ0
c; 1PÞ ¼

a2ðDsÞ
1þmd=Mc

¼ 40.7
1.606

¼ 25.3 MeV; ð31Þ

while for the charmed baryons Λc and Ξc, the parameter a2
become slightly larger when using Eq. (29) and the diquark
masses given in Table IV. We take a2ðΛc; 1PÞ ≃ a2ðΣc; 1PÞ
and a2ðΞc; 1PÞ ≃ a2ðΞ0

c; 1PÞ for simplicity as this varying
in a2 is small at the mass scale of the P-wave charmed
baryons, as shown explicitly in Figs. 1–2. Equations (31)
are in consistent with the values of a2 that match the
observed P-wave masses of the baryons Λc and Ξc:

a2ðΛcÞ ¼ 24 MeV; a2ðΞcÞ ¼ 16 MeV: ð32Þ

These two values follows from the mass differences (see
Table I) between the J ¼ 3=2− and J ¼ 1=2− states of the
baryon Λc and the Ξc, respectively, which depend only
on the second term in Eq. (9) when Sd ¼ 0, that is,
MðJ ¼ 3=2−Þ −MðJ ¼ 1=2−Þ ¼ 3a2=2.
As Sd ¼ 0 for the Λc and the Ξc, the mass splitting

operator for them simplifies, HSD ¼ a2L · SQ, which gives
the mass in the jJ ¼ 1=2; j ¼ 1i and jJ ¼ 3=2; j ¼ 1i:

MðΛc=Ξc; 1PÞ ¼ M̄L¼1 þ a2ðΛc=ΞcÞ
�−1 0

0 1=2

�
; ð33Þ

where the expectation values of L · SQ is given by
½JðJ þ 1Þ − LðLþ 1Þ − SQðSQ þ 1Þ�=2, taking values −1
for J ¼ 1=2 and þ1=2 for J ¼ 3=2. The computed masses
via Eqs. (33) and (31) for the P-wave Λc=Ξc are collected
in Table I.
Putting all together and ignoring the spin-spin c-term

(quite small) in the P-wave, it follows from Eqs. (16)–(20)
that the mass splitting in the P-wave are

Mð1=2; 0Þ ¼ 2694.74; ð34Þ
Mð1=2; 1Þ ¼ 2722.64 − b; ð35Þ

Mð3=2; 1Þ ¼ 2740.37þ 1

2
b; ð36Þ

Mð3=2; 2Þ ¼ 2795.63þ 3

10
b; ð37Þ

Mð5=2; 2Þ ¼ 2825.63 −
1

5
b: ð38Þ

for the baryon Σc, and

Mð1=2; 0Þ ¼ 2855.76; ð39Þ

Mð1=2; 1Þ ¼ 2881.38 − b; ð40Þ

Mð3=2; 1Þ ¼ 2893.38þ 1

2
b; ð41Þ

Mð3=2; 2Þ ¼ 2938.62þ 3

10
b; ð42Þ

Mð5=2; 2Þ ¼ 2964.62 −
1

5
b; ð43Þ

for the baryon Ξ0
c, which are plotted against b in Figs. 1

and 2, respectively. Each pair of the adjacent lines corre-
sponds to the choice a2 given in Eq. (31) (dotted lines) and
Eq. (32) (solid lines), respectively. As shown in Fig. 1, for
moderate values of b, there is a clear separation between the
three lowest masses Mð1=2; j ¼ 0Þ, Mð1=2; j ¼ 1Þ,
Mð3=2; j ¼ 1Þ, and the two highest masses Mð3=2;j¼2Þ
and Mð5=2; j ¼ 2Þ.
Without loss of the generality, we assume that b is of

same order with a2 (note that a2 ¼ b in the quark model
[37] of the heavy-light mesons in the heavy quark limit).FIG. 1. The masses of the P-wave Σc against the parameter b.

FIG. 2. The masses of the P-wave Ξ0
c against the parameter b.
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The mass function Mð3=2; j ¼ 2Þ in Fig. 1 approaches the
observed mass of the Σcð2800Þ0;þ;þþ at b around 20 MeV,
while the mass functionMð3=2; j ¼ 2Þ meets the observed
averaged mass 2936 MeV of the Ξcð2930Þ and Ξcð2942Þ,
Also, the mass function Mð3=2; j ¼ 1Þ slowly tends to
approach the mass of the Ξcð2930Þ at larger b in Fig. 2. In
both cases, the P-wave states with the spin-parity JP ¼
3=2− is favored. The states with JP ¼ 3=2− and 5=2− can
be the states most likely being relatively narrow and
thereby easier to observe when they decay via the higher
partial wave(D-wave), as discussed in Sec. IV.
(C) The D-wave baryons(L ¼ 2). We consider only the

baryon ΛQ and ΞQ containing spin ¼ 0 diquarks due to the
limited experimental information for the charmed mesons
(cq̄) in D-wave on which our calculation depends. Two
possible D-wave states are the baryon states of JP ¼ 3=2þ
and 5=2þ, which can be written as�

0d ⊗
�
1

2

�
Q

�
S

⊗ 2L ¼ 3

2
⊕

5

2
:

In the charm sectors, for instance, there are four D-wave
candidates, the Λcð2860Þþ, the Λcð2880Þþ, the Λcð3055Þþ
and the Ξcð3080Þþ [2], as shown in Table I where the other
masses and their quantum numbers are also summarized.
Given Sd ¼ 0 for the baryon ΛQ and ΞQ the mass

splitting operator isHSD ¼ a2L · SQ, which gives the mass
in the basis j3=2; j ¼ 2i and j5=2; j ¼ 2i:

MðΛQ=ΞQ; 1DÞ ¼ M̄L¼2 þ a2

�−3=2 0

0 1

�
: ð44Þ

Employing the parametrized mass in Eqs. (C19-C22)
stemming from Eq. (9) in the j-j coupling and confronting
it with the observed masses of the D mesons in D-wave in
Table XII (see Appendix C), one finds a2 ¼ 12.6 MeV [see
Eq. (C23) for details]. It follows from Eq. (24), with md in
Table IV,

a2ðcqqÞ ¼
12.6 MeV

1þmd=1.44
¼

�
9.2 MeVðΛcÞ
8.4 MeVðΞcÞ

�
: ð45Þ

by which all computed masses of the D-wave charmed
baryons in Table I follow.

IV. MASS SPLITTING FOR THE SINGLY
BOTTOM BARYONS

One can apply the calculational method similar to
Sec. III to the singly bottom baryons. Differing from the
charmed baryons, one can improve the computational
accuracy for the bottom baryons via the scaling relation
to the charmed baryons(note that there are few higher
partial waves for the Bs mesons in Table VIII). The masses
and the quantum numbers for the observed low-lying

baryons Λb and Ξb are summarized in Table I, whereas
in Table II, we list mainly the observed lowest baryons Σb
and Ξ0

b and the newly observed excited baryons Σbð6097Þ
and Ξ0

bð6227Þ, including the resonances Λbð6146Þ and
Λbð6152Þ [38] discovered very recently by the LHCb
Collaboration.
(A) The S-wave baryons (L ¼ 0). Only the last (contact)

term in Eq. (9) survives for the bottom baryons (Σb;Ξ0
b)

while Eq. (9) vanishes for the bottom baryons (Λb, Ξb) for
which both L and Sd vanish. Considering the contact term
is suppressed by the magnetic moment SQ=MQ, the
computation of the parameter c for the bottom baryons
(Σb;Ξ0

b) can be obtained by the following heavy-quark
mass scaling

c ¼ cðΣcÞ
�
Mc

Mb

�
¼

�
12.8ðΣbÞ
10.9ðΞ0

bÞ
�
: ð46Þ

Given c in Eq. (46), Eqs. (10)–(11) lead to the masses for
the S-wave bottom baryons, as listed in Tables I and II,
respectively.
(B) The P-wave baryons (L ¼ 1). A classification that is

similar to the charmed baryons in Sec. III B can be given to
the baryon state (namely, Q → b). Using the scaling (23)
for the bottom hadrons where Q ¼ b, one can calculate a1,

Σb∶ a1ð1PÞ ¼ a1ðΣcð1PÞÞ ¼ 39.4 MeV;

Ξ0
b∶ a1ð1PÞ ¼ a1ðΞ0

cð1PÞÞ ¼ 33.6 MeV:

For the parameter a2 for the singly bottom baryons, the
scaling (23) gives, using a2 for the SH mesons given in
Eq. (32),

a2ðΣbÞ ¼ a2ðΣcÞ
�
Mc

Mb

�
¼ 24

�
1.44
4.48

�
¼ 7.7 MeV;

a2ðΞ0
bÞ ¼ a2ðΞ0

cÞ
�
Mc

Mb

�
¼ 16

�
1.44
4.48

�
¼ 5.1 MeV: ð47Þ

Note that they are smaller than a1 roughly by factor of 1=5.
For the Λb=Ξb, Eq. (23) leads to, using a2 in the charm
sector given in Eq. (31),

a2ðΛbÞ ¼ a2ðΛcÞ
�
1.44
4.48

�
¼ 8.61 MeV;

a2ðΞbÞ ¼ a2ðΞcÞ
�
1.44
4.48

�
¼ 8.13 MeV: ð48Þ

Including the spin-dependent mass splitting, the relation
similar to Eq. (33) yields
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MðΛb=Ξb;1PÞ ¼ M̄L¼1ðΛb=ΞbÞ þ a2ðΛb=ΞbÞ
�−1 0

0 1=2

�
;

ð49Þ

which gives, combining with the spin-averaged masses in
Table VI and Eq. (48), the mass predictions for the P-wave
baryons Λb and Ξb. The results as collected in Table I.
Knowing the coupling strengths a1;2 and adding the spin-

independent masses in Table VI to the mass splitting (16)–
(20), one can find the masses of the P-wave spin multiplets,

Mð1=2; 0Þ ¼ 6009; ð50Þ

Mð1=2; 1Þ ¼ 6046 − b; ð51Þ

Mð3=2; 1Þ ¼ 6050þ 1

2
b; ð52Þ

Mð3=2; 2Þ ¼ 6124þ 3

10
b; ð53Þ

Mð5=2; 2Þ ¼ 6130 −
1

5
b; ð54Þ

for the bottom baryon Σþ
b , and

Mð1=2; 0Þ ¼ 6181 ð55Þ

Mð1=2; 1Þ ¼ 6211 − b; ð56Þ

Mð3=2; 1Þ ¼ 6216þ 1

2
b; ð57Þ

Mð3=2; 2Þ ¼ 6277þ 3

10
b; ð58Þ

Mð5=2; 2Þ ¼ 6285 −
1

5
b; ð59Þ

for the baryon Ξ0
b, which are plotted against b in Figs. 3 and

4, respectively. Note that two adjacent lines in the plots are
very close and not distinguishable for the two choices in
Eq. (47) and Eq. (48) and hence only the later case is shown
in Fig. 3 and Fig. 4.
In Fig. 3, the observed mass of the Σbð6097Þ− pass

through the gap between two mass functions Mð3=2; j ¼
1; 2Þ while in Fig. 4 the line of the mass function
Mð3=2; j ¼ 1Þ approaches the mass of the Ξ0

bð6227Þ− at
about b ¼ 20 assuming b is positive. In former case,
agreement with data can be achieved most likely when
the states j3=2; j ¼ 1; 2i mixes. In both cases, the spin-
parity JP ¼ 3=2− is favored for the Σbð6097Þ− and
Ξ0
bð6227Þ−. The states with JP ¼ 3=2− are easier to

observe since they decay strongly only via D-wave and
are relatively narrow.

(C) The D-wave baryons Λb=Ξb. We compute, as an
example, the masses of the Λbð1DÞ. Using the trajectory
parameters in Table VI, andMbv2b¼4.48ð1–4.182=4.482Þ¼
0.5799GeV, Eqs. (2)–(3) yield a spin-averaged mass for the
D-wave,

M̄ð1DÞ ¼ 4.48þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2π · 0.246þ ½0.534þ 0.5799�2

q
¼ 6.14927 GeV;

which agrees remarkably well with the observed spin-
averaged mass 6149.97 MeV of the new resonances
Λbð3=2þ; 5=2þÞ reported very recently by LHCb [38]:

M½Λbð6146Þ0� ¼ 6146.17� 0.33� 0.22� 0.16 MeV;

M½Λbð6152Þ0� ¼ 6152.51� 0.26� 0.22� 0.16 MeV:

FIG. 3. The masses of the P-wave Σb against the parameter b.

FIG. 4. The masses of the P-wave Ξ0
b against the parameter b.
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Given the difference 5=2 in L · SQ between the 5=2þ and
3=2þ states, one can extract a2 for the Λcð1DÞ to have
a2½Λcð1DÞ� ¼ 2

5
½Λcð5=2þÞ − Λcð3=2þÞ� ¼ 10.21 MeV.

The scaling relation (23) gives then

a2½Λbð1DÞ� ¼ a2½Λcð1DÞ�
�
1.44
4.48

�
¼ 3.28 MeV;

which predicts (in MeV), by Eq. (44),

M½Λbð1DÞ� ¼ 6149.3þ 3.28

�−3=2 0

0 1

�

¼
�
6144.4 0

0 6152.6

�
;

corresponding to J ¼ 3=2þ; 5=2þ, respectively. This is in
good agreement with the observations.
Due to the lacking of the B=Bs meson data for D-wave

unfortunately, we are not able to test the scaling relation
(24) directly with the SH mesons. An alternative is to verify
it via scaling from the Dð1DÞ mesons to the Λcð1DÞ and
then to the Λbð1DÞ. Combined with Eq. (22) and (C23) in
Appendix C, Eq. (24) yields

a2½Λb� ¼ a2½Λcð1DÞ�
�
Mc

Mb

�
¼ a2½Dð1DÞ�

1þmd=Mc

�
Mc

Mb

�

¼ 12.6 MeV
1þ 0.535=1.44

�
1.44
4.48

�
¼ 2.95 MeV; ð60Þ

which gives

M½Λbð1DÞ� ¼ 6149.27þ f−3=2; 1g � 2.95
¼ f6144.8; 6152.2g MeV:

This agrees with the LHCb observations equally well. The
same procedure as in Eq. (60) applies for computing theD-
wave masses of the Ξb, with the results collected in Table I.
Finally, we explain why the some of the four observed

SH baryons discussed in this work can not be the lower
JP ¼ 1=2− multiplet in the P-wave SH baryons so that they
can be seen easily experimentally comparing with the JP ¼
3=2− multiplets. In the following, we choose Ξ0

bð6227Þ−
as a example to address this question briefly in the light
of strong decay behavior which was not the main topics
of this work. For more discussions on decays of the
Σbð6097Þ=Ξ0

bð6227Þ−, see the literatures [8–10,16].
First of all, we note that experiments by LHCb using pp

collision data found the Ξ0
bð6227Þ− to be relatively narrow

[39,40]

Γ½Ξ0
bð6227Þ−� ¼ 18.1� 5.4� 1.8 MeV;

In principle the 1=2− assignment for the Ξ0
bð6227Þ− is

allowed since in the P-wave the diquark angular

momentum can be j ¼ 1 ⊕ 1 ¼ f0; 1; 2g and couple with
SQ ¼ 1=2 to give J ¼ 1=2. If this is the case, the decay to
the 1=2þ ground-state Ξbπ

− (or ΛbK−) is very likely to
happen via the S-wave by absorbing the L ¼ 1 orbital
motion into the diquark system to flip the spin of one quark
in diquark bs↑q↑ð1PÞ → bs↑q↓ð1S1=2Þ þ q↑q̄↓ (S-wave).
This yields normally a large decay width, contradictory
with the relatively narrow width of the Ξ0

bð6227Þ shown
above. For the JP ¼ 3=2− SH baryons in P-wave, this kind
of absorbing is prohibited by the angular momentum
conservation, and the P-wave decay is also banned by
the parity. So the Ξ0

bð6227Þ can decay strongly only via D-
wave which agrees with its relatively narrow width due to
the higher L suppression. So, unlike the 1=2− state, a 3=2−

baryon Ξb in P-wave is easier to be seen in experiments due
to its relatively narrow width. In addition, though the 5=2−

assignment for the Σbð6097Þ seems to be marginal, it
cannot be excluded fully in the light of our mass analysis.

V. SUMMARY AND DISCUSSIONS

In this work we use Regge approach in the heavy quark-
diquark picture to re-examine the orbitally excited spec-
trum of the charmed and bottom baryons. Our analysis via a
simple linear Regge relation (2) with the baryon mass
shifted by the heavy quark mass M → M −MQ indicates
that the relation is able to describe the spin-averaged mass
spectrum of the orbitally excited charmed and bottom
baryons (ΛQ, ΞQ, ΣQ and Ξ0

Q, Q ¼ c, b). The further
computations on spin-dependent mass splitting suggest that
the baryons Ξbð6227Þ− and the Σbð6097Þ−, and the
Σcð2800Þ and the Ξ0

cð2930Þ are all the 1P-wave baryons
with the spin-parity JP ¼ 3=2− preferably. We also present
mass predictions of the unseen bottom baryon Ξb in their
1P and 1D states, providing some useful clues for the
coming experiments to find them, especially the LHCb.
It is noticeable that the relation (2) is derived from the

classical relativistic energy and angular momentum of the
rotating QCD string model, with no attempt made to obtain
quantum correction to it. However, this relation shows the
main feature predicted by the quantized theory of the QCD
string [32,33,41–43]: the linear functional form of trajec-
tory remains intact, only with the intercept and the hadron
mass shifted. When taking L to be the quantized numbers,
the approach in this work can be viewed, in a sense, as an
leading semiclassical approximation of quantized theory of
string. A recent quantum treatment of rotating string [33] in
the nonvanishing endpoint-mass case yields a similar
conclusion. We also note that for a string tied to one
heavy and one light quarks, the mass shiftM → M −MQ in
the relation (2) is crucial for describing the moderate
nonlinear behavior of the baryon mass squared M2 as a
function of L [41](see Figs. 6–7) at low-L: such a non-
linearity is absorbed into Eq. (2) largely, since the latter
takes the form:
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M2 − 2MQM þM2
Q ¼ πaLþ a0; ð61Þ

when expanding it in MQ. Obviously, a nonlinear depend-
ence in M2 happens in the left-hand side (LHS) of Eq. (61)
which tends to vanish when L is large. This is in consistent
with the numerical computations in Ref. [41], and is
supported by a systematic examination [25] for whole
SH hadron systems (the SH mesons and baryons).
In order to compute the spin-dependent mass, we

employed the scaling relations based on similarity in the
color-configurations between a SH baryon and its meson
partner or among the heavy flavor partners. While they are
of approximate these relations turn out to be valuable as
they have exhibited the most general features of the spin-
dependent relativistic corrections, which scale as the
magnetic moment Sd=md for the a1-term and as SQ=MQ
for the a2-term in Eq. (9). We note that the color-structure
similarity among these SH hadrons is implicitly assumed in
the quark-diquark picture.
By the way, the following remarks are in order:
(1) Without adding or tuning of the parameters, a simple

application of our computational procedure to theD-
wave bottom baryon Λb yields a spin-averaged mass
and spin-dependent mass splitting which agree well
with the observed spin-averaged mass 6149.97 MeV
of the newly reported resonances Λb [38] and its
mass splitting −3.80 MeV and 2.54 MeV for the
3=2þ and 5=2þ states, respectively.

(2) By predicting spin-averaged masses, the relation (2)
are helpful in itself in identifying the state order of
the excited spin-multiplets in the sense of the
bisection of the mass intervals. To accommodate
them further, detailed computations about the mass
differences of the spin-multiplets are necessary.

(3) Similar decay behaviors (the pseudoscalar meson
emission and relatively narrow widths) seen for the
baryons Ξbð6227Þ−=Σbð6097Þ−, the Σcð2800Þ=
Ξ0
cð2930Þ prefer to support that they are all the

1P-wave baryons with JP ¼ 3=2−. Further explor-
ing of the parameter b for them becomes valuable for
decoding inner-structures of the P-wave partners of
these baryons.

(4) The method in this work can in principle be used to
estimate the higher orbital excitations of the bottom
baryons, with the experimental mass information of
the excited meson partners or the charmed partners
increasing. To go beyond the limitation having to
refer to the SH meson mass spectrum in computing
the mass splitting, the quantized string dynamics is
desirable for further exploring the heavy baryon
spectroscopy.
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APPENDIX A

For the orbitally excitations, the classical energy and
orbital angular momentum for the rotating QCD string read
[28,41,44]

E ¼ mQffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2Q

q þ mffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2d

q þ a
ω

X
i¼Q;d

Z
vi

0

duffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − u2

p ; ðA1Þ

L ¼ mQv2Q=ωffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2Q

q þ mv2d=ωffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2d

q þ a
ω2

X
i¼Q;d

Z
vi

0

u2duffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − u2

p ; ðA2Þ

where mQ and m are the bare masses of the heavy quark Q
and light diquarks d and vi ¼ ωriði ¼ Q; dÞ the velocity of
the string end tied to the quark i ¼ Q; d. It is known that
the Selem-Wilczek relation (4) follows from upon the
(miω=a)-expansion of (A1) and (A2) [28]. Following
[27], we define the effective (dynamical) masses of the
heavy quark and the light diquark in the CM frame of the
baryon by

MQ ¼ mQffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2Q

q ; md ¼
mffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2d

q ; ðA3Þ

to rewrite (A1) and (A2) as

E ¼ MQ þmd þ
a
ω
½arcsinðvdÞ þ arcsinðvQÞ�; ðA4Þ

L ¼ 1

ω
ðMQv2Q þmdv2dÞ

þ a
2ω2

X
i¼Q;d

½arcsinðviÞ − vi

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2i

q
�; ðA5Þ

in which the last term in (A4) is the contribution to the
orbital angular momentum due to the string rotating.
The boundary condition of string at ends with heavy

quark gives

a
ω
¼ mQvQ

1 − v2Q
¼ MQvQffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − v2Q
q ; ðA6Þ

or

DUOJIE JIA, WEN-NIAN LIU, and ATSUSHI HOSAKA PHYS. REV. D 101, 034016 (2020)

034016-12



a
ω
≃ PQ þ P3

Q

2M2
Q
; ðA7Þ

with PQ ≡MQvQ the conserved momentum of the heavy
quark. Expanding Eqs. (A3) and (A4) in vQ andm gives, up
to v4Q and the leading order of m,

E ¼ MQ þmd þ
πa
2ω

þ a
ω

�
vQ −

m
md

þ 1

6
v3Q

�
þO½v5Q�;

ðA8Þ

ωL ¼ md þ MQv2Q þ a
ω

�
π

4
−

m
md

�
þ a

3ω
v3Q þ O½v5Q�:

ðA9Þ

Using Eq. (A7) and upon eliminating ω, Eqs. (A8)–(A9)
combines to give, when ignoring the small term m=md,

ðE −MQÞ2 ¼ πaLþ
�
md þ

P2
Q

MQ

�2

− 2mPQ: ðA10Þ

This leads to Eq. (2) when taking the bare mass m → 0. By
the way, we note that Eq. (3) follows by rewriting the
velocity v2Q ¼ 1 − ðmQ=MQÞ2, with mQ ≡mbareQ the bare
mass of the heavy quark Q.
Note that the heavy quark limit(HQL) is defined as the

largeness of the bare mass mQ of the heavy quark Q
entering the QCD Lagrangian while its 3-momentum PQ ¼
MQvQ remains fixed as Q behaves like a static external
source [29] within the bound state of hadrons. It follows
from Eq. (A3) that in the HQL the effective massMQ tends
to infinity also while the 3-velocity vQ tends to vanish, that
is, the heavy quarks move nonrelativistically within
hadrons, as it should be. One can readily check that in
the HQL, Eqs. (A8) and (A9) become E ¼ MQ þmd þ πa

2ω

and ωL ¼ md þ aπ
4ω, which yield ðE −MQÞ2 ¼ πaLþm2

d.
Here, MQv2Q ¼ P2

Q=MQ tends to vanish in the right-hand
side (RHS) of Eq. (A9).

APPENDIX B

For the heavy quark-diquark systems, the matrix ele-
ments ofL · Si can be calculated by explicit construction of
the baryon states with a given J3 as linear combinations of
the states jSd3; SQ3; L3i with Sd3 þ SQ3 þ L3 ¼ J3. Due to
the rotation invariance of the matrix elements, it suffices to
use a single J3 for each and, one can use

L · Si ¼
1

2
½LþSi− þ L−Siþ� þ L3Si3; ðB1Þ

to find their elements by applying L · Si on the third
components of angular momenta. In the rep. of
jLz; SQz; Sdzi these component are given by the following
basis states [35]

j12P1=2; Jz ¼ 1=2i ¼
ffiffiffi
2

p

3
j1;−1=2; 0i − 1

3
j0; 1=2; 0i

−
ffiffiffi
2

p

3
j0;−1=2; 1i þ 2

3
j − 1; 1=2; 1i;

j14P1=2; Jz ¼ 1=2i ¼ 1ffiffiffi
2

p j1; 1=2;−1i − 1

3
j1;−1=2; 0i

−
ffiffiffi
2

p

3
j0; 1=2; 0i þ 1

3
j0;−1=2; 1i

þ 1

3
ffiffiffi
2

p j − 1; 1=2; 1i;

j12P3=2; Jz ¼ 3=2i ¼
ffiffiffi
2

3

r
j1;−1=2; 1i −

ffiffiffi
1

3

r
j0; 1=2; 1i;

j14P3=2; Jz ¼ 3=2i ¼
ffiffiffi
3

5

r
j1; 1=2; 0i −

ffiffiffiffiffi
2

15

r
j1;−1=2; 1i

−
2ffiffiffiffiffi
15

p j0; 1=2; 1i;

j14P5=2; Jz ¼ 5=2i ¼ j1; 1=2; 1i:

Having these component states (in L-S coupling), one
can compute the matrix elements of L · Sd,

hL · SdiJ¼1
2
¼

"
− 4

3
−

ffiffi
2

p
3

−
ffiffi
2

p
3

− 5
3

#
; ðB2Þ

hL · SdiJ¼3
2
¼

"
2
3

−
ffiffi
5

p
3

−
ffiffi
5

p
3

− 2
3

#
: ðB3Þ

Accordingly, the states in terms of the J-j coupling can
be expressed as linear combinations of states with definite
L-S coupling (for each eigenvalue λ of L · Sd.):

λ ¼ −2∶
				J ¼ 1

2
; j ¼ 0



¼

ffiffiffi
1

3

r
j12P1=2i þ

ffiffiffi
2

3

r
j14P1=2i;

ðB4Þ
λ ¼ −1∶

				J ¼ 1

2
; j ¼ 1



¼

ffiffiffi
2

3

r
j12P1=2i −

ffiffiffi
1

3

r
j14P1=2i;

ðB5Þ

λ ¼ −1∶
				J ¼ 3

2
; j ¼ 1



¼

ffiffiffi
1

6

r
j12P3=2i þ

ffiffiffi
5

6

r
j14P3=2i;

ðB6Þ

λ ¼ þ1∶
				J ¼ 3

2
; j ¼ 2



¼

ffiffiffi
5

6

r
j12P3=2i −

ffiffiffi
1

6

r
j14P3=2i;

ðB7Þ
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λ ¼ þ1∶
				J ¼ 5

2
; j ¼ 2



¼ j14P5=2i; ðB8Þ

which can be used to average L · SQ and S12. The detailed
results are collected in Table X.

APPENDIX C

We describe here some of the details on how to estimate
the values of the parameters a1, a2, b; c that enter the spin-
dependent interaction (9) for the SH mesons where Sd is
replaced everywhere in Appendix C by the spin Sq of light
quark. The following three cases of excited states are
considered in order:
(1) The S-wave SH mesons. In this ground-state case,

only the contact term cSQ · Sq remains in the spin-
dependent interaction (9). Since the expectationvalues
of SQ · Sq are −3=4 and 1=4 in the 11S0 and 13S1
meson states, respectively, the parameter c can be
estimated simply by confronting the predicted mass
difference between two S-states, cð1=4þ 3=4Þ ¼ c,
with the measured S-wave masses of theDmesons in
the Table VII. The result is

c ¼ ð2010.3 − 1869.7Þ MeV ¼ 140.6 MeV: ðC1Þ

(2) The P-wave SH mesons. Similar to Appendix B, a
calculation can be performed for the P-wave SH
mesons. As in the case of the SH baryons, we find it
convenient to work in the j-j basis in which the
analogue of the first term in Eq. (9), a1L · Sq, is
diagonal. We first calculate the expectation values of
L · S and the tensor operator S12 in the basis states
2Sþ1PJ. The results are shown in Table XI.
To evaluate the expectation values of

L · Siði ¼ q;QÞ, it is convenient to use the L-S
basis. When labeling the states by jSq3; SQ3; L3i, one
can construct the L-S basis by

j3P0; J3 ¼ 0i ¼
				 − 1

2
;−

1

2
; 1



; ðC2Þ

j1P1; J3 ¼ 1i ¼ 1ffiffiffi
2

p
				 12 ;− 1

2
; 1



−

1ffiffiffi
2

p
				 − 1

2
;
1

2
; 1



;

ðC3Þ

j3P1; J3 ¼ 1i ¼ 1

2

				 − 1

2
;
1

2
; 1



þ 1

2

				 12 ;− 1

2
; 1




−
1ffiffiffi
2

p
				 12 ; 12 ; 0



; ðC4Þ

j3P2; J3 ¼ 2i ¼
				 12 ; 12 ; 1



: ðC5Þ

Using (B1) in the J ¼ 1 subspace given by the basis
(1P1;3 P1), the matrices describing mixing of the
J ¼ 1 states are

hL · SqiJ¼1
¼

�
0 1=

ffiffiffi
2

p

1=
ffiffiffi
2

p
−1=2

�
; ðC6Þ

hL · SQiJ¼1 ¼
�

0 −1=
ffiffiffi
2

p

−1=
ffiffiffi
2

p
−1=2

�
: ðC7Þ

The first matrix, which has the eigenvalues −1 and
1=2, can be diagonalized by transforming the L-S
eigenstates to the jJ; ji eigenstates. This transfor-
mation, when written in the whole space, can be
given by

jJ ¼ 0; j ¼ 1=2i ¼ j3P0i;

jJ ¼ 1; j ¼ 1=2i ¼
ffiffiffi
1

3

r
j1P1i −

ffiffiffi
2

3

r
j3P1i;

jJ ¼ 1; j ¼ 3=2i ¼
ffiffiffi
2

3

r
j1P1i þ

ffiffiffi
1

3

r
j3P1i;

jJ ¼ 2; j ¼ 3=2i ¼ j3P2i:

With the expressions above one can work
out the expectation values of all spin-dependent
operators contributing to the masses of the P-wave
Qq̄ mesons and thereby obtain estimations for the
spin-dependent mass splitting via expanding
around the eigenstates of j ¼ Lþ Sq. Including
the spin-averaged mass M̄, the results for the P-wave
are [35],

Mð0; 1=2Þ ¼ M̄ − a1 − a2 − b −
c
4
; ðC8Þ

Mð1; 1=2Þ ¼ M̄ − a1 þ
1

3
a2 þ

1

3
b −

c
12

; ðC9Þ

Mð1; 3=2Þ ¼ M̄ þ 1

2
a1 −

5

6
a2 þ

1

6
b −

5c
12

; ðC10Þ

Mð2; 3=2Þ ¼ M̄ þ 1

2
a1 þ

1

2
a2 −

1

10
bþ c

4
: ðC11Þ

TABLE XI. Expectation values of the spin-dependent terms for
P-wave cq̄ mesons in the L-S-coupling basis states.

State hL · Si hS12i hSQ · Sqi
3P0 −2 −4 1=4
1P1 0 0 −3=4
3P1 −1 2 1=4
3P2 1 −2=5 1=4
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Given Eqs. (C8)–(C11), the parameters ða1; a2; bÞ
which reproduce the observed masses of the cs̄
mesons in Table VII are [35]

�
M̄ðMeVÞ; a1ðMeVÞ; a2ðMeVÞ bðMeVÞ
2513.4; 89.4; 40.7; 65.6;

�

ðC12Þ

where the parameter c in the hyperfine term is
taken to be zero as it is quite small in the P-wave
state.

(3) The D-wave SH mesons. The similar procedure
applies for the D-wave Qq̄ mesons. Using the state
jSq3; SQ3; L3i, one can explicitly construct the L-S
basis for the D-wave Qq̄ states by

j3D1;J3¼1i¼
ffiffiffi
3

5

r 				−1

2
;−

1

2
;2



þ

ffiffiffiffiffi
1

10

r 				12 ;12 ;0



−
ffiffiffiffiffi
3

20

r 				12 ;−1

2
;1



−

ffiffiffiffiffi
3

20

r 				−1

2
;
1

2
;1



;

ðC13Þ

j1D2; J3 ¼ 2i ¼ 1ffiffiffi
2

p
				 12 ;− 1

2
; 2



−

1ffiffiffi
2

p
				 − 1

2
;
1

2
; 2



;

ðC14Þ

j3D2; J3 ¼ 2i ¼ −
1ffiffiffi
3

p
				 12 ; 12 ; 1



þ 1ffiffiffi

3
p

				 12 ;− 1

2
; 2




þ 1ffiffiffi
3

p
				 − 1

2
;
1

2
; 2



; ðC15Þ

j3D3; J3 ¼ 3i ¼
				 12 ; 12 ; 2



: ðC16Þ

Utilizing (B1) again in the J ¼ 2 subspace given by the
basis (1D2;3 D2), the matrices describing mixing of the
J ¼ 2 states are

hL · SqiJ¼2
¼

"
0

ffiffiffiffiffiffiffiffi
3=2

p
ffiffiffiffiffiffiffiffi
3=2

p
−1=2

#
; ðC17Þ

hL · SQiJ¼2 ¼
"

0 −
ffiffiffiffiffiffiffiffi
3=2

p
−

ffiffiffiffiffiffiffiffi
3=2

p
−1=2

#
: ðC18Þ

The first matrix, which has the eigenvalues −3=2
and 1, can be diagonalized by the following basis trans-
formation between the L-S eigenstates and the jJ; ji
eigenstates. In the whole space, the transformation takes
the form:

jJ ¼ 1; j ¼ 3=2i ¼ j3D1i;

jJ ¼ 2; j ¼ 3=2i ¼ −
ffiffiffi
2

5

r
j1P2i −

ffiffiffi
3

5

r
j3P2i;

jJ ¼ 2; j ¼ 5=2i ¼
ffiffiffi
3

5

r
j1P2i þ

ffiffiffi
2

5

r
j3P2i;

jJ ¼ 3; j ¼ 5=2i ¼ j3P3i:
Given these relations, the calculations for the expectation
values of all mass splitting operators can be performed and
the mass expression for the D-wave Qq̄ mesons can be
obtained via the procedure similar to that to have Eqs. (16)–
(20). The results are

Mð1; 3=2Þ ¼ M̄ −
3

2
a1 −

3

2
a2 −

5

2
bþ c

4
; ðC19Þ

Mð2; 3=2Þ ¼ M̄ −
3

2
a1 þ

9

10
a2 þ

3

2
b −

3c
2
; ðC20Þ

Mð2; 5=2Þ ¼ M̄ þ a1 −
7

5
a2 þ

7

5
b −

7c
20

; ðC21Þ

Mð3; 5=2Þ ¼ M̄ þ a1 þ a2 − b −
c
4
: ðC22Þ

In the D-wave case, only two observed masses
are available in Table VII for each family of the D=Ds

mesons. Since only the mass splitting ΔM ¼ M − M̄ is
relevant here, we use the mass splitting ΔM given by

TABLE XII. The masses and corresponding mass splitting ΔM ¼ M − M̄ for the D-wave D mesons. The QM
stands for the quark model predictions(M̄ ¼ 2834.3 MeV). The rescaled mass splitting are obtained by multiplying
ΔMðQMÞ by a deviation factor ð2763.5 − 2737Þ=ð2863 − 2850Þ ¼ 2.04.

States MðExp:Þ MðQMÞ [34] ΔMðQMÞ ΔM (rescaled)

j1; 3=2i � � � 2788 −46.3 −94.4
j2; 3=2i � � � 2806 −28.3 −57.6

j2; 5=2i 2737(12) 2850 15.8 32.1
j3; 5=2i 2763.5 2863 28.8 58.7
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the quark model(QM) predictions [34] rescaled by
the deviation factor 2.04 so that the rescaled mass
splitting match the observed data. The details are listed
in Table XII.
The parameters for the D-wave D mesons

which reproduce the mass splitting ΔM (rescaled) in
Table IX are

�
a1ðMeVÞ; a2ðMeVÞ bðMeVÞ
47.6; 12.6; 0.52;

�
ðC23Þ

where the parameter c in the hyperfine term has been set to
be zero. This completes the estimation of a2 for the SH
mesons in their P-wave and D-wave excitations.
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