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Abstract: Building upon previous work [1], we investigate the constraining power of persis-
tent homology on cosmological parameters and primordial non-Gaussianity in a likelihood-free
inference pipeline utilizing machine learning. We evaluate the ability of Persistence Images
(PIs) to infer parameters, comparing them to the combined Power Spectrum and Bispec-
trum (PS/BS). We also compare two classes of models: neural-based and tree-based. PIs
consistently lead to better predictions compared to the combined PS/BS for parameters
that can be constrained, i.e., for {Ωm, σ8, ns, f loc

NL}. PIs perform particularly well for f loc
NL,

highlighting the potential of persistent homology for constraining primordial non-Gaussianity.
Our results indicate that combining PIs with PS/BS provides only marginal gains, indicating
that the PS/BS contains little additional or complementary information to the PIs. Finally,
we provide a visualization of the most important topological features for f loc

NL and for Ωm.
This reveals that clusters and voids (0-cycles and 2-cycles) are most informative for Ωm,
while f loc

NL is additionally informed by filaments (1-cycles).
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1 Introduction

The large-scale structure (LSS) of the universe, traced by the distribution of galaxies, halos,
filaments, and voids, encodes invaluable information about the underlying cosmological model,
initial conditions, and the physical processes driving cosmic evolution. Cosmological parameter
inference, which aims to extract this information, is central to advancing our understanding
of the universe. Upcoming observational surveys such as SPHEREx [2], Euclid [3], LSST [4]
promise to significantly enhance our ability to probe the LSS at groundbreaking precision.
However, fully leveraging the wealth of information contained in the LSS remains a major
challenge, particularly in the nonlinear regime where gravitational collapse gives rise to
intricate, strongly non-Gaussian features.

Traditional summary statistics, such as the two-point correlation function and its Fourier
transform, the power spectrum, have long been the conventional tools for analyzing the
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LSS. These low-order statistics effectively capture the primary properties of the LSS, such
as clustering and density fluctuations, and have been widely used to constrain parameters
like the matter density Ωm and the amplitude of matter fluctuations σ8 [5–14]. Higher-order
statistics, such as the bispectrum, extend this framework by probing non-Gaussian features
of the matter distribution [15–20]. However, these methods often struggle to capture the full
complexity of the nonlinear, small-scale regime. Moreover, the question of which summary
statistics are most effective for analyzing non-Gaussian fields remains unresolved, as different
approaches may capture complementary aspects of the underlying physics.

This effort is motivated by the goal of uncovering the fundamental physical processes
shaping the universe. Of particular interest for primordial cosmology is the study of the
deviation of initial metric fluctuations from a Gaussian distribution, i.e. primordial non-
Gaussianity (PNG). However, gravitational evolution also sources non-Gaussianities, and local
phenomena, such as galaxy bias, can produce signals that are difficult to distinguish from those
originating in the early universe [21]. This overlap creates significant challenges for traditional
summary statistics, which are often unable to separate late-time effects from signatures of
fundamental physics [22–24]. Thus, novel methodologies are needed to disentangle these
contributions and reliably identify the unique fingerprints of PNG, particularly on nonlinear
scales where the interplay between these processes becomes most complex.

Recognizing this limitation, a range of alternative summary statistics have been pro-
posed to extend the reach of LSS analyses into the nonlinear regime. Among them [25–30],
skew-spectra [31, 32], Wavelet Scattering Transform [33–36], one-point PDFs [37–39], Void
Abundance [40–42], k-nearest neighbors [43, 44], Minkowski functionals [45–47]. This is but
a small sample of the many methods being developed in this very active area of research.
Additionally, field-level inference, which proposes to perform inference directly on the entire
density field bypassing the need for summary statistics, presents a promising approach [48–52].
By leveraging the full information contained in the data, field-level inference methods theo-
retically offer the greatest potential for maximizing the extraction of cosmological parameters.
However, they require heavy machine learning machinery combined with extensive simulations.
Such methods often yield results that are difficult to interpret and validate, particularly
in understanding which field features are responsible for constraining the parameters of
interest. In addition, they strongly rely on building reliable and “accurate” simulations,
which might be a problematic bottleneck, especially when integrating astrophysical processes.
These challenges are compounded by the significant computational demands of building such
simulations. Another avenue is using forward modelling of the distribution of galaxies using
the effective field theory of LSS [53–56], but this is still limited to relatively large scales.

This highlights the need to develop efficient and interpretable summary statistics that
balance the high-information content of field-level analysis with the computational efficiency
of traditional methods. In this context, a technique from topological data analysis (TDA),
persistent homology, has emerged as a powerful tool for studying complex data structures.
It is particularly well-suited for cosmology, where the LSS is organized into a hierarchical
web of halos, filaments, and voids [57]. By tracking the “birth” and “death” of topological
features —such as clusters, loops, and cavities— across scales, persistent homology provides
a unique, multi-scale description of the universe.
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The outputs of persistent homology, known as persistence diagrams (PDs), can be
transformed into persistence images (PIs), which summarize topological features in a for-
mat amenable to machine learning and statistical inference. While PIs could be directly
incorporated into Bayesian inference frameworks, practical challenges such as estimating high-
dimensional covariance matrices and capturing higher-order correlations, which would require
an intractable number of simulations, have motivated the use of machine learning techniques.
Neural-networks based inference, in particular, offer a robust approach for extracting patterns
from PIs and addressing these challenges [1]. PIs are interpretable because the topological
features they represent correspond to physically meaningful structures in the cosmic web.

Persistent homology has been successfully applied to a variety of problems in cosmol-
ogy. Among the first implementations are [58–60], with specific applications ranging from
identifying primordial non-Gaussianity in N-body simulations [61–65], to analyzing weak
lensing through cosmic shear simulations [66, 67] and constraining the effects of massive
neutrinos on the matter field [68].

This paper is a continuation of [1], which pioneered combining computational topology
with machine learning in the context of cosmology. Using a convolutional neural network model,
we map persistence images to cosmological parameters, enabling the extraction of information
beyond that captured by traditional summary statistics. For benchmarking, we compare
the performance of PIs with constraints derived from the power spectrum and bispectrum
combined, offering a comprehensive evaluation of their relative information content.

We extend prior efforts in several key ways. First, we employ high-fidelity simulations
from larger volumes and three independent datasets, ensuring robust and realistic parameter
recovery. Second, we expand the parameter space to include both standard cosmological
parameters and primordial non-Gaussianity amplitudes, providing a broader test of PIs’
constraining power. In addition to predicting cosmological parameters, our models estimate
associated uncertainties, offering a more complete characterization of the inference process.
Finally, we enhance the interpretability of our results by employing feature-scoring methods,
such as gradient-boosted trees, to identify the specific features of PIs that contribute most
to parameter constraints.

This paper is organized as follows. Section 2 introduces the persistent homology frame-
work and the construction of persistence images, emphasizing their relevance for LSS analysis.
In section 3 we outline the dataset we use to compute our summary statistics built from the
persistent homology pipeline. Additionally, we describe the building of the traditional power
spectrum and bispectrum, computed from the halo catalogs used in this work. Section 4
describes the machine learning models used for parameter inference, including convolutional
neural networks and gradient-boosted trees. Section 5 presents the main results, comparing
the performance of PIs with traditional summary statistics in constraining cosmological
parameters. Within this section, we also examine the sensitivity of PIs to individual cos-
mological parameters using feature attribution methods. Finally, section 6 discusses the
broader implications of our findings and outlines future directions, such as integrating per-
sistent homology with simulation-based inference frameworks and applying these methods
to galaxy survey data.
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2 Topological data analysis and persistent homology

Topological data analysis (TDA) is a collection of methods originating in algebraic topology,
a branch of mathematics founded by Poincaré that studies the shape of data through its
topological features. Central to TDA is the notion of homology, which captures topological
features such as connected components, loops, and voids in a given space.

In particular, persistent homology is a tool that extracts and quantifies the persistence of
these features, enabling the identification of robust, scale-independent topological signals in
noisy or high-dimensional data. We refer the reader to [69–71] for comprehensive introductions
to foundational developments in TDA.

Persistent homology can be applied to either discrete point sets or continuous fields,
provided a notion of filtration is defined. Conceptually, a filtration is a family of nested
sets parametrized by a filtration parameter (also called filtration time), denoted by ν. This
parameter typically reflects a notion of proximity in the data space. For each value of this
geometric parameter, there is a set in the filtration in which topological features can be
identified. Hence, as the parameter varies, topological features come into existence, evolve,
and eventually die at various parameter values. Persistence statistics can then be built from
this history of topological evolution.

2.1 Persistent homology of the large-scale structure

In the context of cosmology, this tool can be used to capture the multi-scale topological
characteristics of the large-scale structure, roughly as a collection of clusters, loops, and voids
distributed hierarchically in scale. These cosmological structures arise within the distribution
of dark matter, which can be traced by dark matter halos, the hosts of visible galaxies.
Hence, one expects that persistent homology applied to the spatial distribution of these halos
probes these structures. To build an intuition, one can roughly interpret the large-scale
structure, when expressed in terms of homology groups, as follows: high-density halo clusters
extending into walls and filaments (0-cycles), loop-like filamentary bridges connecting matter
concentrations (1-cycles), and fully enclosed cavities forming the central regions of cosmic
voids (2-cycles). These topological features are not necessarily one-to-one mappings with
visually defined cosmic structures, but rather mathematically defined equivalence classes
(cycles modulo boundaries) that reflect how matter is connected at multiple scales. Figure 1
offers a heuristic illustration of how these topological features may arise from halo distribution.
The filtration values, which indicate the scales at which these features are born and die,
encode geometric information that can be used to infer the underlying cosmological model.

Let us walk through the implementation.1 Given a point cloud of halo positions in 3
dimensions, to define a filtration for it is to write down a set of rules that adds connections
between the halos depending on the value of the non-negative2 filtration parameter ν. Here,
connections refer to the n-simplices where halos act as the vertices: the 1-, 2-, and 3-simplices,
which are edges, triangular faces, and solid tetrahedra respectively. An intuitive description
of a filtration is that ν represents spatial distance, and a simplex is added if its size is equal
to, or smaller than, ν. Accordingly, more simplices are included as we dial ν, and this

1We refer the reader to [63] for a more comprehensive and gentle introduction to the same implementation.
2Hence the expression “filtration time”.
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Figure 1. Cosmic structures are topological: Halo clusters (bottom right), filament loops (top left),
and cosmic voids (top right) correspond to the 0-, 1-, and 2-cycles in topology, respectively.

Figure 2. Example of a filtration for a point cloud in 2D, as a collection of simplicial complexes
parametrized by the filtration parameter or time ν. As ν increases, n-simplices are subsequently added
following a set of rules which can be flexibly designed. Topological features emerge and die throughout
the filtration.

collection of simplices, known as a simplicial complex, becomes increasingly sophisticated in
its connectedness, eventually leading to successive emergences of topological features. In other
words, the filtration is the family of these simplicial complexes at varying ν’s (figure 2).3 For
this paper, the n-simplices are taken from the Delaunay triangulation of the point cloud, and
we adopt the α-DTM-ℓ filtration, which we explain in the next subsection. As a final note,
formally known as a p-cycle, a topological feature is an equivalence class of boundaryless
collections of p-simplices where each collection is not itself the boundary of any collection of
p + 1-simplices. Intuitively, these equivalent collections enclose the same (p + 1)-dimensional
“hole” that characterizes the topological feature.4

3The example shown is an α-filtration, which is what the α-DTM-ℓ filtration is based on.
4In plain terms, a 0-cycle is a collection of connected simplices, a 1-cycle is a loop, and a 2-cycle is an

enclosed cavity.
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2.2 Lightning review of α-DTM-ℓ filtration

The α-DTM-ℓ filtration was first implemented on halos in [64]. It is based on the α-
filtration (or α-shape) [72] defined by α-complexes [73], which is well-established and widely
implemented by libraries such as GUDHI [74], which uses the CGAL library [75]. The α-filtration
has previously been applied to the large-scale structures, see [58, 76, 77].

While the underlying simplicial structure remains based on Delaunay triangulations, the
key feature of the α-DTM-ℓ filtration is that it uses the density-aware DTM (Distance-To-
Measure) function to replace Euclidean distance in α-filtration. There is a parameter, the
number of nearest neighbors used k,5 adjustable for extracting topological information at
different scales [63]. The set of rules defining the filtration is as follows:

1. We begin (at ν = 0) with an empty simplicial complex, not even containing vertices
(halos). A vertex x is added at νx = DTMx, where

DTMx ≡
√√√√ 1

k

∑
Xi∈Nk(x)

∥x − Xi∥2 (2.1)

is the Distance-To-Measure function which quantifies the sparsity around the halo that
x corresponds to. Here Nk(x) is to x the set of k-nearest neighbors in the given halo
point cloud, and ∥a − b∥ is the Euclidean distance between vertex a and b. In other
words, if the halo in question lies in a sparsely populated region, then DTMx will be
large, and x is added at a late filtration time.

2. An edge σx1x2 linking the vertices x1 and x2 is added if

dx1x2 ≡ ∥x1 − x2∥ ≤ rx1(ν) + rx2(ν), (2.2)

where
rx(ν) ≡

√
ν2 − DTM2

x. (2.3)

Alternatively, we can determine the time νσx1x2
at which the edge σx1x2 is added by

solving eqs. (2.2) and (2.3):

νσx1x2
=

√√√√(
(DTMx1 + DTMx2)2 + d2

x1x2

) (
(DTMx1 − DTMx2)2 + d2

x1x2

)
2dx1x2

. (2.4)

3. Higher-dimensional simplices (2- and 3-simplices; triangles and tetrahedra) are added
immediately when the necessary lower-dimensional faces (edges or triangules) are present.
For example, if the edges σx1x2 , σx1x3 , and σx2x3 are added one after another, then the
triangle σx1x2x3 is also added at the same filtration time as σx2x3 , i.e., νσx1x2x3

= νσx2x3
.6

5Not to be confused with the wavenumber k associated with the power spectrum and bispectrum.
6Provided that the Delaunay triangulation of the given point cloud contains σx1x2x3 , which is not guaranteed

for arbitrary combinations of x1, x2, and x3.
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One can visualize Rule 2 as placing around each vertex xi a growing sphere of radius
rxi(ν), and the corresponding edge is added when two spheres touch or overlap. DTMxi

impedes the growth of the sphere and delaying the inclusion of simplices involving xi. As
presented in [63], tuning k effectively regulates the average volume within which the algorithm
explores for the densest regions to populate with simplices. Therefore, when a larger k is
used, some regions are deemed no longer dense enough for early population, resulting in
larger holes (i.e., longer-lived topological features) to emerge.7 Intuitively, smaller values
of k result in finer-scale, more locally sensitive filtrations, potentially capturing smaller
features. In contrast, larger k values smooth out local density fluctuations, emphasizing
more global topological features. In other words, we can vary k to change the scale at which
topological information is extracted.

2.3 Persistence outputs: diagrams and images

With the filtration defined, we now have a simplicial complex that evolves with the filtration
parameter, or the filtration time, ν. Topological features (holes) come into existence, persist,
and are eventually trivialized (i.e., filled in by simplices). Using ν as the handle, we can
quantify this topological history by tracking the life of every feature that has ever existed.
Precisely, each feature is characterized by a tuple (νbirth, νpersist), where νbirth is the filtration
time at which the feature is formed, and νpersist = νdeath −νbirth is the duration of its existence
prior to trivialization. To sum up, the primary outputs of a persistent homology computation
are lists of (νbirth, νpersist) pairs, and in our 3-dimensional application there are 3 such lists
for the 0-, 1-, and 2-cycles. Each of these lists is often presented as persistence diagrams
and persistence images (figure 3):

Persistence diagrams. We plot all the cycles that ever existed in the filtration in the
νpersist-νbirth plane, generating persistence diagrams. There are 3 persistence diagrams in
our application, one for each of the 3 homological dimensions.

Persistence images. Fully specifying an arbitrary persistence diagram requires 2 × (number
of cycles) values. In most scenarios, one would wish to work with a data vector of a fixed
size. To this end, the conventional way of vectorizing a persistence diagram is to “pixelate”
it into a persistence image. Specifically, we bin in two dimensions the νpersist-νbirth plane,
by assigning a smoothing kernel to each point in the persistence diagram. Then we sum
up all kernel contributions in each bin.

Persistence images have proven useful in large-scale structures analysis, such as [60].
There are other vectorizations that condense the information in a persistence diagram even
further. An example is the concatenation of histograms of νbirth and νdeath values, which
is used in [62, 63], where a Gaussian likelihood is assumed in Fisher forecast setups. In
this work, we use neural network models for inference. As a result, we are less constrained
and need to summarize the persistence diagrams only minimally, allowing for a controlled
amount of information loss.

7Watch filtrations with different k’s in action: https://youtu.be/_phgkiZmY0c.
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Figure 3. Top Panel: persistence diagrams of 0-, 1-, and 2-cycles from the filtration of a Quijote
halo catalog with k = 15 at the fiducial cosmology. Np is the total number of p-cycles in each diagram,
i.e., the total number of p-cycles that once existed in the filtration. Bottom Panel: corresponding
persistence images from “pixelating” the diagrams.

3 Summary statistics from simulations

The entirety of our analysis is simulation-based. In this section, we provide a detailed
description of how the persistence images, as well as the joint power spectrum and bispectrum
statistic, are measured from the simulations.

3.1 Halo catalogs

We use the halo catalogs obtained from the N-body simulations in the Quijote and Quijote-
PNG suites [78, 79] (hereafter collectively referred to as Quijote). In each of these simula-
tions, 5123 dark matter particles are evolved using GADGET-III within a cosmological volume
of 1 (Gpc/h)3, with initial conditions at redshift z = 127 generated by the public 2LPTIC
code. Dark matter halos are identified using the Friends-of-Friends (FoF) algorithm, and
we utilize halo catalogs at z = 0.5, which are comparable to galaxies observed in surveys
such as the BOSS CMASS sample. We also exclude halos that are composed of fewer
than 50 particles, meaning that halos involved in our analysis have a minimum mass of
Mmin = 3.28 × 1013M⊙. We show in figure 4 a visual comparison of halo spatial structures
and clustering morphologies driven by different cosmological parameters, using fixed initial
conditions. For further details on the simulation suite, we refer the reader to existing studies
of the Quijote-PNG simulations [26, 80], which explicitly analyze the halo mass function
with power spectrum and bispectrum statistics.

The training, validation, and testing datasets of summary statistics for our neural
network inference models are measured from the Latin-hypercube (LH) subset of the Quijote
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Figure 4. This figure shows a slice of thickness 250 Mpc/h along the z-direction, centered at
500 Mpc/h. Point sizes are proportional to halo mass. All panels share the same initial random
seed but differ in cosmological parameters. The left panel corresponds to a realization from the
LH dataset with Ωm = 0.1755, Ωb = 0.06681, h = 0.7737, ns = 0.8849, and σ8 = 0.6641; the
middle panel shows the same seed from the LH_f local

NL dataset, with f local
NL = −98.7 and fiducial

cosmological parameters. The right panel shows the LH_f equi
NL dataset, also with the same seed,

adopting f equi
NL = 201, Ωm = 0.3330, h = 0.5966, ns = 1.0726, and σ8 = 0.7110.

simulations.8 Each simulation in an LH has a cosmology defined by cosmological parameters,
including primordial non-Gaussianity amplitudes, which are sampled within specified ranges.
We utilize 3 of the available LHs: LH, LH_f loc

NL, and LH_f equi
NL . For the fiducial parameter

recovery tests, we employ the 15,000 fiducial realizations from the main suite. See table 1
for a summary.

Since observations are carried out in redshift space, prior to measurements, we convert
the real-space positions of the halos to redshift-space positions. In the distant-observer
approximation, the conversion is

x → x + v · n̂

a(z)H(z) n̂, (3.1)

where x is a halo’s real-space position, v is the halo’s peculiar velocity, n̂ is the line-of-
sight, a(z = 0.5) = (1 + 0.5)−1 is the scale factor, and the Hubble parameter H(z) =
100

√
Ωma−3 + ΩΛa−3(1+w) = 100

√
Ωma−3 + (1 − Ωm) in (km/s)(h/Mpc) depends on Ωm of

the catalog’s cosmology. We process each catalog along the z-axis, i.e., taking n̂ = ẑ.

3.2 Persistence images

As described in section 2, we vary the nearest-neighbor parameter k in the α-DTM-ℓ filtration
of our persistent homology pipeline. We choose k ∈ {1, 5, 15, 30, 60, 100}, which was shown
in [1] to be an informative selection for Quijote’s simulation volume and halo density; the
persistence statistic derived from each value is expected to contain a reasonable amount
of independent information. In summary, for a single halo catalog we have (3 homological
dimensions) × (6 k values) = 18 images.

We set the resolution of each persistence image to be 128 × 128 pixels, which provides a
good trade-off between granularity and dimensionality given the size of our datasets. The

8https://quijote-simulations.readthedocs.io/en/latest/LH.html.
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Category Number of
realizations

Ωm Ωb h ns σ8 f loc
NL f equi

NL

Fiducial 15000 0.3175 0.049 0.6711 0.9624 0.834 0 0
LH 2000 [0.1, 0.5] [0.03, 0.07] [0.5, 0.9] [0.8, 1.2] [0.6, 1.0] 0 0
LH_f equi

NL 1000 [0.1, 0.5] 0.049 [0.5, 0.9] [0.8, 1.2] [0.6, 1.0] 0 [−600, 600]
LH_f loc

NL 1000 0.3175 0.049 0.6711 0.9624 0.834 [−300, 300] 0

Table 1. Simulation sets from Quijote and Quijote-PNG used in this work. The different LH
(Latin-hypercube) realizations are used for the training and evaluation of the models, while the Fiducial
simulations are used exclusively for the fiducial parameter recovery tests.

bounds, i.e., minimum and maximum birth values, and maximum persistence values covered
by an image are shared across images for the same homological dimension and value of k.
We find the said bounds by surveying the LH set of simulations: for each realization we
take the 1st and 99th percentile of all birth values and the 99th percentile of all persistence
values, then we pool these values from all realizations and use the 1st/99th percentiles as
the bounds. The first step removes outliers in each realization, while the second removes
outliers within the simulation set. With this setup, we set for kernel density estimation the
bandwidth parameter in the KernelDensity function in the scikit-learn library to be
5 × (persistence per pixel), where persistence per pixel is defined as the persistence bound
divided by 128 (the 1D resolution).

3.3 Power spectrum and bispectrum

Following [63], we compute the redshift-space monopole and quadrupole components of the
halo-halo power spectrum and the monopole of the bispectrum using the publicly available
code PBI4.9 The bin widths are defined as ∆k = 2kf , with the first bin centered at 2kf ,
where kf = 0.006 hMpc−1 is the fundamental frequency of the simulation box. This binning
procedure extends up to kmax = 0.3 hMpc−1 beyond which shot noise dominates the signal,
resulting in a total of 24 bins for each power spectrum component and 1522 triangular bins
for the bispectrum monopole alone. To reduce aliasing effects, we implement the interlacing
scheme of [81], combined with a fourth-order interpolation scheme, to compute the density
contrast on a Fourier grid with 144 bins.

For both the power spectrum and the bispectrum monopole, we subtract a pure Poisson
shot noise term, given by 1/n̄ for the power spectrum, and 1/n̄ (P (k1) + P (k2) + P (k3))+1/n̄2

for the bispectrum, where n̄ is the halo density of the catalog.

4 Model architectures, training, and hyperparameter optimization

In this section, we present the different models used in our analysis, as well as their training
and optimization strategies for predicting cosmological parameters from persistence images
(PIs), power spectrum and bispectrum (PS/BS), and both combined.

9Available at: https://github.com/matteobiagetti/pbi4.
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4.1 Convolutional neural networks for persistence images

Our generic CNN architecture combines two types of convolutional blocks. The first type
consists of a Conv2D layer with a kernel size of 3, activated by LeakyReLU, followed by
a max-pooling operation with a kernel size of 2. The second type is similar but removes
the max-pooling operation. The first block is applied several times, followed by a couple
of applications of the second block. The data is flattened after the convolutional layers to
produce a one-dimensional vector and passed through a dropout layer before being fed into a
fully connected output layer. This final layer predicts both the mean and standard deviation,
as described below in section 4.5. The specific number of blocks and channels, as well as the
dropout rates, weight decay, and learning rate were optimized through a hyperparameter
search for individual datasets (i.e. LHs), as described in section 4.4.

We apply a 2D batch normalization layer directly to the input images for the specific
case of the LH_f loc

NL dataset. In contrast, for the other Latin Hypercubes, we include the
2D batch normalization after every convolutional layer within each block, as we observed
that this gives the best results.

4.2 Multi-Layer Perceptron for joint power spectrum and bispectrum

For the joint power spectrum and bispectrum statistics, we use a Multi-Layer Perceptron
(MLP) model. The input consists of the concatenation of the total power spectrum and
bispectrum statistics, denoted as [P0, P2, B0].

The MLP architecture applies a batch normalization for the input to ensure consistent
scales across features. This is followed by several hidden layers, each composed of a linear
layer with a LeakyReLU activation function and a dropout for regularization. The output
layer is a linear layer that outputs the mean and the standard deviation for each parameter.
We performed hyperparameter optimization on the learning rate, weight decay, number of
neurons, layers and dropout rates.

While this general architecture was applied consistently to every Latin hypercube dataset,
we explored various architectural modifications to assess their potential for improvement. For
instance, we tested adding batch normalization after every hidden layer, as well as separating
the power spectrum and bispectrum statistics into two distinct branches. In this latter
approach, the power spectrum components [P0, P2] and the bispectrum [B0] were processed
independently using separate MLPs. The outputs of these branches were then concatenated
into a single vector and passed through a final output layer for regression. However, none of
these variations yielded significant improvements over the simpler design described above.

4.3 Joint PI-PS-BS architecture

To integrate persistence images (PIs) with power spectrum and bispectrum (PS/BS) statistics,
we use a hybrid architecture that combines a convolutional neural network (CNN) for the
PI data and a multi-layer perceptron (MLP) for the PS/BS data, referred to as Hybrid
in the remainder of the paper.

The MLP branch processes the PS/BS input data using the previously described MLP
architecture, excluding its output layer to focus on feature extraction. Similarly, the PI
branch processes its input data through a CNN model, also excluding its output layer. The
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representations extracted from both branches are then flattened and concatenated into a
single feature vector. This combined representation is passed through a final regression layer,
composed of fully connected layers with LeakyReLU activation functions and dropout, which
predict the means and standard deviations for each cosmological parameter.

To improve training efficiency and performance, Hybrid is initialized with pre-trained
weights from the independently trained MLP and CNN models. For the output fully
connected layers, we performed hyperparameter tuning on the number of layers, number
of neurons, weight decay, and learning rate.

4.4 Training and hyperparameter optimization of neural network models

To optimize model performance across datasets, we performed hyperparameter search us-
ing Bayesian optimization through the gp_minimize function from the scikit-optimize
library.10 The search explored configurations such as the number of layers, dropout rates,
and learning rates. Initial trials sampled hyperparameters randomly, followed by refined
sampling through Bayesian optimization.

For training, we used the Adam optimizer without a learning rate scheduler. Weights
were initialized using the Kaiming normal distribution for LeakyReLU activations, and biases
were initialized to zero. We used early stopping with a patience of 100 epochs to prevent
overfitting. For all models, we used a fixed batch size of 32 and minimized the validation
loss. The search process started with 10 random trials to explore the hyperparameter space,
followed by 40 additional trials using Bayesian optimization.

The hyperparameter space included the following configurations: for the MLP, the
number of layers was defined within the range [2, 6], and the hidden layer sizes were chosen
between the values [32, 64, 128, 256, 512]. For CNN, the number of max-pooling Conv2D
blocks was set in the range of [3, 7], and the number of Conv2D blocks was defined within the
range of [1, 4]. Furthermore, the number of channels for the Conv2D blocks was selected from
[8, 16, 32, 64, 128]. For the Hybrid, the number of layers in the final output layer ranged from
[1, 8], with layer sizes selected from [8, 16, 32, 64, 128, 256, 512]. Dropout rates were chosen
from [0.3, 0.4, 0.5]. The learning rate was sampled from a log-uniform distribution in the range
[10−4, 10−2], and weight decay was sampled log-uniformly from [10−5, 10−1] for all models.

The data split was consistent across all models to ensure uniform conditions. For the LH
dataset, the split consisted of 1600 training samples, 200 validation samples, and 200 test
samples. For the LH_f loc

NL and LH_f equi
NL datasets, we used 600 training samples, with 200

each for validation and testing. The same random split was applied across all models for
training, validation, and test sets. This ensures that each model was evaluated on identical
cosmologies in the test set, allowing direct performance comparison across architectures
(and thus summary statistics).

4.5 Likelihood-free parameter inference

For parameter inference, we do not compute the full posteriors of the parameters p(θi|X),
where θi’s represent the parameters we aim to recover. These are inferred from the summary
statistic X, which is derived from the halo catalog in the Latin hypercube dataset. Instead,

10scikit-optimize.github.io/stable/modules/generated/skopt.gp_minimize.html.
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our architecture predicts two values for each parameter: the mean µ̂i and the variance σ̂i of
the marginal posterior distribution. We use a custom loss function based on the logarithmic
moment network methodology [82], which has recently gained attention for estimating model
errors when a likelihood function is unavailable, as implemented in [26, 50, 83–92]. The
specific form of the loss function is as follows:

L =
∑

i∈params
log

 ∑
j∈batch

(θi,j − µ̂i,j)2

 +
∑

i∈params
log

 ∑
j∈batch

(
(θi,j − µ̂i,j)2 − σ̂2

i,j

)2
 , (4.1)

where θi,j is the true value of the i-th parameter for the j-th sample in the batch, and µ̂i,j

and σ̂i,j denote the predicted mean and variance, respectively. The logarithmic terms ensure
that both the mean and variance are similarly weighted across all parameters, preventing the
loss function from being dominated by the least accurately estimated parameters.

We also tested a simple Mean Squared Error (MSE) loss function, given by L =
1
N

∑
i∈params(θi − µ̂i)2 to estimate the posterior means. In terms of architecture and re-

sults, the performance was comparable.

4.6 Gradient boosted trees

Although neural network-based methods are powerful and flexible methods to learn from
complex data such as (natural) images or text, they can suffer from shortcomings on tabular
data, where tree-based methods often outperform them in medium-sized datasets [93, 94].
Additionally, tree-based methods seem more robust to uninformative features. While we refer
to our Persistent Homology-based summary statistic as a Persistence Image, it can actually
be considered as tabular data as well: the location of a specific pixel has a meaning (birth
scale and persistence). Power spectrum and bispectrum are also tabular data. Since we are
in a relatively small dataset regime, where neural networks could overfit or require extreme
regularization, we propose to use Gradient Boosted Trees (GBT) as an additional method to
evaluate the predictive power of the summary statistics considered here and their robustness
(or not) across types of methods (in our specific regime). We favor GBT over Random Forest
as they have been shown to perform better for a comparable computational cost.

Another interesting advantage of decision tree-based models like XGBoost is their ability
to evaluate feature importance, which can provide insights into how the model processes
the features to predict. In section 5.4, we provide visualizations and analysis of the feature
importance on some of our datasets.

We train GBT using the XGBoost library [95] for each data combination. When persistence
images are included, the pixel values are flattened into a single array. Datasets are split as
for the neural nets. We perform grid-search with cross-validation to find the hyperparameters
(learning rate, maximum depth, number of estimators, subsampling, max child weight) that
best fit the training data. We find that models with very shallow trees are generally preferred
(with a maximum depth of five). The reason may be that this avoids overfitting. We minimize
the RMSE to train these models and perform model selection on the validation. Since there
is no off-the-shelf way to perform simulation-based inference techniques with boosted trees,
we do not estimate the variance of each cosmological parameter. Therefore, these models are
evaluated using only their RMSE and R2 scores on the test set, and not the χ2.
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It is valuable to note that the training of each model can be performed in a few minutes
even in modest CPUs, which is significantly faster than neural-based approaches. However,
they also require significantly more RAM.

5 Results

We now evaluate the performance of the different methods and summary statistics on the
different datasets (LHs) considered. We note that each model was trained and validated on a
separate subset of the dataset, and no significant difference between training and validation
losses was observed, indicating that the networks generalized well without overfitting.

5.1 Evaluation metrics

To evaluate the performance of each model, we use several metrics to quantify the accuracy
of the predicted means and variances for each cosmological parameter. These metrics
include the coefficient of determination (R2 score), the chi-squared statistic (χ2), and the
root-mean-square deviation (RMSE).

R2 score. Measures the goodness of fit for the predicted mean, and therefore how well µ̂i

tends to the true value θi for each parameter. It is given by

R2(θ, µ̂) = 1 −
∑

i(θi − µ̂i)2∑
i(θi − θ̄)2 , (5.1)

where the θi is the true parameter for the i-th sample, µ̂i is the predicted mean from the
network model, and θ̄ is the average of the true parameter over the entire test set. The best
score is reached at R2 = 1, indicating a nearly perfect prediction, while R2 = 0 means the
prediction is no better than using the average value. Notice that R2 can be negative meaning
that the model performs worse than just predicting the mean.

χ2 score. Evaluates how well the predicted variance σ̂ matches the spread of the data.
It is defined as

χ2(θ, µ̂, σ̂) = 1
N

∑
i

(θi − µ̂i)2

σ̂2
i

, (5.2)

where N is the number of samples in the test set, θi is the true parameter value, (µ̂i, σ̂i)
is the predicted mean and variance output by the model. A χ2 score close to 1 indicates
that the predicted uncertainties are well-calibrated. If χ2 is significantly greater than 1,
the model underestimates the uncertainties. On the other hand, if it is significantly less
than 1, the model overestimates them.

RMSE. Quantifies the discrepancy between the predicted values generated by a model and
the actual ground truth values, providing a comprehensive measure of the model’s predictive
performance relative to the true parameter values. A lower RMSE indicates a superior fit of
the model to the data, thereby suggesting better predictive accuracy. It is defined as

RMSE =
√

1
N

∑
i

(θi − µ̂i)2. (5.3)
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5.2 Varying cosmologies

We provide in figure 5 the predicted mean posteriors along with their associated standard
deviation (std) for all 200 test points in the LH dataset, for the three summary statistics
(PI, PSBS, PI-PSBS) and their respective neural architectures. The predicted mean values
from the network are plotted on the y-axis and the true (target) values are plotted on the
x-axis. The black diagonal line represents a perfect match between predicted and true values.
The error bars illustrate standard deviation estimated by the model for each prediction.
Additionally, the smaller lower panels show the residuals between the predicted posterior
means and the ground truth values, with the black line indicating a perfect match between the
two. We see that for parameters which are well estimated, that is Ωm and σ8, the predicted
values and variances give an accurate statistical description of the model performance. On
the other hand, for paramters that are poorly estimated, that is Ωb and h the models are
picking the mean among realizations, and though this is somewhat accounted for in the large
error bars, there is a large bias visible in the residuals. For ns the models capture some of
the trend, assigning large error bars and a large bias. We also observe that none of these
models have large outliers, but there is some slight but noticeable bias in the prediction
of Ωm when using the PSBS data.

To quantify the performance of these models, we summarize the metrics — Root Mean
Squared Error (RMSE), R2, and χ2 in the following tables: table 2 for the main Latin
Hypercube (LH) dataset, table 3 and table 4 for the LH_f loc

NL dataset and LH_f equi
NL datasets.

Results for standard cosmological parameters.

• Persistence images performed best for {Ωm, σ8}. In numbers, using PIs with the CNN
achieved R2 scores of {0.96, 0.99}, compared to the MLP’s (using PS/BS) scores of
{0.89, 0.93}. On the other hand, none of the statistics are sensitive to h and Ωb, while
both statistics achieve similar performance for ns. Looking at the χ2 values obtained,
both CNN and MLP standard deviations seem to be well calibrated.

• When combining both summary statistics in the Hybrid architecture, we find that the
RMSE on each parameter is close to that obtained using the data that best constrains it.
This indicates that the power spectrum and bispectrum do not contain complementary
information or not contained in the persistence images, as combining the three does
not lead to significant improvement.

• Boosted trees lead to poorer performance than the neural networks, especially when
involving persistence images (either alone or combined). We find that though they are
cheaper to train, they tend to overfit in this setting, which impacts their generalization.
This can be corrected by constraining the model flexibility, however at the cost of
performance. Perhaps surprisingly, the neural-based methods seem to provide a better
trade-off in this regime.

• We claim that in our setup persistent homology in general does not probe scales beyond
2π/kmax ≈ 21 Mpc/h,11 the scale at which the power spectrum and bispectrum are

11A more detailed discussion can be found in [63], section 5.1.
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Figure 5. Model performance on predictions for all 200 test points using the best-performing models
trained on the PI, PSBS, and PI-PSBS datasets. The black diagonal line represents a perfect match
between predicted and true values. The error bars indicate the predicted standard deviation output
by the network. The residuals are shown in the smaller lower panels. The dataset is the Quijote
Latin Hypercube (LH) at redshift z = 0.5.

truncated. While it is difficult to define a scale for a topological feature, we can use
the birth value, which for the 1- and 2-cycles is half of the length of the edge that
triggers the formation of the feature. Figure 3 shows that most 1- and 2-cycles are
born beyond 25 Mpc/h, and a topological feature should be of a size larger than this
edge. For the 0-cycles, the birth value corresponds inversely to the local halo number
density, which we find to be within 20–25 Mpc/h, consistent with ≳ 21 Mpc/h, for the
majority of the features. Hence, when persistent homology performs better than the
power spectrum and bispectrum, we argue that the extra information extractable by
the neural network model should not come from smaller-scale modes, but from the fact
that persistent homology probes higher-order correlations given that each topological
feature is typically formed from a set of many vertices.
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Data Metric Ωm Ωb h ns σ8

PI
(CNN)

RMSE 0.025 ± 0.002 0.011 ± 0.001 0.11 ± 0.001 0.074 ± 0.006 0.012 ± 0.001
χ2 1.31 ± 0.20 1.04 ± 0.09 1.12 ± 0.06 1.14 ± 0.19 0.77 ± 0.12
R2 0.96 ± 0.01 -0.064 ± 0.09 0.14 ± 0.02 0.59 ± 0.06 0.99 ± 0.01

PI
(GBT)

RMSE 0.04 ± 0.01 0.01 ± 0.01 0.11 ± 0.03 0.09 ± 0.02 0.017 ± 0.003
R2 0.877 ± 0.002 -0.031 ± 0.0004 0.048 ± 0.003 0.387 ± 0.002 0.977 ± 0.001

P + B

(MLP)

RMSE 0.04 ± 0.001 0.01 ± 0.0001 0.095 ± 0.002 0.078 ± 0.002 0.029 ± 0.001
χ2 1.42 ± 0.14 1.02 ± 0.05 1.19 ± 0.09 1.26 ± 0.15 0.91 ± 0.14
R2 0.89 ± 0.01 0.24 ± 0.02 0.31 ± 0.03 0.55 ± 0.02 0.93 ± 0.01

P + B

(GBT)
RMSE 0.039 ± 0.009 0.01 ± 0.05 0.10 ± 0.04 0.08 ± 0.02 0.024 ± 0.002
R2 0.897 ± 0.001 0.162 ± 0.001 0.223 ± 0.004 0.453 ± 0.003 0.952 ± 0.001

Combined
(Hybrid)

RMSE 0.023 ± 0.002 0.01 ± 0.001 0.096 ± 0.003 0.068 ± 0.005 0.011 ± 0.002
χ2 1.47 ± 0.16 1.01 ± 0.11 1.15 ± 0.13 1.40 ± 0.24 0.80 ± 0.19
R2 0.97 ± 0.01 0.21 ± 0.10 0.30 ± 0.05 0.66 ± 0.05 0.99 ± 0.01

Combined
(GBT)

RMSE 0.040 ± 0.001 0.011 ± 0.001 0.110 ± 0.004 0.093 ± 0.003 0.017 ± 0.001
R2 0.893 ± 0.006 -0.024 ± 0.024 0.08 ± 0.06 0.36 ± 0.03 0.975 ± 0.002

Table 2. Performance metrics for CNN, MLP, Hybrid (on their respective summary statistics)
and GBT (for the different statistics) for the LH dataset. Each value is the mean over 10 model
initializations and the corresponding standard deviation. For boosted trees, the standard deviation
comes from cross-validation with 4 different validation sets, keeping the training set size fixed.

PNG results.

• Persistence images consistently perform better than the combination of power spectrum
and bispectrum for retrieving the f loc

NL parameter. The performance is significantly
better when using GBT, unlike the previous results on the LH. This observation
requires more investigation to properly understand its underlying causes. This could be
due to a combination of the variance differences between the two datasets (one varying
5 parameters, 3 of which have an effective impact on the summary statistics considered
here, the other varying only a single parameter), the (relatively) small size of each
dataset, the nature of the data and the properties of the methods.

• All models struggled or failed to recover the f equi
NL value, and we therefore do not plot

the Fiducial recovery. This seems to indicate that the summary statistics considered
here are not sensitive enough to f equi

NL when marginalizing over the other parameters.
Note that the f equi

NL inference case is much harder than the f loc
NL case. The LH_f equi

NL
varies several cosmological parameters in addition to f equi

NL , thus requiring to marginalize
over those parameters. It would be interesting to investigate in future work whether
integrating information about the other cosmological parameters (e.g., conditioning on
the other parameters) helps in predicting f equi

NL with those summary statistics.

• It is also important to note that f equi
NL is defined to give a primordial bispectrum of

the same size as f loc
NL at the equilateral configuration [96]. However, the local template

is small for that configuration relative to other (more squeezed) configurations, so for
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Model Metric f loc
NL

PI
(CNN)

RMSE 47 ± 2
χ2 1.48 ± 0.17
R2 0.93 ± 0.01

PI
(GBT)

RMSE 38.3 ± 1.2
R2 0.950 ± 0.03

P + B

(MLP)

RMSE 50 ± 2
χ2 2.40 ± 0.26
R2 0.92 ± 0.01

P + B

(GBT)
RMSE 48.8 ± 3.2
R2 0.920 ± 0.01

Combined
(Hybrid)

RMSE 46 ± 2
χ2 1.58 ± 0.17
R2 0.93 ± 0.01

Combined
(GBT)

RMSE 37.6 ± 1.1
R2 0.952 ± 0.003

Table 3. Performance metrics for LH_f loc
NL on the test set for the different summary statistics and

models. For neural networks, each value is the mean over 10 model initializations, with the standard
deviation reported. For boosted trees, the standard deviation comes from 4-fold cross-validation.

equal values of f loc
NL and f equi

NL , local PNG has a larger physical effect. This effect is more
pronounced for statistics that sum over many configurations, such as persistence images.

• The other results on the LH_f equi
NL dataset show a similar trend to the LH results

regarding the informativeness of the persistence images. However, here we achieve best
performance using the persistence images alone, with CNN, for the parameters that
can be constrained, such as {Ωm, σ8, ns}. GBT consistently underperform compared
to the neural-based methods. Combining the PIs with the PS/BS in this setup leads
to worse results. One possible explanation is that this setup enters a regime where the
high dimensionality of the data, coupled with the smaller dataset size (half the size of
the LH dataset), prevents the models from training properly.

5.3 Fiducial parameter recovery

We now turn our attention to the fiducial dataset. We want to evaluate how well our
models constrain parameters at the fiducial cosmology. The dataset contains 15,000 fiducial
realizations never seen by the models, and from them we generate the same number of
predictions for each best-performing model. The predictions are plotted in figures 6 and 7,
for models trained on LH and LH_f loc

NL respectively (we do not plot for the models trained
on LH_f equi

NL as they fail to infer f equi
NL completely), as contours marking the 68% and 95%

confidence regions, as well as each parameter’s 1D distribution. We report the following results:
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Model Metric f equi
NL Ωm h ns σ8

PI
(CNN)

RMSE 340 ± 2 0.029 ± 0.005 0.11 ± 0.002 0.078 ± 0.005 0.018 ± 0.002
χ2 1.02 ± 0.02 1.02 ± 0.28 1.17 ± 0.10 1.19 ± 0.17 1.01 ± 0.23
R2 0.005 ± 0.009 0.94 ± 0.03 0.22 ± 0.04 0.55 ± 0.06 0.98 ± 0.01

PI
(GBT)

RMSE 338 ± 10 0.050 ± 0.003 0.109 ± 0.004 0.096 ± 0.007 0.023 ± 0.002
R2 -0.01 ± 0.03 0.81 ± 0.03 0.13 ± 0.07 0.30 ± 0.05 0.963 ± 0.005

P + B

(MLP)

RMSE 340 ± 0.3 0.04 ± 0.001 0.089 ± 0.002 0.084 ± 0.003 0.035 ± 0.002
χ2 0.96 ± 0.01 0.98 ± 0.07 1.36 ± 0.08 1.14 ± 0.07 1.11 ± 0.12
R2 0.002 ± 0.002 0.88 ± 0.01 0.42 ± 0.02 0.47 ± 0.04 0.91 ± 0.01

P + B

(GBT)
RMSE 333 ± 14 0.042 ± 0.001 0.104 ± 0.003 0.081 ± 0.006 0.028 ± 0.004
R2 0.02 ± 0.02 0.86 ± 0.01 0.21 ± 0.06 0.50 ± 0.06 0.94 ± 0.01

Combined
(Hybrid)

RMSE 340 ± 0.3 0.04 ± 0.001 0.089 ± 0.002 0.084 ± 0.003 0.035 ± 0.002
χ2 0.96 ± 0.01 0.98 ± 0.07 1.36 ± 0.08 1.14 ± 0.07 1.11 ± 0.12
R2 0.002 ± 0.002 0.88 ± 0.01 0.42 ± 0.02 0.47 ± 0.04 0.91 ± 0.01

Combined
(GBT)

RMSE 338 ± 10 0.046 ± 0.003 0.109 ± 0.004 0.092 ± 0.007 0.023 ± 0.006
R2 -0.01 ± 0.04 0.84 ± 0.02 0.13 ± 0.07 0.35 ± 0.06 0.962 ± 0.005

Table 4. Performance Metrics Comparison for LH_f equi
NL on the test set, for the different summary

statistics and models. For neural networks, each value is the mean over 10 model initializations and
the standard deviation over the mean. For boosted trees, the standard deviation comes from 4-fold
cross-validation.

• Persistence images outperform power spectrum and bispectrum combined in both
accuracy and precision for {Ωm, ns, σ8}. This is expected since the model achieves
better R2 values for those parameters.

• For {Ωb, h}, predictions from the power spectrum and bispectrum combined are well
centered on the fiducial value; however, this should not be overinterpreted, as the
models have poor R2 scores overall for these parameters. The model simply learns
better at using the mean of the parameter values it trains on as the prediction, which
happens to be the fiducial value.

• The Hybrid model generally does not improve on either of the other models that use a
single type of statistics, except for {Ωm, f loc

NL}.

• The contours seem offset with respect to the fiducial values for parameters which are
not well constrained. This does not necessarily mean that the model is biased since the
contours do not include information about the estimated variance on the prediction.

5.4 Understanding persistence images with feature importance

Features importance is a potentially useful tool for understanding how machine learning
models link input data to the outcomes. From tree-based models, it is possible to extract
an importance score for each input feature, quantifying its contribution to the model’s
performance.
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Figure 6. Predictions of cosmological parameters on the Fiducial dataset using the best-performing
models trained on the Quijote Latin Hypercube (LH) at redshift z = 0.5. The contours indicate
the regions containing 68% (1-σ) and 95% (2-σ) of the predictions. The crosshairs indicate the true
fiducial values. The diagonal panels show the 1D distributions.

The feature importance map generated by the GBT model identifies the pixels with the
greatest influence on the model’s predictions. In XGBoost, the “weight” of a feature refers to
the number of times that feature is selected for a split across all decision trees in the ensemble,
thus essentially measuring how frequently a feature contributes to the decision-making process
within the model. Each tree participating in the ensemble only uses a few features, such that
only a few pixels are assigned a non-zero weight. This score is computed directly by the
XGBoost package. In figure 8, we plot a map for each of the 3 input cycles and for each of
the k — which determines the number of neighbors considered in the filtration, as described
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Figure 7. Distribution of f loc
NL predictions using the best-performing models trained on the Quijote-

PNG Latin Hypercube (LH_f loc
NL) at redshift z = 0.5. The dashed line marks the fiducial value f loc

NL = 0.

earlier. For visualization purposes, the background shows the corresponding persistence image
for a realization with f loc

NL = −288.3. Crosses mark the positions of important features for
predicting f loc

NL, with the color indicating their importance score: cyan crosses correspond to
non-null pixels with a weight below 1, whereas pink crosses represent pixels with a weight
above 1. Figure 9 shows a similar plot for a model trained to predict Ωm only.

This visualization shows that regions associated with early-birth, low-persistence features
in 0-cycles, as well as the borders of the persistence image, are critical for the model’s
predictions. For example, these areas exhibit the largest variations in the f loc

NL parameter (see
figure 8 in [63]). These regions emphasize information tied to overdense regions, particularly
those associated with early-forming structures. These features, identified early in the per-
sistence pipeline, are often associated with “independent” massive halos. We see that the
model trained on f loc

NL uses a relatively greater number of features from 1-cycles compared
to Ωm. Most of the information on Ωm seems to be contained in the 0- and 2-cycles (which
roughly correspond to clusters and voids respectively).

This is a first attempt at understanding the persistence image summary statistic. It
would be interesting to explore the robustness of these conclusions with a larger dataset.

6 Conclusions and outlook

This paper investigates the potential of persistence images (PIs), along with their combination
with power spectrum and bispectrum (PS/BS) data, for cosmological parameter inference.
We trained and compared these summary statistics using different types of machine learning
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NL dataset - GBT
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Figure 8. Feature importance map for the GBT model trained on the LH_f loc
NL dataset to predict

f loc
NL. Crosses indicate the positions of non-null features, with cyan marking pixels where the feature

weight is non-null and below 1, and pink denoting weights above 1. The background shows the
persistence image for a realization with f loc

NL = −288.3, providing context for the highlighted features.
Each image represents a different input channel, corresponding to all cycles with varying k-neighbors
in the filtration.

Persistence Image (PI) - LH dataset - GBT
0-cycle, k:1 1-cycle, k:1 2-cycle, k:1 0-cycle, k:5 1-cycle, k:5 2-cycle, k:5

0-cycle, k:15 1-cycle, k:15 2-cycle, k:15 0-cycle, k:30 1-cycle, k:30 2-cycle, k:30

0-cycle, k:60 1-cycle, k:60 2-cycle, k:60 0-cycle, k:100 1-cycle, k:100 2-cycle, k:100

Figure 9. Feature importance map for the GBT model trained on the LH dataset, focused exclusively
on Ωm. Crosses indicate the positions of non-null features, with cyan marking pixels where the
feature weight is non-null and below 1 and pink denoting weights above 1. The background shows the
persistence image for a realization with Ωm = 0.3227. Each image represents a different input channel,
corresponding to all cycles with varying k-neighbors in the filtration.
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methods (neural-based and tree-based) to assess their strengths and limitations in extracting
fundamental cosmological parameters and primordial non-Gaussianity amplitudes.

Our results demonstrate that persistence images are highly effective for recovering
cosmological parameters under various scenarios. The information contained in persistence
images consistently outperformed other methods for parameters such as Ωm and σ8, achieving
higher R2 values and lower RMSE compared to the PS/BS data. Notably, persistence
images were particularly effective in constraining f loc

NL. Interestingly, GBT provided a
computationally cheaper alternative and, for f loc

NL, outperformed neural networks when
trained on the same dataset.

As highlighted in [77], persistent homology reveals clustering differences that are not
captured by second-order statistics or local density alone, but instead reflect the higher-order
connectivity of the cosmic web. Because cosmological models imprint subtle changes not only
in how much structure forms but also in how that structure connects and surrounds matter,
topological measures can detect morphological differences that traditional summary statistics
often compress, making them potentially more sensitive and complementary for cosmological
parameter inference. This is particularly relevant for parameters such as Ωm, σ8, and f loc

NL,
which physically influence both the halo distribution and the surrounding matter field.

Combining PI and PS/BS data in the Hybrid model resulted in only marginal im-
provements over the CNN alone. This suggests that the PS/BS do not contain additional
information relevant to parameter inference beyond what is already present in the PIs, nor
do they offer complementary information. However, our analysis is limited by the properties
of the available datasets: they are relatively small from a machine learning standpoint, which
forces us to limit the flexibility of the models considered to prevent overfitting. The different
LHs considered here also have different properties in terms of number of parameters varied. It
would be interesting to explore the robustness of the PI summary statistic to marginalization
over other cosmological parameters.

Despite these successes, all models struggled to constrain f equi
NL . This may be because the

LH_f equi
NL dataset varies several cosmological parameters over a large range. It would also be

interesting to explore whether this statistic contains information about f equi
NL by including

tighter priors on cosmological parameters such as Ωm.
Parameters such as f loc

NL, Ωm, and σ8 tend to increase the number of halos and amplify
clustering features that are more readily captured by persistence images. In contrast, f equi

NL
has a subtler effect, and improving its constraints would require larger simulation volumes to
reduce sample variance. Notably, persistent homology offers a distinct advantage by focusing
on small-scale features that remain sensitive to equilateral non-Gaussianity without relying
on large-scale modes. Increasing simulation volumes could significantly enhance constraints
on f equi

NL by enabling the detection of more features across multiple filtration scales. It was
argued in [62] that this can be achieved by joining many small simulations since PIs don’t
necessarily derive their constraining power from the large scales.

While direct comparisons to other studies are complicated by differences in dataset
preparation — such as variations in power spectrum/bispectrum measurements, redshift
ranges, mass cuts, and Fourier binning — our findings remain broadly consistent with related
work [26, 33, 52, 80, 97–103].
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As shown in [77], persistent homology is sensitive to the halo mass range, with more
massive halos typically tracing larger-scale topological features than their lower-mass coun-
terparts. Future work should explicitly evaluate how variations in halo populations influence
the constraining power of topological summary statistics. Moreover, our feature importance
analyses with XGBoost indicate that the model primarily focuses on early-born topological
features, those that emerge early in the filtration process. In our setup, these early features
correspond to haloes embedded in high-density regions, which are often associated with
massive haloes. This suggests that the model may be capturing parameter dependencies
through mass-related topological imprints. Given that cosmological parameters such as Ωm
and f loc

NL strongly affect the abundance of high-mass haloes, we anticipate that different halo
populations will vary in their constraining power, with some providing stronger sensitivity
to specific cosmological parameters than others.

Direct inference using persistence diagrams through methods such as DeepSets or
PersLay offers a promising direction for future research [104, 105]. While substantial perfor-
mance gains are not guaranteed, these approaches could reveal complementary information
and improve our understanding of how persistence features encode cosmological information.

Transitioning to simulation-based inference frameworks, such as those outlined in recent
studies [98, 106–115], could further enhance parameter estimation by enabling direct sampling
of posterior distributions. Successfully integrating these methods with convolutional neural
networks or tree-based models like XGBoost will require careful development and experimen-
tation, but they hold significant potential for advancing the field of cosmological inference.
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