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Abstract
The capacity of quantum states to send information is a fundamental and intriguing
issue in quantum communication theory. This study explores a scenario where Alice
intends to transmit n bits of classical information to Bob by sending m qudits, using
an arbitrary bipartite pure entangled state with E qudits as the shared resource. We
employ the unambiguous discrimination strategy in decoding and establish an upper
bound on the success probability, which extends the findings of a previous study (Li
in Phys Rev A 85:052304, 2012).

Keywords Quantum communication · Information capacity · Entangled state ·
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1 Introduction

Investigating the information capacity of quantum states is a fundamental and intrigu-
ing problem in the quantum communication theory. This problem can be described
as follows. Alice intends to transmit n bits of classical information (represented by
a random variable X over an n-bit message) to Bob, utilizing an entangled state as a
shared resource. Let Q be an encoding of X , consisting of m quantum bits. Then Bob
identifies the state by measuring the encoded Q (where Y represents any random vari-
able obtained from this measurement). It is expected that a large amount of classical
information can be encoded into significantly fewer quantum bits. However, Holevo’s
theorem formalizes this limitation, stating that themutual information I (X : Y ) cannot
exceed m.

It is well established that the information encoded in a quantum state can only be
accessed through measurements, which may disturb the observed states. It is impos-
sible to deduce a complete description of quantum superposition from measurements
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of a quantum system. Additionally, it is known that non-orthogonal states cannot
be perfectly discriminated [1–3], but there are two main probabilistic methods for
discriminating them.

The first method is known as minimum error discrimination [1–12], which allows
for some errors. To achieve minimum error discrimination between N mixed states,
a measurement scheme involves N positive semidefinite operators that collectively
form a complete set of measurements on the Hilbert space spanning all eigenvectors
corresponding to the nonzero eigenvalues of the N mixed states.

The second method is referred to as unambiguous discrimination [13–22], which
allows for a nonzero probability of inconclusive results while guaranteeing absolute
correctness when successful. In order to achieve unambiguous discrimination of N
mixed states, a measurement is designed with the capability to yield inconclusive
results with some probability. However, if a definite answer is provided, it will be
completely accurate. This type ofmeasurement requires N+1measurement operators,
one of which will result in an inconclusive outcome.

In previous research exploring the capacity of quantum states to transmit classical
information, this approach relied on minimum error discrimination. As we know, with
EPR pairs as a resource, superdense coding [23], introduced by Bennet and Wiesner,
enables the transmission of n classical bits with absolute fidelity using only n/2 quan-
tum bits. However, if m < n/2, the perfect transmission of n classical bits using m
quantum bits becomes impossible. Holevo [24] quantified the information carried by
a finite quantum system, formalizing this inherent limitation. This boundary was later
broadened by Cleve et al. [25] to encompass interactive communication protocols as
well. Nayak and Salzman [26] derived an optimal limit on the number of quantum bits
necessary for such transmissions, where the likelihood of accurately decoding a ran-
domly chosen message is capped at 22m/2n . This applies to both scenarios: encoding
messages using EPR pairs or arbitrary entangled states with ancillary qubits. More
recently, Li [22] introduced an upper limit on the success rate of unambiguous decod-
ing, set at (22m − 1)/(2n − 1). In this context, Alice aims to communicate n bits
of classical information to Bob, randomly selected, using m quantum bits, with EPR
pairs serving as the shared resource.

A natural question emerges: Is there a ceiling on the success probability when
Alice aims to communicate n bits of classical information to Bob in a non-uniform
randomized fashion by transmittingm qudits?Moreover, if they choose to replace EPR
pairs with an arbitrary entangled state as their shared resource, and adopt unambiguous
discrimination during the decoding process, how does this affect the potential success
rate?

In this paper, we delve into a scenariowhereinAlice endeavors to randomly transmit
n bits of classical information to Bob by sendingm qudits. This communication relies
on bipartite pure entangled states serving as the shared resource. We consider the
strategy of unambiguous discrimination during the decoding process and subsequently
derive an upper bound for the success probability.

The remaining sections of this paper are organized as follows. Section2 revisits
essential lemmas and notations for clarity and reference. Section3 delves into the
exploration of the capacity bound for unambiguously transmitting classical infor-
mation using bipartite pure entangled states. Section4 provides some examples to
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illustrate the application of the theorem and discusses potential extensions. Lastly,
Sect. 5wraps upwith some concluding remarks, summarizing our findings and offering
open questions for future research.

2 Preliminaries

We now revisit two lemmas that will prove invaluable in subsequent sections of this
paper.

Lemma 1 [26] If 0 ≤ λi ≤ 1 for all i and
∑N

i=1 λi ≤ l, then it holds
that maxλ

∑N
i=1 piλi ≤ Pr({pi }, l), where Pr({pi }, l) represents the combined

probability of the l most probable states within the set {ρi : i = 1, · · · , N }.
To explore the potential of quantum states in transmitting classical information, we

can formulate the problem through the following hypothetical scenario: Imagine that
Alice and Bob share arbitrary bipartite pure entangled states, denoted as |�AB

d,E 〉, which
consist of E qudits on both Alice’s and Bob’s sides. These states are mathematically
represented as:

|�AB
d,E 〉 =

∑

a∈{0,··· ,d−1}E

√
λa |a〉A|a〉B . (1)

Here, λa represents the probability amplitudes associated with the bipartite entangled
states, and they sum to 1. Alice intends to communicate n bits of classical information,
expressed as a random variable X encompassing an n-bit message, to Bob. To achieve
this, she applies a unitary transformation Ux to her part of the entangled state and
subsequently transmitsm out of the E qudits to Bobwith a priori probability px (where
x ∈ {0, 1}n). Upon receiving these qudits, Bob possesses a total of E + m qudits in a
mixed state. Bob then performs a measurement on all E+m qudits, yielding a random
variable Y .

Theorem 1 Alice applies a unitary transformation Ux (where x ∈ {0, 1}n) to her part
of an entangled state |�AB

d,E 〉. She then send m of the E qudits to Bob. The resulting
E + m qudits mixed state ρx that Bob holds can be expressed as:

ρx = (Ir ⊗UT
x )ρ(Ir ⊗U∗

x ), (2)

where ρ is the mixed state obtained by tracing out m qudits from the initial entangled
state and Ir is the identity operator on the Hilbert space of the m qudits sended by
Alice. The state ρ is given by:

ρ =
∑

l∈{0,··· ,d−1}E−m

λl |ψl〉〈ψl |, (3)

with |ψl〉 forming an orthonormal basis for the subspace for the subspace spanned
by the remaining E − m qudits, and λl = ∑

r∈{0,··· ,d−1}m λlr , lr = a, where r is the
index of the rightmost m qudits, and l is the index of the remain leftmost E −m qudits.
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Proof If Alice applies the transformation Ux to her E qudits, the resulting entangled
state is that

(Ux ⊗ I )
∑

a∈{0,··· ,d−1}E

√
λa |a〉A|a〉B

=
∑

a∈{0,··· ,d−1}E

√
λaUx |a〉A|a〉B

=
∑

a∈{0,··· ,d−1}E

√
λa |a〉AUT

x |a〉B . (4)

Without loss of generality, Alice divides E qudits |a〉 into two groups, the left group
of E − m qudits |l〉 and the right group of m qudits |r〉. Alice sends the rightmost m
qudits to Bob. After the communication, Alice and Bob’s joint state may be written as

∑

l∈{0,··· ,d−1}E−m

√
λl |l〉A 1√

λl

∑

r∈{0,··· ,d−1}m

√
λlr |r〉BUT

x |lr〉B, (5)

where λl = ∑m
r∈{0,··· ,d−1}m λlr . Considering the mixed state obtained on Bobs side,

if Alice measures her qudits in the standard basis, the probability of Alice observing
any given l is λl . When Alice gets outcome l, the state of Bobs E + m qudits is

|ψ x
l 〉 = 1√

λl

∑

r∈{0,··· ,d−1}m

√
λlr |r〉BUT

x |lr〉B (6)

= (Ir ⊗UT
x )

1√
λl

∑

r∈{0,··· ,d−1}m

√
λlr |r〉B |lr〉B (7)

= (Ir ⊗UT
x )|ψl〉. (8)

We may easily verify that these are orthonormal for different l as follows.

〈ψl ′ |ψl〉 = 1√
λl ′λl

∑

r ′,r∈{0,··· ,d−1}m

√
λl ′r ′λlr 〈r ′|r〉〈l ′r ′|lr〉B

= 1√
λl ′λl

∑

r∈{0,··· ,d−1}m

√
λl ′rλlr 〈l ′r |lr〉B

= 1

λl

∑

r∈{0,··· ,d−1}m
λlrδl ′l

= δl ′l . (9)
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Then, we have that

ρx =
∑

l∈{0,··· ,d−1}E−m

λl |ψ x
l 〉〈ψ x

l |

=
∑

l∈{0,··· ,d−1}E−m

λl(Ir ⊗UT
x )|ψl〉〈ψl |(Ir ⊗U∗

x )

= (Ir ⊗UT
x )(

∑

l∈{0,··· ,d−1}E−m

λl |ψl〉〈ψl |)(Ir ⊗U∗
x )

= (Ir ⊗UT
x )ρ(Ir ⊗U∗

x ). (10)


�

Throughout this paper, notation will be clarified whenever a new symbol is intro-
duced. Initially, let us establish a notation thatwill facilitate the subsequent discussions.
Given any two linear operators T1 and T2 acting on the same Hilbert spaceH, we uti-
lize the symbol T1 ⊥ T2 to signify that the supports of T1 and T2 are orthogonal. By
‘support of a linear operator T ,’ we refer to the subspace spanned by all eigenvectors
corresponding to the nonzero eigenvalues of T . This support is denoted as Supp(T ).
Furthermore, Ker(T ) signifies the supplementary space of Supp(T ).

Now, let us proceed to present our primary findings.

3 Limitation on the capacity of arbitrary bipartite pure entangled
states for the uambiguous transmission of classical information

In this section, we employ an unambiguous discrimination strategy to decode the
quantum state ρx within the Hilbert spaceH spanned by E +m qudits, where x is an
element of the set {0, 1}n .

Firstly, let us revisit the notation pertinent to unambiguous discrimination. For the
unambiguous discrimination of quantum states ρx (where x belongs to the set {0, 1}n),
we must devise a measurement comprising 2n + 1 positive semidefinite operators,
denoted as�x (for x ∈ {0, 1}n) and�0, operating within the Hilbert spaceH spanned
by E + m qudits. These operators adhere to the following conditions:

Tr(�xρx ′ ) = δxx ′qx , (11)

where x, x
′ ∈ {0, 1}n . Here, δxx ′ equals 1 if x = x

′
and 0 otherwise, 0 < qx ≤ 1,

and

�0 +
∑

x∈{0,1}n
�x = I , (12)

in which I signifies the identity operator on the Hilbert space H of E + m qudits.
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Condition (11) can also be expressed as:

�xρx ′ = 0, (13)

for all x 
= x
′
, with x, x

′ ∈ {0, 1}n . Utilizing the measurement �x , x ∈ {0, 1}n ,
if the system is prepared in the state ρx , then Tr(ρx�x ) x ∈ {0, 1}n represents the
probability of successfully deducing the system to be in state ρx , while Tr(ρx�0)

signifies the inconclusive probability. Consequently, the average success probability,
denoted as Pr [u], is given by:

Pr [u] =
∑

x∈{0,1}n
px T r(ρx�x ). (14)

A primary goal is to devise an optimal measurement strategy that maximizes this
average success probability.

Subsequently, we employ an unambiguous discrimination strategy for decoding
and proceed to derive an upper bound on the success probability, as outlined below.

Theorem 2 Assume that Alice and Bob share arbitrary bipartite pure entangled states
represented by

|�AB
d,E 〉 =

∑

a∈{0,··· ,d−1}E

√
λa |a〉A|a〉B, (15)

where each party holds E qudits. If Alice encodes messages x ∈ {0, 1}n with prior
probabilities px into these entangled states without ancillary qudits, and transmits m
qudits to Bob, then the success probability Pr[u] of unambiguous decoding is bounded
as follows:

Pr [u] ≤ Pr

(

{pxλl}, 2
n(dE+m − dE−m)

2n − 1

)

, (16)

where λl = ∑
r∈{0,··· ,d−1}m λlr (with lr = a denoting the combined index, r denoting

the index of the rightmost m qudits, and l denoting the index of the remain leftmost
E −m qudits), and Pr({pxλl}, k) represents the sum of the k largest probabilities in
the set {pxλl}.
Proof Bob employs a POVM with elements �0 and {�x : x ∈ {0, 1}n} to unambigu-
ously decode the states ρx . According to Theorem 1, the average success probability
is given by:

Pr [u] =
∑

x∈{0,1}n
px tr(ρx�x )

=
∑

x∈{0,1}n

∑

l∈{0,··· ,d−1}E−m

pxλl tr((Ir ⊗UT
x )|ψl〉〈ψl |(Ir ⊗U∗

x )�x ), (17)
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where 0 < pxλl < 1 and
∑

x,l pxλl = 1. Furthermore, since the |ψl〉 are orthonormal
and

∑
l∈{0,··· ,d−1}E−m |ψl〉〈ψl | ≤ I , we deduce that:

∑

x∈{0,1}n

∑

l∈{0,··· ,d−1}E−m

tr((Ir ⊗UT
x )|ψl〉〈ψl |(Ir ⊗U∗

x )�x )

≤
∑

x∈{0,1}n
tr(�x )

= tr(I − �0)

= dE+m − tr(�0). (18)

Now, for each density operator ρx , we define the space Yx as follows:

Yx = Supp(ρx )
⋂ ∑

x ′ 
=x

Supp(ρx ′ ), (19)

where the sum of subspaces denotes the space spanned by all possible linear combina-
tions of vectors from those subspaces. Explicitly,

∑
i Hi = {∑k |ψk〉 : |ψk〉 ∈ Hk}.

It is evident that Yx is a subspace of Supp(ρx ).
Furthermore, we introduce Ȳx such that Ȳx ⊕ Yx = Supp(ρx ) and define

Y = ∑
x∈{0,1}n Yx as the ‘public space’ shared among all the supports. With these

definitions, we can express the whole Hilbert space H as:

H =
∑

x∈{0,1}n
Supp(ρx ) =

⊕

x∈{0,1}n
Ȳx

⊕
Y . (20)

Consequently, the dimensions of these subspaces satisfy:

∑

x∈{0,1}n
dim(Ȳx ) + dim(Y ) = dE+m . (21)

Additionally, based on the definitions of Yx and Ȳx , and denoting r =∑
x∈{0,1}n rank(ρx ), we derive the following inequality:

r =
∑

x∈{0,1}n
[dim(Ȳx ) + dim(Yx )] (22)

≤
∑

x∈{0,1}n
[dim(Ȳx ) + dim(Y )] (23)

=
∑

x∈{0,1}n
dim(Ȳx ) + 2n × dim(Y ). (24)

By combining the equality stated in (21), we arrive at the following inequality:

(2n − 1)dim(Y ) ≥ r − dE+m . (25)
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Given the condition that�xρx ′ = 0, for x 
= x
′
and the definition of Y , we deduce that

�x is a positive semidefinite operator whose support lies entirely within the subspace
Y⊥. Here, Y⊥ represents the orthogonal complement of the subspace Y . Consequently,
we can infer that the summation

∑
x∈{0,1}n �i is also a positive semidefinite operator,

and its support belongs to the subspace Y⊥ as well.
Based on (12), we can express �0 as follows: �0 = I − ∑

x∈{0,1}n �x = Py +
(Py⊥ − ∑

x∈{0,1}n �x ), where Py represents the projector onto the subspace Y and

Py⊥ represents the projector onto the subspace Y⊥. Since Py⊥ − ∑
x∈{0,1}n �x ≥ 0

(otherwise �0 would not be a positive semidefinite operator), we can deduce that

tr(�0) ≥ tr(Py) = dim(Y ). (26)

In other words, by combining the inequality above with the equality stated in (25), we
arrive at

tr(�0) ≥ dim(Y ) ≥ r − dE+m

2n − 1
. (27)

By combining r = ∑
x∈{0,1}n rank(ρx ) ≤ 2ndE−m with equations (18) and (27),

we derive the following inequality:

dE+m − tr(�0)

≤ dE+m − dE−m2n − dE+m

2n − 1

= dE+m2n − dE−m2n

2n − 1
. (28)

Hence, by combining the inequality above with the equality stated in (17), (18) and
based on Lemma 1, we can conclude that

Pr [u] ≤ Pr

(

{pxλl}, 2
n(dE+m − dE−m)

2n − 1

)

. (29)

This completes the proof. 
�

4 Discussion

Now let’s give an example to illustrate the application of this theorem. For example,
Alice and Bob share an bipartite pure entangled state with 2 qutrits each. This state
can be expressed as

|�AB
3,2 〉 = 1√

6
|00〉A|00〉B + 1√

6
|01〉A|01〉B + 1√

6
|02〉A|02〉B (30)

+1

3
|10〉A|10〉B + 1

3
|11〉A|11〉B + 1

3
|12〉A|12〉B (31)
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+ 1√
18

|20〉A|20〉B + 1√
18

|21〉A|21〉B + 1√
18

|22〉A|22〉B . (32)

Alice aims to transmit 4 bits of classical information with equal probability 1
16 to

Bob, using 1 qutrits without ancilla system, under the unambiguous discrimination
decoding strategy. That is to say, px = 1

16 , x ∈ {0, 1}4, λ0 = 1
2 , λ1 = 1

3 , λ2 = 1
6 ,

n = 4,m = 1, E = 2, d = 3. Based on previous findings, we are unable to estimate
the upper bound of the success probability. However, according to the above theorem,
we can present the probability bounded as

Pr [u] ≤ Pr

({
1

2
px ,

1

3
px ,

1

6
px

}

x∈{0,1}4
,
24 × (32+1 − 32−1)

24 − 1

)

= 0.7. (33)

If Alice selects messages uniformly at random and transmits m = E qudits to
Bob, which means λl = 1, then according to the aforementioned theorem, we can
straightforwardly deduce the following corollary.

Corollary 1 Assume that Alice and Bob share bipartite pure entangled states

|�AB
d,m〉 =

∑

a∈{0,··· ,d−1}m

√
λa |a〉A|a〉B, (34)

Alice encodes n bits of messages uniformly at randomwithout using any ancilla qudits,
and sends m qudits to Bob, then the success probability of unambiguous decoding is
bounded by

Pr [u] ≤ min

(
d2m − 1

2n − 1
, 1

)

. (35)

Furthermore, in the special casewhereAlice choosesmessages uniformly at random
and sendsm = E qubits toBob (implyingλl = 1 andd = 2),we can immediately infer
that the success probability Pr [u] of unambiguous decoding is limited to Pr [u] ≤
22m−1
2n−1 . This finding coincides precisely with the result presented in [22].
Consider an entangled state consisting of 2 qubits in the Bell state |φ+〉 =

1√
2
(|00〉AB + |11〉AB). If Alice wants to transmit 2 bits of classical information uni-

formly at random using this state by sending 1 qubits, that is to say,m = 1, n = 2, the
success probability for unambiguous transmission is bounded by Pr [u] ≤ 22−1

22−1
= 1.

As we know, in this case, Alice can transmit 2 classical bits with absolute fidelity using
only 1 qubit in [23].

5 Concluding remarks

In this paper, we explore the limitations on the capacity of arbitrary bipartite pure
entangled states for transmitting classical information. We consider the strategy of

123



    9 Page 10 of 11 L. Li

unambiguous discrimination for decoding in quantum communication. Specifically,
we focus on a scenario where Alice endeavors to randomly transmit n bits of classical
information to Bob by sending m qudits, leveraging bipartite pure entangled states
as the shared resources. We derive an upper bound on the success probability of this
transmission, thereby generalizing, to some extent, the findings presented in [22].
We anticipate that the results obtained in this paper will contribute to addressing the
broader issue of quantum communication’s relative information capability.

An intriguing open question remains. Is there an alternative, novel upper bound for
unambiguous decoding that has the potential to surpass the current one? Furthermore,
another compelling problem worthy of consideration is the impact on the established
upper bound when, out of k bipartite entangled states, only m < k EPR pairs can be
distilled through local operations and classical communication (LOCC).

The entangled states examined in this paper are specifically bipartite pure entangled
states, rather than general entangled states. If we broaden our scope to consider more
general states, such as arbitrary mixed states, as shared resources between Alice and
Bob, the question of the limit on unambiguously conveying classical information still
warrants further consideration.
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