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Abstract: We analyze conditions for a tri-vector deformation of a supergravity background to preserve
some supersymmetry. Working in the formalism of the SL(5) exceptional field theory, we present
its supersymmetry transformations and introduce an additional USp(4) transformation to stay in
the supergravity frame. This transformation acts on local indices and deforms BPS equations of
exceptional field theory. The requirement for the deformation to vanish is the desired condition. The
condition is shown to be consistent with previous results on bi-vector deformations.

Keywords: M-theory; deformations; exceptional field theory; supersymmetry

1. Introduction

Gauge/gravity duality, in its most general form, sets up a correspondence between so-
lutions to supergravity equations of motion and gauge theories. The most well-understood
example is the AdS/CFT correspondence that is an equivalence between gravitational
degrees of freedom on the AdSs x S background of Type IIB string theory and N = 4
d = 4 super Yang-Mills theory, which is a superconformal gauge theory. The correspon-
dence origins from the equivalence of two descriptions of the D3-brane: as a supergravity
solution in terms of closed strings and as a world-volume theory in terms of open strings [1].
Another well-known example is the correspondence between an AdSy x S” background
of 11-dimensional supergravity and the so-called ABJM theory [2], whichisa A" = 6
3-dimensional Chern-Simons superconformal theory with gauge group SU(N), describing
the world-volume theory of a stack of N M2-branes. These are particular examples of
the more general observation [3] that the partition function of a theory with particular
boundary data (given a boundary can be defined) can be rewritten as a partition function
of a different theory:

Do iS1® — WU — [ Dpe—iSlol-ig] 1
/¢ - e / e (1)

Here | represents the values of the fields ® on the boundary oM of the d + 1-dimensional
space-time M, and ¢ denotes fields of the dual d-dimensional theory. The expression
above might seem trivial as it is simply a sort of Laplace transformation of the effective
action W[J]. The non-trivial part here is to determine whether the expression S[¢] can be
interpreted as an action for a sensible theory. In addition to the examples above, which are
pretty complicated and are based on string theory, one finds pairs of less involved theories:
(see [4] and references therein).

Due to its generality, the prescription (1) is not very suitable for searches of new pairs
of dual theories, for which reason more algorithmic approaches become of particular inter-
est. From the supergravity side, a powerful instrument is provided by solution-generating
techniques based, in particular, on (non-abelian) T(U)-dualities and Yang-Baxter deforma-
tions. As an example, one may mention the Lunin-Maldacena solution to the supergravity
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equation that is obtained by a T-duality coordinate shift and T-duality (TsT) of the AdSs x SP
background [5]. This is known to be dual to the so-called B-deformation of Leigh-Strassler.
The latter belongs to the most general superconformal three-parametric deformation of
N =4d = 4 SYM theory preserving N' = 1 supersymmetry [6]. The Lunin-Maldacena
deformation is a particular case of the so-called Yang—Baxter bi-vector deformations that,
for a given set of at least two Killing vectors {k,"} of the initial background (g,b), can be
written as (for the NS-NS sector) [7-9]

(§+b) T =(g+b) 1 +p

pooo 1 detg 2
=9 410gdetg"

Here """ = r*h ka"kg" is the bi-vector proportional to a constant matrix r*f. The r-matrix
is required to satisfy the classical Yang-Baxter equation and the so-called unimodularity
constraint in order for the deformation to generate a solution

Bl r“2|l32|fﬁlﬁzﬂé3] =0,

b0 3)
Concluding that the formalism of (generalized) Yang-Baxter deformations serves as a use-
ful tool for generating supergravity backgrounds, one becomes interested in interpreting
the generated solution terms of dual field theories. A general rule can be implemented
that a Yang—Baxter deformation on the field theory side is realized as a Drinfeld twist,
corresponding to the given r-matrix [10,11]. At this step, it is important to determine
whether a deformed supergravity solution preserves any of the supersymmetries of the
initial one. For bi-vector deformation, determined by an r-matrix 7" satisfying a classical
Yang-Baxter equation, this question was investigated in the works [12,13], where a condi-
tion for deformation to preserve supersymmetry has been proposed. This is a non-linear
differential condition on the bi-vector ™" that has first been derived explicitly for abelian
deformations and then conjectured to be valid for non-abelian deformations. The conjecture
has been successfully checked against various examples.

When uplifted to 11-dimensional supergravity describing M-theory backgrounds,
bi-vector deformations must naturally be generalized to tri-vector deformations, which has
already been observed in [5] for the abelian case. Since then, tri-vector deformations have
been studied in a number of papers [12,14-18] and further from the point of view of the
exceptional Sasaki-Einstein geometry in [19]. A description of tri-vector deformations in
terms of symmetries of exceptional field theories, together with some explicit examples, was
first presented in [20,21]. A more systematic approach was developed in [22] that allowed
the fact that tri(six)-vector deformations always give solutions to supergravity equations
given a generalization of the classical Yang—Baxter equation is satisfied was shown. In
this work, we continue this study and derive a condition for a tri-vector deformation
to preserve supersymmetry. The main idea is to observe that when the fermionic sector
of exceptional field theory (ExFT) is included, a tri-vector deformation, that is, an Ed(d)
transformation, must be accompanied by a local transformation K that is an element of
the maximal compact subgroup of E; ;). The reason is that a tri-vector deformation spoils
the upper-triangular form of the generalized vielbein, thus moving the theory out of the
supergravity frame. The latter is defined as the parametrization of the generalized vielbein
and other fields of ExFT in terms of the supergravity fields, i.e., the metric and the 3-form
field. To restore the upper-triangular form, one has to perform an additional transformation,
which depends on the tri-vector and background fields and acts non-trivially on fermions
in general. The bosonic sector of exceptional field theory can be formulated purely in terms
of a generalized metric that is a scalar under such transformation, and hence no additional
rotation is needed. Hence, the criterion for deformation to preserve supersymmetry is that
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the transformed Killing spinor €’ = K - € is again a Killing spinor, which eventually boils
down to a condition on K and hence on the tri-vector.

For simplicity, we work in the SL(5) exceptional field theory and restrict ourselves to
backgrounds of the form My x My, where the deformation is performed on Killing vectors
of the 4-dimensional manifold Mj. This is the same truncation as has been used in [21] to
define deformations and earlier in [23] to generate a non-geometric U-duality partner of
the M2-brane. To investigate BPS equations, we construct supersymmetry transformation
rules for the theory following the same ideas as in [24,25], where supersymmetric versions
of the E7(7) and Eg5) EXFT’s have been constructed. Since there is no reason to believe
that the general approach breaks for the SL(5) group, we do not go through the check of
supersymmetry invariance of the full SL(5) ExFT action. Instead, we check commutation
rules of supersymmetry transformation against the correct supersymmetry algebra and
additionally compare to those of D = 7 maximal supergravity, which is reproduced when
fields of ExFT do not depend on the coordinates of the extended space.

The organization of the paper is as follows. In Section 2, we briefly introduce fields
of exceptional field theory, supersymmetry transformations and generalized torsion con-
straints. In Section 3, we define the transformation of fermionic fields under tri-vector
deformations and derive the condition where this preserves a Killing spinor. Finally, in
Section 4, we apply the derived condition to some examples. First, we show that it repro-
duces the expected result upon reduction to 10 dimensions and bi-vector deformations.
Second, we show that all tri-vector deformations of the M2-brane background that fit the
SL(5) theory framework does not preserve supersymmetry. The same happens to be true
for its near-horizon limit AdSs x S7, as we show that deformation commutes near the
horizon limit.

2. Tri-Vector Deformations

In this section, we briefly review the SL(5) exceptional field theory and tri-vector
deformation that belongs to the SL(5) U-duality group. Full construction of the bosonic
sector can be found in [26]; its truncation to only scalar fields is described by a DFT-like
theory [27,28], and the representative structure of the fermionic sector is the same as that
of D = 7 supergravity [29]. In the construction of the supersymmetry transformation
below, in this section, we follow the conventions of [30] for the local USp(4) indices and
composite connections.

2.1. Bosonic Sector of the SL(5) Theory

Exceptional field theory is a reformulation of a supergravity covariant under U-duality
group E;), where for d = 4,5, the group is SL(5) and SO(5, 5), respectively. The covariance
is organized by decomposing fields of the 11-dimensional supergravity under the split
11 = D +d, collecting the obtained fields into irreducible representations of the global
duality group as in [31], and extending the d-dimensional space by an additional set of
coordinates such that the corresponding derivatives d v fill an irreducible representation
Ry. Hence fields of the theory depend on a set of D -+ dim Ry coordinates (x*, XM) where
the index yu labels the so-called external coordinates D, and M =1,...,dim Ry are the
coordinates of the extended space. The time direction can, in principle, belong to any of the
two sets. For the SL(5) theory Ry = 10, it is convenient to label the extended coordinates
as XMN where M =1, ...,5, labels the fundamental 5 of SL(5). In this formalism, global
SL(5) U-duality transformations are a particular coordinate transformation of the extended
space. A general transformation can be written in the infinitesimal form as the so-called
generalized Lie derivative [32-34]:

1

1
LAVM = ZAKLY VM —
A 2 KL 1

1
PMNKE pook APRVN + E)\VaKLAKL vM, 4)
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where PMyKL 5 is the projector on the adjoint representation of SL(5) (see Appendix A).
Explicitly one obtains

LAVM = %AKLE)KLVM + g AMKVL 4 (%AV + %)BKLAKLVM. ®)
Here VM is a generalized vector of weight Ay, , and AMN is a parameter of the transfor-
mation. When the weight Ay = 1/10, the above reproduces the usual expression for a
generalized Lie derivative of the scalar sector of the SL(5) theory. Such defined trans-
formations form a closed Lie algebra only if an additional section condition is imposed;
that is

eMNKLPG iy @ g0 = 0, (6)

where bullets denote any combination of fields and theory derivatives. Basically, the
condition restricts the dependence on the coordinates of the extended space [35,36]. In
what follows, we assume the section condition is solved such that all fields depend only
on 4 coordinates out of 10, which corresponds to embedding of the full 11-dimensional
supergravity.

The field content of the theory is the same as that of the D = 7 maximal gauged
supergravity; however, with fields depending on the coordinates of the extended space
modulo the section constraint. The bosonic sector contains the metric, vector fields, 2-form
and scalar matrix:

e;la/ A]JMNr B;n/Mr VMAB- (7)

Here small Greek letters from the beginning of the alphabet label local “external” directions,
those from the end of the alphabet label “external” coordinates, capital Latin indices
M,N,K,...=1,...,51abel the 5 of SL(5), and capital Latin indices A, B,C,... =1,...,4
label the 4 of USp(4). In addition, there is a 3-form multiplet C;,™ dual to the 2-form
multiplet. These fields do not enter the equations of the theory.

Scalar matrix V45! parametrizing the coset SL(5)/SO(5) contains a field scalar with
respect to external coordinate transformations and contains the internal metrics e,;,?, 3-form
field C,,,, and a field ¢ proportional to a power of dete,*. Index notations are self-evident.
See that the adjoint representation of SL(5) decomposes under its GL(4) subgroup

24 - 150+ 19 +4,5+4 5, (8)

where the subscript denotes weight with regard to the GL(1) subgroup. Hence, the set of
generators of SL(5) in GL(4) notations reads

bassl(5) = {tn", by, ™5} )
The coset element is then represented in the so-called triangular gauge as
V = expl (o) Vaexp[Comt ™™, (10)

where £ g) is the GL(1) generator, and V4 € SL(4)/SO(4) corresponds to the standard
non-linear realization of the 4-dimensional vielbein e;,".

According to the prescription of [22], a tri-vector deformation OpN is a (generalized)
U-duality transformation generated by elements of negative weight

0= exp[anktrnnk]r (11)

and apparently does not preserve the triangular gauge. To restore that, one must com-
plement the action of the deformation by a USp(4) transformation, which restores the
triangular gauge. Upon the embedding SL(5) <= USp(4), the adjoint representation de-
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composes as 24 — 10 + 14. The space of irreducible representation 10 is spanned by
symmetric tensors T(4B) while for elements of the space of 14, we have

145 T o TABp =0, TPy =0 = TP [ OCP, (12)

where Q0 4p = —Qp4 is the invariant tensor of USp(4). In other words, starting with
TIAB], such that TABQ 4 = 0, parametrizing the 5, one observes that the decomposition
of 5 x 5 contains precisely 14. The conditions above remove the remaining irreducible
representations in the decomposition.

Hence, the complement USp(4) transformation must be constructed using generators
of SL(5), which remain in 10 under the decomposition. Since usp4 = so(5) these are
conveniently expressed in terms of SO(5) gamma-matrices T 3 p:

{Tor, Tir} = 20, 1 = diag[1,1,1,1,1], (13)

where we introduce “flat” SO(5) indices M, N, K, ... = 1,...,5. For explicit calculations,
we choose the following representation

I'n=n®1l, Inn=mn®l,

(14)
I3=03®0, T4=0300m, Is=03R03,

where 0y, 02, 03 are the standard Pauli sigma matrices. We define gamma-matrices with all
upper and all lower indices, such as the ones with indices raised and lowered by the invari-

ant tensor Q45 = —Qp4 and its inverse Q48 we derive the following symmetry properties
antisymmetric : FMAB , FWAB ;
. AB AB (15)
symmetric : I Taimng

Gamma-matrices I ;'8 define the pseudo-real irreducible representation 5 of USp(4) in
their upper indices since they are traceless I' ;8 45 = 0 and satisfy

(T B)* = QacQpply L. (16)

Hence these can be used as coefficients relating the fundamental, irreducible representation
of SL(5) to the pseudo-real irreducible representation 5 of USp(4) that allows the writing of

1 _
Vit = EVMMFMAB. (17)

The prefactor is fixed by ensuring the usual definitions of the generalized metric:
Mun = VBV ucO8p = ViV N - (18)

2.2. Fermions and Connections

The fermionic sector of the theory contains the gravitino lpVA and dilatino B¢
fields, which have a hidden spinorial index. The spinors are symplectic Majorana, and the
corresponding reality condition for a spinor ¢ reads

Ph = QapCy®, (19)
where C is the charge conjugation matrix, defined as
(T =—-Cytc™!, c=cT=-c'=-C" (20)
We define an SL(5) covariant derivative in the usual way as

5
Ve VM = 0g VM + T NMVY + 3V Tk VM (21)



Symmetry 2022, 14, 2525

6 of 26

where generalized Christoffel symbols are traceless I'yn, X =0, and each derivative 9y
adds —1/5 to the weight of a tensor. The non-covariant part of the transformation of the
Christoffel symbols is then

1
AATxn™ = O anpAMP — gaKLaPQAPQ(S%I, (22)

which ensures the covariance of V;y under a generalized Lie derivative. Denoting the
weight of a spinor 4 in the 4 of USp(4) by Ay we write for its covariant derivative

1 5
Vany? = onunyp? — ZLWMN“ﬁ')’aﬂlPA — Quns 9P + gMFK[M,N]KlPA- (23)
The generalized vielbein postulate
0 = Van Vi = aun V™ + 2Quinc ViPIC = T MV AP (24)

relates Christoffel symbols to the composite connection coefficients Q iy 3. Note that the
weight of the generalized vielbein is zero Ay = 0. In turn, Christoffel symbols can be fixed
by imposing a vanishing torsion condition; that is

LXVE — L3V = T WMAKEVE =0, (25)

where the superscript of the generalized Lie derivative denotes whether one uses the
covariant or partial derivative. Using the fact that T'yqy k is traceless, we are able to write
the generalized torsion as

1 2
T ™ =PMy"g ErKL,PQ + Tppe g9 - grRP,[KRfSL]Q : (26)

Explicitly, the vanishing torsion condition then takes the following form

3

1 1
EF[KLN]M —Tp o™ = 5T o™ + 5 Tpovy 'oxkM =0, (27)

2 2
that implies that the torsion belongs to 10 x 5 + 15 of SL(5). Decomposing the condition
into irreducible representations of USp(4) by explicit contraction of indices, we have

T e€1+5+14+35. (28)

On the other hand, Christoffel coefficients belong to the 10 x 10 of USp(4) that decom-
poses as
10 x 10 — 1+ 5+ 14 + 35’ +10 + 35. (29)

We find that the vanishing torsion condition allows the fixing of the first four irreducible
representations of generalized Christoffel indices in the decomposition above. The 10 is
fixed by an additional constraint on the covariant derivative of the external vielbein

e Ve, =0 — Tyn = —;eflaMNe. (30)

The remaining 35 is the undetermined part of the connection, which drops from all relevant
expressions, such as the Lagrangian, BPS equations, etc. Having such a piece in Christoffel
coefficients are the standard feature of generalized geometry in double field theory [37]
and in exceptional field theory [38—40].
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Denoting Dy = dpmn + QumN, it is convenient to express Christoffel symbols as
Tan k" = Vag"Dun Ve *? (31)

and substitute into (27) to arrive at a condition on the composite connection coefficients.
This can be rewritten in the following suggestive form

PMNPQ VpPDKLVpQ + 2VpP'Dp[KVL]Q =0, (32)

where barred indices can be understood as symmetrized pairs of USp(4) indices M <> (AB).
Since the expression in brackets above belongs to algebra s((5), it can be decomposed into
10 + 14 of USp(4), which gives the following conditions

Vep D VeP + ZVCDPDP[KVL]AB =0. (33)

Defining, as usual, Quna® = —VacKounViBC the part of V719,vV in 10, the above
condition is explicitly solved as

Omn.a® = Quna® + Vv PV OB gep ar,

(34)
D Vi = VP Pyn cp?® — 2V ED VA QBIP gy .

Here Vyn(€P) = V[MCAVN] DB() 45 and the tensor qAB,CcD = q(4B),(cp) contributing to the
composite connection, in general, belongs to

qaBcp € 10©10 =14 5410 + 14 + 35 + 35’ (35)

and should be constructed solely for Pap cprr = VapMN Pyincper € 10 x 14 to make the
torsion vanish. Explicit calculations using the computer algebra system Cadabra [41] show
that the vanishing torsion condition contains only expressions of the type

O P4 pyrep € 35. (36)

Moreover, the 35’ part of g4 cp drops from the condition and is basically the undetermined
part i(apcp) of the connection. Hence, the only irreducible representation of g 4pcp to be
identified is the 35. Hence, finally, we have

qascp = P& + tapcp, (37)
where
P €15 AlB] (38)

In tensor components, this reads

3 3
Picp = 1 PaBo)p — 7 Pasp)c: (39)

This completely determines the Christoffel symbols and hence the composite connection
up to the undetermined part u opcp, which is of no interest.
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2.3. BPS Equations

Supersymmetry transformations rules for fields of the SL(5) exceptional field theory
have the following form

1_
53;5 = EGA’YalP;f,
MN M N 1 1
0Ay = ‘2\[2[’AB[ Vep ]QBD(zuAEgE‘PVC '4ée’)’yXCAE),

40)
1 1 (
sV = ZVMCD (UE[C'?D]?CABE + Z“CDéEXABE + QcpQprécx-4aflc

1 _
+ 4QCEQDFQAB€GXCPG> ,

~ 1 ~
6Buum = 8V2V AP <_QAC€B')’[V¢S] + 8QACQBD€E')’WXCDE)
+2V2epnporA[NTOA, R, (41)
3 1
M _ M AC = B = ABC
ACuyp™ = Vap (_80 eC'Y[‘uvl/Jp] - 372€C')’yvp?( )/
for bosonic fields and
A_ A MACY,NBD Ao Fy,3 + F
5" = Dyue” + QcpV V Qpr SVMN Yu€ +47F¢VMN€

15, N AB(vph 9, vpsh ) .C
- EVBC ‘7:1/,0/\NQ 7 ut E'YUP‘SV €,
KSXABC _ 2QCD,P#DEA37”€E _ SQEDVMCEVN[A‘DIVX_/INGB] (42)
8
T = <QAB(5(C; _ QC[A(sg]>QDEQFHVMGFVNDHVZJ(AN€E

1 1
-2 (QADQBEVDEL}-}WPL,Y;WIOGC -z <QABQCF + 4QC[AQB]F) VFEL]:WerYWpeE)
for fermionic fields, where

1
Dyet = Dyelt + Ewy“byube"‘ + Qup’e?,

DH - ay _EAF.

(43)

In addition, following the analogy with the Eg ) case, we define two shifted-covariant
derivatives of spinors

1 1
Vined = oune + Ze”[“aMNeﬁ] Tape” nyvMfo”“ev’g%/SGA

5
gAeFK[M,N}KeA/

(44)
— Qunp el +

The derivative V,,, enters the SUSY rules above, while V,,, might be necessary for
writing the full supersymmetric action of the theory, as was the case in [25]. Note, however,
that, e.g., in the supersymmetric E;7) theory, one needs only one such derivative. We do
not aim for the construction of the supersymmetric action, hence the derivatives V ,; will
not be used here. Finally, the scalar current 1-form with components in the 14 of USp(4) is

defined as usual as
P‘HABCD — DVVM[ABVCD]M, (45)

Although we do not construct a full invariant supersymmetric action for the theory,
we check the above transformation rules by other means. First, the above precisely re-
produces the SUSY rules of the maximal D = 7 supergravity when d); = 0. Second,
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these form a Lie (super-)algebra together with other symmetries of the theory: D = 7
Lorenz transformations, external diffeomorphisms, generalized diffeomorphisms, and
gauge transformations. In Appendix B, we start with the most general form of supersym-
metry transformations rendering D = 7 SUSY rules upon dj; = 0, which contain various
numerical coefficients. Then, we fix these by requiring the correct commutation rules,
which are supersymmetry transformations close to diffeomorphisms, both external and
generalized, local SO(1,6) transformations, and gauge transformation. The only arbitrary
coefficient left can be absorbed into a redefinition of, say, the field C;WPM.

3. Deformation of Supersymmetry

Tri-vector-generalized Yang—Baxter deformation, as defined in [22], is a SL(5) trans-
formation generated by elements of sl(5) with negative levels with regard to the gl(4)
decomposition, which preserves generalized fluxes. The latter is constructed of a properly
rescaled generalized vielbein. The rescaling is necessary to render the theory purely in
terms of such fluxes and the external vielbein, i.e., truncate SL(5) EXFT to only the external
gravity and internal scalar sector. Such theory describes only backgrounds of the form
My x M7 with vanishing fields AHMN and Byypm. Among the backgrounds covered by the
truncation are AdS vacuum solutions, which are of interest for holography applications
and some M-theory and IIA brane solutions.

Explicitly, rescaling is defined as

! (46)

where e = det||e,”(y)|| denotes the determinant of the internal vielbein and is restricted
to depend only on the coordinates y™ parametrizing My. The same holds for ¢ = ¢(y) and
V= Vi (y), while &,* = 2,*(x) are functions of external coordinates x* only. As it
has been shown in [21], this provides a consistent truncation to a subsector of the theory.
Explicitly, generalized vielbein for the truncated theory reads

NI—= Q

1o, 1
7 g |e zen" ez
0 e

] , (47)

where v* = ¢,,%0" and v = 1/3!e"*C, ;. Tri-vector deformation is then
VsV =0V,

m -1 48

0= exp[nmnktmnk] _ [(561 e 1Wn]‘ (48)

Here, Wy, = 1/3!e,,,,a "™, and hence O does not depend on the background fields.

3.1. Local Deformation and Composite Connections

The generalized vielbein (47) is in the upper-triangular form, which means a parametriza-
tion in terms of supergravity fields e,", e;;" and C,,,;x. The transformation (48) breaks this
parametrization, introducing the left lower block. Note that the generalized metric defined
as myny = VM VN6 ;55 does not depend on the choice of parametrization and can always
be understood as a matrix of the form

1
— o0 h™ 2 hyun —Om

. 49
—Up h%(l + v 0k) #)

MMN

Here hyy = enenhyy, and h = det ||y, ||. This allows to read-off transformations of the
bosonic fields ¢, hy, and C,y,,x under tri-vector deformation.
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For the supersymmetric formulation of ExFT one, however, should use vielbein rather
than metric, which makes it necessary to introduce an additional transformation that re-
stores the upper-triangular frame. Since from the point of view of the Usp(4) subgroup
breaking of the triangular gauge precisely introduces the 10 part of the s[(5) algebra, to re-
move that, one should act by a transformation K € USp(4) constructed exclusively of Q""*,
space-time fields, and generators of USp(4). Now, the matrices I'j;5* p are proportional to
generators of SO(5) or equivalently USp(4), which allows us to write

K4y = exp[a(W)WT5,], (50)

where we denote W, = %eabcdﬂb‘fd (flat indices) and a(W) as some functions of W? and V*
to be determined later. Explicit calculation shows

1
K(4) = cos (a(W)W) + W sin (a(W)W) WT's, (51)
with the obvious notation W2 = W“W,, note also detK = 1. Function a(W) is deter-
mined by the condition that K restores the supergravity frame. For that, we write the
transformation in the representation 5 of SO(5):

_ 1 _
kMg = T apl g “PKACKp. (52)
Explicitly, in the component form, this reads
a

WeW, W
a. .2 b .
3%, — 2sin”(aW) W2 sm(thW)—W

Ks)

— sin(2aW) % cos(2aW). (53)

117, 0 nny cos(2aW)  sin(2aW)n”
L0 0 —sin(2aW)n,  cos(2aW) |’

where we define n? = W?/W and the projector I1%, = 6%, — n”n; on the hyperplane
orthogonal to W*. Such defined Ks) restores the upper triangular gauge for V' if

W

(54)
Reduced to only bi-vector deformations and V;, = 0, the above gives the same condition as
the one derived in [13]. Note the special case when W,,,v™ = 1, where the above expression
is not applicable. In this case, the condition for Ks) to restore the upper-triangular gauge is
W2 = 0 or cos(2aW) = 0. The former does not have non-trivial solutions in the Euclidean
case, while the latter implies

20(W)W = g +n, nel. (55)

In what follows, we assume W;,v™ # 1. Using the gamma matrix identity ™ cpT B =
4648 - — Q4B -, one can rewrite the inverse relation between matrices in the 4 and in
the 5:

1 v |
KAKE, = ZFMCDFNABKN o ZQI“BQCD. (56)

Given that (generalized) Yang-Baxter transformations are defined as such poly-vector
deformations that preserve generalized fluxes, the vanishing torsion condition (25) and the
generalized vielbein postulate (24) allow the relation of the composite USp(4) connection
Qumn 4P to components of the generalized flux. Indeed, the latter is defined as

LY,y oo Ver™ = Fapep e Ven™, (57)
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where the superscript d again denotes that the generalized Lie derivative is written in terms
of partial derivatives dpn.
Vielbein VM is related to vielbein V43M via the rescaling

Vap™ = o7 'VapM, (58)
where p = e_%ellfo is a generalized scalar of weight A, = 1/10 and vielbein VagM has
weight Ay = 11—0. On the other hand, the vanishing torsion condition states that one can
equivalently replace partial derivatives in generalized Lie derivative by D = 0 4 I', which
for the rescaled vielbein reads

DunVas® = =2Qun,1a Ve + 0 VmnpVas®. (59)
Moving the composite connection term to the LHS we have
0= VamnVas" = Vun(p ' Vas") = =0 ?Vanp Vag® +p 7' ViunVag®.  (60)

Note that we denote V as the fully covariant derivative, which includes all connections
I', Q, w. This allows us to express the LHS of (57) in terms of the composite connection
coefficients and d1nyp and relate these to components of the generalized flux. Rewriting
DynVagK in terms of Quna® we have

H KL AlA  GH Al GH KL
= —Vapep™ Qkie” Arar”7 — Qkrja” Apjar Veper

+ Qxric™ Apar M Vaser™ + Q™ Vi ar“ep Ver" — Qxr e Vi ar B ap“H Ver"

1 1
3 Qxria™ Vi arcp™ Ber® + 3 Qxric™ Vpjarag " Der!

(61)

+ (VABCDKLAEFGH + A ap“HVeppeKt — ACDGHVABEFKL)PiviLP,

where we define V gcpMN = V45MV-pNl. The left-hand side above is invariant under
the generalized Yang-Baxter transformation; hence so is the right-hand side.

Let us now show that Q4P = VapMN QuneP contains the same irreducible rep-
resentations as F4pcptl. Starting with the latter, we first notice that it belongs to the
10 + 15 + 40 of SL(5), which decomposes into

Fapcptt €10+1+14 +5+ 35, (62)
For the composite connection, we have
Qapc” €10x10 =10+1+14 + 5+ 35’ 4 35. (63)

The last 35 represented by a fully symmetric tensor of four indices, trivially drops from
the LHS of (57). This is the undetermined part of the connection, which does not enter
BPS equations and will be obliviated from now on. Hence, we see that the irreducible
representations inside the connection Q5P are precisely the same as the ones in the
generalized flux. The only subtlety is with the 10 part of the flux, which is the trombone,
which contains an additional term:

1 _
0(ap) < Fc(apper QP = 5 (QC(A,B)C —3p 1vABP)- (64)

Imposing the invariance of this combination, we define “the invariant connection” 04 B,CD ’
which does not transform under generalized Yang—Baxter deformations

A 3 _ 1 _ 1 _
OQupc” = Qapc” — Eé(ADP "V)cp - §QDEQC(AP "V + 5P 'V appsc®  (65)
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Furthermore, under local USp(4) transformations, components of the generalized flux
transform covariantly.

This is an extremely important result for further narrative, as it allows us to take into
account the complicated generalized Yang—Baxter equation by simply rewriting covariant
derivatives in terms of the invariant composite connection. Note, however, that this
has its own flaws as we will be investigating what we call “non-covariant” parts of tri-
vector transformation of BPS equations further. These are the differences between BPS
equations written for the transformed Killing spinor on the transformed background and
the initial BPS equations. Since we keep the connection Q 45 P invariant, the expression
will be explicitly non-covariant with regard to the internal 4-dimensional diffeomorphisms.
However, this is only a consequence of the chosen approach, and the covariance is actually
hidden, given the generalized Yang-Baxter equation and Killing vector conditions are taken
into account. This simply follows from the fact that the initial BPS equation was covariant
as is the tri-vector deformation and the new BPS equation on the new background. Hence
the difference must also be covariant. Keeping in mind that at some point, we simply
restore explicit covariance by hand. This trick saves a huge amount of explicit calculations
involving the generalized Yang-Baxter equation.

3.2. Preserving Killing Spinors

Consider now the BPS equations for the truncated theory, where we keep the initial
(not rescaled) spinors

4 2
51/]5‘ = 'DH€A — EQCDVMACVNBDQBF <(VMN’)’V)€F + S’YVVMNEF>/
5XABC —_8 QEDVMCEVN[A‘D‘VMNGB} (66)

8
+ . <QA858 o QC[A§g]) QppQpy VMEFYNDHY o oE

here 5
Vamne? = omne? — Qunp?e® + g/\erK[M,N}KeA/
(67)
1
DVeA = ayeA + Zwy"‘ﬁ%‘ﬁe“‘.
The s0(1, 6) spin-connection w,,*? is defined by the vanishing torsion condition
a[ye,,]"‘ + CU[WgaeV]IS =0, (68)
which gives
wwﬁ“r:% fupy = fpra + frap ) 9
(69)
flg,ya = —Ze[ﬁp‘eﬂ"ayev“.
Note that the dilatino variation does not contain trace and antisymmetric parts:
SxABCl =0, sxABCQ 5 = 0. (70)
Contracting the gravitino variation with y* we have
25
— 5o 7 Dy + 07 0B (Vgee® 4507 Vcpe©) =o. (71)
Substituting V 4pe® expressed from the above into the dilatino equation we have
5XABC — _4vClABl 4 4 (QABQCD _ QC[AQB]D)p—lVDEpeE
(72)

n 579 (QABQCD - QC[AQB}D)QDE’YVDWE =0,
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where we use the following

AB ACy, BD
Vmn™” = QcpVM™-Vn"",
AB
oMN = VMmN "9 4B,

7.
dap = 2VapMNoyn, (73)

1
Vit Vep™N = Eé(CA‘SD)B'
Here, the second line is a definition of d 45) and the third line follows from the identity in
the fourth line.

Let us rewrite the derivative VC[4eB in terms of the connection Q4 B,CD that trans-
forms covariantly under generalized Yang—Baxter deformation:

ClAB — ClAB] | Zp—lvc[ApeB] _ Z(QABQCE _ QC[AQB]E)p—lvEDpeD

(74)
Vape® =V ape® —3p71V pppeP.
Given that the gravitino and dilatino equations become
4 1o [e _
oyt = Duet = 071y, [VCBeB +20 1vABpeB} —0,
A 3 7
(SXABC —4 {VC[AGB} + ;pfva[Ap eBl _ : (QABQCD _ QC[AQB]D)QDEPAVDEP(_:E (75)

+ 57‘) (QABQCD - QCMgB]D)QDEry%DHeE =0.
Under tri-vector deformations, we have the following transformation rules for the fields

V]/V[AB — KACKBDVNCDOMNr

(76
€A — KAgeB, )

For derivatives of the USp(4) spinor € this implies

@/ABG/C — KAEKBFKCGWEFGG

5
+ 4KAEKBFVEFMLKCG [ALNaMNGG + g/\eALNFMNeG} p

where we have used the fact that O 4 B,CD transforms covariantly and A mY = OopN — 6N
has the only non-vanishing component A,,®> = Wy,. The structure of the above expression
is as follows. The first line is a covariant USp(4) transformation and will always vanish
upon substitution into the BPS equations. The second line is the desired non-covariant part,
which will define the supersymmetry preservation condition. The last line can be shown to
vanish, given the Kosmann-Lie derivative of e/ vanishes. We show that we start with the
last term of the last line and show that A[LN Ly = 3/50N1.A M}N . For that, we recall the

expression (30) for I'y;y and consider the only non-vanishing components A[ZN PN

3 - 3 9
N _ -1 . 1 _ »
A[l rm]N = ?W[le am]e = _Wepqr[lﬂpqre am]e — _memlpqnpqre d,e
o - 9
9

3 - 3 K
= mar (emlqupqr) = _ga[mwl] = gaK[lAm} .
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Here, in the first line, we denote €,,,;; as the epsilon symbol; in the second line, we used
Le = 0 with the weight Ale,*] = 1/5, and in the last line, we used the unimodularity
condition to move all Killing vectors under the derivative. To reshuffle indices, we used
[mlpgr] = 0 in four dimensions. Hence Equation (77) takes the following form

@/ABe/C — KAEKBPKCGWEFGG
+ ZKAEKBFvEFMNaMNchec + 4KAEKBPVEFMLALN8MNKCG€G (79)

+ 4KAEKBFVEFMLKCG [ALNaMNGG — AGBNLALN G .

Now we notice that both the LHS of the above expression and the first line are covariant
under local s0(1,6) transformations and local coordinate shifts. Therefore, the remaining
terms must also be covariant, although explicitly, the covariance is broken. As it was
advertised at the beginning of the section, this is the consequence of taking into account
the generalized Yang-Baxter equation in the form of invariance of the connection Qap cP.
Hence, in principle, one may restore covariance explicitly, which we will not do at this step.

Instead, we go further on the way of breaking explicit covariance by choosing a
specific so(4) frame, where Lie,,” = 0, which is certainly not true in general, even though
the Killing vector condition Lyg» = 0 holds. This allows us to show that in the chosen
frame, the terms in brackets in (79) vanish, given the Kosmann-Lie derivative of ed along
Killing vectors k," is zero. For that, we write

1
LkeA =k"D,, [w]eA + va [F]kn(l"m”)ABeB + Aedmk™eA, (80)
where Dy, [w] = 0y 4+ 1/4wn, Ty is the standard so(5) derivative and V,,[I'] is a derivative

covariant with regard to the standard Levi-Civita connection. Note the weight term. Using
the Killing vector property, the first two terms above can be simplified as follows

1 1
K" 9me? + Ekmwm“bl“abABeB + Eef,”egvm [Tk, (T70)4 geB
1 1
= k"9me? + kawm“bl"abABeB + kaebnvm [T]e," (T%0) A ge® (81)
1 1
— kmameA + kawmabl-'abABeB o kawmﬂbrabABeB _ kmameA
where in the second line, we used Lie,” = 0 and the vanishing torsion condition, and in
the third line, we used the vielbein postulate V[I', w]e,,” = 0. In [12] it was observed that

for a spinor €4 to stay Killing after abelian T-duality, its Kosmann-Lie derivative along the
corresponding isometry must be zero. Now the selected terms

A[MKaN]KGA — AeaK[NAM}KEA (82)

have only components [MN] = [mn] given the section condition d,,, = 0 and the structure
of ApN. These components can be rewritten as

Given all the above, the non-covariant part of the transformation of VA8e€ under a
generalized Yang-Baxter deformation simply becomes

Aq (VABEC) = 2KApKB pVEFMNG G KC ceC. (84)
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. 1 4o oR <
A VAPEE = sin(2aW) e KM KN Vg MVt (261 + 4a) ) TREAB K peP

The same analysis shows that the non-covariant transformation of V 4pp vanishes. Indeed,
for the full transformations, we have

Visp = KaKs” |Veop +4Vep™ AN Varwe|, (85)

where the first term is the covariant transformation. For the only non-vanishing components
of the second term, we write

1
A[mKVn]KP = _Zemnpqpaﬁvkapkﬁq [kyrarp + /\park,yrp} =0. (86)

As a result, we have the following transformations of the gravitino and dilatino
supersymmetry variations

4 L .
59, = KApop” = 204 p G| Ve

87
(5X/ABC KADKBEKCF(SXDEF 4An [@C[AGB]]. (®7)

Note that the non-covariant transformation of gravitino is a trace of that of dilatino. Hence,
we conclude that for a spinor €/ to remain Killing under a tri-vector deformation, the
non-covariant variations in the expressions above must vanish. This is a condition of the
same sort as that imposed on generalized fluxes required to transform them covariantly
under SL(5) transformations to keep the equations of motion satisfied. Now we require the
same for USp(4) transformations, which are necessary to restore the upper-triangular form
of the generalized vielbein. Note that due to generalized Bianchi identities, this does not
impose further constraints on K 5 from generalized fluxes.

We now calculate AqVABEC, which gives the main contribution to the supersymmetry
preservation condition

(88)
= W(na sin(2aW)o™ + 117 e, ™ + e, "nan” cos(2th)) r%ABy, KCphel = 0.

Here we replaced the partial derivative on K with the ordinary gl(4) covariant derivative
Vi = 0y + 'y, to restore the hidden covariance of the expression.

3.2.1. Pure Metric Backgrounds: C,;,,;x =0
For simplicity’s case, consider where the initial background has no gauge field, i.e.,
M = 0. Then a(W) depends only on W2 = W?W, and the derivative dmK(4) becomes
particularly simple:

ImK sin(aW) + cos(aW) (nT)) (W), W + sin(a W),

- : (39)
=Ky ) () (aW)'0, W + sin(aW )0y, na T,

where prime denotes the derivative with regard to W, and we denote (nT') = 1,I'*. Given
condition (54), the derivative (¢W)’ can be rewritten as follows

1

21+ WE) 0)

1
(aW)' = Ecosz(ZocW) =

The antisymmetric pair of indices in the expression Aq (VA[EeC!) belongs, in general,
to the 5@ 1 of USp(4). It is convenient to analyze these separately. Let us start with the
singlet, which is

Aa(VABEh Qe = (Hl’ aep ™+ ey "ngn® cos(2¢xW)> 154,V KBceP 1)
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The 5 can be conveniently rewritten by contracting the above with I' 3, which gives two
sets of conditions, which are M = 5and M = a. The former is the same as (91) multiplied
by I'®, while for the latter, we have

[ebm —(1- cos(zaW))nmnb} 57, V,,Keé
(92)
_ [ebm —(1- cos(zaW))nmnb] (2136,% + T,I%) v, Ke.

The second term in the parentheses is proportional to (91) multiplied by I'; and hence
vanishes, leaving us with the following condition

¢! [5nm (- cos(Z(xW))nmnn} °V,,Ké = 0. (93)

Multiplying this by I'* we obtain precisely (91); hence (93) is the only condition for a spinor
to remain Killing. Finally, the determinant of the matrix O™, = §," — (1 — cos(2aW))n"n,,
is equal to cos(2aW), which does not vanish for any finite value of W. Hence, it does not
have zero eigenvalues, which implies

VK g)€ = 0. (94)

Hence, the condition for a spinor to remain Killing is that it belongs to the kernel of map
VK, where K is the local tri-vector transformation, which restores the supergravity frame.

The obtained condition can be further rewritten in a more convenient form in terms of
deformation parameters Wy,. For that, we first observe that since det K(4) =1, we can safely
multiply the above by another copy of K(4) to have 9, (K(4)K(4))é = 0. Given condition (54),
the derivative can be easily calculated as follows

Vin(K(a)Ka)) = Vi cos(2aW) (1 + (WI)) )
= —sin(2aW)2(aW)'(1 4 (WT))dW + cos(2a W)V, W, T

(95)
—2cos(2aW) (aW)’ [(1 + (W)W, W — (1+ w2)vmwnr5"}

—2cos(2aW)(aW)' (1 + (WT)) [wamw —(1- (Wr))vmwnrf’”]

where (WT') = W,I®". Here, in the third line, we used relation (90) for the derivative (¢ W)’
and in the last line simply factored out 1 + (WT'). Now, we notice that neither of the terms
outside the brackets in the last line vanishes for finite values of W. Hence, we are left with
the condition

[wamw —(1- (wr))vmwnrﬂé =0. (96)

Finally, writing Wo,W = WKV,,W; and expanding the parentheses we obtain the
final result
[vmwnﬁ” i wkvmwnr"”} e=0. 97)

3.2.2. Backgrounds with Non-Vanishing 3-Form

To generalize the above backgrounds with non-vanishing v™ it is enough to make the
following two observations. First, the matrix

O™, =6,"— (1 —cos(2aW))n"n, + sin(2aW)n, o™ (98)

has determinant det O = cos(2aW) (1 — (v - n)) ! where (11 - v) = n,v", which is never
zero, as discussed above. Hence, O™, is non-degenerate, and the condition for a spinor to
remain Killing still has the form

VmK(4)é =0, (99)
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with dependence on v™ hidden in K(4). The second observation is that aW is actually a
function of a new single variable w, which is a combination of W and v™:

W 1

tan(2aW) = W0 — Wi (n-0)

= w. (100)

Hence, all steps of the previous case can be repeated with (24W)’ now meaning a derivative
with regard to w. In particular, we have

1
_ 2 _
(20(W)£U = COSs (ZD(W) = m (101)
Condition (96) now becomes
{wamw — (1= (nT)w) o (naFS”w)} é=0. (102)

The form of the condition above suggests the definition w,, = wn,,, which allows us
to repeat all the steps from the previous case with W, — wy, to arrive at

0= [vmwnr5” n wkvmwnrk”} ¢,
W, (103)

W = 1— W, on’

This is the final equation in the form most convenient for direct calculations. Note that both
VWi and V,w;, are symmetric given the unimodularity constraint. Indeed, we write

1 Wi, W,
Vimwn = ————— |V Wy, + mon

k
1—Wo 1—Wo Vi, (104)

where V0" = 3" F,, 1, which implies V0, = 0.

4. Examples

Equation (103) is the condition for a spinor €/ to remain Killing under a tri-vector
deformation parametrized by W,, = 1/ 3l€,u QY. This is a differential condition on
the deformation tensor W, such that an operator can be constructed, which projects the
spinor € to zero. Spinors belonging to the kernel of this operator remain Killing. As we
will see below, for the considered setup, the condition is very restrictive, and for the most
interesting and accessible cases, such as the AdSy x S7 background, the kernel contains
only zero spinors.

4.1. Reduction to Ten Dimensions

Let us first compare the condition obtained above for pure metric backgrounds to
the condition of [13] for a bi-vector deformation to preserve the Killing vector. For that,
we assume the unimodularity of the corresponding bi-vector deformations and keep only
component Wy; with i1 = 1, 2, 3 labeling three directions of the 10 = 7 + 3 decomposition. In
this case, we observe that the first term of (103) reproduces precisely the same condition as
that of [13], given no R-R fields are present. The quadratic term can be shown to vanish, for
which we consider V3 Wz Wy). Contracting this with €™ T; where Ty is arbitrary, we have

_ . 2 _
= —3i5isB IV nB Ty = s BTV 7Ty (105)



Symmetry 2022, 14, 2525

18 of 26

where in the first line, we used antisymmetrization in four indices [p7ikj] = 0, and in the
second line, we first used antisymmetrization in [§7577] = 0 together with the unimodularity
constraint V,;; ™" = 0.

Hence, we conclude that our condition for a tri-vector deformation of 11D backgrounds
of a certain form to preserve a Killing spinor agrees with the same for general bi-vector
deformations of 10D backgrounds of [13]. In principle, the approach we develop here
allows us to drop all the restrictions and derive a generalization of the condition valid for
any 11D backgrounds.

4.2. Membranes and Near-Horizon Geometry

Let us first illustrate the method on the example of the M2-brane solution, which is a
1/2BPS background, i.e., preserves 16 spinors. For N M2-branes, the background metric
and gauge field can be written in the following form:

ds? = H™2/3(—d? + d® + dy?) + H'/3(dr? 4 2403,

L6
rié.

(106)
Ctxy = _Hilr H=1+

Here L = 25/672/6N1/ 61, with I, denoting the Planck length. We choose the longitudinal

coordinates x0, x1, x2 and the radial coordinate  to be internal. Hence the fields for the

truncated SL(5) ExFT read:
hyn = diag {H*%,H*%,H*%,H% )
ym = [0,0,0,H‘ﬂ, (107)
e ¢ = rH%,

and metric g,y invariant under tri-vector transformations is that of the transverse S7. The
relevant isometry group is SO(1,2) x R3, which is the Poincare symmetry group of the
world volume. Denoting generators P, and M,xﬂ with @« = 0,1,2 we, in principle, can
construct deformations with terms proportional to the coordinates x* in zero, first, second,
and third powers. However, the only unimodular tri-vector deformation here is Q%2 = —p,
i.e., the abelian PPP deformation. In this case

Wi = [0,0,0,0H~¢ . (108)

The condition (103) simply boils down to the system of equations

(o= (p+H)T*)e =0,
F4€:0,

(109)

which does not have non-trivial solutions. Hence, we conclude that the M2-brane back-
ground does not have tri-vector deformations that preserve SUSY within the SL(5) setup.

A similar conclusion can be made for the AdS, x S7 solution, which is the near-horizon
limit of the previous background. To see that, we choose a new coordinate u as

N1/4l3/2

Vi

(110)
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and rescale (x,y,t) — %(x, yt), 1= N—1/6L to rewrite solution (106) as
-2/3
ds? = 31(1 + N_1/21_3u3) (—dt2 +dx® + dyz)
1/3
+ (1 + N*1/21*3u3) BN1/2 <413du2 + 1d0§>, (111)
U u
-1
Cray = — %(1 + N*l/zl*%ﬁ)

The near-horizon limit, giving the AdS; x S solution, can then be performed as follows:

lim 25 _ P ( dt? +dx® + dy? + du )+12d02

NSO NS 4 ! , (112)
Ctxy _ _713u73

N1/2 :

2
ds(h) =
C(h)txy = hm

Interestingly enough, as for the bi-vector case analyzed in [42], taking the near-horizon limit
commutes with tri-vector deformations, meaning that the latter descends to world-volume
theories. Let us demonstrate that using explicit examples of two types of deformations:
PPP and PPM.

We start with P A P A P deformation with ()-shift given by ¢, x, y coordinate translations:

Q = 479; A3y N3y (113)

Using explicit formulas for tri-vector deformations, for the deformed background, we get

(T+7( +N71/2173u3> _1> e (1 + N71/2173u3> s (—dt2 +dx?+ dyz)

4

1\ /3 1/313N1/2
+ 1+17<1+N’1/21’3u3) > (1+N*1/2r3u3) ——d0y,

C = — ;(1+77(1+N V2R >(1+N1/213u3>_1.

4
1/3 4 13n71/2 1/3
+ <1+77<1+N1/2l3u3) > 1PN 72 (14 NTV22)
w (114)

To go to the near-horizon area, we write 7 = 7N"1/2 and keep 7 fixed in the limit,
which gives:

) 12 13 -2/3 ) 5 ) 3 1/3 12 ) )
ds(y) = 4uz(1 +17u3) (—dt +dx +dy ) + <1+17us> <4uzd“ +dQ7),

o1 (115)
1 l
This exactly reproduces P A P A P deformation of the AdS, x S7 solution of [21].
For P A P A M deformation, we have
Q = 4px"3; A\ 9x A Dy, (116)

which for the deformed background gives:
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ds? = (1 +pax® (14 N7V27308) _1> o (14 N"V272) e (—df? +dx? + dy?)

1
4
) -1 1/3113N1/2
b -1/27-3,,3 - -1/2;-3,3 2
+<1—0—pax (14 N"27%) ) 1 (1 N7V du

(117)
| IIVE 1/3BNL/2
14 ot (14 N7V27202) ) (14 N2 L\; 03,

Ch = —% (1 +pix® (14 NTV27%0) 1) (14 N"27%2) -

Now, fixing the deformation parameter p,, = N'/2p,, in the near-horizon, we get the
following background:

ds%h) = ; (u3 + l3ﬁ,5¢x‘5‘) 2 (—dt2 +dx? + dyz)

1 RNy
+;(u3+l3 ,,zx‘") (4u2du2+d0%), (118)

1 AN
C(h)txy:_8<1+P&x u3> .

This is exactly the P A P A M deformation of the AdS,; x S7 solution of [21]. Note that this
deformation is non-unimodular in the full space-time of the M2-brane, including the near-
horizon area. Hence, we conclude that both unimodular and non-unimodular tri-vector
deformations commute with the near-horizon limit.

This result shows that there are no tri-vector deformations of the AdS,; x S7 back-
ground preserving SUSY as well, at least in the SL(5) setup. Indeed, since deformation
and using the near-horizon limit commute is the only way to preserve SUSY, we get to
keep some of the supersymmetry restored in the limit, which is an additional 16 spinors.
However, the second equation in system (109) does not change when the limit is taken, and
detT* # 0 renders € = 0. Explicit calculation using AdS metric for given deformations
gives the same result.

5. Conclusions

In this work, we consider conditions under which a tri-vector deformation given by an
SL(5) transformation parametrized by Wy, = 1/3!€,,, Q2" preserves the supersymmetry
of 11D backgrounds. Our results give a particular generalization of those presented in [13]
for bi-vector deformations preserving the supersymmetry of 10D backgrounds. The main
idea behind our approach is to notice that the SL(5) tri-vector deformation breaks the
upper-triangular parametrization of a generalized vielbein defining the supergravity frame
of the SL(5) exceptional field theory. To restore it, one performs an additional USp(4) <
SL(5) transformation K, which depends on the deformation parameter W, and background
fields. This local transformation acts on indices of fermionic fields as well as on the Killing
spinor entering BPS equations. Requiring the BPS equations to hold, we arrive at the
desired condition (103).

To write BPS equations for the fields of the SL(5) ExFT, we first derive supersymmetry
transformations of the theory. This we perform by first imposing them in a general form
inspired by the Eg¢) supersymmetric EXFT of [25] and then requiring them to satisfy the
correct algebra of local symmetries of the theory and to reproduce SUSY rules of maximal
D = 7 gauged supergravity. This fixes all free coefficients in transformations up to a single
one, which gets absorbed into a single field redefinition.

The general setup of the tri-vector deformation formalism within the SL(5) theory, as
defined in [21], significantly restricts the number of possible examples to check against the
general formula. In particular, only backgrounds of the form My x My with three forms in
the directions of My are allowed. Given that we investigate supersymmetry preservation
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under deformations of the M2-brane background and of AdS; x S as its near-horizon
limit, the result is negative: no deformation within the setup preserves any supersymmetry.
This provides a few directions in which the research can be continued.

The most interesting and suggestive would be to construct a poly-vector deformation
scheme for a full E; ;) theory (SL(5) for d = 4), extending the results of [21,22] to back-
grounds with non-diagonal components in the full 11D metric and a more general 3-form
field. On the one hand, this could change condition (103); on the other hand, this would
allow us to consider more general examples of deformed backgrounds and hopefully find
ones with preserved supersymmetries. Another approach that would extend the space
of possibilities is to allow non-unimodular deformations, i.e., V[m Wn] # 0. This will, in
general, move us out of the space of supergravity solutions generating backgrounds to
solve equations of the generalized 11D supergravity of [43,44]. This is an 11-dimensional
uplift of the 10-dimensional generalized supergravity [45].
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Appendix A. Conventions and Notations
Generators in the 5 and 10
1
tN L:é‘ Lé‘Nf,é‘ NCSL,
(tm™ )k M OK 5OM 0K (A1)
(tn™)ke P2 = 4(em™) i Pog M.

The factor in the second line has been chosen such that the commutation relations read
(™, it = kNt — oY (A2)

and contraction of indices M, labelling 10 is performed by an additional prefactor
of 1/2:

1
AMB, = EAMNBMN. (A3)
Projectors on the adjoint representation of SL(5) in 5 and in the mixed representation

are given by
PMyKL = (" )M (1)K,

(Ad)
PMNKLPQ _ PMN[K[p5Q]L]-
These satisfy

PMNKLPLKPQ — ]P)MNPQ/

PMAN y = dim(adj) = 24, (A5)
1
Z]PMNPQRSPKLRSPQ — 3PMNKL-
Some useful gamma-matrices relations:

HPT — NPTl 4 Doklono]

v A & (A6)

7]

AT — P PT zgﬂ[P«Y

[’y;,,'yp)‘] = 2557A - 251’}79 (A7)
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yHsHR2bsle — qlabaliaabs | 4olis ISPVETE (A8)
ylHabs — Mt 4 Dol ghaliis — qibagis _ 0yl gtalis (A9)

Using the USp(4) invariant tensor () 4, it is possible to define an analog of the epsilon-
tensor of SL(4), which defines relations between, say, two realizations of the 4 irreducible
representation, T{4pc| and TA:

Qapep = 3Qa80¢p)- (A10)

The prefactor is chosen in order to ensure that ()4pcp has the same properties under
contraction with QA4BCP as the epsilon-tensor.
Sometimes we use the following rewriting of fields in 10:

]VMACVNBD - QT(AB). (A11)

OcpTimn 1

Appendix B. Supersymmetry Rules

Here we perform all necessary checks for supersymmetry transformations of the SL(5)
exceptional field theory. We start with transformations of the gravitino and dilatino fields

51,[);:‘ = DHGA + QCDVMACVNBDQBF (“UV?\_/IN (’)/HGF) + tklz'YHVXANGF)
9
+ a13Vhe Fupan QA? <7U‘m;¢ + Z’YV%,’}) e,

Sy ABC — ZQCD:PyDEAB,erE 4 aZlQEDVMCEVN[A|D|vA+AN€B]

+ 2 (04855 — OASY ) QppQp VMEFYNDH Y | e (Al2)

+ a3 (QADQBEVDELf;pr’YWPGC

1
-z (QABQCF 4 4QC[AQB]P> VPEL]_-W”yupeE)
here . .
VAiANeA = opnel + Ze“"‘aMNeﬁ%/geA +ag EFWMNe”‘"e”ﬁ'y“BeA

5 (A13)
— Omnpe? + g/\eFK[M,N]KeA-

Comparing to the SUSY transformation rules of the ungauged D = 7 supergravity in the

notations of [30], we have

3 1
Mg = —pMy, A = —glol, A1) = 10a11,

5

X23 = 50613,

(Al14)

which leaves three coefficients. These can be determined by fixing the relations between the
field strengths F of ExFT and H of D = 7 maximal supergravity, and between the coset
fields and components of the generalized metric, which we perform later.

Supersymmetry transformations for bosonic fields can be composed in the follow-
ing form:
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1_
oey, = EeA'y“zp;f,
1 1
BroAMN = _ylyNpd (20“%61/); + g€ XC“E) ,
1 1 1
OViE = JVil (Qe[céd] X+ Q€™ + QeeQuseex Q"8 + 200040 gy ) (A15)

1
B26Buym = V]Li/lf (—Qacéb')’[wa/] =+ SQachdée'viXCde> + zﬁlzeMNPQRA[ 5A1/Q|R’

ACM  —

pvp = Vi

3 1
ab < SQHCGCIY yv’vbp] GCWF‘VPX >
Transformation of the 3-form field

R
ACN,, = (ﬁ35c;7 — 3B1B2Bupd ALY + 2B1 eporsT AN AT 5Ap]> (A16)

fixes the coefficient Bs.
Let us now check that the supersymmetry transformation, say, on the vielbein, closes
correctly into the algebra of symmetries of the theory. For that, we consider commutator

1_ 1_
[561/562]e]4a == §€2A7a5€1 llj;,? - (]‘ <_> 2) = EGZA'YaDyeiq
1_
+ QCDQBF §€2A’YNVMACVNBD (DCHVRL/IN (71461) + Oélz’yyv N€f> (A17)
1._ 9
+ 0613§€2A')/aV§]CFUP/\NQAB (’)’VPAH + 2')/VP52)€§: - (1 — 2)

Using <-matrices relations, we rewrite the terms with derivative D, hitting the

SUSY parameter:
1- L) A_l— LY Ail— L) A lp = o A—lD = x A A18
5247 Fp€1 T 5€1AT Fu€y = 54T Fue + 5 PuAa €1 = 5 u(E247%€r) (Al8)

For the terms containing V},,,, we have the following:
QCDQBF%VMACVNBD‘XH (€247 Vi (”erf) —&147" Vay <7y€§) )
- QCDQBF%VMACVNB%H (ézA (7"‘5 + Jg)er;(ANeﬁ + &4 (7"‘5 + 55)65V&Nef
—e1a (7" + ) Viinehel — &1a (75 + 08 ) eb Viipwes) (A19)
= QCDQBFEVMACVNBDmU (2082246} Viinen + 05 Vi (e246] ) e
+&a nVMNel el — VZTANéZAPy“ﬁefeyﬁ)

This can be simplified as follows:

1 _ —
QCDQBF—VMACVNBDau (GzA (,)/ay + e‘ulx)v;\r/INef — &4 (7"‘V + eya)vj\f/mef) (A20)
20

= QCDQBP VMACVNBDIX 2( mVMN (€2A€1) +€2A’)’ vaNel VMNe‘zA’)/ },€1>

Finally, we rewrite the remaining terms as
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1 9
a13 §€2A’Y“VNBCFupANQAB (W/VpAy + Z’YV%;‘) el

1 9
— 1358147V pcFrpan @™ (WA# +57"%0 ) e§

(A21)
1 9
_ lxlsivNBCvaANQAB (ézA (,),VP/\Ha + 4ga[vfyp/\]y)elc + EéZA (,yvpa _ 27[vgp]a)(5£€1c)
— (14 2) = a3VNpcFanQ?Pe4 (’YVP/\;/X + 98”7”2)‘?%
Collecting the above together, for the commutator we obtain:
1
[551,562]6‘#“ = ZD (€2A’)f 6‘1 ) +0€110CDQBFVMACVNBD€ A€1 VMNe#
+ (0(11 + DC12)QCDQBF VMACVNBDV+ (GZAG{)EZZ
(A22)

+ <(0611 + 0‘12)QCDQBF L MACYNBD (€2A'Y 5VMN€{ VXANézAV“ﬁelF)

+ Délngchvp/\NQABézA ( VpA/gu + 9gmv,yp5‘/8\)€§:)eya

In the final step, we use the generalized vielbein postulate and vanishing torsion condition
to rewrite the commutator in the following form

(@11 +ag2)

MN MN
201 AV IMNA + Alxlgey'g. (A23)

[0y, 0cy)en™ = DygVe,™ + &' Dyejy + AMNoy e, +
Here, on the RHS, we recognize external diffeomorphisms, generalized Lier derivatives,
and the so(1, 6) Lorentz transformation with parameters given by

v = v_A
§" =& e,

AMN VMAC VNBD

= a11QcpQBF En€l,

_ _ A24
A = ((0611 + “12)QCDQBF*VMACVNBD <€2A’Y“5V7\§1N€{ - VLNezAWmneﬂ (A24)

+ a3V N e Fypan Qe (YVPA ! +98M’Yp5ﬁ)€1> AMNwF g

Similarly, the closure of the algebra can be checked for all other fields, which we prefer not
to go through here. Indeed, all structures of ExFT have already been used in the calculation
above and one based on the similar calculation for the Eq (4 case [25], we do not expect new
issues to come up but simply various fixes of arbitrary coefficients. Instead, we perform a
reduction to the maximal D = 7 ungauged supergravity, which is already enough to fix
the transformations.

First, comparing the Lagrangian of the maximal D = 7 SUGRA and the SL(5) ExFT,
we fix coefficients in the bosonic supersymmetry rules

1 1 1
SN N 7Y

Hence, these are simply due to various field rescalings. Next, we compare SUSY rules of
ExFT when dj;n = 0 to those of the maximal D = 7 SUGRA, which gives

(A25)

3 1
K12 = *50611, A = *glle
4 1
Xor1 =~z 03 = 15 (A26)
1
apap1 = —8, a3 = ——.
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This leaves one free coefficient & that can be reabsorbed into the remaining field redefini-
tions and we set ap = 1. This completely determines the SUSY rules.
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