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Abstract: As a consequence of the spacetime structure, defined by the tetrad field instead of the
metric tensor alone, f(T) gravity seems to harbor its own chronology protection agency. When Gott's
pair of moving cosmic strings is considered, it is shown that the requirement of having a global
parallelization—i.e., a global smooth field of tetrads— drastically restricts the form of the tetrads on
the junction surface between the two strings. The junction conditions on the tetrad field are satisfied
only if the corresponding boosts needed to put the strings in motion are null on the matching surface.
This seems to throw overboard Gott’s construction from the outset without the need for analyzing
the divergence of the expectation value of the energy—momentum tensor on the Cauchy horizon,
evading in this way bothersome quarrels concerning the choice of vacuum.

Keywords: cosmic strings; f(T) gravity; Gott’s space

1. Introduction

It is well known that General Relativity (GR) allows the possibility of time travel.
Among the various solutions presenting causal anomalies of one sort or another, Gott’s
spacetime is perhaps the most peculiar [1]. Being a vacuum solution of Einstein’s equations,
the closed timelike curves (CTCs) arising in Gott’s solution are not powered by any form of
matter—energy. Furthermore, the two-moving strings spacetime is constructed by pasting
two copies of the conical geometry characterizing the exterior metric of an infinitely long
cosmic string, so it differs from Minkowski space only in its global properties. Additionally,
the spacetime so obtained is geodesically complete, which is the reason why the non-
compact region containing causal violations is not affected by fresh information coming
from curvature singularities. Finally, the Cauchy horizon in Gott’s solution is not compactly
generated, which makes Hawking’s chronology protection conjecture inapplicable [2]. For
a detailed, technical description of time travel in GR, we can refer the reader to [3,4].

On physical grounds, Gott’s construction suffers from two drawbacks: first, cosmic
strings were not yet detected, a fact that should not worry us too much, especially if we
think of the immeasurable advancements achieved in regard to the detection of objects
as elusive as black holes and gravitational waves. It is by no means an exaggeration to
conceive the possibility of discovering not far ahead in the future topological defects on
large scales, such as cosmic strings [5]. Second, if any, cosmic strings are quite likely finite
in length, or come in loops, in which case Hawking’s chronology protection conjecture
would enter into the scene. However, the expectation value of the stress—energy tensor
on the Cauchy horizon is strongly dependent on the choice of vacuum, as was explicitly
shown in [6,7] for Misner space. This result is very important because Gott’s two-strings
space can be thought as a generalization of Misner space [8]. Hence, it seems unclever to
judge by means of this argument whether or not CTCs can survive the perturbations that
quantum fields would produce on the metric. Additional physical arguments against the
production of CTCs by cosmic strings were considered, for instance, in refs. [9-11].
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It is our intention here to discuss Gott’s construction in the context of f(T) gravity. In
order to present a relatively self-contained exposition, we revisit in Section 2 the solutions
describing both the interior and exterior structures associated with infinitely long cosmic
strings in GR, followed by a concise review of Gott’s two-moving strings space. Section 3.1
deals with the interior and exterior tetrads describing the corresponding cosmic string
solutions according to f(T) gravity, as well as the junction conditions involved in their
matching. Section 3.2 is entirely devoted to the treatment of the two-moving strings space,
and to show that no traveler is able to circumnavigate both strings with the aim of visiting
his/her own past.

2. Infinitely Long Cosmic Strings in GR and Gott’s Construction

When dealing with just one string, it is convenient to write down the metric in
cylindrical coordinates. The interior metric is (we follow [12] in the first part of this section)

ds? = —dt® + r3(d0% + sin® 0 d¢?) + dz2, 1)

which is a solution of Einstein’s field equations R, — % Rguy = 81Ty, for an energy—
momentum tensor T,," = diag(po, 0,0, —p-), with p. = —pg and pg = 1/87r3. The coordi-
nates in (1) range according to —co < t,z < 00,0 < ¢ < 27t and 0 < 8 < 6. A change of
coordinates to v = ry 6 gives us

ds*> = —dt* +dr* + r3sin®(r/ro)de* + dz2, )
which will be useful in brief. The exterior, vacuum metric, in turn, reads
ds? = —dt* +dr* + (1 — 4p)*r*de® + dz2?, (3)

where y is the mass per unit z-length of the string, namely,

21 9M
y:por%/ / sinfdfde = (1 —cosbp)/4, 4)
0 0
where we have used that p = pyg = 1/87r3. It is clear that (3) can be cast in the form
ds? = —dt* +dr* + r’dg'? + dz2?, (5)

provided ¢’ = (1 —4u)¢; then, 0 < ¢’ < (1 —4u)2rand r > r, = rosinfy. So, this is just
Minkowski spacetime with an angle deficit 2o« = 87y

Due to the fact that the junction surface J between the two metrics contains no shells or
layers of matter, Israel conditions alluding to the continuity of the extrinsic curvature across
the boundary surface reduce to the continuity of the metric and its normal derivatives on it.
In the cylindrical coordinates adopted in (2) and (3), this condition simply translates into

gy; |J: gyj ‘.7/ agu;/ar |j: aguj/ar |.7 : (6)

From the interior point of view, the boundary surface J is defined by r = ry0s;. The
continuity of the metric on J then requires r = (1 — 4y) ! sin 8, as viewed from the
exterior. Concerning the derivatives, we see that the only non-trivial ones are

08/ | 7= 9840 /01 | 7= 210 cOS Oy 5in Oy )

So, the value of g, as well as dg;,,, / dr agree on both sides of the boundary, and the junction
conditions are automatically satisfied.

The structure of the strings can be viewed in the embedding diagrams of Figure 1,
where the cross sectional geometry t = const, z = const is displayed. When 6y < 71/2
(this is 0 < u < 1/4), we have a spherical cap covering less than a hemisphere for the
interior metric, and a cone opening out and extending to infinite for the exterior metric.



Universe 2024, 10, 52

30f10

In turn, when 0y = 71/2 (u = 1/4), the geometry corresponds exactly to a hemisphere
for the interior and a cylinder of radius r( for the exterior. Finally, if 77/2 < 8 < 7 (thus,
1/4 < p < 1/2), the interior is more than a hemisphere and the exterior solution is like a
dunce cap sitting on top of the sphere.

() (b) (c)
Figure 1. Embedding diagrams for the cross sectional geometry corresponding to the interior and
exterior solutions. (a) Oy < 71/2,0 < u < 1/4. (b) Oy = /2, u =1/4. () 1/2 < Oy < T,
1/4<u<1/2.

Gott’s construction makes use of the fact that the solution corresponding to two static
parallel cosmic strings separated by a distance 24 is easily obtained from the one just
discussed. We summarized here the findings made in [1], primarily with the aim of setting
the notation. If we adopt Cartesian coordinates

x=rcos(¢ +a), y=rsin(¢+a)+d, (8)

the exterior metric (5) isjust ds? = —dt? + dx? + dy? + dz?, valid in the region x* + (y — d)? > 1y,
and 6 < 71/2, as in Figure 1a. Furthermore, we have to identify opposite points on the
wedge; hence, (¢, (y —d) tanw, y,z) and (t, —(y — d) tana, y, z) are really the same points.
This corresponds to the string whose center is located at a distance d measured along the

y-axis. In the same way, we can consider a mirror-image second copy located at y = —d;
the two copies obey the matching conditions along the three-surface 7, defined by y = 0,
which has metric ds? = —dt? + dx? + dz? and thus zero intrinsic and extrinsic curvature.

The two-string static solution just constructed has unnerving global properties. Re-
ferring to Figure 2, we see that observer B perceives three images of observer A (they are
both at rest with respect to the strings). In particular, if a light beam is emitted at A, it can
travel directly to B by following the null geodesic passing through the origin O, or by null
geodesics passing through the events E; — E; and E3 — E4, both pairs being respectively
identified. According to Figure 2, we have

w3 = (xo — yosina)? + (d + ypcosa)?, )
and the value of y is chosen as to minimize wy, i.e., yo = xpsina — d cos a. Replacing this
value into (9), we obtain the simple expression

Wy = Xpcosx + dsina. (10)

However, the light beams going around the strings can beat the light beam passing through
O only if wy < xp, which is achieved provided d < yp; the same is true for a rocket
travelling at a high enough speed S relative to the strings at rest. Concretely, let the rocket
start its journey at A (event E;) and finish it at B (event Ey) following the path through
E1 — E;, where

Ei= (= Brlwo, 10,0,0), Ef = (Brlwo, —%,0,0).
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Figure 2. Static, exterior two-string geometry for constant z.

Notice that the events E; and E are spacelike separated only if x5 — ﬁfzzw% > 0. Now,
after performing a +x-boost with velocity fs in the y > 0 region, the events E; and E; can

be made simultaneous if s = ﬁlzlwoxa !, The same can be done in the y < 0 region by
means of a —x-boost with the same speed ;. In this way, the rocket is able to complete
a CTC as viewed from the laboratory frame (this is the frame with respect to which the
strings have equal but opposite momenta). This CTC is described by the timelike geodesic
segments arising as a consequence of the travel from E; to Ey through E; — E;, and back
from Ey to E; through E3 — E4.

In ref. [1], it was shown that the closed path just described is actually a CTC only
if Bs > wo/xg. In view of Equation (10), we have thus that a necessary and sufficient
condition for the existence of such CTC is

vs=(1-=p>"Y2> (sina)™! = B> cosa. (11)

Similar conclusions can be obtained by considering a different closed trajectory for the
rocket, such as the one described by the segments E; — E; — E3 — E4. In this case, the
rocket would undergo acceleration only at the identified events E; — E; and E3 — E4 (as
opposed to the situation previously described, where the rocket undergoes acceleration
only at E; and Ey). Worthy of mention is the fact that, for a given s > cosa, all the pairs
A, B associated with sufficiently large values of xg are connected by a certain CTC. In other
words, CTCs are not limited to exist in a compact region. Details on the global structure of
Gott’s spacetime can be found in refs. [8,13,14].

3. Gott’s Construction According to f(T) Gravity
3.1. Infinitely Long Cosmic Strings and the Tetrad Field

In the context of the extended theories of gravity relying on absolute parallelism, the
dynamical field is the tetrad e”(x*), and often it becomes confusing to think of the metric
field g as the carrier of the gravitational degrees of freedom, even though the tetrad is
required to be orthonormal in the (pseudo) Riemannian sense g = e%¢’1,,. In the case of
f(T) gravity [15,16], the equations of motion governing the full orientation of the tetrad are

1
[e710u(e Sa™) + TP Sy | f + S uTf" — Jeif = —4mer Ty, (12)

where an arbitrary (at least twice differentiable) function f of the Weitzenbdck pseudo-
invariant T = S%,, T, appears !, and primes denote differentiation with respect to T.
Here, T, = dve®, — 0y¢",, are the components of the torsion coming from the Weitzenbock
connection, and the components 57, of the superpotential read

1 1
Sa;u/ = Z(Tayv - Tyva + Tvyﬂ) + E(éﬁT(rva - (SzTaya) ’
where T, 7 = g Ty,p" = e'ge, 7 Ty,p". Let us notice that the tetrad components e, carry
Lorentz-type indexes a as well as spacetime ones y . The Equation (12) is derived from
the action
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1
I = ﬂ /f(T) 3d4x + Imatter ’ (13)

which reduces to GR (in its teleparallel equivalent form), when f(T) = T. The energy—
momentum tensor T," appearing in the RHS of the equations is derived from Imatter in
the usual way. For a bibliographical compendium on f(T) gravity, the reader is invited to
consult [19].

We proceed now to discuss both string (interior and exterior) solutions within this
context. The interior tetrad is just

e =dt, el =dr, é® =rysin(r/ro)de, ¢ =dz (14)

which corresponds to the form (2) of the interior line element. Due to the simplicity of the
tetrad field, just a few components of the torsion and contortion tensor are non-trivial. In
spacetime, totally covariant form, they are

cot (r/rg)

T(prqo =2 sm (21’/1’0), Sttr = Szrz = 270

2

It is straightforward to check from these that T = 0. This leaves us with only two non-trivial
motion equations, namely,

f+2f'/ri=16nT!, f+2f/ri=16nT.7, (15)

then we obviously have Tt = T,%, which implies pp = —p, as we mentioned before. Due
to the null character of T, we see that f(0) = 0 and f'(0) = 1 for any smooth function
f connected to the identity, i.e., f(T) = T + O(T?). In this way, the equations reduce to

the condition pg = —p, = 1/87nr3. This proves that the tetrad (14) is a solution of the
f(T) field equations for an energy-momentum tensor T,," = diag(po, 0,0, —p;) verifying
po=—pz=1/ 8711’%, for any smooth deformation of GR.

For the exterior tetrad, we consider again the “square root” of (3); then, we have

eL=dt, ek =dr, &&= (1—du)rde, & =dz, (16)
which leads us to
T§07¢:7r(174,u)2’ Sttr:Szrzzl/ZT’.

This tetrad also conduces to T = 0 and then it automatically solves the vacuum f(T) field
equations. The fact that (14) and (16), being GR’s solutions, remain as solutions of the f(T)
equations, is ultimately a consequence of both having T = 0; this means that (12) reduces to

e_lay(e S+ ef{TPMSp”“ = —4me}T)Y, (17)

provided f(T) = T + O(T?); these are none other than the TEGR equations with T = 0
(0, T vanishes). Therefore, any solution g = e"e’1,, of GR having tetrads e* leading to
T = 0 remains as a solution of f(T) gravity. Diagonal, proper tetrads such as (14) and (16)
are rare among solutions of f(T) gravity. They only work in very simple and symmetric
situations, such as the one corresponding to the constant curvature spaces here considered.
The selection of preferred frames is a distinct feature of f(T) gravity in its pure-tetrad
formulation, opposed (only in nature), to the covariant approach developed in [20]; see the
appeasing discussion of ref. [21] in regard to the two approaches.

The tetrads (14) and (16) C!'-match on J. As a matter of fact, the continuity of the
tetrad and its first derivative on the matching surface follow at once from

2 |7=¢€% |g=rosinby, de® /dr | ;= de? /r | 7= cos by,
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being the remaining components trivially matched. This fact ensures that the exterior and
interior tetrads together constitute a well-defined global parallelization; see refs. [22-24]
for further discussions on this subject.

3.2. Gott’s Construction and Remnant Symmetries

Once the general structure of the string is presented, we focus on the exterior, vacuum
tetrad (we drop the subscripts 4+ and — from now on). Because we are planning to boost
the strings in the x-direction (with opposite speeds), it is convenient to write the tetrad in
Cartesian coordinates, defined by (8). The tetrad (16) in these coordinates looks like

L y—d)dy
I’T I’T

xdx —7@ —d)dx + Ldy, e =dz, (18)

TT T’T T

e(T) =dt, e% = e% =
which is valid in the region y > 0 corresponding to the string whose center is at y = d, and
we wrote r% = x% + (y — d)?. A similar coordinate change is used to obtain the second copy
valid in y < 0 (this implies to change y by —y in (18)), which reads

xdx . (y+d)dy
g o

d)d d
e =dt, el= 62:7<y+ Jdx _ xdy y, e} =dz, (19)
1 i + 7 r 1

1 {
where now ri = x2 + (y + d)?. Let us remark that both tetrads are continuous and differen-
tiable on J,.

In order to put the strings in motion, we now apply coordinate-dependent boosts in
£x. For the moment, we are not forced to consider the same (opposite) speeds for both
strings, so we will have after the boosts

' inh —d) sinh
6? = COSh[¢T]dt _ X sim [(PT] dx _ (y ) S [(I)T] dy
T rT
! h _d h
& = —sinhlpyldr+ LNl g Lo d) cohlen]
T
S L. P (20)
l’T rT
eg = cosh[¢p]dt + X Slr ¢,] dx 1+ (y + )rSI (9] dy
1
/ h d h
ei = sinh[(pi]dt+ XCO: [‘Pi] dx + (v+ )rcos [(pd iy,
1
ei, _ (]/-l—d) dx . Xd]/’ ei, _ dz, (21)
Ti ri

fory > 0 and y < 0 regions, respectively. In both boosted tetrads, we have ¢, =
¢1)(t, %) (see ref. [25] for a full analysis concerning the role of the booston ¢ in 2D toy
models). Notice that (20) and (21) have opposite rapidities ¢ = tanh ! [B+,], so they
are boosts in x with opposite speeds. Gott’s construction discussed in Section 2 requires
pr=¢, = tanh ! [Bs] = constant.

Due to the fact that we locally boosted solutions of a theory which is not local Lorentz
invariant in general, two questions naturally arise:

(a) Under what condition, if any, are (20) and (21) solutions of the f(T)-motion equations?

(b) Once we established that e? and ¢? are solutions, is that true for e? U ej/? If that
were to be true, it would entail the fulfillment of the junction conditions on Jy.
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The answer to the first question resides in the functional form of the Weitzenbock
pseudo-invariant T, which clearly is not invariant under local Lorentz transformations in
the tangent space. After some work, it can be obtained that

Tyy = F20iPy, /14, (22)

where, from now on, upper signs corresponds to 1, and lower ones to |. This means that the
remnant group of transformations associated with the original tetrads (18) and (19), i.e., the
local Lorentz transformations leaving invariant the null value of T [17], includes—among
many others—position-dependent boosts in the t — x plane. In other words, (20) and (21)
are solutions of the vacuum f(T) field equations only if ¢y = ¢4 (%) alone.

Once we establish that ¢y # ¢4 (t), we proceed to answer question (b) raised above.
It is quite evident that on the junction surface J; (y = 0), the tetrad is not Cl; actu-
ally, it is not even continuous due to the jump in the sign. This is so provided that
Prilo = ¢4y (x,y = 0,z) # 0. There is also a discontinuity of the derivatives of ¢4 on 7,
as witnessed by the presence of several non-null components of the torsion, e.g,

A,
Tt X% oy

xtx;j 4 ytx;

e

(d + ]/) axi‘PN
1y

=+ (23)

where x; : x,y,z. Other components of the torsion that do not involve P11 exist as well,
for instance,
T;jx =dFy)/ry, Tgiy:x/rm, (24)

but they are automatically continuous on jy, because rp =71 there. Hence, in order
to have a well-defined global parallelization, we need to demand ¢ || = 0 and the
continuity of the derivatives across J,. This simple conclusion puts several constraints on
the functional form of ¢;| near J,; in particular, it rules out the case ¢ = constant lying
behind Gott’s construction.

A crucial aspect in Gott’s construction is the fact that the events E; and Ey, both
belonging to the matching surface defined by y = 0, become simultaneous in the laboratory
frame after the action of the boosts in both directions of the x-axis; this simply requires
Bs = woPg'xy ", which implies ¢(%) # 0. In contrast, f(T) motion equations demand
¢ = 0 (Bs = 0) along the matching surface, thus selecting frames (tetrads) which necessarily
undergo accelerated motion, at least within a strip —e| < y < €3, for non-null, small ¢

and €.

In effect, in the original static solution for y > 0, let us consider the events EiT and E}

described by
El-T = ( — ﬁ;le,XQ,GT,()), E} = ('BT_le’ —JCO,E’T,O),

where now wy = xgcosa + (d — €;) sina (see Equation (10)), and B+ is the constant speed
of the rocket in y > €;. Again, the separation of E? and EJT( is spacelike provided that
X3 — By zw% > 0, and they become simultaneous in the laboratory frame after the action of

a +x-boost with speed B4 = wy ,BTflxofl. As By < 1, we have then B¢ > w;/x, or
Bst > cosa + (d — €;) sina/ xg. (25)

However, relation (25) is not consistent with the fact that ;4 = tanh ¢ must go to 0
as €4 — 0; this simply means that EiT and E} cannot be simultaneous as €; — 0. This

same conclusion applies to the corresponding events in y < 0, which in the static picture
have coordinates

Ef = (— ﬁllwi, —xo,—ei,O), E} = (ﬁllwi, X0, —€, 0),
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where now B is the constant speed of the rocket in y < €| (perhaps different from p;),
and w| = xpcosa + (d — €| ) sina. These events can be made simultaneous if a boost in the
—x-direction with speed ;) = w, ,Bllxa !is performed, but only if € | is not too small.

In this way, one can conceive a rocket traveling at a high enough speed along a
(spatially) closed curve defined by the timelike geodesic segments El.T — E} (through Eq — E)

and Ef - E} (through E3 — Ey), plus two non-geodesic timelike segments E} - EZJ-’ and
E} - EZ.T. Once the two strings are in motion with speeds B¢ and B in opposite directions,

the rocket departs from the position corresponding to El-T and arrives simultaneously to the

one of E} in the laboratory frame. Then, it takes the rocket a time 7, as measured in the

laboratory frame, to cover the non-geodesic segment from E} to El.l ; during this stage, the
rocket experiences a strong accelerated motion due to the fact that it must dramatically
change its speed because the boosts f; = tanh ¢ go to zero as y — 0. Immediately after
that, the rocket is able to travel again instantaneously between the positions corresponding
to Ef and E} by using the string moving along —x in y < 0. Finally, it will take another

time T to go from E} to its original starting position. The rocket will thus complete a
closed spatial circuit in a time 27 according to the laboratory frame. This circuit does not
constitute a closed timelike curve. Even though T could be very small—this depends on the
(unspecified) state of motion along the accelerated stages—the rocket cannot travel back in
time to its own past, although it might almost do it.

Things are not much better for the rocket following the closed path E; — E; — E3 — Ey,
where again, E; — E; and E3 — E; are identified. After the Lorentz transforms have been
made in the region | y |> € (we are considering now € = €, = €;), the events E; — E3
and E; — E; are simultaneous in the laboratory frame, just as before. However, the rocket
cannot travel from E; to E3 and from E,4 to E; without crossing the region | y |< €, where
Bs must change its value in order to comply with the matching conditions. More precisely,
let us consider the following events in the static frame (f, )

Ef = (0,x1,€,0), E,=(0,—x1,€0), E;=(0,—x1,—€,0), Ej=(0,x1,—¢0).

These events are none other than the projection of Eq; Ey; E3; E4 onto the boundary of
the accelerated strip. After the corresponding boosts with (constant) opposite speeds
Bs are applied in the y > € and y < € regions, these events have coordinates in the
laboratory frame

Ei = (,YS:Ble/ YsX1,€, 0)/ Eé = (_,)/S:Ble/ _r)/le/e/O)/
EL = (ysBsx1, —Ysx1, —€,0), Ejy = (—vsBsx1, ysx1, —€,0).

Even though E] and E} as well as E} and E} are simultaneous in the laboratory frame, a
rocket at speed B, in the same frame will cover the two segments E; — E, and E} — E3
only if

BrBsyssina = (d — €)/yo + cos a. (26)

Again, we can always choose xg in such a way that yyp >> d — ¢, and since 8, < 1, we end
up with 75 > (sina) ! as before. But we know for certain that s goes to zero as € — 0,
so the last inequality cannot be true in that limit. This simply shows that it is not possible
to travel by rocket at speed B, < 1 in the laboratory frame with the aim of joining the
simultaneous events Ei and Eé ; in other words, it will take a time (let us say, again) T to
cover the segment E} and EJ from the point of view of an observer in the laboratory frame.
Obviously, the same conclusion applies to the way back from E} to Ej. The rocket will
spend another time T to cover that trip and then a time 27 to circle the two strings.
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4. Final Comments

We have seen that the space traveler—having the intention to become a time traveler as
well—will spend, roughly, a time 27 to circumnavigate the strings in rapid opposite motion,
according to an observer located at the laboratory frame. At the moment the value of T
is uncertain because it depends on the kinematics unfolding within the accelerated strip,
but we do know that T # 0. Causal pathologies might then be on the verge of occurring
due to the fact that the traveler could still be in the position to influence his/her own past
because T could be very small. It would be interesting, then, to estimate T by analyzing
different motions obeying the constraint s = 0 on ., and to inquire whether the results
here obtained are present as well in other theories of gravity relying on absolute parallelism
such as, for instance, in Born-Infeld gravity [26].

In the original construction of ref. [1], it was mentioned that the strings need not be
parallel. In the present context, it would be relevant to figure out what kind of rotations
mapping the three-surface Jy into itself also belong to the remnant group associated to the
tetrads (18) and (19), with the aim to thus collect further arguments against the formation
of CTCs in Gott’s space.
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Note

! Pseudo-invariant means that T is invariant only under general coordinate changes and global

Lorentz transformations on the tangent space. It changes by a total derivative when local Lorentz
transformations are considered. See refs. [17,18].
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