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Abstract We consider the standard Maxwell’s theory in
1 4 3 dimensions in the presence of a timelike boundary. In
this context, we show that (generalized) Ampere-Maxwell’s
charge appears as a Noether charge associated with the
Maxwell U (1) gauge symmetry which satisfies a spatial con-
servation equation. Furthermore, we also introduce the notion
of spatial memory field and its corresponding memory effect.
Finally, similar to the temporal case through the lens of Stro-
minger’s triangle proposal, we show how spatial memory and
conservation are related.
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1 Introduction

Contrary to the thought that the gauge symmetries in gauge
theories are redundancy, they can lead to non-trivial charges
in the presence of boundaries [1-6]. For example, Maxwell’s
theory in the presence of a codimension-1 spacelike and light-
like boundaries yields an infinite extension of the global elec-
tric charge, 0, = 95 A(x)E - da [4,5,7-14]. This equation
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reduces to standard Gauss’s law for A(x) = 1, and we call it
generalized Gauss’s charge for a generic A(x). It can be very
beneficial to experiment with this charge using different sur-
faces. Indeed, Lorentzian geometry allows us to have three
kinds of boundaries: timelike, lightlike, and spacelike. In this
paper our focus will be on timelike boundaries. These sorts
of boundaries arise when we are interested in the Maxwell
theory in a box [15-18] or as another example one may also
note to the timelike boundary of AdS spacetime (for symme-
tries and charges of a generic timelike boundary in gravity
see [19]).

Furthermore, it has been demonstrated using timelike
boundaries instead of spacelike boundaries (Cauchy sur-
faces) provides a more direct route to celestial holography
[20]. To be more specific, celestial currents naturally are
defined on codimension-2 integrals which are spanned with
a time coordinate and a spatial coordinate. The codimension-
2 nature of celestial currents raises the question of whether
they can be derived as surface charges of underlying gauge
symmetries. In [20], it was shown that the answer is affirma-
tive and that starting with a codimension-1 timelike surface
does the job.

In this paper we consider the Maxwell theory in 1 + 3
dimensions in presence of a codimension-1 timelike bound-
ary (142 dimensional hypersurface). Interestingly, we show
how studying charges over these 1+ 2 hypersurfaces prompts
us to the generalized Ampere-Maxwell’s charge (see Eqs.
(2.14) and (2.16)). Similar to the generalized Gauss charge,
its global part reduces to the standard Ampere-Maxwell law.

The definition of charges over spacelike and timelike sur-
faces yields two aspects of charge conservation as we call
them temporal and spatial respectively. These definitions
show up naturally in the framework of gauge theories. As a
key property of charges in gauge theories, they are expressed
as an integral over a codimension-2 surface and hence are
called surface charges. So, they can generically depend on
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two coordinates and hence we can explore their conservation
along each of them. Assume one of these coordinates to be
time and the other one to be one of our spatial coordinates.
In this regard, we can respectively define two kinds of con-
servation laws: temporal and spatial. We will clarify the low
dimensional property of charges in gauge theories implies
a neat relation between charges associated with these two
types of conservation.

Memory fields are defined as the change of a gauge
field between early and late times when the associated field
strength vanishes (see Eq. (3.1) and e.g. [21-23]). On the
other hand, memory effects are designed as a physical setup
to relate the permanent shifts in probe quantities (such as
position, velocity, and spin) to the memory fields after this
long period of time [5,24-32].

In this paper, we ask if such a phenomenon also has a spa-
tial version. Intriguingly, we will see the answer is affirma-
tive and we define the spatial memory fields as the change of
a gauge field between two spatially distant locations where
the field strength associated with the gauge field vanishes.
Similar to the temporal case, we show that there exist spatial
memory effects which relate the permanent shifts in the probe
quantities between two distant places.

From the Strominger triangle proposal [5], we know that
temporal conservation and memory effects are related. One
can ask whether such a relation holds for spatial ones. Inter-
estingly, we extract an explicit connection between spatial
conservation and spatial memory that reveals an exact anal-
ogy with the temporal one. However, one may note that here
we do not have the notion of “soft states” and IR physics sim-
ilar to Strominger’s “IR triangle”, more precisely we instead
consider “low momentum” physics (along one of the spatial
directions).!

The organization of this paper is as follows. In Sect. 2 we
briefly review the generalized Noether charge associated with
U (1) gauge symmetry in the Maxwell theory and the rela-
tion between temporal conservation and Gauss’s law. Then
we illustrate how the spatial conservation similarly leads to
generalized Ampere-Maxwell’s charge which the correspon-
dence charge (the generalized electric current) generates a
gauge transformation. After that in Sect. 3 we propose the
notion of spatial memory field and its corresponding probes
and explain how the memory field is generated by the gen-
eralized electric current. Finally, in Sect. 4 we show how the
spatial conservation of generalized Noether charge and the
spatial memory effect are connected.

! We thank M.M. Sheikh-Jabbari for bringing this to our attention.

@ Springer

2 Temporal vs spatial conservation

We consider the standard Maxwell theory of electrodynamics
in the presence of a generic matter field i with the following
action

S[Aq, V] =/d4x<—%Fa,3F“ﬁ+£M(A,w,31ﬂ)) (2.1

where the field strength Fyp is givenby Fog = 0y Ag—0pAq.
This theory respects the gauge transformation

Ay = Aq + 04 A (2.2)
when is accompanied by an appropriate transformation of
matter field 8,1 (x).? By varying the action with respect to
the A, and v we can obtain the equations of motion as

5L
3/3]70!/3 = j%, M =0,

S (2.3)

o - . aL .
where the current j¢ is defined as j* = ﬁ. Using the

standard Noether’s procedure it is easy to obtain a conserved
Noether current associated with the mentioned symmetry

JE =% + F*Pga. (24)
One can simply show this Noether current is conserved on-
shell, 9, J;¥ = 0. By applying the equations of motion (2.3),
we can rewrite the Noether current as a total derivative
JY = dp(A(x)FP). (2.5)
As one may expect from the Noether theorem for gauge the-
ories, the corresponding conserved charge Q; = [ s dZqJ
must be given by a codimension-2 integral

QA:/ dzaa,g(x(x)F“ﬂ)=?§ dSep FP(x). (2.6
z X

Here ¥ is a codimension-1 hypersurface with 0% as its
boundary (boundaries).> This is the key property of gauge
theories which was mentioned in the introduction. As we
will argue in the following, this equation is equivalent to the
generalized form of Gauss’s and Ampere-Maxwell’s charges
for spacelike and timelike hypersurface X respectively.

To get intuition on the Noether current (2.4), let us look at
its temporal and spatial components. To do so, we assume the

2 For example in the case of complex scalar theory Ly = (941 —
ieAg V) (0YY™ + ieA%yY™) the transformation is 8, = ieAy and
S U* = —iedy*.

3 1t is useful to note that A(x) is a function over the whole spacetime
and not just ¥ or dX.
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metric of the spacetime to be flat ds? = —d¢? + h;;dx’dx/*
and we also use definitions F% = E! and F/ = €VUkBy
along with j* = (p,j) to obtain components of J =
(01, J») as following

J, =2 —Edr+VAxB=V x OB)—3,(E). (28)

For the global Noether current, A(x) = 1, we have 9,1 =
p=V-.Eand J,-; =j= —90E + V x B. They respec-
tively coincide with the Gauss and Ampere-Maxwell laws.
Roughly speaking, we can think about the Noether current for
generic A(x) as a differential form of the generalized Gauss
and Ampere-Maxwell charges.

In the following section, we use these results to explore
well-known femporal conservation as well as its spatial
counterpart.

2.1 Temporal conservation and Gauss’s law

As mentioned, the notion of the conserved charge Q, (2.6)
depends on the nature of the hypersurface X. It is common
to assume that ¥ = X, to be a spacelike hypersurface at
t =const. Then by using the relationship between compo-
nents of strength tensor and electric field F 0i — Ei the 0.
reduces to (e.g [4,5,7,9])

0, :/ d*xo; :yf A(x) E - da. (2.9)
PN BN

Simply this integral computes the flux of electric field E
through the codimension-2 boundary 9%, and is just the
standard Gauss’s law for A(x) = 1. For non-constant A(x), it
may be dubbed as (the integral form of) generalized Gauss’s
charge.

To get more insight into the conservation of 0, itis worth-
while to calculate %. We start from

0=20J7 =0d0.+V-I (2.10)

4 Where spatial metric h; ;j in the Cartesian, Cylindrical and Spherical
coordinates takes the following form

hijdx'dx/ = dx? + dy* + dz?
hijdx'dx/ = ds? + s2d¢? + dz?
hijdx'dx/ = dr? + r?(d6? + sin® 0d¢?).

and perform an integration over a codimension-1 spacelike
hypersurface X; to obtain

J)L -da.
0%,

isz—f dBxV ), = — 2.11)
dt B

Finally, by using the explicit form of J, from Eq. (2.8), we
get

(.j—EdL+ VA xB)-da.
0%

d 2.12
EQ’\ = (2.12)
Clearly, the rate of change in charges is given by their flux
through the spacelike codimension-2 boundary 9%, (see
Fig. 1). For global part, A(x) = 1, we have the standard
conservation of the electric charge ‘ii—tQ = - faz, j-da.

2.2 Spatial conservation and Ampere-Maxwell’s law

As we saw in the previous subsection, the relationship
between conservation and its derivation through Noether’s
theorem does not rely on the codimension-one surface being
spacelike (Cauchy). So it makes sense to explore this conser-
vation for other types of surfaces as well. With this in mind,
we examine Maxwell’s electromagnetism when there is a
timelike boundary present. In this regard, here we assume
that ¥ = X, is a timelike hypersurface at z = const (for
reasons of simplification we will use the cylindrical coor-
dinates system {z, s, ¢, z}). In this case, one may rearrange
continuity equation 9, J;* = 0 as
0=08,J =08,J; +V T, (2.13)
where V- is divergent operator on z = const hypersurface
(it contains derivatives along {z, s, ¢}). Now we can consider
J; as a kind of charge density and define the corresponding
charge by integration over a timelike codimension-1 hyper-
surface X, as QRZ) = sz d3X J7. One may compare this
definition with (2.10). We can employ (2.8) to get

09 = / di f do - (V x (B) = %, GE) ).
%

Here X,; denotes a codimension-2 surface at #, z = const
and do is its area element (in z direction).> Now the Stokes
theorem lets us to rephrase the recent equation as

0= [admae- [a | oo @
Xy P

5 Note that in the Cartesian coordinates ¥, is just x — y surface and
do = dx dy e, denotes its area element.

@ Springer
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Fig. 1 Left: electric charges in
a segment of flat wire (yellow)
at fixed times is given by

0" = [dxdydz p. Right:
electric charges that pass

through z = const sections of a

flat wire (yellow) during a time

interval is given by
0@ = [ drdxdy j° t1

where d¢ stands for the line element tangent to 3 %_;.°

Nothing Q;Z) = [dr [doJ; is just the total charge
that passes hypersurface ¥, during a certain time inter-
val, so we naturally define a generalized electric current as
/¥ = [ doJ? and hence

0V = / dr 119

Using this we get the generalized Ampere-Maxwell’s charge

(2.15)

(2.16)

1§Z)=j£ A(x)B-dZ—/ do - 9;(A(x)E).
321, er

This equation reduces to the standard Ampere-Maxwell’s
law for A(x) = 1, and 9; (A (x)E) indicates (generalized) dis-
placement current. Intriguingly, it implies that / ){Z) as the spa-
tial conserved charge of gauge transformation (2.2). Alter-
natively, a simple calculation (see Appendix A) shows this
charge generates gauge transformations as one may expect:

{If), As(s, &, z)} — 9A(s, ) 2). (2.17)

Equations (2.16) and (2.17) are parts of this paper’s main
results; to our knowledge, they have not been previously
reported.

Naturally, we would like to interpret / )EZ) as a conserved
quantity along spacelike direction z and so introduce the
notion of spatial conservation. To illuminate this, let us start
by integrating the continuity equation 9, J; = 9.J; + V.
j; = 0 over a timelike hypersurface X, to obtain

d ~ ~ ~ ~
—Q§Z)=—/ d3xv-JA:—7§ J,-do. (218
dz . EDR

6 The first integral in (2.14) involves a codimension-2 integral which is
labeled with time and a periodic spatial coordinate. This is the direct con-
sequence of starting with a timelike codimension-1 hypersurface. Sim-
ilar codimension-2 integrals appear in celestial currents in the celestial
holography context. It has been shown that these celestial currents can
be derived as surface charges by starting with a timelike codimension-1
hypersurface [20].

@ Springer
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74 B = 25
B A i
- = =
)y A= )

t

i 2,

Noteworthy, using the definition of / ;Z) we can read the spa-
tial conservation law for the generalized electric current as

3O.E) - do.

zt

A LD = —/F(JA +0,(AE)) - do — Azfz

Where we have defined AyO = O(x3) — O(x1) and in
cylindrical coordinates I denotes the lateral boundary of a
cylinder. This shows the change in the amount of the current
between X, and X;;, surfaces is equal to the difference of
(generalized) displacement current through them as well as
the flux passing through the lateral boundary.

From Stromiger’s triangle proposal [5], conservation law
(associated with asymptotic symmetries in gauge theories)
and memory effects are related. So naturally one may be
looking for the memory effect corresponding to the spatial
conservation law (2.13). By this motivation, in the following
sections, we will define the spatial memory field and its cor-
responding spatial memory effect and demonstrate how this
memory relates to spatial conservation of (2.16).

3 Temporal vs spatial memory

The temporal memory field is defined as the difference of
gauge potential (A, = (A;, A)) at two different times (e.g.
[21,23,29,33])

t=+T

AA(x) = A(t, x) =AH+T,x) - A-T,x), ((3.1)

t=—T

where A;A(x) is a field over the space (not spacetime). One
can rewrite this equation in terms of the electric field E =
—0;A + V A; as follows

T T
AAX) = /T 0/A(t, x)dr = —/T E(t, x) dr. 3.2)

where the temporal gauge A, = 0 has been used. For sim-
plicity’s sake, let us consider the non-relativistic regime, then

Newton’s second law m‘j—f = qE, implies the relationship
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between the temporal memory field and the change in the
velocity of a charged point particle at two different times

Av| =-LAAx). (3.3)
m

X
where A;v ]x denotes the velocity change of a probe that
initially is located at x.” This relation provides a setup to
measure the temporal memory effect and is dubbed as the
kick memory effect [29]. One may note that for E |_T =
0=E | T the memory field A;A(x) shows a pure gauge
transformation which is generated by Q; (2.9). This is the
first signal that memory effect and surface charges associated
with large gauge transformations are related concepts [5].
Nothing prevents us to define spatial memory fields as the
difference of the gauge field at two different spatial positions.
For simplicity’s sake, here we only consider the magnetostat-
ics case and work in the cylindrical coordinate. In this case,
we define the spatial memory field for the radial component
of A

AZAS(Sv ¢) = AS(S’ ¢a +Z) - As(sv ¢’ —Z),

where the memory field A, A (s, ¢) is defined on X, surface.
Similar to the temporal case, one can exploit B =V x A to
express the memory field in terms of the gauge invariant
quantities

(3.5)

+z +Z
A A5 (s, @) = / 0;Agdz = —/ (dr x B); 3.6)
-z

-z

here we used the gauge d; A, = 0 and assume B, = 0. Again
using m‘é—‘t’ = gv x B, the spatial memory effect can also
be expressed in terms of the velocity difference of a charged

point particle

q
= _;AZAS(Sv ¢)7
(5.9)

Agvg 3.7)

where A, v | 5.6) shows the velocity change of a charged par-
ticle which initially is located at (¢, s) and moved from —Z
to +Z. To obtain the recent equation, we used an approxi-
mation exactly similar to the temporal case (3.4).

To clarify the notion of the spatial effect, assume we have
a point particle with a non-vanishing initial velocity. In the
absence of external force, this particle keeps its initial veloc-
ity. Now suppose this particle enters a region where the mag-
netic field is a non-zero, magnetic region, and then leaves

7 To be more precise, we note that in Eq. (3.3) we have an approxima-
tion, namely,

Arv 34

q [ q
= ——/ 0/ A(t, x(1))dt ~ —=A/A(X) .
X m J_r m

8 By choosing suitable gauge conditions, one can define various kinds
of spatial memory field A;A;.

that region. Now we can compare its initial velocity (before
entering the magnetic region) and final velocity (after leav-
ing the magnetic region). Equation (3.7) shows this change of
velocity is encoded in the spatial memory field. It is compa-
rable with the temporal memory effect where the interaction
of a charged particle with the electromagnetic field during a
finite time interval changes particle velocity [29,30].

One may note that the probe of memory effect is not
unique. For example, we can consider the total torque on
a series of magnetic dipoles which are located over a cer-
tain path, namely [(m x B),dz = —m A A,,in9,A; =0
gauge. Here, the total torque is an observable quantity and is
proportional to the memory field.

To see how the spatial memory field and generalized con-
served charge / )SZ) (2.15) are related, let us assume the mag-
netic field vanishes at z = £Z, it implies the gauge field
A is a pure gauge at these points. Hence, the memory field
A, As(s, @) is given by a pure gauge transformation with
gauge parameter A'(s, ¢, +Z) — A(s, ¢, —Z). As we have
discussed, in the previous section and (Appendix A), this
transformation is generated by / )EZ) (2.17).

As the last comment in this section, we note that the rela-
tivistic Lorentz force is given by m i—t =qE+ %v x B) where
p* = (p°,p) = m@U° U) and U* = %. By integrating
over time, the first term in the Lorentz law leads to the stan-
dard temporal memory effect, and also the second term yields
to the spatial memory effect Ap = —q (AtA + %AXA). In
this regard, due to the factor 1/c, spatial memory appears as
the subleading memory effect. Nevertheless, it is the leading
term in the magnetostatics regime where there is no temporal
memory effect.

In what follow we derive an explicit relation between the
spatial memory field and spatial conservation law in the mag-
netostatics regime.

4 Conservation and memory

In this section we explore the relation between charge con-
servation and memory effects [5,30-32]. In this part, we only
focus on the magnetostatics case. To do so, we start from the
conservation of I)EZ) (2.16) in the z direction

AR = A, yg A(x)B - de. .1

Equivalently, we can use Stokes’ theorem to write this as

AL = /dz 55 sdg (Byd A + 13, By). (4.2)

Now we restrict ourselves to the following class of gauge
transformations

A =A(d,s) — A=2r1(P,5)z+ Ar2(0, ). “4.3)

@ Springer
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Then, we get

AL = / dz f sdpi (8- Ay — B5A2)

+ / dz f sdgpr0. By

By doing the z-integration of the first term in the first integral
and employing the equations of motion V x B = J, we find

AP = f sdpri AL Ay — f dz 7€ sddAjs

— / dzfsd(]ﬁ)\lasAz + / dz f sdpoy B,

Now, we remind that the memory field (3.6) is defined for
B, = 0 and 9;A; = 0 so the second line vanishes. This
restricts the allowed gauge transformations (4.3) to

050 =0 — XA =2A1(d)z+ *2(p,s).

4.4)

(4.5)

After applying these conditions the final result is given by

AR =T + ygs (sdg :1 A A, (4.6)

where Z(1) = |, r A J - do. Intriguingly, this equation relates
the spatial memory field to the spatial conservation law. In
particular, the spatial non-conservation of / )EZ) is encoded in
the flux of (hard) current, Aj, through the lateral boundary and
memory field A;A;. It is another main result of this paper.

One can compare (4.6) with the more familiar relation for
temporal memory and temporal conservation at null infinity
(33]
ANQOy=—-TN)+ /52 dQ DBA(Q) A, AB, 4.7
where 7 (1) = [ du $s2 d24(2)J,, and D is the covari-
ant derivative on two sphere S.

In this sense, we generalize the well-known relation
between femporal memory effect and conservation [5] to the
spatial case.

5 Summery and discussion

For studying conservation law in field theories it is natural
to define charge Q") by integrating over a spacelike slice
(t = const hypersurface 3;). However, one may note that
the definition of charges over a spacelike hypersurface is not
a necessity. Indeed, it is possible to define charge Q") by
integrating over a timelike slice (r = const hypersurface X,).
From this perspective, temporal and spatial conservation are
just a relation between charges over various time and spatial
slices respectively (see Fig. 2).

As we mentioned several times, charges in gauge theories
have a fascinating property: they are expressed in terms of

@ Springer

Fig. 2 X, shows a spacelike hypersurface (t = const) with 9%;
boundary. ¥, denotes r = const timelike hypersurface. Note that
boundary of ¥, is disconnected 0%, = 0%,, Ud%,_

a codimension-2 integral. In other words, in gauge theories,
we can write the temporal (spatial) charge, ) (Q"), over
the boundary of ¥; (¥,) namely 0%; (0%,).

This low-dimensional property of charges in gauge the-
ories allows us to relate temporal and spatial conservation.
Time evolution of %, provides a natural timelike hypersur-
face ¥, = R x 0%, (see Fig. 2). Therefore, one may expect
the temporal conservation of Q) and spatial conservation
of 0 to be connected. In the interest of simplification, let
us consider d%; as a two dimensional sphere S2 (in contrast
to the cylindrical boundary assumption in Sect. 4). Then its
time evolution during [7_, 74 ] provides a timelike boundary
¥, = R x §2. As shown in Fig. 2, 0%, = 0%,, UdX%,,
obviously it implies Q) = Q) |t+ — Q0 |[7.

By this inspiration, we have investigated Maxwell’s theory
in the presence of a timelike boundary and showed how the
(generalized) Ampere-Maxwell charge appears as the surface
charge associated with the standard U (1) Maxwell gauge
symmetry. We also showed these surface charges obey a spa-
tial conservation law.’

Furthermore, we defined the spatial memory field and its
associated spatial memory effect as the same as the tempo-
ral one. In the context of Strominger’s triangle proposal, we
showed how the generalized electric current (spatial charge)
generates this memory field. Besides, we derived an explicit
relation between spatial conservation and spatial memory
field. In other words, the spatial changes in the charges asso-
ciated with residual gauge symmetry are encoded in the hard
flux and the memory effect. More accurately, as indicated in
the introduction, here we do not have the notion of IR physics
similar to Strominger’s IR triangle, but instead, we have sort
of low momentum physics.

9 In this paper, we focus solely on the classical aspects of the subject.
It is worth noting that extending this to quantum mechanics would
require careful consideration of the positions of inserted operators when
transitioning from a codimension-1 surface to a codimension-2 surface.
We would like to express our gratitude to the anonymous referee for
bringing this important point to our attention.
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One may note that the conservation of 0, constrains elec-
tromagnetic fields generated by charges and current distribu-
tions. Constraints due to the conservation of ng) over a radi-
ating system have been partially studied in [9]. The notion
of spatial conservation allows us to survey the implications
of constraints even in the absence of radiation. In particular,
it would be interesting to investigate the impact of (4.1) on
currents and magnetic field in magneto-static.

In this paper, we only focus on the Maxwell theory in 143
dimensions. But we expect these concepts to arise naturally
in any theory with local symmetries. In this regard, studying
non-Abelian gauge theories and diffeomorphism invariant
theories of gravity will be interesting.
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Appendix A: Symplectic structure

To construct the Poisson brackets, we follow the covariant
phase space method [34]. In this regard, we start with the
first variation of the Maxwell action (2.1) without the external
electric source,

8S[A,] = /d4x(8MF“”)8AV +fd4x 3, 0", (A1)
here the symplectic potential (boundary term) for the pure
Maxwell theory is given by

Ot = —FM§A,, (A.2)

where @ = —E' §A; + (B x A) and ®' = —E - SA. We
now define the symplectic two form on a z = const surface
as follows

Q= —/ dX, 8F*" N SA,. (A3)

z

Its explicit form in the cylindrical coordinate is given by

Q= —/ drdo (8F* A SA,
S

+8F¥ NSAs +8F ASAy), (A.4)

where do = sdsd¢. Let us work in the temporal gauge, A; =
0, and also we restrict ourselves to the static configurations
of the solution space. In this case, we will have

Q:/dta),

w = —/ do (8F% ASA; +8F ASAy). (A.5)
T

In terms of the magnetic field, we find

w = —/ sdsd¢ ((SB¢, ANSAg —8Bg N 8A¢) . (A.6)

This result readily yields the following Poisson brackets

1
{As(s,0,2), By(s', ¢, 2)} = —00 - ¢S =),
(A7)

1
{Ap(s, ¢, 2), Bs(s', ¢, )} = Ji@ - ¢8(s — 5.

By using these canonical commutation relations, one can
compute

{19, 4,6.6.0) =065, 9. 2). (A.8)

This result simply shows that the charge IA(Z) generates the
gauge transformation on Ag. The generalization of these
computations to the dynamical cases is straightforward.
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